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Abstract. We study the behaviour of solutions to nonlinear autonomous functional differential
equations of mixed type in the neighbourhood of an equilibrium. We show that all solutions that
remain sufficiently close to an equilibrium can be captured on a finite dimensional invariant center
manifold, that inherits the smoothness of the nonlinearity. In addition, we provide a Hopf bifurcation
theorem for such equations. We illustrate the application range of our results by discussing an
economic life-cycle model that gives rise to functional differential equations of mixed type.
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1 Introduction

The purpose of this paper is to provide a tool to analyze the behaviour of solutions to a nonlinear

functional differential equation of mixed type

#(§) = G(ze), (1.1)

in the neighbourhood of an equilibrium z. Here x is a continuous C"-valued function and for any
¢ € R the state ¢ € C([Fmin, "max), C") is defined by z¢(0) = x(€ + ). We allow rp;n < 0 and
max > 0, hence the nonlinearity G may depend on advanced and retarded arguments simultaneously.

We establish a center manifold theorem for solutions to (1.1) close to T, that is, we show that all

sufficiently small solutions to the equation

W) = DG(T)ue + (G(T + ue) — DG(T)ue) (1.2)

can be captured on a finite dimensional invariant manifold and we explicitly describe the dynamics
on this manifold. This reduction allows us to establish a Hopf bifurcation theorem for (1.1), yielding
a very powerful tool to perform a bifurcation analysis on parameter dependent versions of this
equation. If the linearization @(§) = DG(Z)u,¢ has no bounded solutions on the line, we say that the
equilibrium 7 is hyperbolic and in this case the center manifold contains only the zero function. We
will thus be particularly interested in situations where the linear operator DG(Z) has eigenvalues
on the imaginary axis, implying that T is a nonhyperbolic equilibrium.

The study of center manifolds in infinite dimensions forms one of the cornerstones of the theory of
dynamical systems. During the last two decades, many authors have contributed towards developing
the general theory. We mention specially the comprehensive overview by Iooss and Vanderbauwhede
[41] and the work of Mielke on elliptic partial differential equations [38, 39], in which linear unbounded
operators that have infinite spectrum to the right and left of the imaginary axis were analyzed. This
type of operator also arises when studying (1.1), but our aproach in this paper is more closely related
to the ideas developed in [17], where the theory of semigroups was used to succesfully construct center
manifolds for delay equations.

Recent developments in the area of economic research have led to an increased interest in mixed

type functional differential equations of the form (1.1). As an interesting example, we discuss here in



some detail the work of Albis et al. [16], who analyze the dynamic behaviour of the capital growth
rate in a market economy by using a continuous overlapping-generations model. In particular, they
consider a population that consists of individuals that all live for a fixed time T' = 1. They introduce
the quantity ¢(s,t) > 0 as the consumption at time ¢ of an individual born at time s and similarly
a(s,t) for the assests that such an invidual owns. Everybody earns an age-independent income w(t)

and receives interest on their assets at the rate r(¢), which leads to the following budget contraint,

da(s,t)
ot

= r(t)a(s, t) + w(t) — c(s,1). (1.3)

The goal of every individual born at time s is to maximize his total life-time welfare, which is related
to his consumption and is given by f;“ In(c(s,7))dr. Every individual except those that already
exist at the start of the economy at ¢ = 0, is born with zero assets and may not die in debt, i.e.,
a(s,s +1) > a(s,s) = 0 for all s > 0. Solving the above optimization problem shows that for any
s> 0andt € [s,s+1] the optimal amount of assets a*(s, t) is a function of the interest rates ryy and
wages wsy during the lifetime of an individual. Here 7,1 € C([0, 1], R) is given by 751 (7) = r(s+17)

and w4 is similarly defined. We can thus write for some F : C([0,1],R) x C([0,1],R) x R = R,
a*(s,t) = F(rsq,wsy,t — 8). (1.4)

The dynamics of the interest rates and wages is governed by the capital and labour market. We write
I(t) for the amount of labour available at any time ¢ and similarly k(¢) for the amount of available
capital. Since the population is of fixed size we have [(¢t) = 1. The total capital is given by the sum

of the assets of all individuals alive at time ¢, i.e.,

k(t) = /t o* (0, t)do. (1.5)

-1
There is a unique material good of unit price, which can be used for both consumption and invest-

ments and is produced at the rate @ given by

Q(k(t), e(t), (1) = Ak(H)* (e(t)I(t))”, (1.6)

for some A > 0 and exponents o > 0 and 5 > 0. Here e(t) is a factor to correct for the increase
in labour efficiency over time. Since the prices for capital and employment equal their respective

marginal products, we can calculate the interest rate and the height of the wages at any time ¢ by



partial differentiation of @), yielding

r(t) = adk(t)*(e(t)l(t),
(t) () (e(®)I(1)) @
w(t) = PAkE)e(t)P1(t)5 .
Inserting (1.7) into (1.4) and using the definition (1.5) for k(t), one obtains the market equilibrium
condition

k(t) = Glke, . B). (1.8)

Here k; € C([—1,1]) is defined by k¢(7) = k(t + 7) and the nonlinearity G : C([-1,1,R) x Rx R —
R will be defined explicitly in the sequel. Differentiation of (1.8) yields a mixed-type functional
differential equation of the form (1.1). In [16] the authors choose 8 =1 — a and e(t) = k(t), which
using [(¢) = 1 yields a constant interest rate r(t) = aA and wages w(t) = (1 — a) Ak(t) that depend
linearly on the capital. This in turn leads to the fact that G introduced above is linear in k;, which
enables a global analysis of the long term market behaviour. However, in the literature many other
choices for the production function () are considered, which often lead to nonlinear equations that
could be analyzed locally using the theory developed in this paper. We refer to Section 12 for further
details.

The interesting feature of the model in [16] is that even in this relatively simple situation with
only one market product, oscillatory transitional behaviour is exhibited as the market converges
to its stable growth rate. In the absence of delayed and advanced terms, a more involved model is
typically needed to obtain this type of dynamics, due to the Poincaré-Bendixson theorem. As an
example, we mention the work of Benhabib and Nishimura [6], who obtain periodic solutions to
a market model without delays, but with at least n = 3 distinct capital goods. In [40] Rustichini
considers a similar model as an optimal control problem with time delays, in which case taking
n = 1 suffices to obtain the desired oscillatory behaviour. The Euler Lagrange equations that arise
from his analysis of the control problem are in fact functional differential equations of mixed type
and again the Hopf bifurcation theorem plays an important role when establishing the presence of
periodic solutions.

Another important application area in which equations of the form (1.1) arise naturally, is the
study of travelling wave solutions to so-called lattice differential equations (LDEs). Such equations

are infinite systems of ordinary differential equations indexed by points on a spatial lattice. As an



example we mention the system

i = o((J *w)ij — uij) — fuig,p) (1.9)

on the lattice Z2, where

(J * u)m = Z J(l, m)uiH’jer, (1.10)
(I,m)ez2\{0}

with Z(l,m)GZQ\{O} J(l,m) = 1. The function f : R x R — R typically is a bistable nonlinearity of
the form f(u,p) = (u?> — 1)(u — p) for some parameter —1 < p < 1. Typically the support of the
discrete kernel J is limited to close neighbours of 0 € Z?2, but we specifically mention here the work
of Bates [3], who analyzed a model incorporating infinite range interactions. Similarly as in the study
of partial differential equations (see e.g. the classic work by Fife and McLeod [21]), travelling wave
solutions play an important role in the analysis of the discrete system (1.9). Indeed, in [13] results
are given concerning the asymptotic stability of travelling wave solutions to (1.9), illustrating that
it is worth the effort to study such solutions.

Substituting the travelling wave ansatz w; ;(t) = ¢(iky + jko — ct) into (1.9), where the unit

vector k = (k1, ko) denotes the direction of propagation and ¢ is the wavespeed, we obtain

—c¢'(§) = a((Jxd)(€) — #(€)) — f((€), p)- (1.11)

Here we have introduced the notation (Jk¢)(£) = 3_ yez2\ 10y (I m)S(€ + k1l + kam), from which
we see that the travelling wave equation (1.11) is indeed of the form (1.1).
Setting a = 4h™2 and J(0,+1) = J(£1,0) = % in (1.9), we arrive at the discrete Nagumo

equation, which arises when one discretizes the two dimensional reaction diffusion equation,
uy = Au — f(u) (1.12)

on a rectangular lattice with spacing h. In the literature, the discrete Nagumo equation has served
as a prototype system for investigating the properties of lattice differential equations. We mention
here the work of Mallet-Paret [35, 36], who analyzed travelling wave solutions to this equation
connecting the two equilibria w = 41 and found that in general there exist nontrivial intervals of the
detuning parameter p for which the wavespeed satisfies ¢ = 0 and hence the waves fail to propagate.

This feature, which distinguishes the discrete version of (1.12) from its continuous counterpart, is



called propagation failure and it has been extensively studied both theoretically [11, 26, 35, 36]
and numerically [1, 18, 26]. A second distinguishing feature is immediately visible from the discrete
travelling wave equation (1.11): the waves depend upon the direction of propagation through the
lattice. The consequences of this lattice anisotropy have been numerically illustrated in [18, 26].

The ability to incorporate nonlocal interactions into a model, together with the relatively rich
structure of lattice differential equations, presents a strong motivation for the study of such systems.
At present, models involving LDEs can be found in many scientific disciplines, including chemical
reaction theory [20, 32], image processing and pattern recognition [14], material science [4, 10] and
biology [5, 30]. Early papers on the subject by Chi, Bell and Hassard [12] and by Keener [31] were
followed by many others which developed the basic theory; see, for example, [11, 13, 23, 27, 28, 33,
35, 37, 44, 45, 46]. We also note the natural occurence of these equations when one studies numerical
methods to solve continuous PDEs and analyzes the effects of the employed spatial discretization
[19]. In this context we specially mention the work of Benzoni-Gavage et al. [7, 8, 9], where the
numerical computation of shock waves is considered in the setting of LDEs and nonhyperbolic
functional differential equations of mixed type are encountered.

In [4] Bates shows how an Ising spin model from material science leads to lattice equations (1.9)
in which the coefficients of J may be both positive and negative. As long as the convolution operator
J is symmetric around zero, i.e. J(i,j) = J(—i,—7), all equilibria of the cubic f lead to hyperbolic
systems that admit no nontrivial small solutions around the equilibria. However, as soon as one
considers asymmetric kernels J, which arise for example when studying inhomogeneous lattices, or
studies a different class of nonlinearities f, the equilibria will in general no longer be hyperbolic and
thus small solutions around these fixed points may arise.

When studying the nonlinear mixed-type functional differential equation (1.1), it is essential to

have results for linear systems
(&) = L(§)xe + f(§)- (1.13)

Mallet-Paret provided the basic theory in [34], showing that a Fredholm alternative theorem holds
for hyperbolic systems (1.13) and providing exponential estimates for solutions to such equations.
Later, the existence of exponential dichotomies for (1.13) was established independently by Mallet-

Paret and Verduyn Lunel [37] and Hérterich et al. [24]. In the present work, we extend the framework



developed in [34] to nonhyperbolic but autonomous versions of (1.13), which allows us to generalize
the center manifold theory developed for delay equations in [17] to equations of mixed type.

Our main results are stated in Section 2 and proved in Sections 3 through 10, where the necessary
theory is developed. In particular, in Section 3 we discuss and apply the results of Mallet Paret to
linear systems (1.13) that violate the hyperbolicity condition needed in [34]. In Section 4 we introduce
an operator associated with (1.13) on the state space X = C([rmin, "max); C"), that in the case of
delay equations reduces to the generator of the semigroup associated with the homogeneous version
of (1.13). Laplace transform techniques are used in Section 5 to combine the results from the previous
two sections in order to define a pseudo-inverse K for (1.13), in the sense that inhomogeneities f
are mapped to their corresponding solutions z = K f modulo a finite dimensional set of solutions to
(1.13) with f = 0. This set is isomorphic to a finite dimensional subspace Xy, C X and the operator
K is used in Section 6 in a fixed point argument to construct small solutions u*¢ to the nonlinear
equation (1.2) for any small ¢ € Xo. This map u* is shown to be of class C* in Section 7, while
Section 8 shows that these small solutions can in fact be described as solutions to a finite dimensional
ordinary differential equation. This reduction is used in Section 10 to establish a Hopf bifurcation
theorem for parameter dependent versions of (1.2). In Section 11 we discuss some examples and
explicitly describe the dynamics on the center manifold for a functional differential equation of
mixed type that admits a double eigenvalue at zero after linearization. In particular, we exhibit a
Takens-Burganov bifurcation and show that for delay equations the results from [17] can be recovered
from our framework. We conclude in Section 12 by returning to the model of the capital market

discussed here and using this example to illustrate the application range of our results.

2 Main Results
Consider for some N > 0 the functional differential equation of mixed type

N
#(6) =Y Aja(€+ry) + R(x(€ + o), x(€ +rw)), (2.1)

=0

in which z is a mapping from R into C" for some integer n > 1 and each A; is a n x n matrix with
complex entries. The shifts 7; € R may be both positive and negative and for convenience we assume

that they are ordered and distinct, i.e., 7g < 11 < ... < ryn. Defining rin = ro and rpax = 'y, We



require Tmin < 0 < rmax-

The space X = C([rmin; Tmax), C") of continuous C"-valued functions defined on the interval
[Pmin, "max] Will serve as a state space when analyzing (2.1). In particular, for any € C(R,C") and
any ¢ € R, we define the state z¢ € X as the function x¢(0) = (£ + 0) for any rmin < 6 < Tmax.

Introducing the bounded linear operator L : X — C™ given by

N
Lo = Z Ajd(rj), (2.2)
J=0
one can rewrite (2.1) as
1;(5) = L.’L‘g + R(a?g) (23)

In our analysis of (2.3) we will be particularly interested in the scale of Banach spaces

BC,(R,C") = {x e C(R,C") | supe " |z(8)] < oo} , (2.4)
EER

parametrized by n € R. The corresponding norm is given by [|z[[, = sup¢cg e~ el 2(¢)]. We also

need the Banach spaces
BC)(R,C") = {z € BC,(R,C") N C*(R,C") | & € BC,(R,C")}, (2.5)

with corresponding norm |[z|zc. = |zl + [[2,. Notice that we have continuous inclusions
BC,, (R,C") — BC,,(R,C") and BC} (R,C") — BC, (R,C") for any pair 1y > 11. We will

write J,n, and 7,

om: Tespectively for the corresponding embedding operators.

In the analysis of (2.3), it is essential to study the behaviour of the homogeneous linear equation
(&) = Lae. (2.6)
Associated with this system (2.6) one has the characteristic matrix A : C — C™*"™, given by
N
A(z) =2l =Y Aje™"s. (2.7)
j=0

A value of z such that det A(z) = 0 is called an eigenvalue for the system (2.6). In order to formulate

our main results, we need the following proposition.

Proposition 2.1. For any homogeneous linear equation of the form (2.6), there exists a finite

dimensional linear subspace Xo C X with the following properties.



(i) Suppose x € [, BC(R,C") is a solution of (2.6). Then for any £ € R we have z¢ € X.
(i) For any ¢ € X, we have b e Xo.

(iti) For any ¢ € Xo, there is a unique solution x = T'¢ € J,.oBCy(R,C") of (2.6) such that

xo = ¢. Moreover, we have that x € BC}] (R,C") for any n > 0.

We will write @)y for the projection operator from X onto X, which will be defined precisely in
the sequel. The following two assumptions on the nonlinearity R : X — C" will be needed in our

results.
(HR1) The nonlinearity R is C*-smooth for some & > 1.
(HR2) We have R(0) =0 and DR(0) = 0.

We remark here that the smoothness requirement in condition (HR1) in fact refers to the Fréchet
differentiability of R, since this operator is defined on the infinite dimensional space X. This techni-
cality should be implicitly understood throughout the remainder of this paper. However, one should
note that this issue becomes irrelevant when considering nonlinearities R as in (2.1), which have a

finite dimensional domain.

Theorem 2.2. Consider the nonlinear equation (2.3) and assume that (HR1) and (HR2) are sat-
isfied. Then there exists v > 0 such that the characteristic equation det A(z) = 0 has no roots with
0 < |Rez| < v. Fiz an interval I = [Nmin, Mmax] C (0,7) such that Nmax > kNmin, with k as introduced
in (HR1). Then there exists a mapping u* : Xo — (1,5 BC}(R,C") and constants € > 0, € > 0

such that the following statements hold.

(i) For any 1 € (kNmin, Mmax), the function u* viewed as a map from X, into BC’%(R,(C”) 18

C*-smooth.

(i) Suppose for some ¢ > 0 that x € BOL(R,C") is a solution of (2.3) with supgeg |z(€)| < €.
Then we have x = u*(Qoxo). In addition, the function ® : R — X, defined by ®(&) = Qoze €

Xo is of class C*T1 and satisfies the ordinary differential equation

D(E) = AD(E) + f(D(€)), (2.8)

10



in which A : Xo — Xy is the linear operator ¢ — ¢ for ¢ € Xo. The function f : Xo — X is

C*-smooth with f(0) =0 and Df(0) = 0 and is explicitly given by

fW) = Qo(L(u™y) — T)g + R((u")s)), (2.9)

in which the projection Qo is taken with respect to the variable 8. Finally, we have ¢ =

(uw*®(£))o for all £ € R.
(i4i) For any ¢ € Xo such that supgcg [(u*¢)(§)| < €, the function u*¢ satisfies (2.3).

(iv) For any continuous function ® : R — X that satisfies (2.8) and has ||®(&)|| < € for all { € R,
we have that x = u*®(0) is a solution of (2.8). In addition, we have ¢ = (u*®(£))o for any

£eR.

(v) Consider the interval I = (£_,&4), where &_ = —o0 and &4 = oo are allowed. Let ® : [ — X
be a continuous function that satisfies (2.8) for every & € I and in addition has ||®(§)|| < € for
all such &. Then for any ¢ € (€—,&1) we have that x(§) = (u*P(€))(§ — ¢) satisfies (2.8) for

all £ € 1. In addition, we have ¢ = (u*®(&))o for all § € I.

The results above should be compared to similar results for delay differential equations, see e.g.
[17, Chp. VIII and IX]. When considering delay equations, it is possible to capture all sufficiently
small solutions defined only on the half lines R4 on invariant manifolds. This feature is absent when
considering mixed type equations, due to the fact that (2.6) is ill-posed as an initial value problem.
We believe that the same ill-posedness can be used to explain the fact that the nonlinearity (2.9) on
the center manifold cannot immediately be simplified to its delay equation counterpart [17, (IX.8.3)].

An interesting application of statement (v) above arises when one considers functional differential
equations of mixed type on finite intervals. This situation arises for example when studying numerical
methods to solve such equations on the line [26]. These methods typically truncate the problem to
a finite interval, possibly introducing extra solutions. The center manifold reduction will allow us to
at least partially analyze the presence of such solutions. Other preliminary research in this area can
be found in [37].

In order to state the Hopf bifurcation theorem, it is necessary to include parameter dependance

into our framework. In particular, we introduce an open parameter set 8 C R? for some integer

11



d > 1 and consider for p € £ the equation

£(§) = L(p)we + R(ze, p), (2.10)

in which R is a nonlinear mapping from X x € into C™ and

N
L(w)g =Y A;(1)g(r))- (2.11)

Jj=0

We will need the following assumptions on the system (2.10).
(HLy) The mapping (i, ¢) — L(it)¢ from Q x X into C" is C*-smooth for some k > 1.
(HRu1) The nonlinearity R : X x Q — C" is C*-smooth for some k > 1.
(HRu2) We have R(0, ) = 0 and D1 R(0, 1) = 0 for all u € Q.

These assumptions are sufficient in order to rewrite the parameter dependent equation (2.10) as
an equation of the form (2.3) that satisfies the assumptions of Theorem 2.2. This implies that for
fixed po € Q and corresponding subspace Xy = Xo(uo) C X, it is possible to define a mapping
u': Xo X Q= (Nesy BCCI(]R, C™) that is C*-smooth when considered as a map into BC} (R, C") for

suitable values of 7. To establish the Hopf bifurcation theorem, we also need the following.

(H¢1) The parameter space is one-dimensional, i.e., d = 1. In addition, the matrices A;(x) have real
valued coefficients and the nonlinearity R maps into R™. Finally, in (HLu) and (HRul) we

have k > 2.

(H¢2) For some pp € © and wy > 0, the characteristic equation det A(z, p9) = 0 has simple roots at

z = +iwg and no other root belongs to iwyZ.

H(3) Letting p,q € C" be non-zero vectors such that A(iwg, po)p = 0 and A(iwg, po)Tq = 0,
( g I p

normalized such that ¢7 D;A(iw, po)p = 1, we have that Re g7 DaA(iw, po)p # 0.

With p as in (H(3), we can define the functions ¢ = pe’°" and ¢ = pe~*0" and it is easy to see that

both functions are solutions to the homogeneous equation & = L(ug)ze.

Theorem 2.3. Consider the nonlinear equation (2.10) and assume that (HLu), (HRul1), (HRu2)

and (H(1) -(H(3) all hold. There exist C*~1-smooth functions T — p*(7), 7 — p*(7) and 7 — w*(7)

12



taking values in R and a mapping 7 — *(7) taking values in Xy, all defined for T sufficiently small,

such that x*(1) = u*(p*(7)(¢ + ¢ + ¥* (7)), u* (7)) is a periodic solution of (2.10) at p = p*(7) with

2

oy - Moreover, p* (1) and w*(T) are even in T, p*(0) = po and if © is any sufficiently small

period

periodic solution of (2.10) with p close to po and period close to 377;’ then u = p*(7) for some

and there exists & € |0, ngTT)) such that (- + &) = x*(7)(+). Finally, we have p*(7) = 7+ o(T) and

P*(r) =o0(1) as T — 0.
We wish to emphasize here that the corresponding result for delay equations [17, Chp X] can
be recovered almost verbatim from the conditions and statement above by making the appropriate

restrictions. Our last main theorem establishes a result on the direction of the Hopf bifurcation.

Theorem 2.4. Consider the nonlinear equation (2.10) and assume that (HLu), (HRpl1), (HRu2)
and (HC1) -(HC3) all hold, but with k > 3 in (HC1). Let p*(7) be as defined in Theorem 2.3. Then

we have u*(7) = po + pa7? + o(72), with

He = ReqTDgRAe(jwm TS (2.12)
in which
¢ = 54" DIR(0, o) (6,9, 9)
+q" DIR(0, 110) (¢, 1A(0, p10) "' DY R(0, o) (. 6)) (2.13)

+ 3¢" DR(0, 110) (6, €0 A(2iwy, 110) " DIR(0, 110) (6, $)).

We conclude this section by remarking that the restriction to point delays in (2.1) is merely a
notational convenience to improve the readability of our arguments. In fact, all results carry over
almost verbatim to the more general system (2.3) with arbitrary linear L : X — C™ and nonlinear

R: X — C™

3 Linear Inhomogeneous Equations

In this section we develop some results for linear inhomogeneous functional differential equations of
mixed type,

#(§) = Lae + f(£)- (3.1)
The techniques used here should be compared to similar ones employed in the context of delay

equations, see e.g. [2, 29].

13



For the moment we take z € W, (R,C") N C(R,C") and f € L. _(R,C"), with the bounded

linear operator L as defined in (2.2). Associated to the system (3.1) we define a linear operator

A:WENR,C) N C(R,C") — L. (R,C") by

loc

(A)(€) = (&) — La. (3.2)

We recall the characteristic matrix A(z) associated to (3.1) as defined in (2.7),
N
A(z) =2 =3 Aje™s, (3.3)
j=0

The following result establishes some elementary properties concerning the behaviour of A(z) on

vertical strips in the complex plane.

Lemma 3.1. Consider any closed vertical strip S = {z € C|y_- <Rez <4} and for any p > 0
define S, = {z € S| [Imz| > p}. Then there exist K,p > 0 such that det A(z) # 0 for all z € S,
and in addition |A(z)*1{ < ﬁ for each such z. In particular, there are only finitely many zeroes
of det A(z) in S. Furthermore, if det A(z) # 0 for all z € S, then for any o ¢ S the function
Ro(2) = A(2)™! = (2 — a) 7L is holomorphic in an open neighbourhood of S and in addition there

exists K > 0 such that |Rqo(z)| < m forallze€ S.

Proof. For any z € S, define A(z) = Z;V:O Aje*"i and A = sup,c g |A(z)] < co. For any z € S with

|z| > 24, we have that A(z) = 2(I — M) is invertible. The inverse is given by

z

A(z)t = %Z A) (3.4)

and satisfies the bound

|A(z)7] < | < (3.5)

Now consider the case that det A(z) # 0 for all z € S. Since all zeroes of det A(z) are isolated, there
exists an open neighbourhood of S on which A(z)~! and hence R, (z) is holomorphic. Note that for

|z| > 24 we have

a 1SS A(2) lal A(z)] 1 ol oA
S 1 < < Y
G P HAED SR ke = Ry am v o1 e T WL

=1

which yields the final estimate using the fact that R,(2) is bounded on theset {z € S | |2| < 24}. O

14



The inhomogeneous system (3.1) has been analyzed with respect to the space
W (R,C") = {x € L®(R,C") | z is absolutely continuous and i € L>(R,C")} (3.7)
by Mallet-Paret in [34], where he obtained the following result.

Theorem 3.2 (Mallet-Paret). Consider the operator L in (2.2) and suppose that the characteristic
equation det A(z) = 0 has no roots on the imaginary azis. Then the operator A defined in (3.2) is a
bounded linear isomorphism from W1 (R, C") onto L>(R,C"). In particular, there exists a Green’s

function G : R — C™*™ such that the equation Ax = f has the unique solution

oo = [ Gle—9sts)is (3.5)

In addition, we have G € LP(R,C"*™) for any 1 < p < oo and the following identity holds for the
Fourier transform (B.1) of G,

~

G(n) = Ain)~". (3.9)

Corollary 3.3. Fiz an a— < 0 and ay > 0 such that det A(z) # 0 for all a— < Rez < ay and

choose an a < a_. Then we have

(1+ K(a_))e*=$  for all £ >0,

1G] < (3.10)
K(ay )ed+¢ for all £ <0,
in which
K(a) = % /00 |Ra(a+iw)| dw. (3.11)

In particular, we have the estimate

N
A7) < 1+(1+j(a‘) + K£i+))(1+Z|Aj|). (3.12)
_ part

Finally, suppose f satisfies a growth condition f(€) = O(e™¢) as & — oo for some 0 < A\ < —a_.
Then also x = A~ f satisfies () = O(e™¢) as € — co. The analogous statement also holds for

& — —o0.

Proof. Write A(2)71 = (2 —a) "' + Ro(z). Writing E () for the inverse transform of (z — )™, we

have that E(¢) = e*¢ for £ > 0 while E(¢) = 0 for & < 0. We thus obtain for & > 0

1= a_g oo
G(&) = e*1 + T/ e'% Ry (iw)dw = €1 + 62 / ¢ Ry (a— + iw)dw, (3.13)
T™J-—x

™ —00
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where the integration contour was shifted to the line Re z = a_ in the last step. A similar estimate
can be obtained for £ < 0 by shifting the integration contour to Re z = a. Lemma 3.1 ensures that
both Ry(a_ +iw) and R, (a4 + iw) are integrable and this concludes the proof of the exponential
decay of G.

Consider the equation Az = f and notice that ||z]|; < ||G|| 1 |f|l; - Using the estimates above

we compute |G| ;1 < 1+f(a(f‘) + Kz(z{i+)' The differential equation (3.1) now implies

N

Izl = M2l oo + il e < M2l o+ 1Fl g + D 1A 2] e (3.14)
§=0

from which the bound for HA_1H follows.

Finally, if f(£) = O(e™*¢) as &€ — oo, there exists M > 0 such that |f(&)| < Me=¢ for all £ > 0.

Hence for all such £ we compute

2(6) = [7, s)f(s)ds < K@) ga gyl +f0 (€ — 5)f(s)ds
< 1tKGo) “nfu + (14 K(a))et¢ 2 (ela- M8 = 1) 4 ;MK (ay)e >,
(3.15)
which concludes the proof. O

In order to proceed, we need to generalize the results above to the situation where the charac-
teristic equation does have roots on the imaginary axis. The key observation which we shall use is
that one can shift the roots of the characteristic equation by multiplying the functions in (3.1) by a
suitable exponential. In order to make this precise, we introduce the notation e, f = e f(-) for any
vE€R and any f € L] (R,C").

Taking any y € W' (R,C™) N C(R,C™), one can compute

loc

N
(e—nheqy)(€) = §(&) +ny(€) = Y Ase™y(& +15). (3.16)
=0
Upon defining the linear operator A,, : W2} (R, C") N C(R,C") — L}, (R,C") by
N
(Aya)(€) = )= 3 Age (e + 1) (317)

7j=0

and writing A, (z) for the corresponding characteristic matrix, we see that for any « € Wli)cl (R,C™)N

C(R,C™) we have
Ajenr =epyAx and  Ay(z) = (2 —n)] — Z;V:o A;eFmr = A(z —n). (3.18)
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In view of these observations we introduce for any 77 € R the Banach spaces

LyeR,C") = {ze€Li (R,C")|e_yzeLl>R,C"}, (319)
3.19
Whe(R,C") = {zeLl (R,C")|e_,zeW->(R,C")},
with norms given by Hac||L%o = |le_yx[| ;o and similarly Hx||Wn1,oc = |le—y|}y1. - The next proposi-

tion provides the appropriate generalization of Theorem 3.2.

Proposition 3.4. Fiz n € R. Consider the operator L in (2.2) and suppose that the characteristic
function A(z) has no eigenvalues with Re z = 1. The operator A is a bounded linear isomorphism
from W,}"X’(R, C") onto Ly°(R,C"), with inverse given by ALf = enA:%e_nf. In particular, we
have ||A’1|| = HA:&,H In addition, there exists eg > 0 such that A(z) has no eigenvalues in the
strip 1 — €0 < Rez <1+ €. Finally, for any 0 < e < e and f € Ly°(R,C"), we have the following

explicit expression for x = A7 f,

1 n+e+i00 n—e+100

z(€) = / e A(2) 7 o (2)dz + i / 7 A(2) " f_(2)dz, (3.20)

2w +e—ico 20 Sy —e—ioo
where the Laplace transforms ﬁ_ and f_ are as defined in Appendiz B.
Proof. Note that A_,, has no eigenvalues on the imaginary axis and hence A_,, is an isomorphism
from W1 (R, C") onto L>(R, C"). Since e, is an isometric isomorphism between W1 (R, C") and
W,»>°(R,C") and also between L>°(R,C") and L;°(R,C"), this proves that A is an isomorphism
and yields the supplied bound for the norm of the inverse.
Now let f € Ly°(R,C") and consider x = R = W,}"’O(R,(C”). Write f = fi + f- with

f+(§) = 0for € < 0and f_(¢) = 0 for & > 0. Let 22 = A™'fe = e;A"}e_,fs. Using the

exponential decay (3.10) of G for a = 60;6, we easily see that z, (&) = O(e("t)¢) as ¢ — —o0,
and similarly z_(¢) = O(e""%¢) as ¢ — oo. Using the differential equation (3.1) one sees that
similar asymptotic estimates apply for 2+. This implies that both 74 = e_(;17+ and their first
derivatives have exponential decay at both foco and in particular satisfy 7. € W1 >(R,C") N
Wh2(R,C")NWHH(R, C"). Similarly, upon defining f = e_(,4c) f+, we easily see f.. € L°(R,C")N
LY(R,C™) N L*(R,C™). Using the identity (3.18) and the fact that both A_(, .. are isomorphisms
from W1 (R, C") onto L (R, C"), we have T = A:%nie)fi . Since 7y, f, € L*(R,C")NLY(R,C")
we may take the Fourier transform and obtain

o~
o~

T k) = A ()T 1 (). (321)
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Inversion yields

TelO =5 [ AT RT (K, (3.22)

:% .

Writing z = 7 £ € + ik and noting A_(, 1) (ik) = A(z) together with

@(kz) — ek rats ()ds = Fi(2), o
Fo(k) = [ e Mem9tf (e)de = f_(2),
we obtain
R S LS
ra(€) = o / L eAE) T e (3.24)
O

4 The State Space

In this section we focus our attention on the state space X = C([rmin, "max), C"). We define a closed

and densely defined operator A : D(4) C X — X, via

D) = {6€XNC [rmin rmad C) | 6(0) = Lo = X\ 450015 }

Ay = ¢

(4.1)

Note that the closedness of A can be easily established using the fact that differentiation is a closed
operation, together with the continuity of L. The density of the domain D(A) follows from the density
of C'-smooth functions in X, together with the fact that for any ¢ > 0 and any neighbourhood of
zero, one can modify an arbitrary C! function ¢ in such a way that qS(O) can be set at will, while
¢(0) remains unchanged and ||¢[| y changes by at most e. The first lemma of this section shows that
X is indeed a state space for the homogeneous equation Az = 0 in some sense, even though one

cannot view this equation as an initial value problem.

Lemma 4.1. Suppose that for some x € Wli)’cl(R, C") N C(R,C"™) we have the identity Ax = 0 with
z¢, = 0 for some & € R. If x satisfies the growth condition x(£) = O(e*®) as € — oo for any b € R,
then z(€) = 0 for all £ > & + rmin. Similarly, if (€) = O(e*) as & — —o0, then (&) = 0 for all

6 S 50 + Tmax-

Proof. Without loss of generality take £, = 0 and assume that the growth condition at +o0o holds.

Introducing the function y with y(£§) = 0 for all £ < 0 and y(§) = x(§) for all £ > 0, we see that
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Ay = 0. Consider any 1 > b such that det A(z) # 0 for all z € C with Rez = n and notice that

y € W,>°(R,C"). It now follows from Proposition 3.4 that y = 0. O

The next lemma establishes the relationship between the characteristic equation det A(z) = 0

and the spectrum of A.

Lemma 4.2. The operator A has only point spectrum, with 0(A) = o,(A) = {\ € C| det A(\) = 0}.

In addition, for z € p(A), the resolvent of A is given by
(ZI—A)71¢ = elzK('aZ7w)7 (42)

in which K : [Fmin, "max) X C X X — C™ is given by

0 N 0
K(0,z,4) = / e *Y(o)do + A(z) "' ((0) + ZAjez’"j / e *7p(o)do). (4.3)
7 j=0 Tj
Proof. Fix ¢ € X and consider the equation (21 — A)¢ = ¢ for ¢ € D(A), which is equivalent to
the system
q.S - (4.4)
6(0) = L, 4i0(r).
Suppose det A(z) # 0. Solving the first equation yields
0
60) = 0(0) +¢"* [ e u(a)do (4.5)
0
and hence using the second equation
N 0
?(0) = z¢(0) — (0) = ZAje”jw(O) +/ e *7Y(o)do). (4.6)
=0 &
Thus if we set
N 0
$(0) = A(2) " ((0) + 3 Aje / =27 (0)do), (4.7)
=0 £

we see that (4.5) yields a solution to (4.4), showing that indeed z € p(A). On the other hand,
consider any z € C such that det A(z) = 0. Choosing a non-zero v € R™ such that A(z)v = 0, one
sees that the function ¢(f) = e*v satisfies ¢ € D(A) and Ap = 2¢. This shows that 2 € g,(A),

completing the proof. O

The next lemma enables us to compute spectral projections corresponding to sets of eigenvalues
in vertical strips in the complex plane. We will particularly be interested in the projection operator

corresponding to all eigenvalues on the imaginary axis.
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Lemma 4.3. For any pair p,v € R, set ¥ =%, , ={z € 0(A) | p <Rez <v}. Then X is a finite
set, consisting of poles of (zI — A)™! that all have finite order. Furthermore, we have the decompo-
sition X = My @ Ry, where My is the generalized eigenspace corresponding to the eigenvalues in
X. For any p < v— <4 <v such that ¥,_ , =3, the spectral projection Qs onto My along Ry
is given by

p 1 Y4 +ioco 02 ) 1 yY_ —100 02 0
(Qxo)(0) = 27Ti/7+—ioo e”* K ( 7z,qb)dz—i—QTm_ i e”*K(0,z,¢)dz. (4.8)

If there are no z € o(A) with Rez = u, then y— = u is allowed. Similary, one may choose y1 = v

if there are no z € o(A) with Rez = v.

Proof. Lemma 3.1 shows that ¥ is finite. Since det A(z) is a non-zero entire function all zeroes are
of finite order, hence the representation (4.2) implies that (2 — A)~! has a pole of order k < kg at
Ao if Ag is a zero of det A(z) of order kg. It now follows from standard spectral theory (see e.g. [17,
Theorem IV.2.5]) that we have the decomposition X = My @ Ry, for some closed linear subspace
M. Using Dunford calculus, it follows that for any Jordan path T' C p(A) with int(T') No(4) = %,

we have

1
= — I—A)"'de. 4.9
Qs omi Jr (z ) dz (4.9)
For any p > 0 such that |[Im A| < p for any A € 3, we introduce the path I', = F/T) ur;u F,lJ ury,

in which we have introduced the line segments

Ul = seglyy —ip,yvy +ipl, T) = segly- +ip,v- —ipl,
; [+ ++ip] ; [ ] (4.10)

Iy = seglyy +ip,v- +ipl, Iy = segly- —ip,v4+ —ipl.

Note that the proof is completed if we show that for every 6 € [rumin, "max], we have

p— 00

0 N 0

lim [ e (/ e ¥ ¢(o)do + A(z) ' (¢(0) + Z Ajemi / efw¢(o')da))dz =0. (4.11)
Ty 4 j=0 Ti

We treat the case for I'", as the other case is analogous. First note that for some K > 0 we have

the uniform bound

N 0
e ($(0) + 3 Ajen / e §(0)do)| < K (4.12)
=0 €

in the strip y_ < Rez < 74, while by Lemma 3.1 A(z)~! = O(|Im z| ") uniformly in this strip. In

addition, using Fubini to change the order of integration and applying Lemma B.1, we compute

- 0o (U Y-V _ V4V
lim / / elirtw)(0=9) (5 Vdodw = lim ew”!d)(ﬁ —v)dv =0, (4.13)
v+ /0

pP—00 pP—X Jo v
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which concludes the proof. O

In order to show that My is finite dimensional, we introduce a new operator A on the larger
space X =C"x X,
D) = {(e9)eX|seX,c=0(0)},
Ae,d) = (Lo.9).

Writing j : X — X for the continuous embedding ¢ — (4(0), @), we see that the part of Ain jX is

(4.14)

equivalent to A and that the closure of D(A\) is given by j X . Hence the spectral analysis of A and A
is one and the same. The next lemma shows that A(z) is a characteristic matrix for g, in the sense

of [17, Def. IV.4.17].

Lemma 4.4. Consider the holomorphic functions E : C — E()?, D(g)) and F: C — E()/(\', )?) given

by
B(2)(c,0)(0) = (c,e®c+ e [) e p(0)do),

F2)(e,0)0) = (c+ X147 [ e *7(o)do, 1(6)),

in which D(A) is considered as a Banach space with the graph norm. Then E(z) and F(z) are

(4.15)

bijective for every z € C and we have the identity
= F(2)(zI — A)E(z). (4.16)

Proof. Writing Es(z) for the projection of E(z) onto the X component of X, we compute
»(0) = 2B5(2) (¢, )(0) — D(Es(2)(c, v))(6). (4.17)
On the other hand, using partial integration we find
B2(2)($(0), (21 — D)) = e"4(0) + ¢’ /6 0 e (2(0) — P(0))do = ¥(0), (4.18)

from which it easily follows that E(z) is bijective for all z € C. The bijectivity of F(z) is almost
immediate. The last identity in the statement of the lemma follows easily by using the definition of

A(z) and computing
N 0
(2] = A)E(2)(c,¥) = (= »_ Aje)c — Z AjeT / Y (0)do, ). (4.19)
O
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Using the theory of characteristic matrices (see e.g. [17, Theorem IV.4.18], one now obtains the

following result.

Corollary 4.5. For any ¥ as in the statement of Lemma 4.3, the generalized eigenspace My is

finite dimensional.

We conclude this section by referring the reader to [2, 22], where similar results are obtained in

the framework of delay equations.

5 Pseudo-Inverse for Linear Inhomogeneous Equations

The goal of this section is to define a pseudo-inverse K : BC,(R,C") — BC;(R,C") for the linear
inhomogeneous equation (3.1) in the spirit of Theorem 3.2, that however can still be defined when
the system has eigenvalues on the imaginary axis.

We first need to introduce two families of Banach spaces, parametrized by p, v € R, that describe

distributions that have controlled exponential growth at f-oc.

BX,,(R,CY) = {2€LL (R.C)|[llpy,, = supeco e 2(E)] +supesn e 2(€)] < oo}

BX),R,CY) = {ze WL RCYNCRC | |zlsx;, = lollpx,, + l3llsx,, <o}
(5.1)

For any 1 > 0, we have continuous inclusions

isy: WEP(R,C") < BX! (R,C"), (5.2)

n —mnn

with [|i4,|| < 2+ |n|. Indeed, this can be seen by considering x € Wi’;o(R, C"), defining y = expx €

W1 (R,C") and noting that

M=l ((€) £ y(€))] < (1 + ) [yl - (5:3)

efnlélx'(g)‘ —

eI D1y (€))| =

The following important result allows us to relate the projection operators @x. as defined in (4.8) to

the solution operator (3.20).

Proposition 5.1. Consider any = € BX;)V(]R,(C”) and write Az = f € BX,, ,(R,C"). Then for

any v+ > v and y— < p such that the characteristic equation det A(z) = 0 has no roots with
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Rez =4, and for any £ € R, we have
2(6) = o JIIIT e (K 2, m) + A(2) T i (2))d2
+ ﬁ ::ﬂz;o et? (K(ﬁ, z,x) — A(z)_lf: (z))dz

in which the operator K defined in (4.3) has been canonically extended to R x C x BX,, (R,C").

(5.4)

The Laplace transforms f+ and f_ are again as defined in Appendix B.

Proof. An application of Lemma B.2 shows that

%x(f) - L e 652< /5 Oe*wx(a)da + §+(z)>dz. (5.5)

2T )y, —iso

Taking the Laplace transform of (3.1) yields

224 (z) —x(0) = ZJ 04 fo et u+7“])du+f+( z) (5.6)
= ijo Aje i (T4 (2) + frj e *x(o)do) + fa(2)
and thus after rearrangement we have
Fi(2) = ( )+ ZA e / e 2(0)do + f+(z)). (5.7)
Now define y(£) = x(—¢&) and notice that y satisfies the following equation on [0, c0),
N
9(6) = —f(=6) = Y Ay(€ —1)). (58)
3=0
Taking the Laplace transform of this identity yields
O ~
G (2) ZA @@+ [ e Tio)) - F(-) (5.9)
and thus after rearrangement
N 0 .
i) = A2 (—p0) + 3o A [ e y(aro + F(-2). (5.10)
=0 T
Reasoning as in the derivation of (5.5) we obtain the identity
1 1 —y_+ico 0
- - &z —zo ~
Su() = 5 /vm e (/5 ¢ 7y(0)do + s () ) dz (5.11)
and thus 1z(£) = 5 f_,;y :fj e (W(E, 2) + A(—2) " f_(—2))dz, with

0 N 0
U, z) = / e *x(—0)do — A(—z)" " (2(0) — Z Aje =" / e *7x(—0)do). (5.12)

—£ §j=0 —rj
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Substituting z — —z, we obtain $z(£) = 5 J__;Z;O e (W (E, —2) — A(z)_lf_(z))dz with

0 N 0
V(g —2) = / e *z(0)do + A(z) "' (z(0) + Z Aje*’ / e *7x(0)do), (5.13)
3 §=0 T
which follows from (5.12) after the substitution 0 — —¢ and concludes the proof. O

Using Lemma 3.1 one sees that there exists v > 0 such that (3.1) has no eigenvalues z with

0 < |Rez| < ~. Throughout the rest of this section we fix an arbitrary n € (0,7). We introduce

L>(R,C™*™) functions x4+ such that x4 (§) =1 for £ >0, x_(§) = I for £ < 0 and x4 + x— = I.

Associated with these functions we define bounded linear cutoff operators ®; : BC,(R,C") —
5(R,C") by @12(£) = x+(§)x(§) and notice that &, + ®_ = Ipc, (r,cn)-

Using Proposition 3.4 we can define the isomorphisms AL = A;") : Wi’;;o(R, C") — LT, (R,C)

and a linear operator P, : BC}(R,C") — BC,(R,C") by
Py =A7"0® Az + AT _Ax. (5.14)

Notice that P, is well defined, since AP,z = ®4Az + ®_Azx = Az € BC,(R,C"), which together
with the differential equation (3.1) implies that the derivative of P,z is continous, yielding P,a €
BC;(R,C") instead of merely P,z € BX!, (R,C"). Define the space R, C BC}(R,C") as the
range of P, and the space Ny C BC’% (R,C™) as the kernel of P,. Notice that the set of eigenvalues
¥ = ¥_¢¢ is independent of ¢ for 0 < ¢ < . We introduce the projection @y : X — X with

Qo = Qx and define the finite dimensional linear subspace Xg = My C X.

Proposition 5.2. The operator P, defined above is bounded and in addition is a projection, i.e., it
satisfies Pg = P,. The range R, is a closed linear subspace of BC}] (R,C™) and for any x € R,, we
have Qoxo = 0. The kernel Ny is finite dimensional and does not depend on 1, with dim Ny = dim Xj.
In particular, for any x € Ny we have ¢ € Xo for all § € R and conversely, for any ¢ € X there
exists a unique x = T¢ in Ny with xg = ¢. For any (g > 0, we have that T viewed as a linear
operator from X into BCCIO (R,C") is bounded with norm (T}, that satisfies | T'||. < [T, for

¢ > Co.

Proof. The boundedness of P, follows from the boundedness of A, ®4 and A;l, together with the

continuous embeddings iy, : Wi’;]x’(R, C") — BX!, (R,C"). For all z € BC,(R,C"), we notice
APyx = & Az + ¢_Ax = Ax, (5.15)
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which yields
Pl = AJ'® AP+ AT'®_AP (5.16)
= A;1®+A:c +AZ'®_Ax = Py
The range R,, can now immediately be seen to be closed, since if P,x, — z, then ngn = Pz, — 2,
but also Pz, — Pz, yielding P,z = z and thus z € R,. Consider any = € R,, and write f = ® Az
and g = ®_Axz. It is clear that f_ (z) = 0 and similarly g4 (z) = 0. Combining Propositions 3.4 and
5.1, we conclude that Qgxg = 0.

Now consider any x € Ny. It follows from Proposition 5.1 that g = Qg and since N is invariant
under translation, we see z¢ = Q¢ for any £ € R. Let yo € N be such that yo = o, then z—y € Ny
with (z — y)o = 0, but then Lemma 4.1 implies that z = y. We thus have dim Ay < dim Xp. On
the other hand, any ¢ € X has the form ¢(0) = Ejjvio p;(0)er? with ReA; = 0 and polynomials
p; and can thus be extended to a function = T'¢ on the line, with z € Ny and 2y = ¢. Thus

dim Ny = dim X and the properties of T easily follow from the specific form of ¢(€). This completes

the proof. m

We remark here that all the statements in Proposition 2.1 have now been proved. Furthermore,
we currently have all the ingredients we need to define a bounded pseudo-inverse for A. We thus

introduce the operator K, : BC,(R,C") — R,, given by
Kpr=A'® 0+ A"'0_z. (5.17)

Notice that the range of K, is indeed contained in R,, since x = AK,x and hence K,z = P,K,z.
This also immediately shows the injectivity of KC,), since if K,z = 0, we have = A(0) = 0. The
surjectivity of K, follows from the identity y = P,y = K,Ay for any y € R,. The following result

shows that K, behaves nicely on the scale of Banach spaces BC¢(R,C").
Lemma 5.3. Consider any pair 0 < m < n2 <. Then for any f € BC,, (R,C") we have
Ko f =K, f. (5.18)

Proof. Note that f, = e_,,®,f € L>(R,C") satisfies a growth condition f, (§) = O(e~(m12=m)¢)
as £ — oo and hence T, = A:}m? + shares this growth condition by Corollary 3.3. This implies

that the function z = e, T, satisfies z,. = O(e™¢) as ¢ — oo and since T4 is bounded on
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R, we have z; = O(e |} as ¢ — —oo. Using the differential equation (3.1) it follows that
ry € Wpo(R,C*) N W (R,C"). Since Az = @, f € L (R,C") N L, (R,C"), we see that

Ty = (A(fl))*lcluf = (AS?Q))’l@Jrf. A similar argument for ®_ f completes the proof. O

The next lemma shows that K, and the translation operator do not commute.

Lemma 5.4. For any f € BC,(R,C") and & € R, define the function y € BC,(R,C") by

y(&) = (Kyf)(&o + &) = (Ky f(&o +-))(E)- (5.19)

Then we have y € Ny. In particular, we have the identity

(I = Qo)(Kyfeo = (K f (&0 +-))o- (5.20)

Proof. Define functions (&) = (IC,, f) (&0 +¢) and z1(§) = (K, f(€o+-)) (). Notice that for all £ € R
we have (Azg)(&) = f(& + &) but also (Az1)(€) = f(& + &). This implies A(xg — x1) = 0 and hence
y = xo — 21 € Np. The final statement follows from the fact that Qoye = y¢ for any y € Ny together

with the identity Qo(/C,;f)o = 0 for any f € BC,(R,C"). O

For notational convenience, we introduce the quantity

w = max(e” "min elmax) > ] (5.21)

and note that for any n > 0, £ € R and rpin < 0 < Tmax, we have e~ MElenlé+0l < yn This in turn

implies that for any 2 € BC,,(R,C") and any & € R, we have

lzel = sup e (g 4 9)] < el |2, (5.22)

Tmin <O<Tmax

The following corollary to Lemma 5.4 shows that the hyperbolic component of K f remains bounded
whenever f is bounded, which in the sequel will allow us to restrict our attention to the growth rate

on the center component.

Corollary 5.5. Suppose that f € BCy(R,C™). Then for any & € R we have

17 = Qo) Ky fell < w [[Ky [ | fllo - (5.23)
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Proof. Using Lemma 5.4 we compute

(I = Qo) (K fell = [[(Kn f(§ 4 )oll < w™ 1Ky [ I1F(€+ ), - (5.24)
The statement now follows from the observation || f(§ +-)[l,, < If(€+)llo = I fllo- O
Finally, we show that we can bound the norm of K, uniformly on closed intervals.

Lemma 5.6. Consider any interval I = [n—,n4] C (0,7). Then ||ICy|| is uniformly bounded for

nel.

Proof. In view of the bounds |[i+,|| < 2 + || for the embedding operators introduced in (5.2),

it is enough to show that we can uniformly bound B4, = HA?HL( . We here

L, (R,Cm), WL re) (R,C)
concentate on the + case, as the remaining case follows analogously. From Proposition 3.4 we know
By, = |[A_y]l. Fix a = min($n_, 2( v — n4)) and choose any a < —a. Using Corollary 3.3 and the

fact that the norms |A;e""7| are uniformly bounded, we see it is enough to show that the quantities

Kni are uniformly bounded for n € I, where

1 o o 1 1 o LN
Kni:% _Oo‘An(j:a—Hz) 1_z—aI dz:%/_oo‘A(:I:a—kn—Hz) l_z—aI dz. (5.25)
This however follows immediately from Lemma 3.1. O

6 A Lipschitz Smooth Center Manifold

Using the pseudo-inverse K defined in the previous section for the inhomogeneous linear equation
(3.1), we are now in a position to construct a Lipschitz smooth center manifold for the nonlinear
equation (2.3). Throughout this section we consider a fixed nonlinearity R : X — C” that satisfies
the assumptions (HR1) and (HR2). In order to employ the Banach contraction theorem, we need to
modify the nonlinearity R so that it becomes globally Lipschitz continuous with a sufficiently small
Lipschitz constant. To this end, we let x : [0,00) — R be any C°°-smooth function that satisfies
x(€) =0forE>2 x(§) =1for§ <land 0 < x(§) <1lforalll<§¢<2 Foranyd > 0, we
define x5 : [0,00) — R by xs(§) = X(%). Following the approach in [17], we modify the nonlinearity

separately in the hyperbolic and nonhyperbolic directions and define Rs : X — C" by

Rs(¢) = x5 (1QooDxs (11 — Qo)el) (). (6.1)
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Lemma 6.1. Let E and F be Banach spaces and let f : E — F with f(0) = 0 be a Lipschitz
continuous mapping with Lipschitz constant L(§) on on the ball of radius 6. Let V,W € L(E, E) with
V+W = I. Then there exists C > 0 such that for all § > 0 the mapping x — xs(||V|)xs(|Wz]) f(x)

is globally Lipschitz continuous with Lipschitz constant (4C ||V + 4C [|W|| 4+ 1) L(49).

Proof. There exists C' > 0 such that y; is globally Lipschitz continuous with Lipschitz constant C/4.
Introduce the shorthands f, = f(x), x¥ = xs(||Vz||) and X! = xs(|Wz||) and the corresponding

notations for y. We obtain the following estimate,

A

1 @)xs(IVal)xs(IWzl) = F)xsIVyl)xs (IWyIDI = || fax¥ X = fuxy xy) ||

Ifz = Fyllxy X0 + el XY = x| X + Il XY XY = x|

(6.2)

IN

We now treat the three different cases. Suppose that both xyYxW = 0 and Xz‘;/ XZV = 0, then it

immediately follows that A = 0. Now suppose that both x¥ x% # 0 and X'L/ xZV # 0, which implies

lz]|, [ly|]| < 46. This means ||fy|,||fy]| < 46L(46) and hence

A

IN

L(49) |l — yll + 46 L(46) 5 [V || |z = yll + 46 L(48) 5 Wl | — ]| (6.3)

AC V| +4C Wl + 1) L(49) [l =y -

Notice the only case left to consider is the situation where x¥ x% # 0 but X@‘J/XZV = 0, since =z and

y are interchangeable. We obtain
C C
A < 40L(40) 5 [VIlllz — yll + 46L(48) = W] [l — yll = (4C V| + 4C W) L(49) [lz — y[| . (6.4)
O

Corollary 6.2. The mappings Rs : X — C" are globally Lipschitz continuous with Lipschitz con-

stants Ly, that go to zero as § goes to zero. In addition, |Rs(¢p)|| < 46Lp, for all ¢ € X.

Proof. The first statement follows from assumption (HR2). The second statement follows by noting

that if Rs(¢) # 0, then [|¢]| < [[Quo|| + [I(I — Qo) < 25 + 26 = 44. O

We observe here that the nonlinearity Rs induces a map Rs : C(R,C") — C(R,C") via substi-
tution, i.e.,

Rsz(€) = Rsae. (6.5)
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Notice that Rg is well-defined, since i, : R — X which sends § — x¢ is a continuous mapping for any
continuous x and hence the same holds for Rgm = Rjs oi,. The next lemma shows that RS inherits

the global Lipschitz continuity of Rs.

Lemma 6.3. For any n € R, the substitution operator }~%5 viewed as an operator from BC,(R,C"™)

into BCy (R, C™) is globally Lipschitz continuous with Lipschitz constant w"Lg;.

Proof. Write x = f{(gu, Y= R;v and compute

e y(€) = w(€)] = e ¢l |Roug — Rovel < e8I Lig, [lug — vell < w'L, u—o],. (60
O

We are now ready to construct solutions to the system (2.3) with the modified nonlinearity Rs
substituted for R. This will be done by employing a fixed point argument. To this end, we recall the
extension operator T : Xy — ﬂ(>0 BC’%(R, C™) introduced in Proposition 5.2 and define an operator

G: BC}(R,C") x Xo — BC}(R,C") via
G(u,¢) = T + Ky Rs(u). (6.7)
Choose § > 0 small enough to guarantee

1
W' Lig [yl < 5- (6.8)

Note that if [|T']|, [|¢|| < §, then G(-, ¢) leaves the ball with radius p in BC}(R,C") invariant. Notice
in addition that G(-, ¢) is Lipschitz continuous with Lipschitz constant % Since p can be chosen

arbitrarily, the following theorem can be established using standard arguments.

Theorem 6.4. Consider the system (2.3) and suppose that the conditions (HR1) and (HR2) are
satisfied. Fiz v > 0 such that the characteristic equation det A(z) = 0 has no roots with 0 < |[Re z| <
v. Fixz any n € (0,7) and choose § > 0 such that (6.8) is satisfied. Then there exists a globally
Lipschitz continuous mapping uy, from Xo into BC’}] (R,C") such that u = up @ is the unique solution
n BC%(R, C™) of the equation

u = G(u, ). (6.9)

The following results show that the family of mappings uf defined above behaves appropriately

under translations and under shifts of the parameter (.

29



Lemma 6.5. Consider the setting of Theorem 6.4 and let ¢ € Xo. Then for any & € R we have

the identity

(upd) (&0 + ) = (upQoluy e, ) (-)- (6.10)
Proof. Using Lemma 5.4 we compute
V= Qo(und)e, = (Th)e, + (KyRs(upd))e, — (KyRs((uf) (€0 +)))os (6.11)
hence upon defining
Y(€) = T + &) + Ky Rs(upd) (o + &) — Ky Rs () (€0 + ) (), (6.12)

we conclude that y € Ny by Lemma 5.4 and in addition that y = T%. Upon calculating

G((uie) (o + ), 0)(€) = (&) + KyRs((wid)(&o + ))(€)

N (6.13)
= T¢(& + &) + KyRs(uyd)(€o + &) = (up¢) (o +§),
we see that due to uniquess of solutions we must have
(up)(§) = (upe)(§o + £), (6.14)
from which the claim follows. O]

Combining Lemma 5.3 and Corollary 6.2 immediately yields the final result of this section.

Lemma 6.6. Consider any pair 0 < m < n2 < 7y and suppose that (6.8) holds for both n1 and ns.

ko 1 *
Then we have Uy, = *7172771 Uy, -

7 Smoothness of the center manifold

In the previous section we saw that the mapping uy : Xo — BC’% (R,C™) is Lipschitz continuous. In
this section we will extend this result and show that uj inherits the C' k_smoothness of the nonlinearity

R. More precisely, we shall establish the following theorem.

Theorem 7.1. Consider the system (2.3) and suppose that the conditions (HR1) and (HR2) are
satisfied. Fiz~y > 0 such that the characteristic equation det A(z) = 0 has no roots with 0 < |Rez| < v
and consider any interval [Nmin, Mmax] C (0,7) with ENmin < Mmax, where k is as defined in (HR1).

Then there exists § > 0 such that the following statements hold.

30



(i) For any n € [Mmin, Mmax), we have the inequality

1
WL [yl < 3- (7.1)
(i) For each integer 1 < p < k and for each 1 € (Pmin; Mmax), the mapping ‘7171%;“ ouy - Xo—

BC%(]R, C™) is of class CP, where uy for ¢ € [Mmin; max] @ as defined in Theorem 6.4 with the

above value for 6.

We remark here that the arguments in this section follow closely the lines of [17, Section IX.7].
Throughout this entire section we consider a fixed system (2.3) that satisfies the conditions (HR1)
and (HR2), i.e., we shall use the corresponding integer k¥ and C*-smooth nonlinearity R without
further comment in our results.

As a first step towards proving the above theorem, we need to find a suitable domain of definition
for Rs to ensure that this operator becomes sufficiently smooth. Due to the presence of the cutoff
function on the infinite dimensional complement of X, the nonlinearity Rs loses the C*-smoothness
on X and becomes merely Lipschitz continuous. In view of these observations, we introduce for any
n > 0 the space

in which @, = (I — Qo) is the projection onto the hyperbolic part of X. We provide the above space

with the norm
[ullyy = supe™ "¢ || Qoue|| + sup |Qnuel| + ||, (7.3)
T €eR EER

with which V) (R, C") is a Banach space that has continuous inclusions V,!(R,C") < BC}(R,C").

In addition, for any § > 0 we define the open set
an"s = {u € BC,(R,C") | ilelg |Qnue| < 5} c v, (R,C"). (7.4)

Since X is finite dimensional, we have that Rs is of class C* on the set B} = {¢ € X | [|Qn0| < §}.
In addition, the norms ||DPRs¢|| are uniformly bounded on B for all 0 < p < k. Thus, for any
u € C(R,C") for which supgep [[Qrug| < § and any 0 < p < k, we can define a map égp)(u) €

L) (C(R,C"),C(R,C")) by

R (u)(vy,. ., 0p) () = DP Ry (ug) (v1)e, - -, (vp)e). (7.5)
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Here the symbol £®) (Y1 x...xY,, Z) denotes the space of p-linear mappings from ¥ x ... x Y, into
Z. 1Y, =...=Y, =Y, we use the shorthand L®) (Y, Z). Note that the map Rgp)(u) defined above
is well defined, since DP Rs is a continuous map from Bg‘ X XP into C™, as is the map i, : R — X
which sends £ — x¢, for any « € C(R,C").

The next lemma shows that for sufficiently small §, the operator u; maps precisely into the
region on which the modification of R in the hyperbolic direction is trivial, which means that Rs is

C*-smooth on this region.
Lemma 7.2. Let § > 0 be so small that for some 0 < g < 7,

w™ Ly < (4Kl (7.6)
Then for any ¢ € Xg and 0 < n <y, we have that for all £ € R,

HQh(u:’d))gH < 6. (7.7)
Proof. Note first that the cutoff function ensures that
HE(;(U:IQZ))HO < 45Lp,. (7.8)

Since Lemma 5.3 guarantees that I, and I, agree on BCy(R,C"), we can use Corollary 5.5 to

compute
|Qn(wd)e | = | @i (Bs(uzo))e | < w™ 1Ky, 1 45 L . (7.9)

O

The next series of results establishes conditions under which the maps Rs : VIR, C") —
BC& (R, C™) are smooth. In the remainder of this section we will for convenience adopt the shorthand

BCgl = BC’C1 (R,C™), together with similar ones for the other function spaces.

Lemma 7.3. Let 1 <p <k, (G >0for1 <i<p (=C+...+¢ andn > (. Then for any

u € O(R,C") such that supgcg |Qnue|| < 6, we have
R{(u) € LP(BCY x ... x BCL , BCy), (7.10)
where the norm is bounded by

|77
S| PeS) ¢eR

< wSsupe” O DPRs(ue)|| < oo. (7.11)
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Ifn > ¢ and o > 0, then in addition u — figp)(u) is continuous as a map from V1% into E(p)(BC'Cl1 X
X BC’Clp,BCn).
Finally, in the statements above, any subset of the BC%i spaces may be replaced by Vgli.

Proof. We define r = supgcp [|Qnuel| < . The bound for ﬁgp)

. follows from the estimates
l(vi)ell < wbiesilél [ville, and [lvsl., < ”Ui”BC}i’ Since ||DPR;|| is uniformly bounded on B, the
norm above can be seen to be finite and hence égp )(u) is well defined.

We now consider the case that nn > ¢ and prove the continuity of u — Egp )(u) Let B C V1 be

the open ball of radius 6 — r and note that for any 0 < € < 1, we have

SUPQGE Hégp) (U + 6g) - E((Sp) (U)H[:(P) (7 12)

< SUP, . 5 SUPger e~ 1=OIEl | DP Ry (ug + ege) — DP R (ug)|| -

Fix an arbitrary « > 0. Exploiting the fact that DP Rs is uniformly bounded on Bg’, we choose an

A > 0 such that

2~ (=94 sup | DPRs ()| < &, (7.13)
¢eBh
which implies
sup sup e~ 1O DP Rs(ug + ege) — DP Rs(ug)|| < k. (7.14)

geB l§[2A

Due to the compactness of the interval [—A, A], we can choose a finite open covering Cov =
Uj]\/il B, (ug;) C Bl C X, with standard open balls B,(¢) C X, such that u¢ € Cov for all
¢ € [-A,A] and in addition ||DPRs(¢) — DPRs(ug,)|| < % for all ¢ € Ba, (ue,). Choose any
€ > 0 such that ew’e”(§ —r) < min{p; | 1 <j < M}. This implies that for every g € B and

any 1 < j < M we have ||ege| < ew?e?l¢] HgHV; < p; and hence

|D? Ry (ug + €ge) — DPRs(ue)|| < || DPRs(ug + ege) — DP Ry (ug, ) ||
+ ||DPRs(ug,;,) — DPRs(ug)|| (7.15)
< s+5=x
where we have chosen jo such that ue € B, (u£j0). Since £ > 0 was arbitrary, we have that
u — R (u) is indeed continuous as a map from V.19 into L) (BC{, x ... x BC! , BCy). Finally,

note that the arguments above carry over upon replacing any subset of the BCcli spaces by their

corresponding V<17 spaces. O

33



Lemma 7.4. Let0<p<k,(G>0for1<i<p, (=C+...+ andn >+ o. Then the map

E((;p) VAU E(p)(BC’él X ... X BC'ép, BC,) is of class C' with derivative
DR (u) = RV (u) € LV (BCY x ... x BCL x V1, BC,). (7.16)

In addition, the same statement holds upon replacing any subset of the BC’éi spaces with the corre-

sponding VC1 spaces.

Proof. Pick an arbitrary u € V% and write r = supgep |Qnuel| < 0. Write B C V! for the open

ball with radius § — 7 and note that for any 0 < € < 1, we have

sup, e L[| (u+eg) — B (w) — By (w)g|
= SWPge s SUPeer WP il pgy =1 S Pyl ey =1 LIIDP Rs(ug + €ge)((v1)e, - - - (vp)e) (717

—DPRs(ug)((v1)e, - - - (vm)e) — €DPT Ry (ue) ((v1)e, - - -, (vp)e, g¢) Iy

S SuprR Sup¢€Bé2) wc+06(777+c+0)‘€‘ |‘Dp+lR6(uE + €¢) _ Dp+1R5(uE)H ,

where we have introduced B&) = {pe X |[l¢]l < (6 —r)w’e’tl and ||Qne| <5 —r}. Since the
exponent —n + ( + o is negative, one can reason as in the proof of Lemma 7.3 to conclude that
the last expression tends to zero as e — 0. This implies D}NE((;p ) (u) = Egp +1)(u) as an operator
in ﬁ(p+1)(BC<11 N BCglp x V},BC,). Lemma 7.3 ensures that this derivative u — figpﬂ)(u) is

continuous. Again, the arguments above carry over upon replacing any subset of the BCcli spaces

by their corresponding VCI, spaces. O

Corollary 7.5. Let no > knp > 0 and 1 < p < k. Then the mapping ﬁg : anl"s — BC,, is of class
C* with

DPRs(u) = RY (u) € LP (V!

0, BCy,) N LP(BC, |, BC,,). (7.18)

Proof. The fact that Ry is of class C* follows by repeated application of Lemma 7.4. In addition,

Lemma 7.3 implies that the derivatives ]Sb((;p) (u) € LP(V}

s BCp,) can be naturally extended to

clements in L) (BC} , BC,,).

O

Corollary 7.6. Let 1 <p <k, ;>0 for1<i<p, (=G+...+ andn > (+ (k—p)o for

some o > 0. Then the mapping Egp) LV [:(”)(BC’CI1 X ... X BC’Clp,BC,,) is of class CF~P.
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Lemma 7.7. Let 1 <p <k, (G >0for1 <i<p (=CG+...+ andn > (+ o for some
o > 0. Let ® be a mapping of class C* from Xy into Val"s. Then the mapping Rgp) o® from Xy into

LP(BCE .. ., BC} , BCy) is of class C* with
DR 0 ®)() (v, .. v, ) = RPFD(@()) (v, .., vy, @ (9)1)). (7.19)
Proof. Let M = supyepy | P Rs(4)]]. Fix v = (v1,...,vp), with [Jv;[|, = 1. Observe that if
S(&) = B (@())(v)(€) = R (@) (v)(€) = RFD(@(1))(v, ¥ ($) (¢ — ¥))(€),  (7.20)
then S can be written as S(£) = S1(£) + S2(€), with

S1(€) = [y (DPMRs(09(¢)e + (1 — 0)@ (1)) — DPTIR5 (B (1)) (ve, (¥ (1) (¢ — )¢ ) o),
Sa(€) = [y DPTIRs(09(d)e + (1 — ) (1)e) (Ve, P(h)e — D()e — (¥ (1) (¢ — )¢ ) .

(7.21)
Define I(£) = fol | DPFIRs(0®(¢)e + (1 — 0)@(h)e) — DPH Rs(®(1)¢)|| d6 and calculate
e MENS (&) < wSToel=nHCHalEl g — 4| 2" ()2 1(€)
< WSt |g — || |9 (9)[lys max § 2MeTMHEFOIA supec gy 4 1(€) ¢
16— 1196l mn ce-anOf o
e M Sy ()] < MwSToel=mtCHlEl || B(p) — () — D' (V) (¢ — )|y
< MuwSt () — () — ' (¥)(6 — ¥y -
Fixing some € > 0 and letting A > 0 be such that 2Me(=71¢+9)4 < ¢ we define
Q={2()e | £ €[4, A} C X. (7.23)
We can argue as in the proof of Lemma 7.3 to show that there exists d; > 0 such that
HDerlRé(aJr@) — DPP'Rs(3)|| < e (7.24)

for any ¢ € Q and ||¢/|| < 1. Since suPgei—a,a] l[P(@)e — @(P)ell — 0 as ¢ — 1, there exists
d2 > 0 such that [|[¢ — || < o implies || ®(¢)e — P(¥)e]| < 01 for all § € [—A, A]. In addition, as
® is differentiable at 1, there exists d3 > 0 such that || ®(¢) — ®(¢) — @' (¥)(¢ — V)|l < |6 — Y| €

whenever ||¢ — | < d3. Together this implies that if ||¢ — || < min(dz, J3), we have

SO, < llé = vl w (M + (127 (4) 1 )e, (7.25)
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which proves that R® o & is differentiable. The continuity of this derivative follows from the fact
that @ is of class C'! together with the continuity of the mapping u — R®+Y(u) from V! into

LETD(BCY x ... x BCL x V}}, BCy). O
Corollary 7.8. Consider any pair 0 < ny < n2 < . Then the map from Vn11’5 mto BC’},2 defined by

u— T, K Rs(u) (7.26)

7211

o Ky, o RV (u) € L(V2

is of class C* with derivative u — J} mo

271

BCL) N L(BC}

m’

BC})).
Proof. Using Lemma 5.3 and Corollary 6.2 we observe that 7., K, Rs(u) = K, Rs(u). This last

map is C'-smooth by Lemma 7.4 and the fact that KC,, is a bounded linear operator from BC,, into

BC}

n27

BC; into BC,, by Lemma 7.3. O

with derivative K, o Egl)(u). The proof is completed upon noting that Egl)(u) in fact maps

Proof of Theorem 7.1. In view of Lemma 5.6 we can choose the constant 6 > 0 in such a way
that both (7.1) and (7.6) are satisfied. We start with the case k = 1. Let 77 € (Wmin, Pmax|- We
will apply Lemma A.2 with the Banach spaces Yy = anmin, Y = BC},min, Y1 = BC’% with the
corresponding natural inclusions and A = Xy. We fix Qp = anrfn C anm;n? recall the extension

operator T : Xy — ﬂC>0 BC’C1 (R,C™) introduced in Proposition 5.2 and choose

F(u? d)) = T¢ + ’Cnmin Eé (u)’ ¢ € XO7 (RS BC(71]min7
FO(u,¢) = Ky o RS (w) € L(BCE ), b€ Xo, ueVL, (7.27)
FM(u,0) = Ko RV (u) € £(BCY), $€Xg, ueVlo.

In the context of Lemma A.2, we have that G : V,} . x Xy — BC; is defined by
Glu,¢) =To+ T Ky Rs(u), (7.28)

and hence using Corollary 7.8 and Lemma 7.3 we see that condition (HC1) is satisfied. Since
supgepn |DRs(¢)|| < Lg,, we see that (7.1) in combination with Lemma 7.3 implies condition
(HC2). Condition (HC3) follows from Corollary 7.8, (HC4) is evident since D2G(u,d)p = Ty €
BC; ., (HC5) follows from (7.1) and finally (HC6) follows from Lemma 7.2. We conclude that

1 * : 1 1 *
jﬁﬂmin °© unmin is of class € and that D(jn"]min °© unmin

)(¢) =Tk ount) (¢) € L(Xo, BC}L), where

Mmin
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u:}(nll (¢) is the unique solution of the equation

° E(l)(u*

Mmin

(@)u) +T (7.29)

in the space £(Xg, BCY ).

Mmin

We now assume that k£ > 2 and use induction on p. Let 1 < p < k and suppose that for all

1 < g < pandall € (¢7min, Tmax), the mapping J}  ou’

. g e .
enin © Unonin 18 of class C? with D(7, ou

MMmin Tmin ) -

jy}qnminufh(fil, for some map uf,ffil : Xo — L@ (Xo, BCy, ). In addition, assume that u;;ffl(qﬁ) is

the unique solution at 77 = 7y, of an equation of the form

u? = Ky o RO (w7 (0))u® + HP () = P (u), ), (7.30)

Nmin

in £P)(X,, BCy.). Here we have H®(¢) =T and for p > 2 we can write Hnip)(qﬁ) as a finite sum of

terms of the form

Ky o RS (i (@) () (), w0 () (7.31)

Mmin Mmin

with 2 < ¢ < p and integers e; > 1 such that e; + ... + e, = p. Notice that these conditions ensure
that Fﬁ(p) : E(p)(XO,BC;ﬁ) x Xo — LP (XO,BCZ%) is well-defined for all 7 € [Nmin, %nmax] and,
in addition, is a uniform contraction for these values of 7. We now fix 7 € ((p + 1)%min, max) and
choose o and ¢ such that Ny, < 0 < (p+ 1)o < ¢ < 1. We wish to apply Lemma A.2 in the
setting Qo = Yy = LP) (X, BCL,), Y = LP)(X,, BC}), Y1 = LP) (X, BC;) with the corresponding

natural inclusions and A = X,. We use the functions

Fu®,¢) = KeoR§(ug,, (9)u® +HE (¢), ¢ € Xo, u® e LP(Xy,BCY),

FO@®), ¢) = KeoRM(u  (¢) € LILP)(Xo, BCL), é€ Xo, ul® e LP(Xy, BCL,),

FU@®,¢) = K,oR"(u;, (¢) € LILP (X0, BCL), ¢ Xo, u®) e LP)(Xo,BCL,).
(7.32)

To check (HC1), we need to show that the map G : L) (Xo, BCp,) x Xo — L) (X, BC}) given by

G(u®,0) = T o kg o RV (g, (6)u® + T HE) (6) (7:33)

Tmin

is of class C'. In view of the linearity of this map with respect to u(®), it is sufficient to show that

¢ —K¢o Egl)(uj;min (¢)) is of class C! as a map from X, into £L(BC}

pJ,BCcl) and, in addition, that

¢ — H(P)

C/p((b) is of class C' as a map from X into £P) (X, BC’%). The first fact follows from Lemma
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7.7 using ¢ > (p+ 1)o and the C*-smoothness of the map ¢ — ngnmmufhm(b. To verify the second

fact, we use Lemma 7.7 and the chain rule to compute

DyKe o R (usy - d)(um)(9),...,unms?) (¢))

Tmin
= Kco BRY TV (ur ) (un)(9), ..., unl? (), upth) () (7.34)

D * *(e *(ej+1 *(eq
+ 30 Ko RO (us 0) (il (@), umed ™ (), .. unls?) (9)),

*#(7)

in which each occurrence of w,,;, is understood to map into BC}U. An application of Lemma 7.3

with ¢ > (p + 1)o, shows that the above map is indeed continuous from Xy into £P+1) (X, BCY).
These arguments immediately show that also (HC4) is satisfied. Condition (HC3) can be verified by
writing ‘77,14 o K¢ o égl)(u;min ¢)=K,o0 Egl)(u;‘]mm ¢) and applying Lemma 7.3 to conclude that ¢ —
R (u;, . ¢) € L(BCL, BC,) is continuous. Conditions (HC2) and (HC5) again follow from (7.1)

and Lemma 7.3 and (HC6) follows from the fact that the fixed point of (7.30) lies in £®) (X, BC,,)

since po > PNmin. We thus conclude from Lemma A.2 that jnlpnm;n o u;,(ﬁ?] is of class C' with

DT i © up®))(g) = T 0 w*®T(¢), in which w*PT)(¢) is the unique solution of the equation
~one 1

W) = Ko RO, () 4 HEED | (g) (7.35)

in LD (X, BCY), with

HEEL 0 (0) = Ke o B (u,,,,0) (P (6),w"V(6)) + DHE)) (6). (7.36)

The arguments in the first part of this proof show that the fixed point u*®+1)(¢) is also contained in

LI (X, Bc(lp—&-l)nmm)' We can hence write u;gjl) = uw Pt (g) € LEFT (X, Bc(lp—&-l)ﬂmm)’ upon
which the proof is completed. O

Corollary 7.9. Consider the setting of Theorem 7.1. Then for any ¢ € [Nmin, Mmax) ond any § € R,

the mapping ¢ — (uid)e from Xo into X is C*-smooth.

Proof. For any 1 € (Knmin; max]), we have (uf¢)e = (uj¢)e. The latter mapping is C*-smooth as a

consequence of Theorem 7.1 and the fact that the evaluation at £ is a bounded linear mapping. [

As a conclusion of this section, we use the explicit expression (7.35) for the derivatives of u*,

together with the fact that u;‘;(O) = 0, to compute the Taylor expansion of uy¢ around ¢ =0 up to
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second order. This can be done if k£ > 2 and yields

iy = T6+ S, DARs(0)(T6)e, (T6)e) +of 0], (7.37)

in which the operator K, acts with respect to the variable &.

8 Dynamics on the Center Manifold

In this section we show that the dynamics on the center manifold can be described by an ordinary

differential equation. In addition, this reduction will be used to supply the proof of Theorem 2.2.

Theorem 8.1. Consider the setting of Theorem 7.1 and choose 1 € (kNmin, max)- Then for any
¢ € Xo, the function ® : R — Xo given by ®(§) = Qo(uyd)e is C**1.smooth and satisfies an

ordinary differential equation
B(¢) = AD(E) + f(2(9)). (8.1)

Here the function f : Xo — Xg is C*-smooth and is explicitly given by

f(@W) = Qo(L(uy — T)o + Rs((uyv)s)), (8.2)

where the projection Qo 1is taken with respect to the variable 6. Finally, we have f(0) = 0 and

Df(0) =0.
Proof. Notice first that ® is a continuous function, since § — (uy¢)¢ is continuous. We calculate
R(E)(0) = limy_o 1 (R +h)(0) — 2(£)(0))

= limp—0 4 (Qo(wd)ern(0) — Qo(usd)e(9)) (8:3)
Qo(D(uy¢) (& +-))(0),

where the continuity of the projection Qo together with the fact that K, maps into C'(R,C™) was
used in the last step. Using the definition of K,, we compute
D(uy@)(§ +6) = L(uzd)ero + Rs((uyd)e+o)- (8.4)

For convenience, define ¢ = ®({). Lemma 6.5 implies that (u;¢)¢+9 = (uy1))e. The ODE (8.1) now
follows upon noting that

Qo(L(T)e) = Qo(¥(8)) = Qo((Ay)(8)) = Ay (8.5)

39



The fact that f is C*-smooth follows from the fact that the C*-smooth function u* : X, —

"
BC}(R,C™) maps into a region on which Rs is itself C*-smooth by Corollary 7.5. It is easy to
see that f(0) =0 and from (HR2) and the Taylor expansion (7.37), it follows that D f(0) = 0. The

fact that ® is C**'-smooth follows from repeated differentiation of (8.1). O

In order to lift solutions of (8.1) back to the original equation (2.3), we need to establish that
the nonlinearity in (2.9) agrees with the version in (8.2) in a small neighbourhood of zero. The next

lemma shows that this can indeed be realized.

Lemma 8.2. Let § > 0 and € > 0 be so small that for some 0 < ng < 7,

Lp, (w20 +wm) < (8[| l)71,
Rs ) o)) (86)

ew? T, < 15,

with the Lipschitz constant Lr, as introduced in Corollary 6.2 and the extension operator T as
defined in Proposition 5.2. Then for any 0 < n < v and any ¢ € Xy with ||¢|| < €, we have for all
Tmin S 0 S Tmax that

|Qo(us@)e| < 6. (8.7)

Proof. Similarly as in the proof of Lemma 7.2, we compute
Qo(uyd)o = (T)o + (Kyy R (un0))o — (Ko Ra((u0) (6 +)))o (88)
and hence using (5.22) we obtain
1Qo(und)s|| < w™w™ [T, 6]l + 46 Lrs (W™ w™ [Kpyl| +w™ [Knoll) <6, (8.9)
which completes the proof. O

Proof of Theorem 2.2. Choose 6 > 0 such that (7.1), (7.6) and (8.6) are all satisfied and fix the
constant €* > 0 such that ¢* max(||Qol|, || — Qol|) < d. Fix 0 < e < § such that (8.6) is satisfied,

pick any 7 € (KMmin, Pmax] and write u* = u;;

*

(i) This follows from Theorem 7.1 together with u* = uz = jclnminunmm for any ¢ € (k7min, Mmax) -

(ii) First note that (i) and the conditions (HR1)-(HR2) imply that f is C*-smooth with f(0) =0

and Df(0) = 0. Since £ — z¢ maps into the subset of X on which R and R; agree, we
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have Az = R;(J:) and hence Px = KAz = IC,,R;(J:). Since Px = = — T'Qoxo we see that
G(xz,Qozp) = x and hence due to uniqueness of solutions we indeed have x = u*Qpxg. Note
that for all £ € R we have ||®(£)|| < J, which by Lemma 6.5 implies that ||Qo(u*®(&))g|| < 6
for any £ € R and 6 € [rmin, Tmax)- Thus the function f defined in (8.2) agrees with (2.9) and
hence an application of Theorem 8.1 shows that ® satisfies the ODE (2.8). An application of

Lemma 6.5 completes the proof.

(iii) This is clear from the fact that { — (u*¢)s maps into the subset of X on which R and Rj

agree.
(iv) See (v) with £- = —c0 and &4 = +o0.

(v) Define the function ¥(§) = Qo(u*®({))¢—¢ and note that it satisfies (8.1) on R, with ¥(¢) =
®(¢). Note further that Lemmas 7.2 and 8.2 imply that the nonlinearities (2.9) and (8.2) agree
on the set {¢ € Xy | ||¢|| < €}. Since both nonlinearities are locally Lipschitz continuous, this
implies that in fact U(&) = ®(€) for all £ € ({min, Emax)- Thus defining z(€) = (v*@(¢)) (€ — (),
we see that Qoze = ¥(§) and hence ||Qoze]| < € < 6 for all £ € (&min, Emax)- Since (Az)(€) =
Rs(x¢) = R(x¢) for all such &, we see that x indeed satisfies (2.3) on the interval ({min, &max)-

Finally, Lemma 6.5 shows that for any ¢ in this interval we have z¢ = (u*¥(£))o = (u*®(§))o.

O

9 Parameter Dependence

We now wish to incorporate parameter dependent equations into our framework. In particular, we

will study equations of the form
£(§) = L(p)ze + R(xe, p) (9.1)

for parameters p € Q C C? in some open subset 2 and linearities

N
L(p)g =Y Aj(p)(r;). (9.2)
3=0

We assume here that the conditions (HLu), (HRul) and (HRu2) all hold. Suppose that for some

po € © we have that det Ay(,,,)(2) = 0 has roots on the imaginary axis. Introducing new coordinates
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v = p — po and defining y = (x,v), we obtain the system

y(§) = Lye + R(ye), (9.3)

in which L = (L(uo),0) and R((¢,v)) = ((L(o + v) — L(p0))¢ + R(¢, o + v),0). Notice that R
satisfies the assumptions (HR1) and (HR2), which enables the application of the theory developed
above. Notice that for any « € Ny, we have that y = (x,v) satisfies y(£) = Ly and hence we have
the identity Xy = Xy x C? for the respective center spaces.

From now on we will simply write u* for the function u; defined in Theorem 6.4. We split off
the part of this operator which acts on the state space for the parameter v and write u* = (u}, u}),
with u}(¢,v) = v. The first component of the differential equation (2.8) on the center manifold in

our setting becomes
(€)= AD(E) + f(2(8),v), (9-4)

for ® : R — X, where f: Xo x C* — X is given by

fh,v) = Qo(L(ui (¥, v) = T)o + (Llpo +v) = L(po)) (ui (4, v)o + R((ui (), ))a; pio +v)), (9.5)

in which the projection @ is taken with respect to the variable 6. We finish by computing the Taylor

expansion of u} to second order, which is possible if £ > 2. We have

ui(¢,v) =T+ K(L (no)v(T¢)e + %DfR(O, 10)(T9)e, (Te)e)) + o((lv] +101)%), (9.6)

in which K acts with respect to the variable &.

10 Hopf Bifurcation

In this section we use the projection on the center manifold to apply the finite dimensional Hopf
bifurcation theorem to our infinite dimensional setting. In particular, we will consider a system of
the form (2.10) that depends on a parameter u € R. We will assume that for some pg € R the
linear operator L = L(ug) has simple eigenvalues at t+iwg for some wg > 0 and we write X for
the center subspace at this parameter value ug. We will look for small continuous periodic solutions

® : R — Xj to the equation

(&) = AD(E) + f(2(8),v), (10.1)
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for small values of v, with f as in (9.5). Using Theorem 2.2 these solutions can be lifted to periodic
solutions of the original equation (2.10).
Before we can apply Theorem C.1, we need to study the generalized eigenspace of A for simple

eigenvalues.

Lemma 10.1. Consider the system (2.3) and suppose that the characteristic equation det A(z) =0

has a simple root at z = iwy. Then the matriz valued function
H(z) = (2 —iwo)A(2) (10.2)

is analytic in a neighbourhood of z = iwg. In addition, there exist p,q € C™ such that A(iwg)p =
A(iwg)Tq = 0, while g7 A’ (iwg)p # 0. For any such pair the function ¢ = €™ p is an eigenvector
of the operator A defined in (4.1) corresponding to the algebraically simple eigenvalue iwg and in

addition we have the identities

H(iwo) = pq"(¢"A(iwo)p) ™",

(10.3)
Qo = €™ H(iwo)(1(0) + 3L, Ajems [ ei07yi(o)do).

Here Qg : Xo — Xo denotes the spectral projection onto the generalized eigenspace of A for the

etgenvalue 1wy .

Proof. Since A(z) is a characteristic matrix for A and det A(z) = 0 has a simple root at z = iwy,
it follows from the theory of characteristic matrices (see e.g. [17, Theorem 1V.4.18]) that A(z) has
a pole of order one at z = iwy and A has a simple eigenvalue at z = iwg. This proves that H(z)
is analytic in a neigbourhood of z = iwy. It also follows that the nullspace N(A(iwp)) is the one
dimensional span of some p € C". Similarly, we have N (A(iwg)?) = span{q} for some q € C". It
is easy to check that ¢ = €¢“°'p is indeed a corresponding eigenvector for A. Using residue calculus
and the formula (4.2) for the resolvent of A to simplify the Dunford integral (4.9), the expression
(10.3) for the spectral projection follows easily.

It remains to derive the explicit expression (10.3) for H (iwg). To this end, observe that
A(2)H(z) = H(2)A(z) = (z —iwp)I, (10.4)
which implies RH (iwg) C N'A(iwg) and RH (iwg)T C N'A(iwg)T. From this it follows that H (iwg) =
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Cpq? for some constant C. Expanding (10.4) in a Taylor series we obtain

I = H’(iWQ)A(iwo) + H(iwo)A/(iwo) = A'(iwo)H(in) + A(ia)O)H/(in), (10 5)
0 = H//(in)A(in) + 2Hl(in)A/(in) + H(in)A//(iwo).
Noting that p = H (iwg)A’ (iwg)p = Cpg” A’ (iwg)p completes the proof. O

Since we are interested in real valued functions, we need to treat the two complex eigenvalues at

+iwg together. To this end, we introduce the real valued functions ¢+ € Xj via

i) = 5(s(0) + 6(6)),
+(0) 2(‘( ) (j) (10.6)
Y-(0) = —3((0) — ()
and we note that the part of A on this basis takes the form (“?0 Y 0). On the other hand, we consider

the two dimensional real ODE

(1) = (oo (o) wor

and observe that under the complexification z = y; + iy_, this system is transformed into
o1 . 1 . _
Z = 5(@11 —+ a9 —+ z(a21 — alg))z + 5(&11 =+ a9 =+ Z((ZlQ — a21))z. (108)

The only nontrivial hypothesis we need to check before we can apply Theorem C.1 is the condition
(HH3), i.e. Re Do (o) # 0 for the branch o(u) of eigenvalues of D;g(0, 1) through iwy at u = po.

The following lemma indicates how this quantity can be explicitly calculated.

Lemma 10.2. Consider real m x m matrices My and M;(v) for some integer m > 2, where each
entry Ml(ij)(v) of My(v) is a Ct-smooth function of the real parameter v with Ml(ij)(()) =0 for all
1 <i<mandl < j < m. Suppose that for some wyg € R and (m — 2) x (m — 2) matriz B we
have My = diag(A(wp), B) with A(wg) = (“?0 “¢°). Suppose further that the matrices B + iwol are
both invertible, i.e., My has simple eigenvalues +iwg. Write o(v) for the branch of eigenvalues of

M = Mo+ M;(v) through iwy at v = 0. Then we have Re Do (0) = (Ml(u)(O) +M1(22)(0)), in which

1
2

the dot denotes differentiation with respect to v.

Proof. We define the function A(v, \) = det(My + M;(v) — (iwg + A)I) and note that we have the

identity A(v, o(v) — iwp) = 0 for small v. Using implicit differentiation it follows that
Do(0) = —D1A(0,0)/D2A(0,0) (10.9)
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and hence it suffices to compute

DiA(0,0) = (—iwoM ™ (0) — iwe M (0) — wo M (0) + wo M2 (0)) det(B — iwo ),
DQA(O, O) = inO det(B — ’inI),
(10.10)
from which the claim immediately follows. O

Thus in order to calculate Do (ug), it suffices to expand (10.1) up to terms involving O(v¢), i.e.,
= AD + Qoh(®,v) + O(|®|* + [v|* + (|| + [v])?), (10.11)

where h : Xy x R — X is the bilinear operator
h(t,1)(8) = (LevoK + pevy) (v (no)ev(, T). (10.12)

in which we have introduced the evaluation function evg f(-) = fg and the point evaluation
pevy f(-) = f(0"). In view of Lemma 10.2, the specific form of the transformation of the real ODE

(10.7) into (10.8) and the fact that ¢ = ¢ + @tp_, it is clear that
Re Do (0) = Re QyQoh(¢/v,v), with Qg = ¢Qy. (10.13)

In order to evaluate (10.13), we need to calculate Ke™o v for arbitrary v € C". As a preparation,

we compute

Qs = e H(iwg)A! (iwg)v,
é (iwo) A" (iwo) (10.14)

Qpbe%v = Le™o H (iwg) A" (iwo)v,

in which the projections Q)4 were taken with respect to the variable 6.

Lemma 10.3. Consider (2.3) and suppose that the characteristic equation det A(z) = 0 has a simple

root at z = iwy. Let H(z), p and q be as in Lemma 10.1. Then for arbitrary v € C™ we have
(KCe™" ) (€) = €™ (H (iwo)& + H'(iwo) v + (T)(€), (10.15)
for some Y € Xy with Quvp = 0. In addition, we have
Qu((Levok + pevy)ev) = ¢q" v(g" A (iwo)p) ™. (10.16)
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Proof. For convenience, define (&) = e™0¢( H (iwg)¢ + H'(iwg))v. We first check that the function

above indeed satisfies the differential equation. We compute
W(€) = o8 ((iwp€ + 1) H (iwo) + iwo H' (iwp))v. (10.17)

Similarly, we compute

LUe = e ((iwg — Aliwo))H (iwo) + (I — A (iwo)) H (iwo) + (iwo — Aliwo))H' (iwo))v

= o8 ((iwp + 1) H (iwp) + iwo H' (iwo) — I)v,
(10.18)

from which we see that indeed (AW)(£) = W(£) — LU = ¢™0¢y. In addition, using (10.5) we can

calculate

e 0 QuWy = (3H (iwg) A" (iwo)H (iwg) + H (iwg) A’ (iwg) H' (iwg ) )v (10.19)

= —1H(iwo)A(iwo)H" (iwp)v = 0,

as required. Finally, we compute

Qo(LYg + %) = Qu(e™((iwh + 1)H (iwg) + iwo H' (iwp))v)
= ewo'(%inH(iwo)A”(iwo)H(iwo) + H (iwo) A’ (iwg) (H (iwo ) + two H' (iwp)))v
= ™o H (iwg) A’ (iwo) H (iwg )v

= ¢q"v(q" Al (iwg)p) L.

(10.20)
O
Using the above lemma we can now calculate
ReDo(0) = ReQuQul(Levok + pevy) L' (110)9)
= —Re @¢((LevelC + pevy) DaA(iwg, p1g)e™0 p) (10.21)

= —Req" DaA(iwy, to)p(q" Al (iwo)p) "
Proof of Theorem 2.3. We apply Theorem C.1 to the ODE (10.1). Conditions (HH1)-(HH2) are
immediate from the assumptions on (2.10) and (HH3) follows from (H¢3) and (10.21). Restricting
the allowed values of 7 in Theorem C.1 to a small interval I around zero such that [p*(7) — po| < §
and |z*(7)(&)| < § for all £ € R and 7 € I, with € as in the statement of Theorem 2.2, it follows

from part (iv) of this theorem that each x*(7) can be lifted to a periodic solution of (2.10). Similarly,
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every small periodic solution of (2.10) corresponds to a small periodic solution of (10.1), which is

captured by Theorem C.1. O

We now set out to compute the direction of bifurcation using Theorem C.2. Notice first that
(T¢)(€) = pe’o¢ and similarly (T$)(€) = pe~°¢. In particular, this implies that (T'¢)¢ = e™“°¢¢ €
Xo and similarly (T'¢)e = e~“¢¢ € Xj. In order to evaluate the constant ¢ appearing in Theorem
C.2, we need to calculate Ke“o% for arbitrary v € C* and ¢ € R such that det A(iCwg) # 0. We

obtain the following result.

Lemma 10.4. Consider (2.3) and suppose that the characteristic equation det A(z) = 0 has a simple
root at z = iwy. Let H(z), p and q be as in Lemma 10.1. Then for arbitrary v € C™ and ¢ € R such

that det A(iCwp) # 0, we have
(Kelwop)(€) = 08 A(iCwo) ™ v — Qo (e*0 A(iCwy) ™). (10.22)
In addition, we have the identity
Qo((LevoK + pevy)e©ov) = (iCwo — A)Qo (™" A(iCwo) 1 v). (10.23)
Proof. For convenience, define (&) = e®“0¢ A(iCwp)~'v. First note that
LU = 0% (iCwy — A(iCwo)) A(iCwo) " v = iCwoW(€) — ey, (10.24)

from which it follows that

(AV)(€) = iCwn¥(€) — LUg = e’ %o, (10.25)
which implies the first claim. To substantiate the second claim, note that

Qo((LevgK + pevy)eic“ov) = Qo(LW¥y + ew0% — L(TQq(e™“ A(iCwo) ™ v))g)
= Qo(iCwoe "’ A(iCwo) "o — AQo (e’ A(iCwo) ' v))
= (iCwo)Qo(e" "’ A(iCwo) ") (10.26)
— AQo(e"“ A(iCwo) ')

(iCwo — A)Qo(e™ " A(iCwo) ~'v).
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To explicitly calculate ¢, we write the nonlinearity f : Xg x R — X in (10.1) in the form

F(,v) = Qo((LeveK + pevy)Ra(uf (1, v), 1)), (10.27)

in which ﬁl is the substitution operator associated with the first component of the compound

operator R defined in (9.3). We thus need to compute

D3 (R 0 u*)(0,0)(¢hr, 2, v3)(€)
= DR(0, juo) ((T9n1)e, (T42)e, (Th3)e)
+ DER(0, 1) ((T¢h1)g, eve KD R(0, o) (Tw2) (), (T43) ) (10.28)
+ DER(0, 1) ((Th2)e, eve KD R(0, o) (T03) ), (Tth1) )))
(

+ DIR(0, p0) ((Th3)e, eve KDTR(0, o) (T1) .y, (T42) ()

and hence substituting 1 = 12 = ¢ and ¥5 = ¢, we obtain

D} (Ry 0 u*)(0,0)(4, 6, ) (€)
= "¢ DYR(0, o) (¢, ¢, 9)
+2e"0¢ DIR(0, o) (¢, LA(0) "D R(0, 110) (6, ) )
—2D?R(0, o) ((Th)e, eveTQo(LA(0) " DI R(0, o) (¢, 0)))
+ €0 D2 R(0, p10) (6, A(2iwp) ~ DZR(0, 110) (6, )

- D%R(O7 NO) ((T(Z))fa eVgTQo (eQiWO‘A(2Z‘w0)_1D%R(Oa NO)(¢a ¢))) :

(10.29)

In addition, using Lemma 10.4 we calculate,

DIf(0,m0)(¢,¢) = Qo((LevgK + pevy)e™@o DIR(0, ) (¢, ¢))
= (2iwy — A)Qo(e*™ A(2iwg) "' DIR(0, 11) (¢, ).

(10.30)

A similar computation shows that

DIf(0, o) (9, 6) = —AQo(LA(0) "' DIR(0, 110) (¢, 9))- (10.31)
Using these identities we can write

D%(ﬁ'l o U*)(07 MO)<¢’ _A_lD%f((L MO)((ba 5))(5)
= D}(Ry o u*)(0, o) (¢, Qo(1A(0) "1 DIR(0, o) (¢, 6))) (10.32)
= DIR(0, o) (T )¢, eve TQo(LA(0) " DIR(0, 110) (¢, #)))
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and similarly

D}(Ry 0 u)(0, 110) (9, (2iwo — A) " D3 F(0, o) (6, 6))(€) (10.33)
= DIR(0, 110) ((T')e, eveTQo (%0 A(2iwo) ~' DR(0, o) (¢, 9))).-
Putting all our calculations together, we arrive at
c¢ = QQo((LevoK + pevy)¥(+)), (10.34)
in which
U(E) = e DIR(0, 1o)(¢, ¢, )
+ €S DER(0, o) (6, 1A(0) ™ DTR(0, 10) (¢, 6) (10.35)
+ 59 DYR(0, 110) (¢, €20 A(2iwo) " DIR(0, o) (9, 9)).
Finally, an application of Lemma 10.3 yields
(¢"A'(iwo)p)e = 34" DIR(0, po)(o, b, )
+ 4" DER(0, 110) (¢, LA(0) "' DER(0, j10) (¢, 6)) (10.36)

+ 34" DIN(0, 110) (¢, €20 A(2iwn) "' DIR(0, 110 ) (¢, ))-
Proof of Theorem 2.4. Using Theorem C.2, the statement follows immediately from the formulas

(10.21) and (10.36). O

11 Example: Double Eigenvalue At Zero

We here give a concrete example of the power of the finite dimensional reduction by considering a
functional differential equation of mixed type that depends on four parameters. For certain values of
the parameters the equation reduces to a delay equation, which has already been studied in [17]. This
example hence allows us to check that our framework yields reproducable results when restricting
to delay equations. The equation we consider has the origin as an equilibrium and in addition has a
double eigenvalue at zero with geometric multiplicity one, for certain critical parameter values. This
means that the origin is a Takens-Bogdanov point and it is known that for such equilibria only the
second order terms are needed to determine the local phase portrait.

In particular, we consider the equation

£(§) = ax(§) + B-g(x(§ — 1), n) + Brg(z(§ — 1), p), (11.1)
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for some g € C3(R x R, R). We enforce the conditions 34 + 3_ # 0 and B4 — S # 0. Suppose that
9(0, ) = 0 for any p € R and in addition ¢'(0, 1) = p. Linearization around the zero equilibrium
yields

#(€) = a() + B_pua(€ — 1) + By (€ + 1) (11.2)

and with a short calculation one can verify that this equation has a double eigenvalue zero at

(o, 1) = (ap, o) = (g:tgi, 5+iﬂ_ ), with corresponding eigenvectors ¢p = 1 and ¢ = {0 — 6}.

The projection operator @y : X — X onto the span of ¢g and ¢; can be calculated by using residue

calculus on the resolvent equation (4.2). We find

(Quo)(o) = 2CPtili0el )

iy [0 (200 — 0)(Bs + B) + §05 + 46-)¢(0)do (11.3)

e o (20— 0)(By + B2) + 58 + 461)¥(0)do
We introduce parameters A = a — ag and v = 1 — i and investigate (11.1) for small values of A

and v, keeping 3, and B_ fixed. Writing
R(p.A\v) = Bog(é(—1), 1o +v) — B (o + v)é(~1)
+ B1g(@(+1), o+ v) — B (0 + 1) p(+1) (11.4)
= (0,0 + 1)($(=1))* + S 9" (0, o + v)($(+1))* + O(]1°),

equation (11.1) transforms into the system

26 = FEEr) + gma€ - )+ 52w+ 1)

+Az(§) +vf-x(§ — 1) +vBra(§ +1) + Rz, A v),

(11.5)

which satisfies the conditions (HRp1)-(HRu2) and (HLp). Using the explicit form of R and the
linear part of (11.5), we see that the first component of the second order Taylor expansion (9.6) in

our case becomes

ui(¢, A, v) To+K(MTP)() + B-v(T)(- — 1) + Brv(TH)(- + 1)
+ 550”0, 10)(TO)(- = 1))%) + 59"(0, o) (T) (- +1))?) (11.6)
+ O(gl” + (vl + A [l (v] + A + [1)-

We now set out to calculate the differential equation that is satisfied on the center manifold up to

and including second order terms. Using Theorem 8.1 we calculate
b= AP + f(@) + OB + (|A + [v]) | (Al + |v] + [@])), (1L.7)
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in which A¢1 = ¢g, Apg =0 and f: Xy — X is the function

F¥) = Qo(5775pevek + 725pevy_ 1K + 725-pevy, K + pevy)
(ATH)() + B-(T)(- = 1) + Brv(TH) (- +1) (11.8)
+ 56"(0, o) (T) (- = )% + 526" (0, o) (T) (- + 1))?),

in which the projection @ is taken with respect to the variable §. We introduce coordinates ®(£)(0) =
u(§) + v(€)0 on the center space Xj. Fixing a value of £ € R and writing ¢ = ®(£), v = u(§) and

v =v(£), we compute

MTY)E) + B-v(TY) (" — 1) + B (TY)( +1)

(11.9)
+ 52970, o) (T) (€ — 1)) + Zg"(0, o) (T9) (€' +1))% = Co + C1€' + Ca(€)?,
in which
Co = MutBov(u—v)+ Bevlu+v)+ 5 g"(0, o) (u— ) + 5 g"(0, o) (u + v)2,
Ci = (A (8- + B4 v)o+ B-g"(0, po)o(u — v) + B1g" (0, po)v(u + v), (11.10)
Cy = =360, po)v?

In order to proceed, we need to calculate the action of the pseudo-inverse K on the powers of £’.
This can be done by using a polynomial ansatz and projecting out the Xy component at zero. We

obtain

(B=—=B+)(=146_ 6+ +62 +5%)

_ BBigr 28
(k1) = B++ﬁ+§ il 18(34 F5-)° 7
_ B 3 (BB e, (B —B4)(-148 6, +6° 45%)
(KENO) = srasyE + smrayl + [T
L BB0EI18 88162, 5" +51)
270(ﬂ++5 ) . (1111)
2 _ B——B 4 2(B——B+) 34 2(B—=B4)° \¢2
(KEE) = syt + s + (s + s
+ (ﬁ—*B+)(81ﬁ—ﬁ+781B3ﬁ+*ﬁi+[3+)5
135(B4++p-)*
4 (Bampo)(2125- B3 85832 52 +2124, 6> +5* +ﬁ+)
162003, 15 )°

Inserting (11.9) and (11.11) into (11.7), calculating the relevant projections and performing some

extensive formula manipulation now yields the system

2
U = v+th(u,v,)\,u)
3 (ﬁ—+6+)2 (1112)
v o= Qg:;gih(u,v,)\,u),
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with

hu,0,00) = Zg"(0, o) (u— v) + 59" (0, o) (u +0)? + Xu+ B_v(u — v) + Byv(u +v)

+

O((Ju] + [v)? + (Il + [wD (ul + [ (IA] + [¥| + [u] + [v])).
(11.13)

If we choose f_ =1 and B4 = 0, equation (11.1) reduces to a delay equation that has been studied
in [17]. The differential equation on the center manifold that was found there using specific delay

equation techniques, matches the equation (11.12) derived here.

12 Capital Market Dynamics

We now return to the model for capital market dynamics that was discussed in the introduction. In
this section we show that the model indeed leads to a functional differential equation of mixed type
that is linear only for special choices of the model parameters. Furthermore, we illustrate how the
results developed in this paper can be used in the analysis of the large time behaviour of the capital
market.
We recall the definition of the Cobb-Douglas production function for the economy under consid-
eration,
Q(k(1), e(1), 1(t)) = Ak(t)*(e(1)I(t))", (12.1)
for some A > 0 and exponents o > 0 and 8 > 0. We fix e(t) = k(t) and set [(¢) = 1, since the work

force has fixed size. These choices lead to the following interest rates r(¢) and wages w(t),

r(t) = adk(t)*tPL (122)
w(t) = BAK(E). '

In [16] the following expression was derived for the optimal amount of assets at time ¢ for an

individual born at time s >t — 1,
s+1 o s+1 .
a*(s,t)=(s+1— t)/ w(o)e™ 77T G — / w(o)e™ 77 4. (12.3)
s t

Substituting these equations into the capital equilibrium condition k() = f:fl a*(s,t)ds, we obtain
the following functional equation for k(t),

kit) = pBA s+ 1—t) [P (o)etBemaA [T k(DT gy
t—1 s ( 4)
12.

CBA L k(o)A S KO g
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This integral equation can be transformed into a mixed type functional differential equation by

threefold differentiation. An involved computation leads to

K70 = [(a+B)2A+ 204k (1) + (a+ B — DA((a + B)? + a)k(t)™ 02k (1)?
— ad2(3(a + B)% — BR()XOTIDR (1) + (@A) + B)AR(FOHI=2 4 28 Ak(1)™+

o ﬂAk(t + 1)a+,36—aAftt+1 k(r)etP=tdr ﬁAk’(t . 1)a+ﬁe—aA f:fl k(r)‘”ﬁ*ldr.
(12.5)

Upon substitution of e+ 8 = 1, (12.5) reduces to the linear functional differential equation,

E"(t) = A(l+22)Kk"(t) — aA%(2+ )k (t) — (1 — a)Ak(t — 1)e? 12.6)

+[2(1 — @) + (@A) Ak(t) — (1 — a)Ak(t + 1)e~ 4.
This equation matches the expression derived in [16] by substituting o + 8 = 1 directly in (12.2).
Since (12.6) is linear, the global behaviour of the capital market can be analyzed by studying the

zeroes of the characteristic function
Az, A) = (z — aA)® — (1 — @) A[(z — ad)? + 2 — e~ (ZmaA) _ gzmad], (12.7)
This was performed in [16], where the following result was found.
Lemma 12.1. Fiz 0 < a < 1 and consider the entire function
Az, A) = (z — ad) 3 A(z, 0, A). (12.8)

For every A > 0, the equation ﬁ(z,A) = 0 has precisely one real root G(A), an infinite number of
roots z with Rez < G(A) and an infinite number of roots z with Rez > g(A). In addition, there
exists a constant A > 0, such that for all A > A, the root g(A) satisfies 0 < g(A) < aA and there

are no other roots z with Re z = g(A).

We remark here that insertion of k() = Ce®4* into (12.4) yields k(t) = 0, which is why this
root needs to be excluded. Using the above result, one concludes the existence of a balanced growth
path for the economy, namely k() ~ e9t. Demanding that k(t) should remain strictly positive, one
sees that the capital dynamics may exhibit oscillations at the start of the economy, but will finally
converge to the balanced growth path [16].

We now shift our attention to the case that a+ 3 # 1 and look for non-zero equilibrium solutions

to (12.4). For convenience, we introduce the new variable y = e(®+t8=DInk Ingertion into (12.4)
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yields the equilibrium condition f(g) = 0, in which the function f is given by
f(y) = (ad)?*(a + B)y* + 2B(1 — cosh aAy). (12.9)

Lemma 12.2. For any A > 0 and parameters a > 0 and 3 > 0, the equation f(y) =0 has a unique

strictly positive solution § =gG(A, «, 3) > 0.
Proof. Notice that f(0) = f'(0) = 0. In addition, we calculate

"(y) = 2(aA)?*(a+ B(1 — coshady)), (12.10)

f"(y) = —2B(ad)’sinhady,

which implies that f”(0) = 2a(aA)? > 0 and f"”’(y) < 0 for all y > 0. The claim now immediately

follows upon observing that lim, .. f(y) = —oc. O

Please note that the equilibrium 7 found above does not translate into a valid equilibrium % for
the capital when a4+ 8 = 1, due to the nature of the corresponding variable transformation.
Linearizing (12.5) around an equilibrium g and using the condition f(7) = 0 yields the following

characteristic function,

A(z) = (2 —adp)® + Ay(a — (a + B)?)(z — ady)?
—ala+B) A’ (1 - (a+ 1)) (2 — ady) — (a + B)AF(a®(a + B — 1) A’ + 20)
+ 27 H2BAY((a + B) (2 — aAY) + aAy) cosh(z — aAy)

+ A% (a + B — 1) (a2 A%(a + B)T + 20)].
(12.11)

We remark here that the apparent singularity at z = 0 in the above expression can easily be seen
to be removable by invoking the equilibrium condition f(g) = 0. A short calculation shows that
A(aAy) = 0 and using standard arguments one can prove that the characteristic equation A(z) =0
has infinitely many roots to the right and left of z = @Ay in the complex plane. For any root z
that has negative real part Rez = —\ < 0, one can use the techniques in this paper to construct
solutions k(t) to (12.5) that exists for all # > 0 and satisfy k(t) = k + O(e(= )% as t — oo, for all
sufficiently small € > 0. In addition, if a complex conjugate pair of roots crosses the imaginary axis
at some parameter pair (@, 3), the Hopf Bifurcation theorem could be used to establish the existence

of capital paths that oscillate periodically around the equilibrium value for («, 3) near (@, 3).
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We conclude by remarking that these observations show that the qualitative behaviour of the
capital market critically depends on the choice of the exponents o and (3. Thus even with this
relatively simple economic model, very diverse dynamical behaviour can be obtained by varying the

parameters. It is hence important to have accurate models for the production function Q.

A Embedded Contractions

In this appendix we develop a version of the embedded contraction theorem which we used to prove
that the center manifold is C*-smooth. The presentation given here contains slight adapations of
results given in [42].

Let Yy, Y, Y7 and A be Banach spaces with norms denoted respectively by

Fllos M-I (Il and ], (A1)

and suppose that we have continuous embeddings Jy : Yy — Y and J : Y — Y7. Let ¢y C Y; be a

convex open subset of Y. We consider the fixed-point equation
y=F(y, ) (A-2)
for some F': Y x A — Y. Associated to F' we define a function Fy : Yy x A — Y via
Fo(yo, A) = F(Joyo, A) (A.3)

and also a function G : Yy x A — Y] by G = J o Fy. The situation is illustrated by the following

commutative diagram.

Yo x A —S>y; (A.4)

S

YXA——Y

We shall need the following assumptions on F' and G.

(HC1) The function G is of class C!. Fix any wg € 2y and A € A and consider the partial derivative

D1G(wp, \) € L(Yy,Y1). Then there exist F(D(wp,\) € L(Y) and Fl(l)(wo,k) € L(Y71) such
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that the following diagram is commutative,

Yo (A.5)

7

Y—" DG

J
F(l)l Fl(”i
J
Y —Y;
i.e., for any vg € Yy we have
D1G(W0, /\)UO = JF(l) (wo, /\)J()’UQ7
(A.6)
JFD(wo, Ny = F(wo, \)Jy.
(HC2) There exists some k1 € [0,1) such that for all wy € Qy and A € A we have
(1)
[F® (wo, M| pyy < k1 and HF1 (WO’)‘)Ha(yl) < K. (A7)

(HC3) The mapping (wp, A) — J o FM)(wp, A) is continuous as a map from Qg x A into £(Y,Y7).
(HC4) The function Fy has a continuous partial derivative

D2F0 : Y() x A — E(A, Y) (AS)

(HC5) There exists some k2 € [0, 1) such that for all y,57 € Y and all A € A we have
1E(y, A) = F(@ M < sz lly =7l (A.9)

It follows from (HC4) that (A.2) has for each A € A a unique solution ¥ = ¥(\). We assume that
(HC6) For some continuous ® : A — Qg we have ¥ = Jy o .
We define k = max(x1, K2).

Lemma A.1. Assume that assumptions (HC1) through (HC6) hold, except possibly (HCS3). Then

W is locally Lipschitz continuous.

Proof. We calculate

) =¥l = [FWA),A) = F(U (), wl
< FEE@A),A) = FU(p), M+ [ Fo(@(p), A) = Fo(@(p), ) (A.10)
< RO = U@ + A = plsupsepo 1) [[D2Fo (), sA + (1 = s)u)[ -
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Now fix some A € A and let C(\) > || D2 Fy(®(A), A)||. Since both Dy Fy and @ are continuous, there

exists some § > 0 such that for all p with |u — A\| < § we have

Sup [D2Eo (@), sA + (1 = s)p)[| < C(A). (A.11)

Using (A.10) we immediately conclude that for such pu we have
1) = T ()l < CN)A = K)7H A=l (A.12)
which concludes the proof. O

Assuming that (HC1) through (HC6) hold, we can consider the following equation for A €
L(AY),

A=FI(B(N), A+ DyFy(B(N), N). (A.13)

Since HF(I)HL(Y) < K < 1 by (HC2), we see that I — F()(®()),\) is invertible in £(Y") and hence

for each A € A (A.13) has a unique solution A = A(\) € L(A,Y).

Lemma A.2. Assume that (HC1) through (HC6) hold. Then the mapping J oV is of class C and

D(JoW)(A) = Jo A(A) for all X € A.
Proof. Fix A € A. For any i € A write S(u) = JU (i) — JU(X) — JAN) (1 — A) and calculate
S(u) = JF(®(p), 1) = JFE(U(X),A) = JFD(@(A), AN (1 = X) = T D2 Fo (®(A), A) (1 = X)
= G(®(n), p) — G(2(A), A) = TED(2(X), \)AN) (1 = A) — D2G(R(N), A) (1 — A)
) —

= G(@(p), 1) = G(@(N), ) = JED(@(X), VAN (1 = N)
G(2(N), 1) = G(D(N), A) — DG

= TPO@N), N[ () = T(A) — AN (1 = V)] + R\, o)
= FP@(A),A)W() JU(N) = JAN) (1= V)] + RO\, ),
(A.14)
where
ROup) = [y [TFO (sB(p) + (1= 5)0(N), 1) — JED(D(A), ][ (1) — (N)]ds e

+ [ [D2G(BN), spt+ (1 — 5)A) — DaG(B(A), N)] [ — Ads.

Using (HC3) and the continuity of DoG and @, for each € > 0 we can find some § > 0 such that

supse[o’l] ||JF(1)(S®(IL) + (1 - S)(I)()‘)MUJ) - JF(l)((I)()\)7 )\)H < & (A16)

suPse(o,1) [[D2G(P(A), s+ (1 = s)A) = DaG(P(A), M| < &
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whenever | — A| < 0. Letting C(\) be a Lipschitz constant for ¥ in a neighbourhood of A, we obtain
IR, w)ll < e(C(A) + 1) | = Al (A.17)

for |u — Al < 0. From (A.14) and (HC2) it now follows that for such values of y we have

Istoll < XLy, (A18)

which shows that J o U is differentiable at A with D(J o ¥)(X) = J o A(\). It remains to show that

A — J o A(X) is continuous. Since

JAN) — JA(p) JED(D(N),N)AN) + D2G(P(N), \)
— JFW(® (1), 1) A(p) — DaG(® (1), 1)

= FV (@), N (JAN) — JA(w))

(A.19)
+ (JFD(@(N),\) = JED(®(N), n)) A(p)
+ (JFD(@(N), 1) = TFOD(D(p), 1)) A(p)
+ D2G(®(A), A) — D2G(R(), ),
it follows that
(1= &) [JAN) = JAW < [TED(@(N),A) = JED (@A), ]| [ A)]
+ [[TED (@A), 1) — JFD (@ (), )| A ) (A.20)

+ [[1D2G(2(A), A) = D2G(2(p), )| -

Using the continuity of ®, DoG and JF(), the continuity of A — J o A(\) now easily follows. [

B Fourier and Laplace Transform

We recall here the definitions of the Fourier transform f(k:) of an L?(R,C") function f and the

inverse Fourier transform §(§) for any g € L?(R,C"), given by

Fk) = [ e ™ f(e)de,  §(&) = & [ e*g(k)dk. (B.1)

We remark here that the integrals above are well defined only if f,g € L*(R,C"). If this is not the

case, the integrals have to be understood as integrals in the Fourier sense, i.e., the functions
n .
k) = [ e pde (B2)
—-n
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satisfy hy, (k) — f in L2(R,C") and in addition there is a subsequence {n'} such that h, (k) — f(k)
almost everywhere. We recall that the Fourier transform takes convolutions into products, i.e.,
(f/*\g)(k) = ]?(k)ﬁ(k) for almost every k. As another useful tool, we state the Riemann Lebesgue

lemma [25, Thm. 21.39].

Lemma B.1. For any f € L*(Ry,C"), we have

lim ‘/OOO eiwff(g)dg‘ =0. (B.3)

w—too

Suppose f : R — C™ satisfies f(£) = O(e™%) as € — oo. Then for any z with Re z > —a, define

the Laplace transform
)= [ e (B.4)
0

Similarly, if f(&) = O(e%) as &€ — —oo, then for any z with Rez > —b, define
L= [ g (B.5)
0
The inverse transformation is described in the next result, which can be found in the standard

Laplace transform literature [43, 7.3-5].

Lemma B.2. Let f : R — C" satisfy a growth condition f(£) = O(e™) as & — oo and suppose
that f is of bounded variation on bounded intervals. Then for any v > —a and £ > 0 we have the

inversion formula

fEH) +1E=) _ 1 /—a“w o
f—wh_)n;o% o e* f1(z)dz, (B.6)
whereas for £ =0 we have
fOo+) o1 /_an £ F
5 —U}LII;O omi ) e*s f1(2)dz. (B.7)

C Hopf Bifurcation Theorem

In this appendix we state the Hopf bifurcation theorem for the finite dimensional system of ODE’s
&= g(z, 1), (C.1)

for p € R and « € R", where g satisfies the following assumptions.
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(HH1) For some integer k > 2 we have g € C*(R" x R,R"), with g(0, ) = 0 for all 4 € R.

(HH2) For some po € R the matrix A = D1g(0, p0) has simple (i.e. of algebraic multiplicity one)

eigenvalues at +iwgy, where wg > 0. In addition, no other eigenvalue of A belongs to iwyZ.

(HH3) Writing o(u) for the branch of eigenvalues of D;g(0,p) through iwg at p = ug, we have

Re Do (o) # 0.

Finally, we define the non-zero vector v € R™ to be an arbitrary eigenvector of the matrix A at
the eigenvalue iwy and we let w € R™ be an arbitrary eigenvector of AT at iwy normalized such
that wlv = 1, i.e., the spectral projection P, corresponding to the eigenvalue iwq is given by
P,y = vwTz. The following results are stated as in [17] and we refer to a paper by Crandall and

Rabinowitz [15] for proofs and additional information.

Theorem C.1. Consider (C.1) and suppose that (HH1)-(HH3) are satisfied. Then there exist C*~1-

smooth functions T — p*(t) € R, 7 — w*(1) € R and 7 — 2*(7) € C(R,R"), all defined for t

27
w*(7)

sufficiently small, such that at p = p*(r), z*(7) is a periodic solution of (C.1). Moreover, u*
and w* are even, u(0) = po, w(0) = wp, *(—7)(&) = z*(7)(E+ %(T)) and x*(1)(€) = TRe (e™0¢v) +
o(1), as T — 0, uniformly on compact subsets of R. In addition, if x is a small periodic solution
of this equation with pi close to po and minimal period close to 2=, then z(§) = z*(7)(§ + &) and

O)

w=p*(r) for some T and & € (0,27 /w* (7)), with T unique modulo its sign.
We conclude this appendix with a result on the direction of bifurcation.

Theorem C.2. Consider (C.1) and suppose that (HH1)-(HH3) are satisfied, but with k > 3. Let

w* be as defined in Theorem C.1. Then we have p*(7) = po + p27? + o(7?), with

Rec
=\ C.2
Hz Re Do (o) (C.2)
The constant ¢ is uniquely determined by the following identity
v = %PiwoD?g(Ov/JO)(vavﬁ)
+ PinD%g(O, /’LO)(U7 _Dlg(07 MO)_lD%g(O7 MO)(U75)) (C3)

+ %PiwoD%g(Oa ,L"O)(ﬁa (ino - Dlg(oa ,U'O))ilD%g(Oa /lo)(’U, U))
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