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Abstract

In this paper we consider a spatial discretization scheme with an adaptive grid for the Nagumo PDE and
establish the existence of travelling waves. In particular, we consider the time dependent spatial mesh
adaptation method that aims to equidistribute the arclength of the solution under consideration. We assume
that this equidistribution is strictly enforced, which leads to the non-local problem with infinite range
interactions that we derived in [26]. Using the Fredholm theory developed in [27] we setup a fixed point
procedure that enables the travelling PDE waves to be lifted to our spatially discrete setting.
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1 Introduction

Our goal in this paper is to complete the program initiated in [26, 27] to analyze the impact of
adaptive discretization schemes on scalar bistable reaction-diffusion PDEs of the form

Ut :umx+g<u)' (11)

In particular, for any discretization distance h > 0 and any j € Z, we write x;,(t) for the
time-dependent location of the relevant gridpoint and U, (¢) for the associated approximation for
u(zjp(t),t). We then study the system

T _ UG+n(®)=Ug—n)n(®) | .
Uin(t) = |:x(j+1)h(t)_x(j—1)h(t):|xjh(t)

(1.2)

2 Ug-nn®=Uin(®) | Ug+nn(®)=U;n(t) ,
+1<j+1)h(t)71(j—1>h(t) [Ijh(t)*w(j—l)h(t) T I(;+1)h,(t)*wjh(t)} T g(UJh(t))’
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in which z(t) is defined implicitly by demanding that

2 2
(@G ron®) =z ®)” + (Ugennt) = Upn(t)” = h° (1.3)
and imposing the boundary constraint

lim [x;n(t) — jh] = 0. (1.4)
j——00
This means that mesh locations are determined dynamically in time so that there is equidistribution
of a finite difference approximation of the arclength of the solution of (1.2). We show that this system
has solutions of the form

Ujn(t) = ®(z;n(t) + ct), (1.5)

which can be interpreted as travelling waves. For concreteness, we will use the cubic nonlinearity
g(u) = geuwn(u;a) = u(l —u)(u — a), 0<a<l1 (1.6)

throughout this introduction to explain the main ideas.

Travelling waves The pair (P, c¢) that we construct will be close to the travelling wave (®.,c,)
for the PDE (1.1). Using (1.6), this pair must satisfy the travelling wave ODE

@ = & + geun (Py; a), D, (—00) =0, D, (+00) = 1. (1.7)

Such solutions provide a mechanism through which the fitter biological species (corresponding to
the deepest well of the potential — f Jeub) can become dominant throughout a spatial domain. For
this reason they are sometimes referred to as invasion waves.

It is well-known that these waves play an important role in the global dynamics of (1.1). For
example, using the comparison principle one can show that these waves are nonlinearly stable under a
large class of perturbations [14] and that they determine the spreading speed of localized structures
[39]. In addition, they have been used extensively as building blocks to construct general time
dependent solutions of reaction-diffusion systems. For example, planar versions of (1.1) support
(sharp) travelling corners [4, 16], expansion waves [33], scattering waves [3] and modulated waves
[9] that connect periodic travelling waves of nearby frequencies.

Uniform spatial discretizations In order to set the stage, let us return to the lattice differential
equation (LDE)

51051 (0) + Uy (6) = 205(0)] + g (U (0): ), (1)

which can be used to describe the uniformly discretized approximants U;(t) ~ u(jh,t). Mathemat-
ically speaking, the transition from (1.1) to (1.8) breaks the continuous translational symmetry of
the underlying space. Indeed, (1.8) merely admits the discrete group of symmetries j — j + k with
k € Z. As a consequence, travelling wave solutions

U;(t) =

U;(t) = ®(jh + ct) (1.9)

can no longer be seen as equilibria in an appropriate comoving frame. Instead, they must be treated
as periodic solutions modulo the discrete shift symmetry discussed above. The resulting challenges
occur frequently in similar discrete settings and general techniques have been developed to overcome
them [2, 7, 15].

Direct substitution of (1.9) into (1.8) yields the travelling wave equation

1

c®'(§) = 3[R =) + (€ + h) = 2(8)] + geun((€); a), (1.10)



to which we again append the boundary conditions
®(—00) =0, O(400) = 1. (1.11)

Due to the presence of the shifted arguments such equations are known as functional differential
equations of mixed type (MFDESs). Note that the unbounded second derivative operator in (1.7) has
been replaced by a bounded second-difference operator. In addition, the transition ¢ — 0 is now
singular since it changes the structure of the equation. As a consequence, there is a fundamental
difference between standing and moving wave solutions to (1.8).

In the anti-continuum regime i > 1, the second-difference operator can be treated as a small
perturbation to the remaining ODE. An elegant construction pioneered by Keener [28] allows one
to construct standing waves for a # % that satisfy the boundary conditions (1.11) and block the
two stable background states ® = 0 and ® = 1 from invading the domain. In particular, the
simple geometric condition [27, Eq. (1.5)] is violated in this setting. This phenomenon is often
referred to as pinning or propagation failure and has attracted a considerable amount of attention
[1, 8, 10, 11, 18, 22].

In the intermediate h ~ 1 regime the shifted terms cannot be handled so easily and one needs to
understand the full MFDE. Such equations are ill-posed as initial value problems and hence must be
handled delicately. Several important tools have been developed to accomplish this, such as Fredholm
theory [29] and exponential dichotomies [17, 31, 34, 35]; see [21] for a detailed overview.

Using a global homotopy argument together with the comparison principle, Mallet-Paret [30]
constructed a branch of solutions (®(a), ¢(a)) to (1.10) with (1.11), in which ¢(a) is unique and ®(a)
is unique up to translation when c(a) # 0. For the uniform spatial discretization of the FitzHugh-
Nagumo PDE [26, Eq. (1.3)], a generalization of Lin’s method can be used to establish a version of
the exchange Lemma for MFDEs and construct stable travelling pulses [23, 24]. Further results in
this area can be found in [5, 6, 28, 30, 40] and the survey [21].

Uniform spatial-temporal discretizations The so-called backward differentiation formula (BDF)
are a family of six schemes that can be used for discretizing the temporal derivative in (1.8). These
are well-known multistep methods that are appropriate for parabolic PDEs due to their numerical
stability properties. As an illustration, we note that the two lowest order schemes prescribe the
substitutions

Uj(t) = A7 [U] (’I?,At) — U]((n — 1)At)],

1
, At (1.12)
Ui(t) — 5% [3U;(nAt) — 4U; ((n — 1)At) + U; ((n — 2)At)],
in which At > 0 denotes the timestep and t = nAt. The first scheme is also known as the backward
Euler method and has the advantage that is preserves the comparison principle, unlike the five other
members of the family.

In [25] we constructed fully discretized travelling wave solutions

U;(nAt) = ®(j + ncAt), O(—o0) =0, D(400) =1 (1.13)

for the coupled map lattices arising from these discretization schemes. The relevant travelling wave
equations for the two lowest order schemes can be obtained by making the replacements

(&) = [P — (- cAL)],

(1.14)

(&) — 55 [3P(E) — 4D(€ — cAl) + (¢ — 2cAt)]
in the MFDE (1.10). In the first case we leveraged the comparison principle to obtain global results.
We established that the c¢(a) relation can become multi-valued, which clearly distinguishes the fully-
discrete regime from its spatially-discrete counterpart. The same behaviour occurs for the five other



BDF methods, but here we only have results for small At > 0. We remark that related phenomena
have been observed in monostable KPP systems [32] in the presence of inhomogeneities.

These non-uniqueness results should be seen as part of the program that was initiated in [11-
13] to study the impact of temporal and full discretization schemes on various reaction-diffusion
systems. Indeed, these papers studied versions of (1.1) with various smooth and piecewise linear
bistable nonlinearities. The authors used adhoc techniques to obtain rigorous, formal and first order
information concerning the change in the dynamics of traveling wave solutions. In addition, in [7]
the authors considered the forward-Euler scheme and used Poincaré return-maps and topological
arguments to obtain the existence of fully-discretized waves.

Computational frame In [26] we showed that the dynamics of the coupled system (1.2)-(1.4)
can be reduced to an equivalent system of the form

Uk, = Q({Ujh}jgk+1>, (1.15)

in which G is a (convoluted) nonlinear expression that we describe explicitly in §2. In order to
appreciate this equation, it is insightful to transform (1.1) into a new coordinate system (6,t) by
demanding 6, = /1 4+ u2. Indeed, in these new arclength coordinates the transformed functions

w(f,t) = u(z(6,t),1), v(0,t) = /1 —wy(0,1)? (1.16)

satisfy the the nonlocal PDE
wy =y 2weg + 72 g(w) + wo/ (7_411199 - g(w))wem (1.17)

in which we use the notation [[_ f](#) = [7__ f(#')df’. This coincides with the system that arises
by taking the formal h | 0 limit in (1.15).
In [27] we constructed a solution to (1.17) by stretching the PDE waveprofile @, into its arclength
parametrized form ¥, and writing
w(f,t) = U,.(0 + ct). (1.18)

Motivated by this observation, the main goal of this paper is to find solutions to (1.15) of the form
U;(t) = U (jh + ct), U(—o0) =0, U(+o00) =1 (1.19)

that bifurcate from the pair (., c,). In particular, we study the travelling wave system
(1) = g({xp(T + kh)}kgl) (1.20)

posed in terms of the computational coordinate 7 = jh + ct rather than the physical coordinate
& =x;(t) + ct appearing in (1.5). We note that the discrete term jh now plays the role of 6.

To appreciate the advantage of this indirect approach, we note that any attempt to use £ will lead
to an equation for the waveprofile ® with shifts that depend on the waveprofile ® itself. In particular,
the resulting wave equation is a state-dependent MFDE with infinite range interactions. At the
moment, even state-dependent delay equations with a finite number of shifts are technically very
challenging to analyze, requiring special care in the linearization procedure [38]. Indeed, linearizations
typically involve higher order (continuous) derivatives, making it very hard to close fixed-point
arguments.



Physical frame It turns out that there is a close relation between the two wave Ansatzes (1.5)
and (1.19). In order to see this, let us assume for the moment that we have found a triplet (¥, ¢, x)
for which z and the function U defined in (1.5) satisfy (1.2) together with (1.3)-(1.4). Let us also
assume that for each ¥ € R there is a unique increasing sequence ;5.9 With yo,9 = ¥ for which

2
(@(y+1)m0) — PWinw))” + Wi+vho — Yino)” = h* (1.21)

holds for all j € Z. This can be arranged by imposing a-priori Lipschitz bounds on ® and &' and
picking h > 0 to be sufficiently small. Finally, let us assume for definiteness that ¢ > 0 and that the
wave outruns the grid in the sense that @o(t) + ¢ > € > 0.

A direct consequence of this inequality is that

xo(T) + T = x,(0) (1.22)
for some 7' > 0, which implies
Uo(T) = Up(0) = @(21(0)). (1.23)
The uniqueness property discussed above hence implies that
Uin(T) = ®(Yjniz () = ®(2(+1)n(0)) (1.24)
for all j € Z. Since
2 2
(@Gn(T) = zn(T)" = b2 = (Ugrnn(T) = Ujn(T))
2
= 12 = (2(ag2m(0) = 2(agn(0))) (1.25)

2
((4+2)n(0) = (;51)(0)) 7,
we see that in fact
2jn(T) + T = x(j41)n(0) (1.26)

for all j € Z. Taking the limit j — —o0, the boundary conditions (1.4) imply that ¢TI = h. Exploiting
the well-posedness of our dynamics in forward and backward time, we conclude that

holds for all j € Z and t € R. Writing ¥, () = x¢(?/c), we hence find
zjp(t) — jh = Wy (jh + ct), (1.28)

which implies that
Ujn(t) = ®(zn(t) + ct) = ®(jh + Uy (jh + ct) + ct) (1.29)

for all j € Z and t € R. Upon introducing the function
Uy (1) =@(1 4+ Uu(r)), (1.30)
this allows us to obtain the representation
(Ujn(t), zjn(t) — jh) = (Yu(jh + ct), ¥u(jh + ct)). (1.31)

In fact, we show that for arbitrary solutions U to (1.15) for which U () is close to W, (hZ+1), we
indeed have the pointwise inequalities |Z(to)| < |c| whenever c¢ is sufficiently close to c¢,. This can be

used to show that the coordinate transformation (1.30) can be inverted, allowing us to reconstruct
the profile ®(&) from Uy (7).



Fixed-point setup In order to construct our travelling waves, we write ¥ = ¥, +4v and decompose
(1.20) into the form

(c—c)' = Lav+Ga ({v(T + kh)},@) + G({. (7 + kh)}ret) — e, (1.32)

using the linear operators £ that were introduced in [27]. In the limit A | 0, these operators
reduce formally to the operator L, associated to the linearization (1.17) around the wave (1.18).
The singular nature of the transition between (1.15) and (1.17) is fully encoded in the transition
between L, and L}, which was studied at length in [27]. As a result, our analysis in this paper can
be seen as the construction of a regular fixed point problem. However, there are two main challenges
that need to be overcome.

The first complication is that £ is not the ‘exact’ linearization of G, which is far too compli-
cated to handle. Instead, we recover our operator Lj after several simplification steps, which each
introduce h-dependent errors that need to kept under control. In order to achieve this, we reapply
the approximation framework developed in [26] in order to systematically bound the global errors
that arise by modifying the individual factors of the products that appear in the definition of G.

The second obstacle is that the nonlinearity G acts on sequences U : hZ — R, while the fixed-point
problem (1.32) is formulated in terms of functions v € L2. Since the relevant transitions between
supremum and L2-based norms cost a factor of h~1/2, special care must be taken to construct
appropriate function spaces that allow uniform bounds for A | 0. This is particularly dangerous
for the terms that are quadratic in the second differences of U, which correspond roughly to the
v *wi, term in (1.17).

In fact, we need to exploit the special structure of G and take a discrete derivative of (1.32)
in order to close our problem. We hence need to obtain estimates on the discrete derivative of the
nonlinear residual G, which requires an elaborate bookkeeping system.

Outlook We view our work here as a first step towards understanding the impact of adaptive
discretization schemes on travelling waves and other patterns that exist for all time. In particular,
we believe that the waves constructed here can be seen as a slow manifold for the dynamics of the
full system (1.2) with the non-instantaneous gridpoint behaviour

o = (@541 —25)2+ Ujpr = Uj)? = \/(2j-1 — 2j)2 + (Uj—1 — U;)? (1.33)

prescribed by the MMPDES scheme [20]. Here o > 0 is a tunable speed parameter, which we
effectively set to zero by passing to (1.3).

Using the Fredholm theory developed in [27] for the operators £, one should be able to leverage
the ideas in [37] to effectively track the fast grid-dynamics in the 0 < o0 < 1 regime. A further step
in the program would be to also handle temporal discretizations, inspired by the approach developed
in [25] that we described above. Finally, we feel that it is important to understand the stability of
the discretized waves under the full dynamics of the numerical scheme. To achieve this, one could
follow the approach in [36] to transfer information from the operators L, to the linearization around
the actual adaptive travelling waves constructed in this paper.

We are specially interested here in the pinning phenomenon. Indeed, numerical observations
indicate that the set of detuning parameters a for which ¢(a) = 0 shrinks dramatically when using
adaptive discretizations. Understanding this in a rigorous fashion would give considerable insight into
the theoretical benefits of adaptive grids compared to the practical benefits of increased performance.
Preliminary results in this direction can be found in [19].

Let us emphasize that the application range of our techniques does not appear to be restricted
to the scalar problem (1.1) or the specific grid-update scheme (1.33) that we use. Indeed, using the
framework developed in [36], it should be possible to perform a similar analysis for the FitzHugh-
Nagumo equation PDE and other multi-component reaction-diffusion problems. In addition, any
numerical scheme based on the arclength monitor function will share (1.3) as the instantaneous
equidistribution limit.




Overview This paper is organized as follows. After formulating our main results in §2, we introduce
our notational framework and recap the key contributions from [26, 27] in §3. In §4 we simplify the
nonlinear functions that appear as factors in the product structure of G and obtain estimates on
all the resulting errors. These estimates are used in §5 to compute tractable expressions for the
linearization of G and its discrete derivative G around ¥, and obtain bounds on the residuals. We
conclude in §6 by combining all these ingredients with the theory developed in [27]. In particular,
we develop an appropriate fixed-point argument to construct our desired travelling waves.

In order to develop the main story in a reasonably streamlined fashion that focuses on the key
ideas, we have chosen to transfer many of the tedious underlying estimates and algebraic manipula-
tions to the appendices. In order to keep this paper as self-contained as possible, these appendices
also summarize some of the fundamental auxiliary bounds that were obtained in [26, 27].

Acknowledgements. Hupkes acknowledges support from the Netherlands Organization for Sci-
entific Research (NWO) (grant 639.032.612). Van Vleck acknowledges support from the NSF (DMS-
1419047 and DMS-1714195). Both authors wish to thank W. Huang for helpful discussions during
the conception and writing of this paper and an anonymous referee for providing valuable feedback.

2 Main results
The main results of this paper concern adaptive-grid discretizations of the scalar PDE

Throughout the paper, we assume that the nonlinearity g satisfies the following standard bistability
condition.

(Hg) The nonlinearity g : R — R is C3-smooth and has a bistable structure, in the sense that there
exists a constant 0 < a < 1 such that we have

9(0) =g(a) =g(1) =0, 4(0)<0, ¢'(1)<0, (2:2)
together with

g(u) <0 for u € (0,a) U (1, 00), g(u) >0 for u € (—o0, —1) U (a, 1). (2.3)

It is well-known that the PDE (2.1) admits a travelling wave solution that connects the two stable
equilibria of g [14]. The key requirement in our next assumption is that this wave is not stationary,

which can be arranged by demanding fol g(u) du # 0.
(H®.) There exists a wave speed c, # 0 and a profile ®, € C5(R,R) that satisfies the limits

lim ®,(¢) =0, lim ®,(6) =1 (2.4)

£——o0 £—+o0
and yields a solution to the PDE (2.1) upon writing
u(z,t) = Pu(x + cut). (2.5)

In [26] we derived an effective equation for the dynamics of the sequence U(t) : hZ — R featuring
in the adaptive scheme (1.2)-(1.4) for (2.1) that no longer explictly depends on the location of the
gridpoints. In order to formulate this reduced equation, we recall the discrete derivatives

(0%Un = b UGson — Usnl,s
[0Uljn = h™'Ujn — UG—1ynl, (2.6)
[0°U)in = (2h) ' [Ugsnyn — UG-1yn),



together with the first-order differences

+ 290
D () = D(U) = i (27)
V1 - (0FU)2 V1= (0TU)2 + /1 - (0-U)?
and the second order analogues
2 De+ — De-
Do (U = 2 ) @ ___ DO = D). (2.8)
h\/1—(0tU)2+/1-(0-U)?
This allows us to introduce the auxiliary functions
Do+ (U .
p(U) C) q(U) = h™'In [1 + hp(U)D*H (U)], (2.9)

T 14D (U)D>(U)’
which using the notation
(D aln =) ag-um (> al,n =Y agemn (2.10)
—h k>0 +;h k>0
allows us to recall the definitions
QU) =) _a(U), ZH(U) = exp[ £ Q(U)] (2.11)
—:h
and subsequently write
G(U) =D (U) +g(U) —D*(U)Z~(U) Zp(U)Z+(U)8+ [De(U) + g(U)]. (2.12)
—h

These ingredients allow us to formulate the effective reduced system [26, Eq. (2.25)] for the dynamics
of (1.2)-(1.4) as )
Ut)=g6(U(t)), (2.13)
which will be the main system that we analyze in this paper.
We recall the arclength parametrization &, (7) defined by the identity

&a(T)
Ae(n) = / It ()2 de =, (2.14)

together with the stretched waveprofile ¥, : R — R given by
U, (1) = 0. (Eu(7)). (2.15)

The main result of this paper states that for sufficiently small & > 0, the reduced problem (2.13)
admits a travelling wave solution
Uj (t) = \I’h(]h + Cht) (216)

with (U, cp) = (P,,c,) in an appropriate sense. These waves are locally unique up to translation.
We note that items (iv) and (v) use the notation d; v = h=[v(- + h) — v(-)] for functions v. In
addition, we use the shorthands L? = L?(R;R) and H' = H'(R;R), together with the Heaviside
sequence Hj;, = 1;>¢.

Theorem 2.1 (see §6). Suppose that (Hg) and (H®.) are satisfied. Then there exists a constant
op > 0 together with pairs
(Tn,cn) € CHR;R) x R, (2.17)

defined for 0 < h < 4y, such that the following properties are satisfied.



(i) For every 0 < h < 4;, we have the limits

lim W,(¢) =0, lim W,(¢) = 1. (2.18)

£——o00 E—+o0

(i1) For every 0 < h < 4;, we have the strict inequality

sup |Up (7 + h) — Up(7)| < h. (2.19)
TER

(iii) For every 0 < h < &y, the function U : R — £>°(hZ;R) defined by
Ujn(t) = Wn(jh + cnt) (2.20)

satisfies the inclusion
t—U(t)— H € C'(R; *(hZ; R)). (2.21)

In addition, the identity (2.13) and the strict inequality ||0TU(t)||, < 1 both hold for allt € R.
(iv) We have ¥j, — W, € H' for every 0 < h < 45, and the limit
len = cul + 1 %h — Wl o + (|0 (¥ — O] || 0 + 1|05 0 05 [&h — 0] . = 0 (2.22)
holds as h | 0.

(v) Pick any 0 < h < &, and consider a pair (¥,é) € L x R that has ¥ — U, € H with

el |F-w| +lor@-w| 4 |orarar@-w|  <wt 223)
Then the function U:R— 0°(hZ;R) defined by
Ujn(t) = Wy, (jh + &) (2.24)
satisfies the inclusion _
t— U(t)— H € C°(R; *(hZ; R)), (2.25)

together with the strict inequality HB*‘(?H <1 for allt € R. In addition, zf(j' s a solution to
o0
the system (2.13) for allt € R, then we must have

(2().8) = (T +0),cn) (2.26)
for some ¥ € R.

We emphasize that the location of the gridpoints for the waves (2.16) can be determined by using

2
‘ o (U ion =0 ()"
x]h(t) = Zj/<j \/hZ_((J](jUrl)h(t)—JUj’h(t))Z-Fh7 (2.27)

see [26, Thm. 2.3]. In fact, our final result shows how these waves in the computational coordinates
can be interpreted as wave-like objects in the original physical coordinates.

Corollary 2.2 (see §6). Consider the setting of Theorem 2.1. Then there exists a constant 0 < on <
0p, so that for all 0 < h < §y, there exist pairs

(W' @,) € CY(R;R) x C'(R; R) (2.28)

that satisfy the following properties.



(i) Upon writing
ein(t) = jh+ U (jh+cpt),
Upn(t) = Wal(jh+ cnt),
the adaptive grid equations (1.2) - (1.4) are satisfied for all t € R.

(2.29)

(i) For everyt € R and j € Z, the functions defined in (2.29) satisfy the relation
Ujn(t) = @5 (zn(t) + cnt). (2.30)
We remark that if (2.16) and (2.30) both hold, simple substitutions yield the identity

\I/h(jh—FCht) = Ujh(t)
O, (jh + U (jh + ent) + cnt) (2.31)

= Dy(jh+ent + U (jh + cnt)).

In particular, the main assertion in Corollary 2.2 is that the perturbed coordinate transformation
En(r) =7+ U (7) (2.32)

is invertible for sufficiently small i > 0, allowing us to transfer the waves back to the original physical
framework.

3 Setup and notation

In this section we recall several crucial results and notational conventions introduced in the prequel
papers [26, 27]. This will ensure that the current paper can be read reasonably independently. As a
preparation, we recall the sequence spaces

6 = {V:hZ— R for which |VI|j2 :=hsup;ez |Viy|* < o},

3.1
{2 = {V:hZ — R for which ||V||€;>o :=sup,ez |Vaj| < oo} (3.1)

that were introduced in [26, §3.3], together with the higher order norms
Wias = Vi + 104V,

Wiaz = [Vie +10%Vile + 1070Vl . (3.2)
WViga = [Vig +18*Vie + 1070 V] +10+0* 04V,

and their counterparts

||V||z;j°?1 = ||VH£§L° + ||8+V||ego ’

(3.3)
||V||z;°?2 = ||VHeh°° + ||3+V||eg° + ||3+3+V||¢Zo :
For a single fixed h > 0 all these norms are naturally equivalent to the @L—norm or the £;°-norm.
The point here is that the h~! factor in the definition of T introduces a natural scaling that will
allow us to formulate h-independent bounds.
In addition, we pick a reference function Uyt € C?(R, [0,1]) that satisfies the properties
Urete ((—00,=2]) =0, Uretn([2,00)) =1, 0< Ulgp, <1, | < 1. (3.4)

ref;=

10



For any « > 0, this allows us write
Uretyc (T) = Usetyx (KT) (3.5)
and introduce an open subset
Vin = AV €GB Vliga+Vlige + 00V < 3w~ and 04Vl <1-2x} (36)
We can now recall the affine subset [26, §3.4]
Qi = Urety(RZ) + Vi C 52 (3.7)

that captures the admissable states of the waves that we are interested in and provides adequate
control on the necessary difference operators.
Indeed, for each U € ., we have the crucial bound HB*UH@? < 1 — k, which ensures that

our grid points are well-defined. In addition, the norms H6+U||Z2,1; HU||ZZQ;2 and ||9(U)Hzi are all

bounded uniformly in A > 0. Finally, it is possible to pick €y > 0 and £ > 0 in such a way that for
any 0 < h < 1 and any v € H! that has

[oll g + R~ (070 0 < 260, (3.8)

we have the inclusion
(W, + 0] (9 + hZ) € Qi (3.9)

for all ¢ € [0, h]. These statements all follow from [26, Prop. 3.1-3.3].

3.1 Linear operators

In [27] we analyzed several important linear operators that will turn out to be closely related to our
travelling wave system (1.20). To set the stage, we recall the sequences

o =+/1— (8902, oPU =oto U, (3.10)

which are well defined for any U € ... Following [27, §5], we introduce the linear operators
My : 2 — (2 that act as

My[V] = =g 0V + 4y 0°U 0P UV + 4202V + 479/ (U)V, (3.11)
together with their twisted counterparts Ly : £2 — £3 defined by
LylV] = .0V +My[V]+ U _, v [0PUIMy[V], (3.12)

always taking U € Qp,..
A special role is reserved for the discrete derivative 07 My, which we approximate by the linear
operator

Mg V] =2 (My g [V] + My, 11 [V] + My.111[V]) — 27520°U[0P UMy [V]. (3.13)

Ujapx

Based on the computations in [27, Prop. 5.5], this decomposition uses the expressions

My[V] = 467y — 57500 U200V
+8v; 00U 0P U0 PV (314)
+g"(U)[O°UIV + ¢/ (U)2°V, '
My,[V] = =3c.y°°U0PRUPV — e * 0@V
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that feature at most second differences of V', together with
Muy.111[V] = 475 °0°U [0+ 0P U0V + ~5 4070V (3.15)

which contains third differences that needs to be treated carefully. Several crucial bounds for these
operators are collected in Proposition C.1.
We are now ready to recall the linear operator £, : H' — L? that acts as

Lrv = —cv' + Ly, v, (3.16)
where we are slightly abusing notation. Indeed, recalling the discrete evaluation operator

levy fljn = (U + jh) (3.17)

that ‘samples’ a function f on the grid ¢ + hZ, the identity Lpv = f should be interpreted as the
statement that
evy et + f] = Levyw, [evy] (3.18)

holds for each 9 € [0, h]. We remark that the right-hand side above is continuous in £ as a function
of ¥ as a consequence of (A.6) and the continuity of the translation operator on H'.

The key purpose of [27] was to construct a quasi-inverse for the operator £y, Indeed, [27, Thm.
2.3] establishes the existence of two linear maps

Br: L* =R, Vi L — HY, (3.19)
defined for small h > 0, so that for each f € L? the pair

(B,v) = (Brf . Vif) eRx H' (3.20)

is the unique solution to the problem
Lyv=f+ BV, (3.21)

up to a normalization condition that can be used to fix the phase of our constructed wave. The
crucial point is that we obtain h-uniform bounds

851+ Vi F s + 1107 05 Vi f | 1z
1R VAN s + (1050 O Vi S o

IN

KA ge
K1l + (197 £]] ],

which will provide the required control on the second and third differences of our travelling wave.

We remark that these difference operators cannot be replaced by the corresponding derivatives,
which forces us to develop a rather delicate fixed point argument in §6. In addition, we note that the
spectral convergence framework used to obtain (3.22) relies strongly on the inner product structure
of L2, which explains why we do not have L>°-based estimates (yet). This is the reason that we go to
great lengths throughout the paper to work with fi—bounds as much as possible. Indeed, the results
in §A show that these mix well with L2-functions, unlike supremum bounds.

(3.22)

IN

3.2 Error functions

The errors that need to be controlled during our reduction steps arise from various sources that we
briefly discuss here. As preparation, we recall the translation operators

[T*aln = agj41yn, [T~ aljn = ag—1yn (3.23)

and the sums and products

1
S*a = §(a + T*a), P*a = aT*a. (3.24)

12



These allow us to recall the function
Em(U) = h0™ [15*(2 = 13) S0P U] (3.25)

from [26, Eq. (7.28)], which measures the smoothness of U in some sense. Indeed, it becomes small
whenever third differences of U can be controlled, which is the case when taking U = V..
In a similar vein, we introduce the error functions

gsh;U(V) = hHVHeiﬂa

w (V) = hlVlige +h[[070%0 Ul + 0% 0+ 0 Ul ] [V, 5%

on|

which can be used to ‘shift’ function evaluations back and forth between neighbouring lattice sites.
We note in general that overlined symbols will be used for expressions related to G*, which naturally
involve higher order differences than those related to G. Indeed, the nonlinearities in our problem
will be controlled by the product

Eprod (W, W) = [[WO| oo [[WE| 2
() (@) (1) @) (3.27)
WO [W | ooir + [WO | oot [WE [ 22,
together with
Eproau(WH, W) = ||0+3+5+U||zzo{HW(”H@I [WE oo + [[WO [ e HW(Q)H@I}
WOz [P 22
WO 2 W] ooz + [ WD ooz [WE | 22
WO s [V pooir + [WO [ oois [ 2
(3.28)

Observe here that the supremum norms are always at least one order smaller than the highest
(?-based norms. In addition, there are no squares of third-differences or products involving only
supremum bounds. These facts will turn out to be crucial when passing between sequences and
functions in order to apply the estimates (3.22) in §6.
Our final error functions are given by
Ew(U) = *0PU + g(U) — eyt 00, (3.29)

together with its approximate first difference

Evapx(U) = 4y 00°USHORUITH 0P U] + 450t 0PU (3.30)

+¢' (U)3°U — ey 25+ [0 U]. '

The relation between these two functions is explored in Proposition C.2. We view both expressions
as a measure for the difference between U and the stretched travelling wave W,. Indeed, upon

introducing the notation
V(1) = V1 =W (7)?, (3.31)
we recall from [27, Eq. (3.4)] that ¥, satisfies the ODE

Gy VL = At 4 g(W), (3.32)
which resembles the continuum limit of (3.29). This can be differentiated to yield

B = R 4 Ay O (W) 4 g () W, (3.33)
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the natural limit of (3.30).
Together with the smoothness term &gy, the functions (3.29) and (3.30) can be used to define
our final remainder terms

G (V) = [Vlige [ 1€w(@)llg + 1wl e + 1Eam(D) gz |-

Eemv (V) = [VIige [ 1€(@) iz + 1€ (D)l + € (D)llz | (3:34)
+ IVl 1% (Euw ()]s -

These are small when taking U = WU, and describe the additional error contributions generated in
this paper that cannot be absorbed by the terms in [26].

3.3 Initial approximants for G and G*

The expression (2.12) for G(U) is too convoluted for practical use, featuring third differences and
double sums. It hence needs to be simplified, at the cost of introducing error terms. An initial step
in this direction was performed in [26, Eq. (6.10)], where we decomposed G(U) into a number of
products featuring nonlinearities from the set

Snl;short = {yl,yg,’DOO;+,DO’;+,XA,XB,XC,XD}7 (335)

which were all defined in [26, §6] and contain at most second differences. A similar decomposition
was obtained for G*(U) = tG(U) in [26, Eq. (6.16)], but now with nonlinearities from the set

gnl;short = Snl;short U {yfa y;i,}7 (336)

together with an explicit third-difference term. In addition, for each of the nonlinearities f € gnl;short
we (implicitly) defined an approximation fapx(U) and an approximate linearization fiin.y[V] in [26,
83].

In fact, the full definitions of the nonlinearities f € gnl;short turn out to be irrelevant for our
purposes here, so there is no need to repeat them from [26, §6]. However, we do need to manipulate
their approximations, which we therefore evaluate in full here by substituting the relevant expressions
from [26, §7] into the definitions [26, Eq. (8.1)-(8.4)]. This yields the approximants

XA§3LPX(U) = 80U; yl;apx(U) - aOU,

Xpapx(U) = ST [’Y[;lhéa Voapx(U) = 7548(2)(] +g(U),

Xowpx(U) = STho'lb —18),  ViawU) = ' SHOPUIT y, (3.37)
‘XD?aPX(U) = st ['YU(?OUV)OU7 y;;);apx(U) - [gttV;apx(U) - 7546+6(2)U}

et ST,

together with the approximate linearizations

XA;lin;U[V] e 80V+80U[Z_;h 5SHI(U)6OV],

Xpamu[V] = S* [75360U8°V 5 [ Esm(U)8OVH v
+ST g (—493)0°U "V,

XemulV] = S*[15°000V + 95" S €m0V ] (38— 22) (3.38)
+5* [y 12 - 4E10°U BV,

Xpainw[V] = Sty (29 — 1)0°V]0°U + S [y 6°U)0°V

+ST [y 0°U10°U Zi;h Eam (U)OOV,
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respectively

yl;lin;U[V] = aOV _aOU[Zi;h Esm(U)GOV],
Vouinw[V] = 52 Mu[V] + car 0V,
VimolVl = [P0°U[STOPUIV 445 50DV Ty
ST U [yglaOUaOV 0 Y 5sm(U)80V} , (3.39)
ViVl = 467" — 57 °1SH P UIT [0P U0V

+4’75680U [TJF [8(2)U]S+ [6(2)‘/] 4+ st [3(2)U]T+ [6(2)V]:|
+¢"(U)[°UIV + ¢'(U)OV.

The corresponding expressions for the two remaining second-difference operators can be copied from
[26, Eq. (7.22)] and read

DuH(U) = st o), DRVl = 320U SHOPUV + 55 F [0V,
Dl (U) = 45%000, Din [Vl = 3y5°0°U 0@ UV + 570V
(3.40)

The expressions above were used in [26, §8.1] to define an initial approximant

gapx;I(U) = gA;apx;I(U) + gB;apX;I(U) + gC;apx;I(U) + gD;apx;I(U) (341)

for G(U), featuring the four components

Gaiapt(U) = [1= Priape )T [Xtsap ()] | P (V).
gB;apx;I(U) = yl;apx(U) Z,;h yQ;apx(U)T_ [XB;apx(U):| DZ;;)[‘F (U)a (342)
g#;aPX;I(U) = yl;aPX(U) Zf;h y2§aPX(U)T_ {X#;apX(U)Dggij(U)} )

for # € {C, D}. In addition, we introduced the approximate linearization

Ginu1[V] = Ganinuir[V]+ Geinur[V] + Geimuir[V] 4 Gpainu;r[V] (343)
by writing
gA;lin;U;I[V] = —yl;lin;U[V]T7 [XAMPX(U)} yQ;apX(U)
—yl;apx(U)T7 [XA;lin;U [VH yQ;apx(U) (344)

+ [1 - yl;aPX(U)T_ [XA;aPX(U)H yQ;IiH;U[V]

and applying the analogous product-rule procedure to obtain Gu.inu,1[V] for # € {B,C,D}; see
[26, Eq. (8.6)-(8.7)] and §E.1-§E.3. Treating G* in a similar spirit, we defined initial approximants

g;;x;[(U) = gX’a;apx;I(U) + gX/b;apx;I(U) + gjﬁr’c;apx;I(U)
+g§’;apx;I(U) + gé‘_’;apx;I(U) + gB/;apx;I(U)v (3 45)
ngn;U;I[V] = gX’a;lin;U;I[V] + gX’b;lin;U;I[V] + gX’c;lin;U;I[V]

+g§/;1in;U;I[V] + gg/;lin;U;I[V] + gg’;lin;U;I[VL
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in which we have introduced the expressions

Gt (U) = 75207020,
Ghapsr (U) = 1_yl;apx(U)XA;apx(U)]y;);ap)((U), (3.46)
GhrcapstU) = =D (0 Xsapn (U) T [ Vs (U))]
together with
st U) = Wage VT Y Ve (U)T ™ [ X ()] D2 (U),
a0 = Fa 0T a0 [P @],
for # € {C, D}. With the sole exception of
GVl = 28 Muan[V] = 25*0°U0* 0TIV, (3.48)

all the approximate linearizations in (3.45) can be found by applying the product-rule procedure
underpinning (3.44) to the expressions (3.46)-(3.47); see [26, §8.2] and §F.1-F.3.

One of our main aims in [26] was to develop a framework to control the errors that arise by
these types of approximations. In particular, we needed to track the propagation of errors on the
individual factors of (2.12) through the full sums and exponents. The bounds in [26, Lems. 8.1-8.3]
provide a constant K = K(x) > 0 so that these errors satisfy

HQ(U) - gapX;I(U)” < Kh,
i (3.49)
|7 W) - i@, = ER[1+ 0707 04U, ]
h
for all U € Qp,,,. In addition, the nonlinear residuals
gnl;U;I(V) = g(U + V) - g(U) - glin;U;I[V]7 (3 50)
gr—H;U;I(V) = g+(U + V) - g+(U) - gl-ii_n;U;I[V] .
can be estimated as
||gnl;U;I<V>||g% S Kgprod(‘/: V) + Kgsh;U(V)a
' _ _ 3.51
‘ g;ﬁ;U;I(V) 2 < K“:prod;U(Vv V) + Kgsh;U(V) ( )
h

for any U € Q. and any V € ¢2 for which U +V € Q..

These initial approximants for G and G are already much easier to work with than (2.12) and
enabled us to establish the well-posedness of our reduced system (2.13) in [26]. However, they are
still unwieldy on account of the shifts and the sums. In addition, several simplifications can be made
that only become apparent when looking at the full combinations (3.41), (3.43) and (3.45). This will
be the main focus of §4-85.

Convention Throughout the remainder of this paper, we use the convention that primed constants
(such as C], C} etc) that appear in proofs are positive and depend only on x and the nonlinearity
g, unless explicitly stated otherwise.
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4 Component estimates

The first important task in this paper is to build a bridge between the linear theory described in
§3.1 and the approximation framework outlined in §3.3. This requires us to refine the approximants
introduced in the latter section. We carry out the first step of this procedure here, focusing our
attention on the nonlinearities introduced in (3.35)-(3.36).

In particular, for any f € gnhshort we introduce the further decompositions

fapx(U) = fapx;expl(U) + fapx;sh(U) + fapx;rem(U)7
flin;U[V] = flin;U;expl[V} + flin;U;sh [V] + flin;U;rem[V}-

The expressions with the label ‘expl’ are the actual explicit simplifications that will play a key role
in our further computations. The label ‘sh’ is used for terms which are always small, which we will
be able to absorb into the error terms &y, and Eg, defined in (3.26). Finally, the label ‘rem’ is used
for remainder terms that are small when using U = ¥,.

The explicit decompositions (4.1) are provided in §D. Our main contribution here is to summarize
the errors that arise in a structured fashion that resembles the main spirit of the framework developed
in [26, §7]. This will allow us to replace all the occurrences of fupx and fiin,y in §3.3 by their
refinements fapxiexpl and fiin;vexpl, leading to a second round of approximations Gapxrr, g,jpx; I
glin;U;II and ngn;U;II'

In order to achieve this, we define a preferred exponent set

(4.1)

Qf;pref C {2700} (42)
for each f € Sniishort, together with its counterpart
@f;pref C {2700} (43)
for each f € gnl;short. This is done in such a way that we can write
N
gapx;I(U) - Zi:l Ur [fapx;i;l(U)7 sy fapx;i;ki (U)] (4 4)
N . .
g;’;)x;I(U) - gX/a;apx;I(U) = Zi:l y Vapx;i;l(U)7 A fapx;i;ki (U)] ’
for a set of bounded multi-linear maps
i O XL x O 02 T 0 X x EZ”” — 03, (4.5)

each defined for 1 < i < N, where we have the inclusions
fi;j S Snl;shorm qi;j S Qfm;prefa fi;j S gnl;shorty az‘;j S @?i;j;pref’ (46)

for all 1 < j < k;. Stated more informally, the ¢7 norm of Gapx.7(U) can be bounded in terms of
products of ég—norms of nonlinearities f € Sni;snort, Where each ¢ is taken from the preferred set of
exponents. This is the direct analogue of [26, Cor. 6.4].

A short inspection of the products (3.42), (3.46) and (3.47) readily shows that there is some
freedom as to which factors should be measured in £2. In fact, it is possible to put an £ norm on
any chosen factor, at the price of possibly having to flip the exponent of a companion factor that
has 2 € Q f.prer from two to infinity.

This freedom is essential to obtain sharp estimates and hence requires us to deviate from the
preferred exponents from time to time. The main focus of [26, §5,§7-8] was to develop a bookkeeping
framework to keep track of this procedure. We build on this investment here and follow the spirit of
[26, §5.2] to define further exponent sets

Qf - {2700}3 Qf;lin - {21 OO}, Qf;lin;rem C {2700} (47)
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for each f € Spiishors U gnl;short. The first of these contains all values of ¢ for which f,,x maps into
¢}. On the other hand, the set Qf.in contains all ¢ for which we need to evaluate the ¢}-norm of
fiin;Usexpl and fiin;v;sh, While @ f.lin;rem contains these exponents for fiinr:rem-

In order to illustrate these points, let us consider the example

ICX;I;U[V] == Z—;h yQ;apx(U)XB;lin;U[V]Dggx;Jr(U); (48)

which appears (after dropping a shift for notational clarity) as a factor in the component Gp.jin,v.1
that needs to be evaluated in the supremum norm; see (E.17). Our goal is to simplify this expression
by writing

IeX;H;U[V] = Z—;h 3)2;ap)c;expl(U)"Yliv‘;lilﬂ;U;expl [V]D;;EX;JF(U)’ (4~9)

noting that Dﬁg,i* is not simplified further; see §D. Exploiting the fact that Va.apx;sn = 0, a short
computation readily yields the decomposition

ICX;I;U[V] = ch;II;U[V] + ch;rcm;a + ch;sh;a + ch;rcm;b; (410)

where we have introduced the terms

Iex;rem;a = Z—;h yZ;apx(U)XB;lin;rem;U[V]ng)é+(U)7
Ie-x;sh;a = Z—;h y2;apx(U)XB;lin;U;sh [V]DZE){F (U), (411)
Iex;rem;b = Z—;h yZ;apx;rem(U)XB;lin;U;expl [V]Dggx’+ (U)

We note here that the preferred exponent sets are defined in (D.12), (D.19) and (D.30) and given
by
Qy2;PY€f = {2}’ QXB;pref = {00}7 QDO—‘Jr;pref = {2} (412)

Recalling the remainder function introduced in (3.34), we may readily use these preferred expo-
nents to compute

HIeX;rem;a”zoo < HyQ;apX(U)HgZ HXB;lin;rem;U[V]”zoo ||DZ§;§+(U)H42 < Kgrem;U(V)- (4~13)
h h h h

Here we use property (4.33) below with ¢ = oo (see (D.36)) together with the a-priori bounds (4.21).
For the second term we can use the same properties, but now with ¢ = 2 (see (D.36)). In particular,
we obtain

”ICX;rcm;aHgic < ||y2;aPX(U)||e;>Lo ”XB;lin;sh;U[V]”ei "Dzﬁ>é+(U)||zi < Kgsh;U(V)' (4~14)

Note that this required us to swap the first two exponents, which is made possible by the demand
0o € Qy for each f € Spiishort; see Proposition 4.1.
This swap is also required for the final term, which can be controlled by

HIeX;rem;b |ef;f < ||y2;aPX;rem(U)ngc HXB;lin;U;eXPI[V]”ei HD§§>§+(U)HZ% < Kgrem;U(V)- (4.15)
Indeed, simply using ¢5° on the middle factor would lead to a contribution proportional to ||V|| g5
see the third line of (D.32). Such a term would lead to problems in §6 and hence is not contained
in &rem;v- This scenario is covered in our structural results below by using options (b) from both
Proposition 4.2 and 4.3. We feel that this relatively small example already clearly illustrates the
benefits of utilizing an abstract bookkeeping scheme instead of direct estimates.
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4.1 Summary of estimates

In order to state our results, we introduce the expressions

Ssh;full(U) = hu Ssh;Z;ﬁx(U) = 0,
Saan(U) = h[1+ ][040+ 01Ul + 00+ 0* U, ], Senz:ix(U) = 0, (4.16)
together with
Srem;full(U) = HgtW(U)HE;% + ||gtW(U)||Z;’L° ) Srem;?;ﬁx(U) = 0,
S S 4.17
Sremgu(U) = Sremegun(U) + 107 [Evwr (U]l 2 Sremi2iix(U) = 0 (4.17)
and finally
Suen@D,U®) = U U go 4 U~ U0
h h
Sdif‘f;Z;ﬁx(U(l), U(2)) = (418)

0@ ~

These expressions are all related to the size of the f,,«x functions and play a very similar role as the
quantities Sgan and Sa.ax that were defined in [26, §7]. In particular, the ‘full’ terms correspond to
all the exponents that we need to use, while the ‘fix’ expressions reflect the contributions that are
only allowed to be evaluated in £7; see (4.26).

In addition, we recall the quantities

Tsafe(v) = HVHgiZ ) Tsafe(v) = Tsafe(v)»

_ (4.19)
TOO;Opt(V) HaJrVHeﬁo 5 TOO;Opt(V) = TOO;Opt(V) + ||a+8+v||eﬁ°

that are associated to the approximate linearizations fii,. Here Too opt represents the contributions
where the use of the supremum norm is optional, in the sense that they could also be measured in
2. The remaining contributions are all reflected in Tyare. We emphasize that the main point of our
bookkeeping scheme is to ensure that products of the form Su.s7;0pt are never needed, where
# € {sh,rem, diff }.

Our main results summarize the structure that the decompositions described in §D will adhere
to. Propositions 4.1 and 4.2 state that the approximants fapx,+ are all uniformly bounded and that
the full linear approximants fiin;y share the structure and estimates of the nonlinearities in the sets
Sn1 U Sy analyzed in [26]. These can be interpreted as the counterparts of [26, Cor. 7.6 and 7.8].
On the other hand, Propositions 4.3-4.4 should be seen as the equivalents of [26, Cor. 7.7], while
Propositions 4.5-4.6 are the equivalents of [26, Cor. 7.9].

Proposition 4.1 (see §D). For every f € Snishort we have 0o € Qf together with

Qf§PY9f - Qf N Qf;lin N Qf;lin;rem- (420)
In addition, there exists K > 0 so that for each q € Qf, the bound
| apssoxst (@) gg + s @)l + [ Foprrenn (U < K (4.21)

holds for all h > 0 and U € Q. The same properties hold upon replacing (Snishorts @f:pref) bY
(Snl;short7 Qf;pref) .

Proposition 4.2 (see §D). Assume that (Hg) is satisfied and fiz 0 < k < % For any f € Shishorts
any # € {expl,sh,rem} and any q € Q f.pret, at least one of the following two properties hold true.

(a) There exists K > 0 so that
||flin;U;#[V]||ezy < KTsafe(V) (422)

holds for every h >0, U € Qp.,; and V € (3.
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(b) We have ¢ = 0o and there exists K > 0 so that the bounds

Hflin;U;#[V]”zﬁ < KTsafC(V),

vVl < KTsope(V) (4:29)
hold for every h >0, U € Qp.,; and V € (3.
The same properties hold upon making the replacement
(Sutsshorts @ fipref> Tates Tooiopt) — (Sulishorts @ f.pref» L safes L sosopt)- (4.24)

Proposition 4.3 (see §D). Assume that (Hg) is satisfied and fix 0 < k < {5. Then there exists

K > 0 so that for every f € Snishort; ¢ € Qfpref and # € {sh,rem}, we have
[fapxat (U)llgs < KSgnn(U) (4.25)

forany h >0 and U € Q.
In addition, if 2 € Q f.pref then for every # € {sh,rem} at least one of the following two properties
hold true.

(a) There exists K > 0 so that
[fapsz(U)llz < KSy:ax(U) (4.26)
holds for every h > 0 and U € Q...
(b) There exists K > 0 so that

HfaPX;#(U)”eoo < KS#;full(U) (4.27)

holds for every h > 0 and U € Q...
The same properties hold upon making the replacement
(Snl;short7 Qf;pref; S#;full) S#;2;ﬁx) = (gnl;shortaaf;prefa g#;fulh g#;Q;ﬁx)~ (428)

Proposition 4.4 (see §D). Assume that (Hg) is satisfied and fix 0 < k < {5. Then there exists

K > 0 so that for every f € Snishort; ¢ € Qf.pref and # € {expl,sh,rem}, we have
||fapx;#(U(2)) - fapx;#(U(l))H@Z < KSdiff;qu(U(l); U(Q)) (429)
for any h > 0 and any pair (UM, UR)) € Q-

In addition, if 2 € Qf.pref, then for every # € {expl,sh,rem} at least one of the following two
properties hold true.

(a) There exists K > 0 so that
[ fapst (UP) = fapep UD)][ 2 < KSairanx(UD, UP) (4.30)

holds for every h > 0 and any pair (UM, U®P) Qi;n'
(b) There exists K > 0 so that

HfapX;#(U(2))_faPX;#(U(l))HZZO = KSdiff;qu(U(l)7U(2)) (4.31)

holds for every h > 0 and any pair (UM, U®P) Qim.
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Proposition 4.5 (see §D). Assume that (Hg) is satisfied and fix 0 < k < 1—12 Consider any f €
Shisshors and any # € {sh,rem}. Then if 2 € Qf,pref, there exists a constant K > 0 so that

Lfimvz (Ve < Ko (V) (4.32)

holds for all h > 0, U € Qp.,; and V € €3 for which U +V € Q..
Otherwise, there exists q € {2,00} together with a constant K > 0 so that

[ fiimost (V) llge < KEgu (V) (4.33)

holds for all h > 0, U € Qp.,c and V € €3 for which U +V € Q... The same properties hold upon
making the replacement

(Snl;shorta Qf;prefv 5#) — (gnl;shortv @f;prefv g#) (434)

Proposition 4.6 (see §D). Assume that (Hg) is satisfied and fix 0 < k < ﬁ Consider any f €
Snishort and any # € {expl,sh,rem}. Then if 2 € Qy,pref, there exists a constant K > 0 so that

||flin;U(2>;#(V) - flin?U(1)§#(V)||€i S K(c"prod(U(Q) — [](1)7 V) (435)

holds for all h > 0, any pair (UM, U®R)) € Qim and any V € £3.
Otherwise, there exists q € {2,000} together with a constant K > 0 so that

Hflin;U(2);#(V) - flin;U(l);#(V)HgZ < KgPYOd(U(2) - U(1)7 V) (436)

holds for all h > 0, any pair (UD,U®) € QF  and any V € (3.

4.2 Refined approximants for G and G*
We now introduce the expressions
{g#;apX;II(U)a g#;lin;U;II(U)a g;’;apx;ll(U% g;/t’;lin;U;II<U)} (437)

for # € {A, B,C, D} respectively #’ € {A’b, A’c, B',C", D'} by inspecting the definitions of their
predecessors labelled by I in §3.3 (see (3.42), (3.43) and (3.46)) and making the replacements

fapX(U) — fapx;expl(U)v flin;U[V] — flin;U;expl[V] (438)

for each f € Shishort U gnl;short. The full explicit forms can be found in §E-F, but are not important
for our purposes here. We leave the expressions for A’a intact and simply write

gjﬂr’a;apX;II(U) = gj{r’a;apx;I(U)’ gX/a;Iin;U;II[V] = gX’a;apx;U;II[V]' (4~39)
Our interest here is in the refined approximants
Gapss11(U) = Gaapx;11(U) + GBiapx;11(U) + Geraps;11(U) + Gpsapsirr (U)
GhettU) = Gt U) + GitpapersU) + Gaps (U) (4.40)

+g§’;apx;ll(U) + gé’r’;apx;ll(U) + gg’;apx;ll(U)

and the corresponding linearizations

Gino;1[V] = Ganinusrr[V] 4 Giinsusrr[V] + Gestingus V] + Gpstingusrr[V]
gl-i‘rn;U;II[V] = gz’a;lin;U;II[V} + gX’b;lin;U;II [V] + gz’c;lin;U;II [V] (441)

+g§';lin;U;II[V] + gg’;lin;U;I][V] + g]tg’;lin;U;Il[V]'

21



In particular, the results below describe the residuals that arise when replacing the initial approxi-
mants defined in (3.41), (3.43) and (3.45) by these refined versions. Since our bookkeeping framework
has the same overall structure as in [26], we can reuse the analysis developed there in a streamlined
fashion.

Lemma 4.7. Assume that (Hg) is satisfied and fix 0 < k < % There exists a constant K > 0
together with sequences

gapx;sh;a(U) € ﬁ%“ gapx;rem;a(U) € ﬁ%, g;rpx;sh;a(U) € g%ﬁ g;;)x;rem;a(U) € f%” (442)
defined for every h > 0 and U € Qy,;, so that the following properties hold true.

(i) For every h >0 and U € Q... we have the identities

gapx;I(U) = gapx;][(U) + gapx;sh;a(U) + gapx;rem;a(U)7 (4 43)
g;;’XJ(U) = g;;)XJI(U) + g;;)x;sh;a(U) + gz;i;)x;rem;a(U)' .
(i1) For every h >0 and U € Qp,c we have the bounds
HgapX;sh;a(U) ”z? < KSsh;full(U)
i (4.44)
Hgapx;rem;a(U) H@i S KSrem;full(U)»
together with
‘ g; X3S -a(U) < Kgsh;full(U)7
peer e (4.45)

Hg;;sx;rem;a<U)Mgi S Kgrem;full(U)-

Proof. Restricting ourselves to G, we consider a single term of the sum (4.4). Dropping the index ¢,
we introduce the corresponding expression

(V) = [frapx(U); -, Frsapx(U)] = 7 [ Friapscexpt(U); - -, Frsapsiesp (U)] - (4.46)
Recalling the general identity
(a1 + b1)(az + b2)(ag + b3) — ajazaz = by(az + ba)(az + bs) + a1ba(ag + bs) + ajasbs (4.47)
and its extensions, we write

Lr;#(U) = W[fl;aPX;#(U)v f2;apx(U)a ERE) fk;apx(U)]
+m [fl;apx;cxpl(U)a f2;apx;#(U)a ey fk;apx(U)] (448)
+...+7 [fl;apx;expl(U)v f2;apx;exp1(U)7 sy fk;apx;#(U>]

for # € {sh,rem} and observe that
W) = Tean(U) + Toem(U). (4.49)
We now use (4.21) together with Proposition 4.3 to derive the bound
IZr (@Dl < CiSgitan(U). (4.50)
The desired estimates now follow from the fact that Gapx;1(U) — Gapx;11(U) can be written as a sum

of expressions of the form (4.46). O
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Lemma 4.8. Assume that (Hg) is satisfied and fir 0 < x < <. There erists a constant K > 0

2
together with linear maps

glin;U;sh;a € E(E}%,é}%), gl-ii_n;U;sh;a S E(f%,é%)
and their counterparts
glin?U?rem?a € ﬁ(@%,éi), glJirn;U;rem;a € £(£}2w€}21)a

defined for all h > 0 and U € Qy,,, so that the following properties hold true.

(i) For every h >0, U € Qp.,; and V € {3 we have the identities

Ginv:1[V] = Giinu:11[V] + Giinvishia[V] + Glin;Uirem:a[V],
gﬁLn;U;I[V] = glJirn;U;II [V] + ggn;U;sh;a[V] + glJirn;U;rem;a[V]‘

(ii) For every h >0, U € Qp..; and V € (3 we have the bounds

||glin;U;sh;a[V]||gi S Kgsh;U(V)v
||glin;U;rem;a[V]||€i < Kgrem;U(V),
together with
HglJirn;U;sh;a[V] 2 S KgSh;U(V)’
Hgl-g_n;U;rem;a[V] 2 S Kgrem;U(V)-
h

(iii) For every h > 0, any pair (UM, U®?) e Q,QL;

K

||glin;U(2);rem;a[V] - glin;U(l);rem;a[V]Hgi < KSPTOd(U(Q) - U(1)7 V)

and any V € 03, we have the bound

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

Proof. Restricting ourselves to G, we again consider a single term of the sum (4.4). Dropping the

index 7, we introduce the two corresponding expressions

Iﬂ';a;U[V] = T [fl;lin;U[V]v f2;apx(U)7 ey fk;apx(U)]
_W[fl;lin;U[V]a f2;aDX;exPl(U)7 ceey fk;apX;expl(U):Ia
Iﬂ';b;U[V] = 7 [fl;lin;U[V]v f2;apx;expl(U)a ceey fk;apx;expl(U>]

_W[fl;lin;U;eXPl [V]7 f2;aDX;eXP1(U)a R fk‘;apX;eXpl(U)] :

Writing

Iﬂ;a;U;#[V] = 7 [fl;lin;U[V]y f2;apx;#(U)7 sy fk;apX(U):|
...+ |:f1;lin;U[V]a f2;apx;expl(U)7 RS fk;apx;#(U)] )
Iﬂ';b;U;#[V] =7 [fl;lin;U;#[V]a f2;apxz,CXPI(U)a ) fk;apX;CXPl(U)]

for # € {sh,rem}, we see that

Iﬂ';a;U[V] = ITr;a;U;sh[V]+Iﬂ;a;U;rem[V]7
Iﬂ;b;U[V] = Iﬂ;b;U;sh[V]JFLr;b;U;rem[V}-
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Following the same reasoning used to obtain [26, Eq. (8.15)], we may use Propositions 4.2 and 4.3
to derive the bound

”Ima;U;#[V] He% < Ci [TsafE(V)S#;full(U) + TOO;Opt(V)S#;Z;ﬁX(U)}

< Gy (V). (460

A

Indeed, contributions of type Too:opt(V)Sx:mun(U) can be avoided by deviating from the preferred
exponents judiciously.

In addition, following the arguments used to derive [26, Eq. (8.12)], we may use Proposition 4.5
to obtain the bound

IlIﬂ;b;U;#[V]Hei < C:lsg#;U(V)- (4.61)
Writing
Ao = 7 {fl?““?U@)?rem[V} - fl;lin;U“);rem[V]’ f2;aPX;expl(U(2))7 ) fk;apx;expl(U(Q))],
Ab‘“ -7 [fl;lin%U“);rem[V}’ f2;apX;GXPI(U(2)) - fQ;aPX§eXp1(U(1))7 ) fk;apx;expl(U(2))]
+...
T [fl?“n?U(l);rcm [V]’ f2;apx;expl(U(1))7 R fk;apx;expl(U(Q)) - fk;apx;expl(U(l))} )
(4.62)
we easily see that
Apyi + Db = Lo @ wem V] = Lo e [ V] (4.63)

Arguing as above, Proposition 4.6 yields

||Ab;i”[ﬁ < Cigprod(UQ) - U(l)a V), (4.64)
while Propositions 4.2 and 4.4 imply

H Ab;ii ||z§z

IN

Cé Tsafe(V)Sdiff;full(U(l)a U(z)) + Too;opt(V)Sdiff;Q;ﬁx(U(l)> U(2))
< O4Eproa(UP — UM V).

(4.65)

Finally, we write
Aa =Trqu@iwem V] = Tria;u@ rem V] (4.66)
We note that A, consists of sums of expressions that arise from A,; and A, after replacing
J10in:U@ rem DY f1ain;u ) and each occurrence of fj.apx;expl by an element of the set

{fj;ap)u fj;apx;exph fj;apx;rem}~ (467)

We can hence again use Propositions 4.2, 4.4 and 4.6 to conclude that HAaH@% can be bounded
by terms that have already appeared above. The desired bounds now follow from the fact that
Giin;U:1[V] — Giin;u:11[V] can be written as a sum of expressions of the form Zr., +Zr.p, together with
their obvious permutations. O

5 Estimates for G and G*

In this section we exploit the component estimates from §4 to analyze the function G defined in (2.12),
together with its first difference G*. In particular, recalling the operator Ly defined in (3.12), we
introduce our final approximants

gapx(U) = Cx 80 U7 glin;U [V] - LU [V] 5
(5.1)
G (U) = 9" [Gapx(U)], GVl = 0% [Ginu[V]]
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and write

G (V) =GU+V)=G(U) = Ginu(V) (5.2)
together with
G (V) = 0% [Guv (V)] = GH(U + V) = GH(U) = G (V) (5.3)
Using the discrete calculus outlined in §A, one may readily verify the identities
GEU) = ST,
GrplV] = e.ST0DV] + 0% [MylV]] + 750U 102U My (V] (5.4)

+SHODUITT Y, v 20PUMy[V].

Our main result quantifies the approximation errors in terms of the functions &g, Erem;u and
Eprod and their counterparts Esn,v, Erem;v and Eprod,v defined in (3.26), (3.27), (3.28) and (3.34).
For convenience, we also reference the quantities (4.16)-(4.17).

Proposition 5.1. Suppose that (Hg) is satisfied and fix 0 < k < 1—12 Then there exists K > 0 so
that the following properties hold.

(i) For every h >0 and U € Qy,,,; we have

IG(U) = Gapx (Wl e < K[h+ [1Ew(U)llz + 1€ (U< ]
= KSum;tan + K Srem;full
Kh[1+ 0700+ Uz + [0+0+ 04U 55)
PN g + @)l + 10 Eu () ]
K Ssh:pun + K Srem;full-

IA

9+ () = Gl

(ii) For any h >0, U € Qp.c and V € €3 for which U +V € Qp..., we have the estimates

”gnl;U(V)Hzi
|90()

(iii) Consider any h > 0, U € Q.. and any pair (VD V) € (2 x (2 for which the inclusions
U+v® e Qpe and U + Vv e Qp,. both hold. Then we have the Lipschitz estimate

IN

Ké’prod(V, V) + Kgsh;U(V) + Kgrcm;U(V),
(5.6)

IN

szrod;U(‘/a V) + Kh?sh;U(V) + KErem;U(V)-

4

Hgnl;U(V(2)) - gnl;U(Vv(l))HZ%1 S Kgprod(v(l)y V(2) - V(l)) + Kgprod(v(2)7 V(2) - V(l))

+EEnu(V® = V) 4 K& ey (VE — VD),
(5.7)

5.1 Refinement strategy

We recall the refined approximants Gapy, 17 (U) and Giin,v;11[V] that we defined in §4.2. The main task
in this section is to track the errors that accumulate as we reduce these expressions even further to
our relatively simple approximants (5.1). In contrast to the abstract approach in §4, we achieve this
in a direct fashion through several explicit computations. Indeed, in §E-F we obtain the following
representations.
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Proposition 5.2 (see §E-F). Assume that (Hg) is satisfied and fix 0 < k < % There exists a
constant K > 0 together with sequences

gapx;sh;b(U) € 612,” gapX;rem;b(U) € €}21’ g;;)x;sh;b(U) € f%’ g;;)x;rem;b(U) € 6}217 (58)

defined for every h > 0 and U € Qy,.,;, so that the following properties hold true.
(i) For every h >0 and U € Q... we have the identities

gapx;II(U) = gapx(U) + gapx;sh;b(U) + Qapx;rem;b(U), (5 9)
g;PXJI(U) = g;;)X(U) + g:px;sh;b(U) + g;px;rcm;b(U)' .
(i1) For every h >0 and U € Q. we have the bounds
IGapxishp(U)lle < K Sanyrun(U)
) (5.10)
||gapx;rem;b(U) ||g%1 S Ksrem;full(U)v
together with
‘ g;;)x;sh;b(U) 2 < Kgsh;full(U)y
N _ (5.11)
‘ gapx;rem;b(U) 6% S KSrem;full(U)-

Proposition 5.3 (see §E-F). Assume that (Hg) is satisfied and fix 0 < k < 2. There exists a
constant K > 0 together with linear maps

glin;U;sh;b € ‘C(E%N é%)’ gl_i'—n;U;sh;b € [’(éf%,? 6127,) (512)
and their counterparts
glin;U;rem;b S E(f%,é%)’ gﬁn;U;rem;b € L‘,(Ei,ﬁi), (513)
defined for all h > 0 and U € Qy,;, so that the following properties hold true.

(i) For every h >0, U € Qp.,; and V € {3 we have the identities

glin;U;II[V] = glin;U[V] + glin;U;sh;b[V} + glin;U;rem;b[V]u (5 14)
gl_i‘_n;U;II[V} = gl_;n;U[V] + ngn;U;sh;b[V} + gli—i_n;U;rem;b[V]' .
(ii) For every h >0, U € Qp.,; and V € (2 we have the bounds
Hglin;U;sh;b[V] ng S Kgsh;U(V)a
’ (5.15)
Hglin;U;rem;b[V]”gi S Kgrem;U(V)a
together with
Hgl—ii_n;U;sh;b[V] 22 S K?Sh;U(V)’
. ft _ (5.16)
Hglin;U;rem;b[V] 2 = KgreméU(V)'
h
(iii) For every h > 0, any pair (UM, U®?) € Qf%;r» and any V € 03, we have the bound
Hglin;U(z);rem;b[V] - glin;U(l);rem;b[V] H@i < Kgprod(U(Q) - U(l)’ V) (517)
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Recalling the initial nonlinear residuals (3.50) together with the expressions (4.42), (4.51) and
(4.52), we have hence obtained the decompositions

gnl;U(V) = gnl;U;I(V) + glin;U;rem;a[V} + glin;U;rem;b[V] + glin;U;sh;a[V] + glin;U;sh;b[V]a (5 18)
g$,U(V) = ngl;U;I(V) + ngn;U;rem;a[V} + glJirn;U;rem;b[V] + glfn;U;sh;a[V] + gliJrn;U;sh;b[V]' .

We now turn towards the Lipschitz bounds for G,;.

Corollary 5.4. Assume that (Hg) is satisfied and pick 0 < k < 1—12 There exists a constant K > 0
so that the estimate

. — G, @ _y®
1n; in; — P .
1Ginr V] = G Vs < K&roa(UD —UD,V) (5.19)

holds for all h >0, all V € £} and all pairs (UM, UP) € QF .
Proof. This is a direct restatement of [27, Cor. 5.3]. O

Lemma 5.5. Assume that (Hg) is satisfied and pick 0 < k < 1—12 There exists a constant K > 0 so
that the estimate

a0 sVl KV V0V V1) 1 [y <y
" h
F K Eemu (VR = V) 4 K€ (VD VE — v (1)

(5.20)
holds for all h > 0, all U € Q.. and all pairs (VD V) € 2 x (% for which the inclusions
U+VW eQp, and U+ VP € Q. both hold.

Proof. By definition, we have
Guo(V) = GU+V)=G(U) = Gunu[V]. (5.21)
In particular, we get
G (V) = Guo (VD) = GU+VP) = Gunu [V + Grinu [VV] = G(U + VD)
= GU+VO 4+ VO -v)) —gU+VWD)
_glin;U[V@) — v
Ginvava VO =V + G v (VE - VD) (5.22)
G [V® = V]
= Guuive (VE —vD)
+[Ginv 4y — Ginu] [VE = VO]
For convenience, we write

glin;U;rem [V] = glin;U;rem;a [V} + glin;U;rem;b[V]u

5.23
glin;U;sh [V] = glin;U;sh;a[V] + glin;U;sh;b[V]~ ( )
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In view of (5.18), we find

Gt (V@) = Gy (VD) = gnl;U+V(1>;I(V(2) _vm)
Finv v irem (VD = VD) + G vy o (VR — VD)
+[Gimv v = Ginp ] [VE = V)]
= Guusvo (VR —vd)
+GtinUsrem(VE = V) + G vy o (V) = V)
+ |:glin;U+V(1);rcm - glin;U;rem:| (V@ —y )
+[Ginv v — Ginu] [VE = VO]

(5.24)
The desired bound now follows from (3.51), Lemma’s 4.7-4.8, Propositions 5.2-5.3 and Corollary
5.4. O

Proof of Proposition 5.1. In view of the expression (5.18), the statements follow from (3.49), (3.51),
Lemma’s 4.7-4.8, Propositions 5.2-5.3 and Lemma 5.5. O

6 Travelling waves

Formally substituting the travelling wave Ansatz (2.20) into the reduced system (2.13) leads to the
nonlocal differential equation
' =G(v). (6.1)

In this section we set out to construct solutions to this equation for small A > 0 that can be written
as
U=V, +uv, c=cy+¢ (6.2)

for pairs (¢, v) that tend to zero as h | 0. Care must be taken to ensure that the expression G(V) is
well-defined, but based on our preparations we are able to provide a relatively streamlined fixed-point
argument here, which allows us to prove the results stated in §2.

In order to control the size of the perturbation (¢,v) € R x H!, we introduce the norms

&)z, = lel + vl + 1|05 05 ]l . (6.3)

for h > 0 and write 2, for the set R x H! equipped with this new norm. Observe that for fixed h
this norm is equivalent to the usual one on R x H'.
Recalling the discussion at the start of §3, we pick 0 < k < ﬁ and ¢y > 0 in such a way that the
inclusion
evy[U, +v] € Qe (6.4)

holds for all 0 < h < 1, all ¥ € [0,h] and all v € H' that satisfy (3.8). In order to accommodate
this, we pick two parameters § > 0 and §;} > 0 and introduce the set

Zh;é,zs: = {(5,11) € Zp: ||(5,U)||zh < min{4, €0}

6.5
and [[(0,8;f )|, < min{5}, h1/2e}}. (6.5)

Since 8; is bounded on H' and L? for each fixed h, we note that this is a closed subset of Zj,.
Substituting (6.2) into (6.1), we obtain
eV, + ¢V, + ' + e = G(U,+0)

(6.6)
g(\:[l*) + glin;‘l/* [U] + gnl;‘l’,k (U)v
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which should be interpreted in a sense similar to that of (3.18).
Upon introducing the nonlinearity

Halew) = & — G (0) (6.7)
and inspecting the definitions (3.16) and (5.1), we can rewrite (6.6) as
Lpv] = eV, +Hp(¢v) + eV, — G(T,). (6.8)

Recalling the two solution operators (3.19), we now introduce the map Wj, : Z, ; s+ — Zp that acts
as

Walew) = 8 Vil [Ha(E ) + e W, ()], (69)
which allows us to recast (6.8) as the fixed point problem
(¢,v) = Wh(év). (6.10)

In order to show that W), is a contraction mapping on 2555 We study the two expressions Hj and

¢! — G(V,) separately in our first results. The sampling bounds from §A play a key role here, as

they enable us to extract L?-based bounds on G,1.g, from the sequence estimates obtained in §5.
Notice that the control (6.15) on ||UH4’21;2 would not have been possible using only bounds on (6.3),

since L2-norms cannot directly be turned into K%—norms. This would prevent us from bounding the
terms that are quadratic in these second differences. In fact, this is the reason that we needed to
obtain such detailed bounds on GT in this series of papers. Indeed, the additional third-differences

only appear in a linear fashion, which does allow us to easily pass between sequences and functions;
see (A.18).

Lemma 6.1. Suppose that (Hg) and (H®,) are satisfied. There exists K > 0 so that for any pair
(6,6,5) € (0,1)% and any 0 < h < 1 the estimates

b))

[Hu@v)l. < K[hd+0%+48061],

(6.11)
0T HL(Ev)le < K[6+6512+ Y285 4 6] + h[6, + 6]
hold for each (¢,v) € 2,55+ while the estimate
[0 (@@, 0®) = MA@ o]0 < K[BV2[5 4 85]+ B] (@@ — 20,0 — o),
(6.12)
holds for each set of pairs (¢, v(M)) € 2,55+ and (& @) e 255t
Proof. The first term in Hj, can be handled by the elementary estimates
cv'’ < §?
lev'll. < (6.13)
leo* vl < 0fj0% vl < 86y,
together with
L Pl P [ PP
< 6 H(5(2) —e® H@ — ”(1))||z, . '
Using Corollary A.1 we see that
||”H£,2;2 + HU||£;>LO;1 <16+ 6] (6.15)
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for all (¢,v) € Z},.56+. For any ¥ € R, we may hence exploit Propositions C.3 and 5.1 to obtain the

estimate
[1Gnrw. (evov)lle < C5[0 407 +h] [levoull 2,

together with

|Gnw. (evov™®) = G (evor ™)z < Co[0+ 85 + h] [levov = evor® ]| 2

+C5[6 + 6] [|levor™ — evor® || oo -
h

A second application of Corollary A.1 yields the bound
. . 1p—1/2 +
H”Heff + ||”||e}°;v2 < C3h™ 40 + &,

For any ¥ € R, we may hence use Propositions C.3 and 5.1 to find

|

We now apply Lemma A.2 to obtain

G, (evov) |, < C45+0F ] levoul o + Ch205 + 55 llevavl]
h v v

1Gayw, (W)l2 < CL[6+ 65 +h][|Ivllg + 0707 ]| 2 ]
< G0+ 6 +hls,
(G50, @), < Cilo+6 +R] (ol + 10% 0% vl + 10 0ll s + 10%0% 0% )12
+Cz/1h71/2[5 + 0] [ ol g1 + ||a+8+U||L2]
< CL0+8F + ][0+ 8F] + CihV2 + 616

Using (A.6) we note that

HU@) _ oM

< 2hp~1/? HU(2) — 11(1)H
et T

h H!

Applying Lemma A.2 once more, we obtain

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

[Goto () = Guro (W) < Cl6 45 + [ o) = @) + [l 000 — 0070,

+203 [0 + A2 [l — @[,

The desired bounds follow readily from these estimates.

(6.22)
O

Lemma 6.2. Suppose that (Hg) and (H®.) are satisfied. There exists K > 0 so that for each

0 < h < 1 we have the bounds
e Wl — GV 12 < Kh,
0% [e.w, —G(w.)][,, < Kh.

Proof. Applying Lemma A.2 together with Propositions C.3 and 5.1, we find
[1Gapx(Ts) = G(W)| 2 + [| G (L) = GF (L) . < Cih.

We now compute

C*\I/; — g(\I/*) = C*\II; - gapx(\I}*) + gapx(\:[l*) - g(\:[/*)
C*\I/:k — 6*60\:[/* + gapx(m*) - g(\:[/*)a
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(6.24)

(6.25)



together with

(9+ [C*\I/; - g(\II*)] (9—"_ [C*\I’; - gapx(qj*)] + a+ [gapx(\lj*) - g(\IJ*)]

= ¢ [0T0.) — 00T, + G (W) — GF(W,). (6.26)
Applying (A.8) we see that
leW, =G|l e < CRR[W!| e+ Cih < Chh, (6.27)
together with
0% [ Wl =GVl < Coh 079+ Clh < C3h, (6.28)
as desired. ]

Utilizing the linear theory from [27] that we outlined in §3.1, we are now in a position to study
the full nonlinear term W,,. Our main result subsequently follows in a relatively standard fashion
from the uniqueness properties of the contraction mapping theorem.

Lemma 6.3. Suppose that (Hg) and (H®.) are satisfied. Then for each sufficiently small h > 0, the
fized point problem (6.10) posed on the set Z, ya/a pa/s has a unique solution.

Proof. Using the estimates (3.22) together with the a-priori bounds (h,d,8;) € (0,1)3, we obtain
the inequalities

IN

W (@ v)])z, CLLIMAE W 2 + e ¥l = G(W) 12 ]
< Cy[6%+ 665 +h],
1[0, 0 Wa(@)llz, < CLLIMAE V)12 + 10 Ha(E )l 2] (6.29)
+C1 [ en®l = G g + [0 e WL = G(W.)] |2 |

o [h*1/25[5 O]+ (0 +65)2 + h]

A

IN

together with

||Wh(5(2),v(2)) — Wh(é(l)’v(l))nzh < ||’Hh(6(2),v(2)) — Hh(é(l),v(l))||L2
< [h_1/2[5 +6+ h] H(5(2) — e @ — U(l))th
(6.30)
Picking
§=d0F =h¥4, (6.31)
we see that § = 53’ < h1/2¢, for all sufficiently small h > 0. In addition, we find
[Wh(e,v)llz, < Cy[2n37% + B4,
(6.32)

10,0 W@ 0)llz, < Ch[2ht/4+and/t+ w1/,
together with
W (E2,02) = Wi (€@, o), < Chl2n1 +B] || (@@ — &0, 0@ — o), . (6.33)

The result hence follows from the contraction mapping theorem. O]
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Proof of Theorem 2.1. We write (&, vp,) for the unique solution to the fixed point problem (6.10)
that is provided by Lemma 6.3. This allows us to define

U, =W, + vy, Ch = Cy + Cp. (6.34)
For fixed h > 0, we claim that the map
9 evy[U, +up] —evol, € 42 (6.35)

is continous. Indeed, this follows from the smoothness of ¥, together with (A.6) and the fact that
the translation operator is continuous on H'!. Since the map

Vi GV, +V)el (6.36)
is continuous on a subset of £2 that contains evygwvy, for all ¥ € [0, h], we conclude that
h
Y~ g(eVﬁ\I/h) S f,zl (6.37)

is continuous. The travelling wave equation (6.1) now implies the inclusion (2.21).
In a similar fashion, the inclusion (2.25) follows from (A.6) and the continuity of the translation
operator on H'. The remaining statements are a direct consequence of Lemma 6.3. O

We now turn to the proof of Corollary 2.2, which asserts the existence of a waveprofile ®;, in the
original physical coordinates. The key tool for our purpose here is [26, Prop. 4.2], which states that
the gridpoints associated to a solution U of (2.13) satisfy

i(t) = M(U(1)). (6.38)

Here the sequence M can be written as
M@U) = 27T [Xa(U)]V2(U) + 27 (U) X_,, Yo (U)T~ [Xp(U)] D~ (V) (6.39)
+Z7(U) X, o (U)T~ [Xe(U)D* (U) + Xp(U) D (U)]; .

see [26, Eq. (6.31) and (6.33)] where this function was referred to as ). Notice the strong resemblance
with the structure of (3.42). Indeed, we see that

Y(U)MU) = 2= (U)[G(U) - =(U)] (6.40)
see also [26, Eq. (6.9)] for comparison. In view of the identities
Zz:px(U) =U, yl;apX(U) = aOUa gapX(U) = C*GOU yQ;aPX;eXpl(U) = c*ValaOU (6.41)

from [26, Eq. (7.29)], (D.1), (5.1) and (D.11), it makes sense to formally factor out 3°U and introduce
the approximant
Mapx(U) = ywes(1 = ap') = exlyw = 1). (6.42)

This allows us to extract a crucial lower bound for the speed of the gridpoints.

Proof of Corollary 2.2. Upon defining

\Ingm) _ Z (8+\Ijh)2 (643)

e RVEICIE Ty R
the identity (2.27) implies that (i) is satisfied. Using [26, Prop. 4.2] we see that

En(t) = @) Gk + ent) = [M(Tn(- + ent))] - (6.44)
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Notice that the terms appearing in (6.39) also all appear in (3.42) after making the replacement
Z7 + V1. The reduction Z~ +— Z_  leads to error terms that are covered by the theory in [26].
Since Z,,, does not need to be reduced further, we can follow all the computations in the present

paper to obtain the error bound
IM(U) = Mapx (U)o < CL[2 A+ [Ee (Ul gz + 100 (U)o (6.45)

which is the natural analogue of (5.5). Substituting U = ¥} and applying the Lipschitz bounds
(C.6), we find

Hgtw(\I}h) - gtw(qj*)np% S Cé ||\I/h — \I/*Hzi;z
< G119 = ull s + 10F[@h — T ] (6.46)
< Cyh3/A
Using Proposition C.3, we obtain
€ (¥n) 12 < C5R%* (6.47)
and hence
||5tw(qjh)||eg° < C5hM. (6.48)
In a similar fashion, we may exploit (B.4) to conclude
e, —vu.llz < C3h* (6.49)
and hence
ywn = 7wl < CohM. (6.50)

Together, these observations yield the pointwise bound
[M(n) = (e, = 1) < CipY" (6.51)
Assuming for clarity that ¢, > 0, this implies the pointwise inequality
M) > o (yw, — 1) — CLAMA, (6.52)

Since |ep — ¢i| < h3/4, we find

Ch [[\Ilﬁf)]’ + 1} > co(yw, — 1)+ ¢ — CihMA

(6.53)
> coyw, — CLRYA
Since vy, is strictly bounded away from zero, uniformly in h, we conclude that
W) () > -1 (6.54)

for all sufficiently small 2 > 0 and all 7 € R. This shows that the coordinate transformation (2.32)
is invertible, as desired. O]

A Discrete calculus

In this appendix we collect several useful identities and bounds from [26, 27] related to the interplay
between discrete and continuous calculus. In particular, we state a discrete version of the product
rule, provide two summation-by-parts identities and show how taking discrete samples of functions
in L2 and H' affects the various norms.
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Recalling the notation introduced at the start of §3.1 and §3.2, a short computation yields the
basic identities

0a=070"a, 9+8% = ST[0Pal, (A1)
together with the product rules
Otlab] = 0TaT™ b+ ad™b,
lab] = 0°T+b+ T~ ad'b, (A.2)
8-[ab] = [0 alb+ [T—a] 9-b,

which hold for a,b € £5°. As in [26, §3.1], these can subsequently be used to derive the second-order

product rule
O@ab) = (0Pa)b+ 0T adtb+ 0" ad b+ adPb. (A.3)

Recalling the discrete summation operators (2.10), one can read-off the identities

8+[Za]jh = Qjh, 37[Za]jh = —ajn (A.4)
—sh +h
for a € £*(hZ;R). In addition, the discrete summation-by-parts identities
1
o, — T - +, = - -
;ba a=al b—;aﬁ b, ;bs a = 5haT b+;a5 b (A.5)

hold whenever a,b € 3; see [26, Eq. (3.13) and (3.15)].
Turning to sampling issues, we repeat the useful estimates [26, Eq. (A.6), (A.4)] which state that

lullg < (24 h) ull g |05 ull oo < B2 [ (A.6)

for any u € H'. On the other hand, for any ¢ € {2,00} and u € W14, we have

Ha}:::ung;lz S ”uI”qu ||82:UHLLI < HU/HLQ (A7)

for any h > 0; see [26, Eq. (A.3), (A.13)]. For any ¢ € {2,00} and h > 0 we also obtain the error
estimate
105w = /|| py < Rl | (A.8)

whenever u € W24 (see [27, Lem. 4.1]), together with

maX{Ha}(f)u — " e ’@(ﬁ)u( + h) . éq} < 9h Hu”/”Lq (A.Q)
“h h
whenever u € W3 (see [27, Cor. 4.2]) and finally
H@T@ﬂ”u —u||,, <3k Hu(i”) . (A.10)

h

whenever u € W44 (see [27, Cor. 4.3]).
We now recall the sampling operator evy defined in (3.17). Our final two results here show how
to pass back and forth between discrete and continuous estimates.
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Corollary A.1 ([26, Cor. A.3]). There exists K > 0 so that for any ¥ € R, any v € H' and any
0 < h <1, we have the bounds

levgvllpee < Kllvllg,
||ev19v\|ézo;1 < K[l + (|85 0] 0 ] (A.11)
||evqgv‘|e,°f;2 < K[l + 27205 0] o ],
together with
levovlign < K ol
fesaulgs < KLl + 197 ol e

Lemma A.2 ([26, Lem. A.4]). Consider any f € C(R;R) and any g € H'. Then the following
properties hold for all h > 0.

(i) If the bound

levoflle < llll. (A13)
holds for all ¥ € [0, h)], then f € L? with
112 < llgllos - (A.14)
(ii) If the bound
levofll < llevaglas (A.15)

holds for all 9 € (0,h), then f € L? with
1£lze < Ngllg + (|05 05 gl - - (A.16)

(i5i) If the bound
levoflls < llevaglas (A.17)

holds for all ¥ € [0, h], then f € L* with

1Fllze < gl + |00 gll g + 105 05 05 gl = - (A.18)

B The gridspace function vy

The gridpoint spacing function
Yo =+/1—(0°U)? (B.1)

plays an important role throughout this paper and was analyzed at length in the prequels [26, 27].
We recall some of these results here and also obtain several novel bounds related to the sums that
are evaluated in §E and §F. Recalling the definitions (3.24) for sums and products, we first state
some useful identities pertaining to powers of 7y .
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Lemma B.1 ([26, Lem. C.2]). Consider any U € £>°(hZ;R) for which [|0TU||,, < 1. Then we have

the identities
48+ [aOU]S+ 0AU] St

8+ —4 _ [ ,
T P0El Prhi
_ 25+ 60U Sto®U
8+ [,YUZ] _ [ ] 5 [ ] ,
Pty

o+ [751] _ S*[0°U]ST [0 2)U} (B.2)
StywlPt ]
SH[eU)SH 00U

+ - _
0 [’YU] S+’YU ;
ot = —28T[0°UIStoPU].
Turning to estimates, we first note that
Yoo =@ =~ + e ] U + 8°U®)(°U®) — §°U) (B.3)

holds for any U@ U®) € Q.,; see [26, Eq. (C.4)]. This can be used [26, Cor. D.2] to obtain the
Lipschitz bound

I = woly <K |[oro® - ot u

B.4
. (B.4)

for ¢ € {2,000}, where K depends on & but not on h. In addition, it can be exploited to establish the
following approximation errors for various expressions involving .

Lemma B.2 ([26, Lem. D.4]). Fiz 0 <k < % Then there exists K > 0 so that for any h > 0 and
any U € Qy,,., we have the pointwise estimates

|0+ [42] + 20°U S0 U] < Khl|o@U]® + 1+ |o@U[*],
0 bl + 45 US| < Kh[0®U]" + T+ [0PU ],
0[] - 2 0USHoRU)| < Kh([|o@U* + T+ [0@U ], (B.5)
0+ [y %] - 295 °USH U] < Kal|o@U]* 4+ T+ 0@,
0+ " — 41U < Kal|o@U[® 4+ 1+ |o@U|*].

Lemma B.3. Fiz 0 < k < 1—12 Then there exists K > 0 so that for any h > 0 and any U € Qp,,
we have the pointwise estimate

0
ot [87[]] 7§3S+[6(2)U]‘ < Kh[|o@u|+ 1+ |[o@0|]. (B.6)
U
Proof. Using 010°U = ST9)U and the definition (3.10) for 47, we compute
OF[ZU] = 9ty T + ot ooU

= It[;'0°U + & (U) + 5 00U

= ;20U ST[0PUOU + £ (U) + E(U) + ' ST [0PU]

= 5 SHOPU] + &(U) + &(U),

in which
E(U) = ho*lygl)oraoy,

&W) = [07hg'l - g eUsto@ U)o,
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The estimates (B.5) now yield the bounds
E1(U)] + [E2(U)] < C}h] )6(2)U‘ + T ‘8(2)U‘], (B.9)

which establishes (B.6). O

We now continue the discussion from [26, §D] and consider discrete versions of the integral
identities

fr i/w _ W) (T) e %cﬁ (B.10)
=0 \/1-u/(17)? N/ 1—u! (T —oo (1—u'(T

Instead of computing the corresponding sums exactly7 we obtain useful approximation that are
O(h)-accurate.

Lemma B.4. Fiz 0 < k < 1—12 Then there exists K > 0 so that for any h > 0 and any U € Qp,,
the two linear expressions

SavlVl = X _, v [0°U10@V,

—1190 0 —319(2) 0 (B.11)
SpwlV] = 2 [0°U]0°V =32, v [0 U10°V

satisfy the pointwise estimate
Sp0lV] = SaulVIl < KR[T=107V| 410V + [02V] + [0+ V], + 040+ V], | (B12)

for allV € (3.
Proof. Using (A.4) we first observe that

T+ Sa0[V] = Saw V] = h[0* SawlV]| < G [0@V . (B.13)
The summation-by-parts identity (A.5) allows us to compute
T SaulV] = T[S 05" [0U]0® V]
- T+[ et V}
(B.14)
= T+ [T [ 130 }a*v — Y0 g leueV
= 4y U0V =Y, 0T [y, U oV
Upon writing
Sav[V] =75 [0°U10°V = ot [y, 0°U10"V, (B.15)
7;]7(
we use the identity
1
otV - 9% = 5ha<2>U (B.16)
together with (B.6) to obtain
[SwwalV] =T Swo V]| < C3h o®V] + Gy |79+ V] .. B17)
h
We now write
SV =g 1001V = 3 st 10UV, (B.18)
—:h
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which gives
Sawr[V] = Sava [Vl ==Y [a+ [yt o°U] — %}3S+[8(2)U]} V. (B.19)
_;h

In particular, (B.6) yields
|Sawirt[V] = SawulV]| < C3h[|07 07U 5 [[0°V ]2 < Cin[|07V ][5 - (B-20)
We now transfer the ST using the summation-by-parts identity (A.5) to obtain

SausrlV] =75 [0°U]8°V — %hT* gt °VIoRU =3 5 [y 28V]oPu. (B.21)
—h

We hence see that

SpwlVl = SavnlV] = W~ [y *0V]+ X, ho~ [y *°V]o@IU. (B.22)

Using the fact that
107 [0Vl < C5[[0*V ] + 070"V | ] (B.23)
the desired estimate follows. I

Lemma B.5. Fiz 0 < k < 1—12 Then there exists K > 0 so that for any h > 0 and any U € Qp,,
we have the pointwise estimate

> U0 — (1 - )| < Kh. (B.24)
—sh

Proof. Since [yy]jn — 1 as j — —oo, we have
w-1 = »_,0 . (B.25)

In particular, writing
S = Y,y 0°USTOPU] (B.26)

we may use the estimates (B.5) to obtain
Sr—(1—70)| < 2Kh|0*0TU|z < Cih. (B.27)

Using the second summation-by-parts identity in (A.5), we can transfer the ST to obtain

S = $hdPUT [, 0°U + > _,, S~ [ '0°U]oPU]. (B.28)
In particular, writing
I=8-Y_,7'[0Uo®U, (B.29)
we see that
I = 20DUT[y;'0U] = _, 40~ [, '0°U]oPU. (B.30)
Using Lemma B.3 we see that
IZ| < Cih |0+t U|%, + Chh, (B.31)
h
from which the desired estimate follows. O
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C Operator bounds

Our goal here is to establish several crucial bounds on the linear operators and error functions

introduced in §3.1-3.2. The errors that arise when approximating 8+ My and 97 &, by M;,';apx and
5+

twiapx are of special importance.
;

Proposition C.1 ([27, Prop. 5.1]). Assume that (Hg) is satisfied and fix & > 0. There exists K > 0
so that for any h > 0, U € Qp.,c and V € {3 we have the a-priori bounds

1MoVl < K[V,
|0+ My V]2 < K[Vlgs + K |04 050 Ul [0V, (C1)
|0* My V] = Mulo#V]ls < K ([V]ea + K |0¥07 07U 1+
together with the estimate
o Mo V] = M lVY|, < ERIVIgs + KROTO0 Ul Vg, (C2)

G

In addition, for any h > 0, any pair (UM, U®R)) ¢ Q%w-e and any V € (2, we have the Lipschitz
bound
My [V] = My Vil < K[U® =UD a0 [V + KU = U] i [[V] 22
(C.3)

Proposition C.2. Assume that (Hg) and (H®,) are satisfied and fir 0 < k < . There exists
K > 0 so that for any h > 0 and U € Qy,.,, we have the a-priori bounds

1w (Ul + €Uz < K
together with the estimate
Ha+ [StW(U)] - gtJ\Cv;apx(U)HZ}iO + ||a+ [gtW(U)} - gttv;apx((])nzf1 < Kh’ (05)

while for any UM € Qp,e and U® e Q.. we have the Lipschitz bounds

IN

K[orv® —orv ||, + ororu® — ororu|, |,
h h
K||U® —U0W] 20 .
h

|Eom (D) = Eam(UP) ]|
€ @) = £ @) 5

IN

(C.6)

Proof. The bounds in (C.4) and (C.6) follow directly from ”hainﬁ(fili) < 2, the Lipschitz bounds
(B.4), the estimate

lo@)lg < 4[s1Dy01<-1 19/ ()] ] (1)

from [26, Eq. (3.43)] and the pointwise inequality
g(U®) = g(OUD)| < [suppyypet g/ ()] [ = 0] (C8)
In order to establish (C.5), we compute

I Ew(U)] = T[T HOPU] + 4510 0PU + 0 [g(U)] = c.0™ [y, 0°U] (C.9)
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and notice that

O [g(U)] - ¢ ()2°U = 0*[g(U)] - ¢ (V)IHU + g/ (V)0 (C.10)
Upon estimating
07 g@)] — ¢ (O = b g(U +hd*U) - g(U) — o ()T
< Lfsupyenr I @) | pt potor? (C.11)

2
= th[suppcn o @) ] 107 UP,
we can use (B.5) together with (B.6) to obtain the desired bound. O

Proposition C.3. Assume that (Hg) and (H®,) are satisfied. Then there exists K > 0 so that for
any h > 0 we have the estimates

Hgsm(\ll*)nego + ||gsm(\11*)||zi < Kh7
[€ew (W)l goe + 1€ (Pl 2 < Kh, (C.12)
< Kh.

10 € ()l + 10 0w ()]
Proof. We have ¥, € W34 for q € {2, 00}, which allows us to apply (A.7) and (A.6) to obtain
[Em(T)llgs < CLA070T07Wallye < CLAIVY L - (C.13)

This yields the first bound.
Since the functions

e o A e A €19

are both uniformly bounded away from zero, we have the pointwise estimate

et = e 4 =l et el et -l < Ot — . (C.15)
Exploiting the fact that W/, ¥”  ~ 1 'y;*l, 00, and 0T, are all uniformly bounded, we now see
that

[ R I < G l|00w. — W,

h h
e A A Y 1 B N A T
ot o@v. —wl, < Lo —wl, + oo ]

for g € {2, 00}.
Since ¥, € W32 N W3 we may apply (A.8) and (A.9) to obtain

for ¢ € {2,00}. The travelling wave equation (3.32) allows us to write

VL — gl o0,

VAW — gt

e;ﬁ‘ |zg+’|7?4‘1’1"_75f6(2)‘1’* o = Gsho(Ca7)

Ew(TL) = 75 0P, — 7AW — 0,75 OV, + ey 1T, (C.18)

which using (C.17) yields the second bound.
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Using the fact that ¥, € W42 N W% which allows us to apply (A.10), we may argue in a

similar fashion as above to conclude

O — g f0OR SR T OP ]|, < Cih,
h

2wl =g 2t PP e, < Cih,

’|7;4\1;;~_%;fa+3(2)\11*ugz < Chh

for ¢ € {2,00}. The differentiated travelling wave equation (3.33) allows us to write

5+

tw;apx

(U.) = 4yg%0°0, S0P, THOPDW,] — 4y SV W, 0!
T
+¢' (V)00 — ¢/ (U)W,
—eg P SHIPW,] + ey

Using (C.19) together with (C.5) we may hence conclude

0% [Ewe(Tllley < [[Eaps (Tl o + (|07 [Eune (92)] = £

twiapx

(\I’*)HZZ S Céha

which yields the third bound.

D Decompositions for f € gnl;short

(C.19)

(C.20)

(C.21)

Our goal here is to provide the explicit decompositions (4.1) for the nonlinearities (3.35) and (3.36).
In addition, we validate the bookkeeping claims made in Propositions 4.1-4.6, providing the under-
pinning for the estimates in §4.2. For efficiency purposes, we combine our treatment of nonlinearities

that admit similar bounds.

D.1 Decompositions for ); and X,
Recalling the definitions

Viapx(U), = U ViimulV] = 0V — 80U[Eﬂh Esm(U)aov],

Xaapx(U) = 0°U, Xagnw[V] = OV +U[Y_, Em(U)V]
from (3.37) and (3.39), we realize the splittings (4.1) by writing

yl;apx;expl(U) = U, yl;lin;U;expl [V] = 80‘/’

yl;apxﬁh(U) = 0, yl;lin;U;sh [V] = 0,

yl?apx‘rem(U) = 0, Y1lin;Usrem [V] = —0U [ Ef:,h 5sm(U)6OV] )
together with

XA;apx;expl(U) = 80U7 XA;lin;U;expl[V] = 80‘/,

XA?aPX§Sh(U> = Oa XA;lin;U;sh [V] = 0,

XA;apx;rem(U) = 07 XA;lin;U;rem[V] = 60U [ Zf;h gsm(U)aOV:I .

In addition, for both nonlinearities f € {)1, X4} we introduce the exponent sets

Qf;pref - @f;pref = Qf = Qf;lin = Qf;lin;rem = {2, OO}
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Lemma D.1. Fiz 0 < k < 1—12 and pick f € {1, Xa}. Then there exists a constant K > 0 so that
the bounds

||flin;U;rem[V]Hzi < K HaJrVHei < KTsafe(V)a
[ frin;rsrem [Vl o < K[0oWVe < KTae(V),
limewVllg + fmvalVlle < K19V < Klu(V), ©-5)
”flin;U;eXPI[V]ngo + ||flin;U;sh[V]||gzo < K Ha"'VHé? < KTOO;Opt(V)

hold for all h >0, U € Qp., and V € K%.

Proof. The bounds follow from inspection. O

Lemma D.2. Fiz 0 < x < 1—12 and pick f € {V1,Xa}. There exists a constant K > 0 so that the
following properties are true.

(i) For any h >0 and U € Qp,,c we have the bound

||fatpx;expl(U)”e;zl""||falnc;expl(U)Hg;iC < K (D.6)

(ii) For any h > 0 and any pair (UM, UP)) € Qy,..., we have the bounds

Hfapx;expl(U(l)) - fal)x;e)(}>l((](2))He?1 < K Ha+U(l) - a+U(2) HZ%
< KSaigran(UD,UP), D7)
Hfapx;expl(U(l)) - fapx;expl(U(2))Hgoc S K H8+U(1) - 6+U(2) HZ‘X’ .
h h
< KSaitsrn (UL, U3).
Proof. These estimates follow by inspection. O

Lemma D.3. Fiz 0 < k < 1—12 and pick f € {)1,Xa}. There exists a constant K > 0 so that the
following properties are true.

(i) For any h >0, any pair U € Q.. and any V € (2, we have the bound

Hflin;U;rem[ngi < K”gsm(U)Hzi ||8+V||ei

(D.8)
S Kgrem;U(V)~
i) For any h > 0, any pair (UM, U®) € Q2 and any V € (2, we have the bounds
(i) y ; any p hik y ho
||f1in;U(1);expl [V] - flin;U(2);expl [V] ||g’27 = 07
Hflin;U(l);rem[V] - flin;U(z);rem[V] Hg2 < K ||8+V||Z%L |:H8+U(1) - 8+U(2) H@i
" (D.9)
+][o@U® — 9y @), }
h
< Ké&poa(U® —UM V).
Proof. Recalling the Lipschitz bound (C.6), the estimates follow by inspection. O
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D.2 Decomposition for ),
Recalling the definitions

Voupx(U) = 750U +9(U), Yoginw V] = 25" Mu[V]+ e’V (D.10)

from (3.37) and (3.39) and &y, from (3.29), we realize the splittings (4.1) by writing

y2;apx;expl(U) = C*’V(;laoUu y2;lin;U;expl[V] = ’752MU [V] + 0*76380‘/7
yQ;apx;sh(U) = 0, y2;1in;U;sh [V] = 07 (D]-l)
y2;apx;rem(U) = gtw(U)a y2;lin;U;rem [V] = 0.

In addition, we introduce the sets

Qyz;pref = @yg;pref = {2}7 (D12)

together with
Qy, = {2, 00}, Qysitinrem = Qs lin = {2} (D.13)

Lemma D.4. Fizx 0 < K < 1—12 and write f = Yo. Then there exists a constant K > 0 so that the
bound

Hflin;U;Cxpl[V]”ei < K ||V|‘£i?2 < KTag(V) (D.14)
holds for all h >0, U € Q. and V € K%.
Proof. This follows from Proposition C.1. O

Lemma D.5. Fiz 0 < k < 1—12 There exists a constant K > 0 so that the following properties are
true.

(i) For any h >0 and U € Qp,,,c we have the bound

||y2;aPX§EXPI(U)||£i + ||y2;aPX;6Xp1(U)thoo + ||y2;aPX;rem(U)||g§L + Hy2;aPX;rem(U)”e;io < K.

(D.15)
(i1) For any h >0 and U € Qp,,,, we have the bounds
||y2;apx;rcm(U)Hg;2 S ||gtw(U)||[i S Srcm;full(U)v
' (D.16)
||y2;aPX;rem(U)Hezo < ||5tW(U)||z;>L° < Srem;full(U)-
(iii) For any h > 0 and any pair (UM, UR)) € Qu..., we have the bounds
Hy2;apx;expl(U(1)) - y2;apx;expl(U(2))H[}21 < K "6+U(1) - 8+U(2) Hei
< KSdiff;Q;ﬁx(U(l)a U(z))a (D 17)
HyQ;apx;rerﬂ(U(l)) - yQ;apx;rem(U(z))HZ;z S K HU(l) - U(Q) HZ’2:2 .
< KSdiff;Z;ﬁx (U(l)a U(2))
Proof. Recalling (C.6), these bounds follow by inspection. O
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Lemma D.6. Fiz 0 < xk < % There exists a constant K > 0 so that we have the bound

IN

HyQ;lin;U(l);expl[V} - yZ;lin;U(z);expl[V]Hgi K HU(U - U(Z) H[}ZL?Q ||V||€Z°1
+K (U = UD | oo [[V]] 22 (D.18)

< K&poa(UM —UP V)

for any h > 0, any pair (UM, U?) ¢ Qfm and any V € (2.

Proof. This bound follows directly from (B.4) and [27, Prop 5.1]. O

D.3 Decomposition for D" and D¢t
For both functions f € {D°F D=} we write fapxsh(U) = fapxirem(U) = 0 and fiin;sn(U) =
fiingrem (U) = 0 and introduce the exponent sets

Qf;pref = @f;pref = Qf;lin = Qf;lin;rem = {2}7 Qf = {25 OO} (Dlg)

Besides the Lipschitz estimates below, all the estimates we require here can be found in [26, Prop.
7.3].

Lemma D.7. Fiz 0 < k < 75 and pick f € {D°T, D°~}. There exists a constant K > 0 so that
the following properties are true.

(i) For any h >0 and any pair (UM, UP)) € Qy..., we have the bounds

[ fapxiexpt UD) = faprexpt (U, < K[[|07U = 0¥ U|, 4 [|0BTD = 9T, ]
< KSdiﬂ';2;ﬁx(U(1)7U(2))'
(D.20)

(i) For any h > 0, any pair (UM, UR) ¢ Qfm and any V € 02, we have the bound

| Fins ) expllV] = fimpiemVill,e < K[10"VIz + 110704V ] 0TUD — 07U
+K |07V | |0t 0TUM — 0T 0T U,

< Ké&poa(U® —UM V).

(D.21)
Proof. These bounds follow by inspecting the definitions (3.40). O
D.4 Decompositions for Xz, Xz and Xp
Recalling the definitions
XB;apX(U) = S+[7(71}7[%h
Xewpx(U) = ST 100G =) (D.22)
Xpapx(U) = StT[ywo°U)o°U
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from (3.37) together with

Xpanu[V] = ST [%}380U80V +75 [ X Esm(U)c’)OVH v
+9T [y ' 1(—412)0°U OV,

Xogmu[V] = ST [7535°U8°V +g Esm(U)E)OV} (v = %)
+8T g2 - 49g]0°Ua°V,

Xpanv[V] = STy (29% — 1)9°V]0OU + S+ [yy0°UJ0°V

+S5 Ty d°UIOU Y _ ), En(U)O°V
from (3.38), we realize the splittings (4.1) by writing
Xpapxiexpl(U) = T ['Yg]a XBilinUsexpl[V] = =37+ [7U80U60V},

together with

XC;apx;expl(U) - _XD;apx;expl(U) = YU (7[2] - 1)7
XC;lin;U;expl [V} - _XD;lin;U;expl [V] = ’Y&l (]- - 3’7[2])60[]80‘/

for the explicit terms. The shift terms are given by

Xpapxsn(U) = —hST[v 10T vh] — 20T 1 1T,
Xcsapxsn(U) = %3* [751]'7%(7(% - 1),
XDapxsn(U) = %3*[7U80U}30U,
together with
XpiinushV] = *%3+{V5380U80V}7§
—hSt [y 10T [~4r3 V] — hdT [y T [ — 2930V,
XegimusnV] = 20T [z 200U0°V]vE (v — 1)
+R07 [ '] [2 — 44210°U8 Y,
Xpiainusn[V] = 20T [vg'(29% — 1)0°V]0°U + Lo* [y 0°U)0"Y,

while the remainder terms are given by
XB?EPXWem(U) = XC;apx;rem(U) = XD;apx;rem(U) =0,

together with

XB;lin;U;rem[V] = S+ |:'7[;1 [Zf;h gbm(U)aOVH'yil]?
XC;lin;U;rem[V} = S+ [7[}1 Zf;h gsm(U)aOV] (7?] - ’7[2])7
XD;Iin;U;rem [V] = S+ [’YU(?OU]({“)OU Z—;h Ssm(U)aOV.

In addition, for any f € {Xp, Xo, Xp} we introduce the exponent sets

Qf;pref = @f;pref = {OO},

together with
Qf = {00}7 Qf;lin - {27 OO}, Qf;lin;rem = {OO}
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Lemma D.8. Fix 0 < k < 1—12 and pick f € {Xp,Xc,Xp}. Then there exists a constant K > 0 so
that the bounds

[ ftinsrsrem [Vl o < K[o"V]e < KTae(V),
Hflin;U;expl[V]Hgi + Hflin;U;sh[V]Hgi < K ||8+V||zi < KTae(V), (D.32)
VinveoVllge + invanlVle < K0 Ve < KTaon(V)

hold for all h >0, U € Qp,, and V € E%.

Proof. These bounds follow by inspection. O

Lemma D.9. Fiz 0 < k < % and pick f € {Xp,Xc,Xp}. There exists a constant K > 0 so that
the following properties are true.

(i) For any h >0 and U € Qp,,c we have the bound
‘|fap>C;GX1ol(U)Hg;;C + HfaPX;sh(U)”zzo < K. (D.33)

(i1) For any h >0 and U € Qp,c, we have the bound
HfapX;sh(U)HzZo < Kh < KSgsa(U). (D.34)

(i4i) For any h > 0 and any pair (UM, UR)) € Q4..., we have the bounds

| fapxiexpt(UM) = fapriexpt UD)[| o < K [|OTUN —0TUP
h h
< KSqifrfunl (U(l), Uu®),
(D.35)
[ Fapsssh (UD) = Fapran U)o < K |JOTTW = 07U,
h h
< KSasn (UL, U3).

Proof. These bounds follow from the discrete derivative expressions in Lemma B.1 and the Lipschitz
bounds for vy in (B.4). O

Lemma D.10. Fiz 0 < kK < % and pick [ € {Xp,Xc,Xp}. There exists a constant K > 0 so that
the following properties are true.

(i) For any h > 0, any pair U € Qp.,. and any V € (2, we have the bounds
[finvsulVIlle < Kh[[0TV]g + 10704Vl | < K&nu(V),

(D.36)
||flin;U;rem[VH|gzo < K ”‘Ssm(U)Hei ||8+V|‘ei < Kgrem;U(V)~
(ii) For any h >0, any pair (UM, UP) ¢ Q.. and any V € (3, we have the bounds
Hflin;U(l);expl[V] - flin;U(2>;expl[‘/]H@%1 < K H8+U(2) - 8+U(1) H[hoc Ha—i_VHZ}ZL
< K&poa(U® — UM V),
Hflin;U(l);sh[V] - flin;U(Q);sh[V]Hgi < K H6+U(2) - 8+U(1)||[}0Lc Ha—i_vuéi
< Kgprod(U@) - U(l)v V)7 (D 37)
||flin;U(1);rem[V] - flin;U(Q);rem[V]He? < K ||8+V||[% |:||U(1) - U<2)Hg22
Hlorvo oo, ]
h
< Ké&poa(U® —UW V).
Proof. Recalling the Lipschitz bounds (C.6), these estimates follow from inspection. O
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D.5 Decomposition for ));"
Recalling the definitions
Vapx(U) = 5 STHOPUIT s,
Vi [V] [ °0°USTOPUIV + ' STOPV] Ty (D.38)

=y STIORUITT | UV + 0 Y Eam(U)V .

from (3.37) and (3.39), we realize the splittings (4.1) by writing

y;;_apx;expl(U) = 8(2)U,
VipeanlU) = 500U + h* g5+ [00), (D.39)
yl—tapx;renl(U) = 07

together with

le?lin;U;cxpl [V] = S+ [8(2) V]7

MVl = b0t w]oUSH P U)oV
+hyy Ot o] STOPV] (D.40)
—hy; ' STOPU]OT [ 0 UV,

yl-tlin;U;rem [V] = 7(7154_[8(2) U]T+ |:7U Z—;h gsm(U)60V:| .

Notice that we have eliminated the T+ [6(2)U] term in the explicit expressions, while keeping the
T+ [0 V] dependency. This inconsistency is deliberate as it will help us to make a useful substitution
in the sequel.

In addition, we introduce the sets

ny;pref = {2, 0}, (D.41)

together with
nyr = {27 00}7 éf’;lin = ng’;lin = {25 OO} (D42)

Lemma D.11. Fiz0< Kk < % and write f = y1+. Then there exists a constant K > 0 so that the
bounds

||flin;U;eXp1[V]||(i + ||flin;U;sh[V]||e§1 < K[ ||8+V||£i + ||8+8+V”2i] < KTsafE(V)v
finvexpr VIl + fimvisuVlpee < E[107V o +1070*Vllge | < ETociopt(V),
[ finsvwem [VIllz + [ finvem[Vlle < K07V ]2 < KTsge(V)
(D.43)
hold for allh >0, U € Qp,, and V € 8,21.
Proof. These bounds follow by inspection. O

Lemma D.12. Fiz 0 < k < ﬁ There exists a constant K > 0 so that the following properties are
true.

(i) For any h >0 and U € Qp,,,c we have the bound

+ +
02 * Hyl;apX;eXpl(U)Heoo + Hyl;apx;sh(U)
h s

(RA—{cy @) < K
h

e
(D.44)

47



(i) For any h >0 and U € Qp..c, we have the bound

[V @)],, = KB+ [0* 070 U] < KB (D), o
h _ .45
[V @], = KB+ 107040 U] < KSaunan(©).
h
Proof. These bounds follow from the discrete derivative identities in Lemma B.1. O
Lemma D.13. Fix 0 < k < % There exists a constant K > 0 so that we have the bounds
VvVl = ER[I07VIg + 1070 VIg] < KEau(V), o
_ D.46
VvV, £ K 1Em@)lg 107V < KEromu(V)
h
for any h > 0, any pair U € Q. and any V € (3.
Proof. These estimates follow by inspection. O
D.6 Decomposition for ),
Recalling the definitions

VianU) = [Edapn0) = 7507 0] 4 e S+ 00),

VaamuV] = 465" = 55°1S T 0PV 0P U]V (D47)
500U [T+ D@ U)ST[OPV] + S+ U T+ [6(2)V]}
+¢"(U)[8°UV + ¢'(U)3°V

from (3.37) and (3.39), we realize the first splitting in (4.1) by writing
y;;);apx;expl(U) - [gtt";apx(U) *7543+3(2)U +C*71738(2)U’
y2+b;apx;sh(U) = %C*MEBGJF [a(Q)U]a (D'48)
y;),apx,rem(U) = 0'

The second splitting (4.1) is obtained implicitly by recalling the definition (3.15) and writing

VaimwieplV] = 70707 [Mu[V]] + 245 0°U[0@ UMy [V] — Myp11[V)
+e, [3%}580U[8(2)U] OV + 4538+ [@<2>V]] , (.19
y;b;nn;U;sh[V] = y;?;;lin;U[V] - y;);lin;U;expl[v]v
y;%;lin;U;rem [Vl = o.
In addition, we introduce the sets
Qyt spret = @yt i = Qi tinsrem = 121 Qyy = {2,00}. (D.50)

Lemma D.14. Fiz0 < k < % and write f = y;;,. Then there exists a constant K > 0 so that the

bound .
[ finwexpt[Ville + [ fimvanVIle < KlVIge < KTswwe(V) (D.51)

holds for all h >0, U € Qp.., and V € (3.
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Proof. The bound follows by inspection. O

Lemma D.15. Fiz 0 < k < 1—12 There exists a constant K > 0 so that the following properties are
true.

(i) For any h >0 and U € Q.. we have the bound

Hy;b;ap’“e"pl(U) 02 + Hy;’ﬂpx;Sh(U) 2 + Hyﬁ;ap)(;expl(U)Hfoo + HyQJZ;apx;sh(U)Hfoo < K.
h h h h
(D.52)
(i1) For any h >0 and U € Qp,,.c, we have the bound

[V @)]|, = KB+ 107070 U] < KSann(),
h o (D.53)

[V @)]| . = KB+ 107040 Ulle] < KSasnan().

h

Proof. Recalling (3.30), the bounds follow by inspection. O

Lemma D.16. Fiz 0 < k < % There exists a constant K > 0 so that we have the bound

[VhimwaV|, < KB[IVIg + 107 VIls + 1040V + 07070V |
h
HER(0F 00U e [ VIl +10%V 3 + 10707V ]2 | (D54)
S Kzsm;U(V)

for any h > 0, any pair U € Q. and any V € 3.

Proof. Recalling (3.14), we make the decomposition

y;;;lin;U[V} = MU;I[V] + szZ;nn;U;sh;a[V] (D.55)
by writing
VantinwsnalV] = 20[675° = 595 °)[0P U0 [0 U0V
+4h[67;° — 575 °1S 0P U0 0P UV
2l °0°U [0+ (PIUOV + (0D U+ 9V ] (D-56)
+4hg 000U [0 DPUITHIIV] + (0P U]H V]|,
Introducing the function
y;;;lin;U;sh;b[V] = _7(}2 [3+ [MU[V]] - MJ;apX[V]:| - %hc*Vr}SaJr[a(z)V] (D.57)
and recalling (3.13), we see that
Vitinvesol V1 VpgimranalV] = 10 M V] + 2952 00U [0P UMy [V] = Mo, 111[V]
Yo [375530(][3(2)0*]501/ + 7,;3[a<2>vﬂ
= MU;I[V] + MU;H[V] + MU;IH[V]
—MU;HI[V} - MU;II[V]
= y;?;;lin;U - y;?;;lin;U;sh;a[V]‘
(D.58)
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In particular, we obtain
y;);lin;U;sh [V] = yZJ?J;lin;U;sh;a[V] + y;z;lin;U;sh;b[V]' (D59)
In view of Proposition C.1, the desired bound now follows by inspection. O

Proof of Propositions 4.1-4.6. The statements can be readily verified by inspecting the results in
§D.1-§D.6. O

E Reductions for §

Our goal here is to construct the functions Gapx:shib, Gapxirem:bs Glin;U;sh;b aNd Glin:t;rem;» and demon-
strate that they satisfy the corresponding bounds in Propositions 5.2-5.3. We proceed in a relatively
direct fashion, treating each of the components in (3.42) separately and subsequently combining the
results.

E.1 Simplifications for G4
We recall the definition
Gapet1 V) = 1= Vrsapeoxpt )T~ [Xaiapecenp (0)] | Vapriennt(U). (E.1)
Substituting the relevant expressions from §D we find
Grapirr(U) = [1 _9UT- [aOU]}cwglaOU. (E.2)
We now make the decomposition

gA;apx;II(U) = gA;apx;III(U) + gA;apx;sh;b(U)7 (ES)

by introducing
gA;apx;III(U) = Cx |:1 - (8OU)2:| ’Y(;laOU

(E.4)
= cywoll,
together with
Gapxshp(U) = —c,hd®U0~ [0°U] ;' 0°U. (E.5)
We also recall the definition
GaginuirlV] = =VitingUsexpl[VIT ! [Xasapxiexpt (U) ] Vaapxsexpl (U)
—Viapxiexpl (U)T 7 [XatinUsexpt [V]] Vasapxiexpt (U) (E.6)
+ [1 — Vicapxiexpt(U)T 71 [XA;apx;cxpl(U)H Voilin;Usexpl [ V]
Substituting the relevant expressions from §D, we find
Gagimr1[V] = —0°VT 10U (eury, ' 0°U)
—0°UT Y [0°V](cvy 1 0°U) (E.7)
+[1- 00T [0°U] | (152 MulV] + e V).
We now make the decomposition
Gagtingu;111V] = Gautinsu; 111 [V] + Gatingussnip V] (E.8)
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by introducing

GaginurrrlV] = —c.0V[0OU]y;'0°U — ¢, 0°U [0V ' oU
+ {1 — aOUaOU} (V72 My (V] + eV (E.9)
= c*%}l(Q’y?] - 1)0°V + My[V],
together with
gA;lin;U;sh;b[V} = 7C*haovai {aOU} VglaOU
— e, h"U D~ [80V] velooU (E.10)
—hd°UO~[0°U| (v > My V] + cr 2 0°V).
We summarize our results by writing
gA;apx(U) - gA;apx;III(U) - C*’YUaOUv (E 11)
GainulV] = GannwvanlV] = crgt (28 —1)0°V + My[V] .
and obtaining the following bound.
Lemma E.1. Assume that (Hg) is satisfied and pick 0 < k < % Then there exists a constant
K > 0 so that the following properties hold true.
(i) For every h >0, U € Qp.c and V € {3, we have the identities
gA;a x; 1T U = gA;a X U +gA;a x;sh;b U )
px;11(U) px(U) psshib (U) (£.12)
gA;lin;U;II[V] = gA;lin;U[V] + gA;lin;U;sh;b[V]-
(ii) For every h >0, U € Qp.,; and V € (2 we have the bounds
HgA;aPX;Sh;b(U) ”52 < Kh = KSsh;full(U),
" (E.13)
HgA;lin;U;Sh;b[V]”zi < Kh ||VHei'vQ < Kgsh;U(V)-
Proof. In view of Proposition C.1, the bounds follow by inspection. O
E.2 Simplifications for Gp
We recall the definition
gB;apX;U(U) = yl;aPX;expl(U) Z—;h y2;aPX;exp1(U)T_ [XB;apX;expl(U)]D:I:X;JF(U) (E.14)
Substituting the relevant expressions from §D we find
gB;apx;II(U) = c*aoUZ,;h ")/El[aOU]am)U (E15)
In view of Lemma B.5, we introduce the expressions
gB;a x;III(U) = C*aoU(l — 7U)7
: (E.16)
gB;apX;sh;b(U) = gB;apx;II(U) - gB;apx;III(U)-
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We also recall the definition
gB;lin;UJI [V] = VilinUsexpl [V] Zf;h y2;apx;expl(U)T_ [XB;apx;expl(U)]Dgﬁ)i-i_(U)
+y1§aPX§EXP1(U) Z_;h yQ;Iin;U;expl [V]T7 [XB;apx;expl(U)] ’D;};}é+ (U)

i (E.17)
+Vapxiexpl (U) 2y Vasapsiexpl ()T~ [XBitingtsexpt[V]] Daps ' (U)
+Ftapsiexp (U) X Vasapssexpl (U T~ [Xiapssext (U)] D [V]-
Substituting the relevant expressions from §D, we find
Gpamu:r[V] = VY _, [eavy t0°U 0P U
+°U Y _, [ *MuV] + ey ®0°V]o@U (B18)
—30°U Y. _, [eyy ' U [0°U°V ]y 20U
+U Y, [eanp 10U (34 20U [0 U1V + 0)V).
A little algebra yields
Gpamuv.a1lV] = .0V > v [0°U10PU
+0°U Y _, (Vo MulV] + ey *0°V]0PU (E.19)
+c. U Y vy [0UOPV.
In view of Lemma’s B.4 and B.5, we introduce the expressions
Gpamuarr[Vl = ¢.0°V(1—y)
+0U Y., [ Mu[V] + eayy?0°V]0PU
’ (E.20)
+0, 00U [OOU)OV — e, 00U Y, [7[}3[6(2)U]80V ,
Geiainushn[V] = Geiamuvar[V] — Gsanu.111[V]-
After a short computation, we find
Gpanviir[V] = a.0V(1+q5t = 20) +0°U Y, 7, [0P U My[V]. (E.21)
We summarize our results by writing
Gapx(U) = Gpiapcrrr(U) GBlinu[V] Giinsusrr1[V] (E.22)

and obtaining the following bounds.

Lemma E.2. Assume that (Hg) is satisfied and pick 0 < k < Then there exists a constant

K > 0 so that the following properties hold true.

1
12-

(i) For every h >0, U € Qp.,c and V € (3, we have the identities

gB:a x;II(U) = gB;a X(U) + gB;a x;sh;b(U)7
;ap p p (E.23)
GiinusrV] = Giainu[V] + GBitinusnp[V]-
(ii) For every h >0, U € Qp.,; and V € (2 we have the bounds
HgB;apx;sh;b(U)HgZ S Kh = KSsh;full(U)a
" " ot (E.24)
HgB;lin;U;sh;b[Vmg}Zl < Kh[ ||a VH(,{ + ||(9 0 V”e%] < Kgsh;U(V)~
Proof. The estimates follow from Lemma’s B.4 and B.5. O
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E.3 Simplifications for G- and Gp
We recall the definition

Gapsi1(U) = Viapxiexpl(U) Zf;h Vasapx;expt (U)T~ X#;apX;expl(U)Dggij(U) (E.25)

for # € {C, D}. Inspecting (D.25), we see that

Gcrapx11(U) = =Gpsapxi11(U). (E.26)
We also recall the definition
GaainvettV] = Vrsiwtroxol V] £ p Vaapeioxol )T~ [ Xpsapionpt (V) D35 (U)]
Y tapexpl (U) X VatinstsenntVIT ™ [Xpsapionp (U) D35 (U)] -
+tapexpt(U) X Veapsiont (0T~ [ Xgetinvionp VIDGBE(O)]
+tsapexpl (U) X Veaprionot(U)T ™ [Xsapriont (0) DR V]|
for # € {C, D}. Using (D.25) once more, we hence see
Gesingusrr[V] = —Gpginu;rr[V]- (E.28)
E.4 Final decomposition
Recalling the definitions (5.1), we observe that
Gacapx(U) + Gp.apx(U) = cxypd°U + ¢.0°U (1 — yu) = c.0°U = Gapx (U), (E.29)

together with

GatinvV]+ GVl = ey (278 — 1)V + My[V)

+e V(1 5t = 290) + U Y v (0P UMy V]
0V + My[V] +0°U Y. _, 75 0P UMy [V]

glin;U[V]-
(E.30)
Proof of Propositions 5.2-5.3 for G. Upon writing
ga x;sh;b(U) = gA;a x;sh;b(U) + gB;a x;sh;b(U)a
? ? ? (E.31)
Giin;ushp V] = Gadinushb[V] + GBitinuishib[V]
together with Gapxirem;p = Glin;Usrem;p = 0, the statements follow from Lemma’s E.1 and E.2. O

F Reductions for G

Our goal here is to construct the functions gszxish.b, g;;x,rem_b, gﬁ'n,U,sh,b and ghtl,U_rem_b and demon-
strate that they satisfy the corresponding bounds in Propositions 5.2-5.3. As in the previous section,
we treat each of the components in (3.46) and (3.47) separately and subsequently combine the
results.
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F.1 Simplifications for G},
We recall the definition

gjﬁr’b;apx;II(U> = [1 - yhapx;expl(U)XA§6PX§EXP1(U):| y;z;apx;cxpl(U)’ (Fl)
Substituting the relevant expressions from §D, we find

gX’b;apx;II(U) = |:St—tv apx( ) ’}/546+8(2)U -+ 3*7536(2) U]
Vo apx(U) = 95707 0PU + cany 0T

We now make the decomposition
g}b;apx;n(U) = gz’b;apx;III(U) + g:{’b;apx;sh;b(U) (F.3)
by introducing
g:xr/b;apx;uz(U) = gttv apx(U) — 7523+8(2)U + 0*7515+ (0], (F.4)
together with
G (U) = 50 07070 (F.5)
We also recall the definition
GVl = ~Viitintiep [VIXaapsiexpl () Vabhiapexpt (U)
—Vrapxexpl(U) XastinUsexpl [VIVgpapxsexpt (U) (F.6)
[1 - yl;apmexpl(U)XA;apx;expl(U)] y;;;lin;U;expl[V]'

Substituting the relevant expressions from §D, we find

GhamurlV] = —260U60V[5;;V e (U) — 7,;4a+a<2>U+cw,;3a<2>U}
9 [1520% [Mu[V]] + 215 0°U [0 UMy V) = Murr[V]]
+yZ s [375580U[8(2)U]80V 528t [5(2)1/]}

g 2T DUV + oyt 5HODV]
+0 [My[V]] + 24 0°U [0 UMy V] = 43 Mo, 111[V]
280U [gttv aox(U) — 754a+a<2>U} V.

We conclude by writing

gz/b;apx(U) = gX/b ;apx; III(U)
= V&L apx(U) = 7520T0PU + oy ST U, (F.8)
gX’b;lin;U[V] = gA’b;lin;U;II[V]
and obtaining the following bound.

Lemma F.1. Assume that (Hg) is satisfied and pick 0 < k < 5. Then there exists a constant
K > 0 so that the following properties hold true.
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(i) For every h >0, U € Qp.,; and V € €3, we have the identity

gjl_’b;apx;II(U) = g;g’b;apx(U) + gX’b;apx;sh;b(U)'

(i1) For every h >0 and U € Qy,,,; we have the bound

+
H gA’b;apx;sh;b (U) 2
h

Proof. The results follow by inspection.

F.2 Simplifications for G},
We recall the definition

g.-Ai_’c;apx;II(U) = _yf;apx;expl(U)XA%aPX§eXPl(U)T+ [yQ;aPX§eXP1(U)] .

Substituting the relevant expressions from §D, we find

Ghcaparr(U) = —0DUUITH [cayy ' 0°U].

We now make the decomposition
gA’c;apx;II(U) = gA’c;apx;III(U) + gA/c;apx;sh;b(U)

by introducing
gz’c;apx;lll(U) = _C*[8(2)U]80U['7[7180U]

= —cop (L=13)0?0,

together with
Ghcapxsnn(U) = —h[0PU)UIT [cyy ' 0°U] .

In addition, we make the splitting
gA’c;apx;III(U) = gA/c;apx;IV(U) + gA’c;apx;sh;c(U)

by writing . » , ,
gA/c;apx;IV(U) = ~G& (1 - 'YU)SJr[a( )U]a

together with
Ghreapane(U) = 3heay' (1=18)0+ 02U,

We also recall the definition
gj/c;lin;U;II [V] = _yltlin;U;expl[V] XA§HPX§CXP1(U)T+ [yQ;apx;cxpl(U)}
_yl-tapx;expl(U)XA§lin§U;eXP1 [V]TJF [yQ;apXﬁXPl(U)}

_yltapx;exp](U)XA;apx;expl<U)T+ [y2;lin;U;expl [VH .

Substituting the relevant expressions from §D, we find

GVl = —S+[a<2>V]aOUT+[c*y,;laOU}—a<2>U[aOV]T+[c*7,;180U}

— 9D yUT [752MU V] + mg?’a‘)v] .
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< Kh[|9T0t0M Ul < KSausa(U).

(F.11)

(F.12)

(F.13)

(F.14)

(F.15)

(F.16)

(F.17)

(F.18)

(F.19)

(F.20)



We now make the decomposition
gX’c;lin;U;I}[V] = gz/c;lin;U;III [V] + gg/c;lin;U;sh;b[V] (F21)
by introducing
g:lr’c;lin;U;III[V} = _C*%}l(l - %2])5+ [3(2)‘/} - 6*71}3(1 + 7%)[8(2)U}30U80V

—[0®U)eU {VI;QMU[V]} , (F-22)

together with
gjﬁr’c;lin;U;sh;b[V] = _h5+[8(2)v]80Ua+[C*’YﬁlaoU}
—h[0P UV It [eryy t0OU | (F.23)
—h[OAUIOTOT [ My V] + eag oV |.
We summarize our results by writing

gX’c;apx<U) = g:lr’c;apx;IV(U) gj’c;lin;U[V] = g:ﬁr’c;lin;U;III [V] (F24)

and obtaining the following bounds.

Lemma F.2. Assume that (Hg) is satisfied and pick 0 < x < <. Then there exists a constant

i2°
K > 0 so that the following properties hold true.
(i) For every h >0, U € Qp.,; and V € {3, we have the identities

gjﬁr’c;apx;II(U) = gX’c;apx(U) + gX’c;apx;sh;b(U) + gX’c;apx;sh;c(U)’ (F 25)
gj/c;lin;U;II[v] = gj’c;lin;U[V] + gX;lin;U;sh;b[V}'
(i1) For every h >0 and U € Q. we have the bounds
ng’c;apx;sh;b(U) 2 < Kh < Kgsh;full(U)v
. b _ (F.26)
|5 capmee @], = ER[070OU] < KSn(0)
2 3
(iii) For every h >0, U € Qp..; and V € (2 we have the bounds
[ ctmaanal ], < KRIVIgo + K000 Ul 07V g
< KhE€xnulV].
Proof. Recalling Proposition C.1, the bounds follow by inspection. O
F.3 Simplifications for g‘g,
We recall the definition
gg’;apx;II(U) = le:apx;expl(U)T-i_ Zf;h yQ;apx;expl(U)T_ |:XB;3PX;€XP1(U>:| DZI;’{’_ (U) (FQS)
Substituting the relevant expressions from §D, we find
Gt U) = OIS e U 3 by 00| (F.29)

= a[dDUITT Y, 4y [0°UI0PU.
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In view of Lemma B.5, we introduce the expressions

gg’;apx;lll(U) = G« [8(2)U]T+(1 - 7U)7 (F 30)
g;’;apx;sh;b(U) = gg/;apx;II(U) - gg’;apx;]ll(U)'
In addition, we make the splitting
gg’;apx;III(U) = gg’;apx;IV(U) + gg’;apx;sh;c(U) (FSl)
by writing
Gy (U) = c5H[0PU](1 - ), (F.32)
together with
GhrwnnancU) = —2c,hdT[0PUITH(1 — ~p)
Bliapish ’ (F.33)

+c.hST[OP U] (1 — ).
We also recall the definition
gg’;lin;U;I}[v] = yf;_lin;U;eXpl [V]T+ Z—-h y2'ap)<'exr>l [XB apx; eXPl )]D§5£+(U)
Vel (DT 3 Vastinstiespt V1T~ [Xbiapsiexpl (U)] Do~ (U)
AV el OV TT 2 Vorapsespl (U)T ™ [XBitinUsexpt[V]] Dapi (U)

)
Vot DT 3 Varapsionst (0T [ Xt ()] D V]
1;apx;expl —;h V2;apx;expl Bjapx;expl lin;U .
(F.34)
Substituting the relevant expressions from §D, we find

Ghamui [Vl = STOOVITT Y, ey 00U [v% [%}SG(Q)U”
+HoRUITHY_, {WI}QMU[V] n c*»yg?’aOv] [yg [7536(2>U]}
HODUITH Y, eorg 00U [(—3)7U80U80V[7—3a(2)(]]]

HOOUITT S e 0°U |33 375" 0° U0 UV + 7702V,

(F.35)
A little algebra yields
gg/;lin;U;II[V] = StRvITt Z—;h cwﬁl[aoU}é’(z’U
+HoRurty_, [W;QMU V] + 0*75330‘/} oU (F.36)
HOPUITH Y., ey ' 0°UOPV].
In view of Lemma’s B.5 and B.4, we introduce the expressions
gg/;lin;U;III[V] = C*S+[8(2)V]T+(l — )
HOOUITH S, [ MulV] + eangov [0 U )
e [ODUNT [ PUIV ~ 5 00100V ], '
gg/;lin;U;sh;b[V} = gg’;lin;U;II V]- gg/;lin;U;lu[V]-
A short computation yields
GhrmualVl = cSTOPVITH(1 —qu) + c.[dPUITT [, °UV] _—
F.38

+OPUITH Y _, 7 (0P UMy [V].
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We now make the decomposition

gg/;lin;U;III[V] = gg’;lin;U;IV[V] + gg’;lin;U;sh;c[V} (F39)
by writing
g;’;lin;U;IV[V] = ST [8(2)‘/](1 - )+ [8(2)(]]751[80[”50‘/
F4
+SHOOUITH 5 2 2P UIMu V), (1:40)
together with
GhmvspielV] = echSHIOVIIHL — ] + he, 0OV [15' 00UV ]
~ShOODUIT S, 0@ UIMy V] (40
We summarize our results by writing
gg’;apx(U) = gg’;apx;IV(U) gg’;lin;U[V] = gg’;lin;U;IV[V] (F42)
and obtaining the following bounds.
Lemma F.3. Assume that (Hg) is satisfied and pick 0 < k < ﬁ Then there exists a constant
K > 0 so that the following properties hold true.
(a) For every h >0, U € Qp.,; and V € {3, we have the identities
gg’;apx;II(U) = gg/;apx(U) + g—g’;apx;sh;b(U) + g;’;apx;sh;c(U)’ (F 43)
gg’;lin;U;I[ [V] = gg’;lin;U[V] + gg’;lin;U;sh;b[V] + gg’;lin;U;sh;c[V]‘
(i1) For every h >0 and U € Qp,,c we have the bounds
Hgg’;apx;sh;b(U) 2 < Kh < Kgsh;full(U)a
. b _ (F.44)
HgB’;apx;sh;c(U) 2 S Kh’ ||6+8(2)UH(% S KSSh;fUU(U)'
h 3
(iii) For every h >0, U € Qp.,; and V € (2 we have the bounds
Hgg’;lin;U;sh;b[V] 2 < Kh[ ||a+‘/||12’21 + Ha—i_a—i_VHZi]
h —
S thsh;U(V)a
(F.45)
|5 v Vl|,, < ERIVIge + KR 040" 0 Ullg V]
h —
< thsh;U(V)-

Proof. Recalling Lemma’s B.4 and B.5, the bounds in (ii) and the first bound in (iii) follow by
inspection. The final bound in (iii) follows from Proposition C.1. O

F.4 Final decomposition

Arguing as in §E.3 we see that

gg;apx;II(U) = _QB;apx;II(U)v galin;U;H[V] = _gg;lin;U;II[V]’ (F46)
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so these can be neglected. Leaving the remaining component G, intact, we recall (3.46), (3.48) and
(4.39) to write

Ghranpx(U) = Ghrapert(U) = p"070®U, (F.47)
GhammolV] = GhagmunlV] = 2 MuanlV] =295 0°U [0 0P UV, '
This allows us to define the total
Gt ) = Gl U) + Gan(U) + G hreiapn (U) + G (U): (F.48)
Substituting the relevant expressions from §F.1-F.3 we obtain
g';)x;III(U) = 7528+8(2)U
Ve Eapx(U) = 752070 U + oyt ST10PU]
—cvy (1= ~3)8H [P U] (F.49)
e STOPUI(1 —u)
= .SHOPU] + 7 EN e (U)-
In order to suppress the final term, we introduce the expressions
Gapstinsi(U) = 18 [Edvsapx (U) — 07 (€ (U] (F.50)
Garempsi(U) = 9507 [En(U)].
Moving on to the linear approximants, we define the function
gffn;U;Ill[V] = gz’a;lin;U[V] + g:{'b;lin;u[v] + gX’c;lin;U[V] + g]-g’;lin;U[V]' (F.51)

As a first step towards evaluating this expression, we substitute the relevant identities from §F.1-F.3
to compute

Ghatim V1 Ghpamu V] = B Mun[V] - 245 0°U [0 0P U0V
+c.75 20U 0P UV + eyt ST V]
+0* [My[V]] + 245 0°U 0D UMy [V] =+ Mo, 111[V]
—280U[€ttv;apx(U) - 7546+6(2)U} OV
= 5 UPPU)V + oyt STV
+0+ [My[V]] + 29520°U 0P U My [V]

—200U [5+

tw;apx

(U)] aov.
(F.52)
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In a similar fashion, we find
gX’c;lin;U[V] + gg’;lin;U[V] = _6*751(1 - ’}/IQJ)S_‘— [8(2) V]
et (1 +43) 0P U UV
P10 |75 MulV]|

+c,. 5T [0PV](1 — ) + e [0P Uy, [0°U)0°V

+STORUITT Y. _ ) 72 [0PUIMy[V]

= . ST0PV] — ey ' STOPDV] — ey 20U 0P UV

— 20U 0P U My [V]
+5FH[ODUITT Y. _ v 0P UMy V).
In particular, we see that
g;;)X;IiH;U;III[V] = C*S+ [8(2) V] + 6+ [MU [V]] + 7(;280[][8(2) U}MU [V]
+SHOPUITT Y., 25 2 (0P UMy V]
7280U[8{tv;apx(U)]80V

(F.53)

(F.54)

Comparing this expression with (5.4), we set out to suppress the final term by introducing the

functions
gl—ii_n;U;sh;b;i [V] = _280U [gt—tv;apx(U) - 6+ [gtW(U)]] 80‘/7
Gimitrsremapi V] = —20°U0" (€4, (U)]O"V.

(F.55)

Lemma F.4. Assume that (Hg) is satisfied, pick 0 < k < 75 and recall the definitions (5.4). There

exists a constant K > 0 so that the following properties hold true.

(i) For every h >0, U € Qp.; and V € €3, we have the identities

g;;ax;III(U) = go—\gX(U) + g;;)x;sh;b;i(U) + g;;)x;rem;b;i(U)’
glfn;U;III[V] = ngn;U[V] + glJirn;U;sh;b;i[V] + ngn;U;rem;b;i[V]'

(i1) For every h >0 and U € Q... we have the bounds

13) For every h >0, U € Qp,.,. an € U5 we have the bounds
1) F h>0,U€Q, dV e h he bound

Kh

IN
IN

g;;x;sh;b;i(U) Kgsh;full(U)y

+
gapx;rem;b;i(U)

02

A

< K[0*Ew (@)l

G

|tV = ERIOTVIg
h _
< Kgsh;U(V)a
|Gtvmemea V1], = K10 (€@l 104V
h —
< Kgrem;U(V)~

Proof. Recalling (C.5), the bounds follow by inspection.
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(F.56)

(F.57)

(F.58)



5

Proof of Proposition 5.2-5.3 for GT. Upon introducing the full remainder functions

g:px;rem:b(U) = ga-‘i;)x;rem;b;i((])7 (F 59)
gl—ii_n;U:,rem;b[V] = ngn;U;rem;b;i[V]?
together with their counterparts
g:px;sh;b(U) = gjﬁr’b;apx;sh;b(U) + gjﬁr’c;apx;sh;b(U) + g:lr/c;apx;sh;c(U)
+g§’;apx;sh;b(U) + gg’;apx;sh;c(U) + g;;)x;sh;b;i(U)’ (F 60)
ngn;U;sh;b[V] = gZ’c;lin;U;sh;b[V]
+g§’;lin;U;sh;b[V] + gg’;lin;U;sh;c[V] + glJirn;U;sh;b;i[V]’
the desired estimates follow directly from Lemma’s F.1-F.4. O
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