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Abstract

The existence of weak sinks in mixed parabolic-lattice systems on the real line is established for systems
that incorporate discrete coupling on an underlying lattice in addition to continuous diffusion. Sinks can
be thought of as interfaces that separate two spatially periodic structures with different wave numbers:
the corresponding modulated wave train is time periodic in the frame that moves with the speed of the
interface. In this paper, the existence of weak sinks is proved that connect wave trains with almost identical
wave number. The main difficulty is the global coupling between points on the underlying lattice, since its
presence turns the equation solved by sinks into an ill-posed functional differential equation of mixed type.

Key words: mixed type functional differential equation, modulated waves, travelling waves, lattice
differential equation, finite dimensional reduction, global center manifold, advanced and retarded
arguments.

1 Introduction

In this paper we consider the partially discrete reaction-diffusion system

N
Oy, 1) = Y0ray(x,t) + Y Ajy(x +nj, 1) + g(y(x, 1)), (1.1)
j=0

which mixes a continuous Laplacian with a discrete Laplacian on a one-dimensional lattice. In
particular, we take € R, y(z,t) € R™ and A; € R"*". We require v > 0, but allow the shifts
n; € Z to be both positive and negative. We are especially interested in wave train solutions to
(1.1). Such solutions can be written in the form

y(z,t) = u(wt — kx) (1.2)

for some 27-periodic function u. Here w stands for the temporal frequency of the wave train, while
k denotes the spatial wave number. In general, these solutions will persist as the wave number k is
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varied, giving rise to a one-parameter family of wave train solutions to (1.1) that we will write in
the form

y(z,t) = u(wn (k)t — ks k). (1.3)

The function wy, is referred to as the nonlinear dispersion relation.

Let us consider two nearby wave numbers k_ and k;. The main goal of this paper is to construct
solutions to (1.1) that are periodic in time when viewed in an appropriate co-moving coordinate
frame and that ‘connect’ the wave train u(wn(k_)t — k_xz;k_) at © &~ —oco to the wave train
w(wn(kL)t — kyx; ki) at @ & oco. In particular, we will look for solutions of the form y(x,t) =
Uy (T — it wyt), that behave as

Uy (@ — Cotwit) — u(wni (ke )t — kex — Vi k) (1.4)

as & — +o0, while satisfying the periodicity condition u. (&, 7) = u. (&, 7 + 2m).

The existence of modulated waves that satisfy these properties has already been established for
the reaction-diffusion system (1.1) without the shifted arguments, i.e., in the situation where A; =0
for 0 < j < N. This was achieved in [17] by using the spatial-dynamical approach developed by
Kirchgéssner [38] and applying a center manifold result due to Mielke [49]. In order to outline this
construction, let us introduce new functions v and w that take values in an appropriate space of
27-periodic functions and write v(§)(7) = u.(&,7) and w(§)(7) = Ocu«(&, 7). In the absence of the
shifted terms in (1.1), the search for modulated waves leads to the equation

Iev(€)() = w()()

) 1.5
0w () = eanl©)) -~ wdv(E)() +gE)(). (-5)

After fixing a wave number ko, we write ¢, = w],;(ko) and consider temporal frequencies
Wy = wnl(k‘o) — kocy + 0, (16)

in which @ shares the sign of w!/| (ko) and has small absolute value. For any such value of @, there exist
two wave numbers ki = k(@) such that the choices vy (€)(7) = u(r — k+&; k+) lead to solutions
of (1.5). These wave numbers are distinct if @ # 0 and satisfy the limits ki (W) — ko as w — 0.
Under some generic assumptions, the results in [49] can be applied to construct, for @ as above, a
two dimensional center manifold M that captures all solutions to (1.5) that remain orbitally close to
the periodic function (vg,wp). Here vo(§)(7) = u(—ko& + 73 ko) and wo(§)(7) = —kou/ (—ko& + 75 ko).
Of course, this manifold will contain the two solutions (v+, Dev+) mentioned above.

The crucial observation that allows the dynamics on this center manifold to be explicitly analyzed,
is that the change of variables ¢ = 7—ko¢ turns the periodic solution (v, wp) and its spatial translates
into a ring of equilibria for the transformed version of (1.5). Exploiting this change of variables allows
one to derive a two dimensional ODE that describes the dynamical behaviour on M. The desired
modulated wave can subsequently be read off from this ODE.

The results in [49] however cease to apply in the presence of the shifted terms. This situation
was partially remedied in [33], where center manifolds were constructed for differential equations
involving such shifted terms. Unfortunately, these manifolds are as of yet unable to capture solutions
that merely remain orbitally close to a prescribed periodic solution. In addition, the results in [33]
do not cover differential equations posed on general Hilbert spaces. For these reasons, we deviate
from the approach in [17] and choose to work directly with the transformed coordinates (£, o) in this
paper. This choice ensures that the variational equation that is encountered has autonomous instead
of periodic coefficients. After constructing an appropriate global center manifold, the analysis in [17]
can be carried over to the current setting.

The primary motivation for the inclusion of the shifted terms in (1.1) comes from the wish to
understand and classify the structure of solutions to so-called lattice differential equations (LDEs).



Such equations are infinite systems of ordinary differential equations indexed by points on a spatial
lattice. A typical example is given by the discrete Nagumo equation

i (t) = afui-1(t) + uisa (t) — 2u(t)] - (u(t)® = 1)(u(t) - p), (1.7)
for some —1 < p < 1, which arises when one discretizes the scalar reaction diffusion equation
ye =0y~ (y* = 1)(y - p) (1.8)

on a one-dimensional lattice with spacing h = a~'/2. In the literature, the discrete Nagumo equation
has served as a prototype system for investigating the properties of LDEs. We mention here the work
of Mallet-Paret [44, 45], who analyzed travelling wave solutions to this equation connecting the two
equilibria w = 41 and found that in general there exist nontrivial intervals of the detuning parameter
p for which the wave speed satisfies ¢ = 0 and hence the waves fail to propagate.

It turns out that propagation failure is one of many features that distinguish LDEs from their
continuous counterparts. The relatively rich structure of LDEs, combined with the ability to incor-
porate nonlocal interactions into a model, have presented a strong motivation for the study of such
systems. At present, models involving LDEs can be found in many scientific disciplines, including
chemical reaction theory [21, 41], image processing and pattern recognition [14], material science
[2, 8] and biology [3, 36]. Apart from these modelling considerations, LDEs also arise when one stud-
ies numerical methods to solve PDEs and analyzes the effects of the employed spatial discretization
[5, 6, 7, 19].

Since travelling waves provide a convenient starting point in the analysis of LDEs, they have
attracted considerable interest during the past two decades. Early papers on the subject by Chi,
Bell and Hassard [10] and by Keener [37] were followed by many others which developed the basic
theory; see, for example, [9, 13, 27, 34, 35, 42, 44, 45, 46, 60, 62, 63]. To appreciate the difficulties
that arise, let us plug the travelling wave Ansatz u; = ¢(i — ct) into the LDE (1.7). We find that the
profile ¢ must satisfy the following scalar functional differential equation of mixed type (MFDE),

—cd'(§) = alp(€ +1) + (€ — 1) = 26(&)] = (6(6)* — 1) (8(&) — p)- (1.9)

Although ¢ is R-valued, the relevant state space associated to (1.9) is necessarily infinite dimen-
sional. A typical choice is given by Xy, = C([—1,1],R), although the Hilbert space L?([-1,1],R)
has also been used in the literature. The linearization of (1.9) around a wave profile ¢ will in general
be ill-posed [28], which prevents the use of the semigroup techniques developed for retarded differ-
ential equations [15]. For this reason, one needs to resort to Fredholm techniques and exponential
dichotomies when analyzing linear MFDEs. These tools were developed for use in an MEFDE setting
by Mallet Paret [43], Verduyn Lunel [46] and Hérterich et al. [28]. In [32, 33] these results were
used in a nonlinear setting to construct center manifolds around equilibria and periodic solutions to
MFDESs posed on the finite dimensional spaces C™ and R™. For a detailed discussion of these issues
we refer to [30].

This paper is intended primarily as a step towards understanding modulated wave solutions
to LDEs, which are a logical next stop on the way upwards from travelling waves in the chain
of complexity. As one would expect, such a step is accompanied by an increase in complexity of
the equations that need to be analyzed. Indeed, upon introducing the new functions v(£)(o) =
u (&, 0 + ko) and w(€) (o) = Dyus(§, 0 + ko), the system to solve becomes

dev(§)(:) = w(&)() + kodov(£)(),
—0w(§)()) = kodow(§)(-) + cxw(§)(-) — wipv(§)(:) (1.10)
+ 32500 A€ + 1) (- = nyko) + g (v(€)())-
This equation now contains shifts with respect to both £ and o. There exists a ring of equilibrium
solutions

(Uﬂ(ﬁ)('),ﬂ)ﬂ(f)(')) = (u(19 + 5 ko), —kou' (9 + -5 ko)), (1.11)



parametrized by ¥ € R. In order to construct modulated waves, we will need to consider the state
space Xmw = C([Mmin; Mmax), H ). Here npin = min{n,;}, nymax = max{n;} and H stands for a Hilbert
space that encodes pairs of 2m-periodic functions, which will be fixed in the sequel.

The fact that we are forced to use Xy, instead of Xi,, presents two immediate complications. To
understand the first of these, let us consider any ¢ € C(R,R) that solves (1.9). The differential equa-
tion then immediately implies that ¢’ € C(R,R) and allows bounds on ¢ to be turned into bounds
on ¢’. The presence of the derivatives with respect to ¢ in (1.10) however prevents the use of such
direct bootstrapping methods. As a consequence, special care needs to be taken when constructing
solution operators to linear inhomogeneous systems and we will need additional smoothness on the
part of the nonlinearity g.

The second complication caused by the use of X, is that it is no longer easy to construct and
analyze characteristic functions. Indeed, substituting ¢(¢) = 1 + Be*¢ into (1.9) and keeping only
terms that are linear in 3, we find the characteristic equation Ag,(2z) = 0, in which

Ay (z) = —cz—ale® +e7% = 2] +2(1 — p). (1.12)

By now, a lot is known about the root distribution and asymptotic behaviour of such quasi-
polynomials [4, 15]. A very useful feature is that in vertical strips in the complex plane, the uniform
estimates Ag,(2) = —czI + O(1) hold as Im z — +oco0. This allows us to obtain uniform bounds
on Ag,(2)7! for large |Im z|, which considerably eases the construction of Greens functions to solve
linear MFDEs [43]. However, upon plugging the analogous Ansatz into (1.10), we shall see in the
sequel that we need to look for pairs (z,v) for which Ly (2)v = 0. Here v is a 2m-periodic function
and the characteristic operator L., (z) for z € C is given by

Ln(z)v = [zex +902 — (ws + kocs + 27ko2) D + k2 D?Jv (113)
+Z;V=0 Aje*miv(- —njko) +Dg(u(~;k0))v. ’
Let us note that for v = 0, this expression reduces to
N
Len(2)v = [2¢x — (ws + kocx)D]v + Z Aje*™iv(- —njko) + Dg(u(-; ko))v. (1.14)

=0

Consider any two integers £ € Z and Ak € Z. Under the transformation ¥ = exp[iAk-Jv and
Z = z +ikoAk + 27il, we have

exp[—iAk]Len (2)0 = Len(2)v + i (2Tl — w Ak)v. (1.15)

Let us suppose that Lep, (20) admits an eigenvalue A with Re A = Re zg. If w,. and ¢, are not rationally
related, then in view of (1.15) we can have no hope of obtaining a uniform bound on £,(2)~! on
the vertical line Re z = Re zg. In fact, this is precisely the reason that we have to exclude v = 0 in
(1.1). We emphasize here that this issue is unrelated to the usual artificial ambiguity that surrounds
Floquet exponents.

We remark that in [1, 18, 31] an additional second order dispersion term of order v was also added
to LDEs to allow for the numerical computation of travelling waves. The feasibility of this approach
was established in [31], where conditions were given under which the limit v — 0 yields solutions to
the original LDE. The present set up can hence be seen as a step towards obtaining information on
(1.1) with v = 0, by analyzing the path v — 0. Let us emphasize here that there are also physical
reasons to introduce a second order term in (1.1). Indeed, such a term arises naturally if we consider
systems that have local as well as nonlocal interactions. In addition, it allows continuation techniques
to be used to study the effect of moving from a continuous to a discrete model. An example of such
an approach can be found in [20].

Aside from the technical issues connected to the state space X, the most important challenge
that needs to be overcome in the present work is the construction of a global center manifold for



functional differential equations of mixed type. To set the scene, let us first sketch such a construction
for the planar ODE

y'(€) = f(y(9)), (1.16)

in which f : R? — R? is a smooth function. For any ¥ € R, we write p(¥) € SO5(R?) for the linear
operator that rotates vectors v € R? around the origin by the angle 9. Let us suppose that f is
invariant under these transformations, i.e.,

p(=)f (p(D)0) = f(v) (1.17)

for all v € R? and ¥ € R. In addition, let us suppose that (1.16) admits an equilibrium solution
y # 0, which in view of (1.17) implies the existence of an entire circle of equilibria {p(¢#)7}yer.

A simple differentiation yields the identity Df(7)Dp(0)y = 0, showing that the matrix Df(7)
admits zero as an eigenvector. If the algebraic multiplicity of this zero eigenvector is two, then one
may hope to find solutions to (1.17) that remain close to the circle {p(9)y}yer. To capture such
solutions, let us write

y(&) = p(0(E) [y + u(S)]; (1.18)

in which § : R — R is a smooth function that is chosen in such a way that |y(§) — p(6(£))y]| is
minimized for every £ € R. This choice yields the normalization condition

(Dp(0)7,u(§)) =0 (1.19)

for every £ € R, where (,) denotes the standard inner product on R2. Differentiating (1.18), plugging
the result into (1.16) and using (1.17) yields

0'(€)Dp(0)[F + u(&)] +u'(§) = f (7 +u(§)). (1.20)
Using this expression to differentiate (1.19), we find
0'(€) = [(Dp(0)7, Dp(0)7) + (Dp(0)7, Dp(0)u(€))] = (Dp(0)7, f (7 + u(€)))- (1.21)

We hence see that the function 6 can be completely eliminated from (1.20), yielding an autonomous
differential equation for u that can be analyzed using standard center manifold theory. This approach
was initiated by Krupa in [39]. Related developments for compact symmetry groups can be found
in [11, 24, 51], while [23, 25, 48, 54, 55] contain results that apply in the presence of non-compact
symmetries.

Let us now return to the setting of MFDEs and consider the prototype system

y'(€) = f(w(©).y(€—1),y(E+1)), (1.22)

in which y takes values in a Hilbert space H that contains 2m-periodic functions. There are two main
problems that preclude the use of the approach sketched above in this setting. The first issue concerns
the operator Dp(0). In our MFDE setting, the symmetry acts as [p(9)y(§)](o) = y(§)(¢ + o), which
implies that Dp(0)y(&) = d,y(£). The nonlinear term 6'(£) Dp(0)u(€) in (1.20) hence loses an order
of smoothness compared to u, which in our setting would prevent the use of the standard Lyapunov-
Perron fixed point method to construct the center manifold. The second problem is caused by the
advanced and retarded terms present in (1.22), which break the mechanism by which the variable
6 was previously eliminated from (1.20). Indeed, the equivalent of (1.20) in the MFDE setting will
depend not only on 6'(£), but also on the quantities (¢ £ 1).
The first of these problems can be resolved by writing

y(&) = p(6(£))7 + u(§) (1.23)



and arguing much as above to obtain the coupled system

0'(&) = [(Dp(0)7, Dp(0)7) + (Dp(0(€))7, u(€))]~{Dp(0(€))7, f(Oc,ue)),  (1.24a)
u'(§) = —0()Dp(0(£)7 + f (0, ue), (1.24D)

in which

F (O, ue) = f(p(0(€))F + (&), p(0(€ — 1)) + u(€ — 1), p(0(§ +1)7 +u(€ +1)). (1.25)

Notice that the problematic term involving the operator Dp(0) applied to u has indeed disappeared.
The linearization of (1.24b) with respect to u however continues to include a dependence on 6. The
main technical tool that is developed in this paper is the construction of a center manifold that
contains all solutions (0, w) with sufficiently small u to a system of the form (1.24). The variable 6
does not have to be bounded, although we remark that #’ will automatically be small whenever u is
small.

We remark here that our constructions are closely related to singular perturbation theory. Indeed,
the classical Fenichel theorems established in [22] consider a fast-slow ODE of the form

0 = €gs(0,u,e),
!

u = gf(oaua 6)7 (126)

that for e = 0 admits a manifold of equilibria given by g¢ (19, u(v), 0) = 0 for some smooth u. One of
the principal questions addressed by the theory is the persistence of the invariant manifold My =
{(9,0(9))} as € becomes nonzero. Fenichel’s first theorem [22] states that whenever (1.26) is normally
hyperbolic, the invariant set My can be extended smoothly to a center manifold M, = {(¢, u.(9))},
defined for small € > 0, that captures all solutions to (1.26) that remain in the neighbourhood of M.
This condition of normal hyperbolicity requires the eigenvalues of the linearizations Dags (¢, u(19), 0)
to be uniformly bounded away from the imaginary axis.

By now a rich literature has developed concerning the existence and persistence of center mani-
folds for rather general normally-hyperbolic invariant sets [16, 29, 40, 47, 52, 59]. For our purposes
however, normal hyperbolicity is too restrictive, as the dynamical behaviour that we will be inter-
ested in is generated precisely by the extra center directions available for u in (1.24b). An important
result in this respect was obtained by Chow, Liu and Yi [12], who constructed center manifolds for
a general class of invariant sets without requiring normal hyperbolicity to hold.

Unfortunately, most of the center manifold results mentioned above were obtained using the
so-called Hadamard graph transform technique [26], which is very geometrical in nature. Indeed,
as a crucial part of these constructions, the vector field must be modified to ensure that it points
outwards at the boundary of a neighbourhood of the invariant set under consideration. However, in
the infinite dimensional setup that we will use to analyze MFDEs, the vector field does not even map
into the underlying state space. In addition, we mention that the construction in [12] utilizes finite
dimensional results such as Whitney’s embedding theorem [57] and Nash’s embedding theorem [50].

For these reasons, we prefer to construct center manifolds using Lyapunov-Perron type tech-
niques, which are far more analytical and thus easier to generalize to our infinite dimensional setting.
The work of Sakamoto [53] is very interesting in this respect, as it proves Fenichel’s first theorem
using a fixed point argument on appropriate weighted function spaces. However, his construction
breaks down as soon as normal hyperbolicity is lost. The crucial ingredient that we will use to
generalize Sakamoto’s approach was inspired by the work of Yi [61], where exponential dichotomies
are used to construct integral manifolds for nonautonomous ODE versions of (1.24), again under a
normal hyperbolicity condition. Instead of attempting to construct a center manifold by solving a
single fixed point problem, we will use a two-stepped approach and set up two distinct fixed point
equations. Taken together, the results will yield the desired invariant manifold for (1.24). More
specifically, we will assume that the center manifold can be written in the form M = {(¢,u(9,b))}
for some prescribed @, in which ¥ € R and b € [—¢,¢]. Using this form, we will show that the



dynamics for the pair (¢,b) are uniquely fixed, which allows us to check if u indeed yields a valid
invariant manifold. This latter criterion can be reformulated as a fixed point problem for .

Our constructions here depend heavily on the center manifold theory for equilibrium solutions
to MFDEs that was developed in [32]. In particular, in Section 7 we will rely on [32, Theorem 2.2]
to analyze the dynamical behaviour of the pair (¢, ), which is given by an MFDE. In addition, the
constructions in [32, Section 5] will be needed to solve (1.24a) and find § whenever u is prescribed.

In Section 2 we formulate our main result that establishes the existence of modulated wave
solutions to (1.1). After dealing with some preliminary issues in Section 3, we derive the relevant
version of the coupled system (1.24) in Section 4. In Section 5 we consider the linearization of (1.24b)
for constant functions 6 and use Laplace and Fourier transforms to construct a solution operator.
This forms the basis for Section 6, where we again consider the linearization of (1.24b) but now
allow 0 to vary. Finally, in Section 7 we construct the desired center manifold using the approach
sketched above.

2 Main Results

We recall our main partially discrete reaction-diffusion system

N

Ouy(,t) = YOuay(w, t) + > Ajy(x +ny,1) + gy, 1)), (2.1)
§=0

in whichy >0, z € R, n; € Z, y(z,t) € R” and A; € R"*". We will make the following assumption
on the nonlinearity g.

(Hg) The nonlinearity g : R™ — R™ is C"-smooth for some integer r > 5.

Let us first focus our attention on wave train solutions to (2.1), i.e., solutions that can be written
in the form y(z,t) = u(wt — kx) for some wave number k, frequency w and 2m-periodic profile
u € C(R,R™). To facilitate the search for these solutions, we introduce the family of Hilbert spaces

H® = {ve L2,(0,27],R") | D'v € L?

per per

([0,27],R™) for 1 < ¢ < s}, (2.2)

parametrized by integers s > 0. We also introduce the shift operator Ty : H®> — H? for any 9 € R,
which acts as

[Tyv](o) = v(¥ + o) (2.3)
after extending v in a periodic fashion. We will consider the functional F : H? x R x R — HY that

is given by

Fu,w, k)(C) = —vk*u"(C) +wu' () = Y Ajul¢ — njk) — g(u(Q)) (2.4)

M-

j=0

and look for v € H? that have F(u,w,k) = 0. Here ¢ should be interpreted as the wave variable
associated to (2.1), i.e., ( = wt — kx. Let us write £(u,w, k) : H?> — HP for the operator associated
to the linearization of (2.4), which is given by

=z

[£(u, w, k)o](Q) = —7k*0"(¢) +wv'(Q) = Y Aju(¢ = nik) — Dg(u(())v(C). (2.5)

J=0

We are interested in situations where (2.4) admits a nondegenerate solution, as is made precise in
the following assumption.



(HF) There exist quantities kg # 0, wo € R and ug € H? such that F(ug,wo, ko) = 0. In addition,
the linear operator £(ug,wo, ko) : H?> — H° admits a simple eigenvalue A = 0.

Note that £(uo,wo, ko)uj = 0, hence (HF) implies that uj, ¢ R(L(uo,wo, ko)). This observation can
be used to establish the existence of a family of wave train solutions, as our first result shows. We
remark here that all the lemmas stated in this section will be proved in Section 3.

Lemma 2.1. Consider the equation (2.4) and suppose that the assumptions (Hg) and (HF) are
satisfied. Then there exist an open set V. C R that has kg € V and 0 ¢ V, together with two
functions wy : V — R and u : V — H"*2, such that for all k € V we have F(u(k),wn(k), k) = 0.
The function wy) is CT-smooth, while for every integer 0 < ¢ < k, the map u is C* smooth when
viewed as a map into H"727¢. The pairs (w,u) thus obtained are locally unique up to translations.
In particular, if F(u,w, k) =0 for some k near ko, w near wni(k) and u orbitally close to u(k), then
w = wyi(k) and u = Tyu(k) for some ¥ € R.

The result above allows us to define the so-called group velocity that is given by ¢, (k) = w/,(k),
together with the phase velocity c¢,(k) = wni(k)/k. We will use the shorthands ¢, = ¢4(ko) and
¢p = ¢p(ko). In addition, throughout the sequel we will often use the notation u({; k) = u(k)(¢).

It is essential to consider the linear stability of the wave train wu(kg). Let us therefore look for
solutions to (2.1) that have the special Floquet form

y(z,t) = u(C ko) + eMe™ Fow((), (2.6)

in which ¢ is now given by ¢ = wot — ko, while w is a 2mw-periodic function. Recalling that (ko)
satisfies (2.4) and ignoring higher order correction terms, we find that w must satisfy the following
linear equation,

YRRW"(Q) = [wo + 2vkor]w!(C) + [A — ve, — P w(C)
=N o Ajeni w(¢ — njko) — Dg(u(C; ko)) w(C).

This can be interpreted as an eigenvalue problem involving the linear operator Ly (v) : H?> — HO,
that for any v € C is defined by

2.7)

N
Lo (V)w = [ve, +yw? — (wo + 2vkov) D + vka D*w + Z Aje"™T_y gow + Dg(u(-3ko))w.  (2.8)
3=0

Lemma 2.2. For each v € C, the linear operator Ly (v) : H?> — H° has discrete spectrum. In
addition, let A € C be a simple eigenvalue of Ly (Vi) for some vy, € C. Then there exists an analytic
map A« : Vv — A\ (v) € C, defined for v sufficiently close to v, such that \.(v) is a simple eigenvalue
for Ly(v). In addition, if Ls(v) has an eigenvalue X that is sufficiently close to A for some v
sufficiently close to v, then we must have A= Ae(V).

Observe that whenever (HF) is satisfied, the operator L4 (0) admits a simple eigenvalue A = 0.
We may therefore introduce the so-called linear dispersion function Ay () = A« (v), which tracks
this eigenvalue in the spirit of Lemma 2.2 as v is varied. For our purposes in this paper, we will
need to assume that both the nonlinear and the linear dispersion functions are non-degenerate in
the following sense.

(HD) The linear dispersion satisfies Aj/, (0) # 0, while the nonlinear dispersion satisfies w!(kq) # 0.

lin
As in [17], we will need to exclude Floquet solutions for which the phase speed of the modulation is

equal to the group velocity c,. Turning back to (2.6), this means that we need to exclude solutions
of the special form

y(x,t) = u(C ko) + '@ (() (2.9)

that have w/v = ¢4. Our next condition guarantees that this is the case.



(HL) For every z € iR\ {0} and every A € pointspec Ly (2), we have X # (¢, — ¢4)z.

In this paper, we will be interested in solutions to our main equation (2.1) that can be said to
connect two wave train solutions with nearby wave numbers. In particular, we fix a speed ¢, and a
temporal frequency w, and introduce the new variables £ = x — ¢t and 7 = w,t. We seek solutions
of the form y(x,t) = u. (&, 7), that have u.(§, 7 + 2m) = u. (&, 7) for all £ and 7. After fixing two
asymptotic wave numbers k_ and k., we require the limits

|

d

Wi

Oeus (&, ) + kiu’(i‘”(kiikic* c—ki&+ 0y ki) HHl -0

w6 ) —u(HERe etk 210)

to hold as & — Fo00, for some pair of asymptotic phases ¥+ € R. Roughly speaking, this means that
on bounded time intervals we have y(z,t) — u(w(k+)t — kyx +V+;ks) as @ — +oo. We recall here
that the parameters k4 and (¢4, w,) cannot be chosen arbitrarily. Indeed, after fixing the asymptotic
wave numbers k4, the speed ¢, and frequency w, are fixed by the Rankine-Hugoniot conditions

wn(ky)—wn(k_
Cx = C*(k_7k+) = %7 (211)
we = wilk_ky) = k+wnl(k]€_+):]]z:wnl(k+)7

which follow directly from our requirement of periodicity in 7. Note that ¢, — ¢4 and w, — ko(cp—cg)
as k+ — ko.

We remark that up to this point, our setup does not differ significantly from the approach in [17].
Before we can state our main theorem however, we will need to introduce two conditions that are
specifically related to the discrete nature of (2.1). As a preparation, we note here that throughout
this paper we will overload the notation H® and use it to refer to both the Hilbert spaces H*®
introduced previously as well as their complex-valued counterparts HZ that are given by

Hg = {v e L?.,(]0,27],C") | D*v € L?

per per

([0,27],C") for 1 < ¢ < s}. (2.12)

The details should be clear from the context.
We are now ready to introduce the linear operator 7 (z) : H?> x H* — H' x H for z € C, that
in matrix form is given by

T(z)( v ) = ( —(s+ fyclgkoD) | ) < _Wz:;(Z;])COD 0 ) ( o ) (2.13)

in which the characteristic operator Le(2) : H? — HY acts as
Len(z)v = [—Lgt(2) + 2(cp — cg)]v. (2.14)

We hence see that the operator 7(z) is closely related to Lg(z). It arises when studying the varia-
tional equation that u, must satisfy with ¢, = c,. After writing ug = (u(ko), —kot/(ko)), it is not
hard to see that 7 (0)uj, = 0. We will need to make the following two assumptions concerning 7 .

(HT1) We have (uj,7'(0)up) # 0 and (ug, 7 (ik)up) # 0 for £ € R\ {0}, where the inner product is
the one on H' x H°.

(H72) Let u; € H? x H! be the uniquely defined function that has (uf, u1) 1o = 0 and 7 (0)u; =
—7'(0)uy. In addition, define

Alz) = —yzllwlF o (uh, T(2)up) — (ur, 7' (0)up)(uph, 7 (2)up) (2.15)
+(ug, 7'(0)ug) (uz, 7 (2)uy),

in which the inner products are the ones on H! x HY. Then we have A(ik) # 0 for all x € R\ {0}
and A”(0) # 0.



The choice ¢, = ¢4 is crucial to ensure that the function u; mentioned in (H72) exists, as will
become clear in Section 3. Roughly speaking, (H71) ensures that (1.24a) can be solved uniquely
for prescribed u, while (H7 2) is needed to ensure well-posedness of the flow on the two dimensional
center manifold.

The following result hints at the intricate relation between (H7 1) and the geometry of the lattice.
We emphasize here that the criteria are far from being sharp, but already exhibit a large class of
systems for which (H71) is satisfied.

Lemma 2.3. Consider a scalar version of (2.1) that can be written in the form

N
Ory(w,t) = V0ray(x,t) + Y _[ATy(w +4,t) + Ay y(z — §,0)] + g (y(x, 1)), (2.16)
j=0
in which Ai € R and g : R — R. Suppose that (Hg), (HF ) and (HD) are satisfied. Then there exists
a constant vy, that depends only on the set {AjE j=1, such that (HT 1) is satisfied if |y| > v. and
Aj Ay for 1 < j < N. If on the other hand A;‘ —A; for 1 <j <N, then (HT 1) is satisfied
for every v > 0.

The next result concerns the validity of (H71) and (H72) for the scalar system
Oy(x,t) = Y0uey(z,t) + o 2[y(z — 1,t) + y(z + 1,t) — 2y(z, )] + g(y(z, 1)), (2.17)
in which « should be seen as a small parameter. Such a system arises when studying the PDE
= 10Uy + Uy + g(u) (2.18)

and replacing the second Laplacian by its discrete counterpart, posed on a lattice with internode
distance «. The relation between y and u in this context is given by y(z,t) = u(ax,t). Under
the assumption that the PDE (2.18) with oo = 0 admits wave train solutions that survive under the
discretization (2.17), the result shows that (H7 1) and (H72) are satisfied for small oe. We emphasize
that in this situation the non-local terms are large relative to «v and the nonlinearity f, showing that
our results do not merely cover small discrete perturbations to reaction-diffusion systems.

Lemma 2.4. Consider the lattice equation (2.17) and the associated PDE (2.18), in which the

nonlmeamty g is at least C®-smooth. Assume that for some ko 7é 0, the PDE (2.18) with « = 0
admits for k near ko the real valued wave solutions u = (& (k)t — kx; k). Assume furthermore that
for sufficiently small o > 0, the lattice equation (2.17) satisfies the assumptions (Hg), (HF) and
(HD) with ko = ok and write u(k,a) and w(k, ) for the branches introduced in Lemma 2.1 with
k = ak. Assume finally that the following properties hold.

(i) The limit u(ko, o) — ti(ko) € H? holds as o — 0.

(it) The wave trains for (2.18) have been normalized in such a way that (uy,u '(ko)) i = 0, in
which u; = —D,%u(ko)

(iii) The limit 7D,€u(’1507 a) — uy; € H' holds as o — 0, where Uy is as introduced in (ii).

(iv) We have the inequality (@}, " (ko)) go # 0, in which Ty is as introduced in (ii).

Then (HT 2) is satisfied for all sufficiently small o > 0. In addition, if |y| > 2%3, then also (HT 1)
is satisfied for all sufficiently small o > 0.

Condition (iv) in the result above is a technical condition that considerably eases the relevant
computations. If it fails however, it can be replaced by a more involved condition involving higher
order derivatives.

We are now ready to state the main result of this paper, which transfers the result in [17] to the
lattice setting.
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Theorem 2.5. Consider the nonlinear system (2.1) and suppose that (Hg), (HF), (HD), (HL),
(HT 1) and (HT 2) are all satisfied. Then for every wave number ki < ko that is sufficiently close
to ko, there exist a complementary wave number ko > ko such that cg = c.(k1,k2). In addition,
there exists a bounded function u. = u.(k1,ke) € C(R, H?) N CY(R, H') such that the following two
properties are satisfied.

(i) Recalling the quantities c. and w, defined in (2.11) and writing y(x,t) = u. (T — cit,wyt), the
function y satisfies (2.1).

(i) There exist constants 91 € R such that u. satisfies the asymptotics (2.10), with k_ = k1 and
ky = ko if Wl (ko) N, (0) <0, and with k_ = ke and k4 = ky if W)l (ko) A, (0) > 0.
Furthermore, there exists a constant € > 0 such that the following holds true. Let u € C(R, H%)N

CL(R, HY) satisfy (i) and (ii) with u, replaced by u. Suppose furthermore that for some 6 € C*(R,R)

with supgeg |0/ (§)] < 0o, the function u can be written in the form

u@r) = u(0€) + 7 —ko&i ko) +i(&,7), (2.19)
85”(5, T) = —koul (9(5) + T ko& kO) + v (fa 7-)7 ’
in which the pair (vy,vy) satisfies the orthogonality condition
(W (0(€) = ko€ ++5k0), v1(&, ) g1 = Ko(u” (0(€) = ko€ + +5ko), v2(&, 7)) gro = 0 (2.20)

for all £ € R. Finally, suppose that the pair (vi,vs) is small in the sense that
suPge V1 (8, )l 2 + subger 1028, )l < e (2.21)
Then u is a translate of uy, i.e., for some ¥ € R and & € R we have

for all £ € R and T € [0, 27|, after periodically extending u. in the second variable.

3 Notation and Proofs of Lemmas 2.1 through 2.4

In this section we introduce the notation we will use throughout this paper. In addition, we investigate
the operators F and 7 (z) introduced in (2.4) and (2.13) and establish Lemmas 2.1 through 2.4.
We start by defining, for any Hilbert space H, the family of Banach spaces

BCy(R,H) = {z € C(R, H) | |||, := supe™ "l |2(¢)|; < oo}, (3.1)
EER

~

parametrized by 7 € R. We also recall the Fourier transform f () and the inverse Fourier transform
f(€) of a function f € L?(R, H), that are given by

F) = [ e mef(e)de,  F(&) = & [°0 €M f(n)dn. (3.2)

We remark here that the integrals above are well-defined only if f € L'(R, H). If this is not the case,
the integrals have to be understood as integrals in the Fourier sense, i.e., the functions

i) = [ " (o) de (3:3)

satisfy h, — f in L2(R, H) and in addition there is a subsequence {n’} such that h, (k) — A(k)
almost everywhere. We recall that the Fourier transform takes convolutions into products, i.e.,

(F*9)(n) = F(n)d(n) for almost every 1.

11



Now suppose that f : R — H satisfies f(£) = O(e™%) as ¢ — co. Then for any z with Re z > —a,
define the Laplace transform

Filz) = / T e (e, (3.4)

Similarly, if f(£) = O(e”) as & — —oo, then for any z with Re z < b, define

L= [ etr-o (35)
0

The inverse transformation is described in the next result, which can be found in the standard

Laplace transform literature [58, 7.3-5].

Lemma 3.1. Let f : R — H satisfy a growth condition f(£) = O(e™%) as & — oo and suppose
that f is of bounded variation on bounded intervals. Then for any v > —a and & > 0 we have the
inversion formula

o 1 yHiw .
w = Jim o A ST, (3.6)
whereas for € =0 we have
+iw _
f((;+) = lim o /7' e fy(2)dz. (3.7)
y—tw

After these definitions, we are ready to proceed to the study of the operator F defined in (2.4).
We prove Lemma 2.1 by repeatedly appealing to the implicit function theorem.

Proof of Lemma 2.1. Notice first that F : H> x Rx R — H does not depend C"-smoothly on k, due
to the presence of this variable in the shifts of the argument of u. This precludes a direct application
of the implicit function theorem. Instead, we will consider F as an operator from H"t! x R x R
into H"~!. In this setting, it is not hard to see that F is C%-smooth with respect to the variable
k and C'-smooth with respect to the first variable u. Observe also that Dy F(u,w, k) = L(u,w, k),
in which the latter map is viewed as an element in the space £L(H"T!, H"~1). The differentiation
map v +— v from H"! into H"~! is Fredholm with index zero, while the single differentiation
v +— o' from H™! into H"~! and the inclusion H™*!' ¢ H"~! are compact. In particular, this
implies that also £(ug,wo, ko) is Fredholm with index zero. Due to (HF), we know that zero is a
simple eigenvalue for L(ug,wo, ko), which means that uj, ¢ R(L(ug,wo, ko)). This implies that the
linear map D 2 F (ug, wo, ko) : H™™1 xR — H"~! has full range. Using the implicit function theorem,
we thus obtain a C'-smooth branch v : V — H"*! and w : V — R of solutions to the equation
F(u,w, k) =0, which is locally unique up to translations in w.

Using the identity (2.4) one may easily establish that k — u(k) € H"*? is C°-smooth. In addition,
the continuous derivatives Dyu : V — H™t! and Dyjw : V — R satisfy the equation

N
FY(Dyu, Dyw, k) == L(u(k),w(k), k) Dyu — 2vku” (k) + u' (k) Dpw + Z Ajn;T_, wu' (k) =0,
=0
(3.8)

in which F! is a map from H™™' x R x R into H"~!. Note that F' is now not C'-smooth in the
third variable, due to the presence of the term involving Dg(u(-; k))Dyu. However, F! recovers its
C'-smoothness when considered as a map from H” x R x R into H"~2. Arguing as above, one may
establish that Dj oF" (ko) has full range in H"~? and hence apply the implicit function theorem to
show that k — Dyu € H” and k — Dyw € R are C'-smooth. One may now complete the proof by
repeating this argument a sufficient number of times. O
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It is now time to investigate the relation between 7 (z) and Lg;. It will be convenient to explicitly
include the dependence on w into the definitions of 7, L¢, and Lg. To this end, let us write

Ls(w,v)w = [ve, +w? — (w+ 2vkov)D + vk3 D?|w
+ Z;V:[) A" Ty w4 Dy (u(7 ko)) w, (3.9)
Lon(w,v)w = [—Ls(w,v)+v(c, —cq)lw

and define 7,,(z) according to (2.13) with L¢, = Len(w, -). The following result extends Lemma 2.2
and will be used to bound the length of Jordan chains associated to 7, (z) for w near wp and z near
zero. We remark that Jordan chains in this nonlinear setting are defined as in [15, Section IV .4].

Lemma 3.2. For each w € R and v € C, the linear operator Ly (w,v) : H> — H° has discrete
spectrum. In addition, let A € C be a simple eigenvalue of Ly (w«, Vi) for some pair w, € R and
v, € C. Then there exist a neighbourhood V.C R x C with (wy,vs) € V, a C*®-smooth map A\ : V —
C together with a C°°-smooth map ws, : V — H?, such that for all pairs (w,v) € V the following
identity holds,

Lst(w, v)wst(w, V) = A(w, v)wss (w, V). (3.10)

The map v +— A(w,v) is analytic where it is defined, while for every (w,v) € V, the eigenvalue
Aiw, V) is simple. In addition, if Ls(w,v) has an eigenvalue X that is sufficiently close to X for
some pair (w,v) € V, then we must have A = A, (w,v). Finally, for any (w,v) € V, the length of a
mazimal Jordan chain for T,(z) around z = v is equal to the algebraic multiplicity of z = v as a

root of the function z — A\ (w, 2) — z(cp, — ¢4).

Proof. As in the proof of Lemma 2.1, one may argue that the linear map Ly (w,v) : H?> — HY is
Fredholm with index zero. Due to the compact embedding H? — HY| the resolvent [\ — Ly (w, )] ™!
is compact when viewed as a map from H° — HY. This in turn implies that the spectrum of Ly (w, /)
is discrete. Whenever A is a simple eigenvalue for Lg(wx,v,) for some pair (w.,vs) € R x C, the
existence of the smooth branches A\, and wg follows from a standard application of the implicit
function theorem.

To establish the final claim involving the Jordan chains of 7., we observe that there is a one
to one correspondence between the Jordan chains of 7, and those of L, (w, ). To see this, suppose
that 7, admits a Jordan chain of length ¢ at z = zy. Referring back to (2.13), this means that there
exist vi € H? and vé € H' for integers 0 < i < ¢ — 1, such that

|(z — koD)[v) + ...+ (2 — 20) T — ) 4 4 (2 - zo)g_lvéflﬂHl =0(]z— 2/ (3.11)
as z — zg. Plugging this into (2.13), we see that we must also have
-1, 0—1

|Len(w, 2)[0d + ...+ (2 = 20) "1 0{ Y] 10 = O]z — 20[) (3.12)

as z — zo, implying that also L (w,-) has a Jordan chain of length ¢ at z = zy. Conversely, any
such Jordan chain for L, (w,+) can be expanded into a Jordan chain for 7, since one can always
choose v} in such a way that (3.11) is satisfied.

It therefore suffices to consider the Jordan chains for Le, (w, -). We recall that

Lon(w, z) = =L (w, 2) + 2(cp — ¢g)- (3.13)
For convenience, let us also write

p(w, 2) = A(w, 2) — z(cp — ¢4). (3.14)
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Repeated differentiation of the identity (3.10) and substitution of (3.13) shows that for any integer
¢>0 and all (w,z) € V, we have

4 4

> (1) Pbtante 08 wa2) = 3 () Dbt 1D M w0). (3a)

=0

We now fix a pair (w,v) € V and let m denote the algebraic multiplicity of the root z = v of
w(w,z) = 0. If m = 0, then we have Ker L, (w,v) = {0} and hence we are done. Let us therefore
assume that m > 0 and hence A(w,v) = v(c, — ¢4). Observe that the right hand side of (3.15) with
z = v vanishes for 0 < ¢ < m — 1, showing that L., (w, z) indeed admits a Jordan chain of length m
for z near v. However, inserting £ = m leads to

—Z ( )D2 en(w, V) D5 gt (w, v) = Kwg (w, v) (3.16)

for some nonzero k. Since \,(w,v) is a simple eigenvalue, there is no v € H? with
Len(w,v)v = [Lep(w, V) — A(w, V)]v = wet (w, v). (3.17)

This shows that the Jordan chain of length m constructed above cannot be extended to a Jordan
chain of length m + 1. Let us now consider any other Jordan chain {wg(w,v),w1,... ,Wym—1} of
length m. For every 1 < ¢ < m — 1 we must then have

= Dbwg (w,v) Zal wat w,v), (3.18)

for suitable coefficients a; € C. It is now not hard to verify that in fact no Jordan chain with length
m + 1 can exist for L (w, z) around z = v, which completes the proof. O

With Lemma 3.2 at hand, we are ready to explicitly construct a maximal Jordan chain for
Len(2) = Lon(wo, 2) around z = 0. An easy computation shows that L, (0)u (ko) = 0. To proceed,
we compute

N

—Elch(O)u/(k‘o) = —27k0u”(k0) + Cgu/(ko) + Z ’I’LjAjT_njkoul(kio). (319)
7=0

On the other hand, using (3.8) and recalling ¢, = Dywni(ko), we obtain
N
[/Ch(O)Dku(kﬁo) = 2’yk0u”(k‘0) — Cgu/(k‘o) — anAjT_njkou/(ko). (320)

We thus find the Jordan chain {u'(ko), —Dyu(ko)} for Len(z) around z = 0. The corresponding
Jordan chain for 7(z) is now given by {uf, u;}, with

u. = (u’(k ),—k u”(k ))’
u(l) = ( - Doku(koo)a Ul(lso) + koDku’(ij)), (3~21)

Using Lemma 3.2, we may conclude \};,(0) = ¢, — ¢,4. In addition, using this lemma in combination
with (HD), we find that the Jordan chain {uj,u;} thus constructed cannot be extended further.
Notice however that the branch u(k) can be modified by picking o € R and writing (k) = Taru(k).
This yields Dyu(ko) = au’(ko) + Dyu(ko). By choosing a appropriately, we can therefore ensure
that the orthogonality condition (uj, u1) g1y go = 0 holds.
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For future reference, we shall also derive an expression for 37" (0)uj + 7”(0)u;. We proceed by
differentiating the identity

[Z(Cp - Cg) - Ech(z>]wst(w07 Z) = )\lin(z)wst(wm Z) (322)

Using \j;,(0) = ¢,—c¢y, a single differentiation of (3.22) yields —Len (0)wss (wo, 0) = Len (0) Dawst (wo, 0),

lin
which implies that for some o € C we have Dwg(wo,0) = —Dyu(ko) + au’ (ko). A further differen-
tiation yields

1 (00’ (ko) = —L,(0)a (ko) + 2L, (0) Dyu(ko) — 20.L,(0)u (ko) — Len(0) D3wse(wo, 0).  (3.23)
After a short calculation one may now verify that

1Ty + T'(0)wy = —3A,(0)(0,% (ko)) — T(0)(eDyu(ko), ako Dy (ko))

lin

+T(O) (0, Dku(ko)) - %T(O) (D%wst (WO7 0)’ _kOD%w;t (w07 0)) ) (3.24)

We conclude this section by establishing Lemmas 2.3 and 2.4, which give conditions under which
(H71) and (HT2) are satisfied.

Proof of Lemma 2.3. We may use 7 (0)uj, = 0 to calculate

(up, T(z)up)grxge = (ug, [T(2) — T(O)]u6>H1><H]f\’, ‘
= —yz{uf, ug)mxao + ko 305" g Af (€77 — 1)(u” (o), T—juou’ (o)) rro
ko Yo7l Ay (e79% = 1)(” (ko), Tykyt! (ko)) rro-

(3.25)
Since u(ko) is real-valued, we may compute
(u” (ko). Tikow' (ko)) o = —{u' (o), Tywou” (ko)) o = —(T o' (ko) u” (o)} o (3.26)
= =W (ko), T jrot (ko)) rro-
In the situation that A; := A;r = A; for 1 < j < N, we thus find
(ug, T(ik)up) miscmo = —Yir{ug, up) i xcpo (3.27)

—iko Zj‘vzl 2Aj <u"(k0), Tjkoul(k‘O»Ho sinjn.
Since

2|ko(u" (ko), Tjrou' (ko)) rol 2 |kg| HUN(ko)lLHo ||U’(/€0)||Ho2
Kol ™ [[u" (ko) | 70 + Nl (ko) [l 70 (3.28)

li /
u07 u0>H1><H07

INIA A

it is not hard to see that (H7'1) is automatically satisfied if |y| > Z;V:lj |A;].
If on the other hand A; := A;‘ = —A; for 1 <j < N, then we may compute

(ug, T (ik)uy) grxgo = —7i/<;<u1\’9, ug) gix Ho (3.29)
—ko > =1 24;{u" (ko), Tk’ (ko)) mro (cos jrk — 1) ’
and we see that (H7'1) is satisfied for any ~ > 0. O
Proof of Lemma 2.4. Let us first recall the definitions
116(0[) - (UI(EOa 04),:04%0“”(%2»04))7 (330)
w(@) = (wi(a), ' (ko,a) — akoui(a)),
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in which u () = —a‘leu(Eo, ) + B/ (ko, ), where 8 is chosen in such a way that

(wi (@), ug(a)) grxmo = 0. (3.31)

Using (ii) and (iii), we find ouy(a) — 41 as @ — 0. Throughout the rest of this proof we will write
o = u(ko) and k = ko. We compute

T (2, 0)uj(a) = —vzuj(a) —a™2(0,[(e* — DT_apt (k, @) + (€7 — 1)Toxt/ (k, a)]). (3.32)

Furthermore, we find

DAT(0,0)uh(a) = ~7uh(a) — 020, [T-asar (k. 0) ~ Tat (b, ). 333
Let us write
N Y T e
D) = (uh(e): )] g} o0 ) T () s
) e
R R T OO - G 1 1 T

As before, the calculation (3.26) implies that I'j (o) = =T (). For later use, note that in the limit
o — 0 we have

) _Tr@] o e et

a I (o) =T5 ()] —  2k(@), uh) 5t (@, @) go,

02T () ~ T ()] — 2k, i) {0 ) . (3.35)
a ' If(a) + Ty ()] —  2(Ur, @) g (U, T) aro-

Let us now drop the dependence on « and compute

(ug, up) = (uf, T'(0)up) = —y+a 'kl —T7],
(u,w)) " Huy, 70wy = o 'k} —T7], (3.36)
(uh, up)"(up, T(2)uy) = —yz+a k[e*T +e " Ty], '
(u, w)) " Huy, T(2)uh) = —a2(e®+e* =2)0 +a tk[(e* — 1)T] + (e7* — DI']],
in which the inner products are those on H' x H°. We may now calculate
A(z) = 4222 —~ya~tkz(e*Ty +e*T¢ + T —T7)
a2y — TEIT + 7] +e" — 2]
—2( 2 -z -1 z - —z + (337)
+ya?(e* + e * = 2)I' —ya 'k[(e* — 1)I'] + (e % — 1)IT]]
—a3k(Dy —TE) (e +e % —2).
This allows us to write
. _ _ —1 + _
ImA(ik) = —ya tks(l7 =T7) (3.38)

+ya k(L] -7 ) sin &,

which in view of (3.35) and (iv) shows that Im A(ix) # 0 for k # 0 and sufficiently small o. We also
compute

A"(0) = 292 —2yka” (T —T§)
+a2(Ty —THTT +17)
—2va T — ya Yk(T] +T7)
—2a73k(Ty —T¢).

(3.39)
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In view of the scalings (3.35), we find that in the limit o — 0 one has

a?A"(0) — =4k (U, ) g (UG, ) o, (3.40)
which implies that A”(0) # 0 whenever « is sufficiently small. This establishes (H72). To see that
(H7'1) holds for small «, we write

(uh, u)) 7 o o (U, T (i6)UG) a0 = —yik — o lik(Tg — Ty) sink, (3.41)

recall that |y| > 2k? and use (3.35). O

4 Coordinate System near Wave Trains

In this section we study solutions to (2.1) that can be written in the form y(z,t) = u.(x —c.t, wit), in
which u, is 2m-periodic in the second variable. We derive a differential equation for u, and transform
this equation in such a way that a center manifold reduction can be applied. This reduction allows
us to capture on a finite dimensional manifold all solutions u, that remain orbitally close to a wave
train solution y(z,t) = u(wn (k)t — kx; k). Our main result Theorem 2.5 can subsequently be read
off from a two dimensional ODE that encodes all the relevant dynamics.

We start by substituting the Ansatz y(x,t) = u.(x — cit,wyt) into (2.1) and find

N
—c.0cu(§,T) + wi0ru(€, 7) = YOeeus (€, T) + ZAju*(f +n;,7)+ g(u*(ﬁ,T)). (4.1)

Jj=0

In order to recover the solution y(x,t) = u(wot —kox; ko), it suffices to choose ¢, = ¢g, wi = wo—kocy
and write u, (&, 7) = u(T — ko&; ko). Since we need to consider functions u. (&, 7) that remain close to
translates of u(ko), we introduce the new variables § € C(R,R), v; € C(R, H?) and v, € C(R, H*)
and write

U*(f,T) = U(0(§)+T—k0§;k0)—|—1}1(€,7’), (42)
Oeun(&,7) = —kou' (0(€) + 7 — ko&; ko) + v2(&, 7). )

We note that 6, v; and vy should be thought of as small functions, but 6 itself need to be bounded.
To prevent ambiguity, we supplement (4.1) with the pointwise orthogonality condition

<ul (9(6) - kog + k0)7vl (57 )>H1 + < - kOU” (9(&) - k0§ + 3 k‘o),UQ(f, )>H0 =0. (43)

Let us now vary w, slightly by writing w, = wo — kocy(ko) +w, while keeping ¢, = ¢, fixed. Since

wi (ko) = ¢g, it is not hard to see that for any sufficiently small @ that has sign@ = sign w!)(ko),
there exist two wave numbers k1 < kg < ko such that

wnl(k’i) —wo — (kl — k‘o)cg =w (44)

for i = 1,2. Upon writing u’ (£, 7) = u(T — ki&; k;) and 3 (2, 1) = ul (x — c.t,wyt), it is easily verified
that

yi(x, t) =ul (1’ — cgt,wni(k;)t — kicgt) = u(wnl(ki)t — k;x; ki), (4.5)

from which we see that y’ satisfies (2.1) and u? satisfies (4.1). Now, as long as k; is sufficiently close
to ko, it is possible to apply a suitable shift to u(k;) to arrange for the identity

<u/(k‘0), u(k,) - u(k‘o)>H1 + <k:0u”(k0), kzlu/(k:l) — kou/(k’o>>H0 =0. (46)
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This ensures that u} can be written in the form (4.2) in such a way that (4.3) holds. In particular,
writing 0(¢) = (ko — k;)€ and u’ = (ul, deul), we find

ul (&, 7) = Ty uo(T — ko&) — (ki — ko) Tyeyui (T — ko€) + O(|k; — kol)?. (4.7)

The modulating waves that we are interested in will connect appropriate translates of ul and u?.
Let us now move on and derive a differential equation for the pair v = (v1, v2). To represent this
equation, we introduce for any § € C(R,RR) the notation

eved = (0(£),0(6 +ng),...,0(E +ny)) € RVT2, (4.8)
Plugging (4.2) into (4.1), we find
—0ev1(§,7) = —ya(€, 1) +0" (€)' (0(€) + T — ko ko),
—0ev2(&,7) = —vkot (E)u"(0(8) + T — ko&; ko) + cqua(é, T) — wu! (0(E) + T — ko&; ko)

—[wo — kng + 5}871)1 (f, 7')

N A (€ +ng,T) + Dg(w(8(&) + 7 — ko&; ko))v1(€,7) (49)
+ 2020 A (0(8) + T — ko — njko; ko) (06 +ny) — 6(E))
g1 (0(8), 7 — ko&,v1(€,7)) + hui(eved, T — kof).
Here we have introduced the new nonlinearity g, : R x [0,27] x R™ — R™ that is given by
gu(9,0,0) = g(u(+o3ko) +v) — g(u(d + o5 ko)) — Dg(u(¥ + o3 ko)) v. (4.10)

In addition, the second new nonlinearity hy, : RV*2 x [0,27] — R™ can, after a slight abuse of
notation, be written as

hnl(eV§9,0') = Z;V:O AJ[U(Q(f + nj) +o0 — njk(); k‘o) — U(G(S) +0o— njk'o; ko)]
- Z;V:o Aju! (0(8) + 0 — njko; ko) (0(€ + nj) — 0(€)).

In order to transform (4.9) into an autonomous differential equation, we introduce the new variable
o =T — ko€ and consider the function v(¢,0) = v(£, 7). Upon dropping the tilde, the new function
v must satisfy

—0gv1(&,0) = —vkodov1(§,0) — yv2(&, o) + 40 (E)u' (0(€) + a3 ko),
—0gva(€,0) = —vkodova(€,0) — vkot (E)u" (0(€) + a3 ko) + cqua(€, ) — Wu! (6(E) + 03 ko)
—[wo — kocy + W]0pv1 (£, 0)
+ Z;V:o Ajvi(€+nj,0 —njko) + Dg(u(b(&) + o5 ko)) vi (€, 0)
+ 30 A (0() + o — njkos ko) (0(6 + 1) — 0(6))
+gn1 (0(5)7 o,v (&, cr)) + A (ev§9, cr).

(4.11)

(4.12)

The next two results shows that the functions g and h, have vanishing linear parts.

Lemma 4.1. For any 6 > 0, there exists a constant Cs, which behaves as Cs = O(1) as § — 0, such
that the following two properties are satisfied.

(1) For any v € R™ with |v| <4, any o € [0,27] and any ¥ € R, we have

‘gnl(’ﬁv g, 'U)| < 0552' (413)

(i) For any pair vi,vs € R™ with |v;| < & for i = 1,2, the following bound holds for arbitrary
o € [0,27] and arbitrary pairs 91,92 € R,

|gu1 (91, 0,01) — gui(V2, 0,v2)| < Csd [v1 — v2| + C567 |91 — Do . (4.14)
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Proof. Observe first that (i) follows directly from (ii), since gn(¥,0,0) = 0. To establish (ii), let
us write Ag = |gn (Y1, 0,v) — gn (Y2, 0,v)| for some v € R™ with |v| < ¢ and use the shorthand
ug = u(kp) to estimate

Ag = |[U0(191 +0)*U0(192+0’)] fol Dg(u0(192+0)+v+5[u0(191+0)7u0(192+0)])ds
—[uo(Dh + 0) — uo(Vs + )] [y Dg(uo(P2 + o) + s[ug(th + o) — ug(V + o)])ds
—[uo(Dh + 0) — uo(Vs + )] [y D2g(uo(Vs + &) + sluo(91 + o) — ug (V2 + o)])vds|

Cs [v]* |91 — V2],

IN

(4.15)

with Cs = O(1) as § — 0. The inequality follows from the fact that g is at least C3-smooth and that
up is bounded. Furthermore, it is not hard to see that for arbitrary ¢ € R and o € [0, 27|, one may
write Ag = |gn (9, 0,v1) — gn (Y, 0, v2)| and compute

Ag < |g(uo(9+ o) +v1) — gluo(9 + o) + va) — Dg(uo(¥ + o) + v2)(v1 — va)|
+|Dg(uo(V + o) +v2) — Dg(uo(9 + o))| [v1 — vel (4.16)
< Csb ‘7)1 — 1)2| ,

again with Cs = O(1) as 6 — 0. This completes the proof. O

Before we state the analogous result for hy), we introduce, for any 8 € C(R, R), the notation
cevel) = (0(€ +mo) — 0(E),... .0 +ny)—0(¢)) e RNTL (4.17)

Lemma 4.2. For any 6 > 0, there exists a constant Cs, which behaves as Cs = O(1) as 6 — 0, such
that the following two properties are satisfied.

(i) Suppose that for some 8 € C(R,R) and £ € R we have |cevef| < §. Then the following
inequality holds for any o € [0, 2],

|hni(eved, o) < Cs62, (4.18)

(ii) Consider any pair 0',6% € C(R,R) and any & € R such that |ceved?| < & for i =1,2. Then
the following bound holds for arbitrary o € [0, 2],

|hI,1(eV§91, o) — hnl(eV592, O’)| < Csé |ev§01 — ev§02| . (4.19)

Proof. In view of the fact that hni(eved, o) = 0 for any constant function 6 and any o € [0,2x], it
again suffices to prove (ii). Let us consider the function ¢ : R® — R" given by

q(9,9a,0) = u(19 + YA + 0; ko) — u(19 + o; ko) - u'(l? + o; ko)ﬁA. (4.20)

Let us suppose that }192| < ¢ for i = 1,2. We may then mimic the computations in (4.15) and (4.16)
to obtain the estimate

g(9', 9, 0) — q(9%, 0%, 0)| < C56% |91 — 0?| + Cs8 [0 — V4], (4.21)

again with Cs = O(1) as § — 0. In view of the definition (4.11), this computation suffices to establish
(ii). O

We now proceed to rewrite (4.12) in a more compact fashion. To this end, let us introduce for
v = (v1,v9) € LL (R, H?> x H') the notation

loc

veve (vi,v2) = (v1(€),v1(€ + o), ... ,v1(§+nn),v2(§)) € (HHNT2 x H'. (4.22)
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We also introduce, for ¥ € R and @ € R, the operator L(¢,w) : (H?)N+2 x H' — H' x H° that acts
as
L('&vw)vevﬁv = —’Ykoaav(f) + ( - 7”2(5)’ 0902(5)) _N(Ov [wo - kocg + w]aﬂvl (g))
+(0> Dg(u(ﬁ + kO))Ul (5)) + (Oa Zj:o Aijnjkovl (E + nj))7

in which we have again abused notation slightly. In addition, we define the linear operator M :
RN+ — H! x HO via

(4.23)

Mcevel = (O,

11>

0(¢+n;) — 9(&))AjT_njkou'(k0)). (4.24)

Finally, we introduce the operators G : R x H?> x H' — H' x H® and H : RN*2 — H' x HC via

GW,v)(o) = (0,9u(¥,0, vl(a))),

4.25
H(evel)(o) = (0, hn(eveb, O’)). (4.25)

The differential equation (4.12) can now be simplified to

—0¢v(§) = ( (&), W)vevew + Toe) Meeved +~0'(€)Tyeyuy — DT (0, ' (ko))
(4.26)
+G(0(8),v(8)) + H(evet),
which we view as an equation on the space H' x HO.
In the comoving variables (£, o), the orthogonality condition (4.3) becomes

<T9(£)u6, U(£)>H1 x HO = 0. (4.27)
Differentiation of this identity yields
0'(&)(To(eyug, v(€)) mrxrro = —(To(e) Uy, I D1v(€)) i s rro- (4.28)
Substitution of (4.26) yields
V0" (E)(Toeyug, v(€)) = (Tyeyup, L(6(S), @ )VeV£U> + 90" (€)(To(e)up, Toe)up)
+(up, Mcevel) + (Ty(e)up, ( (€),v(€ ))> (4.29)

+<T9(5)u6, H(8V59)>,

in which the inner products are those on H' x H°. In order to simplify this expression, we introduce
the projections Py : H! x HY — H?3 x H? and the associated operators Qy : H! x HY — R that are
given by

Qvv = gl o (Toup, ) masrro, (4.30)
Pyv = upQyv. .

Throughout this paper, we will often use the shorthands P = Py and Q = Q. In addition, we
introduce the functions V : R x H! x H® — R and S : RN*2 x (H2)N*+1 x H! x R — R that act as

V(9,0) = L= ubllz g0 (Toug, v)arsemo] 7L = 1,
S(eved vevev, @) = Qo) G (0(6), v(&)) + Qace) H(evel) (4.31)
TV B(6),0(6)) [QMceved + Qoo LO(E), D)veves

+Qo(e)G (0(8),v(€)) + Que) H( eVgé’ )]
We may now rearrange (4.29) to yield

(&) = QMceved + Qo) L(0(E), w)vevev + S(evel, vevev, ). (4.32)

Notice that this is a functional differential equation of mixed type. The following result shows that
the linear part of this equation can be solved uniquely up to an initial condition, if the function
space is chosen appropriately.
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Lemma 4.3. Consider the inhomogeneous functional differential equation of mized type

—0' (&) = QMceved + f(€), (4.33)

with v > 0 and suppose that (HT 1) is satisfied. Then there exist two constants 0 < Nmin < Mmax,
together with linear mappings K, : BC,(R,R) — BC%(R,R), defined and uniformly bounded for
N € [Nmins Mmax), such that for any f € BC,(R,R), the function § = K,f satisfies (4.33) and
has 6(0) = 0. Moreover, if f € BCp,(R,R) N BC,, (R,R) for some pair 19,1 € [Nmin, Pmax], then
’Cﬁof = ICmf'

Proof. The characteristic equation A(z) associated to (4.33) is given by
Alz) = —vz+ko(uh, u)) i, s Z;y:()(u”(ko), ATy o/ (o)) gro (€97 — 1). (4.34)
On the other hand, we may compute

(g, T(2)ug) mixmo = (up, [T(2) - T(())]ug)mlxb,]3
_’yz<u6’ u6>H1XHO + ko Zj:0<u”(k0)’ Aijnjkou,(kO»HO (e"i* —1).
(4.35)

In view of (H7'1), we see that A(ik) # 0 for k € R\ {0}, while A(0) = 0 and A’(0) # 0. The
generalized eigenspace associated to all eigenvalues on the imaginary axis is thus one dimensional
and spanned by 6 = 1. The operators KC,, can now be constructed as in [32, Section 5]. O

In order to ensure that the operators K, constructed above can be used to solve (4.32), we need
to add cut-offs to the nonlinear functions V, G and H. Let us therefore consider a C'°°-smooth
function x : [0,00) — R that has x(¢) =1 for 0 < ¢ <1 and x(¢) = 0 for ¢ > 2. For any ¢ > 0, we
write xs for the function xs(¢) = x(¢/d). We are now in a position to define, for small quantities
by >0 and dg > 0,

G<(9,v) = Xo,([v1|g2)G(V,0),
He¢(evel) Xs, ([cevel|)H (eveh), (4.36)
Ve(eved,v) = xs(lceveld])xs, ([0] gy o) V(B(E),v).

The use of these cut-offs allow us to turn the local estimates obtained in Lemmas 4.1 and 4.2 into
global estimates.

Lemma 4.4. For arbitrary ¥ € R, v € H> x H*, € C(R,R) and w € H! x HY, the functions G,
H¢ and V¢ defined in (4.86) can be bounded as follows,

|G (0, 0) | gasgz < Cs,02,
|Hc(eV£9)‘H3><H2 S 059637 (437)
|VC(EV§9,1U)| < 05,,51)7

in which Cs = O(1) as 6 — 0. In addition, for arbitrary ¥*,9% € R, v',v? € H? x HY, 0*,0? ¢
C(R,R) and w',w? € H' x H, the following Lipschitz estimates hold,

’Gc(ﬁl,vl)—Gc(ﬂz,vQ)’ngHQ < C'[;,U(Sgwl—192‘ —‘rC&U(SUH’U% —U%HHQ,
’Hc(eV£91) - HC(6V592)|H3><H2 < 05959 |ev591 - ev§92 y
’Vc(ev591,w1) —Ve(eved?, w?)| < Cs6,(1+ ) ‘ev591 — ev592’ +Cs,

wl

B w2HH1><H0 ’
(4.38)

again with Cs = O(1) as § — 0.
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Proof. Let us first note that in view of the fact that ¢ is C°-smooth, the computation in the proof
of Lemma 4.1 can be extended to the operator gy : R x [0, 271] x (R™)? — R™, that is defined in such
a way that

d2

F[O’ — g (9, 0,0(0))] = g (9, 0,v(0),v'(0),v" (a)). (4.39)

The bounds (4.37) now follow immediately from this observation together with Lemma 4.2. To see
the bound involving G¢ in (4.38), suppose without loss of generality that |vl | g < 26. We compute

|Ge(0, v1) — GE (92, v?)

xs, (|v ’Hz)—Xav(U%‘H2)|’G(ﬁl,vl)
+xs, (07 12) |G @', vl) = G(92,0?
Co,t |U1 - U1|H

+C6y v} — 03| + Co2 191 — V2],

‘H3><H2 ‘H3><H2

Niraxne (4.40)

IN

in which the constant C' depends on §, in the correct fashion. The remaining estimates in (4.38) can
be proven in a similar fashion. O

After applying these cut-offs to the definition of S, we obtain the new operator S¢ : RV+2 x
pplying
(H*)N*2 x H! x R — R that is given by

S¢(eved, veven, @) = Qg(g)Gc(e(g) v(§)) + Qoge) H (eveh)
+V¢(eved, v(€)) [QMceved + Qore) L(O(E), W) vevew (4.41)
+Qoe)G(0(£),v(£)) + Qo(e HC(GV§9)]

Let us recall the interval [min, Jmax| appearing in the statement of Lemma 4.3 and choose a constant
7 € [Mmins Mmax)- The bounds obtained in Lemma 4.4 now imply that for any v € BC,(R, H* x H*')
and 6 € C(R,R), the function £ — S¢(ev¢h, vevev,w) belongs to BC, (R, R). This allows us to define
the operators

OL : C(RR)xR— L(BC,(R, H? x HY), BC,(R,R)), (14
On. ¢ C(R.R) x BC,(R, H? x H') x R — BC,(R, R), :
that act as
O(0,w)v = KyQoenL(0(E'),w)vevev, (4.43)
OnL(0,v,0) = K,S8°¢ (ev5/0 Veve v, ), '

where IC,, acts with respect to the variable £'.
Upon using 6 = Or,(0,w)v+ O (6, v,w) to rewrite the terms 0’(£) and ceved appearing in (4.26)
and replacing G and H by their cut-off counterparts G¢ and H¢, we arrive at the equation

—0ev(§) = [I — Pye)lL(0(E),W)vevev + [I — Pyey|Ty(eyMeeveOL(0,w)v + RC(QW,W)(?- :
4.44

Here we have introduced the nonlinearity
R¢: C(R,R) x BC,(R,H* x H') x R — BC,(R, H® x H?) (4.45)
that is given by

R(0,0,0)(€) = [I— Poe)]G(0(€),v(€)) + [I — Py(e)| H  (eved)
—l—[[ — Pg(g)]Tg(g)MCGVﬁ@NL<9 v w> —ng( )(O ’U,/(k‘()))
—Py(e) V< (eved, v(€)) [Te(aMceVE@ + L(6(£), W)vevev
+G(0(£), v(€)) + He(eve)].

(4.46)
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To summarize, we have now arrived at the system

—v0'(§) = QMeceved + Qe L(0(E), w)vevev + S(evel, veven, W),
7’)/851)(5) = [I- Pg(g)]L(@(f),@)VGVfU +[I- Pg(é)]Tg(g)MCQV&@L(Q,w)’U (447)
+RE(0,v,0) ().

We are now ready to state our center manifold result that captures all sufficiently small solutions to
our transformed system (4.47). The proof of this result can be found in Section 7.

Theorem 4.5. Consider the system (4.47) with §, = 5;/4 and suppose that (Hg), (HF), (HD),
(HL), (HT 1) and (HT 2) are all satisfied. For any sufficiently small §g, there exist constants 6 > 0,
€ >0 and n > 0, together with an open set Q C R with 0 € Q and a function h : R? x Q — H? x H*,
such that the following properties are satisfied.

(i) The function h is C"=3 smooth, in which we have recalled the integer r appearing in (Hg). In
addition, we have h(r,9,@) = O(|x|> + |@|) as k — 0 and @ — 0.

(ii) Let (0,v) € BC,(R,R) x BC,(R,H? x H') be any pair of functions that satisfies (4.47).
Suppose furthermore that |v(§)|| g2y g1 < 0 for all & € R. Then upon writing

k() = (ur, ur) 77 o (Togeyun, v(€)) i o, (4.48)
we have
v(€) = K(&) Toeymr + h(r(£),0(€),®) (4.49)
for all € € R. In addition, the pair (9, ) satisfies the ODE
0'(¢) = filk(),w), (4.50)

K(E) = 2X,(0)7'W + f2(k(6), @),
in which fi and fy are both C"~3-smooth, while fy satisfies the bound
fa2(k,w) = O(([0] + |x])?) (4.51)
as k,w — 0.

(i4i) Consider any pair (0, k) that satisfies the ODE (4.50) for some W € Q and in addition has
|k(€)| < € for all £ € R. Then upon writing

v(€) = K(§)Tyeyur + h(k(€),0(6), ), (4.52)
the pair (0,v) satisfies (4.47).
With this center manifold result in hand, we are able to provide the proof of our main theorem.

Proof of Theorem 2.5. We consider the terminology of Theorem 4.5. Let us first consider any pair
(6,v) that solves (4.47), with [v(§)|g2y g1 < 0, for all £ € R. For any f € BC,(R,R), notice that
ceveKf = cevOICTg(l)f, in which [Tg(l)f](ﬁ’) = f(€+¢). In view of the fact that 4, = o(dp), the
equation for 0 in (4.47) now automatically implies that |ceved| < Jg for all £ € R, provided dy is
chosen to be sufficiently small. Using (4.2), such a pair (0, v) hence leads to a solution of (4.1).

Let us now consider all the equilibria ® of the differential equation

K'(€) = 2Xi (0) 71D + fa(k(€), @) (4.53)
that have |g| < e. In view of (4.4) and the subsequent discussion, (4.53) admits at least two equilibria,
namely %' = —(k; — ko) for i = 1,2. On the other hand, any sufficiently small equilibrium % for
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(4.53) leads to a wave train solution of (2.1). The local uniqueness of the branches u(k) and w(k) as
established in Lemma 2.1 now guarantees that there are no additional equilibria between %2 and &'
if € is chosen to be sufficiently small. Looking back at (4.53), we see that

sign(x'(0)) = sign(w)sign (A, (0)) = sign (wp(ko))sign (A, (0)). (4.54)

If sign(x/(0)) > 0, we find a solution for s that has rk(—oco) = &* and k(+00) = K'. Conversely,
if sign(x/(0)) < 0, we find a solution for s that has x(—oo) = &' and k(+00) = K*. Lifting these
heteroclinic connections for x back to solutions u, of (4.1), we find that (i) and (ii) are satisfied.
The uniqueness claims follow directly from the fact that the heteroclinic solutions to (4.53) obtained
above are unique up to translations. O

5 Linearization near Wave Trains
In this section, we will construct a solution operator for the linear localized system

—70¢v(§) = L(0, w)vevev + f(§), (5.1)
in which we take v € L] (R, H? x H') and f € L (R, H' x H°) for the moment, with v > 0. We

loc loc
emphasize that ¥ € R is fixed, which means that (5.1) is an autonomous differential equation for v.
Our study of (5.1) will serve as a stepping stone towards solving the linear part of (4.47), which will
be discussed in Section 6. We remark that we choose to include the dependence on @ in the linear
system (5.1) for reasons that should become clear in Section 7.

In order to state our results, we will need to introduce the following family of function spaces,

&+1
_ 1/2
BL,(]R, H)={ve Llloc(Rvﬂ) | ”U”By,, = e~ el ?Elg [/&_ |U(C)|§1 dC] / < o0}, (5.2)
-1

in which H is a Hilbert space and n € R. We also need to introduce the point evaluation operator

pevev = v(§), (5.3)
for ¢ e Rand v € L (R, H), together with the projections m; : H* x H' — H? and 75 : H* x H' —
H' that are given by

v = (le, V) (5.4)

for any v € H? x H*.

Our main result shows how (5.1) can be solved for inhomogeneities f € BY, (R, H® x H?). Due
to the fact the linear operator L(¢,w) contains both hyperbolic and elliptic terms, the solution v
will not in general gain any regularity with respect to f. This is the reason that we cannot restrict
ourselves to f € BC,(R, H? x H') if we wish to find solutions v € BC,(R, H* x H').

Proposition 5.1. Consider the linear system (5.1) and suppose that (Hg), (HF), (HD) and (HL)
are satisfied. Then there exist constants 0 < Nmin < Nmax and an open set  C R with 0 € ), together
with maps

K iR x Q — L(BY,(R,H® x H?), BY;(R, H® x H?) N BC,(R, H* x H")), (5.5)
defined for m € [Mmin, Mmax], Such that the following properties are satisfied.

(i) For any n € [Nmin; Mmax), f € BYy(R, H* x H?), 9 € R and @ € Q, the function v = K¢ (9, ) f
solves (5.1) and in addition has

<T19u67v(0>>H1><H0 = 0, <T19u1,’U(0)>H1><Ho = 0. (5.6)
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(#i) Suppose that for some 1 € [Nmin,Mmax], ¥ € R and @ € Q there exists a function v €
BC,(R,H? x H") that solves (5.1) with f =0. Then there exist oy, a0 € R such that

v(€) = anTyuf, + aeTyug + Eug) — wpevglC%C(ﬂ,w) (0, m1[ar Tyuf + asTylay + ugl]). (5.7)
(iii) There exists a constant C > 0 such that HIC};(ﬁ, w)H < C for all § € [Nmin, Mmax), ¥ € R and
w e N.

(iv) Recall the integer r defined in (Hg). For every n € [Nmin, Mmax), the map (9,@) — IC%C(#,@) is
Cr—3-smooth.

(v) For every n € [Nmin, Mmax), @ € Q and any pair 91,92 € R, we have the identity

K:%C(ﬁl,w) = T191,192/C170(192,5)T192,191. (5.8)

(vi) Consider a pair 1o, M € [Nmin, Mmax] and consider
f € BY,,(R,H? x H*) N BY,, (R, H* x H?). (5.9)
Then for any w € Q and ¥ € R, we have

K (0,w) f = K (9,0) f. (5.10)

In view of (vi) in the result above, we will often write K'°(d, @) = K)¢(¢,w) whenever the exact
choice of 7 is irrelevant. Until stated otherwise, we will take ¥ = 0 in (5.1), employ the shorthands
L(w) = L(0,w) and B = Dg(u(-; ko)) and concentrate on constructing the operators K'(0,w) first.
For convenience, we introduce the notation

Chmy ={2€C|n-<Rez<ni} (5.11)

Let us write v : R — H? x H! for the Fourier transform (3.2) of v with respect to &, together with
f:R — H' x H° for the Fourier transform of f. Taking the Fourier transform of (5.1) posed on the
space H' x H?, we find

i) = RN Yo+ Fm)
—(UJO - k'()Cg + w)a(, + ijo Aje“ij—njko + B —vkoOy + Cq s
(5.12)
which can be rewritten as
T, (in)5(n) = F(n), (5.13)

with w = wg + .

In view of the equivalence (2.13), we will proceed towards solving (5.12) by studying the behaviour
of the related operator Lg,. As in the proof of Lemma 2.1, we may argue that Ly, (w,in) : H? — H°
is Fredholm with index zero, which means that a bounded inverse L., (w,in)~! : H® — H? exists
if and only if Lo, (w,in) is injective. This latter condition can be related to the point spectrum of
Lt (w, in), via the relation

Len(w,in) = =Lt (w, i) + in(cp — cq). (5.14)

However, for the purposes of this section we will need to obtain bounds on the inverse L, (w, z) ™!
that are uniform for z in vertical strips in the complex plane. Indeed, in the sequel this will allow us
to apply the inverse Fourier transform to solve (5.1) on exponentially weighted function spaces. Let
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us therefore fix two reals n_ < 74 and set out to explicitly construct Ley(w,2)™* for z € C,

4
wherever this is defined.
We start by introducing, for s € {0, 1,2}, the sequence spaces
5 = {v={vheez | ve € C and Jullfy = Tpen (1 + k) Jul® < o0} (5.15)

Let us recall that any v € H® can be represented as
v(o) = wve (5.16)
keZ

for some sequence {vg }rez € 5. Throughout this section, we will use the same symbol for a function
v € H*® and its sequence representation v € ¢5 given by (5.16). Note that if (Hg) and (HF) are
satisfied, then we may write

B(o) =) Bie'”, (5.17)
LeZ

with coefficients that satisfy the estimate || B, < C/(1+ |¢])3. On the level of sequence spaces, the
operator B becomes a convolution mapping, acting as

[B’U]k = Z Bﬂ}k,g. (518)
LeZ

Lemma 5.2. Suppose that (Hg) and (HF) are satisfied. Then the linear map B given by (5.18)
satisfies B € L(£9) and B € L(}).

Proof. This follows directly from the fact that for some C' > 0 and all o € [0, 27| we have |B(o0)| < C
and |B'(0)| < C. O

Using the sequence space representation, the identity Lo, (w, 2)v = w becomes

N
Ykak*vg + (w + 2vkoz)ikvy — (722 + cg2)vy — Z Ajeznje*ik”jk%k = Z Bivg—¢ +wg.  (5.19)
j=0 LeZ

Let us introduce the notation

A,z k) = —v22+ (2ivkok — cg)z + VkEk? + (wo + ©)ik — Z;V:o Aje*mie~tkniko
= —v(z —ikok)? — cy(z — ikok) 4+ (W + (cp — cg)ko)ik — Z;.V:O Ajelzikok)n;
(5.20)
using which (5.19) becomes
A(W, z, k)vg, = [Bv] + wg. (5.21)
Throughout this section, we will need to use the following assumption.
(ha) There exists a constant C' > 0 such that for all k € Z, @ € R and z € C,_,,, , the matrix
A(w, z, k) is invertible and satisfies the uniform bound
|A@, 2z, k)7t < C. (5.22)
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We emphasize here that we can always arrange for (ha) to hold true. Indeed, by choosing a constant
k € R that shares the sign of v and has || sufficiently large, we may ensure that for all @ € R,
z2€C,_,, and k € Z we have

|k + Re [—72” — ¢gz]| > 2max ( Z |A;||e*™]). (5.23)

We can now modify (5.1) by adding an extra matrix Axy1 = kI with associated shift ry11 = 0 and
replacing B(o) by B(c) — 1. This modification obviously leaves (5.12) invariant, but ensures that
(ha) is satisfied.

If (ha) holds, then for any W € R and z € C
AMYV(@, 2) 1 49 — 3 that acts as

n_ 4> We may introduce the multiplication operator

[A™ (@, 2 0], = A(@, 2, k) " oy, (5.24)

The following two results show that this operator is compact and uniformly bounded for z € C,,_,,,
and small @.

Lemma 5.3. Fiz two constants n— < ni and suppose that (ha) is satisfied. Then for any W € R
and z € C,_ ., , the operator A™ (@, z) : {3 — (3 is compact.

Proof. We proceed much as in [49]. To see that A"Y(w,z) is a compact operator, consider any
bounded sequence {w"},en C £9. Write v™ = A" (@, z)w™ and use a diagonal argument to pass to
a subsequence for which each component v} converges as n — oo. For any K > 0 we find

lor —o™l5 < D Joi = o P (LK) Y (L [KD) o — o (5.25)

|k|<K |k|>K

For fixed z € C, notice that A(w, 2,k) = O(k?) as |k| — oo. This means that the second sum on
the right hand side of (5.25) can be bounded independently on K, n and m. For any € > 0, we can
choose K > 0 sufficiently large to ensure that the norm of the second term in (5.25) is bounded
by 5. By restricting to sufficiently large n and m the norm of the first term in (5.25) can also be
bounded by §, showing that {v"} is a Cauchy-sequence. This completes the proof. U

Lemma 5.4. Fiz two constants n— < ny and suppose that (ha) is satisfied. Then there exist a small
open subset @ C R with 0 € Q and a constant C > 0, such that for any w € Q and any z € C,_,,_,
we have the bounds

|a™ @, HL(@O a = G (5.26a)
|28 @, 2) || 1y 0y < C- (5.26D)

Proof. Note first that (ha) implies the uniform bound
[A™ @, 2)]| £ g9 9) < Ci- (5.27)

We will assume that Q C R is sufficiently small to ensure that for all @ € Q, the quantity p(@) :=
W+ (¢p — ¢g)ko satisfies |p(@W)| > P for some p > 0. As a final preparation, we consider the function
q: z+ vz% + cgz. Note that there exist two constants Co > 0 and Cs > 0 such that

[Req(2)] + Cy > C3[Img(2)|? (5.28)

holds for all z € C,,_

+
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To see (5.26a), observe that v = A" (@, 2)w implies that

q(z — ikok)

N
lip(@) — k kv = wi + Z Ajelzmikok)ng g, (5.29)

=0

We fix a constant K such that K > Cy/p and K > 6/(pC3). Consider any pair (z, k) with z € C,,_ ),
and |k| > K. We claim that

(@) 1
—| > =D. .
@) === = 5P (5.30)
Indeed, if this inequality is violated, we must have
a(z)| o 1
I > 31
' m === 3P (5.31)
after which (5.28) allows us to obtain the contradiction
Req(z) 1, Cy _1_
——= | >Cs|k|=-p°— = > =P. 5.32
20> Gup g5 - 2 5 (532)

In view of the uniform bound (5.27), the identity (5.29) now implies that ||{kvk}||zg <Cy Hw”zg for

some Cy > 0 and hence (5.26a) follows.
To see (5.26b), observe that v = A (), z)w yields

N
(z —ikok)[—cg — Y(z — ikok)|vi, = —ip(W)kvy, + wi, + Z Ajelzmtkoknsy, (5.33)
=0

We hence obtain

N
|ok] + [p@) Kok + [wi| + | D AjelEmHoRmiy, | (5.34)
7=0

legl +1

|(z — ikok)vg| <

in which we used (5.33) whenever |z —ikok| > W Using (5.26a) we hence find ||{zvk}||€(2, <
Cs Hszgv as desired. O

Before we proceed, let us note that if [I — A"V(w, 2)Blv = 0 for some v € £9, then Lemma 5.4
ensures that v € £} and the identity (5.20) immediately implies that also v € £2. Now, for any v € /2,
we may write

[[ — A™(w,2)Blv = A?HV(E, 2)[Len(wo + @, 2)]v
= A™(W,2)[—Ls(wo + @, 2) + 2(cp — ¢g)]v.

(5.35)
By the Fredholm alternative, we thus find that [I — A™(w, 2)] : £3 — €3 is invertible if and only if
z(cp — ¢4) ¢ pointspec Ly (wo + @, 2). (5.36)

For later use, we state this as the following assumption.

(hb) For every W € Q, z € C,_,, and all X € pointspec L (wo + @, 2), we have X # (¢, — ¢,)z.
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Lemma 5.5. Assume that (Hg) and (HF) are satisfied. Fiz a pair n— < ny together with an open
set Q C R with 0 € Q and assume that (ha) and (hb) are satisfied. Then Loy(w,z) : H> — HY is
invertible for all z € C,_ ,, and w € wo + 2. In addition, there exists a constant C such that for all
wewy+ N and z € C,_,, , we have

[Len(w,2) 7 | oo grosny < € (5.37)
for s € {0,1,2}, together with
HZEch(w’Z)_luc(Hs,Hs) < C (5.38)
Finally, if s € {1,2} we also have
|22 Len (@, 2) M| oo oy < C (5.39)

Proof. In view of the criterion (5.36), we see that [I — A"V(w, 2)B] : £3 — £3 is invertible for
z2€C,_,, and W € Q. Writing w = wg + W, we hence find

Lap(w,2) ™t =[I - A™ (@, 2)B] ' A™ (@, 2). (5.40)

Due to (5.26b), we find that for |Im z| sufficiently large we have

1™ @, ) gy 1Bl < 5 (5.41)
which leads to the uniform bound
[ Let(w, 2) ™| £ g0 proy < Cr- (5.42)
Consider any w € ¢5 and suppose that Lo, (w, 2)v = w. We then obtain
v = A"(T, 2)(w + Bv) (5.43)
and after applying (5.26a) together with (5.42) the uniform bound (5.37) with s = 0 follows.
Notice that for any v € H? that has Lo, (w, 2)v = w with w € H!, we may compute
Len(w, 2)v" = w' + B'(+)v, (5.44)

which in view of the boundedness of B’ implies that in fact v € H? and establishes (5.37) with s = 1.
In addition, if also w € H?, we obtain

Len(w, 2)0" =w" + 2B (:)v" + B"(-)v. (5.45)

The assumption (Hg) implies that also B” is bounded, which establishes (5.37) with s = 2.

The uniform bounds (5.38) for s € {0, 1,2} follow in a similar fashion as above, by using (5.43) in
combination with (5.26b). Finally, to see the bound (5.39) for s € {1, 2}, suppose that Lo, (w, 2)v = w
for some w € H?®, write

N
—y2%0 = Yk3v" — (w + 2vko2)v" + cgzv + Z Aje®™ T kv + By +w (5.46)
j=0
and use (5.37) and (5.38) to estimate the H*~!-norm of the right hand side. O

These bounds on L, (w, z) can now easily be turned into bounds on 7,,(z), using the representation
(2.13).
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Corollary 5.6. Assume that (Hg) and (HF ) are satisfied. Fix a pair n— < ny together with an open
set Q C R with 0 € Q and assume that (ha) and (hb) are satisfied. Then T,(z) : H> x H' — H' x H°
is invertible for all z € C,,_ ,, and w € wo + 2. In addition, there exists a constant C' such that for
s €{0,1,2} we have

7o (= < C

—1
) HL(HstHs,HstHs) = (5.47)
forall z € C,_ . andw € wy+ Q.

Let us recall for p € {2,000}, n € R and a Hilbert space H, the function spaces

LR, H) = {vell (R H)|e "v()eL’(R,H)}, (5.48)
WyP(R,H) = {v€ L, (R H) | e "v() € WH(R, H)}, '
with norms given by [|v]|» = [le”" v ("), and similarly ||vHWn1.p = |le="v()|ly1.p- With the uniform

estimates on 7, (z) obtained in Corollary 5.6 in hand, we are ready to solve (5.1) for inhomogeneities
f e L2(R, H? x H?).

Lemma 5.7. Consider the linear system (5.1) with v > 0 and suppose that (Hg) and (HF) are
satisfied. Fiz a pair n— < ny together with an open set Q@ C R with 0 € Q and assume that (ha) and
(hb) are satisfied. Then for every @ € Q and n € [n—,ny] there exists a bounded operator

inv/—\ . 712 3 2 2 3 2 1,2 2 1
A @) : AR, H® x H?) — L2(R, H® x H?) N W*(R, H? x H') (5.49)

so that the function AJ™ (@) f solves (5.1) for any f € L2(R, H* x H?). The norm of Ai"™ (@) can be
bounded uniformly for @ € Q and n € [n—,ny|. Finally, we have the explicit representation formula

. 1 [rtiee = =
A @) 16) = 5= / e Togiw(2) T [f+(2) + f-(2)]dz. (5.50)

218 Jy—iso

Proof. The result follows in a standard fashion by applying an exponential shift to (5.1) and using
the uniform bounds on 7,,(2)~! obtained in Corollary 5.6 to solve (5.12), which represents (5.1) in
Fourier space. Similar computations can be found in [32, Section 3]. O

In order to turn the LZ-estimates obtained above into L*-estimates, we need to exploit the
property that the effect of any compactly supported inhomogeneity f on the solution of (5.1) decays
exponentially. To make this precise, we introduce for any Hilbert space H the new function space

E+1

L2R,H) = {2 € LL (R, H) | ] 2.~ = sup e—né[/ (O d]? < ). (5.51)

-1

Lemma 5.8. Consider any n € R. Consider the linear system (5.1) with v > 0 and assume that
(Hg) and (HF) are satisfied. Fix a constant € > 0, write ny = n+te, choose an open set @ C R with
0 € Q and assume that (ha) and (hd) are satisfied. Assume furthermore that for allw € Q we have

ARY (@)g = A (@)g (5.52)
forallge Ly, (R,H? x H*)NL;_ (R, H? x H?). Choose an @ € Q together with a function
feLY™R,H* x H*)NL:, (R, H® x H?) (5.53)
and write x = A"Y (@) f. Then we have
2 1 oo 2 1 2,00 3 2
z e C(R,H? x H')N LR, H? x H') N L>>*(R, H> x H?). (5.54)
In addition, for some constant C' > 0 that does not depend on f, we have the bound
20 oo 112ty + 121 L2000 (R prs sy < C NIl 2o - (5.55)

The analogous results hold for f € L2>(R, H* x H*) N L}_ (R, H* x H?).
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Proof. Our arguments here are an adaptation of those presented by Mielke in [49] for elliptic PDEs.
Without loss of generality, we will assume that n = 0 and consider f € L% (R, H® x H?) for which
also f € L2(R,H?® x H?). For any n € Z, let x, denote the indicator function for the interval
[n,n + 1]. Writing f,, = xnf, we see that

fn € L2(R,H® x H*)N L% (R, H? x H?), (5.56)

with 3> oy fo — fin L2(R, H? x H?). We can hence define z,, = AI™V(@) f,, = A™ (@) f, and observe
that

e WH(R,H? x HY)YNn W (R, H? x HY), (5.57)

again with >, @, — x in WH?(R,H? x H'). We can exploit the fact that 7" and AR ()
commute to compute

m+1 1/2
I ll w2 (o mera, 22 s my (S |H2><H1 + [Oen (€ |H2><H1 d] /
m— n+1 1/2
= [ ) |$nftfm)\mmﬁrla&xn(@rng 21 0€]
< e—e(m n)[fm n ( < |x”(§+n/|H2xH1)
1/2
+(€E£ |8£xn(§ + n)‘H2><H1 ) df]
< Cle—e(m—n) )Tél)an (558)
W2 (R,H2x HY)
< C2e—e(m—n) Tr(Ll)fn
L2 _(R,H3x H?)
< Cyeetm=mee ||\ TV f,
L2(R,H3x H2)
< Coemem=nee 1N L2000, 112 5 112 5

for some constants C; > 0 and C > 0. In a similar fashion, we obtain for some C3 > 0,

12 llvy1.2 g, 1), 21y S C3€ T e | Fll 2100 (s 2y - (5.59)

Summing these identities over n € Z, we obtain

Hx”WL?([m,m—i-l],HZXHl) < 66(02 + 03) ||fHL2,°°(R,H3><H2)
[anm ee(m—n) + Zn<m ee(n—m)] (560)
Ca |l fll 200 (115 112) -

IN

Observe that this bound no longer depends on m. By a Sobolev embedding, we thus obtain that
x € BCy(R, H? x H'). Moreover, this bound also implies that d,¢z € L?*°(R, H* x H?). Using the
differential equation (5.1), we find that 9,,2 € L*»*°(R, H! x H°) and hence = € L>»*(R, H3 x H?).
The bound (5.55) now follows from (5.60) together with (5.1). O

We now set out to find all w € BC, (R, H? x H') that satisfy (5.1) with f = 0. As a first step
towards this goal, we will derive a representation formula for solutions to (5.1) with f in appropriate
exponentially weighted function spaces. In particular, we will use the family of spaces

BXyy(R,H) = {z € Lio(R, H) | ||2]px, , = 211136_“5 ()] +eup e |z()ly < oo}, (5.61)
< =

defined for any Hilbert space H and parametrized by u,v € R.

Lemma 5.9. Consider the linear system (5.1) with v > 0. Fix a pair of constants n— < ni and an
open set Q@ C R with 0 € Q. Assume that for all z € C with Rez € {n_,n+} and all w € wo + Q, we
have

(¢p — ¢g)z ¢ pointspec Lt (w, 2). (5.62)
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Consider any pair ji,v € R for which n— < p < v < ny and fiz f € BX,,,(R,H' x H"). Then if
veCR H? x H))NnBX, ,(R,H* x H') is a solution to (5.1) for this choice of f, the following
identity must hold,
+i z —-17
v€) = m fi: oo € (K (8, 2,0) + To(2) 7 f1(2))dz
+27TZ 777]_—;12020 652( (§7Zav) - L(z)_lf— (Z))dZ

Here w =wy+w and K : R x C x C(R,H? x H') — H? x H' is given by

(5.63)

ZA T, ko/ e Z"mv(o)da)].

7=0

0
K(g,z,v)/g e *v(o)do + T, (2) ' -
(5.64)

Proof. The differential equation (5.1) implies that d¢v € BX,, ,(R, H' x H°). This ensures that the

Laplace transform d¢v  (2) is well-defined for Re z > v. This allows us to take the Laplace transform
of the entire system (5.1), which yields

To(2)04 (2) = fr(2) —y0(0) + (0, 3200 Aje* Ty i, ffj e > mv(o)do). (5.65)

Since 7,(z) is invertible for every z with Re z = 74, we find that for such z we must have
n;

~ N 0
Uy (2) = T (2) 7 [f4+(2) — y(0) + (0, ZAjeZ"fT_njko / e > muv(o)do)). (5.66)
§=0

Similar arguments can be used to obtain an expression for T_(z). We may now use the inverse
Laplace transform as described in Lemma 3.1 to obtain (5.63). A detailed derivation can be found

in [32, Proposition 5.1]. O
The operator K appearing in (5.63) can be linked to a spectral projection operator that is
closely connected to 7. In order to make this precise, we write ryi; = min{0,ng,... , N}, Tmax =

max{0,ng, ... ,ny} and introduce the state space
X = C([Tmins Tmax), H' x H°). (5.67)

In addition, we fix a small W, write w = wy+w and introduce the closed and densely defined operator
A:D(A) C X — X given by

D(A) = {¢€XNCH[rmin,"max], H x H®) | $(0) € H* x H' and — 70:¢(0) = L(w)¢},
Ap = O
(5.68)

Lemma 5.10. The operator A has only point spectrum, with
o(A) =0,(A) = {z € C| T,(2)v =0 for some v € H* x H'} . (5.69)
For z € p(A), the resolvent of A is given by
(2 — A)~"p = e*K(-,2,7), (5.70)
in which K : [Fmin, Tmax] X C x X — H' x HY is given by

N 0

0
K(r,2,4) = / e () + Tu(2) " [ = 1(0) + (0,3 Ay T, / e map(0)do)].
T 7=0 ni

(5.71)
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Proof. Fix ¢ € X and consider the equation (zI — A)¢ = ¢ for ¢ € D(A), which is equivalent to
the system

O = -y
—00(0) = L@)é. (5:72)

Suppose that 7,,(z) : H? x H* — H' x H? is invertible. Solving the first equation yields

0
o(1) =" 9(0) + e”/ e *?Y(o)do. (5.73)
It is not hard to verify that choosing
N 0
#(0) = Tw(z)71 [ — vy (0) + (0, Z ATy, g, / efzawlw(a)da)} (5.74)
i=0 g

ensures that also the second line of (5.72) is satisfied. On the other hand, consider any z € C and
v € H? x H' such that 7,(z)v = 0. Inspecting the function ¢(7) = €*"v, we find that ¢ € D(A)
with A¢ = z¢, showing that z € 0,(A) and completing the proof. O

The representation (5.70) implies that we need to study the map z ~— 7,(2)~! in order to

understand the behaviour of the resolvent z — (21 — A)~!. In particular, we will need to determine
the order of the poles.

Lemma 5.11. Suppose that = = X is an isolated singularity for the map z — T,(2)~L. Suppose
furthermore that every v € Ker7,(\) has finite Jordan rank and let k be the mazimum of such
Jordan ranks. Then z — T,(2)~1 has a pole of order k at z = \.

Proof. Recall first that 7,,(\) : H? x H' — H' x H? is Fredholm with index zero, which allows us
to define the integer n = dim Ker 7;,(\). As customary in the matrix-valued case, we may construct
a canonical Jordan basis by repeatedly choosing a kernel element v € Ker 7;,(\) that has maximal
Jordan rank in the subspace of Ker 7;,(\) that has not been spanned by previously chosen elements.
In this fashion we find quantities v;:j € H? x H', in which the rank j ranges from 1 to k, the index
¢ ranges from 1 to m; and ¢ ranges from 0 to j — 1. Here m; denotes the number of Jordan chains
with rank j that were constructed. For each fixed j and ¢ the quantities U; , form a Jordan chain of
length j, which means that

%(z)[v?’z +(z — )\)v;,e +...+(z— )\)j_lvg’zl] =0((z = \)7) (5.75)

as z — A. By nature of the construction these Jordan chains cannot be extended, which means that

Bio = =TDNC, + ...+ TO Ml ¢ RITLO)). (5.76)

| Cw

In addition, these n vectors ;. are linearly independent over R(7,(\)), which allows us to choose
o . . l . . .
n quantities a; o € R(Z,(\)) " that satisfy the orthogonality relations

(e, Bjrer) o = 0550 0gp . (5.77)

To show that z — 7,(z)~! has a pole of order k, we will construct a holomorphic function
z+— H(z) € L(H' x H°, H? x H') that is analytic in a neighbourhood of z = X and satisfies

T (2)H(z) = (z — 1. (5.78)
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In fact, one easily sees that it suffices to find operators H; € L(H' x H°, H? x H') for 0 < i < k
such that

To(2)[Ho + (2 = NHy + ...+ (2 — NFHy] = (2 — ML+ O((2 — A)FFH). (5.79)

A short computation shows that this can be done by writing

m J

k
Hi= Z Zv;,—z(l_k)<aj,f">H1><H0 (5.80)

j=k—il=1

for 0 <14 < k and choosing Hj, in such a way that

Z}()\)Hk =1- Zﬂj}ﬂ&j’b '>H1 x HO - (5.81)
gl

This is always possible, since R(7,,(\))* = span{a; ¢}, while (5.77) implies that for all v € H! x H®

<0éj,z7 v = Z Bir e <aj’,é’7 V) H1 ><H0>H1><Ho =0. (5.82)
Jne

O

The next result shows how Jordan chains for the operator zI — A can be constructed from Jordan
chains for 7,,(z). We introduce a new operator A on the larger space X = H! x H" x X, given by

pA) - {(v,0) € X | 0eo € X,6(0) € B x H',v = —16(0) } , (5.83)
A(v,0) = (L([@)9,0d).

Let us write j : X — X for the continuous embedding ¢ — (—v¢(0), ¢). As in [32], one may argue

A

that the part of Ain jX is equivalent to A and that the closure of D(A) is given by jX. Hence the
spectral analysis of A and A is one and the same. We have the following equivalence.

Lemma 5.12. Consider the holomorphic functions E : C — [,(H2 x H' x X,D(A\)) and F : C —
E()?,)?) given by

(—yv,e*Tv + €7 fTO e *7Y(o)do),

(U + (0, ij:o A;ei T g f:j e*Z”W1¢(J)dJ),w(7)),

e
—
N
N—

“C
=
S
N—
I

(5.84)

g
I\
~—
—~
<
<
~
—~
\}
~—
Il

-~

in which D(A) is considered as a Banach space with the graph norm. Then E(z) and F(z) are
bijective for every z € C and we have the identity

< %éz) ) > — F(2)(=] — A)E(2). (5.85)

Proof. The bijectivity of F' is immediate. To show that also E is invertible, write Eq(z) for the
X-component of F(z), and observe that

(1) = 2E2(2) (v, ¥)(1) — e B2 (2) (v, ¥)(7), (5.86)
which means E has a left inverse. Using partial integration, we may compute

0

By (2)(1(0), (21 — 9¢)) (1) = "7 (0) + ™7 / e > (z9(0) = deip(0))do = (7), (5.87)

T
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which shows that E has a right inverse. A simple calculation now shows

N 0
(21 = A)E(2)(v, ¥) = (%(Z)U - (0, ZAjezan—njkO/ efzaﬂlzb(o)da),w), (5.88)
=0 i
from which the identity (5.85) follows immediately. O

Lemma 5.13. For any pair p < v, set X =%, ={z € c(A) | 0 <Rez < v}. Suppose that ¥ is a
finite set and that for each z € ¥ the Jordan rank of 1,(z) is finite. Then each z € ¥ is a pole of
(2I — A)~L of finite order. In addition, we have the decomposition

X = My @ Ry, (5.89)

in which My, is the generalized eigenspace corresponding to the eigenvalues in ¥ and Ry is the null
space of the associated spectral projection Qs : X — X.

Consider any pair of constants ny+ with n_ < p and ny > v, for which ¥,_,. = X. In addition,
consider any ¢ € X that has ¢(0) € H> x H' and d¢m1¢ € L*([Fmin, "max], H°). Then we have the
identity

1 N4 +100 7N_ —100

(Qs0)(r) = / K (r, 2, ¢)dz + —— / K (7, 2, 6)dz, (5.90)

") 2y i
in which K is given by (5.71).

Proof. Lemma 5.11 together with the representation (5.70) implies that each A € ¥ is a pole of finite
order for z — (2I — A)~!. The spectral splitting (5.89) follows directly from [15, Theorem IV.2.5].
Using a Dunford integral to represent the spectral projection @y, it suffices to show that

n++ik N
/ e T, (2) [ = v9(0) + (0, ZAjez"jT,njkO / e > mé(o)do)|dz — 0 (5.91)
n 3=0

0
_+ik n;

as k — o0 in order to establish (5.90). Since z — 7,,(2)~! does not decay as Im z — oo this is
not immediately clear. An integration by part yields

0

0
/ e me(o)do = 27 e imd(r;) — m6(0) —|—/ e *70¢mi¢(0)do]. (5.92)

J nj
In view of the assumption on ¢, it thus only remains to show that
N+ tik
/ T ()~ p(0)dz — 0 (5.93)
nN_+ik

as k — to0o. To see this, we write

—76(0) = 27 [=72¢(0) — T (2)$(0)] + 277 (2)$(0)] (5.94)
and use the fact that 7;,(z) + vyzI remains bounded as Im z — co. O

The relation thus obtained between the representation (5.63) and the spectral projection (5.90)
allows us to lift the inverses A obtained in Lemma 5.7 to inverses defined on L?°°(R, H3 x H?). As

a preparation, we introduce for any function Hilbert space H and any function f € L{ (R, H) the

notation ®, f € Ll (R, H) to denote the function has [® f](£) = f(&) for £ > 0 and [®4 f](£) =0

loc

for £ < 0. In addition, we write ®_f = f — & f.
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Lemma 5.14. Consider any n € R. Consider the linear system (5.1) with v > 0 and assume that
(Hg) and (HF) are satisfied. Fix a constant € > 0, write ny = n =+ 2¢, choose an open set & C R
with 0 € Q and assume that (ha) and (hb) are satisfied. Fix any @ € Q. Consider any

feLy™R,H® x H?) (5.95)
and write
V=AY (@) f + A (@)D f. (5.96)
Then v solves the linear system (5.1). In addition, we have
veLY®[R,H> x H)NLYP(R,H> x H')n W, (R, H' x H°) (5.97)
and there ezists a constant C' > 0 that does not depend on f and @, such that

”v”L%’W(R,HSxHﬂ + HU||L;<>(R,H2><H1) + HU”WT}@"(R’Hl x HO) <C ||f||Lf7v°°(]R<’H3><H2) . (5.98)

Proof. Notice first that the assumptions of Lemma 5.8 are satisfied. Indeed, for any function g €

L2,.(R,H? x H*) N L2_ (R, H® x H?), write

w= A (@)g— A (@)g (5.99)

and notice that w € C(R, H?> x H') N BX,—c nt+(R, H> x H'). In addition, w satisfies (5.1) with
f =0. Write ¥ = w|f .. roay]- Choosing p = 1 — €, v = ) + € and comparing (5.63) with (5.90),
we find that Qyx, v = 1. However, our condition on € implies that Qs , = 0. After repeating this
argument for shifted versions of g we may conclude w = 0. The claims now follow directly from
Lemma 5.8. O

Let us now introduce for n € R and @ € R the set
N)¥ (@) = {v € BC,(R, H* x H") | v satisfies (5.1) with f = 0}. (5.100)

Arguing similarly as in the proof of Lemma 5.14, (5.63) in combination with (5.90) allows us to
obtain a characterization of N%C (@).

Lemma 5.15. Consider the linear system (5.1) with v > 0 and assume that (Hg), (HF ), (HD) and
(HL) are satisfied. Then there exist a small open set Q C R with 0 € Q, together with two constants
0 < Nty < Mhaxs Such that T,(z) : H?> x H' — H' x H° is invertible for all w € wo + Q and all
z € C that have 7., < |Rez| < 0. In addition, for each @ € Q and n € (N0, Mhax), the set
N¢(@) is two dimensional.

Proof. The uniform bound (5.26b) implies that there exist a small 7%, > 0, large £ > 0 and small
neighbourhood © C R with 0 € €2 such that 7,,(z) is invertible for allw € wo+Q and z € C_;= ;=
that have |z| > k. Let us recall the function p*(w, z) = Aiin(w, 2) —2(cp—¢g) introduced in Lemma 3.2.
Since z — u*(w, z) is analytic, its set of roots is discrete. This implies that there exists a small § > 0
such that 7, (2) is invertible for all z € C with 0 < |z| < J. After possibly further decreasing 7.,
we hence see that T, (z) is invertible for all z € C with 0 < |Re z| < Nmax. As w is varied, the double
root of p1*(wp, -) at z = 0 can be split into two components z; (w) and z2(w) that depend continuously
on w. For any choice of i}, that satisfies 0 < 0, < 7f.x, Wwe may therefore choose €2 sufficiently
small to ensure that 7,(z) is invertible for all w € wp + Q and z € C with n%;, < |Rez| <} . In
addition, Lemma 3.2 ensures that dim Ker 7,,(z;(w)) =1 for i = 1,2 and w € wg + 2, while the total
number of elements in the combined Jordan chains associated to 7, (z;(w)) remains equal to two.
Let us now consider w € N}¢(@). Combining the representation formula (5.63) with the spectral
projection (5.90) and writing v = wj[r,.... . rm.) Shows that ¢ = Qs _, 9. O
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From now on, we fix two constants 9min and Nmax in such a way that 7%, < Nmin < Pmax < Max-
We also fix an open set 2 C R with 0 € 2 that is sufficiently small to ensure that the results developed
previously in this section are all applicable. We are now ready to introduce for 1 € [Mmin, Jmax] and
w € Q) the pseudo-inverses

K,(@) : BY,(R, H® x H?) — BC,(R, H? x H') N BY, (R, H* x H?), (5.101)
that are given by
Ko@) f =AY @) 0 f + A (@)D_ ], (5.102)

for sufficiently small e > 0. By construction we have that z = En(w) f solves (5.1), but the normal-
ization conditions (5.6) may still be violated.
To repair this, observe that for all 7 € [9min, max], We have

N;(0) = span{uj, {uj + uy }. (5.103)
Let us introduce the projection IT : H? x H' — R? that is given by
_92 _
v = (||u6||H1><H0 (ug,v) < mro, ||u1||H21><H0 <u17”>H1xH°)' (5.104)

Our goal here is to construct, for @ € €2, extension operators E'°(w) : R? — BC,, . (R, H3 x H?),
such that for any a € R? we have E'*(@)a € ./\/,Ilfmn () and HpevyE'“(W)a = a. It is not hard to see
that

[E'°(0)a](€) = (a1 + az€)ufy + azwy (5.105)
satisfies these conditions. Observe in addition that for any a € R? we have
[—70¢ — L(@)|E"(0)a = (0,0, E'°(0)a). (5.106)
After possibly decreasing the size of §2, we may introduce the operators E'(@) by way of
E(@)a = [E*(0) — K@) (0,@0,m1 E'(0))][I — pevK (@) (0, @8, m1 E'(0))]*a. (5.107)
By construction, for any a € R? the function E'(©)a satisfies (5.1) with f = 0, while also
[pevyE'(@)a = a. The fact that E'°(w) maps into BC,,_, (R, H® x H?) follows from the smoothness

of functions in Ker 7,(z).
With these operators £'°(©) in hand, we may introduce the new pseudo inverses

K, (@) : BY, (R, H* x H*) — BC, (R, H* x H') N BY,(R, H* x H?) (5.108)
that are given by
Ky (@) f = K@) f — B (@)Ipevok, (@) f, (5.109)

which now do satisfy the normalization conditions (5.6). Finally, we can include the dependence on
¥ by writing

K (9,w) = TyKy (@) T—y. (5.110)

With this definition we have gathered all the ingredients necessary to establish Proposition 5.1.
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Proof of Proposition 5.1. Ttems (i), (ii) and (vi) follow easily from the discussion above. Item (iii)
follows from the definition of ICl]C together with Lemma 5.7 and the bound (5.55). Item (v) follows
directly from (5.110). It remains to establish (iv), which concerns the smoothness of the map (9,w) —
lC};(ﬁ,w). Let us pick any ¥ € R and @ € Q and write v* = K'°(9,©)f and v? = K'°(0,0)f. Upon

defining w = v! — v2, it is not hard to see that w satisfies the differential equation

—y9ew(&) = L(0,0)vevew + (0, [Dg(u(9 + -5 ko)) — Dg(u(-; ko)) — @0s]miv" (€)) (5.111)
and hence
w = E<0)[— HT_ﬂ]pevOIC;C(ﬁ, w)f

+K19(0,0) (0, [Dg(w(¥ + -1 ko)) — Dg(u(-; ko)) — @0y |m1 ) KI(9, D) f. (5.112)

To help interpret the first term, we note that for v € H? x H! we have
_2 _
—[II =TIT_yJv = (||up]l g1 o (Toug — ug, v) g1 x po, Uy foHg (Tyuy; —uy,v)gixpgo). (5.113)
[T — TIT"_y] [[ugl (Tyug — ug, v) [y |

The smoothness of (9,w) — K'°(¥,w) can now be established using the smoothness of g and the
fact that u(ko) € H" ™2, much along the lines of [53, Lemma 2.5]. We lose three orders of smoothness
since we need to get estimates on terms of the form

|[Dg(w(¥ + -3 ko)) — Dg(ul-; ko))]mv* (€)] (5.114)

which leads to expressions involving D3g. O

6 Slowly Varying Coefficients
We are now ready to consider the linear system
—y0:v(&) = [I — Pyiey|L(0(&), W)vevev + [I — Py(g)| They MceveO(0,w)v + f(§), (6.1)

which is nonlocal on account of the term involving ©r,. Recall the interval [Nmin, Mmax) appearing in
Lemma 4.3 and consider any 6 € C(R,R). For any 1 € [1)min, max) and & € R we may then associate
to (6.1) the linear operator

A(0,@) : BC,(R,H* x H')N BC}(R,H" x H’) — BC,(R,H" x H°) (6.2)
that is given by
[A(B,w)v](§) = 7"}/351)(6) —[I- P@({)]L(@(f),w)veV{U -1 - Pg(f)}Tg(g)MCGV&@L(Q,w)’u. (6.3)

The main result that we set out to prove in this section, shows that (6.1) can be solved if [|0'|  is
sufficiently small. However, the solution operator will be constructed in such a way that it can be
defined for all continuous functions 6.

Proposition 6.1. Consider the linear system (6.1) and suppose that (Hg), (HF ), (HD) and (HL)
are satisfied. Then there exist constants 0 < Nmin < Nmax ond an open set Q@ C R with 0 € §, together
with maps

K& : C(R,R) x Q — L(BY,(R,H* x H*), BC,(R,H? x H') N BY,(R, H* x H?)), (6.4)
defined for m € [Nmin, Mmax), such that the following properties are satisfied.

(i) There exists € > 0, such that if 0 € C*(R,R) and |0/(£)| < € for all £ € R, then v = K& (0,w) f
satisfies A(0,w)v = f for any 1 € Nmin, Mmax], @ € Q and f € BY, (R, H3 x H?).
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(ii) We have IIT_g(q)pevokE®(0,@) f = 0 for all n € [Nmin, Tmax], 0 € C(R,R), @ € Q and f €
BY, (R, H* x H?).

(i) The norm ||K%b(0,w)|| can be bounded independently of 1 € [Nmin, Mmax), § € C(R,R) and
we .

(iv) There exists a constant C' > 0 such that for any three 11,M2,13 € [Nmin, Pmax] that have 1 +ny <
N3, any two functions 61,0, € BC,, (R,R), any two w1, ws € Q and any f € BY,, (R, H3x H?),
we have the estimate

(| CE>(61,@1) f — ’C%f(%vwz)fHBCnanByng < C[)01 =02, + @1 — @ | | fllgy,, . (65)
in which we have introduced the shorthands BY, = BY,(R, H* x H?) and BC,, = BC,(R, H? x
HY).
(v) Consider a pair 1o, 71 € [Nmin, Nmax] together with a function
f € BY,,(R,H® x H?) N BY,, (R, H* x H?). (6.6)
Then for any 0 € C(R,R) and w € Q we have

by —\ £ _ rgbig —

KE(0,5) f = KE>(0,0) . (6.7)

(vi) Recall the integer r that appears in (Hg). Consider any ¢ < r — 3 and pick n1,m2,m3 €
[Menin, Nmax] 0 such a way that ng > €0y + nz. Then the map (0,@) — K8 (0,@) is C*-smooth
when considered as a map from BCp, (R,R) x Q into L(BY,,, BY,, N BC,,). In addition, for
any pair of integers py,pa > 0 with p1 + pa < £, the derivative DY* DY2K8P can be interpreted
as a map

DYDBKEP : BC,, (R, R) x Q — LP1F72)(BC, (R, R)P* x RP2, L(BY,,, BY, N BC,)) (6.8)
for all m > p1m + n2. This map is continuous in the first variable if n > p1m + 12.

Proposition 6.2. Consider the linear system (6.1) and suppose that (Hg), (HF ), (HD) and (HL)
are satisfied. Then there exist a pair 0 < Nmin < Nmax, @ constant € > 0 and an open set  C R with
0 € Q, together with a map

EE*: C(R,R) x Q — L(R?, BC,,,..(R,H*> x H') N BY,

Nmin

(R, H? x H?)), (6.9)
such that the following properties are satisfied.

(i) If 6 € CY(R,R) has |0'(£)| < € for all € € R, then v = E&(,©)a satisfies A(§,0)v = 0 for
any w € Q and a € R2.

(it) We have IIT_g(o)pevoE8"(0,w)a = a for all § € C(R,R), W € Q and a € R?.

(iii) If € C*(R,R) has |0'(€)| < € for all ¢ € R and v € BC, (R, H* x H') satisfies A(§,w)v =0
for some @ € Q and N € [NPmin, Mmax], then

v= Egb(ﬁ,w)HT,g(o)pevov. (6.10)

We recall the four constants 7% ;, < Mmin < Mmax < Max that were introduced in Section 5 and
fix these for use throughout the current section. Without loss of generality, we will assume that the
results in Lemma 4.3 hold for this choice of [min, max]- To prevent confusion, for any ¥ € R we will
use the notation [J] to represent the constant function § = ¥1. We start by solving (6.1) for such
constant functions 6 = [¥}]. The following result shows how this is closely related to solving the local
equation (5.1).
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Lemma 6.3. Consider the linear system (6.1) and suppose that (Hg), (HF), (HD) and (HL) are
satisfied. Fiz any sufficiently small open set Q@ C R with 0 € Q. Then for every 9 € R, 1 € [Mmin, Tmax)
and w € () there is a linear operator

K,y (9,w) : BY,(R,H® x H*) — BY,(R,H® x H*) N BC,(R, H* x H"), (6.11)
that satisfies the following properties.
(i) For any f € BY,(R,H? x H?), the function x = K, (0,@)f solves A([9],w) = f.
(i) The operators K#(ﬁ,w) can be bounded independently of W € Q, ¥ € R and 0 € [Nmin, Mmax]-

(i1i) Recall the integer r defined in (Hg). For every 0 € [Nmin, Nmax), the map (9, @) — K#(ﬁ,w) is
C"=3-smooth.

(iv) For each@ € Q and 1 € [Nmin, max], the set Ni-(9,@) that contains all v € BC,(R, H*> x H')
that have A([9],@)v = 0 is two dimensional. For each a € R?, there is a unique v € N (0,©)
that has IIT_ypevyv = a.

Proof. Fix any 0 € [Nmin, Tmax)- Without loss of generality, assume that © = 0. As a preparation, let
us note that for any o € BC,(R,R) we have

L(w)veveauy = —w(0,u” (ko)) a(§) + QMcevea. (6.12)
Consider any f € BY, (R, H*> x H?) and introduce the function 3 € BC,(R,R) that is given by

1

3
ﬂ(f)Z—; ; Q(¢)dC. (6.13)

Since Nmin > 0, the map f +— (3 defined this way can be bounded uniformly for 1 € [Nmin, Nmax]- Let
us also introduce the function g € BY, (R, H3 x H?) that is given by

9(&) = [ =PIf(&) +[I = P|McevelC, QL(@)Aug + [I — PIL(@)vevefuy. (6.14)

Note that after decreasing the size of €2, it is possible to find w € BC,)(R, H*x H')NBY, (R, H* x H?)
that has

w = K35 (0,w)[g(€") + T — P]Mceve Ky[Q(0, u” (ko))Quw + B[I — P (0, u” (ko)) Qu(¢)].  (6.15)

Related to w, we also consider the functions v € BC,(R,H? x H') N BY,(R,H? x H?) and a €
BC,(R,R) that are given by

a(f) = Qu(9),
v(€) = [I—Plw(&)+ B(&)u, (6.16)

Notice that w = v + (o — f)u,. A short computation now yields

—ya'(§)

—1QOew(€) = QL@)vevelv + (o — H)uj) + Qg 61
QL(wW)vevev + QMcevea — QL(W)veve fuy — wQ(0, u” (ko)) (§), ’

from which we find, using a(0) = 0,

a(§) = OL([0],®)v — KQL(@)Buy — wKQ(0,u" (ko))a. (6.18)
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We can now calculate

—0eu(e) = —All — Plogw(e) + PAE)
— 1= PIL@)vevelo + (a— B)up) + PA(€)
+[I — Plg(&) + W[I — P]|MceveKQ(0,u” (ko)) + w[I — P](0, u” (ko))c(§)
= [I — P]L()vevev + [I — P]Mcevea — [I — P]L(w)vevefugy + Pf(€)
+[I — Plg(§) + W[ — P]MceveKQ(0,u” (ko))
— [ PL@)vevev + [1 - PMceve®L (0], @)v + (€),

(6.19)

which implies that we may write IC# (0,w)f = v. Since the auxiliary functions g and 3 can both be
bounded uniformly with respect to the norm of f, item (ii) follows directly from Proposition 5.1. In
addition, the auxiliary function g depends smoothly on the pair (¥, @), hence (iii) also follows from
Proposition 5.1.

To see (iv), suppose that A([0],@)v = 0 for some v € BC,(R, H?> x H') and write

a = 0Or([0],w)r = LQL®)v,

w = v+t au (6.20)
Since a(0) = 0 and Pv(§) = Pv(0) for all £ € R, we find w(0) = v(0) and
v(€) = Pv(0) + [I — Plv(§) = Pv(0) + [I — Plw(§). (6.21)
Due to our choice of a, we may use (6.12) to compute
—0:w(§) [I — PIL(@)veve[w — auj] + [I — P]MceveOr([0],@)v — o/ (&)uy (6.22)
= [I — P]L(@)vevew +w[I — PJ(0,u" (ko))cu(&) — v/ (§)uf ‘
In addition, notice that
QL([@)vevew = QL(@)vevev + QL(W)veveau,
= QL(W)vevev + QMcevea —wQ(0, u” (ko))a(€) (6.23)
= /(&) —wQ(0,u" (ko))ex(§),
which shows that
/(e = L@)vevew + (0,0 (ho)a(e) 620
= L(@)vevew + w(0,u” (ko)) Quw(§) —@(0, v (ko)) Qu(0). ’
This implies that we must have
w = [ = BKI(0.2)(0. 0" (ko)) Q)™ [E*(@)TIo(0) ~ 5KE(0,5) (0.0 () QD). (6.25)

Every v € N;-(0,) is thus uniquely determined by IIv(0) € R2. Conversely, let us fix a € R? and
define w according to (6.25) with ITv(0) replaced by a and Qu(0) replaced by as. Upon writing
v = Pw(0) + [I — Plw, the computations above can be repeated to show that v € N;-(0,@) with
ITv(0) = a. O

Let us now consider a constant 17 € [Nmin, Nmax] together with a function § € C'(R,R). As a second
step towards solving A(8,w) = f, we define an approximate inverse

ICP(0,@) : BY, (R, H* x H?) — BY,(R, H® x H*) " BC,(R, H* x H') (6.26)

by means of

E+5  pC+3
(2P (6, @) f /" /" peve K (8(¢'), @) fdC'dC. (6.27)
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The integrals are necessary to ensure that X*P*(6,©) is well-defined as a map into BY, (R, H® x H?).
Indeed, writing v = KjP*(0,w) f, we can use Cauchy-Schwartz to compute

2
JER W e e = ST IS IS pevelc O @A de
< & ff; T PV I (0(C"),0) s gz ACACdC.

Upon slightly extending the integration region and using Fubini to change the order of integration,
we obtain

+1 + +3 ¢ +3
JE O rosmnde < [ ST ] Ipev K (0.

-3 J¢
06277‘5‘ ||fHBY (R,H3x H?) *

AR S S

IN N

Note that a similar computation would have been possible in the presence of only a single integral
n (6.27). The double integral will however be needed in the sequel.
To turn this approximate inverse into a full inverse, let us analyze the remainder

Sim(0,@)f = A0, D) (0, @) f — f (6.30)
that is given by
[Sem(0,D)F16) = —v [ 1P6V5[’CL( (¢ +1),0) - K (0(¢), @) fd¢’
+EE IS 51(0,3,6, ¢ (6.31)

+f“2 f“Q T — Pye)|To(e) Mcevekyss(6,@, €, ¢, -)dC dC.

Here we have introduced

51(0,@,6,¢') = [Pae) = Pocen)]L(O(C), w)peveKy (6(¢), @) f
I = Po)) (0, (BEO() = BO(E))mpeveky (6(C), @) )
[I P@(ﬁ)](o Z —OA T_anOTrlpeV§+n (632)

KE0(),)f — K2 (0( +ny), @) f)]
+[Pe<a>Te<5> - Pa(<'>T9(<')]MCEVg’CnQe@/)L(@(C’),E)K#(H(C’),w)f

and

52(0,w,6,¢",€") = [Qocry — Qaen|L(O(¢), @)veve Ky (6(¢), @) f
+Q9(§ (0. (B(O(¢")) — B(O(¢' )))Wlpe%’cl(@
+Qo(en) L(0 (f) w)veve [ (0(¢"), @) — K3y (B(C
+Q9(5 (O Z] OA T—”Jk07r1peV§'+n
Ky (0(¢" +¢ —€),w) — K (0 ('€ —E+my),@)f).

Using a computation similar to (6.29) one may verify that Sy, € L(BY, (R, H® x H?)), but the size
of this remainder will in general be too large for our purposes. To control the size of Sy, we add
cut-offs to this operator and write

(’) w)f)
(" +&=8,w)f (6.33)

@D = =7 [ (0 +1) =0 pevelCy (B(C +1). ) — K (6(C), D) fal
SIS 50,36, ¢
+f5+2 f“z I — Pye)| Togey MceveCy[s5(0,@, €, ) + s53(0,@, &, ', -)]d¢d,
(6.34)
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in which

s1(0,@,6,¢) = x5(10(6) =0 Foe) — Poce)ILIO(C), w)pev Ky (0(¢"), @) f
10(¢) = 0(¢INI = Poce)1(0, [B(O(C)) — B(O(8))mipeve Ky (6(C"), @) f)
6(¢’

+ n]) oD — PG (Oa ;\/' 0 AJT—n]kUT"lpevg.t,_nj

+Xa(9
+X&(9
[KH(0(C) f — Kir (6 (C’+n; @) f])
+xa(|9() 9({)|)[P9(§)Te(§) Pe( NTo(c)
MCGVEICWQB(C’)L( ( ) ) ( ( /)v )f
(6.35)

The non-local cut-off s5'¢ is defined by

s5(0,w,€,¢,¢) = s2(0,w,£,¢,€) (6.36)

whenever ¢ — &| > £ and s3!° = 0 otherwise. By contrast, the local cut-off sk is defined by

s5(0,9,6,¢.€") = xs(10(8) = 0(¢))[Qacry — Qaen] L(O(C"), W)veve K (0(¢"), @)
+x5(|0(8") — 0(C )\)Qe(g)( [B(O(¢) — B(O(¢ ))]WlpeVgKL(H(C’)@)f)
+X<s(|9(<’)—9(C’+€ —§)I)Qe ) L(O(E"), w)veve
K5 (0(¢"), @) = Ko (0(¢" + €' — 5) w)lf

+X5(|9(C'+§’ €+ng)*9(é’+€’ Qe (0,370 ATy kg TPV 4
5 (0(¢" + & =€), @) = Ky (0(¢' + & — € +ny), @) ),

(6.37)
whenever ¢/ — &| < &, and s¥ = 0 otherwise.
Let us recall the following identity, which holds for every 1 € [Nmin, max)s
cevek,s3(0,m,€, () = cevokC, Ty s5(0,5,€, (', ). (6.38)
Using the fact that IC,. and K, agree on BC,(R,R), we may compute
cevelCyse(0,3,6,¢',)| < C|TVsge0,m,¢,¢,)
Minax
< CeMhax—éeo Tél)sglc(&w,ﬁ, ¢ )Hn (6.39)
< Ce Mmax—mMEeo enlél Hf||3y,, .
We hence find
||Sfm||£(BYTI(]R,H3><H2)) — 0(6 + 6_(77;1-&;(_77)660) (6.40)
as 0 — 0 and &, — oo, which allows us to define the full inverse
K (8.8) = K3 (0,01 + S5 (60.)) (6.41)

after fixing a sufficiently small § > 0 and sufficiently large &,.
We now proceed to find v € BC, (R, H? x H') that have A(f,w)v = 0 for some § € C(R,R) and
w € Q). As a preparation, let us write
E+(9,) : R* = BC,

Tmin

(R,H* x H')N BY,,,.. (R, H* x H?) (6.42)

for the linear operator induced by item (iv) of Lemma 6.3. This means that for any a € R? the
function v = E1(9,w)a solves A([¢],w)v = 0 and has IIT_ypevyv = a. We also introduce for
01,02 € C(R,R) and w € Q, the operator

£(01,09,@) : BC,(R,H? x H') — BY, (R, H* x H?) (6.43)
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that acts as
5(01, 0275)1) = [A((‘)l,w) - A(Gg,w)]v. (644)

To see that this operator is well-defined, one may use the representation

[5(91,92)1}](5) = 53(01,02,@, 6)’[} + [I* Pgl(g)]Tgl(g)MceVEIC&L(ol,92,5,‘)U, (645)
in which
53(01,02,w0,8)v = [Py, (¢) — Poy )] L(02(§), @) vevev
+[I = Po, (6)](0, [B(62(€)) — B(61(€))Impevev) (6.46)

+[Po, ) To, (6) — Poa(e) T (¢)| MceveOL (62, w)v
and

54(01,02,0,8)v = [Qo,(e) — Qoy(e)] L(02(8), w)vevev
+Qo,(¢) (0, [B(62(6)) — B(61(€))|mipevev). (6.47)

As before, we will need to put cut-offs on these functions. Let us write

$(01,00,D,v = xo,(101(6) — 02(€)|)53(01, 02, @, &)v,
2(91,92,00 v = xo,01(8) — 02(8)|)s4(01, 02,0, &)v, (6.48)

whenever €] < &, and s = s = 0 otherwise. Conversely, we write s31¢(6;, 02, @, £)v = s3(61, 02,@, £)v
and s§1€(0y, 0o, @, &)v = 54(01, 02,0, &)v whenever |£] > £, and s4¢ = s31° = 0 otherwise.
After applying these cut-offs to £, we obtain the operator

E(61,02,w) : BC,(R,H* x H') — BY, (R, H® x H?) (6.49)
that is given by
[£9(01,02,W)0](§) = [s5(01, 02,0, 6) + s§(0n, 02,0, Olv 1 B (6.50)
+[I — Py, (&)]Ty, ey Mceve Ky sy (01,02,W, ) + s4°(61,02,@, -)]v.
A computation similar to (6.39) now yields
1€<(, [9(0)]aw)”ﬁ(BCﬁ,(]R,H'A’le),BYn;nax(R,H3><H2)) = O( + e~ Umax=e0), (6.51)
After choosing dg > 0 to be sufficiently small and &., to be sufficiently large, we may define
E®(0,@) : R? — BC,,..(R,H? x H')N BY,,. (R, H® x H?) (6.52)
by means of
B0, @)a = [BL(0(0).3) — K(0.2)£°(0. [0(0)]. ) E*(6(0). D) (653)
[I — IIT_g(0)pevo (0, w)E(0, [0(0)], ) B (0(0),w)] '

By construction we have HT,Q(O)Egb(&E)a = a and A(A,)E(0,w)a = 0, whenever 10| is
sufficiently small to ensure that the cut-offs have no effect. We can now use these operators E8" to
define the final inverses

KEP(0,0) f = K(0,0) f — E*°(0,)IIT_g(0)pevo K, (0, D) f. (6.54)

Note that this choice ensures that the normalization condition (ii) in Proposition 6.1 will hold.

44



The definition (6.53) is somewhat awkward to use in computations. However, we can use (6.54)
to construct a more convenient alternative for the operators £%"(6,@). Indeed, let us consider any
0 € C(R,R) and W € Q. For any a € R?, we introduce the function

[0, @)al(€) = [s5(0,[0(0)], @, &) + s§(0,[0(0)], @, )| E(6(0 ),0)a .
[I Py(e)|Ty(e)MeeveK[si (6, [0(0)], @, ) + s§(0, [0(0)],@, )] E+(6(0), 0)a
@[ = Py(e))(0, 05 7T1peVg)El( (0),0)a
[I Pg(f)}T@({)MCGVgKQg(g/ w((), 1pev§,)El(9(O), 0)(1
(6.55)
Using the fact that
E+(9,0)(a1,a2) = a1 Tyufy + asTyuy, (6.56)
it is not hard to see that for any a € R? and any 7 € [Imin, Tmax] We have
E°(,w)a € BC, (R, H® x H?). (6.57)
In addition, if |6'(§)| is sufficiently small for all £ € R, then by construction
A0, D) E*(0(0),0)a = £4(0,@)a. (6.58)
We may now write
EP(0,0)a = E+(6(0),0)a — K&P(0,w)E¢(0,w)a. (6.59)

This construction ensures that the normalization condition (ii) in Proposition 6.2 holds. The next
result shows that the operators E%"(6, @) capture all solutions of (6.1) with f = 0, provided that
[16']| . is sufficiently small.

Lemma 6.4. Consider the linear system (6.1) and suppose that (Hg), (HF), (HD) and (HL) are
satisfied. Fixz a sufficiently small € > 0 and choose a sufficiently small open set 0 C R with 0 € Q.
Then for any 0 € CY(R,R) that has |0/ (€)| < € for all £ € R, the set

NEY(0,w) = {v € BC,(R,H? x H') | A(,w)v = 0} (6.60)
is two dimensional for all N € [Mmin, Pmax]-

Proof. Fix any 1 € [Nmin, max] and @ € Q. Consider any § € C1(R,R) that has (0) = 0 and
|6'(€)| < € for all £ € R. For any integer j € Z>(, we write

| 0(¢) for ¢ € [—4, 4],
09 (¢) = $ 0(4) for £ > j, (6.61)
6(—j) for € < —j.

For any integer ¢ € Zs( and operator E € L(R? BC,(R,H? x H'), we introduce the following
properties.

(I1) For every a € R?, the identity IIpev,Ea = a holds.
(I12) For all a € R? we have A(0Y),©)Ea = 0.
(I3) Any v € BC,(R, H? x H') that has A6, @)v = 0 must satisfy v = Ellpev,v.
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We will inductively construct operators Ey : R* — BC, (R, H?x H') for all integers ¢ > 0 that satisfy
(I1) through (I3). Lemma 6.3 guarantees that the choice Ey = E1(0,w) satisfies these properties.
Let us now consider for j > 1 the linear problem

E=E; - K0V 5)EOW, 00V 5)E, (6.62)

in which we take E € L(R? BC,(R, H* x H')). One may easily verify that if E;_; satisfies (I1)
through (I3) with ¢ = j — 1, then any solution E of (6.62) will satisfy these properties for ¢ = j.
Notice that

E(OD, 0971, 0) (8o, (212 x 1), BY, (R 13 % 12)) = O(€). (6.63)
After choosing € > 0 to be sufficiently small, we can hence write
Ey=[T4+ K0V, 2)E0W, 0V 0)  E,y, (6.64)

which completes the construction of the operators {Ey}e>o that satisfy (I1) through (I3).
Now, suppose that for some nonzero v € BC, (R, H? x H') we have A(f,w)v = 0 but IIpevyv = 0.
On account of (I1) and (I3), we must have

v=K,09, )09, 0,z (6.65)

for any integer £ > 0. Notice that s3(6(9),8,£) = 0 for all [¢] < £, while an analogous identity holds
for s4. We hence find the bound

£(0“, 9aw)L(BC,,(R,H?le),BYn;;‘ax (R,H3x H2)) = O™ (hmax—t) (6.66)

as £ — oo. This implies that for some constant C' > 0 and all large ¢ we have
”UHBCW;;,M (R,H2xH1) = Ce™ (w4 ||U||Bc,,(R,H2xH1) J (6.67)
which implies v = 0 and completes the proof. O

For future use, we define the shorthands

E8(0,w) = £°(0,w)(1,0),

E5(0,) = £°(0,w)(0, 1). (6.68)
Inspection of (6.55) and (6.56) shows that for i € {1,2} and any 1 € [min, Pmax] We have
150 @)l 5, k. rr2x2) = OB + €77 + [3]) (6.69)

as dp,w — 0 and &, — co0. We are now ready to provide the proof of the main results of this section.

Proof of Proposition 6.1. The operators K8 have been defined in (6.54). Statements (i), (i) and (v)
follow directly from this construction, while (iii) is a consequence of Lemma 6.3. To see (iv), let us
write w = K(01,@1)f — K(02,W2) f and estimate

||w||BYn3 < H[]CaPX(017wl> —K:apx(eg,wg)][f—‘y-srcm(el,wl 1fHBY

G )T + S5 1@ — 1+ St (02,2 iy, - T

Let us consider h € BY,, (R, H® x H?) and write z = [K**(6;,w1) — K*P*(0y,ws)]h. In view of item
(iii) in Lemma 6.3, we obtain the estimate

Ol = [ I pevel (010,310 — KA (02() THlAC |
JEE7 07 Cal16a(¢) = 62 + @1 — el e ¥l by, dcrdg  (6.71)
Coemlé I ||91 = s, + [w1 — @2 [V ||| 5y,

IN A
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This shows that
12l 5e,, @ m2xay < C2[ 101 = ball,, + @1 — D2l | [Pl py, , m.mroxrre) - (6.72)

An analogous computation involving an application of Fubini as in (6.29) shows that Hz||BYn3 (R,H? x H2)
shares this estimate. In order to bound the second line of (6.70), we write

A= [+ 85,(01,01)] 7" = [I + Su(f2,2)] (6.73)
and observe
A = [I 4 S5, (02,w2)]H[SEn (02,@a) — SE, (61, @1)][I + SEn(01,@1)] 7 E (6.74)
Inspection of (6.34) shows that we may use a similar computation as above to compute
185 (02, W2)w — S5 (01, @1 )wl gy, < CI101 = b2ll,, + @1 — @2l | lwll gy, 2 moxs) - (6-75)

We thus see that the estimate (iv) holds for the operators K. The constructions in (6.53) and (6.54)
ensure that (iv) carries over to the final inverses K&P.

Finally, the smoothness property (vi) can be established using the representation (6.70) together
with the smoothness of (0, ©) — K (#,). Very similar arguments can be found in [53, Lemma 2.5
and in [56]. O

Proof of Proposition 6.2. The results follow from Lemma 6.4 and the construction of £ in (6.59).
O

7 The Center Manifold

In this section, we set out to construct a center manifold for the system (4.47) and prove Theorem
4.5. This construction will proceed in three steps, which we roughly outline here in simplified form.
In the first step, we will fix a function h : R® — H? x H! and assume that solutions to (4.47) can
be written in the form

v(€) = a(§)Tyeyuo + B(E)Toeyur + h(a(§), B(8), 0(£)), (7.1)

for R-valued functions a, § and 6. Plugging this Ansatz into (4.47) will allow us to derive a differential
equation for the triple («, 5, 8). This equation will turn out to be a functional differential equation
of mixed type. Using techniques developed in [32], we will see that for each suitable h, the functions
a, f and 6 are uniquely determined after fixing values for «(0), 5(0) and 6(0).

In the second step of the construction, we will consider the identity

pevyu = peVOEgb(H,E)HT_g(O)peVOU + pev ke (0, B)RE(6, v, @). (7.2)

In view of the previous step, the right hand side of this equation will depend solely on «(0), 3(0),
6(0) and h. Plugging the Ansatz (7.1) into the left hand side of this identity, we uncover a fixed point
equation for the function A that will admit a unique fixed point h*. Establishing that the Ansatz
(7.1) with h = h* indeed captures all sufficiently small solutions to (4.47) will be the final step in
the construction of the center manifold.

Throughout this entire section, it will be a standing assumption that the conditions (Hg), (HF),
(HD), (HL), (H71) and (HT2) are all satisfied. In addition, we fix two constants 0 < Nmin < Mmax
and an open set 2 C R with 0 €  in such a way that the results in Lemma 4.3 and Propositions
5.1, 6.1 and 6.2 all hold. Unless explicitly stated otherwise, the inner products that appear in this
section are those defined on H' x HY.
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We start our analysis by introducing the domain Ds, C R3 given by
Ds, = [—20,,28,] X [—26,,28,] x [0, 27], (7.3)
together with the function space
Hs, = {h:Ds, — (H*)" 2 x H' | [p(9") — h(¢?)| < |9 —?| and [A(¥)] < 6.}, (7.4)
equipped with the norm

[7lloe = sup [R(V)] g2yvs2y g - (7.5)
Y€Ds,,

Throughout the sequel, we will use the notation ¢ = (Y, %s,1%) for vectors 1 € R3 and ¥ =
(U, ¥, Vy) for functions ¥ € C(R,R?). We modify the Ansatz (7.1) slightly and look for functions
v € C(R,H? x H') that satisfy

vever = Wa(§)Tw, (e)upl + ¥ (§) Tw, il + h(¥(E)), (7.6)

for some ¥ € C(R,R3) and h € H;,. To accommodate this way of writing v, we introduce the new
cut-off nonlinearities

G(¢, h) = X6, (1%, )| )G (v, Ty [atty + pui] + pevoh()),
HC(CV£\I/9) = X59(|CCV§‘I/9|)H(CV5\I/9), (7 7)
Ve(eveWo, b, h) = Xxs,(|ceveWol)xs, (|(Yas¥p)l) '

V (9, Ty [0auf + Pgui] + pevoh(y)).

In view of (7.6) it should be clear how the expression pevyh in the definitions above should be
interpreted. Note also that the cut-offs ensure that these expressions are well-defined even for
), ¥(§) ¢ Ds,. Throughout this section it will be a standing assumption that ¢, < dy. For quantities
a and b that depend on these cut-offs dy and d,, we will use the notation

a<,b (7.8)

to express the fact that there exists a C' > 0 that does not depend on dy and J,, such that a < Cb
holds for all g < 1 and d, < 1. Note that for 1!, %? € Ds, and h', h? € H;, we have the bound

|Algzywiasan Ss [97 = ¢+ [0 = 12| (7.9)
for the quantity
A = Ty [hul + whw]l + A () — Ty [w2u) + hull — h2(42). (7.10)

Using the estimates in Lemmas 4.1 and 4.2 and computations similar to those in the proof of
Lemma 4.4, we obtain the estimates

|G, 1) s e 2 <« 0,
|Ge(WhBY) = G2 0| o e e Ou |01 — 2| + 6, ||BE — B2
[H(eveWo)l sy gy <. &2,

|He(eveWg) — He(eve U} <

(7.11)

)’H3><H2 <« s ‘ev@llé - eV&‘I’g‘Rwu ’

which hold for all h, k', h? € Hs,, ¥, ¢, 9? € R3 and ¥, ¥!, U2 € C(R,R?). It is also not hard to
see that
|Vc(eV£\IJ71/)7h)| <s 61)3
[Ve(eveWg, ¢t hY) — Ve(eve W3, 92 h2)| <. |eveWj —eveW3| v, + |08 — 92|+ ||ht — B2
(7.12)
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Let us also define, for ¥ € C(R,R?) and h € Hs,, the function

Quy(e)G(V(8), h) + Quye)H (eve V)
V< (eveWo, W(E), ) [QMeeveW + QL(@)[¥a(§)upl + ¥a(¢url]

+Qw,(e) L(¥a(§),W)h(¥(E)) + Quye)G(Y(E), h) + Qwe(g)HC(eVg\I’e)],

S(W, h,w)(€)

(7.13)
together with
(P, h,w) = KSE(U, h,w). (7.14)
We obtain the estimates
|5°(¥, h,w)(E)] <o (6s+09)?,
|S¢(U, Y, w)(€) — (W2, h2,w)(€)] <« (6u+dp)[|e VExIJ — eve U7 (7.15)
+|“I“1 (©) - ¥ + - 1] ).
We are now ready to introduce our final nonlinearity
R, hw)(E) = [ = Puye)G(¥(&)h) + [I = Py, H(eveWy) — Ty, ) (0, ' (ko))

+[I — P\Ilg(f)]T‘llg(f)MCEVEGIC\IL(\IJ7 h,w)
—P\pe(g)vc(eV§\P0, \I/(f) h) |:T\p9( )MCGV&‘I/Q + G(’(\I/(f), h) + HC(eV€\I’9)

FL(W(8), W) Tw,(6)[Va(E)upl + Wp(§)uil] + L(Wp (), @)A(P(E)) |-

(7.16)
Using (7.11) and (7.12) we obtain
|RC(\P? hvw)(&)‘HSXHZ’ <« |w| + (51; + (5(-))2,
[Re(w, ht\ @) — Rc(qﬂ’hQ’w)HBCn(R,H&H% <o ([@] 400+ ) [0t — ||BC ®rs) (7.17)

+(8, + do) ||p* — 2.

Consider an 1 € [Numin, Nmax), fix a function ¥ € BC, (R, R3) together with a map h € Hs, and
write ¢ = ¥(0). Let us introduce the function w € BC, (R, H* x H') N BY, (R, H® x H?) that is
given by

w = E(Vg, @) (e, V) + K (Vg,@)R(T, h,@). (7.18)
In addition, we introduce two functions «, 8 € BC,(R,R) by way of

(a(£),B(8)) = Ty, ¢)pevew. (7.19)

Now, let us suppose that |[¥p| < €, with € as introduced in item (i) of Proposition 6.1. We then
have A(Vy,w)w = R(¥, h,w), which allows us to compute

=g, up)a’(§) = =YY (Tw, ) ug, w(§)) + (T, e up, —79cw(§))
= V() (Tw, e ug, w(b))
<T\pe(§)u0,peV€R (¥, h,w)),
—y{u,unfE) = =y Yp(&)(Twy e, w(€)) + (Twy(eur, —70cw(S)) (7.20)
= _7\11/0(£)<T\1/9($ ula (€ '

)
)
+<T\1,9(§)111, [I P‘I’9(§ L( ( ) _)vevgu)

+<T\pe(£)ul, [I - Plllg(f Tq, (@MCEVg’CQ\ye(& )L(\I/e(f ) )VEVg/’u)>
+<T\p9(§)u1,pevg7€c( h w)>

)
)
]
]
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On the other hand, still under the assumption that |||l < e, item (iii) of Proposition 6.2 implies
that for any pair &y,& € R we have the identity

peve, s ew = peve B (T W, @) (&), B(E0)) + peve K (T W, m)R(TV W, h,w).  (7.21)
We recall from (6.68) that for any § € C(R,R) and a = (a1, a2) € R? we have
Ee*(0,w)a = Tyoyarupl + Tyyaou 1 — a1 K& (0, 0)EF (0, W) — axKe(0,w)E5(0,w),  (7.22)
together with the bounds
I€5(0.9) | pe, (.11 x 12y <= G0 + €75 + @], (7.23)

for ¢ = 1, 2. Plugging (7.21) back into (7.20), we find the differential equations

—v(ug,up)a’(§) = —y¥y(§)(ug, a(§uy + B(ur)
_7\119(6) T\Ilg(f)u07wl(\:[l h w)({) +W2(\Ijvw)[avﬂ}(€)>
<T\p9(§)u6,pevg7€ (¥, h,w)),
—y(u,up)f'(§) = —’Y‘I" (§)(uy, ( )uo+ﬂ(€) 1)
+(ug, a(§) L(w )uol+ﬂ(£) ( Juil '
+MeceveKQ[a(§") L(@)upl + B(E) L(@)ui1])
<T‘I’9( yut, [pevf + T‘I’e(i)McevﬁKQ‘l’e )]
W3 (¥, h,w) + Wi (¥, @), B]])
<T\P9(§)ulapeV§R (lI} h7w)>
Here we have introduced the notation
WU, h,T)(E) = peveKE (T W, )T VR, b, ),
Wa(¥,@)[a, B](€) = —pevofcgb< T, D) [o(€)E5 (T, “%, ) + BEESTN e, )],
Wa(W,h,@)(€) = L(Te($), >vevOicgb<T<”\If w) DR, h, @),
Wi(W,@)[a, B](€) = —L(¥p(€), >vevOzcgb<T<”%, >[ (©)&s <T“>%,w> + BO)ES (T W9, ).
(7.25)

Let us emphasize here that there are no cut-offs on « and 3 in (7.24).

Lemma 7.1. Fiz 1) € [Nmin, Mmax)- Choose dg sufficiently small and ., sufficiently large. Consider
any ¥ € BC,(R,R3) that has |V'(£)| < € for some sufficiently small €, that depends only on &g
and &co. Then for each pair (ag, Bo) € R? and every sufficiently small w € R, there exists a unique
function (o, 3) € BC,(R,R?) that solves (7.24) and has a(0) = a and 5(0) = [o.

Proof. Let us first write ® = (v, §). Observe that (7.24) has the form

—y®'(€) = [Lo®@](§) + [L1®](£) + f (&), (7.26)
in which we have f = (fa, f3), together with
[Lo®](€) = (0, (ur,ur) ™ {uy, B§)L(0,0)us1 + Mceve KQB(E)L(0,0)u; 1)) (7.27)
and
L1l (o, mmey) <« 00 + 7 +[@] + e (7.28)

Let us remark here that L(0,0)ujp = 0 and

L(0,0)u;1 = —T(0)u; = 77(0)ul. (7.29)
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This means that solving —y®’(§) = [Lo®](£) + f(&) is equivalent to solving

—y(u,wp)'(§) = B(§) (w1, T'(0)up) + MeeveKA(E) QT (0)ug + f5(6). (7.30)
Introducing an auxiliary variable 6, we find the equivalent system
—0'(€) = QMeeved + H(E)QT(0)uj, (7.31)

—y(u,u)f'€) = BE){ur, T'(0)up) + (ur, Mceved) + f3(S)-

To find a characteristic equation, we substitute the Ansatz (0, 3)(¢) = e*¢(0o, Bp) and find, using
the calculation in (4.34) and (4.35) together with (ui,uf) =0,

QT(Z)u’ _QT/(O)U/ 9, B
(et st oy ) () =0 (7:52)

We thus conclude that the characteristic function A(z) is given by
A(z) = —yz(u1,w)QT (2)ug — (w1, 7'(0)uy) Q7 (2)ug + (ur, 7 (2)uy) QT (0)uy,. (7.33)

Using (H72) we now see that for 7 € [Imin, max], there exists IC7(71) : BC,(R,R) — BC,(R,R?) such
that for every fz € BC,(R,R) and (6o, 50) € R?, the function

(6, 8)(€) = (00 + Bo€. Bo) + K f2](€) (7.34)

solves (7.31) and has 6(0) = 6y and B(0) = (. This operator can in turn be used to construct
a map IC%Q) : BC,(R,R?) — BC,(R,R?) in such a way that the equation —y®’(§) = [Lo®](&) +
f(€) supplemented with the initial condition ®(0) = ®, € R?, has a unique solution in the class
BC,(R,R?) that is given by ® = ® + K2 f. Finally, for sufficiently small §y and @ and sufficiently

large .o, we may define the map IC,(73) : BC,(R,R?) — BC,(R,R?) by means of

KB =1 -KP LK. (7.35)

It is not hard to verify that (7.26) is solved by
D=0y + KPP L1021+ KD f, (7.36)
which completes the proof. O

We now augment the system (7.24) by appending the following equation for 6,

A€ = QMeeved + QL@)[(€)upl + H(E)m 1] (737
+Q\I’0(§) [W3(\I/’ h’7w) (5) + W4(\Ij7 w) [Oé, ﬂ] (5)] + SC(\ij hv w) (f) '

Our goal here is to find solutions to (7.24) and (7.37) that have («, §,60) = ¥. Before we can do this,
we need to add cut-offs to the W operators. We write Wi = W,;, W5 = W5 and introduce

W5(0,@)(€) = —x5,([(Tal€), Us(6)))peveke (T W, m)

[Wa(€)ES(T, <”%,w>+ <f)€2<T< vy, @),
o b1 (7.38)

Wi(,w)(§) = —xo,([(¥a(§), a(E))L(Ve(E),w)vevoKe (T Wy, )

[%(f)ef(T(”%,m + Us(&)ES(T g, @ .
We proceed to study the system

_7\1151 = Ri,a(\l”h’w)a
=, = L@V + RS 5(V,h,w), (7.39)
= = Le(@)V + RS y(V, h,©).
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The linear parts of this equation are given by

[Ls@)P](&) = (ur,u) H(ur, L@)[Pa(§)upl + Us(§)uil])
+{uy,uy) " Huy, Mceve CQL(@W) (Yo () upl + ¥ )uil)), (7.40)
[Lo@)V](§) = QMceveVWy+ QL(@)(Ya(&upl + ¥a(&)uil),

while the nonlinear parts are defined by

(uh, up)RE o (U, h, @) () = [LG@)Y + RS 4(T, h,w)]xs, ([(Pal§), ¥s(8))] ) (ug, Ta(&)ur)
FLG@)Y + RS (¥, b, @) (T, (¢ u07W1( h,w)(§) + W5 (¥, w)(€))
(Tq,e(g)uo,peng (U, h,w)),
(ur, u)RE 5(U,h,B)(€) = [L5@T + RS o(T, h,@)]xs, ((Tal8), Us(€))])(uy, Tal)up)
FILG@) + RE (W, 7, W) (T ()0, WE (P, b, )(E) + Wo (W, W)(€))
(T, () ur, [Pevs + Ty () MceveKQu, ()[[W5 (T, h, ) + Wi(V,©)])
+(Twy(eyur, peveRE(Y, h,w)),
(7.41)
in which
[L5@)P](E) = xo(|ceveWo|)QMceve Wy (7.42)
x5, ([(Pa(§), Ws(5)))QL(@) (Vo (§)upl + ¥p(§)usl). '
Using Proposition 6.1 and (7.17) we find the estimates
(WL, by @) ()] g1 110 <o [@]+ (00 +0p)?,
V(R 21 @) = Wi (92, 0%,8) || g, mosemoy S (8] + 80+ 60) 01 — @2 (7.43)
+(8y + dg) ||p* — 12|
The same estimates hold for Wg. In addition, we obtain
WE(0,D)(E) 71,70 e 0ol + @] 7). (7.44)

[Ws (0!, @) — Ws(92,m)

vt w HBCU(]R,HleO) <o By +0g + [@] + €M) @ — \IJQHU

and note that these estimates are shared by W§. Applying these estimates to (7.41), we find

Ro(W,h w)(ﬁ)‘ <. [+ (80 + 5g)2 + SpeMeo,
RS (W1 ALB) = RE (U2 023) | <o (400 40, + ) [0 -] (745)
n
+(6y + 8g) ||t — R

In addition, we have

RS o (W, h,@)(6)] <v [@] 4 (0, 4 d0)?,
RE (U1 @) = RE (U202 @)|| <o (@] +dp + 0,) |9 — 02| (7.46)
+(8y + 09) ||n* — h?|| .
Finally, using the identity ceveC = ceVOICTS(I), we find
RE (2. h)(E)| <o (@] + (8, +09)% + S,
[Re (W1 1Y) = RE (W2, 12)|| < (1] + 00 + 6, + e [0t — w2 (7.47)
n

+(8, + dg) ||t — h?||.
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Using (7.29), the linearization of (7.39) around ¥ = 0 can be written in the form

—’Y\I// = LO\If + Ll\I/ + f, (748)
in which f = (fa, f3, fo) and
[Lo¥]a(§) = 0O,
[Lo®s(§) = (u,ur) ' [B(E)(ur, T'(0)up) + (wr, MceveKA(E)QT (0)up)], (7.49)
[LoW]p(§) = QMceved + B(§)QT'(0)uy,.
The operator L satisfies the bound
L1l 2B, momsy) S 0o + e + [w] . (7.50)

Observe that solving —yU’(§) = [Lo¥](&) + f(&) is equivalent to solving

(5 = fa(§),
—P5(¢€) = (ui, uy) 7HB(E) (a1, T/ (0)up) + (uy, Mceved) — (g, MceveK fo)] + fa(€), (7.51)
=€) = QMcevet + B(§)QT'(0)uy + fo(§)-

It is important to note that the map fg — MceveK fy is a bounded linear map from BC, (R, R) into
BC,(R,R) for € [0, max]. Indeed, for any such n we have

e el ceve K f | e MEl ’cevoiC
e~ el
e nl¢l ||]C||

1K

T(l)f‘

TNlmax = €
1
TV f

7]

IN

TImax

TImax (752)

IN

Tmax

171,

Now, as in the proof of Lemma 7.1, (H72) implies that we can construct for 7 € [Nmin, max] and
w € €, a linear operator

IN

TImax

Kt (@) : BCy(R,R?) — BCy(R,R?) (7.53)
that has pev,Ks'(w) = 0, such that for any f € BC,(R,R?) and any ¢ € R?, the function
W) = B @) + K @) (7.5

is the unique solution in the class BC,(R,R?) of (7.48) with initial condition ¥(0) = ¢. Here we
have

[EC@)Y)(E) = (Yas Y, Yo + Edp) + peve Ko (@) Li (Yo, g, Yo + E'p). (7.55)
Let us now consider for 1y € R3, h € H;, and @ € €, the fixed point system
U = E® @)y + K5 (@) RV, h, D). (7.56)

After adjusting the parameters dg, 0, and .o, the right hand side of (7.56) becomes a contraction
on ¥. We hence obtain the following result.

Lemma 7.2. For all sufficiently large £, and sufficiently small 09,9, and |@|, the fized point equa-
tion (7.56) posed on BCy(R,R®) has a unique solution W = W* (1o, h,) for every n € [Mmins Mmax) s
th € R3 and h € Hs,. These solutions satisfy the property

T (4, h, @) = (0 (4, h, D) (€), h, D) (7.57)
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for any € € R and ¢ € R3. In addition, we have Lipschitz estimate

H\II*(wlahlaw) - \I’*(w27h27w)||n <« wl - ¢2’ + (61) + 69) th - h2H : (758)

Finally, if h € Hs, NC*(Ds,, H? x H') for some integer 1 < £ < r—3, then for any n € ((Mmin, Mmax)
the map

(1, @) — U* (1, h,w) € BC,(R,R?) (7.59)
is C*-smooth. Here we have recalled the integer r appearing in (Hg).

Proof. The existence of ¥* follows from the estimates obtained on R¢. The identity (7.57) follows
from the uniqueness of solutions to (7.56). The Lipschitz estimates follow directly using the fixed
point problem (7.56) that U* satisfies. The smoothness of ¥* can be established using the fiber
contraction mapping principle developed in [56]. For more details we refer to the center manifold
theory that was developed in [32] for functional differential equations of mixed type. O

Note that we have now completed step one of the process outlined in the introduction of this
section. Moving on to step two, we proceed to set up the fixed point system for the map h. For
1 € R3, we write E+1) to denote the function

EL?# = waTweulol + ¢ﬁT¢9u1- (760)
Let us fix @ € Q and 1 € [Nmin, max)- For any ¢ € Ds,, we wish to have

vevo Bl + h(1h) = vevoEE(U}(4h, h, @), ) + vevokE (W5 (¢, h, @), @)RE(V* (¢b, h, @), h, @).

(7.61)
This can be reformulated as the fixed point problem
h = F(h) (7.62)
in which
FR) (W) = —tavevoKe>(V5(v, h, @), )5 (V5(¥, h,w),w)
—vevo KB (W (1, h, ), @) E5 (W5 (1, h, ), ) (7.63)
+vevo e (U5 (1), h, W), w)RE(W* (¢, h, ), h, )
Notice first that for any 1 € Ds, we have
[F(R)(@)] <v 60(do + [@] + e + [@] + (8, + d)*. (7.64)
In addition, for ¥',9? € Ds, we may estimate
[FRD@Y) = FE@D)] <o [ + 8+ 2] + e7e] [ 1 — 92| (1.65)
+(5U+59)||h1—h2| . ’
Let us now introduce the requirements
o < &
e Mo = 65/,4 (7.66)
Oy 0y
This leads to the simplification
|7 <. & (7.67)
|F(BD @Y = F(R2) (2] <. Vo [0" —¥2| + g ||t — 12|
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By choosing dp small enough, we can hence ensure that F maps into H;,. In addition, we can ensure
that we have the bound

|70~ F 02 < 5 ||t w2

|, (7.68)

which shows that the fixed point problem h = F(h) posed on the space Hs, has a unique solution
h* = h* () for all sufficiently small @.

The scalings (7.66) have a further important consequence. In particular, fixing 1 € R® and
writing ¥ = U*(¢, h,w), note that

Wy =g + KyQL@)[Ya(upl + Ws(O)url] + LyRE (¥, h, D). (7.69)
Let us now suppose that
[(Tn(£), Tp(&))] < 0, for all € € R. (7.70)
Then we find that
[Wo (&) — vl <. €™ls,,, (7.71)
which implies that for all £ € [—&co, &co|, we have

Wy (€) — by| <, €06, = 65" /\/59 = 55/ (7.72)

This shows that by choosing dy to be sufficiently small, we can ensure that all the cut-offs involving
Uy are automatically satisfied whenever (7.70) holds.

We are now ready to move on to the final step of our program. The next result shows that small
solutions of (7.39) with h = h*(w) can indeed be lifted to solutions of (4.47).

Lemma 7.3. Fiz an @ € Q and suppose that for some 1) € R3, the function ¥ = U* (¢, h*(w),w)
satisfies

[(Wa(E), Us(E))] < 0y (7.73)
for all € € R. Then the function
w(§) = Vo (&) T, + Y5(§)Tw, () + pevoh™ (U (€)) (7.74)
satisfies (4.47).
Proof. Introduce the function v € BC, (R, H? x H') via
v =E(Vg,w)(Ya, ¥p) + K (W, 0)R(T, h* (@), ) (7.75)
and define ¥ € BC, (R, R3) by

T () = (IT_g,(e)pever, To(E)). (7.76)

In view of the remarks above, we note that |||l is sufficiently small to ensure that the pair
(¥, Ug) satisfies the equation (7.20). However, by construction the pair (¥, ¥3) also satisfies this
equation. Using Lemma 7.1 we conclude that ¥ = W. We may therefore compute, for any £ € R,

vevew = vevoEE (T We, )W (€) + vevoke (T W, w)RE(TL VW, h*, )
= VeVQEgb(\I/;(\IJ(g)7h*,@),@)‘y(f)
+vev KB (W3 (W(€), h*, @), 0)RE(U*(W(€), h*, @), h*, @)
= vevoETU(§) + h*(¥(€)),

(7.77)

in which we have used the shorthand h* = h*(@). We hence conclude that v = w, which shows that
w indeed satisfies (4.47). O
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To complete our program, we need to show that any sufficiently small solution to (4.47) can be
written in the form (7.6). This is established in the next result.

Lemma 7.4. Suppose that for some @ € Q the system (4.47) admits a solution (0, v.) that has

04 (E) 2 < T8, (7.78)
for all € € R. Then upon writing
U (€) = (T, (e peveua, 0. (£)), (7.79)
we have
v.(€) = pevo XU (€) + pevoh™ (@) (¥ (€)) (7.80)
for all € € R.

Proof. Let us first note that for any fixed § € C(R,R) and @ € €, the fixed point system
w = B8 (0,3)¢ + K& (0, m)R°(0, w, ) (7.81)

has for every ¢ € R? a unique solution w = w*(0, ¢) € BC, (R, H? x H'), due to the estimates in
Lemma 4.37. We will write these solutions as

w*(,0) = B*(6,0(0)) + w; (¢, 0) (7.82)
and introduce the operator h : [—23,,28,]? X BC,(R,R) — (H*)N*2 x H' via
h($,0) = vevow} (¢, 6). (7.83)

A computation involving item (iv) of Proposition 6.1 and Lemma 4.37 shows that h depends Lipschitz
continuously on its two arguments 6 and ¢, with a Lipschitz constant Lg that behaves as

Lg <. [@| + 6 + 6y + € 5. (7.84)

Let us now consider for ¥ € BC,(R,R?) the map ﬁc(\lljz, ) which is defined precisely as R€ is
defined in (7.16) with (7.7), but with each occurrence of h(¥(&)) replaced by h(¥, (&), ¥s(£), Tg(l)\lfg).

Similarly, we introduce ﬁi which is defined exactly as RS, but with each occurrence of R¢ replaced
by R¢. Let us now consider the equation

AU (€) = Ly T(E) + RE(D, D). (7.85)

The estimates derived in this section for RS all carry over to ﬁi up to constants that do not depend
on &, 69, £co and w. We may therefore conclude that (7.85) has for each 1) € R a unique solution
U* () € BC,(R,R?) that has pevyW* () = 1. Let us now introduce the map hy € H;, via

() = B, g, V() (7.86)

which is well-defined after sufficiently decreasing J,. Let us choose ¢ € D5, and write ¥ = \Tl*(w)
Due to the identity

T (1) = B (pev U (1)) (7.87)
we see that

h(Wa (), 0s(6), TN Wg) = h(Wal€), Ws(€), U ((€))) = ha (T(E)). (7.88)
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This shows, by uniqueness of solutions, that U* (¢, hy,w) = \TJ*(w) for all ¢y € D, .
We now turn to the solution (64, v,) of (4.47). For every £ € R we must have

vevew, = vevo EL U (€) + A(W (), 9 (€), TV w ). (7.89)
By construction, this implies that ¥(*) satisfies (7.85). We hence must have
1 v I * v * v —
THW = (1)) = v (U (€), b, D) (7.90)

for all £ € R. Now, let us consider any ¢ € Dj;, that has ¢ = ¥ (&) for some & € R. We may
compute

vevoELy + hi(v) = vevoELty + h(z/;a, V3, \I/;(Ql))l
= vevoE1 + vevow; (1/)0“ Vg, U (¢))
= vevo B + vevow; (va, g, Ty, W)
= vevo B (T{DWS) 0) (e, ¥5) + KE (TP WS ) RAUTL 0, TV v, @)
= VeVOEgb(\Pz(w’ hlﬂw)v w)(djou Z/)B)
+KE (W5 (1, ha, @), )R (W* (), ha, @), by, @)
(7.91)

and hence for any such ¥ we have

hi () = F(h1) (). (7.92)

This immediately implies that also U*(¢, hy,w) = U*(¢, F(h1),w) for all such ¢. This allows us to
conclude that for any integer n > 0 we have

F(h1) (W) = ha (), (7.93)

where F(™ denotes the n-th iterate of F. Since F is a contraction mapping, these iterates converge
to h*(@), which allows us to conclude that (1)) = h*(@)(x) for all ¢ € D5, that have ¢» = U(¥) (&)
for some &y € R. This completes the proof. O

Before we start to calculate the flow on the center manifold, we need to study in what fashion
the smoothness of the original nonlinearity g, carries over to the map h*.

Lemma 7.5. Recall the integer v appearing in (Hg). The function h** : D5, x Q — H? x H' given
by

R (Y, @) = h*(@)(¢), (7.94)
depends C™3-smoothly on its arguments.

Proof. Let us first note that Lemma 7.2 in conjunction with Propositions 6.1 and 6.2 shows that for
any h € Hs, N C"3(Ds,, (H?)N*+2 x H'), we also have

F(h,@w) € C"3(Ds,, (H*)NT2 x H'). (7.95)

Let us introduce for integers £ > 1 the function spaces
HS, = {h € C'(Ds, x Q(HNT2x H') | |hllce < 60} (7.96)
We recall that the fixed point argument on the space Hs, relied crucially on the fact that the linear

part £+ on the left hand side of (7.98) was not included in the mapping h. The same trick can
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be used to obtain the desired higher order smoothness. For any ¢ < r — 3, let us therefore write
E(Jé) (v, w) for the formal Taylor expansion of

B (U5 (0, h,0), @) + K& (U5 (¢, h, @), 0)R(¥* (¥, h, @), h, @) (7.97)
in terms of ¢ and @, up to order £. We can then study the equation

VeVOE(JE)(wyw) + he(w7w) = VeVOEgb(\ps(w7hvw)7w)¢

+vevoKeP (U5 (4, h, @), W)R(U* (¢, h, @), h, @), (7.98)

in which we use h = hy + E(JZ) — E+. We may subsequently set up a fixed point argument in the

space Hf;v to find hg, but we omit the details here. By uniqueness of fixed points, we must have
W @)(¥) = Ey (¥, @) — B4 + he(4), which completes the proof. O

Let us now take a closer look at the system
=y (&) = [LoP](£) + RU(Y, 1" (@),w) (). (7.99)
The advanced and delayed terms in this equation can be eliminated by using the substitution

V(o + &) =V (¥(&), h" (@), @)(&), (7.100)

which on account of Lemma 7.2 does not affect the set of solutions in BC, (R, R?). This allows us
to reduce (7.99) to the ODE

=V (&) = f(¥(£),0), (7.101)

for some f = (fa, fa, fo) : R® x R — R3.
We set out to study f, in greater detail. Let us write h* = h*(@). Inspection of (7.63) shows
that for any ¢ € H;, that satisfies |(¢, ¥g)| < 0, we have

VeVOh*(w) = VeVOWf(\II*(QZJa h*7w)7h*7w) +VeV0W26(\II*(’l/),h*7w),w)7

L(wg, D)vevoh™(8) = pevgWE(W* (. h*. @), h*,Z) + pevgWe (U™ (i, b z),z).  (102)

Using these identities, a short computation shows that for any 1 that has |(¢q,¥g)| < d,, we have
the identity

RS o (¥ (4, h* (@), w),h",0) =0, (7.103)

which shows that also f, (1)) = 0.
As long as we restrict our attention to solutions to (7.101) that have |(¥o(€), ¥s5(£))| < 6, for
all £ € R, we may thus safely drop the ¥, component. Let us write the resulting ODE in the form

—B(€) = co+cpB)? + O(F + @E)] +18E)I), (7.104)
0 (&) = —B(E) +O(@| + 1B(E)]?).

As a final preparation towards establishing Theorem 4.5, we explicitly compute the coefficient ¢,
here. The only contribution comes from the loose @ in R°. Inspection of (7.41) shows that ¢, can
be defined implicitly by the linear equation

co = —(u,u)”Nuy, (0,4 (ko)))
—(ur, un) "N (uy, [T + MeevoKQ1]L(0,0)vevo 2" ([0], 0)(0, u' (ko)) (7.105)
— % (uy,uy) " Huy, McevoKQE L(0,0)u; 1).

Y
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We set out to determine v = K&b([0],0)(0,u/(ko)). Using the fact that Q(0, (ko)) = 0, we find
v = [I — PJw for w = K'¢(0,0)(0,4'(ko)). Let us substitute an Ansatz of the form

w() = péay + %uﬁQué + 41, (7.106)

for some 1 € H? x H?. Using (3.24) we find that w solves (5.1) with the inhomogeneity

fo= [T'0)u + 37"(0)up)u + T(0)y
= T(O0)2 — N 00,/ (ko). (7.107)
for some 19 € H3 x H?. After choosing
p= =2\, (0)7", (7.108)
we find, for some 13 € H® x H?, the identity
v(€) = =20, (0) " €uy + . (7.109)

Let us observe that we have vevgv = vevou — 20! (0)~1¢'u;1, using which we may compute

lin

—v0¢v(0) = 29N (0)"'uy = [I — P]L(0,0)vevov + [I — P]McevoK1QL(0,0)vevov

. ZoA! (0)~ 1[I — P]Mcevoke' QL(0, 0)ur 1 + (0,0 (ko). " 110)
Plugging this back into (7.105), we find
[co + 29N (0) 7y + (g, up) " Huy, McevoKE'QL(0,0)u;1)] = 0. (7.111)
Using (H72), the second factor above can be shown to be nonzero, which implies that
cw = =2y, (0) 7" (7.112)
Proof of Theorem 4.5. We define the function h via
h(k,0,0) = h*([@)(0, K, 0). (7.113)

Item (i) now follows from Lemma 7.5, while (ii) and (iii) follow from Lemmas 7.3 and 7.4, together
with the identity (7.112). 0
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