LECTURES ON DEFORMATIONS
OF GALOIS REPRESENTATIONS

MaRrk KISIN

LECTURE 4: PRESENTING GLOBAL DEFORMATION RINGS OVER LOCAL ONES

(4.1) Let F be a number field and S a finite set of primes of F' containing the
primes dividing p. Fix an algebraic closure F of F and denote by Fg C F the
maximal extension of F' unramified outside S. Write Gr ¢ = Gal(Fg/F).

Let ¥ C S and fix an algebraic closure F, of F, for each v € X, as well as an
embedding F' — F,. We write G, = Gal(F,/F,).

Let E/Q, be a finite extension with ring of integers O and uniformizer 7o. We
fix a finite dimensional F-vector space Vg equipped with a continuous action of
Gr,s, and a continuous character ¢ : Gp g — O* such that dety V& ~ 1.

For simplicity we assume in the following that p 1 dimVf, although this is not
really necessary (see [Ki 2]).

(4.1.1) For each v € ¥ fix a basis (3, of Vi. For A in ARy (F) denote by DI¥(A)
the category of framed deformations of (Vr|g,, , ) to A, with determinant 1. This
is pro-representable by a complete local O-algebra REW.

Similarly we denote by DE:;’ (A) the category whose objects consist of a defor-
mation of Vi to V4 together with a lifting of each basis 3, to an A-basis of Vy.

We also have the analogous functors DY and D? g for unframed deformations
and the universal O-algebras RY and R? ¢ when these functors are representable.

We set

Ry = ®0,es RIY and RY = 80 yes RY

when the latter ring exists.
Finally we denote by mg and m% g the radicals of RS ¥ and RE”g’ respectively,
and similarly for my, and mF, S.

Proposition (4.1.2). For i > 1 let hi and c¢& denote respectively the dimension
of the kernel and cokernel of

0': H(Gps,ad’Ve) — [[ H'(Gr,,ad"Vk)
vED

where ad’ Vi C adVe denotes the space of endomorphisms with trace 0. If Rg exists
then R%S s a quotient of R% [x1,- .. ,xhé]] by ¢k + h% relations.
In general let
O 0,2 O 0,2
n:my/(mg”, 7o) — mF,s/(mF,SaWO)-
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Then R}/fﬂ? 1 a quotient of a power series rTing over Rg in dimcokern wvariables by
h% + dimker n relations.

Proof. We prove only the first statement. Choose a surjection

(4.1.3) R:= R%[[a:l,...,xhlz]] —>R}@,S

which induces a surjection on reduced tangent spaces and denote by J its kernel.

We denote by m the radical of R.

The universal representation PRe Grs — GLd(R}fiS) has a set theoretic

W :

lifting p: Grs — Grg — GLg(R/@J) such that det 5(vy) = 1(v) for all v € Gps.
Such a lifting exists as the fibres of det : GLy; — GLjare torsors over SLg4, and in
particular smooth.

Define

c:Ghg — J/mJ @p ad’Vi; (g1, 92) = p(g192)p(g2) " Alg1)~
where we regard
J/mJ @p ad’ Ve = ker (GLg(R/m.J) — GL4(R/J))

Then [¢] € H*(Grs,ad’Vk) ® J/mJ depends only on PRY and not on p, and

[¢] ~ 0 if and only if p can be chosen to be a homomorphism (see Exercise 2 below).
As ppo |ay, is induced by the universal representation over RY, ppv |g,, lifts
F,8 v F,S v

to R/fJ and hence [clgp,] ~ 0. Hence [c] € H%(Gps,adVg) ® J/mJ where

H3(Gps,adVi) := ker (H*(Gps,ad Vi) — [[ H*(Gr,,ad"Vk)),
vEY

1

and we obtain a map
(4.1.4) (J/@J)* — Hi(Grs,ad’Vi);  u— ([d],u).
Let
I =ker (my/(m3, 10) —— mp,s/(m%7s,ﬁo))

S DVylcFU (F[e])* - DV]F(]F[E])

Note that I — ker (m/(m?,70) — mp75/(m%7s, o)), so reducing mod m we get a
surjection J/mJ — I and an injection I* — (J/mJ)*.

We claim that I* contains the kernel of (4.1.4). If 0 # u € (J/mJ)* let R, be
the pushout of R/ﬁlJ by w. Then R}QS = Ru/Iu where I, C R, is an ideal with
I, - m and which is 1-dimensional as an F-vector space. If ([c¢],u) = 0 then plfé’ S
lifts to a representation into GLd(Ru) with determinant . Hence R, — R% g has

a section and R, = R? g @ I,. This implies that R, — R}/,i, g does not induce a
bijection on reduced tangent spaces. In particular, the composite

ker (J/mJ — I) — J/mJ — I,
is not surjective, and is therefore 0. This means that u factors through I, which

proves our claim.
It follows that

dimp(J/mJ)* < dimgl + h3 = c5 + h3.
O
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Theorem (4.2). Suppose {v|p} C 3, {v|oco} C S, and S\X contains a finite prime.
Then
R%,S - R%[[xlv s 7xrﬂ/(f1, sy .fr-‘rs)

for some r >0, and s = Zv\oo,vgz dimp(adVe)Gro | provided the rings Rﬁs and
Rg erist.
Moreover,
Ry g = Re[wy, ., s al/(frs oo fris)

(4.2.1) To prove the theorem, we need the Poitou-Tate sequence. Late X be
a finite abelian p-group equipped with an action of Gpg. We denote by XV the
Pontryagin dual of X, and by X* = XV (1) its Tate dual. Then there is an exact
sequence

(PT(X))
0— HGps, X) = [[ H(GF,,X) x [[ H*(Gy, X) - H*(Gps,X")"
v|oco vESy
— H'(Gps.X) = [[ H(GF,,X) —» H(Grs,X*)"
veS
— H*(Gps, X) = [[ H*(GF,, X) » H*(Grs, X*)¥ =0
veES

Here H(Gp,, X) denotes H*(Gp,, X) modulo the subgroup of norms in X.
Local Tate duality provides an isomorphism

HY (Gp,,X)" = H*(Gp,, X")

for v a finite prime and ¢ = 0, 1, 2. Using this, one can identify the Pontryagin dual
of the sequence PT(X) with PT(X™).

Proof of (4.2). We will prove only the first statement since the proof of the second
statement requires only some extra book keeping.

We apply the above sequence with X = ad’Vi. First note that, using the remark
on the duality of PT(X) and PT(X™) one sees that the map

1 #°(Gr,,ad"Vk) — HO(Gr.s,ad Vi(1))"
S\%

induced by the final map of PT(X) is surjective, as S\X contains a finite prime.
Hence the map
H?(Gps,ad"Ve) — [[ H*(Gr,,ad Vi)
vEX

is surjective and

h% = h*(Gps,ad’Ve) = > h*(GF,,ad Vi),
vEXD

Here we use the convention that h* = dimH*.
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By (4.1.2) we have R%S[[xl, cos ]/ (f1s .o fris). with

(4.2.2) —s=hy —cy — h3
=h'(Grsad’Ve) = Y h'(Gp,,ad Vi) — h*(Grs.ad’Vk) — Y h*(Gr,,ad Vi)

vEX vEY

= _X(GF,SaadOVIF) + Z x(GF,U,adOVF).
vEX

Here we have used that fact that the existence of RgF . and Rg implies that ad® Vi
has no Gp g or G, invariants for v € 2.
Now we use Tate’s global Euler characteristic formula which says that

(423) x(Grs,ad’Ve) = Y (h°(Gr,,ad’Vk) — [F, : Rldimgad Vi)
v|oo

= (>_h(Gr,,ad"Vk)) — [F; Q]dimpad V.

v|oo

The local Euler characteristic x(G Fv,adOVF) is 0 if v t p is a finite prime. Hence
the contributions of the local terms in (4.2.2) is

(424) > B%(Gr,,ad"Ve) = Y [F, : Q,dimgad’ Vi
v|oo,vED v|p
= Y Bh%Gr,,ad"Vk) — [F : Qldimgad’ V.

v]|oco,vED

Subtracting (4.2.4) from (4.2.3) one finds

s= Y h%Gr,,adVk).
v|oo,vgS

O

Exercises:

Exercise 1: Prove the second statement in Proposition (4.1.2).

Exercise 2: Check the statements about the cocycle ¢ in Proposition: That
[c] does not depend on p and is trivial if and only if § can be chosen to be a
homomorphism.

Exercise 3: Prove the second statement in Theorem (4.2)

Exercise 4: (This is more difficult.) Formulate and prove Theorem (4.2) with-
out assuming p { dimVg.
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