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Abstract

The nonlinear stability of travelling Lax shocks in semidiscrete conservation laws involving general spatial
forward-backward discretization schemes is considered. It is shown that spectrally stable semidiscrete Lax
shocks are nonlinearly stable. In addition, it is proved that weak semidiscrete Lax profiles satisfy the spectral
stability hypotheses made here and are therefore nonlinearly stable. The nonlinear stability results are proved
by constructing the resolvent kernel using exponential dichotomies, which have recently been developed in
this setting, and then using the contour integral representation for the associated Green’s function to derive
pointwise bounds that are sufficient for proving nonlinear stability. Previous stability analyses for semidiscrete

shocks relied primarily on Evans functions, which exist only for one-sided upwind schemes.
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1 Introduction

Our starting point is semidiscrete systems of conservation laws, where semidiscreteness refers to the property that
the equations are discrete in space and continuous in time. Thus, the underlying equations can be thought of as
lattice dynamical systems that are posed on a spatial lattice Z of equidistant grid points with a time evolution in
the continuous time variable ¢ € R. Such equations arise naturally as spatial finite-difference approximations of
systems of conservation laws, and it is therefore of interest to investigate the similarities and differences between

the original continuous conservation law and its semidiscrete analogue.

Lax shocks are an important feature of both continuous and semidiscrete systems of conservation laws, and the
issue addressed in this paper is the nonlinear stability of semidiscrete Lax shocks. More specifically, we consider
semidiscrete Lax shocks that travel with nonzero speed through the lattice. Indeed, since the underlying lattice
breaks translation symmetry, standing and travelling waves will have very different properties: standing shocks
admit discrete profiles that satisfy difference equations; the profiles of travelling shocks, on the other hand,
depend on a continuous spatial variable, and they satisfy a functional differential equation (FDE) of mixed type
that contains both advanced and retarded terms if the finite-difference scheme uses both downwind and upwind
terms. The presence of these terms complicates the analysis of the travelling-wave FDE dramatically as the
associated initial-value problem is ill-posed; this is in sharp contrast to the continuous case where shocks of any
speed satisfy an ordinary differential equation, which is well-posed. Nevertheless, the existence of weak Lax

shocks for FDEs of mixed type was established in [3] using a center-manifold reduction.

Our goal is to prove that spectrally stable semidiscrete Lax shocks are nonlinearly stable. For upwind schemes,
this result was proved in [4] for shocks of arbitrary strength. The approach taken there is to derive pointwise
bounds for the resolvent kernel, which then generate, via the inverse Laplace transform, pointwise bounds for
the Green’s function. The latter can then be used to establish nonlinear stability by setting up an appropriate
iteration argument via Duhamel’s formula. We note that this approach is similar to the stability analysis of
viscous conservation laws, and indeed one of the crucial assumptions in [4] is that the semidiscrete system
exhibits appropriate dissipation. To obtain the pointwise bounds on the resolvent kernel, it is necessary to
extend this operator meromorphically across the essential spectrum (as in the continuous case, the essential
spectrum contains the origin due to transport along characteristics). The key difficulty that restricts the analysis
presented in [4] to upwind schemes arises during the meromorphic extension: since the derivative of the Lax
shock creates an eigenvalue at the origin that is embedded in the essential spectrum, the meromorphic extension
of the resolvent kernel will have a pole at the origin. This pole is typically captured by an Evans function,
which is essentially a Wronskian determinant of appropriate solutions of the linearization of the semidiscrete
system about the shock. For semidiscrete shocks that travel with nonzero speed, the relevant linearization in
the comoving frame is again a functional differential equation of mixed type for which Evans functions are not

available as the initial-value problem is ill-posed.

In the context of time-periodic Lax shocks of continuous viscous conservation laws, similar difficulties were
recently resolved in [1] by a combination of Lyapunov—Schmidt reduction and exponential dichotomies instead of
Evans functions. Exponential dichotomies encode the property that the underlying phase space can be written
as the direct sum of two subspaces such that the ill-posed equation can be solved in forward time' for initial
data in the first subspace and in backward time on the second subspace. For functional differential equations of
mixed type, the existence of exponential dichotomies was established in [9, 19], see also [6, 26], and our goal in
this paper is to show that these results in conjunction with the techniques developed in [1, 4] provide the means

to prove that semidiscrete Lax shocks are nonlinearly stable whenever they are spectrally stable.

When implementing the strategy outlined above, several nontrivial issues need to be addressed. First, we need

to prove regularity of the Green’s function in the spatial variables, which requires a careful examination of the

L«Time” refers to the evolution variable which, in the present context, is the spatial variable .



existence proofs for exponential dichotomies given in [9, 19]. A second obstacle is the adjoint of the linearization
about the shock, which is needed in the meromorphic extension of the resolvent kernel: the issue is that the
FDE of mixed type that represents the linearization about the shock and the associated adjoint system are
related via an inner product (commonly referred to as the Hale inner product) that is much weaker than the
L?-scalar product. Thus, the exponential dichotomies of the linearization and its adjoint, which are typically
related by taking L? adjoints and solving backwards, are no longer related in a transparent fashion, and care
is needed when using the adjoint system. Finally, a certain nondegeneracy condition on the coefficients of the
travelling-wave FDE that implies a number of useful properties is not satisfied by the two-sided schemes most
commonly employed for conservation laws. Not having these properties prevents us, for instance, from using

variation-of-constants formulae, which further complicates the analysis.

We now give a more detailed technical account of our setting and the results we shall prove in this paper. We
consider the lattice dynamical system

dv; 1 .

ditj + E [f(’l}j,erh...,UjJrq) _f(vj7p7...,vj+q71)] =0, VS 7, (11)
where v;(t) € RY for all j. Throughout this paper, we assume that the discrete flux f : RN+ _ RN {5 O2.
The relation of (1.1) to spatial discretizations of conservation laws becomes clear once we define

for v € RY and introduce the system
v + f(v)z =0, reR (1.2)

of conservation laws. Indeed, applying a finite-difference scheme with spatial step size h to the flux in (1.2) gives
an equation of the form (1.1), where the integers p, ¢ > 0 correspond to the end points of the spatial discretization
stencil, and v;(t) is meant to approximate a solution v(x,t) of (1.2) evaluated at the grid points z = jh. We
reiterate that we regard the step size h > 0 as fixed and investigate the dynamics of the semidiscrete system

(1.1) in its own right.

Travelling waves of the semidiscrete system (1.1) are solutions of the form
.o
v(t) =u. (= 71).

where u, : R — R characterizes the profile of the wave, and ¢ denotes its wave speed. Substituting this ansatz

into (1.1), we find that the profile u.(z) needs to satisfy the equation

(@) = f (el —p+ 1), w2+ ) = f (ww = p)s sz + g — 1)) (13)

When p, g > 0 are both strictly positive, we see that (1.3) is a functional differential equation of mixed type as
it contains both advanced and retarded terms. As mentioned above, such systems are difficult to analyse as the
right-hand side depends on the future and the history of u(z). We shall assume that u,(z) is a solution of (1.3)

for some ¢ > 0 and that there are constants u+ € R so that
Ui () — ug as x — Foo. (1.4)

Furthermore, we assume that u, is a Lax k-shock in the following sense:

Hypothesis (H1) The ordered eigenvalues ali < .. < aﬁ of fulux) are real and distinct, and there is a
number k € {1,...,N} such that a, | <o <a; andaf <o < a;:ﬂ.

We denote by I and rf the left and right eigenvectors of f,(u+) associated with the eigenvalues a;f for n =
+

1,..., N. The eigenvalues a;;

are often referred to as characteristics, and the associated eigenvectors correspond



to directions along which movement, measured relative to the shock speed o, is directed in towards the shock or
out away from the shock. Thus, we will often refer to them as incoming and outgoing characteristics and denote
them by

ay <...<ap_<o<a; <..<ay, af <..<af <o<aj,<..<af. (1.5)
—_———— (S S —
::a;,out ::a;‘in ::a:,in =0y out

The following lemma, which will be proved in §4.2, states that a Lax k-shock converges exponentially towards

its end states and that its speed is given by the Rankine-Hugoniot condition.

Lemma 1.1 If u.(x) is a Lax k-shock whose end states uy and speed o satisfy (H1) and the condition (S4)

stated below in Definition 1.2, then o(uy —u_) = f(us) — f(u—), and there are positive constants k and K so
that |u,(z)] < Ke *1#l for z € R.

Throughout this paper, we need the following technical assumption on the semidiscrete scheme that guarantees
uniqueness of an appropriate initial-value problem associated with (1.3).

Hypothesis (H2) The derivative ul,(x) does not vanish identically on any interval of length at least p + q.

If (H2) is not met, then the profile u, is constant on an interval of the form [y — p,y + ¢l, [y, 0), or (—o0,y]
for some y. In the first case, the profile can be broadened by extending the interval on which wu, is constant
to any larger interval, and the scheme does not generate a locally unique Lax k-shock profile. We believe that
our analysis can be extended to cover the remaining two cases, where u, vanishes along one or both of its tails,
though we will not discuss this further. We remark that a sufficient condition for (H2) that has many other
useful implications is that the determinants of the coefficient matrices A_,(x) and A,(z) that we introduce in
(1.7) below do not vanish on any open interval: this condition, however, is typically violated for the two-sided
schemes used in practice; see [3] for examples.

To describe our spectral stability assumptions on the Lax k-shock u,, we use the notation

af .
8jf(’l},p+1, ce ,Uq) = %(’l},p+1, e ,Uq), YRS {—p—|— 1,.. .,q}
J

to denote the derivative of f with respect to v; and shall always set 0_, f = 0441 f = 0. We can now introduce

the operator

L: L*R,CY) — L*R,CY), ur— ou/(z) - ‘i Aj(@)u(z + j), (1.6)

with domain H!(R,CY), where
Aj(@) = 0;f (ux(x —p+1),.. . ua(@ +q)) = 0ja f (ua(z — ), us( + ¢ = 1)) (L.7)

Since L(e*™%u) = e?™%(27io + L)u, the spectrum of £ is invariant under shifts by 27io, which reflects the fact
that the original lattice equation (1.1) does not feel oscillations that occur on a scale smaller than the distance
between consecutive elements in Z. To avoid the resulting ambiguity, we consider only those elements in the
spectrum of £ that have imaginary parts of modulus smaller or equal to wo. Lastly, we define the viscosity
matrices
1
B* = 3 > (1 =2§)0;f(us, ... uzx), (1.8)

Jj==p
which, as we shall see below, encode whether diffusion is present in the semidiscrete system (1.1). The following

definition encapsulates spectral stability of Lax k-shocks.

Definition 1.2 A Lax k-shock u, is said to be spectrally stable if



(S1) The operator L, as given in (1.6) with domain H*(R,CY), has no spectrum in {Re X > 0} \ 2wicZ.
(S2) The only nontrivial solutions u € H'(R,CN) of Lu =0 are u = v’ and scalar multiples thereof.

(S3) The outgoing characteristics and the jump [u.] := uy — u_ across the shock u. are linearly independent:
det[ry,...,r_q, [u*},r;‘+1, c TR #£0.

(S4) The nonresonance condition

q
det |ov — Z(3j78j+1)f(ui,...,ui)e”j #0

Jj==p
holds for all v € iR \ {0}.

(S5) The viscosity matrices B are dissipative along characteristics: (IX, B¥rE) >0 forn=1,...,N.

Before we state our results and comment on situations where our hypotheses are met, we briefly discuss our
definition of spectral stability. First, (S2) assumes that the translation eigenvalue A = 0 of £ has minimal
geometric multiplicity. Upon recalling that the spectrum of £ is invariant under translations by 2wic, we see
that (S1) requires that £ has no unstable or marginally stable elements in the spectrum besides those enforced
by translation symmetry. Condition (S3) is the same as for Lax shocks of (1.2), where it is known as the Liu-
Majda condition: in our context, it guarantees that the translation eigenvalue A = 0 has, in an appropriate
sense, algebraic multiplicity one. Finally, (S4) reflects the assumption that the essential spectrum of £ at A =0
is generated solely by the characteristics, while (S5) implies that the essential spectrum near A = 0 consists of
nondegenerate parabolas that open into the left half-plane and whose time evolution is given by Gaussians that

propagate along characteristics.

Our main result, which is analogous to the theory in the setting of viscous shocks [1, 20, 28] and of semidiscrete
shocks with either advanced or retarded terms [4], asserts that spectral stability implies nonlinear stability and

gives detailed pointwise estimates for how perturbations decay as t — oo in the spaces
N 1/
LYZ):=qv:Z —R" : |v|pa) = [Zh}ﬂﬂ < oo,
JEL
where v > 1 and v (z) := sup;ez |vj]-
Theorem 1 Assume that there are constants uy, a speed o, and a profile u.(x) that satisfy (1.3), (1.4), and

Hypotheses (H1)-(H2) and (S1)-(S5), then there are constants € > 0 and K > 0 such that the following is true.
For each initial condition {v;(0)};ez with [{v;(0) — u.(j)}jezl1(z) < €, there is a function p : RY — R with

sup (1p(t)] + (1+ |t) }1p(0)]) < Ke
t>0

such that the solution {v;(t)}jez of (1.1) with initial condition {v;(0)};ez satisfies

Ke
() — ; _ ) < = >
0500 = 0+ 00 = oWl € gy 120
for each a > 1. In other words, spectrally stable Lax k-shock solutions u.(j — ot/h) of (1.1) are nonlinearly
stable.

If the initial perturbation is sufficiently localized, the shock position p(t) in the above theorem converges, and

we obtain nonlinear stability with asymptotic phase:



Remark 1.3 If the initial condition satisfies [v;(0) — u.(j)| < e(1+ jh)~%/2 for j € Z, then it follows as in [10]
that there exists a poo With |peo| < Ke for which

|p(t) = poo| (14 [t/ + |p(2)] (1 + [¢]) < Ke,

along with detailed pointwise bounds on the solution. Note that the pointwise bounds that we shall establish in

Theorem 8 are all that were used in [10] to prove the refined result in the continuous case.

For upwind schemes, Theorem 1 was proved in [4]. Certain aspects of the analysis in [4] apply also to equations
with both advanced and retarded terms, and we shall exploit this in our proof. What is new in our paper is
the meromorphic extension of the resolvent kernel and the resulting pointwise bounds for arbitrary schemes.
Nonlinear stability of travelling waves in general lattice differential equations was proved earlier in [5] under the
assumption that the spectrum is contained strictly in the left half-plane except for a simple translation eigenvalue

at the origin; as we shall see below, this hypothesis is necessarily violated for semidiscrete conservation laws.

Finally, we comment on existence and spectral stability results of semidiscrete Lax shocks. All results we are
aware of in the semidiscrete context concern weak shocks for which |uy — u_| < 1. As in the continuous case,

weak shocks exist and are spectrally stable.

Theorem 2 ([2-4]) Assume that ug € RN satisfies the following conditions: The eigenvalues a2 of fu(uo)
are real and distinct with left and right eigenvectors 12 and 10, respectively, and we have a%(uo) # 0 and
(0ua?)(ug)r? # 0 for some k. Furthermore, we assume that (S4)-(55), with all terms evaluated at ug instead
of ux, are met, and that O, f(u,...,u) and f,(u) commute forn = 1,....N and all u in a neighborhood of
ug. Under these hypotheses, there is a neighborhood U of ug in RN so that any Lax k-shock (uy,u_,o) of (1.2)
with ¢ = af and uy € U admits a semidiscrete Lax k-shock profile u.(z) of (1.3)-(1.4) that satisfies (H1)-
(H2). Furthermore, each of these weak semidiscrete Lax k-shocks satisfies Hypotheses (S1)-(55) and is therefore

nonlinearly stable in the sense of Theorem 1.

Proof. Under the assumptions of the theorem, the existence of weak Lax shocks that satisfy (H1) was shown in
[2] for upwind schemes and in [3] for arbitrary schemes. In particular, the shock profile u, was constructed inside
a smooth N + 1-dimensional center manifold of (1.3), and (H2) follows from uniqueness of solutions of ordinary
differential equations. It remains to address (S1)-(S5). Condition (S1) was proved in [4, Theorem 3.9] via
energy estimates. Hypothesis (S2) follows from [4, Proof of Proposition 2.4], where it was shown that the shock
profile decays exponentially: it is therefore constructed as the intersection of one-dimensional stable and unstable
manifolds of the two equilibria u that lie in an N-dimensional surface of equilibria within the N -+ 1-dimensional
center manifold of (1.3), which implies that the geometric multiplicity of the eigenvalue A = 0 of L is one. Next,
we verify (S3). Let € denote the diameter of ¢ in RY, then the hypothesis that (ui,u_,o = af) is a Lax k-shock
of (1.2) in U gives af(uy —u_) = f(us)— f(u_), and it follows easily that r) = (uy —u_)/Jus —u_|+O(e) and
r = 7% + O(e) for each n, which gives (S3). Condition (S5) holds by continuity of f. It remains to establish

(S4) which follows essentially from continuity in ug: we will prove this in more detail below in Remark 4.2. =

The rest of the paper is organized as follows. In §2, we discuss the relationship between the resolvent kernel
of £ and the Green’s function of the linearization of the semidiscrete system (1.1) about the shock. In §3, we
provide the necessary results on exponential dichotomies for abstract FDEs of mixed type and their adjoints.
In §4, these results are then used to construct the resolvent kernel of £, to extend it meromorphically across
the imaginary axis, and to derive the necessary pointwise bounds. Section 5 contains a brief summary of the
resulting pointwise bounds for the Green’s function, via its representation as a contour integral of the resolvent

kernel, and the proof of nonlinear stability. In §6, we discuss open problems and future challenges.



2 The Green’s function via the resolvent kernel

Recall equation (1.1),

dv; 1 .
Tg + 7 [f(Vj—pt1s- -5 Vjrg) = F(Vj—p, -5 Vjgq-1)] = 0, JjEZ,

which we rewrite more conveniently and concisely as
v; = F(v);, JjEZ, (2.1)
where v = (v;),ez. The profile u, corresponds to the Lax k-shock solution v* with
vi(t) = u. (j - %t)
of (2.1). Note that

h
v} () = v;_1(0), Vi ez,

g

so that v* is a relative periodic orbit with respect to the symmetry action generated by the shift on the underlying

lattice Z. The linearization of (2.1) about v* is given by
0= F,(v"(t))v. (2.2)
The Green’s function G(j,1,t, s) associated with (2.2) is given as the solution v;(t) of the initial-value problem
vj = (FU(U*(t)>v)j ) Vjli=s = 0ijs JEZL
which then generates the general solution of
0= F,(v*(t))v+ h(t)
via

v;(t) ZZG(J}M,O)%(OH/O > G(j.i.t, s)hi(s) ds.

i€Z 1€L

On the other hand, we can consider the linearization

Lu = oug(z) — Z Aj(z)u(z + j)

Jj=-p

of the travelling-wave FDE about the profile u,, where the coefficient matrices A;(x) are given in (1.7). We
define the resolvent kernel G(z,y, \) associated with the operator £ as the solution of the system

(£—=Au=35(~y)

The following theorem, quoted from [4], relates the Green’s function G and the resolvent kernel G.

Theorem 3 ([4, Theorem 4.2]) For each fized v with Rey > 1 sufficiently large, we have

ot . o0s

e

_ y+imo
,t— s) with G(x,y,7) = ! / G (2, y, \) dA. (2.3)
Y

2mio —iro

g(jﬂ;vtas) = g (] -

Proof. The proof in [4] carries over to the situation considered here because it does not rely on the joint

reduction hypothesis (H3) stated at the beginning of that paper. [ |



Note that, due to the relative periodicity of the shock on the lattice, the integration in (2.3) takes place only on
a bounded contour rather than on an unbounded one. This is similar to the case of time-periodic viscous shocks

that was studied recently in [1].

Our strategy is now to extend the resolvent kernel G(z,y,\) meromorphically across ReA = 0 and to use
appropriate pointwise bounds for the meromorphic extension to expand G(j,1,t,s) using the inverse Laplace
transform formulation (2.3) of G in terms of G. Contour integral representations similar to (2.3) have been used
successfully in a variety of contexts to prove both the linear and nonlinear stability of shocks under appropriate
spectral stability assumptions on the linearized operator: we refer to [10, 20-22, 28] for early work on viscous
shocks and to [4] for results on semidiscrete shocks for upwind schemes. In both those cases, the resolvent kernel
was constructed using an Evans function, which is not available for operators with both advanced and retarded
terms. To extend these ideas to arbitrary schemes, we will construct the resolvent kernel using exponential

dichotomies, which were developed for forward-backward schemes in [9, 19].

3 Exponential dichotomies for functional differential equations

In this section, we prepare the ground for the meromorphic extension of the resolvent kernel associated with
the operator £ by proving several technical results. Specifically, we extend the exponential-dichotomy results
in [9], which were proved only for the case p = ¢, to arbitrary values of p,q and discuss the regularity of these
dichotomies. We also clarify the relation between exponential dichotomies of £ and those of its L?-adjoint; we

remark that this is an intricate issue even for equations that contain only retarded terms.

3.1 Asymptotic hyperbolicity and exponential dichotomies

Since the results in this section do not depend on the discrete conservation-law structure of (1.1), we consider a
general linear functional differential equation

ug(z) = Z Aj(x)u(z + j) (3.1)

Jj=-p
of mixed type. We say that a function u(z) is an H'-solution of (3.1) on the interval [xo,z;] if u € L*([zo —

p,z1 + q]) N HY([z0,21]) and u satisfies (3.1), viewed in L2 , for € [xg,71]. We then define the bounded

loc?

operator

q
L: H'RCY)—L*R,CY), ur—uy— Y A;()u(-+7)
Jj=-p
and its L? adjoint

q
£ H'R,CY) — L*(R,CY), @ —ily — > Aj(-— j)*a(- — j).
j=-p

We make the following assumptions on the coefficient matrices A;(x) and the operators £ and L£*:
Hypothesis (H3) We have Aj(z) € CY(R,CV*N), and the following conditions are met:
(i) There are matrices A;t such that A;(x) — A;t as x — +oo for j = —p,...,q.
(ii) The operator L is asymptotically hyperbolic, that is, the characteristic equations
q .
det Ay (v) :=det |v — Z A;*Le” =0

Jj=-p

do not have any purely imaginary roots v € iR.



(iii) Elements in the null spaces N(L) and N(L*) of L and L* cannot vanish on any interval of length p + q
unless they vanish everywhere.

The following result is elementary but will be used frequently.

Lemma 3.1 Let A? € CVNXN | The function det [V — ‘;-pr Age”j] has only finitely many roots v in each fixed

vertical strip {v: |Rev| < k} with k > 0, and these roots depend continuously on the coefficient matrices Ag.

Proof. Finiteness of roots follows since the sum is bounded on each vertical strip, while continuity of roots
follows from analyticity in v. [

Applying the preceding lemma to the functions det AL (v), we can find a number x > 0 so that the functions
det A1 (v) have no roots in {v: |Rev| < 2k}.

We now record various implications of Hypothesis (H3). First, it was proved in [18, Theorem A] that Hypoth-
esis (H3)(i)-(ii) implies that £ is a Fredholm operator?. We remark that if Hypothesis (H3)(i) holds and £
is Fredholm, then Hypothesis (H3)(ii) holds, too: this follows, for instance, from [18, Theorem C] upon using
exponential weights, and we refer to Lemma 4.7 below for related arguments. If £ has a bounded inverse, we

define its resolvent kernel G(z,y) as the solution, in the sense of distributions, of
LG(,y) =0(—y).

To obtain pointwise information on the resolvent kernel, it is convenient to work with a dynamical-systems
formulation. Thus, we consider the equation

Us(2) = A(2)U () (3.2)

posed on the space Y = L?([—p, q],CY) x CV, where the operator A(x) is defined on Y by

5\ .
A () - (Ao<x>a+ s Aj<x>¢<j>>

with dense domain given by
V! ={(¢,0) € H([-p,q],C") x CV : $(0) = a}.

We say that a function U(x) is an H'-solution of (3.2) on some open interval I if U € L*(I,Y') N H(I,Y) and
(3.2) is satisfied for € I with values in L?(I,Y). It is known® that the initial-value problem associated with
(3.2) is not well-posed in the sense that a solution in forward or backward time z may not exist for given initial
data. Exponential dichotomies clarify for which initial data (3.2) can be solved and in which direction of the

evolution variable x.

Definition 3.2 Let I = R, R™, or R. We say that (5.2) has an exponential dichotomy on I if there exist
constants K > 0 and k* < k" and two strongly continuous families of bounded operators ®%(x,y) and ®"(z,y),
defined on'Y respectively for x > y and x <y, such that the following is true: We have
sup e O (@) Ly + sup eI @0 (@, )|y < K,
z>y, z,ycl z<y,z,yel

and the operators P%(x) := ®%(x,x) and P“(x) := ®"(z,z) are complementary projections for all x € I. Fur-
thermore, the functions ®*(z,y)Uy with > y in I and ®(x,y)Uy with x < y in I are mild solutions of (3.2)
for each fized Uy € Y.

2The operator £ is Fredholm if it has finite-dimensional null space N(£) and its range Rg(L) is closed and has finite codimension.
Its Fredholm index is then given by dim N(£) — codim Rg(L).
3See, for instance, [9, (1.3)].



Often, we will have k% < 0 < k", but this is not required in the definition. Our first result, stated below and
proved later in §3.3, shows that mild solutions of the dynamical system (3.2) that are defined via exponential
dichotomies yield H!-solutions of the functional differential equation (3.1).

Theorem 4 Assume that Hypothesis (H3) is met and let k > 0 be as indicated after Lemma 3.1, then (5.2)
has exponential dichotomies ®3"(z,y) on RT with rates v° = —k and k% = k. Writing Y (2, y)Uo =
(63", a3 )(x,y) €Y for each Uy €Y, the following is true:

(i) For z € [—p,0), define &5 (y + z,y) == ¢ (y,y)(2), then o (-, y) is an H'-solution of (3.1) on (y,00). An
analogous statement holds for oL (-,y) on the interval (0,y).

(it) If Uy = (0, ), then of, (y) € H*((y,00) \{y+1,...,y+4q}) and o'} (-,y) € H*((0,y)\{y—p,...,y—1}).

(iii) If Uy € Y, then @i(x,y)Uo € Y are H'-solutions of (3.2) for x > y+p when j =s and for 0 <x <y—q

when j = u.
Properties analogous to (i)-(iii) hold for the dichotomy on R™.

To relate solutions of (3.1) and (3.2), we introduce the embedding and projection operators

: CV—Y, a—(0,a), T Y —CN, (¢,a)— a (3.3)

The next result, which we will prove in §3.4, relates exponential dichotomies of (3.2) on R to the resolvent kernel

of L. Throughout, we use the notation J = {—p,...,q}.

Theorem 5 Assume that L satisfies Hypothesis (H3) and is invertible. Let k > 0 be as indicated after
Lemma 3.1, then there is a constant K such that the following is true: Equation (3.2) has an exponential

dichotomy ®%*(x,y) on R with rates k>* = Fk, and the resolvent kernel G(z,y) of L is given by

7-‘—Z(Ds(‘%'7:l/)b2 fO’l" T >y, (3 4)
—ma®" (x, y)L2 forx <uy. '

G(z,y) = {
Furthermore, G(-,y) € HY(R\ {y}) N H2 R\ ({y} + J)) and G,(-,y) € HY(R\ ({y} + J)) pointwise in y with
|G (2, y)| +10,G(x,y)| < Ke™"I*~vl, (3.5)

If £L— X is invertible for all A in an open subset A of C, then the Green’s function G(z,y, \) associated with L — A
is analytic in A\ € A, and its derivative with respect to X satisfies the bound (5.5).

Our next result, which we will also prove in §3.4, asserts that the exponential dichotomies constructed above can

be differentiated with respect to the initial time y and depend analytically on an eigenvalue parameter .

Theorem 6 Assume that L satisfies Hypothesis (H3) and is onto. Let k > 0 be as before, then there is a
constant K such that the following is true:

(i) Equation (3.2) has exponential dichotomies ®%"(z,y) on R*, and these dichotomies satisfy Rg(P}(0)) C
Rg(P2(0)) and Rg(P2(0)) C Rg(P(0)).

(i) If u(z) is a bounded H'-solution of (3.1) on [y,o0) for some y >0, then (u(x + -),u(z)) € Rg(P5(x)) for
all x > y; an analogous statement holds for Rg(P"(x)) on R™.
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(iii) The dichotomies ® (x,y)Uy and @' (x,y)Uy are differentiable in y with values in Y for x > y + p and
0 < x <y — q, respectively, for each fixred Uy € Y, and we have

1% (2, 9) ey + 19y % (2, 9)l| ey < Kem™1ov] (3.6)

valid for x > y +p when j = s and for 0 < x < y — q when j = u. Furthermore, Oyma®% (-, y)2 €
H*((y,00) \ ({y} + J)) and 9,m2®@% (-, y)t2 € H'((0,y) \ ({y} + J)) exist pointwise in y with the pointwise
bounds

|8y7r2<1>ﬂ_(x,y)L2| < Ke flz—vl

valid for x >y > 0 when j =s and for y > x > 0 when j = u. The same properties hold for the dichotomy
on R™.

(iv) The conclusions of (ii)-(iii) above apply to L — X in place of L for all X sufficiently close to zero: the
resulting dichotomies ®%" (x,y,\) on R belonging to L — X can be chosen to be analytic in X near zero,
and their derivatives with respect to A satisfy (3.6), possibly for a different constant K.

Note that [18, Theorem A] implies that N(£*) = {0} if £ is onto, and (H3)(iii) needs to be checked only for
N(L). We remark that assertion (ii) in the preceding theorem holds without the assumption that £ is onto.

The results we discussed so far pertain to exponential dichotomies for which x° < 0 < k" so that solutions in
the stable (unstable) subspaces decay for increasing (decreasing) values of z. We now briefly discuss exponential
weights and how they can be used to define exponential dichotomies that are associated with other gaps in the

spectra of AL. For each n € R, define the bounded operator
a
LM :=e "L HYR,CV) — LAR,CY), v v, +nv— Z e A;(v(- + 7). (3.7)
Jj==p

and the associated dynamical system

V, = A2)V. (3.8)
Given an LZ -function h, we see that v is an H'-solution of
q .
ve(w) = —nu(z) + Y eV Aj(z)v(z + §) + e " h(z) (3.9)
Jj=-p

if, and only if, u(z) = e"®v(z) is an H'-solution of

ug(x) = > Aj(@)ulz + ) + h(=). (3.10)

Jj=-p

Similarly, (3.8) has an exponential dichotomy ®%"(z,y) with rates #* < 0 < &" on R* if, and only if, (3.2)
has an exponential dichotomy ®%"(z,y) with rates k* = £* + n and " = " + 7 on R*, and these dichotomies
are related via ®3"(x,y) = @~ ®%"(z,y). Such dichotomies exist for £7 provided it satisfies (H3)(iii) and
its characteristic function det Al (v) does not vanish for v € iR. Inspecting the coefficients of L, we see that
det A (v) = det AL (v +n), and L7 therefore satisfies (H3)(ii) if, and only if, det AL (r) does not have any roots
v with Rev = 1.

3.2 The adjoint operator and its associated dynamical system

Recall the L? adjoint operator

q
£ H'R,CY) — L*(R,CY), i —iiy — > Aj(-— j)*a(- — j),

Jj=—p

11



which corresponds to the adjoint functional differential equation

P
ZA (z — j)*a(x — j) Z a(x + 7), (3.11)
j=-p Jj==—q

where we set Aj(z) := —A_j(z + j)* with A* := A" for a matrix A. This system is of the same form as (3.1)

except that the set J = {—p,...,q} that gives the relative location of advanced and retarded grid points now
becomes J = {—q,...,p}. The dynamical system

Up(z) = A(z)U(x) (3.12)

associated with £* is defined through the operator

A {ll) — wZ
(I G

which is posed on Y with domain Y! given by

Y =L*([—q,p,CN) xCN,  Y'={(v,8) € H'([—q,p],CN) x CV : 4(0) = 8} .

Note that (3.1) and (3.11) are symmetric counterparts: if we start with (3.11) and take its adjoint, we arrive
back at (3.1) so that A;(x) = A;(z) and consequently
A(z) = A(e)

Note also that the coefficient matrices Aj () in (3.11) satisty Hypothesis (H3) if, and only if, this assumption
is met for the coefficients A;(z) of (3.1). Thus, if we assume Hypothesis (H3), then we can apply Theorem 4
also to (3.12) and conclude that this system has exponential dichotomies ®%"(z,y) on RE. It is now natural to
investigate the relationship between solutions of (3.2) and (3.12). To this end, we use the Hale inner product of
elements U = (1, 5) € Y and U = (¢, a) € Y that was introduced in [8] and is defined by

(0. U)oy Z/ (2 — ), A3 (x + 2 — 5)$(2)) dz,

where (3,a) := T - a, and the subscript (r) indicates that the Hale inner product depends explicitly on x
through the coefficient matrices that appear on the right-hand side. Given a subspace F of Y, we define its
annihilator E+ c Y by

L={UeY: (U,U)g=0YUcE}.

Note that E* is a closed subspace of Y since the Hale inner product is a continuous bilinear form on Y xY. We
let P5"(x) := ®3" (2, z) be the projections associated with the dichotomies of the adjoint system (3.12).

Lemma 3.3 Assume that A; € CO(R,RY), then the following is true:

(i) If a(z) and u(x) are H'-solutions of (3.1) and (3.11), respectively, on some common interval I C R, then
(U(x), U(x))(x) is independent of x on I, where Ulz) = (a(z+-),a(z)) € Y and U(z) = (u(z+-),u(z)) € Y.

(i) Assume that Hypothesis (H3) holds. If U(z) and U(x) are of the form U(x) = i)s(:c,yo)Uo + é“(x,yl)ﬁl
and U(z) = ®(x, y0) Uy + ®"(z, y1) U1, where " (z,y) and ®>"(x,y) are dichotomies of (3.12) and (3.2),
respectively, on RY or R, then (U(z), U(x))(s) is independent of x € [yo, y1].

(iii) If Hypothesis (H3) holds, then Rg(P3(0)) C Rg(P5(0))* and Rg(P"(0)) C Rg(P™(0))*
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Proof. The first statement follows from differentiating the Hale inner product (U (z),U (7)) (z) with respect to

= _Z/ iz — ), A= — (=) dz
- %@(x),u(x»f 3 (i - ) Ay = |

which is easily seen to vanish upon using the equations satisfied by the functions %(x) and u(x). Lemma 3.3(ii) is
now a consequence of Theorem 4(i). To prove Lemma 3.3(iii), note that solutions to (3.2) and (3.12) associated
with initial data in Rg(P5(0)) and Rg(fj’j(O)), respectively, exist for x > 0 and decay exponentially in x.
Hence, their Hale inner product, which does not depend on x by Lemma 3.3(ii), must vanish, and we conclude
Rg(P5(0)) C Rg(P5(0))*. The same argument applies to the unstable subspaces. ]

We comment briefly on some of the difficulties related to the adjoint operator and the Hale inner product. Since
the Hale inner product is a continuous bilinear form, Lax—Milgram implies that there is a bounded operator
S(z): Y — Y so that (U, U)zy = (S(z)U,U)y for all (U,U) € Y x Y. However, S(z) is invertible only when
det A_,(z) and det A,(z) are nonzero. Thus, it is not clear that the Hale inner product behaves like a genuine
dual product: for instance, if det A,(z) vanishes on a set of open measure in (x,z + ¢), we can find nonzero
elements U € Y for which <U ,U)zy =0 for all U € Y, and, in particular, we cannot expect that equality holds
in the statements asserted in Lemma 3.3(iv)*. An alternative way to proceed is to work with the dynamical
system

Wy (z) = —A(z)* W (z), W ey, (3.13)

where A(z)* is the Y-adjoint of A(x). Proceeding as in [9, Proof of Lemma 2.3], we find® that this operator is
given by
1; _f&z
Alz) | 5] = - -
(ﬂ) (Ao(x)*ﬂ +(07) — w<0+>>
with domain

{(0.8) € L2(1=p.q).C) x € : 4 € HY((j. +1), CY) ¥ and ¥(57) = $(i7) = A;(2) B vj # 0}

where (j1) := lim,|; ¢(z) and ¢(j7) := lim.1; ¢ (z). We may expect that (3.13) has exponential dichotomies
given by the adjoints ®3"(y,z)* of the dichotomies of (3.2). This is not clear, however, since (3.13) is not of
the same form as (3.2) and the domain of A(z)* depends on z, so that we cannot apply Theorem 4 to (3.13).
For this reason, we work primarily with the dynamical-system formulation (3.12) associated with the adjoint of
L instead of the adjoint (3.13) of the dynamical system (3.2). For later use, we state the following result which
shows that solutions of (3.12) yield solutions of (3.13).

Lemma 3.4 Let U(z) = (¢, 8)(z) be an H'-solution of (3.12), then
o) D\ [ X A+ = ) (e, — )
- () o ) a

satisfies (3.13) with values in 'Y, and we have (U(m)7U>(I) = (W(z),U)y for allU € Y. Here, x1(y) is the
indicator function of the interval I, and we set x(o;)(y) := —X(j,0)(y) for j <O0.

4We note that it is easy to see that equality holds in Lemma 3.3(iv) whenever det[A_,(x)A4(z)] # O for all z.
5The formulae given here and in [9] differ by a minus sign which is due to a sign mistake in [9, Middle of p1091] that does not
change any of the results in that paper.
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Note that the converse of the above statement may not be true if det[4,(x)A_,(x)] has roots as we need to
invert both A_,(z) and A4(z) to construct U from W: pick, for instance, y € (¢ —1,q), then (3.14) becomes

Z X)) WA (@ +y — ) Y(w,y— ) = —Ag(x +y — )" ¢Y(z,y —q),

Jj=-p

and v (x,-) cannot be in L?

loc

with respect to the y-variable for appropriate choices of 1/; if det A4(z) has a root
of sufficiently high order in the interval (z,z — 1).

Proof. We show first that W (x) = (¢, 8)(z) lies in the domain of A(z)*. We have ¢(x,-) € H'(j,j + 1) for all
j since ¢ (x,-) € H'(—q,p). Next, pick any integer k with 0 < k < ¢, then

q q
Gl kt) == Y Aj(w+ k=) ek - ), ==Y Aj(e+k—j) ¢,k —j)

j=k+1 j=k
and therefore
Dl k) = la k) = Anl@) ¢(w,0) 2 A(@) B(x) = An(2)" B(a).
Analogous statements hold for —p < k < 0, and we conclude that W (z) lies in the domain of A(z)*.
Next, we show that W (z) satisfies (3.13). First, note that 1, (z,y) = ¥, (z,y) for y € [-p,q] \ {~p,...,q} as

required. Next, we have

q —1
¥, 07) = Z (=), —5),  @,07) = > Aj(w—j) Pz, —j),

Jj=-p
where we recall the definition x(o,—j) = —X(0,5) of the indicator function for j > 0. Thus,

(3.12)

D, 07) = d(,07) = = 3" As(w = ) e, i) "= Bal) + Ao(2)*Blx) = Bala) + Ao(2) B(z),
jeJ

which shows that W (z) satisfies (3.13).

Finally, with U = (¢, a), we have

q

(O(). V) = Z/OJ b,z — §), Ay + 2 — §)(2)) dz

- Z /_q (X(0.5)(2)Y(x, 2 = §), Aj(x + 2 — §)¢(2)) dz
= (B(z), /Q<ZXOJ) j(@+2z—j)* w(x,z—j),¢(z)> dz

= () + [ )0 dz = (W@, Oy,

which completes the proof. [ |

3.3 Proof of Theorem 4

We first consider exponential dichotomies of (3.2) on R* in the space Y, whose existence has been proved in [9,
Theorem 1.2] for the special case p = g. Fortunately, the only place where this restriction has been used is in [9,
Proof of Proposition 3.1], where exponential dichotomies were obtained for an autonomous hyperbolic functional
differential equation

= > Aju(z +j) (3.15)

Jj=-p
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on the real line R. Thus, we prove here the existence of exponential dichotomies of the associated dynamical

¢ b2
Up =AU, A = . 3.16
’ ° (a) (Aoa w0 qus(])) (3.16)

on Y. The spectrum of A4y on Y consists entirely of eigenvalues, and these (and their multiplicity) are in 1:1

system

correspondence with roots (and their order) of the characteristic equation

q
det Ao(l/) = det |v — Z Ajer — 0’

Jj=-p
see [9, Lemma 3.1]. We assume that A is hyperbolic so that det Ag(v) does not have any purely imaginary
roots v € iR. Denote by L the constant-coefficient operator
q
Lo: L*R,CY) — LXR,CY), wr—up— Y Ajul-+5) (3.17)
Jj=-p

with domain H*(R,C"), then hyperbolicity of (3.15) implies that £y has a bounded inverse by [18, Theorem A].
Finally, define the spaces

& = {ue L*(—00,q],CN) N H'((—=00,0],CY): (3.15) is met on R™},
& = {ueL*([—p,00),CN)N H'([0,00),CN): (3.15) is met on RT}.

Our first result translates [19, Theorem 3.1], which is formulated for C°-spaces, to the current L?-setting.

Lemma 3.5 Assume that (3.15) is hyperbolic, then there exist strictly positive constants K and x such that

lu(@ + )lr2(—pq) < Ke™™|lul-)llL2((—p,q)

for each u € £ uniformly in x > 0.

Proof. We first assert that the statement in the lemma follows from the following two claims:

(i) There exists an zo > 0 such that |[u(z + )| L2([—p.q) < %supyzo lu(y + ) L2((=p.q) for all x> xo.

(ii) There exists a constant K > 0 such that ||u(x 4 -)|[z2((=p,q) < K|Jul|L2((—p,q) for all z > 0.

Indeed, these two claims imply that

i 1 (i) K

@+ z2(-pa) < g sup luly +)llc2-pa) < 5o lubllz2-p.a
y=>0

for all x > mao by applying (i) recursively to appropriate translates of w. This establishes exponential decay of

u, and it therefore suffices to prove the claims (i) and (ii).

To see (i), we argue by contradiction and assume that there are sequences x, — oo and u, € & with
sup, o [[un(y + )lz(—pq) = 1 and [Jup(zn + )lL2(—pq) = 1 for all integers n > 0. For z > —x,,, we de-
fine the translate vy, () := u, (x, + x) and note that ||v, ()| z2(—p,q) = 3- It is then easy to see that there exists

a constant K7 > 0 such that, for each m € Z, there exists an integer n,, > 0 with

an(')||L2([mf2p,m+1+21ﬂ) <K

for alln > n,,. Using the differential equation (3.15), which v, satisfies, we see that ||v,|| g1 ([m—p,m+1+4q)) < Ko for
some K> that depends only on K7 and the coefficient matrices in (3.15). Using the embedding H!([m—p,m+1+
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q]) € CO[m—p, m+14q]), we conclude that sup,¢| | lvn(y)| < K3 and therefore ||v, || o1 (fm,m 1)) < Ka,

m—p,m+1+
where we exploited again (3.15). We can now apply Aprzelafgscoli to infer that there is a continuous function v
so that v, — v on each compact subset of R as n — oco. Taking the limit in the integral form of the differential
equation (3.15), we find that v is a differentiable and bounded solution of (3.15) on R. Since ||v|z2(—p.q) > 3>
the solution v is not zero, which contradicts the fact that the null space of Ly is trivial as £y has a bounded

inverse. This establishes (i).

To prove (ii), we argue again by contradiction and assume that there exist a sequence u, € £ and constants
K,, > 1 such that K,, — oo and

L= sup fun(y + )l z2(-pa) = KnllunOll2-pa- (3.18)
Yy=

We write y, for the point y at which the supremum in the preceding expression is obtained: note that vy, is
well-defined because y — [|u(y + -)|[L2((—p,q)) 15 continuous, and that y, € [0,x¢] because of (i). Thus, after
passing to a subsequence, we can arrange that y, — ¢ € [0,z¢] for an appropriate §. Using (3.18) and the
differential equation (3.15), we infer that the norm ||, g1 (fm,m+1)) is bounded uniformly in m > 0 and in n.
Thus, we see that u, — u in L? on compact subintervals of R*. Furthermore, since ||un(:)||12(—p,q) — 0 by
(3.18), we infer that u, — u in L? on compact subsets of [—p, 00), where u|[_, 4 = 0. Taking again the limit in
the integrated form of the differential equation (3.15), we see that u satisfies (3.15) on RT. If we write @ for the

function that vanishes for R~ and coincides with u on R, then u is a bounded nonzero solution of (3.15) on R,

which is again a contradiction. This establishes (ii) and therefore the statement of the lemma. n
Define

Ey = {(¢,a) €Y : (¢, ) = (u|[—p,q,u(07)) for some u € &'},

By = {(6,0) €Y : (6,0) = (ul_pq,u(07)) for some u € &},

and note that these definitions make sense due to the definition of the spaces £5".
Lemma 3.6 If (5.15) is hyperbolic, then the spaces E§ and Ej} are closed subspaces of Y with E§ ® E} =Y.

Proof. Using the underlying equation, it is not difficult to see that the spaces Ey" are closed in Y. Furthermore,
it follows from the construction of the Green’s function for Ly in [18, Proof of Theorem 4.1] that {0} x CV is
contained in the sum Ef + Ej. Using this property, together with arguments as in [19, Proof of Theorem 3.2],
we can show that H*([—p,q],CY) x CV is contained in the sum Ej§ + EY, which implies that ES + E} =Y.

It remains to show that the intersection E§ N EY is trivial. Thus, assume that (¢%, ¢5(07)) = (¢", ¢"(07)) lies in
the intersection, then, using the definitions of the spaces Ey" and £;", we see that each such element (¢, &) can
be extended to R* so that ¢|p+ € H'(R*) with ¢(0%) = a. We see that ¢ is therefore continuous on R which,
taken together with the fact that ¢|(_s 4 and ¢|_, ) satisfy (3.15) on R~ and R, respectively, shows that ¢
is, in fact, C* on R. Thus, ¢ is a bounded solution of (3.15) on R and therefore ¢ = 0 by hyperbolicity. This
shows that E§ N EJ = {0} as desired. ]

The preceding lemma allows us to define the bounded projection P§ : Y — Y via Rg(P;) = E§ and N(F;) = E
and the complementary projection Py :=1 — Fj.

Lemma 3.7 Assume that (3.15) is hyperbolic, then there are constants K and k > 0 such that the following is
true. The spaces Eg NY?' are dense in Eg, we have Ay : Eg Nyl — Eg for j = s,u, and the spectra of Aolgs
and .A0|E3 are equal to the intersections of the spectrum of Ay with the left and right open complex half-planes,

respectively. Furthermore, the operators

*(2)Uo = (ulfo—patq w(@),  PU(@)Vo = (U|iz—p.otq) ulz))
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with P§Uy =: (ul(_p,q,w(07)) and PyUy =: (u|[_p,q,u(07)) define strongly continuous semigroups on Ey™ for
x 2 0, respectively, with | ®%(z)|| + ||®“(—z)|| < Ke*I=! for all 2 > 0.

Proof. The preceding discussion shows that ®%(x) is a strongly continuous semigroup on Ef. Using the definition
of E§, it follows that the generator of ®°(z), which is automatically closed and densely defined, has domain given
by E5NY?! and is, in fact, given by the restriction of Ay to Ej. The claim about the spectrum of the restriction
of Ay to Ef follows from the fact that Ay has only point spectrum. ]

Thus, the constant-coefficient system (3.16) has an exponential dichotomy ®%"(z — y) on R on the space Y.
Throughout this paper, we will therefore refer to the projections Py as the stable and unstable projections of
Ay and, similarly, to their ranges Ey" as the associated stable and unstable subspaces. Note though that these
B Ey'nY! — By

are, in general, not invertible, and the projections Py" will therefore not, in general, commute with Ag. The

projections are not spectral projections in the usual sense. Indeed, the restrictions Ag

following lemma gives conditions under which these projections are spectral projections, which, in turn, implies

stronger regularity for solutions with initial data in Y'.

Lemma 3.8 If Ay is hyperbolic and det[A_,A,| # 0, then the spaces E§ and Ef are given, respectively, as the
closures in'Y of the sums of the generalized stable and unstable eigenspaces of Ay in'Y . Furthermore, Py maps
Y into E5" NY?1, and, for each Uy € Y, the functions ®°(z — y)Uy and ®"(x — y)Uy are strong C*-solutions
of (3.16) for x >y and x < y, respectively.

Proof. If det[A_,A,] # 0, then the completeness result [9, Theorem 3.1] shows that the sum of the closures
of the generalized stable and unstable eigenspaces of Ag gives Y. This result together with the definition of
Ey" immediately yields the characterization of the spaces Ej" as the closures of generalized stable and unstable
eigenspaces of Ag. Using the denseness and regularity of stable and unstable eigenfunctions of Ay in Ey" and
the property that Ag : Y! — Y is invertible, it follows that A : Ey" NY!? — Eg" is invertible. Thus, the spaces
EPY = Ey'nY! = A;'E®" are invariant under the stable and unstable projections associated with Ay, and

they satisfy E @ EY = Y'!. The claimed regularity is now a consequence of these statements. [ |

We now return to the non-autonomous, asymptotically hyperbolic system (3.2). As already mentioned, Lem-
mas 3.5-3.7 together with the results in [9, §4] or [14] imply the existence of exponential dichotomies ®%"(z,y)
of (3.2) on R*.

Next, we discuss the regularity of the mild solutions ®%"(x,y)Uy with Uy € Y or Uy € Y that we obtain from
the exponential dichotomies of (3.2). We pick an arbitrary constant-coefficient operator Ayqs of the form (3.16)
for which det[A_,A,] # 0 and denote the associated exponential dichotomy on R by ®%"(x — y). We now write
the coefficient operator A(x) in (3.2) as

A(z) = Aper + B(z).

The following lemma summarizes some of the findings in [9] and shows that the regularity of solutions is essentially

determined by those of the constant-coefficient problem associated with A,ef.

Lemma 3.9 Assume that Hypothesis (H3) is met. For Uy € Y and x > y > 0, define U(x) = @ (x,y)Uo,
then U(z) = Uset(x) 4+ U(x), where Upeg(z) = ®*(x — y)Uy and U € L*(R, YY) N HY(R,Y) satisfies U, =
A(x)U + B(x)Uyet(z). Furthermore, we have U = (¢, &) with &(x + z) = ¢(x, 2) for all z >y, z € [—p,q] and
a € H'(R,C"N). An analogous statement holds for ®% (z,y)Uy for 0 <z <y and for the dichotomies on R™.

Proof. For operators £ that have a bounded inverse, the statements were proved in [9, Proof of Lemma 4.2

on p 1106]. If £ is Fredholm, these arguments can be extended easily using the construction in [27, §5.3.2];

alternatively, details can be found in §3.4 below for the case where L is onto. n
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The claims in Theorem 4(i) follow now directly from Lemma 3.9 and the properties of the spaces ;" and Ey™"

established above. Theorem 4(iii) follows from Theorem 4(i) upon using (3.1).

It remains to prove Theorem 4(ii). Given Uy = (0, ) € Y, we note that we can write such elements uniquely as

() )- () e
Q) al a

where Ey" are associated with the reference operator Ae that we introduced above. In particular, ¢% =
¢" =: ¢ satisfies ¢|(_p.0) € H*((—p,0),CV) and ¢|(o,q) € H'((0,q),C") due to the definitions of Ey" and &y,
Bootstrapping shows that the solutions ®%(x — y)Uy and ®“(x — y)Uy of the equation U, = AU have second
components o>% that satisfy o® € H2((y,00) \ {y + 1,...,y + ¢} and a* € H?*((—o0,y) \ {y — 1,...,y — p},
respectively, when interpreted as elements of £5". Using the equation for U from Lemma 3.9, we arrive at the

regularity stated in Theorem 4(ii). This completes the proof of Theorem 4.

3.4 Proof of Theorems 5 and 6

We begin with the proof of Theorem 5. With the exception of the regularity in y, the claims in Theorem 5,
including analyticity in A, follow directly from [9, Lemma 4.2] and from Theorem 4(ii). Thus, it suffices to
consider regularity in y and pointwise bounds for the y-derivative of the exponential dichotomies. Since the
proof of regularity in y for invertible £ is similar to, and in fact much simpler than, the proof for the case where

L is merely onto, we omit it and focus instead on the proof of Theorem 6.

Thus, assume from now on that £ is onto. To prove the assertions in Theorem 6, we will repeat the construction
of exponential dichotomies from [9, 27] and show how it implies our claims. For simplicity, we assume that
the null space N(£) of L is one-dimensional, which implies that the Fredholm index of £ is one: the proof for

invertible £ is much easier, and a higher-dimensional null space does not introduce any additional difficulties.

Denote by Vi(x) the nonzero smooth solution of U, = A(x)U that corresponds to a nonzero element in N(L).
It follows as in [27, Lemma 5.7] that Vi (z) decays exponentially to zero as |z| — oco. Furthermore, Hypothesis
(H3)(iii) implies that Vi (z) # 0 for all x.

For y > 0, define the spaces

X = X°=L*R,Y)
X' = {(¢,a) € LAR,Y): (0y —.)¢p € L*(R x [—p,q],CN), a € HY(R,C"), [6(2))(0) = o) V}
X, = [C°R},YV)NL* R}, Y)| @ [COR,,Y)NL*R,,Y)],

where Ryi ={z: x 2 y}. Furthermore, define the bounded linear functional

Vol: X-—R, U»—>[V*,U]::/7 V@), U(2)) du,

— 00

and let 7 be the bounded operator defined as
T: X' —X, Ur—U,— AU

It was shown in [9, §2] that the Fredholm indices of 7 and £ and the dimensions of their null spaces coincide. In
particular, 7 is Fredholm with index one, and its null space is spanned by V.. As shown in [9, §4.1], 7 extends
to a bounded operator 7; : X — [X!]* whose Fredholm index and null space coincide with those of 7. These

results together with a bordering lemma imply that the operators

T: X' 5 X xR, U~ (TU,[V,,U)), T.: X = [XY]" xR, U (TU,[V,,U])
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are bounded and invertible. For each y > 0, define

S, Y —X,, Uy— (U U) =174 - y)Us,0)

e

and
Jy: Y —Y XY, Uyr— (UT(0),U(0)) = ([mS,Uo)(0), [m2S,Us](0)),

where 7, projects onto the jth component. It follows from [9, Lemma 4.2] that these operators are well defined
and bounded uniformly in y > 0. Note that (U*,U~) = S,Uj is the unique bounded weak solution of

Ugr = A@@U*  z2y
Utly)-U (y) = U
—2q
[ Vo(@). U~ (@)dz = 0,

which will allow us to use the operators S, and 7, to construct exponential dichotomies of U, = A(z)U on R*.

Lemma 3.10 Let y > 0, then the spaces
E(y) :=Rg(mJy),  EY(y) :={Uo € Rg(m2Ty) : JyUo = (0,-Uo)}

are closed with ES (y) © EY (y) =Y, and the operators

O (z,y)Uy = —[mS,Uo](x), y>x

% (z,y)Uo = [mS,Uo)(x), z>y>0

define an exponential dichotomy of (3.2) on RT.

Proof. First, we have
SyVily) = (Vi,0),  FyVi(y) = (Vi(y), 0). (3.19)

Since the bounded map ¥ x Y — Y, (Uy,U_) — Uy — U-_ is a left inverse of J,,, we see that J, is injective and
that the spaces Ef (y) := Rg(mJy,) and E"(y) := Rg(m2J,) are closed. It now follows as in [27, §5.3.2] that
their intersection is spanned by V,(0) and their sum is Y.

For each Uy € E% (y), we have
for some # € R that depends on Uy. Thus, setting (U;,U_) = SyUp, we find that U~ = BV, and the constraint

0= [V, S,Us] = 5/ V()2 dz
shows that 3 vanishes for each Uy € E% (y). Thus, we have

ijO = (Uo,O), SUU() = (U+,O), VUO (S Ei(y) = Rg(ﬂ'ljy). (320)

In particular, for each Uy € E5 (y), there exists a unique bounded weak solution U™ () of U, = A(z)U for z >y
with Ut (y) = Up.

For Uy € E" (y), we have similarly

TyUo = ([B,Uo]Vi(y), =Uo + [B,Uo]Vi(y))

for some linear bounded functional 3, : Y — R. Using (3.19), we see that

jy(UO - [51/U0]V*(y)) = (0, —(Uo — [ﬂyUO]V*(y)))
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for all Uy € E" (y). Thus, the space
Ei(y) ={Uo € E"(y) : JyUo = (0,=Up)} ={Uo € E"(y) : m1JyUo = 0}
is a complement of RV, (y) in E"(y). In particular, we have
ijo = (0, —Uo), SyUO = (0, U_), YU, € Ei(y), (3.21)

and U~ (z) is the unique bounded weak solution of U, = A(z)U for x < y with U~ (y) = —U.

Thus, we have £ (y) ® £} (y) =Y for all y > 0. Using that the integral constraints involve only the values on
R, it is not difficult to see that the spaces EY"(y) are mapped into E7"(x) under %" (z,y). Equations (3.20)
and (3.21) together with the use of weighted norms as in [27, Proof of Lemma 5.5] therefore give the statement

of the lemma. -

The preceding lemma and its proof imply Theorem 6(i)-(ii). To show Theorem 6(iii), which asserts regularity
in y, we fix y > 0, and let h be sufficiently close to 0. We know from the preceding discussion that U(-,h) =
(U, U") = 8y4+1Up is the unique bounded weak solution of

U = Ax)U*, xZ2y+h
Uf(y+h)-U (y+h) = U
—2q
/ (Vi(x), U (z))dzx = 0.
We set U(z,h) = U(z + h, h) and see that U(-, h) is the unique weak solution of
U = A(x+h)U%, T2y
Uty) -U (y) = Uo (3.22)

—2qg—h B
/ (Vi(x+h), U (z))de = 0.

— 00

First, we consider the related problem

Ur = Ax+h)UT, TZy
Utly) -0 (y) = Uo (3.23)
/_ W@ h), 0 @) ds = o,

and note that it has a unique solution U (-,h) in X,. Since the h-dependent parts in the above equation are
bounded operators from X* into X xR for £ = 0, 1 that depend smoothly on h, we conclude that U(~7 h) depends
smoothly on h as a function from h € (=4, ) into X,,. The function

U(h) = U(h) + BR)Vi(- + h)

with ) 3
8 (Vi(x 4 h), U (z,h)) da

B(h) = 2~
" S22 |Vi(@)? da

then satisfies (3.22) since

—2q—h B —2q—h . —2q—h
/7 (Vilx + ), U (z))dz = /7 (V*(:z:+h),U*(:z:)>d:z:+ﬂ(h)/7 |Vi(z + h)|* dz
(3.23) - —2q ) - ., ., —2q—h . ) e
2 [ Wm0 @) b [ Vit s hdr =0
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by definition of G(h). Next, we observe that S(h) is smooth in h due to the regularity properties of V, and
U= (-, h). Hence, U(-, h) is differentiable in y with values in X,, and we have

UE(x,0) = ~UZ(2,0) + U(z,0) = ~UE(x,0) + Un(x,0) + Br(0)Vi()

for £ > y + p and < y — ¢ by Theorem 4(iii). Furthermore, |UX(z,0)]y < Ke **=¥l| for > y + p and
x < y—q, respectively, by using the equation satisfied by U*(x,0). The same estimate can be shown for Uh(:v, 0)
by writing down the equation satisfied by U (+,h) and solving it in exponentially weighted norms. We omit the
details.

It remains to consider Theorem 6(iv). To apply the preceding construction to £ — A, we need to verify that it is
onto and satisfies (H3)(iii).

Lemma 3.11 If £ is onto and satisfies (H3), then L — X\ is also onto and satisfies (H3) for all \ sufficiently
close to zero. In particular, elements in the null space of L — A cannot vanish on intervals of length p + q unless

they vanish everywhere.

Proof. Throughout, we assume that A is sufficiently close to zero. Recall that £ is onto and Fredholm due
to (H3). If dimN(L) = d, then the Fredholm index of £ is d. These observations imply that £ — X is also
onto and Fredholm with index d. Thus, dimN(L — X) = d for all A near zero, and we need to show that v
cannot vanish on any interval of length p 4 ¢ for each nontrivial v € N(£ — A). We now proceed as above and
construct, for each y € RT, the map J,(\) : ¥ — Y x Y, Uy — (Uy,U_) associated with £ — X\. Arguing
as in the proof of Lemma 3.10, we see that J,(\) is injective and bounded uniformly in y € R* and A near
zero. Furthermore, the spaces Rg(m;J,()\)) are closed in Y, their sum is Y, and each nonzero element V(y)
in their intersection Rg(m1J,(A)) N Rg(maJy(A)) yields a nonzero element v in N(£ — X via [S,(\)V (y)|(z) =
(v(z + -),v(z)). Hypothesis (H3)(iii) implies that Rg(m17,(0)) N Rg(m27,(0)) has dimension d and is, in fact,
spanned by V;(y) = (vj(y + -),v;(y)), where {v;} is a basis on N(L£ — X). The assertions of the lemma follow
if we can show that Rg(miJ,(\)) N Rg(m2J,(\)) has dimension d for each A near zero and each y € RT (since
the same argument then applies to y € R™). Since Y is a Hilbert space, we can find closed complements Y; of
the null space of 7;7,(0) in Y and conclude that 7;7,(0) : Y; — Rg(m;J,(0)) is invertible, since Rg(m; 7, (X)) is
closed in Y. Consider the bounded map

jy(/\) : Yl X Yé — Y> (Ula UQ) — 7Tltjy(/\) - 7T2\.7y(>\)7

and observe that J,(\) is onto. Next, note that (Uy, Us) € N(7,(0)) if and only if 7, 7, (\) Uy = 127, (A\)Us. Since
7;Jy(0)]y; is an isomorphism onto Rg(7;J,(0)), we see that N(J,(0)) is isomorphic to Rg(m1 7, (0))"Rg(m2J, (0))
and has therefore dimension d. In particular, J,(0) is Fredholm with index d, and therefore so is J,(\).
We conclude that dimN(J,(\)) = d for all X near zero and, arguing as above, see that dim[Rg(mJ,(\)) N
Rg(maJy(A))] = d for all such A, and the lemma is proved. ]

The preceding lemma allows us now to proceed exactly as before to establish analyticity in A. Define

TN : X' = X xR, U= (T, [V2U),  T(A): X — [X']" xR, U (AU, [V2,U]),
where T(A\)U = U, — A(-, \)U, and V.0 spans the null space of 7(0). The preceding construction then shows that

the exponential dichotomies are locally analytic in A, and the exponential bounds for derivatives with respect to

A follow again from using exponential weights. This completes the proof of Theorem 6.

For later use, we prove a result about the convergence of the stable subspaces associated with an exponential
dichotomy on RT. We denote by A+ and Ly the operators given by (3.16) and (3.17), respectively, with

coefficient matrices A;-t instead of A;.
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Lemma 3.12 Assume that Hypothesis (H3) is met, then the subspace Ef (x) := Rg(P5(x)) converges to the
stable subspace EY associated with the asymptotic operator A, as x — oo. Similarly, the unstable subspace

E"(x) := Rg(P"(x)) converges to the unstable subspace E* of A_ as x — —o0.

Proof. The following cutoff procedure is inspired by [19]. Let x4 : R — R be a smooth monotone function that

satisfies
1 0<zx
X+(x) :== ¢ monotone —-1<z<0 (3.24)
0 r < —1.
Define the operator Ei cH' — L? via
q
[Lhu)(z) = ue(@) = D [A] + (A5(x) = AN)xe(x = D)] ul@ + j) (3.25)

Jj=-p

and note that £y — £ is a bounded operator from H' into itself with |[£; — L% || = or(1), where, by
definition, or, (1) goes to zero as L — co. In particular, Ei is invertible for all sufficiently large L > 1. Using the
construction of exponential dichotomies given above, it follows that the dynamical system associated with L’i
has exponential dichotomies ®7"(x,y) on R and that Rg(®} (z,x)) is or(1)-close to E} for # € R. Uniqueness
of weak solutions to (3.2) shows that Rg(®% (,z)) = E% () for all x > L, which completes the proof for £ (x).

An analogous proof works on R~ using a smooth cutoff function y_ defined by

1 <0
X—(x) :== < monotone 0<z<1
0 rz>1
and the operator £ : H! — L? defined by
q
(Ll u)(2) = ua(z) — Y [A] + (4;(x) — A )x—(z + L)] u(z + j) (3.26)
Jj=-p
which is or,(1) close to £L_ as L — oo. ]

4 Resolvent kernels of semidiscrete conservation laws

Throughout this section, we assume that the hypotheses formulated in Theorem 1 are met. We remark though

that (S5) is not used in this section but will become crucial in §5.

Theorem 3 shows that the Green’s function G(j,4,t, s) of the linearization of the system of semidiscrete conser-

vation laws around the Lax shock can be calculated via

Imic )

—imo

_1 y+imo t
G(jit,s) = / AMt=9) (j S22 )\) dX  (v>> 1 fixed) (4.1)
2l
from the resolvent kernel of the operator

L: L*R,CY) — L2R,CY), ur— ou, — Zq: A (u(- + 7).

Jj=—p

This operator has domain H'(R,C"), and its coefficients are given by

Ay(@) = 03 f (e —p+ 1), s+ @) = Dy f (e — p)s s+ g — 1)). (4.2)
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Recall that the resolvent kernel G(z,y, \) of L is defined as the solution, in the sense of distributions, of

Theorem 5 implies that G(x,y, A) is well defined and analytic in A for all A € {Re\ > 0} \ 27ioZ since £ — A
is invertible for these values of A by Hypothesis (S1). To get useful pointwise bounds on the Green’s function
G(j,1,t,s) of the lattice system, it will be necessary to move the contour of integration in (4.1) into Re A < 0:
this requires that we extend the resolvent kernel G(z,y, \) to a neighborhood of A = 0, and the issue is that we
do not know in what sense G(z,y,0) exists since A = 0 lies in the spectrum of £ by (S2). Thus, much of this
section will be concerned with constructing G(z,y, A) for A near zero.

4.1 The asymptotic operators and their adjoints

The results in §3 indicate that asymptotic hyperbolicity of £ — A is the key property that would allow us to
use exponential dichotomies to construct G(z,y,A). Thus, we first check for which values of A near zero the

associated asymptotic operators L4 — A\ with

q
Li: ur— oug — Z (05 = Oj+1) f(ux, ..., ux) u(- + j)

Jj=-p

—_. At
_'Aj

are hyperbolic. The characteristic equations associated with £y — A are given by

a
det AL (v, A) :=det [ov — A — Z (0 — 0j+1) flus,...,ux)e” | =0. (4.3)

j==p
In Hypothesis (S1), we assumed that £ — X is invertible for all A € {ReA > 0} \ 27icZ, and we conclude
that det A(v,\) # 0 for each v € iR and each A in the aforementioned set. Furthermore, (S4) implies that
det A(v,0) # 0 does not have any solutions v € iR \ {0}. Lemma 3.1 then shows that (4.3) can have roots v
near the imaginary axis for A near the imaginary axis with |Im A\| < 7|o| only when both v and X are near zero.
Thus, it suffices to understand the solutions of (4.3) for both v and A near zero.

Lemma 4.1 Assume that (H1) is met, then the equation det Ay (v, \) = 0 has precisely N solutions vE(\) near

n

the origin for each A\ near zero. Furthermore, these solutions are analytic in X\ and have the expansion

A (E BEE) A2
+ n’ n 3
A) = 0O(\?), —1,...N, 44
where BT = Zg:ﬂ](l —2)0; f (us, ..., us) is defined in (1.8). Finally, there are analytic functions ri¥(\) € RY
with r;5(0) = r¥ so that Ay (vE(N),\)rE(N) = 0.

n

Proof. Since we set 0_,f = 0411 f = 0, we see that

q

Z (a] 7aj+1)f(u:|:a"'au:|:) =0. (45)

Jj=—p
Thus, Rouché’s theorem implies that (4.3) has precisely N solutions v near zero, counted with multiplicity, for

each A near zero. Next, a calculation shows that Ay (v, A) has the expansion

q q 2
ArwN) = ov—A— > 0f(us....us)v+ Y (1—2j)8jf(ui,...,ui)%+O(1/3)
Jj=-p Jj=-p
= ov—\— fulus)v + BF2 4+ 0(1?).
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A straightforward Lyapunov—Schmidt reduction applied to AL (v, A)r = 0 now yields the statements made in
the lemma upon recalling that af # o are the simple, real, distinct eigenvalues of f,(us) with left and right

eigenvectors I;X and 7, respectively. n

Alternatively, solving (4.3) for A as a function of v = iy with v € R yields the solution branches

B
A (v) = —(a;f — o)iy — <li|2>72 +0(v%), n

|
—_

and (S1) implies that these curves, which lie in the essential spectrum of £, are contained in the open left

half-plane. (S5) implies further that these curves have a quadratic tangency to the imaginary axis at A = 0.

Remark 4.2 In the context of the weak semidiscrete shocks that we considered in Theorem 2, Lemma 4.1 implies
that Ay (v,0) has a root of order N at v = 0. Furthermore, Lemma 3.1 and assumption (S4) for u = ug imply

that A4 (v,0) cannot have any nonzero purely imaginary roots v, which completes the proof of Theorem 2.

Lemma 4.1 implies in particular that we cannot immediately apply the theory from §3 as the asymptotic operators
are not hyperbolic at A = 0. We shall see that we can nevertheless extend the resolvent kernel meromorphically
across A = 0.

First, we consider the dynamical-systems formulation

Up = A:(\)U, Ax(X) < ) - (;(ABt N a+ 230 J#0 Aji¢(j>> o

on Y that is associated with £4 — A. The spectrum of A4 (\) on Y consists entirely of eigenvalues (which we
refer to as spatial eigenvalues), and these are in 1:1 correspondence® with roots v of det AL (v, \); see §3.3. The
preceding discussion shows that the operators A4 (\) are hyperbolic in Re A > —§ for some small § > 0 except

when ) is close to zero, when they each have N eigenvalues v

=(\) near zero. As these roots will be crucial in

the forthcoming analysis, we state the following remark that will allow us to isolate them from the remaining

eigenvalues.

Remark 4.3 If (H1), (S1), and (S4) are met, then Lemmas 3.1 and 4.1 imply that there are constants €,7 > 0

such that, for each A € B.(0), each solution v of det Ay (v, \) = 0 has distance larger than 47] from the imaginary
+

azis except for the N weak spatial eigenvalues v,

(A) given in (4.4) which have distance smaller than 37 from
the imaginary axis. In particular, det Ay (v, \) = 0 has no solutions v with 7 < |Rev| < 37 for A € B.(0). From

now on, we fix the constants € and 7, and we mean A € B.(0) when we say that X\ is near zero.

The eigenvectors of A4 ()\) belonging to the eigenvalues v¥()\) are given by
el/f(k)z
VEON) =7 () . €Y, n=1,...,N, (4.7)

and we note that they depend analytically on A in a neighborhood of zero. We set
ES(\) =span{VE(\): n=1,...,N}. (4.8)

Next, we use Remark 4.3, the weighted operators Ef% — A and Afzﬁ()\) from (3.7), and the discussion at the
end of §3.1 to obtain two sets of exponential dichotomies of U, = A1 (AU on R, one with rates k% = 7j < 37) = "

and the other one with rates k° = —37 < —i7 = k". We denote the associated subspaces belonging to these two

6We shall always count eigenvalues and roots with their algebraic multiplicity and order, respectively.

24



sets of dichotomies by ES"™ () and E7""()), respectively”. In particular, these subspaces depend analytically
on \, and we have
EEN @B =Y, B @ ERO) = V. (19)

Furthermore, [12, Lemma 4.3 and Proposition 5.1] shows that
ET(\) = E¥(\) @ ES(N), ET(N) = EY'(\) @ ES(N) (4.10)

for all A € B.(0). Analogous subspaces exist for A_(A).

Next, consider A near zero with Re A > 0. In this region, the resolvent kernel G(z, y, A) of £L— X involves the stable
dichotomy for x > y and the unstable dichotomy for z < y; see (3.4). Lemma 3.12 shows that the associated
stable subspace for > y converges to the stable subspace of A4 ()\) as x — oo, and the unstable subspace for
x < y converges similarly to the unstable subspace of A_(\) as ¢ — —oo. Thus, to extend the dichotomies into
{Re X < 0} near A = 0, we need to first find out how the stable and unstable subspaces of A4 () behave near
A = 0, where hyperbolicity is lost due to the small spatial eigenvalues v;*()\). In particular, (4.9)-(4.10) show

that it suffices to investigate this issue inside the center spaces ES (\) defined in (4.8). Using the information

ay <...<ap_;<o<a; <..<ay, af <..<af <o<ai,<..<a}
[ S S ——

= —y .t o+
=:Qp out 7'a7L,in 7'an,in =0y out

given in (1.5) on the characteristic speeds a; of the Lax k-shock, we see that the spatial eigenvalues v (\) satisfy

Vi ey >0, V.o vy <0, v ooyt >0, V;+1,...,Vj\_,<0 (4.11)
—— N—— N—— ~————
=:V;,out (>‘) ::U;,in()\) ::Vj;,in(A) =:V';f,out(A)

for A > 0. Thus, for Re A > 0, the outgoing characteristics contribute to the unstable subspace of A_(\) and
the stable subspace of A, (\), while the incoming characteristics contribute to the stable subspace of A_(\) and
the unstable subspace of A (\): we therefore define the finite-dimensional subspaces

n

Ra(A) =span{VE(N) : af 20}, RiL(\) =span{VE(\): af S0}, EL(\) =RE (N @RE(N)

composed of outgoing and incoming modes, which are analytic in A near zero. Note that dim R, and dim R,
are N — k and k — 1, respectively. Using these definitions, it follows from the above discussion that the decom-

positions

EMN) @ Row(N) @ EZ(N) @ Ri,(A) =Y, E¥N)eRILNSEMNeRLN) =Y (4.12)

=:F°"(X) =:F°5(X) =:F5(N) =:F$U(N)

and the bounded projections on Y associated with the decompositions F'§*(A) @ F$"(A) = Y exist and are analytic
in A € B(0). In particular, the stable and unstable subspaces EY"()\) of AL ()) for Re A > 0 can be extended
analytically as the spaces F'{"°"()) to the ball B.(0). We emphasize that, for A < 0, the subspaces F$*(\) contain
eigenvectors of A4 (A\) that belong to weakly unstable spatial eigenvalues; similarly, the spaces F$"(\) contain

weakly stable spatial eigenvectors when A < 0.

Next, we collect a few useful properties of the adjoint operator associated with £, which is given by

a
£ LP(R,CY) — L*R,CN), dr— —oil, — Y Aj(- = j) (- — j).
Jj==p
The asymptotic operators belonging to L* are

q
‘C*i . U — —O‘@w - Z (8J - 8j+1)f(ui7. .. ,ui)*ﬂ(- —])

Jj=—q

"Note that it is not clear whether these subspaces are spectral subspaces of A ; see the discussion preceding Lemma 3.8.
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Note that the associated characteristic equations are given by det Ay (—v, \)*, and we obtain from Lemma 4.1
analytic nonzero solutions IZ(\) of AL (—vE(N),\)*I = 0. In particular, the operators A (\) associated with
the spatial-dynamics formulation

U, = Ac (U

of (L. — A\)@ = 0 have each precisely N discrete eigenvalues near zero, and these are given by —v;=()), and the

associated eigenfunctions

. (A2 .
VEN) = 1E()\) (e X > eY, =n=1,...N (4.13)
are analytic in A.

Lemma 4.4 Assume that Hypothesis (H1) is met, then the Hale inner products of VE(0) and V(0

m

(0) with respect
to the asymptotic operator L1 are given by

ai
O VEO): = @) - 30 / 0 =0y i) ds = (1= 22 ) b

Jj=-p

formyme{1,...,N}.

Proof. Using the relations (I:X,rZ) = 6,,,, we obtain:
. 9.1 fI
Ve V)= = )= Y~ /0 (I (05 = Oj41) f (s, us)ryg)
Jj=-p

q .
J
- 5mn - Z ;<l7:7t7(aj 78j+1)f(u:ta'-'7u:t)ritn,>

Jj=—p

q
4.5
(:) 5mn7 <lyﬂl:7 Z 8jf(uzl:7"'aru':|:)7’7:|:n>

Jj=—p+l1

+
6mn_<l$7f7u(u:|:7---au:|:)ri> = ( _a;:) 5mna

which proves the lemma. n

4.2 Exponential dichotomies in weighted spaces

Consider now the dynamical system

e O 0.
Ve = AT Al ) <a> <;<Ao<x> FNad iYL oA, <x>¢<j>> (419

with A;(z) as in (4.2) that belongs to £ — A. Similarly, we introduce the dynamical-systems formulation

— T 3 1 T (4 _ (o
SAAT A (ﬁ) (-i(Ao(x)*Jr/\)ﬁ—l o Asle i) w<—j>> 19

with U € Y that is induced by the adjoint operator £* — A

Lemma 4.5 Assume that Hypothesis (H1) is met, then the constant functions ¥, := (I, 1) € Y satisfy (4.15)
with A\=0 forn=1,...,N.
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Proof. It suffices to prove that L*I = 0 for each n. Since d_,f = 9,4+1f = 0, we have
q

L= = [0 flu(z—j—p+1),..un(w = +9)" =01 f(un(w = —p), otz — j+q— 1)1
Jj=-p
q
= = > [Ofu——p+ 1), u(a =+ q)
Jj=-p
—0iflus(x—j+1—p),...;u(x—j+14+q—1)*l
= 07
and the assertion is proved. [

We can now prove Lemma 1.1.

Proof of Lemma 1.1. We show that a Lax k-shock that satisfies Hypotheses (H1), (H2), and (S4) converges
exponentially to its asymptotic states u+ and that its speed o is given by the Rankine-Hugoniot condition. Note

that we already know that v/ () converges to zero as || — oo.

Let £% be as in (3.25), and define Ei’" = e " LLen™ as in (3.7). Choose 7] as in Remark 4.3, then the
discussion at the end of §3.1 implies that the operators Ei’ﬁﬁ are invertible. Consequently, the dynamical system
U, = A(z,0)U we introduced in (4.14) has exponential dichotomies ®°""(x, y) with rates k% = 7 < 37 = k"
and @ (x,y) with rates k° = —37] < —7] = k" that are defined for =,y > L. Furthermore, using the relation
between the weighted and unweighted systems, we conclude from Lemma 3.12 that Rg(®7 (z,2)) =: E'(z) — E,
as x — oo for j = cs, ss, where Ei are the subspaces in (4.8)-(4.10) evaluated at A = 0. Using the properties of
the spaces Ei given in (4.8)-(4.10), we see that E5°(x) — ES and EP(z) — ES @ ES as v — oo.

Next, consider the Lax shock wu,(z) and define U.(z) := (u/,(x + -),u,(x)) € Y which is then an H'-solution of
U, = A(z,0)U on R. Theorem 6(ii) applied to the equation that correspond to Ei’w’ implies that Ul (z) € ES*(x)
for all # > L. Next, Lemmas 4.5 and 3.3(i) show that the constant solutions ¥,, have nonzero Hale inner product
with elements in £ and that (¥, V) = 0 for all V* € E (z) with 2 > L and each n = 1,..., N. Consider
now the bounded map

U,: Y —RY, Uy— (<\Ifn,U0>(r))n:17_”)N

for z > L. We claim that N(Wy|pe(s)) = ES(2) for @ > L sufficiently large. Indeed, we already showed that
E¥(x) C N(\I/$|E3:-(m)). Furthermore, Rg(\IJI|Ef(I)) = RN for sufficiently large x due to continuity of the Hale
inner product and since E*(x) converges to ES° @ E$. Since EF(z) has codimension N in E{*(z), the claim
follows. Since U.(z) converges to zero as x — oo, we conclude from Lemma 3.3(i) that ¥,U.(z) = 0. Hence,
Ul(z) € E(z) for all sufficiently large x, which proves that |U.(z)| < Ke 3" for z > L for some K that does

not depend on z. The same arguments apply to < —L upon using £ from (3.26). Thus, there is a constant
K such that |U’(z)| < Ke %%l for z € R as claimed.

It remains to establish the Rankine-Hugoniot condition for o. Note that the shock profile u.(z) is a smooth

solution of the nonlinear functional differential equation

ou,(z) = f(us(x —p+1),...,uc(@ +q)) — fluc(z —p),...,u(z +¢—1)),

and integrating this equation in x over the interval [—L, L] we get

L
o(us(L) —us(=L)) = /_L [flus(x —p+1),...;ux(x 4+ q)) — flus(z —p),...,us(x+qg—1))] da

L+1 L

= / f(u*(ac—p),...m*(x—i—q—1))dx—/ fus(z—p),...,us(x+qg—1))dz
—L+1 —L
L+1 —L+1

= / f(u*(m—p)7...,u*(x—|—q—1))dx—/ flus(x —p), ..., us(z+q—1))da,
L -L

—f(uy) as L—oo —f(u_) as L—oo
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which shows that o[u.] = [f(u.)] as claimed. ]

To obtain differentiability of exponential dichotomies in y and analyticity in A, we would like to appeal to
Theorem 6 which assumes that the underlying operators are onto. Thus, we now prove Fredholm properties of
the weighted operator L7 = e~"* L that we introduced in (3.7).

Lemma 4.6 Assume that Hypotheses (H1)-(H2) and (S1)-(S4) are met, and pick 7 > 0 as in Remark 4.5, then
L*27 s Fredholm with index one, and N(L*27) = span{u’}. In particular, L*?" is onto.

We remark that Lemmas 3.11 and 4.6 imply that £*27 — X is then also surjective and Fredholm with index one
for all A near zero.

Proof. We focus on £27 as the arguments for £727 are analogous.

First, we fix A € (0,¢) and recall that the operator £ — A is invertible and therefore Fredholm with index zero.
Recall also that the dispersion relations det Ay (v, A) = 0 have precisely N roots v:¥(\) with distance less than
37 of the imaginary axis and that these roots actually lie in a ball of radius less than 77 centered at the origin.
In fact, we know from (4.11) that k of the N small roots at © = oo and k — 1 of the small roots at z = —oo
have positive real part for A > 0. Applying [18, Theorems B and C], we see that the Fredholm index of £27 — )
is equal to the difference of the small roots with real part in the interval (0,27) at * = co and = —oo so that
this index is equal to k — (k — 1) = 1. Next, we can change A monotonically back to zero without changing
the Fredholm index of £*7 — X by [18, Theorems B and C] since none of the roots of the dispersion relations
det AL (v, \) crosses Rev = 27j. Thus, £%7 is Fredholm with index one, and the small roots of det Ay (v,0) are
back at the origin.

It remains to show that N(£27) = span{u/}. The arguments in the proof of Lemma 1.1 show that u/, € N(L£?7).
Assume that v is another linearly independent element in the null space of £27, then |v(x)| < Ke™ for x < 0
by definition of £27. In particular, setting V(z) = (v(z + -),v(z)) and recalling the constant solutions ¥,, from
Lemma 4.5, we have (¥,,,V(x))(,) = 0 for all , and, arguing as in the proof of Lemma 1.1 we conclude that
V(z) € E$(x) for all sufficiently large > 1. But then we have |v(z)| < Ke 72| for z € R and therefore
v € N(L), which contradicts (52). ]

To construct analytic extensions of the exponential dichotomies from {Re A > 0} into a neighborhood of A = 0,
we need to isolate the small spatial eigenvalues from the remainder of the spatial spectrum: this needs to be
done not just for the asymptotic dynamical system (4.6) but for the full problem associated with the operator
L — X. The following lemma shows that we can isolate the dynamics associated with the strongly decaying and
growing directions. Recall the definitions 1 : CN¥ — Y, a +— (0,a) and 73 : Y — CV, (¢, @) — « from (3.3).

Lemma 4.7 Assume that Hypotheses (H1)-(H2) and (S4) are met, and pick 7 > 0 as in Remark 4.3. For
X near zero, equation (4.14) then has exponential dichotomies @is’cu(x,y,)\) with rates K> = —3n < K" = —7
and @ (x,y, N) with rates K° = 7] < K" = 37 on Rt that are analytic in X\. Furthermore, the operators
D% (x,y, N) and O (z,y,N) are differentiable in y for x > y+p and 0 < & < y — q, while the operators
@ " (@, y, N)a are differentiable pointwise in y for x Z y: the y-derivatives of all these operators satisfy
exponential bounds with the same rates as the original operators though the constants K may be larger. Finally,
setting Ei(a:, A) = Rg(‘lﬂ(x,x, A)) for j =ss, cs, we have

ES(x,)) = ES(N), ES(z,\) — ES(\) @ ES(\)

as x — oo. Analogous statements hold on R™.

Proof. Lemma 4.6 shows that the operators £+27 satisfy the assumptions of Theorem 6, and the assertions
follow now from this theorem and the discussion at the end of §3.1 where we related dichotomies of the weighted

and unweighted systems. ]
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4.3 Analytic extension of the exponential dichotomies on R*

We now extend the exponential dichotomies of the system

o O 0.
Ve 2 AT Al ) <a> <;<Ao<x> FNad iYL oA, <x>¢<j>> (4.16)

on R* analytically from Re A > 0 to a neighborhood of A\ = 0.

Lemma 4.8 Assume that Hypotheses (H1)-(H2) and (S1)-(S4) are met. There are then a positive constant €
and a family O (z,y, A) of bounded evolution operators of (4.16) that are defined for x 2 y with x,y € RY, are
analytic in X € B(0), give exponential dichotomies of (4.16) for Re X > 0, and satisfy the estimates

9% (2,3, M)y = ZO (e BN y)) z>y>0 (4.17)

ZO(C‘“ zy)), y>x>0.

9% (2,9, ML)

Furthermore, ®Y"(x,y, \) are differentiable in y for x >y +p and 0 < x <y — q, respectively, with

10,9 (2,5, ezl yy = O™ ) £ A S0 (@) gyt (4.18)
V;ut
0y P (z,y, N2l ey yy = Ofe —nlz— y‘—l—)\ Oe,t(k)zy) y—q>x >0,
Y=+ ( > )

V
in

while the operators Wg@is’uu(x, Y, Ao that appear in the explicit expression (4.29) of the extended dichotomies are
differentiable pointwise in y for x = y and satisfy pointwise estimates in CN*N analogous to (4.18) for x = y.
Finally, the stable subspace Rg(®%. (x,z,\)) converges to the extended stable subspace ES(X) & RY,(N) defined
in (4.12) as © — co. The same statement with symmetric bounds holds for dichotomies on R™.

Proof. First, we construct H!-solutions U’ (x, ) of (4.16) on R so that U, (x, \)/|U,F (z,\)|y converges with
uniform rate 27 to the element V() € RE (\) @R (A\) as ¢ — oo, where n = 1,..., N. To construct U} (z, \),
we consider the system

(L= N (rF\)en N7 44y =0 (4.19)
where the relation between Vi (A) and r;()) is contained in (4.7). Since (L4 — A)r}(A)e’s M* = 0 and the

coefficients in £ converge exponentially with rate —37j to those of L, we see that (4.19) is of the form
(L =Ny = hp(z, ), (4.20)

where h,(z,)) is analytic in A and there is a constant K so that |h,(z,)\)] < Ke 37 for z > 0. Using the
cutoff function x4 from (3.24), we define h$(x, A) := x4 (x + p + ¢)hn(z, ), which is analytic in A and satisfies
|ne (2, \)| < Ke™3717l for 2 € R. Following the discussion centered around (3.9)-(3.10) in §3.1, we now consider

(L72T — Nw,, = *1"he (x, ). (4.21)

By construction, the right-hand side is in L?(R), and the discussion after Lemma 4.6 shows that £727 — )
is onto and Fredholm with index one. Thus, adding an appropriate normalization condition, equation (4.21)
has a solution w,(-,\) € H' that depends analytically on A. We conclude that v, (z,\) = e~ 2" w,(z,)) is
an Hl-solution of (4.20) that is analytic in A and satisfies |v,(z)| < Ke™2"® for z > 0. Defining V,"(z,\) =
(v (z + -, A), v (z,A)) € Y for z > 0 and recalling that ¢”= M=VF()) is the solution of the asymptotic system
(4.6) that corresponds to the solution r,f()\)e”:fo‘):‘c of (L4 — A)u =0, we see that

Utz A) = e VTV E\) + Vi, \), n=1,... N
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are H'-solutions of (4.16) that depend analytically on A with |V,F(z,\)|y < Ce 2™ as # — oco. For z > 0, we
set
ES (2, A) := span{U,7 (2, \) }o=t,...,N -

Next, we construct solutions W (z, A) of the adjoint system (4.15) that converge exponentially with rate —27 to
the adjoint eigenfunctions fiff (M) given in (4.13) as  — oo. Since the adjoint eigenfunctions f)ff (0) are solutions
of the full equation U = A(z,0)U due to Lemma 4.5, we seek corrections to e=*» M*PE(\) in the form AV, and
therefore consider the system

(L% = NI (A)e ™ VT 4 X)) = 0. (4.22)

Indeed, Lemma 4.5 implies that (4.22) is of the form
(L* = N)by = hp (2, M), (4.23)

where h,(x,\) is analytic in A and |h,(z,\)] < Ke 7 for > 0 for some constant K. Set hS(z,\) :=
X+ (x + p+ Q)hn(z, \), which is analytic in A and satisfies |h¢ (z,\)| < Ke 37| for 2 € R. As before, we now
wish to solve

(L*72 — \)ib,, = hS (2, \) (4.24)

for 0 € H'. Note that the right-hand side lies in L?. Inspecting the coefficients, it is easy to check that the
operator £*~27 coincides with [£?7]*. Recall that £*7 — X is surjective and Fredholm of index one, and [18,
Theorem A] implies that £*~27 — ) is injective and that its range has codimension one. To determine its range,
note that we can choose an H!-function w. (-, \) that depends analytically on A and spans the one-dimensional
null space of £27 — X\. We also know from Lemma 3.11 that w, cannot vanish on any interval of length p + q.
It follows again from [18, Theorem A] that an element h € L? is in the range of £*727 — X if, and only if, its
scalar product with w, vanishes. Using that w, does not vanish everywhere on R™, we can now modify the
right-hand side h¢ (x, \) for z € R~ so that the modified function is still analytic in A and lies in the range of
L*721 — X\. Thus, (4.24) has an H!-solution 0, (-, ) that is analytic in A, which then corresponds to a solution
On(z, ) = e 1%, (x,)\) is an H'-solution of (4.23) that is analytic in A and satisfies |9, (x)| < Ke=27® for
x> 0. Setting V7 (z,\) = (6; (x + -, \), 0 (x,\)) € Y'! for 2 > 0, we obtain that

Tz, A) = e VTDEN) + AV (2, )),  n=1,...,N (4.25)
are solutions of (4.15) on R™T, lie in Y1 are C' in 2 > 0 and analytic in A near zero, and satisfy
V(@A) =0 el), z>0.

In particular, we have
9, Ut (2, 0) = AO(e " MT) p=1,... N. (4.26)

Theorem 6(i) and Lemmas 3.3(iii) and 4.4 show furthermore that
<‘I’ZF(%)\)7U$(CE,>\)>(¢) :5mna \I]z(xv)‘) € Eis(waA)la \I/:Lr(.’t,()) € Eiu(an)J_ (4'27)

for all z > 0, where the annihilators are computed with respect to the Hale inner product.

We can now construct the analytic extensions of the exponential dichotomies. First, we claim that
ET(y,A) = EX(y, M) © ES(y,A) (4.28)

for all y > 0. Using the convergence properties of the spaces Ei(x, A) from Lemma 4.7 and the construction
of the solutions U, we know that (4.28) is true for all sufficiently large y. Using the same results, we also see
easily that the right-hand side in (4.28) is always contained in E*(y, A). Assume therefore that V(y) € E$(y, \)
lies in a complement of E*(y, \) @ ES (y, A), and we can then arrange that (¥5(y, ), V(y))(y) = 0 for all n. For
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x sufficiently large, V(z) = ®$(z,y, \)V (y) therefore satisfies (U;f (x, X),V(2)) ) = 0 for all n, and using that
(4.28) is true for all such = we conclude that V(z) € E(x, ) for large x. But the uniqueness property stated
in Theorem 6(ii) implies that V(y) € E$(y,A) in contradiction to our assumption. Thus, (4.28) is true for all
xz > 0.

Since the last inclusion in (4.27) may not hold for all A near zero, we need to construct a new strong unstable

subspace that is perpendicular to ¥, (y, A) for all A\. Define the bounded and analytic mapping

N
RN+ EY(0,0) — ES(0,X), Ve = > U (0, ) (F,(0,), Vi) o)

n=1

and note that h4}"(0) = 0 by (4.27). We can now define the extended exponential dichotomies via

N
O (z,y, ) = BT(@y N+ Y S @M (50, )y, 2=y>0 (4.29)
n=k+1
k
DY (z,y,A) = P,y A) 4 B (2, 0, VAT (NP (0,4, A) + U (@, V(T (1A, ) wyy ¥y 2220,
n=1
::(i‘)‘i“(w,y,)\)

where the operators ®5""(z,y, ) are defined in Lemma 4.7. The operators in (4.29) are analytic in A, and
it is easy to check that they define an analytic extension of the original exponential dichotomies. Note that
T, (y, A) € Rg(®1(y, y, A))* for all y > 0 and all A near zero.

For a € CV, note that the Hale inner product

<le:: (yv )\)7 L206> (y) — <772\I’:Lr (y7 )\)7 a>CN

of ¥} and an element of the form iy depends on y only through W;. This property taken together with
(4.26) and Theorem 6(iii) yields the desired estimates for the derivatives of ®%"(z,y, Atz with respect to y. The

remaining claims in Lemma 4.8 follow from Lemma 4.7 and the preceding analysis. n

4.4 Meromorphic extension of the exponential dichotomy on R

In Lemma 4.8, we extended the exponential dichotomies ®%"(z,y, \) analytically for A near zero. The resulting
dichotomies are defined separately for ,y € RT and =,y € R™. To extend the Green’s function analytically
near A = 0, we need to construct an exponential dichotomy on R. To see what is involved in this construction,
we shall denote the ranges of the projections ®% (0,0, ) and ®%(0,0,\) by ES*()X) and E€*()), respectively. A
standard argument, see for instance [25, Theorem 2], then shows that the exponential dichotomies ®% (x,y, A) and
O (z,y, A) fit together at 2 = y = 0 to produce an exponential dichotomy on R if and only if E*(A\)SE(\) =Y.
As we shall prove below, these subspaces have a nontrivial intersection when A = 0, and the best we can do is

to construct a dichotomy on R that is meromorphic in a ball centered at A = 0 with a simple pole at the origin.

It follows from the spectral stability assumption (S2) that
Uile) = (ui(z +),u(z) € Y

is a bounded H!-solution of the spatial-dynamics system U, = A(z,0)U. Similarly, the spectral stability
assumption (S3) implies that there is a nonzero vector 1, € RY that is perpendicular to the outgoing eigenvectors
of fu(ux) so that v, L [r],... ,r,;l,r]jﬂ, ...,7%]. Note that the vector ¢, is a linear combination of the

incoming left eigenvectors liin. For later use, we remark that

M := (P, [us])rr # 0 (4.30)
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by the spectral stability assumption (S3). Finally, let

Vo(2) = (¢, 0n) €Y
be the associated solution of the adjoint equation (4.15), given by U, = A(z, A\)U, then we have

v,(0) L [RS,

out

(0) + Roue (0) + E55(0,0) + EY(0,0) + E¥(0,0) + E™(0,0)] (4.31)

by (4.27) and Lemmas 3.3(iii) and 4.4, where the annihilator is defined through the Hale inner product (-, -) ).
We will also use the function W, (z) that is associated with ¥, (z) via (3.14).

Lemma 4.9 Assume that Hypotheses (H1)-(H2) and (S1)-(S4) are met, then there is an € > 0 such that the
linear mapping
t(A): ET(A) x ESY(\) — Y, (U*,U%) — U® - U"

is Fredholm with index zero for all A € Bc(0). Furthermore, we have E$(X) ® ES*(X) =Y for all A € B.(0)\ {0}
and
E$(0) N E(0) = span{U.(0)},  [ES(0) + E(0)]* = span{¥.(0)},

where the annihilator [...]* is defined via the Hale inner product (-,-) (o) at z = 0.

Proof. The spectral stability assumption (S1) and Theorem 5 imply that the system (4.16) has an exponential
dichotomy on R for each A\ with Re A > 0. Thus, ¢(\) is invertible, and therefore Fredholm with index zero, for
Re A > 0. Next, we prove that ¢(0) is Fredholm with index zero. Let x(z) be a smooth monotone function with
x(x) = sgn(x) for |z| > 1, and define

L= e X@zpemx@z . gUR RY) — L*(R,RY),

q
u—s o (up + n[x(z) + ¥ (2)2]u) — Z Aj(x)en[x(:c+j)(x+j)—x(x)x]u(. + 7).
Jj=—p

Since x () +x/(z)x = sgn(x) for [z| > 1 and x(x+j)(z+7) — x(z)z = jsgn(z) for || > p+q+1, the operator L"
is bounded, and the associated asymptotic operators are given by 21 = e "*Le". The arguments presented
in the proof of Lemma 4.6 imply that El are hyperbolic for n = 427, while the discussion at the end of §3.1

implies that the N spatial eigenvalues V,f

(0) at zero associated with £+ become v (0) F 7 for the operators £'].
In particular, for n > 0, these eigenvalues satisfy v;7 (0) —n < 0 and v, (0) + 1 > 0. Thus, for n > 0, the stable
and unstable eigenspaces associated with the spatial-dynamics formulation of £7 contain those of £. Since L£”
is asymptotically hyperbolic, it follows from [18, Theorem A] that the intersection of the former two spaces is
finite-dimensional. The preceding arguments then show that the same is true for the intersection of E*(0) and
E%(0), and we conclude that the null space of +(0) is finite-dimensional. Since E$*(0) and E*(0) are the ranges
of bounded projections, they are closed, and the range of ¢(0), which is given by their sum, is therefore also
closed. Similar arguments for the operator £ with 1 < 0 show that the codimension of the range of ¢(0) is finite.
Thus, ¢(0) is Fredholm, and its index is therefore zero as ¢(A) depends continuously on A. Continuity in A then
implies that ¢(\) is Fredholm with index zero for all A € B¢(0).

The remaining arguments needed to complete the proof are very similar to those in [1, Proof of Lemma 5]: the
only differences are that we use the Hale inner product instead of the scalar product in Y and that we appeal
to Lemma 4.4 and (4.29) for properties of the Hale inner product and the extended exponential dichotomies at
A = 0. We therefore omit the details. ]

Define the spaces
EP' = span{U.(0)},  E :=span{W,(0)},
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then Lemma 4.9 implies that there are closed subspaces Ef and Ej of Y such that
E¥(0)=E50EY,  E™0)=E;aE}. (4.32)

The following lemma can be viewed an an replacement of the more common Evans-function analysis in the

meromorphic extension of resolvent kernels.
Lemma 4.10 Assume that Hypotheses (H1)-(H2) and (S1)-(S4) are met. For each A € Bc(0) \ {0}, there is a
unique mapping hy (X) : ESY(X) — EF(X) so that E<'(A\) = graph h(X). This mapping is of the form
hae(A) = B (A) + b (M),
where h (\) is analytic in A € Be(0) with h (0)[rg@w(0,0,0) = 0, while hf () is given by

1
htWV = m(q’*(o)a V) (0)Ux(0),
where M # 0 is given in (4.80). Similarly, for each A € B(0) \ {0}, there is a unique map h_(X\) : E=(\) —
E*(X) so that ES°(A\) = graph h_(\). This map has a meromorphic representation analogous to the one given

above for hy(\) with h (X) = —ht (X).
In particular, the maps hy(\) are meromorphic on B.(0) with a simple pole at A = 0.

Proof. Our proof is similar to [1, Proof of Lemma 6] but avoids the need for changing the extended exponential

dichotomies we constructed in Lemma 4.8. We use the coordinates
(VS, VP,V VY) € By © EY* @ Ef © EY

and indicate the range of operators by the appropriate superscript: the mapping g"¥(\), for instance, maps into
Ey @ EY. Using (4.32) and analyticity of the extended dichotomies on RE, we see that

E*()\) : V = VU4 VP L ARSY (A (VY 4 VPY)
E(N) V =V 4 VP L Ag" (\) (VS + VP (4.33)
EY()N) : V=Vr4 VY4 P AV + V)

for unique analytic mappings h5%¥()), g*¥(A), and g>P*(\) that are all analytic in A near zero. Our goal is to
write % ()) as a graph over EY (\) with values in E5 ()\). Thus, consider

VU VP L AR (A (V4 VP = [V VY 4 gSPE )V + V)] + [VE+ VP4 A" (N (VE+ VPY], (4.34)

where, for given (V", VP'), we need to express (V®, VP') in terms of (V" V?) so that (4.34) is true. Writing

(4.34) in components, we obtain
Vh= VU4 A (A (VE+ VP, VP = VP 4 gP ) (V™ + VY.
Substituting these expressions into the stable component of (4.34), we obtain
ARS(A) [V + A (M) (VS + VP + VPE 4 gPE (A (VR + V)] = VE + g* (W) (VE + VY,
which we can solve for V* so that

Veo= [idgs — A2hS(\)g (V)] T

X (ARSN)[VY 4 Ag (A VP + VP gP (VY + V)] — (W) (VP + V)
= BN (V™ +VY) + AR5 (N)VPE (4.35)
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where 1 (\) is analytic in A near zero. Finally, the Eg’ -component of equation (4.34) is given by

ARY(A) [V 4+ Mg (N (B (A (V™ + VY) 4+ ARG (A VPE 4 VPY) 4 VP 4 gPY N (V™ + V)]
= VY4 2P W BTN (VY + V) + AR (A VP 4 VPY),

which is of the form

[idEg, + Ahi”(A)] VY= [hw(A) —g¥O) + Ah;”(x)} VPt AR )V, (4.36)

=:M%(\)
where all mappings are analytic in A near zero. We claim that
MY(0) = 1"(0) - g¥(0): B} — EY

is invertible with inverse given by

v
(s, [us])m

where M # 0 by (4.30): we shall prove this claim below and proceed now assuming that (4.37) is true. Using

(W.(0), V) @)U~ (0) =~ (W, (0), V) ) U (0), (4.37)

VPt = MPHO)VY =
(0) i

(4.37), we can solve (4.36) uniquely for VP* to get

VPt = %M”’(/\)_l[idEép F AR VY — MY\ R AV = %Mpt(O)V‘” + RPN (VR VY, (4.38)

where hP*()\) is analytic in A near zero. Using this expression in (4.35), we obtain
VS = hy(\) (VY + V), (4.39)

where h§(\) is analytic in A near zero. Finally, substituting (4.38) and (4.39) into the graph representation (4.33)
of E$(X), we see that

: : 1 :
VI VP NG AV 4 VP = 2 (0 (0), V) 0 UL(0) + BFP (V™ + V) € BE(N),

where hi’pt()\) is analytic in A near zero. Thus, using the continuous projection Py : Y — Y onto Ef @ Eg’ with

null space Ef @® Egt, we arrive at the desired graph representation

1 s
he WOV = 3752 (0), V)ULO0) + By NPV, V € BE(N)
of E"(\), where we used that W, (0) lies in the annihilator of E<*(0) + E% (0). Finally, for A = 0, we know from
(4.29) and Theorem 6(i) that Rg(®4"(0,0,0)) C E(0), which shows that hZ (0)|rg(@ur(0,0,0) = 0.
It remains to verify that M¥(0) = h¥(0) — g¥(0) : E?* — E¢ is invertible with inverse given by (4.37). Hence,
we need to find expressions for the E-components of the graphs of E$(\) and E°%(\) over Ej*. We focus on
E%(X\) = Rg(®5(0,0,))). Using the definition (4.33) of g¥()), we see that

(V.(0), g% (0)UL(0))0) = (¥(0),9:9%(0,0,0)UL(0)) (0)-

Therefore, exploiting the expression (4.29) for ®% (z,y, A), we obtain

N
@5 (2,0, VUL(0) = @5 (2,0, VUL0) + Y U, (2, (T} (0, 1), UL(0)) o)
n=k+1

Since the Hale inner products terms in the rightmost sum vanish at A = 0, we find

N
V(@) = 3% (2,0,0)U1(0) = 0705 (2, 0,0)U%(0) + 3 Uyt (w,0) (057 (0,0), UL (0)) 0. (4.40)
n=k+1
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Setting v® 1= mV®, we also know that v® is an H!-solution of Lv = u/, on RT. Hence, by [11, (4.8)], we have

%w*’vs(‘r»(w) = (s, ul(z))gw,

and we conclude that

(12, 0°(2)) (@) = (¥, 0°(0)) (0) = (s, U ()) RN — (P, U (0)) .

Using (4.31), (4.40), and the fact that the term 9y®%(x,0,0)U.(0) in (4.40) decays to zero exponentially in z,
we find

7<w*avs(0)>(0) = <¢*7u+>RN - <w*7u*(0)>RN

The analogous calculation on R~ for h¥(0) gives

<¢*, vu(0)>(0) = 7<w*a u—>RN + <w*a Ux (O)>RN .
Thus,
(T(0), [1*(0) = g*(0)]UL(0))(0) = (¥, v"(0) = v*(0)) (0) = (s, g — U )ier = (Y, [},
and (4.37) follows easily.

The proof for h_()) is analogous: the only difference is that M¥(0) is now given by g¥(0) — h¥(0) which shows
that h- (X) = —h{(N). "

We can now proceed as in [1, §4.2] to extend the exponential dichotomy on R meromorphically from Re A > 0
to a neighborhood of A = 0. We shall only state the results and refer to [1] for further details. First, using the
projections Pf (z,\) := ®% (z,x,A) and P"(x,\) := ®% (z,2,\), we see that the operators

Pi(z,\) = Pi(z,A) — @5 (2,0, )h(N)QL(0,2,A) >0
5 (2,9,0) == O (2,y, NPy, N) x>y >0 (4.41)
O (z,y,A) = (1= Pi(x, )P4 (2,9, ) y>z>0
and ~
PY(z,\) = P%(z,A) —®" (2,0, \)Vh_ (NP (0,z,)) <0
U (z,y,N) = O (x,y, NPy, N) r<y<0 (4.42)
O (z,y,)) = (1—P"x,\)D (x,y,\) y<x<0

define exponential dichotomies on R* with projections P{™"(z, \). By construction
P5(0,A) =1—P"(0,)\)  VA#0, (4.43)

and the Laurent series of these two operators coincide at A = 0, since the contribution of the pole at A = 0 is,
in both cases, given by the matrix My. Thus, the dichotomies in (4.41) and (4.42) fit together at # =y = 0 and

give the desired meromorphic exponential dichotomy on R for A\ near zero via

(ﬁi(xa%)‘) x>y=>0
O(z,y,A) == ¢ D%(2,0,0)D%(0,9,)) x>0>y (4.44)
D (z,y,\) 0>z>y

for z > y, and an analogous expression for ®“(x,y, \) for © < y. This completes the meromorphic extension of

the exponential dichotomies on R for A € B.(0).
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4.5 Pointwise bounds for the resolvent kernel

Theorem 5 shows that
ma®% (2, y, Ao for x >y,
—mo®%(x, y, Nt for x <y

G(z,y,A) = {
is the meromorphic extension of the resolvent kernel of £ — A from Re A > 0 to a neighborhood of A = 0, where
n: CVN—Y, ar—(0a), T Y —CY, (¢,a)— «

The following theorem contains the desired pointwise bounds of the resolvent kernel G(x,y, \) and its y-derivative
Gy (.’ﬁ, y> )‘) .

Theorem 7 Under the assumptions of Theorem 1, there are positive constants €, > 0 so that the resolvent

kernel G(x,y, A) of L« — X has a meromorphic extension for A € B.(0) of the form

G(Q? y7 - Ze—Vm()\)y l% ) '>(CN + é(.’l),y,)\), Yy 2 07 (445)

where I£(\) is analytic in A € B.(0), and we have the pointwise decomposition

St [0 (5 E0) 40 (iuremiOW)] a sy >0

Vout ¥

4Gz, y, ) = O(e M=) - N[F- ¢ 30 - w0 (e out A)g”e_”i;(”y) , r>0>y
D {O (e”;(k)(m_yo +0 (e”gut(k)”e_”i;(k)y)} , 0>z>y
(4.46)

for £ =0,1, where each term of the form O(...) is analytic in A € Bc(0), and analogous estimates for x < y.

Proof. The estimates asserted above are stronger than those proved in [1] for time-periodic viscous shocks, and

we therefore give a complete proof. We focus on the case z > y as the case z < y is completely analogous. Recall
that hi(X) = hE(X) + ki (X), where hE(X) is analytic in A, while

+1

REN): Y —Y, Vi 20 (= (0), V) 0y UL 0).
Using (4.41)-(4.44), we find that
¥ (z,y,\) = O (x,y,\) — D (x,0, )\)h;f()\)q)i(Qy, A) =@ (x,0, )\)hlf()\)CI)i(Qy, A) r>y>0
(a) (1)
5(z,y,\) = D5 (x,0,\)P(0,y,A) + % (2,0, )P (0,0, \)h, (AP (0,y, ) z>0>y
(b)
+ @5 (2,0, )@ (0,0, A\)h, (A)P2(0,y,A) (4.47)
(ii)
D(z,y,\) = @ (z,y,\) + P(z,0, ), (AP (0,y, ) + D% (2,0, \)h, (NP (0,y,\) 0>x>y,

() (iii)

and we need to estimate 8§W2<I>S(x, Y, Ao for £ =0,1. Recall from (4.29) that

5 (2,9,0) = OF(z,y,\ Z U (@, (0 (4,0, )y, 22y>0 (4.48)
n=k+1
k
n=1
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where each single term on the right-hand side is analytic in A, and analogous expressions for ®>"(x,y, \).

The terms labelled (a)-(c) are analytic in A and satisfy the estimates (4.46) with £ = 0 due to (4.17). Lemma 4.8
implies that the terms mo®% """ (z,y, \)io are differentiable in y and that their y-derivatives satisfy (4.46) with
¢ = 1. Similarly, we find from (4.18), (4.48), and Lemma 4.8 that the remaining y-dependent terms @1 (0,y, \)
and ®° (0,y, \) in (a)-(c) are differentiable in y with estimates that are compatible with (4.46) for £ = 0 provided
y > q and y < —p, respectively. Furthermore, by (4.26), each y-derivative of U (y, \) gives an additional factor
A. Since h{"(0) = h;(0)|Rg(¢1u(0)0,0)) = 0 by Lemmas 4.8 and 4.10, it follows that the remaining terms either
obey a uniform exponential estimate of the form O(e”—”g”*y‘) or else also generate an extra factor . It remains
to discuss the differentiability of ®4 (0,y, A) and ®° (0, y, A) with respect to y for y € [0,¢+1] and y € [-p—1,0],
respectively. For these values of y, we can simply replace the value xy = 0 at which we split the exponential
dichotomies on [0, 00) and (—oc, 0] by points zg = —g — 1 and 2y = p + 1, respectively, and repeat the extension
given in the preceding section to obtain differentiability with respect to y for y € [0,¢ + 1] and y € [-p — 1,0],
respectively. The resulting bounds in y will look slightly different but this is irrelevant as y is in a bounded

interval. This completes the discussion of the analytic terms (a)-(c).

Next, we discuss the terms (i)-(iii) in (4.47). We focus first on the term (i). Upon substituting the expression
for hrf (M) into (i) and multiplying from the left and right by 72 and ¢o, respectively, we obtain

FQq)j—(‘ra07A)h;(A)¢)i(07ya)‘)52u0 (449)
L s
= I <\I/*(0)7 4 (0, y, )\)Lgu0>(0) T2 ®% (2,0, \)UL(0),

where z >y > 0 and ug € C¥ is arbitrary. First, consider the term @5 (z,0,\)U.(0). Since U/(z) is a solution
of (4.16) for A = 0 that decays to zero exponentially, we have

P(0,0)UZ(0) = UL(0)
from Lemma 4.7. Using this expression, we obtain

5 (2,0, \UL(0) = @5 (2,0, \)(P(0,0) — P=(0,A) + P=(0,\) U (0) (4.50)
= 0% (z,0,)U(0) + AO([|®% (=,0, M)
= ®%(x,0,0)UL(0) + NO(||®% (2,0, M),

where all O(...) terms are analytic in A. Exploiting (4.17), we arrive at

ma®% (2,0, )UL(0) = () + A D O (euV)7). (4.51)

+
Vout

Next, consider the term (¥, (0), @4 (0,y, A)2uo)
yields

© in (4.49). Substituting the expression (4.29) for ®%(0,y,\)

N
(9.(0),2%(0,y, )\)Lgu())(o) (0,.(0),®%(0,y, )\)Lguo>(0) + Z (9.(0), U, (0, /\)>(o) (U (y, \), L2’U,0>(y)

n=k+1
N
U2V (W (0), U (O, M) oy (T (4 N, t2u0) ) + A0 (e7°™)
n=k+1
N
(4.25) n vy [+ —27y
= W,(0),U; (0, A " Vi), + )0
n_zk+1< (0, U (0.0) gy e O (D (A),iao) 420 (e72)

= Ze w O D(0), T (0,0)) ) (1 (V) wo)en +AO (e727)

m
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where all O(...) terms are analytic in A. Subsuming the analytic coefficients (¥, (0), U, (0, A)) (o) into I} (), we
obtain

(W.(0), @Y(0, 9, \)ezuo) ) = Ze w1+ (), ug) e + AO (e727) . (4.52)

Finally, substituting (4.51) and (4.52) into (4.49), we arrive at

oS (2,0, )y ()Y (0, Neaug = Ze*”m“ (\), o)

+3 ¢ (e ouc(A)m) vy 4 O( —27 m+y)) £y, . 0 (e + Nz —27]y>

where the O(...) terms are analytic in A. This, and an analogous estimate for the y-derivative, establishes (4.45)
and (4.46) for the term (i) in (4.47). Finally, the analysis of the term (iii) in (4.47) proceeds in exactly the
same fashion. The only difference for term (ii) is the appearance of the extra term ®" (0,0, A) = P%(0, \), which
changes the computations in (4.50). Using that P"(0,0)U.(0) = U.(0), we obtain

B0, VPEONUL0) = 85 (5,0,0)(PE0,4) = P(0,0) + P(0, 0)U(0)
= % (2,0, \UL(0) + AO([| @5 (x,0, M)

and can now proceed exactly as in (4.50). This observation completes the proof of Theorem 7. n

5 Pointwise bounds on the Green’s function and nonlinear stability

In this section, we complete the proof of Theorem 1. First, we show that the analytic extension and the pointwise
bounds of the resolvent kernel G(z,y, A) that we established in Theorem 7 allow us to obtain pointwise bounds
of the Green’s function G(j,4,t,s) of the lattice dynamical system (2.2). The pointwise bounds for G(j,1,t, s)

can then be used as in [4, §5] to establish nonlinear stability.

Recall from Theorem 3 and equation (2.3) in §2 that G(j,4,t,s) can be found from G(z,y,\) via the inverse

Laplace transform formula

ot os

_1 y+imo
G(j,i,t,8) =G (j — %,i — ?,t— s) where G(x,y,7) = — / e”G(x,y,)\) dA. (5.1)
¥

270 ) _ire

The following theorem gives the desired pointwise bounds for G(z,y, 7).

Theorem 8 Under the assumptions of Theorem 1, the temporal Green’s function G(xz,y,T) from (5.1) can be
written as G(x,y,7) = E(x,y,7) + G(x,y,7) so that the following is true for y < 0 (with analogous expressions
and estimates for y > 0): we have

—u'(z errfn M — errin M
E(x,y,7) = u,(z) Z [ f ( 4(T+1)> £ ( 4(T+1)>

a, >0

n

Jor some appropriate constants I, € RN, and there are constants n, K, M > 0 with
|-C;($»y77')‘ + |8yg~(m,y,7)| < Ke eyl
Jor0 <7 <1 and

% (z—y—a, )2 /]\/IT —nmax(z,0)

06,y 7)| < Kenl=vl+n) 4 fori [

HHMZ

- 2
+ Z X{|a;7.|2|y‘}7' 3o~ (@—ay, (T=|y/a; 1))? /M7 ,—nmax(z,0)
an >0, am <0

o a+ T An T min(x
+ Z X{|an7|>‘y‘}7' 3o ( (r—ly/ay, ))?/M o7 min(z,0)

an >0, a5, >0
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for £ =0,1 and 7 > 1, where a- are the eigenvalues of f,(u+), and the indicator function xr(z) of an interval

I C R is one for x € I and zero otherwise.

We remark that the preceding theorem gives only pointwise bounds on the remainder term Green’s function
g(x,y,r), while, in contrast, [4, Theorem 4.8] provides a leading-order expansion of this term for one-sided
schemes into an explicit sum of moving Gaussians plus a faster-decaying remainder. With a little more effort,
we can derive a similar expansion for general schemes but decided to omit the derivation as it is not needed in

the nonlinear stability proof.

Proof. First, consider the case 0 < 7 < 1. Recall that G(z,y,7) is given by

-1 ~y+iTo
G(zy.7) [ evatp (5.2)
Yy

27T10' —iro

due to (5.1). Condition (S1) and Theorem 5 imply that G(x,y, A) is analytic in A for Re A > 0 and satisfies the
pointwise bound |8§G(m,y7)\)| < Ke *=vl with £ = 0,1 for constants K and 7 > 0 that are locally uniform
near each A. Using these bounds and the fact that the integral in (5.2) is over an interval of bounded length, we

can evaluate the integral for some v > 0 and obtain the estimate
103G (2, y, 7)| < Ke !

for some 1 > 0 with ¢ = 0,1. Since &(x,y, 7) satisfies a similar bound for 0 < 7 < 1, we obtain the result.
Next, consider the case 7 > 1. Cauchy’s integral theorem applied to (5.2) implies that
\r A A=~+iro
[e TG(x,y,A)] =0 (5.3)

A=y—imo

for each A with Re A > —e. Equation (5.3) may be recognized as the key property [4, (4.5)] of relative periodicity
with respect to the underlying lattice. Applying Cauchy’s integral theorem a second time to (5.2), we thus have

-1 A
= % G A)dA
g(‘r7y77—) 27710- Fe ('r7y7) b
where
F_[ € € }u[ € _j ']U[ i +'}u[+' €+']u[ 6+' 6+' }
=|—= - —=—1 - = - —1 1 —= —= 41, —=
5 1o, 5 r 5 r,r —1r T r,r r r+41r, 3 1 5 T, 5 1mo

for any r with 0 < r < 1. This is a representation on a contour that corresponds exactly to the low-frequency
part of the contour used to begin the arguments of [28, §8] and [21, §7]. Since our bounds for the individual
meromorphic pieces of @(m, y,A) as well as the initial contour T' are the same as for the low-frequency estimates
in the viscous case treated there, we obtain the same bounds for Q(x,ym) with 7 > 1 that were obtained in
[21, 28] in the viscous case. It is here where the hypothesis (S5) enters crucially to guarantee the Gaussian nature

of the estimates for G (z,y,7). Finally, since we have the same description of

1 o E
B(,y,A) = yul(z) Y e T, Jev,  y 20
vE

in

as in the viscous case, we obtain the corresponding description of

-1
E(x,y,7) = — %e”E(x,y,)\) dA
27ioc Jp
for 7 > 1 that was obtained in [21, 28] in the viscous case. This completes the proof. [ |
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We remark that, compared with [4], we have somewhat simplified the proof for the pointwise estimates by working
directly with the finite contour integral representation (5.2); see [1] for a similar argument in the time-periodic
case. In particular, the short-time bounds for 0 < 7 < 1 stated here are somewhat sharper than the ones
formulated in [4, Theorem 4.11], which were singular as 7 — 0. This is, however, a minor point as the same

estimates are available by the techniques of [4].

Proof of Theorem 1. Since the nonlinear stability analysis in [4, §5] uses only the pointwise bounds of
Theorem 8, we can proceed in exactly the same fashion to prove Theorem 1. We refer the reader to [4, §5] for
the details. ]

6 Discussion

Semidiscrete conservation laws arise most commonly through spatial discretizations of conservation laws posed
on the line R. In this paper, we kept the spatial step size h fixed, but it is natural to ask what happens when h
goes to zero. In particular, it would be interesting to see whether the bounds on the temporal Green’s function
are uniform in the step size h or, more ambitiously, whether convergence, in an appropriate sense, of the temporal
Green’s function of the semidiscrete system to that of the limiting inviscid system can be proved. We remark
that the resolvent kernel sees the spatial step size h only through a linear scaling of the eigenvalue parameter A,

so the key issue is to carefully analyse the estimation of the temporal Green’s function that we outlined in §5.

Discretizing a system of conservation laws in both space and time leads to a discrete dynamical system posed
on a lattice. Establishing the existence of discrete shocks in this setting is very difficult and has only been
carried out in special cases. In [13, 17, 23], the existence of weak discrete shocks with vanishing or rational
speeds has been shown. If the speed satisfies certain Diophantine conditions, the existence and stability of weak
discrete shocks was proved in [15, 16]. In [7], Green’s function bounds for stationary discrete shocks of arbitrary
shock strength were obtained. Nonlinear stability of stationary weak discrete shocks was shown in [24] under
assumptions that are weaker than those in [16]. One interesting problem in this context is to prove the nonlinear
stability of spectrally stable discrete shocks with rational speed and arbitrary strength: such an analysis could

build on the Green’s function bounds obtained in [7].

The existence of discrete travelling waves with arbitrary wave speeds for dissipative lattice systems was addressed
in [5] using a very different approach: The authors of [5] started with the assumption that a semidiscrete travelling
wave has been found such that the spectrum of the linearization £, given in (1.6), has a simple eigenvalue at zero,
while the rest of the spectrum is contained in the open left half plane. They then proved in [5, Theorem B] that
this assumption implies the existence of discrete travelling shocks with wave speeds that depend continuously on
h = Ax/At for h near zero, where Az is the spatial step size, and At the temporal step size of an Euler scheme.
Thus, in short, existence and strong spectral stability of a semidiscrete shock implies the existence of discrete
shocks without any restriction on the wave speed. Shock profiles of semidiscrete conservation laws cannot be
strongly spectrally stable. It is an open and very interesting problem to see whether the assumption of strong
spectral stability could be replaced by sufficiently fast algebraic decay of solutions to the linearized semidiscrete

equation.
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