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Abstract. Messing around with graphs.
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1. What are tropical line bundles?

2. Reminder 1: the sheaves P and L

X = (G, r, i, `). Then

P(X) = {(α, µ) ∈ (M
gp

)G × ZG}
satisfying

(1) µ(vertices) = 0
(2) α(r(x)) = α(x)
(3) α(i(x)). = α(x) + `(x)µ(x).

For linear functions L, we add in the ‘balancing condition’ at each vertex:

(2.0.1) L(X) = {(α, µ) ∈ P(X) : (4) for all vertices x,
∑
r(y)=x

µ(y) = 0}.

If X is a tropical curve metrised by some monoid M , then a morphism M → N
induces and edge contraction X→ A where we have natural maps P(X)→ P(A)
and L(X)→ L(A).
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3. Reminder 2: the topology

Say A and X metrised by M , then f : A → X is a local isomorphism if it induces
a bijection on the star of each vertex.

This defines a topology, where the covers are jointly surjective local isomor-
phisms.

(1) Any subdivision A → X is a morphism of sites (Chris: fibre products?).
(2) P and L are sheaves on TroX.

Lemma 3.1. If ρ : A → X is a subdivision, then L(X) = ρ∗L(A).

Proof. Behold: (5.0.1). �

4. Intersection pairing on X

If e and f are edges of X, then e · f :=

• `(e) if e = f
• −`(e) if e = i(f)
• 0 else.

This gives a pairing

(4.0.1) Zedges × Zedges →M
gp
,

and restricts to

(4.0.2) H1(X)×H1(X)→M
gp
.

The pairing is also functorial in M , in the sense that it is compatible with edge
contractions induced by monoid maps.

5. Tropical degree

(5.0.1)

0 0

0 M
gp

L H 0

0 M
gp

P E 0

V V

0 0
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where

• V = 〈vertices〉
• E = 〈edges〉
• E → V is the boundary map
• H (U) is the first homology of U .

Lemma 5.1. For all p > 0, Hp(X,E ) = Hp(X,V ) = 0.

Corollary 5.2. If X is compact (i.e. no ‘missing vertices’, i.e. r is everywhere-
defined), then H1(X,H ) = H0(X), and H0(X,H ) = H1(X).

Lemma 5.3. If X is compact, then H0(X,L) = H0(X,M
gp

).

Proof. The partial order on the groupifiation of M can be extended to a total
one. Let f ∈ H0(X,L). Take a maximal connected V ′ ⊆ {vertices} where f is
minimal. We want to show that V ′ is a connected component. Note that f has
slope > 0 at every flag going out of V ′, but the sum over the outgoing slopes must
be zero, so V ′ has no outgoing edges. �

We make the identification H1(X,M
gp

) = Hom(H1(X),M
gp

). Why? Because
the obstruction of a torsor to be a locally constant function is exactly the mon-
odromy around each cycle.

Taking cohomology of the two rows of the big diagram above, if X is compact,
we get

(5.0.2) 0→ H1(X)
δ→ Hom(H1(X),M

gp
)→ H1(X,L)

deg→ H0(X)→ 0,

and

(5.0.3) E (X)
δ→ Hom(H1(X),M

gp
)→ H1(X,P)→ 0.

Lemma 5.4.

E (X)→ Hom(H1(X),M
gp

)

is the intersection pairing δ.

If it holds for the first row, it also holds for the second, by restriction.

Proof. Take α ∈ H0(X,E ), then it is a map {edges} → Z, and its image in
H1(X,M

gp
) is the M

gp
-torsor of piecewise linear functions with slopes α along

every edges, and the failure to be in P(X) is measured for every cycle γ ∈ H1(X)
by the monodromy

∑
e∈γ α(e)`(e). This monodromy is precisely the intersection

pairing of α and γ. �

Idea:

H1(X,L) = line bundles, and H1(X,L)
deg→ H0(X) the degree map.

But this goes wrong. We want ‘TroJac’ = Hom(H1(X),M
gp

)/H1(X), but this
is then not functorial in the monoid.
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Example 5.5. M = N2 = 〈g1, g2〉 → N = 〈g2〉, second projection. And say X
is a triangle with all labels g1. Then X gets contracted to a tropical curve A
which is just a point, but if γ ∈ H1(X) is a generator, we can have µ(γ) = g2,

and H1(X)
µ→ M → N̄ does not factor through H1(A) = 0. We don’t take the

monodromy around a cycle to remain non-zero if the whole cycle gets contracted.
This motivates the ‘bounded monodromy’ definition.

Say X metrised by M and Q a P-torsor on X. Then by (5.0.2), Q can be
represented by some α ∈ Hom(H1(X),M

gp
), and this α is unique up to the image

under δ of some element of E (X).

Definition 5.6. We call α a monodromy representative of Q.

Definition 5.7. If X is compact and connected, we say Q has bounded monodromy
around a cycle γ ∈ H1(X) when any (equivalently one) monodromy representative
α satisfies α · γ is bounded by γ2. I.e. there exist integers m and n such that

mγ2 ≤ α · γ ≤ nγ2.

(note that γ2 is a fancy way of saying the ‘length of γ’).

Lemma 5.8. If τ : A → X is a subdivision, a map α : H1(X)→M
gp

has bounded
monodromy iff the pullback to A has bounded monodromy.

Proof. The length of the cycles, and the monodromy of α, are not changed when
we pass to A. �

Lemma 5.9. If M is valuative then α ∈ Hom(H1(X),M
gp

) has bounded mon-
odromy iff there exists a subdivision A such that α|A ∈ δ(E (A)).

Definition 5.10.

(5.0.4) TroJac(X) :=
Hom(H1(X),M

gp
)†

H1(X)
,

where † denotes the subgroup of elements with bounded monodromy.

This is functorial in M .
David’s attempt to explain the functoriality, after help from Chris: Indeed, sup-

pose I have a map of monoids M → N inducing an edge contraction X→ A. We
have a map H1(X) → H1(A), contracting those cycles whose lengths get sent to
zero. We want a map

Hom(H1(X),M
gp

)†

H1(X)
→ Hom(H1(X), N

gp
)†

H1(X)
.

Say α ∈ Hom(H1(X),M
gp

)† and γ is a cycle in X. If γ is contracted then its
length goes to zero. Monodromy α(γ) being bounded by the length means (If the
monoid is sharp - it will be when we apply this, but this assumption seems to be



5

missing in this section of the paper?) that the monodromy maps to zero, which is
just what we need.

This functor gives an etale sheaf on the log etale site of a log scheme S, given a
tropical curve over S , by either:

(1) first defining it on atomic neighbourhoods of points of S, and sheafifiying
the result, or

(2) define the objects to be TroJac at the geometric points, compatible with
geometric generalisations.

We also define the tropical Picard group of X to be

(5.0.5) TroPic(X) = H1(X,L)†,

and

(5.0.6) TroPicd(X) = preimage of d under deg : TroPic(X)→ H0(X).

So TroPic0(X) = TroJac(X).

6. Example

In the triangular graph example example 5.5 above, with monoid M = 〈g1, g2〉.
Then maps H1(X)→M

gp
are just Zg1 + Zg2.

Then

(6.0.1)
Hom(H1(X),M

gp
)

H1(X)
= Z/3Zg1 ⊕ Zg2.

And

(6.0.2) TroJac(X) :=
Hom(H1(X),M

gp
)†

H1(X)
= Z/3Zg1.

The point is that having bounded monodromy means you are comparable to 3g1,
and as the monoid is just 〈g1, g2〉 this is the same as being a multiple of g1.

Email address: holmesdst@math.leidenuniv.nl
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