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Abstract

We show that the fast travelling pulses of the discrete FitzHugh—-Nagumo system in the weak-recovery
regime are nonlinearly stable. The spectral conditions that need to be verified involve linear operators that
are associated to functional differential equations of mixed type. Such equations are ill-posed and do not
admit a semi-flow, which precludes the use of standard Evans-function techniques. Instead, we construct
the potential eigenfunctions directly by using exponential dichotomies, Fredholm techniques and an infinite-
dimensional version of the Exchange Lemma.
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1 Introduction

In this paper we consider the stability of travelling pulse solutions to the discrete FitzZHugh—Nagumo
system

() = afuja(t) = 2u;(8) +uia ()] + g (u; (1) —w;(8), (1.1)
6(U’j (t) - Ywj; (t))a

where j € Z and u;, w; € R. The nonlinearity g(u) = g(u;a) that we use throughout this paper is
given by the cubic polynomial

S
<
—

~
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I

g(u;a) = u(l —u)(u — a) (1.2)

for some 0 < a < %, but our techniques work equally well for the general class of bistable nonlin-
earities considered in [21]. Throughout this paper we assume that a > 0 and 0 < v < 4(a — 1)72,
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which ensures that the origin is the only j-independent equilibrium for (1.1) when € > 0. We also
need the following condition, which in view of [33, Thm. 2.6] can be satisfied by picking the detuning
parameter a > 0 to be sufficiently small.

Hypothesis (H) The lattice system (1.1) with € = 0 admits a travelling wave solution

(uj, w;)(t) = (g7 (j + ext),0) (1.3)
for some speed ¢, > 0 and profile ¢y € C'(R,R) that satisfies the limits
Elim qr(€§) =0 and £lim qr(§) =1 (1.4)

Inserting the travelling wave Ansatz

(ug, w;)(t) = (@, w)(j + ct) (1.5)
into (1.1) leads to the singularly perturbed functional differential equation of mixed type (MFDE)
cil(e) = ofu(€+ 1)~ 20(€) +u( — )]+ g(a(6)) ~ w(c), w6

cw'(§) = e(u(§) —yw(§)).

Our assumption on « guarantees that (0,0) is the only equilibrium of (1.6) when € > 0. However,
when e = 0 this system admits an entire manifold M = {(u,g(u)) : u € R} of equilibria. As
illustrated in Figure 1, we pick two submanifolds M and Mg that lie to the left of the first
knee and to the right of the second knee of g. The pair (gs,0) solves (1.6) at e = 0 and connects
(0,0) € My, to (1,0) € Mg. By exploiting the mirror symmetry of the cubic polynomial g, one can
see that there exists w, > 0 such that this equation also admits a solution (g, w,) that connects

Mg to My, i.e.,

( lim qb(f),w*> eMpr  and <lim qb(g),w*) €My, (1.7)

£——o00 §—o0
Let us write I'g for the singular homoclinic orbit that arises by combining these two orbits with
the segments of Mg and My, that connect w = 0 to w = w,; see Figure 1. In the previous paper

[21], we constructed a branch of fast pulse solutions to (1.6) that bifurcate off Ty as e moves away
from zero and wind around this singular homoclinic orbit exactly once.

Theorem 1.1 (See [21]). Consider the discrete FitzHugh-Nagumo equation (1.1) with the non-
linearity (1.2) and suppose that (H) is satisfied; then for every sufficiently small € > 0, there exist
functions u(e),w(e) € C*(R,R) and a wave speed c(€) > 0 that depends continuously on € > 0 with
¢(0) = ¢, such that

(uj, wy) () = (a(e), w(e)) (5 + c(e)t) (1.8)

is a travelling pulse solution of (1.1) that winds around Iy once and satisfies the limits

lim (u(e), w(e)) (&) = (0,0). (1.9)

£—+o0
Up to temporal translations, this pulse is unique’ among solutions with these properties.

The main result that we set out to prove in this paper states that the fast pulses described in
Theorem 1.1 are nonlinearly stable. Of course, we have to allow for asymptotic phase shifts due to
the temporal invariance of (1.1). A precise version of this result will be stated in §2.

I We refer to [21] for a definition of the winding number and a precise version of the uniqueness claim.



Fig. 1: Shown are the singular homoclinic orbit T'o comprising of the front (qf,0), the back (g»,ws) and
segments of My and Mg. Also shown are the pulse solutions (@, w)(e) described in Theorem 1.1.

Theorem 1.2. Consider the setting of Theorem 1.1. For every sufficiently small € > 0, the travelling
pulse solution

(uj, w;)(t) = (ﬂ(e), u?(e)) (j + c(e)t) (1.10)

is asymptotically stable with an asymptotic phase shift: each solution to the system (1.1) that is
sufficiently close to this pulse at t = 0 will remain in a small neighbourhood of the pulse for allt > 0
and converge to some temporal translate of the pulse as t — oco.

Before we outline the ideas behind the proofs of the our stability result, we briefly recall the
motivation for studying the discrete FitzHugh—Nagumo equation and comment on related work.

One natural way for the discrete system (1.1) to arise is when a = h=2 > 1, in which case we
may think of (1.1) as the spatial finite-difference discretization of the FitzHugh-Nagumo PDE

U = e+ g(u) —w, (1.11)
wy = €e(u—yw),

on a grid with node distance h. This PDE has been studied extensively in the literature, serving
as a tractable simplification of the Hodgkin—Huxley equations that are widely used to model the
propagation of signals through myelinated nerve fibers [20]. However, from a modelling point of view
it turns out to be more natural to use the discrete system (1.1) and avoid the A — 0 limit that leads
to the PDE (1.11). This is related to the fact that a nerve axon is almost entirely surrounded by
an insulating myeline coating, which admits small regularly-spaced gaps that are referred to as the
nodes of Ranvier [35]. The insulation induced by the myeline causes excitations of the nerve at these
nodes to effectively jump from one node to the next [25, 31], leading to a system of the form (1.1) to
describe the electrochemical properties at the j-th node of Ranvier [28]. Many other natural systems
admit such an intrinsic discrete structure. As a consequence, models involving lattice differential
equations (LDEs) have appeared in a wide range of scientific disciplines, including chemical reaction
theory [14, 30], material science [1, 5] and image processing and pattern recognition [12].

The search for travelling pulse solutions to the PDE (1.11) has led to the development of many
new mathematical techniques. The existence of a branch of fast? pulses for (1.11) that bifurcates
from the singular orbit Ty as in Theorem 1.1 was first established by Carpenter [6] and Hastings
[18], who obtained their results independently using classical singular perturbation theory [6] and
the Conley index [18]. A more streamlined approach was developed by Jones and coworkers [27],
who used a geometrical construction called the Exchange Lemma to exhibit these fast pulses as
intersections of W*(0) and W#(M,), thereby also obtaining their local uniqueness. Jones proved in

2The term ’fast’ here refers to the fact that (1.11) also admits a branch of slow pulses with speed ¢ = O(+y/e).
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Fig. 2: The Floquet spectrum of the linearization of (1.1) about the fast pulse is illustrated for e > 0: the
spectrum near the origin consists of a curve of essential spectrum, a simple eigenvalue at the origin, and
at most one additional simple stable eigenvalue A2 near zero. Depending on the values of a and v, A2 is an
eigenvalue (panels (i) and (i1)) or a resonance pole (panel (iii)), and A2 may lie to the right or left of the
rightmost elements of the essential spectrum. We refer to §7 for further details.

[26] that these fast pulses are stable with respect to the dynamics of the PDE (1.11). His arguments
were significantly simplified by Yanagida [38], but both authors essentially used shooting arguments
to construct and analyze an Evans function [15] that encodes the stability properties of the pulses.

In contrast, very few rigorous results have appeared in the literature for the discrete FitzHugh—
Nagumo equation (1.1). Previous work either replaced the cubic polynomial g by specially tailored
nonlinearities [10, 13, 37] or employed formal asymptotic arguments [7-9]. On the other hand,
numerical simulations give strong evidence for the existence of stable pulse solutions of (1.1), and
we refer in particular to the work [9] of Carpio and Bonilla. Much more is known for the Nagumo
lattice system

Uy = ofujpr — 2u; +uj—1] + g(uj), (1.12)

which arises when considering (1.1) for € = 0 with w; = 0. In particular, results concerning the
existence of the front solution ¢y mentioned in (H) can be found in [17, 29, 33]. The first result
pertaining to the stability of the front ¢y with respect to the dynamics of (1.12) was obtained by
Zinner [39], using methods based upon the comparison principles developed in [29].

We now comment on the proof of Theorem 1.2 for the FitzHugh—Nagumo system, for which
comparison principles are not available. The key step of our stability analysis is concerned with
the spectral stability of the pulse solution, which we address by investigating the spectrum of the
linearization of the travelling-wave equation (1.6) about the pulse. The corresponding eigenvalue
problem is given by

(' (§) = ofu(€—1)+u(§+1) = 2u(§)] + ¢’ (ale)(§))u(§) — w(§) — Mu(§), (1.13)
c(e)w'(§) e(u(8) —yw(§)) — Mw(). '

We will see that the essential spectrum associated to (1.13) lies at a distance O(e) to the left
of the imaginary axis. Furthermore, the translational invariance of (1.6) implies that there is one
eigenvalue at A = 0. The pulse is constructed by gluing a stable front and a stable back together,
each of which have a simple eigenvalue at the origin. Thus, we can think of the pulse as a bound
state of a front and a back, and we may therefore expect to find two eigenvalues near the origin that
come from the eigenvalues of the front and back at the origin. One of these will be the translational
eigenvalue of the pulse that we already discussed, while the second eigenvalue can be thought of
as an interaction eigenvalue of the front and the back. Our task is to make this intuitive picture
precise by showing that (1.13) can have at most one non-zero eigenvalue near the origin, and that
this eigenvalue lies in the left half-plane. Since the initial-value problem associated with the linear



MFDE (1.13) is ill-posed [36], we cannot readily use Evans-function techniques to track eigenvalues.
Instead, we use exponential dichotomies to explicitly construct potential eigenfunctions of (1.13) for
(A, €) near (0,0). These potential eigenfunctions are continuous up to two jumps, and requiring that
these jumps vanish yields a two-dimensional set of bifurcation equations that depend on A\ and e:
any solution X of this system corresponds to an eigenvalue or a resonance pole (the eigenfunction
associated with the latter may not be bounded). We show that the bifurcation equations are given in
terms of appropriate Melnikov integrals, whose sign is known, and use this information to calculate
the leading-order expansion of Ao in terms of e. In particular, in contrast to the Evans-function
techniques used in [26, 38], our approach therefore gives the approximate location of the second
eigenvalue Ay. The dynamics of (1.1) near the pulse (u,w)(e) will depend on the location of Ag
relative to the imaginary axis and the essential spectrum. In §7, we provide numerical evidence that
shows that the three possibilities illustrated in Figure 2 can all occur. The final step of the stability
analysis is to conclude the nonlinear orbital stability of the pulse from its spectral stability. In §2, we
give an overview of two different strategies, due respectively to [11] and [4], that allow us to relate
spectral and nonlinear stability.

The remainder of this paper is organized as follows. In §2, we formulate a set of spectral condi-
tions that guarantees the nonlinear stability of travelling-wave solutions to a general class of lattice
systems. We proceed in §3 with an overview of the existence and stability properties of the front and
back solutions ¢y and gp. In §4, we recall the construction of the pulses (@, w)(¢) from [21] as this
information will be crucial for the stability analysis. Finally, we outline our approach for proving
the spectral stability of these pulses in §5, leaving the technical details to §6.

2 Nonlinear Stability

In this section we formulate a set of spectral conditions that guarantee the nonlinear stability of
travelling wave solutions to the lattice system3

U'j:.7‘—([])]':F‘(Uvj;h(]j,[JjJrl)7 ] €7, Uj e R" (21)

in which we take F : R3" — R” to be C?-smooth with n > 1. We are interested in non-trivial waves
that move to the left*, as described in the following condition.

Hypothesis (HV) The LDE (2.1) admits a solution U(t) = U(t) that has

Ui(t) =V (j+ct) (2.2)

for some wave profile Ve Cl(R,R’i) and some wave speed ¢ > 0. The profile V satisfies the
limits V() — Vi as € — o0 and V’ does not vanish everywhere.

There are two possible approaches to analyzing spectral and nonlinear stability of the travelling-
wave solution U (t). First, U(t) can be viewed as a relative periodic orbit of the lattice system (2.1).
Indeed, we have

Uj(t) = Uya(t + 1/c) (2.3)

for all ¢ so that the profile at times ¢ = k/c for integers k looks like the profile at ¢ = 0 but shifted by
k lattice points to the left. We could therefore use Floquet theory applied to the infinite-dimensional
ordinary differential equation (2.1) to identify appropriate spectral stability assumptions that imply
nonlinear stability. This program was carried out in [11], and we will review it in §2.1. The second
approach focuses on the profile V(€): this function satisfies a functional differential equation of

30ur restriction to nearest-neighbour interactions is arbitrary; any finite-range interaction can be treated in the
same fashion.
4Waves that move to the right can be treated by switching j — —j.
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Fig. 3: Illustration of the spectral conditions (S1)-(S3). The spectrum of L is invariant under the operation
A= A+ 27ic.

mixed type, and we might expect that the linearization of this MFDE about the profile V gives
an appropriate notion of spectral stability that one could utilize to show nonlinear stability via the
associated Green’s functions. This approach was first used in [4] and we will also follow it in this
paper. Our choice is motivated primarily by the fact that our existence proof for the pulses also
relies on a detailed analysis of an MFDE, which will allow us to reuse many of the tools developed
in [21]. We now describe this framework in more detail.

We consider solutions U(t) to (2.1) that take values in the sequence space

(2 = {U€ R Ul 1= sup;es U] < o0). (2.4)
In addition, we introduce the spaces
= {Ue®")E:|Ulp = [z U IP1VP < 00} (2.5)

for 1 < p < oo, which we use to characterize perturbations from the wave U.

The discreteness of the spatial variable j implies that one cannot pass to a reference frame in
which the wave U becomes stationary without destroying the structure of (2.1). This is the central
difficulty that needs to be addressed in any stability analysis concerning U. We will handle this
problem using the approach pioneered by Benzoni-Gavage and coworkers [3, 4]. The main idea is
to fill the space between the lattice points by looking for solutions to (2.1) that can be written as
U;(t) =V (t,j+ct) for some V € C(R4 x R,R™). This function must hence solve the non-local PDE

OV (t,€) + cOV(t,6) = F(V(t,£—1),V(t,E),V(tE+ 1)) (2.6)

By construction, V(t,&) = V(£) is now a stationary solution to this problem and it is therefore
natural to proceed by linearizing (2.6) around V.

The main result of this section, Proposition 2.1, shows that stability properties for U can indeed
be read off from spectral properties of the operator £ : W1°°(R,C") — L*°(R,C") that is given by

LV = —cV' + LV. (2.7)

Here we have introduced the notation

1

[LVI(&) = Y A (OV(E+), (2.8)

j=—1

in which A_1(§) = D1F(V(£—1),V(£),V(£+1)) and A(§) and A;(€) are defined analogously.



An easy computation shows that
e—omit (L — Nearix = L — 2mike — A (2.9)
for all k € Z, in which the exponential shift operator e, is defined by
e, V](€) = eV (€). (2.10)

In particular, the spectrum of £ is invariant under the operation A +— A 4 27wic. This should be seen
as a direct consequence of the fact that the lattice cannot see modulations on a scale finer than the
lattice size. Since we have £V’ = 0, the entire set 2micZ is contained in the spectrum of £.

Our stability result imposes the conditions (S1)-(S3) listed below. As illustrated in Figure 3, these
conditions basically state that the spectrum of £ is contained in the open left half-plane, except for
isolated simple eigenvalues at A € 2micZ that arise as a consequence of translational invariance.

Hypothesis (S1) There exists 6y > 0 such that £ — X is invertible as a map from W1 (R, C")
into L (R, C™) for all A € C\ 27icZ that have Re A > —do.

Hypothesis (S2) The only nontrivial solutions V € WH(R,C") of LV = 0 are V = V' and
scalar multiples thereof.

Hypothesis (S3) The equation LV = V' does not admit a solution V' € Wh>(R, C").

The following proposition states that the preceding spectral stability properties imply nonlinear
stability of the travelling wave with respect to the original lattice dynamical system.

Proposition 2.1. Consider the LDE (2.1) and suppose that (HV) and (S1)-(53) are satisfied. Then
there exist constants 6 > 0, C > 0 and 3 > 0 such that the following holds true for any 1 < p < cc.
For any initial condition U° € (P that can be bounded by

|U°—-0(0)|,, <4, (2.11)
there is a U, € R such that the solution x of (1.1) with U(0) = U° satisfies

\U(t) = U(t+9.)], <Ce P |U°-T(0)],, (2.12)
for every t > 0.

We prove this result in §2.2, exploiting an identity derived in [4] that describes the linearized flow
of (2.1) near the wave U in terms of Green’s functions for £L—\. We show that these Green’s functions
are meromorphic with simple poles at A € 2wicZ, allowing us to properly isolate the non-decaying
part of the linearized flow that is responsible for the asymptotic phase shift.

We remark that a similar nonlinear stability analysis was performed in [2] for the far more
difficult setting where the translational eigenvalues at A € 27micZ are embedded in the essential
spectrum. This situation is encountered when studying Lax shocks in semi-discrete conservation
laws. To analyze the corresponding Green’s functions for £ — A, the system LV = 0 was rewritten
as an ODE posed on the augmented space L?([—1,1],C") x C™. The resulting enlarged system can
be shown to admit exponential dichotomies, which can in turn be used to define the desired Green’s
functions and analyze their behaviour. Our approach here uses a more direct method, which does
not require us to work in this augmented state space and hence avoids many technical issues related
to the regularity of solutions.

In the special case that p = oo and U is a pulse, i.e., V. = V, in (HV), the conclusions in
Proposition 2.1 can be derived by combining the results in [4] and [11]. In the latter paper, the
authors avoid the non-local comoving PDE (2.6) and study (2.1) directly. They exploit the fact that
the wave U is shift-periodic in the sense of (2.3). By developing a shift-periodic version of Floquet
theory, the authors are able to analyze the stability properties of the discrete Nagumo equation
(1.12). The main disadvantage of this approach compared to the use of Green’s function techniques
is that spectral conditions that are weaker than (S1)-(S3) cannot be readily accommodated. In §2.1
we discuss these issues in greater detail.



2.1 Shift-Periodic Orbits

In this part, we discuss the results obtained in [11], where a shift-periodic version of Floquet theory
was developed to analyze the stability of a travelling wave solution U to (2.1). In particular, we will
show how Proposition 2.1 with p = co and V_ = V, can be derived from these results by relating
the spectrum of the appropriate shift-periodic monodromy operator to the spectrum of the operator
L defined in (2.7).

Looking for solutions to (2.1) of the form U(t) = U(t) + W (t), we find that W must satisfy the
time-dependent LDE

W(t) = DF(U@#))W(t) +N(t, W(t)), (2.13)
in which
N(t,W) =F(U(t)+ W) —F(U(t)) — DF(U(t))W. (2.14)
Since V is bounded, we have N'(t, W) = O(|W|?) and DoN(t, W) = O(|W|) as W — 0, uniformly
for t € R. Here Dy denotes differentiation with respect to the second variable.

Upon introducing the right-shift operator S € L({*°) that acts as (SU); = Uj_1, the shift-
periodicity of the wave U can be formulated as

Ult)=8U(t+c 1), t€R. (2.15)

Since F commutes with shifts on the lattice, the non-autonomous terms in (2.13) are also shift-
periodic in the sense that

DF(U#)W =SDF(U(t+c ")S™'W,  NEW)=8SN(t+c 'S 'W). (2.16)

These observations show that it indeed makes sense to develop a shift-periodic version of Floquet
theory to study the stability properties of U. As a first step, one needs to identify the appropriate
monodromy operator associated to the linear part of (2.13). Using standard ODE techniques, one
can see that for any tg € R and jo € Z, the LDE

W(t) = DF(U(t))W(t) (2.17)

with the initial condition W;(ty) = d,j, has a unique solution W = W' that is defined for all
t € R. This allows us to define a Green’s function G(¢,ty) € L(£>°) by writing

Gijo(t, to) = WP (t) (2.18)
and observing that the unique solution to (2.17) with the initial condition W (ty) = z is given by
W;(t) = (G(t,t0)2); = > Gijo(t:to)2jo- (2.19)
Jo€Z
Differentiating (2.1), we see that
U(t) = G(t,0)U(0) (2.20)

holds for all ¢ € R and hence, exploiting (2.15),

U(0) = SG(c*,0)U(0). (2.21)

Writing R = SG(¢1,0), we hence expect R to be the appropriate generalization of the monodromy
map. As usual, we define the spectrum of R to be the set

oc(R)={C€C|R—(:£>* — £ is not invertible. } (2.22)

The following result shows that R can indeed be used to study the stability of U.



Proposition 2.2 (See [11, Thm. A] and [11, §5]). Consider the LDE (2.1) and suppose that
(HV) is satisfied.5 Suppose furthermore that

o(R)\{1} c{¢: [¢] <1} (2.23)
and that the eigenvalue 1 € o0(R) is simple. Then the conclusions of Proposition 2.1 hold for p = oo,
i.e., U is asymptotically stable in £>° with an asymptotic phase shift.

This result was established in [11] by constructing a local £>°-coordinate system around the wave
U and analyzing the monodromy map in these new coordinates. The arguments used to construct this
coordinate system are very technical and it is therefore not clear if they work in /7 with 1 < p < co.
In addition, it is not at all obvious how spectral conditions that are weaker than (2.23) can be
treated.

In practice, it is often hard to analyze the operator R directly. Fortunately, one can use a spectral
mapping result due to Benzoni-Gavage and coworkers [4] to work around this difficulty and analyze
the operator £ from (2.7) instead. As a preparation, we introduce the point spectra and essential
spectra of the operators R and L that are defined by

oess(L) = {AeC|L— \isnot a Fredholm operator with index zero},

o,(L) = {AN€C\oes(L)| LV = AV for some non-zero V€ Wh(R,C")}, (2.24)
oess(R) = {¢€C|R —(isnot a Fredholm operator with index zero},

0p(R) = {C€C\0es(R)| RW = AW for some non-zero W € £>°}.

Lemma 2.3 (See [4, §3]). Consider the LDE (2.1) and suppose that (HV) is satisfied. Suppose
furthermore that V(€) — Vi = O(ePIEl) as € — +o00 for some B > 0. Then we have the spectral

mapping
exp[c o, (L)] = 0,(R) \ {0}. (2.25)
In addition, if C is a non-zero eigenvalue of R and ¢ = e ¢, then the multiplicity of A as an eigenvalue

of L equals the multiplicity of ¢ as an eigenvalue of R. Finally, in the special case V_ = V., we also
have the spectral mapping

explc  oess (L£)] = ess(R) \ {0}. (2.26)
Proof. The statements concerning the point spectrum follow from [4, Thm. 3.8]. In the special case
V_ = V,, the arguments in the proof of [4, Lem. 3.4] can be used to strengthen the inclusions [4,
Eq. (3.13)] and obtain (2.26). O

This spectral mapping result provides a link between the spectral conditions (S1)-(S3) concerning
L and the spectral conditions on R that appear in Proposition 2.2.
Corollary 2.4. Consider the LDE (2.1) and suppose that (HV) and (S1)-(53) are satisfied. Suppose
furthermore that V_ = V. Then the conclusions of Proposition 2.1 hold for p = oo, i.e., U is
asymptotically stable in £>° with an asymptotic phase shift.
Proof. Condition (S1) implies that 0 € o(£) is isolated, which in view of [32, Thm. A] means that
the characteristic equations
1
cz— Z [ lim A;(&)]e* =0 (2.27)
j=—1

cannot have roots with z € iR. By applying [32, Prop 5.3] to [33, Eq. (6.4)], we hence find that V/

approaches its limits V1 at an exponential rate. We may hence use Lemma 2.3 to verify the spectral
conditions on R mentioned in Proposition 2.2. O

5The assumptions in [11] concerning the nonlinearity F and the travelling wave U are weaker than those stated
here.



Fig. 4: The entire orbital neighbourhood of the wave U is spanned by the branches W*(19).

2.2 Proof of Proposition 2.1

Throughout the remainder of this section we give a direct proof of Proposition 2.1, bypassing the
monodromy operator R and the local coordinate system around U developed in [11]. The key
ingredient that we will use is that the Green’s function G for the lattice system (2.17) can be

related to the Green’s functions G(&, &, A) that solve
(£ = NG (€0, \) = 8( — &) (2.28)
in the sense of distributions. Indeed, we have the following representation for G.

Lemma 2.5 ([4, Thm. 4.2]). Consider the LDE (2.1) and suppose that (HV) is satisfied. For each
fized sufficiently large v > 1, each pair t >ty and all j, jo € Z, we have

1 y+ime

Gjjo(t to) = — A G() + et jo + cto, A)dA. (2.29)

21 5

In view of the symmetry (2.9), we see that
G(€, €0, A+ 2mike) = 2T HEOTOG(E, &, A) (2:30)

for all k € Z, which implies that the integration contour in (2.29) can be shifted to the left as long
as G(&,&, ) remains analytic. In fact, we will show that G(&,&p, \) is meromorphic for A ~ 0. This
will allow us to shift the integration contour to the left of the imaginary axis and write

G(t,to) = E(t,to) + G(t, to), (2.31)

in which G decays exponentially and £(¢,to) projects onto the center part of the flow induced by
G, which is spanned by U(t) For every ¥ € R, we will construct a co-dimension one branch of
initial conditions W#* () that is transverse to U_(ﬂ) at U(1), for which the associated solutions to the
lattice system (2.1) converge exponentially to U(- + ). As illustrated in Figure 4, the entire orbital
neighbourhood of the wave U can subsequently be spanned by such initial conditions by varying
¥ € R.

We start our analysis by constructing the Green’s functions G(&, £y, A) associated to the operators
L — X. As a preparation, let us introduce the limiting operator

LoV =—cV' 4+ LoV, (2.32)

10



in which
1

Z hm A; OV (E+ ). (2.33)

Arguing as in the proof of Corollary 2.4, we may use [32, Thm. 4.1] to conclude that L, is invertible
and has a Green’s function G (§) that is continuous on R\ {0}, decays exponentially as £ — +oo
and satisfies LooGoo = d(+) in the sense of distributions. This function G, can be used to construct
Green’s functions for £ — A.

Lemma 2.6. Suppose that (S1) holds. Consider any A € C\ o(L). Then the function

G(&,60,N) = Goo(§ = &0) = [(£L=N) 'L = Lo = AlGoo(- — £0)] (€) (2.34)

satisfies (L — N)G(-,&0,\) = 8(- — &) in the sense of distributions. In addition, G(-, &y, \) is C°-
smooth on R\ {&} and Ct-smooth on R\ {& — 1,&,& + 1}. Finally, there exist 3 >0 and C > 0
such that

G(&,&, ) < Ce Pl (2.35)
holds for all £,&y € R.

Proof. The bound (2.35) can be computed directly from (2.34) by using the exponential decay of
G and evaluating (£ — \)~! on the space L if § <o and L= if £ > . Here we have used the

shorthand L3 = eg (L*°(R,C™)) with norm ||fHLgc = |le—pfll~, where e are as in (2.10). The
remaining properties can be verified by a direct calculation. O

We will write £* : WL>°(R,C") — L*°(R,C") for the formal adjoint of £, which is given by

[L*V](€) = V(¢ Z AS(E = HV(E—)). (2.36)

Jj=-1

We remark that (S1) and (S2) in combination with [32, Thm. A] imply that dimKer £* = 1. In
particular, we have

Ker £* = span{d} (2.37)

for some non-zero d € C'(R,R) that we will use throughout the remainder of this section. The
following result describes the pole that arises as the contour of integration in (2.29) is shifted to the
left of the imaginary axis.

Lemma 2.7. Consider the LDE (2.1) and suppose that (HV) and (S1)-(S3) are satisfied. Then
there exists 6y > 0 such that for all A € C with 0 < |A| < dx we have the representation

G(&,€0,A) = E(£, &0, A) + G(£, €0, A). (2.38)

Here the meromorphic term can be written as

Beon=-] [ aerviene] vieds) (2.39)

— 00

while the remainder G(€,&,\) depends analytically on X in the region [A| < 0x and satisfies the
bound

G(&,60,\) < Ce Il (2.40)
for some C >0 and 08 > 0.

11



Proof. Without loss of generality, we will assume that d does not vanish identically on either R_
or R, . Indeed, if this condition fails, the proof given here can be modified by choosing different
half-lines. Arguing as in [24, §3]°, we may show that the inhomogeneous equations LV = f can be
solved on the half-lines Ry. Proceeding as in [24, §6], we can show that for any f € L*(R,C"),
a bounded pair (V~—,V*t) = L,f with V- € C((—00,1],C") and V' € C([-1,00),C") can be
constructed in such a way that LV* = f on R.. In addition, V* and V'~ agree on [—1,1] if and
only if the integral

i) = [ dter sepe (2.41)
vanishes.” Now, for A # 0, notice that (£ — X\)~! f must be given by
(Vo V) = Lo f + AL.(V—, V) + gV’ (2.42)

for some x € C, which in view of the requirement M (f + A(V~, V")) = 0 must satisfy

kM(V') :fiM(f)fM(L*f)f)\M(L*(VﬂV*)). (2.43)
Observing that M (V') # 0 in view of (S3) and [32, Thm. A] allows us to write
e M) 5
(L—=XN"'f= —WV + B\, (2.44)

in which [|[B(A\)|| < C for all [A] < . The proof can be completed by computing

Jooe A€ (L = Loo)Goo (- = €)I(§)dE = [7 d(€)*[(£ ~ Loo)Goo(- = £0)(&)dE
= — [7 &) [LoGos(- — &0)](€)dE (2.45)
= —d(&)"

and using weighted norms as in the proof of Lemma 2.6 to estimate the remainder é({ ,€0,A). O

Using the symmetry (2.30), we can now shift the integration path in (2.29) slightly to the left
of the imaginary axis. We pick up a residue from the simple pole at A = 0 that comes from the
meromorphic term E(&, &y, A).

Corollary 2.8. Consider the LDE (2.1) and suppose that (HV) and (51)-(S3) are satisfied. For
any pair t > tg and any j,jo € Z, we have the representation

gjjo (tv tO) = gjjo (tv tO) + gjjo (t7 to), (246)

in which
e} _ -1
Enltito) = [ [ d©V©de] VG + etyaio + eto) (247
while § satisfies the bound
gjjo (t,to) < Ce—B(t—t0) o—Bli+ct—jo—ctol (2.48)

for some C >0 and 8 > 0.

6Condition (HB) in [24] may not be true. However, since £* has a one-dimensional kernel, the integration interval
in [24, Eq. (3.28)] can be chosen to be arbitrarily small. In addition, we only need this equation to hold for a single
& > 0 and a single £ < 0.

"We emphasize that we do not need the Hale inner product [24, Eq. (2.7)] to be non-degenerate for the ’if’ part
of this statement to work. Indeed, we only need [24, Lem. 4.3(ii)] to hold for £ = 0, after which we may conclude
B(0) = 1 in [34, Eq. (4.12)].
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For any ¢t € R, we introduce the operator I1°(t) € £(¢?) that act as
mew = E(t, )W (2.49)

and write II°(t) = I — II°(¢). Although it is not immediately clear from the representation (2.47),
the operators I1¢(¢) and hence IT*(t) are projections that correspond to the center and stable parts
of the flow induced by G.

Lemma 2.9. Consider the LDE (2.1) and suppose that (HV) and (S51)-(S3) are satisfied. Then the
operators 11¢(t) and I1%(t) are projections and for any t > ty we have

G(t, to) = E(t, to)I(to) + G(t, to)I* (£o). (2.50)

Proof. To see that (I1¢(t))? = I1¢(¢), it suffices to show that

D d(i+et) V(G +ct) = /_OO d(&)*V'(&)de. (2.51)

JEZ

To see this, we note that a simple computation (see e.g. [24, Eq. (4.8)]) yields

1 J
R GRAGEDY /O d(E+0— ) A(E+0— )V'(E+6)do (2.52)

j=—1

for all £ € R, which ensures that the sum and integral in (2.51) pick up exactly the same terms.
The explicit form of £ and the computation above show that £(t,t9) = E(t,to)I1°(fp), which
implies E(t,t)I1%(t9) = 0. In addition, using (2.20) we find G(t, to)I1°(¢9) = E(¢,t0), which implies

G(t,to)I1°(tp) = 0 and completes the proof. O

Before we turn to the proof of our nonlinear stability result, we need to introduce the family of
weighted function spaces

BC(1,Y) ={W € C(LY) : W], = supee e [W (&) < o0}, (2.53)

in which 7 € R, I C R is an interval and Y is a Banach space. We will write W € BC}(I,Y) if both
W and W’ belong to BC,(I,Y).

Proof of Proposition 2.1. Recall the constant 3 > 0 from Corollary 2.8. Let us consider any Wy €
RangeIT*(0) and consider the fixed point problem

_ t

W(t) = G(t,0)W, + /O Gt t0)IT* (b )N (0, W (to) )t + / E(t 1) (b )N (Fo, W (to))dto,  (2.54)

oo

posed on the space BC_g/5([0,00),£P). One may show in a standard fashion that (2.54) admits a
unique solution W, (W) for every sufficiently small Wy, with IT* (0) W, (W) (0) = W, and II¢(0)W..(W,)(0) =
O((W)?). By construction, the function U + W, (W) now satisfies (2.1).

We have hence found a codimension one branch of initial conditions that converge to U at an
exponential rate. Of course, we may repeat this procedure for any ¥, € R to find similar branches
that converge to U(- +9.). Together, these branches span the orbital vicinity of U, which concludes
the proof. O
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Fig. 5: Illustrated here are the definitions of Wmin, Wmax, 8L, 8r, Mr and Mg.

3 Preliminaries: The Discrete Nagumo Equation

In this section we introduce the notation that we use throughout the remainder of this paper and
gather some results for the linearization around the travelling wave solutions g¢ and g to the discrete
Nagumo system (1.12). More precisely, we study the MFDE

e’ = L(gf)v— v, (3.1)
related to the front g7, along with the MFDE
v = Lg)v—Xv (3.2)
related to the back gp. Here we have introduced the following notation for any v € C(R,R),
[L(w)v](€) = afv(§ = 1) + v(€ + 1) = 2v(§)] + g (u(€)) v (8). (3.3)

As a preparation, let us pick closed intervals I;, and Ir with 0 € I;, and 1 € I that avoid the
knees of the cubic, i.e., ¢’(u) < 0 for all u € I, U Ig. In addition, let us pick two constants wpin, < 0
and wpmax > 0 in such a way that both wmin, Wmax € g(Ir) N g(Ir). We may now define two smooth
functions

:;L : [wminawmax] - IL and gR : [wminvwmax] - IR (34)
in such a way that
g(5.(w)) = g(5r(w)) = w for all w € [Wmin, Wmax)- (3.5)

In terms of these functions, the manifolds M, and Mg mentioned in the introduction and depicted
in Figure 5 can be written as

Mg = {(:SVL (w)v w)}we[wmin,wmax] and Mp = {(:SVR(IU), w)}we[wmimwmax]' (36)

Our first step is to study the autonomous linear equations that arise by taking the limits & — £o00
in (3.1) and (3.2). In fact, we will study the general class of autonomous equations

c(e)v’ = L(34(9))v — v, for # = L, R, (3.7)

in which we take € > 0 to be small and allow any ¢ € [Wpin, Wmax]. Looking for solutions of the form
v(€) = e*¢, we must solve the characteristic equation

A#(Evﬁv)\az) = Oa (38)
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in which we have introduced the characteristic functions
Au(e, 9N 2) =cle)z —a(e” +e 7 —2) — ¢g'(5x(0)) + A, for # =L, R. (3.9)

Our first result ensures that we can find a vertical strip —n, < Rez < n, for which the char-
acteristic equation (3.8) is free of roots, uniformly for the parameters (e, 9, A) in which we will be
interested. We will use this constant 7, ubiquitously throughout the rest of this paper.

Lemma 3.1. There exist constants dg > 0, d¢ > 0, n. > 0 and £ > 0 such that the inequality
ReAy(e, 9, X, 2) > k>0, #=L,R, (3.10)
holds for all € € [0,8.], ¥ € [Wmin, Wmax], X € C with Re X > —&y and z € C with [Re z| < 7.

Proof. Pick k > 0 in such a way that ¢ (§# (19)) < =3k for all ¥ € [Wmin, Wmax), both for # = L, R.
Observe that

Re Ay(e,9,\,p+iq) = cle)p+a(2—cosq(e? +eP)) — g (54(9)) +ReA. (3.11)
Choosing 7, in such a way that
lc(ep+a2—€’ —e?)| <k (3.12)
holds for all p € [—n., ], we pick g = k and compute
Re Ay(e, 9, \,p+iq) > cle)p+a—e’ —eP)— g’ (5x(¥)) + ReA > -k + 3k — =k, (3.13)
as desired. O
Returning to the non-autonomous MFDEs (3.1) and (3.2), we introduce the associated operators
Ay : BC}(R,C) — BCo(R,C) and Ay : BC}(R,C) — BCy(R,C) (3.14)
that act as
Aprv=—cv"+ L(gs)v— v  and Ay v = —cv' 4+ L(gp)v — M. (3.15)

In order to describe solutions to the homogeneous system (3.1) that remain bounded on half-lines,
we introduce the spaces

Prx = {ve BCy((—o0,1],C) | v solves (3.1) on (—o0,0]},

Qra = {ve€BCy([-1,20),C) | v solves (3.1) on [0,00)}, (3.16)

and their counterparts Py, , Qp » associated to (3.2).

In order to capture the initial conditions associated to the functions in these spaces, we will use
the notation eveu € C([—1,1],C) to denote the state of a function u € C(R,C) at £. As illustrated
in Figure 6, this state is defined by

[eveul(0) :=u(§ +6), 0e-1,1]. (3.17)
This allows us to define the spaces

Pryx = {¢€C([-1,1],C) | ¢ = evgv for some v € Py},

(3.18)
Qi = {0€C([-1,1],C) | ¢ = evov for some v € Qy\},

and their counterparts P, » and Q. » for (3.2).
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Fig. 6: Panel (i) shows the graph of a given function u, while panel (ii) illustrates the associated function
eveu : [—1,1] — C for a fized &.

Lemma 3.2. There exists §o > 0 such that the operators Ay and Ay x are Fredholm with index
zero for all A € C that have Re A > —{g.

Proof. In view of [32, Thm. A], the operators Ay y and Ay » are Fredholm if and only if the charac-
teristic equations

A4(0,0,7,2) =0,  Au(0,wy, A\, z2) =0, #=L,R, (3.19)

which are associated to (3.1) and (3.2) in the limits £ — +o00, admit no roots z € iR. This however
follows directly from Lemma 3.1. To see that the Fredholm index of Ay y is zero, imitate the proof
of Lemma 3.1 to observe that the equation

SAL(0,0,A,2) + (1 —s)AR(0,0,A,2) =0 (3.20)

admits no roots z € iR for all 0 < s < 1 and invoke the spectral flow result [32, Thm. C]. The fact
that Ay » also has index zero follows in a similar fashion. O

Lemma 3.3. There exists 6g > 0 such that the identities
dimKer Ay =0, dimKerAy =0 (3.21)
and the splittings
C([-1,1],C) = PrA® Qx = Qpr ® Qv x (3.22)
hold for any A € C\ 2mic,Z that has Re A > —4y.

Proof. Recall the constant §y from Lemma 3.2 and consider the set
S={AeC|ReX>—dp and dimKerA; > 0}. (3.23)

Combining [19, Thm. 5.A.1] and the proof of [11, Prop 2.2(3)], we see that the set S contains
only isolated points. Now consider A ¢ 2mic,Z and suppose that Ay v = 0 for some non-zero
v € BC(R,R). The lattice function U;(t) = eMwv(i + c.t) then satisfies the linearization (2.17) and
has U;(t + ;') = e U4 (t), which shows RU; = e U;. However, [11, Thm. C] implies that
the spectral condition (2.23) must hold, which shows Re A < 0. In view of the symmetry (2.9), we
can hence decrease &y to ensure that (3.21) holds for all A under consideration. The splitting (3.22)
follows from [34, Thm. 4.3]. O

For the remainder of this section, we will restrict ourselves to the case A = 0 and use the
shorthands Ay = Ayg, Ay = Apo, Py = Py and Qf = Qs . We will need to consider the formal
adjoints

A : BCA(R,C) — BCy(R,C) and  Aj : BCA(R,C) — BCy(R,C) (3.24)
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that act as
Ajv=cv'+ L(gf)v  and  Ajv=cv'+ L(gp)v. (3.25)

We introduce the kernels

Ky = KerAy, K = KerA},

K, = KerAy, K; = KerAjf, (3.26)

which are now non-empty since A fq;c = 0 and Apq; = 0. The following description of these kernels
follows directly from [33, Theorem 4.1].

Lemma 3.4. Suppose that (H) is satisfied. Then we have q}(rf) > 0 and q;(§) < 0 for all € € R,
together with

Ky = span{q}}, K = span{q; }. (3.27)

In addition, there exist two bounded functions dy and dy that decay exponentially at both +oo and
have d;(€) > 0 and dy(§) > 0 for all £ € R, such that

K3 = span{dy}, K} = span{dy}. (3.28)
Associated to these kernels, we define the spaces
By = span{evoq}}, B, = span{evoq;}. (3.29)
We now find that
PrNQy =By and PyN Qp = By (3.30)

In view of these non-empty intersections, we introduce the normalized spaces

Pr = {vePr| [0, dy©v(E)de =0},

. . (3.31)
Qr = {veQrl[iqp(&u(©)ds =0},
together with
Pf = {qb € C([-1,1],C) | ¢ = evgu for some v € Pf} (3.32)
Qf = {¢€C([-1,1],C) | ¢ = evgv for somevGQf} ’

and their natural counterparts ”ﬁln @m ﬁb and @b.
In order to obtain a splitting for the state space C'([—1,1],C) along the lines of (3.22), we need
to use the Hale inner product [16]. In the current setting this bilinear form is given by

—1
)= ect0700) —a [ [ vt 17oraos [ viorvraas]
0
for any pair ¢,1 € C([-1,1],C). The Hale inner product is non-degenerate in the sense that if
(1, ¢) =0 for all ¢ € C(]—1,1],C), then necessarily ¢ = 0 [34]. As a consequence of [34, Thm. 4.3],
we have the characteriza‘mon
Py ® Q@ By = {¢ € C(I-1,1)) | (evody, ¢) = 0}. (3.34)

Let us now pick a one-dimensional space I'y C C([—1,1],C) that has the property that ¢ € T'f
satisfies ¢ = 0 if and only if (evody, $) = 0. Picking I'; in a similar fashion, we now see that

C([-1,1],C)=B; @ Qs ® Py & Ty = By® Q& P, & T (3.35)
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Fig. 7: The definition of the cut-off function xs(w).

As customary, the homoclinic orbits (¢¢,0) and (g, ws) for the travelling wave equation (1.6)
break when changing ¢ and e. The key ingredient we will use in this paper is that the arising gaps
can be captured in the finite dimensional spaces I'y and I'y. As a consequence, the size of such gaps
can be measured effectively by means of the Hale inner product. This is particularly useful in view
of the identity

delevey,evev) = y(&) [Apv)(€) + [AFyl(€)v(€)
= y(©) A0l (€) + [Ayl(€) v (8),

which holds for any pair y,v € C*(R, C) and ¢ € R. Indeed, picking y = df or y = dj, and integrating
(3.36), we will be able to use Melnikov-type identities to quantify the size of the aforementioned
gaps.

(3.36)

4 Construction of Travelling Pulses

In this section we briefly recall the building blocks that were used in [21] to construct the travelling
pulses described in Theorem 1.1. Our approach towards proving the nonlinear stability of these
pulses will proceed along similar lines and rely heavily on the estimates described in the results
below. We give a short illustrated sketch of the pulse construction in §4.1 and defer the technical
details to §4.2. A more comprehensive overview of the material presented here can be found in [21,

§3].

4.1 Sketch of construction

Instead of looking at (1.6) directly, we choose a C'*°-smooth cut-off function g : R — R as shown
in Figure 7 and consider the system

(€)= ofu(€+1)+ul€— 1) — 2u(6)] + g (u()) — w(e), @)
w'(©) = e(ul€) — () xa(w(e)). |

This modification allows us to talk about solutions that connect the manifolds M and Mg without
worrying about the complications that arise when w leaves the region [wWmin, Wmax]-

Let us first consider what happens to the front (gs,0) as the parameters (c, €) move away from
(¢, 0). In general, we do not expect heteroclinic connections from (0,0) to Mg to persist. However,
such connections can in fact be found if we allow them to have a discontinuity in the u-component
at £ = 0. Furthermore, such discontinuous connections are fixed uniquely by the requirement that
the jump at £ = 0 lies in the one-dimensional space I'; introduced in (3.35). The resulting solutions
are called quasi-fronts and are depicted in Figure 8. We remark that the jump in I'y is of order
O(e+ |c — c4]). In addition, the signs of the derivatives of this jump with respect to ¢ and € can be
determined by evaluating Melnikov integrals.

In a similar fashion, a family of discontinuous quasi-back solutions branches off from the back
(qv, ws) as (c,€) are varied. In this case, there is an additional degree of freedom, as we may move
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(u;f, Wef)

My

Fig. 8: Shown is a quasi-front solution which consists of two solutions that lie respectively in the unstable
manifold of the equilibrium (u,w) = 0 and the stable foliation of the slow manifold Mg. These solutions
will, in general, not coincide but can be chosen so that their difference at € = 0 lies in the one-dimensional

subspace 'y of the phase space C([—1,1],R). The new equilibria inside Mg are created by the cut-off function
in (4.1).

Fig. 9: Shown is a quasi-back solution which consists of two solutions that lie respectively in the stable
manifold of the slow manifold My and the unstable foliation of the slow manifold Mpg. Compared to the

quasi-fronts, there is an additional degree of freedom when constructing quasi-backs as one can choose the
stable fibre of My, to which to converge.

( w gsx;s mqs)

My,
Mg

(ﬂ qsf s W qS)

Fig. 10: An dllustration of quasi-solutions and their passage near the slow manifold Mpg.
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the quasi-back up and down slightly. Depicted in Figure 9, these quasi-backs connect Mg back
to My and have a jump at £ = 0 that now is contained in I',. This time, the jump is of order
O(e+ |c— cu| + |w(0) — wy]).

Using an infinite-dimensional version of the Exchange Lemma, the quasi-fronts and quasi-backs
can be glued together near Mg at the price of two additional jumps that can also be contained in
the spaces I'y and I'y. The resulting quasi-solutions are depicted in Figure 10.

We now have three free parameters in the problem and two one-dimensional jumps that need to
be closed. The contribution from the exchange lemma is C'-exponentially small with respect to the
time spent near M g, which is of order O(1/¢). This contribution can hence safely be neglected and
the remaining equations can be solved to yield the one-parameter branch of solution described in
Theorem 1.1.

4.2 Summary of results from [21]

In this part we recall the key technical results that were obtained in [21] and present them in a form
that will be useful for our analysis in §5-6. To simplify our notation, we will depart from the setting
in [21, §3] and assume a-priori knowledge of the wave speeds c(e) here. We hence study the system

Q€)= aful€ +1) +ul§ — 1) = 2u(e)] + g(ul)) — w(e), @3)
(€)= e(ul) = w(O) xa (w(©)): |

We start by studying the behaviour of the equilibrium manifold M as € moves away from zero.
Our first result shows how the invariant manifolds M and My persist for € > 0.

Proposition 4.1 (See [21, §4]). Consider the nonlinear system (4.2). There exists a constant o, >
0 together with two C*°-smooth functions

SR, SL . [wminawmax] X [0,65] —R (43)
that satisfy the following properties.
(i) For each ¥ € [Wmin, Wmax] and € € [0, ], we have

83(19, 0) = ’SVR(ﬂ) and SL(ﬁ,O) = ZSVL(’ﬁ) (44)

(ii) For each ¥ € [Wmin, Wmax] and € € [0, 8], the unique solution of the ODE
c(e)w'(€) = e(sr(w(€), ) — yw(&)) xa1(w(€)),  w(0) =4, (4.5)

yields a solution (SR(U), €), w) to (4.2). The same statement holds upon replacing the subscript
R by L.

(#ii) There ezists a constant 6 > 0 such that any solution (u,w) to (4.2) with 0 < e < §. that
has both wmin < W(€) < Wmax and ‘u(f) — §R(w(§))| < 0 for all £ € R must in fact satisfy
u(§) = sp(w(€),e€) for all § € R. The same statement holds for the subscript L.

Our second result describes the quasi-front and quasi-back solutions to (4.2) depicted in Figures 8
and 9. As explained in §4.1, these solutions should be seen as orbits that bifurcate from ¢ and g, and
connect My, to Mp and vice-versa, at the price of a discontinuity at & = 0 that can be contained
in the spaces I'y and I'y. As a preparation, we introduce the notation

X’f:@f@ﬁf@l“f and )?b:@b@ﬁb@rb (4.6)

and recall the exponent 7, that appears in Lemma 3.1.
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Proposition 4.2 (See [21, §5]). Pick a sufficiently large constant &, > 0 and a sufficiently small
constant 6z > 0. Then for every pair (£o,€) with & > & and 0 < €&y < O, there ewists a set of
functions

m

ﬂ;f(&)vf)a ﬂ(}b(fOﬂf) C((=o0, 1], R),
;}(5076)a :b(&be) C([717OO)7R)a (47)
quf (507 6)’ 7I]qb (607 6) € C(R’ R)

2y
2y
m

that satisfies the following properties.
(i) The pairs (ﬁif,wqf) and (ﬂib,wqb) satisfy (4.2) on the intervals Ry.

(i) We have the inclusions

evo Uy (§0,€) € evogqy + Xy, eVoﬂ:f(ﬁoaG) € evogqr + Xy,

d - (4.8)
evo Uy, (§o,€) € evoqy + X, evo U:fb(fm €) € evoqy+ Xp.
(i1i) We have the jump conditions
evo U (6o, €) — evo ﬂ;}(fo, €)eTy, evo Uy, (§o, €) — evo ﬂjl'b(fo, €) € Ty. (4.9)

(iv) Choose any & > .. Restricting ¢ and g, to the appropriate intervals, we have ﬂi[f(fo,O) = g5
and ﬂi[b(fo, 0) = q. In addition, we have Wqr(§0,0) = 0 and Wq, (o, 0) = w..

(v) Choose any & > &.. Upon taking the appropriate restrictions, the maps

(€0, €/60)
g (€0, €/&0)
B e [t (£0,€/&) — sr(wae(€0,€/€0), €/&)]

BC_p, (=0, 1], R)
BCo([~1,&],R)
BC_y, ([é,0),R)

MMMMMM

T o) BO_, (o0 ®) 1)
Wqt (o, €/&0) BCy([0, &), R)
"0yt (o, €/€0) BC, ([0, ), R)
and
e~ Mo [ﬂgb(§0>g/€o) — sp(gn(&0,€/&0), €/60)] BC_,, ((—00, =&, R)
gy (€0, €/0) BCo([—&o,1],R)
B Uy, (€0 €/€0) BCo([-1,&].R)
€~ e fuk (€o,€/€) — sr(wan(€o, €/€0), €/€0)] BC_,, ([¢0,0), R (4.11)

)
BCV((_OO7 _§0}7 R)

BCo([&o, 0] R)
BC,([€0,0),R)

S0y (€0, €/&0)
U_}qb (g/EO)
S0y (€0, €/&0)

MMMMMMM

are all C?-smooth with derivatives that can be bounded independently of & > &.. Here v is a
constant of order v = 0(dz/&).

We remark that the exponential terms appearing in property (v) above merely serve to counteract
the effects of the weight in (2.53) on intervals that start at +&g.

Our third result describes the correction terms that are necessary to join the quasi-fronts and
quasi-backs together. Due to the singular nature of the limit € — 0, it turns out to be fruitful to
introduce new variables 7% and T that measure the time needed to travel between the Poincaré
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sections evg gy + X ¢ and evg qp + )A(b in the slow and fast time scales. These time scales are related
via the identification

T = €T. (4.12)
We choose T in such a way that the unique solution to the ODE
cw'(€) = 5r(¢) —yw((),  w(0)=0 (4.13)

has w(T?!) = w,. This ODE corresponds to the flow along My in the slow time scale and hence 7!
can be interpreted as the slow time spent on the segment of the singular orbit I'y that is contained
in the slow-manifold Mg.

Treating 7% and T as independent variables, we will be interested in the parameter space

Q= Q& 00, Mr) = {(&,T%,T) | & > & and [T — T5'| < 6 and T > Mp&o}. (4.14)

For any w € Q, the result below shows that a quasi-solution for (4.2) can be constructed that is
C'-exponentially close to the corresponding quasi-front and quasi-back with respect to the time 7.
Such a quasi-solution is illustrated in Figure 10.

Proposition 4.3 (See [21, §6]). Pick sufficiently large constants & > 0, Mr > 0 and a suffi-
ciently small constant ds) > 0. Then for every

w= (507TSI,T) S Q = Q(g*a(ssl7MT)7 (415)

) € Gl

aqs w S —1,00), )

ﬂqsi(W) e C(-1,T+1,R), (4.16)
wes(w) € CO(R,R),

that satisfies the following properties.

(i) The pair (aqsf(w),qu(w)) satisfies (4.2) on the interval (00,0], the pair (aqsx(w),qu(w))
satisfies (4.2) on [0,T] and the pair (Ugsp(w), Wqs(w)) satisfies (4.2) on [T, 00).

(ii) We have the inclusions

evoligst(w) € evoqr + Xy,  evolgx(w) € evogr+ Xy,

- ; (4.17)
evy lgsx (W) € evoqy + Xy, evy lUgsh(w) € evogy + Xp.
(iii) We have the jump conditions
evolqst (W) — evolgsx(w) € Ty, evplgsx (W) — evrlgsh(w) € . (4.18)
(iv) Taking the appropriate restrictions, the maps
quf(UzJ) - Uqf(w) € BC*TI*( _0107 1 7R)7
7 _ uqSX(w) uqf(w € Bcn*([_LQ ],R),
VI UEE (@) — @) - DT € BC, (T TR, 4
[tgsh (W) — Ugh(w)(- = T) et e BC_, ([T —1,00),R),
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together with

qu(w) - wqf(Tbi/T) € BC*W*[( —OO], 0]? ]R)>
T _ ) Wgs(w) — wqe(T™/T) € BCy ([0, %T ;R),
S W) =Y () — a1 - TN € BOn(T TR, 420
[@gs (w) — @b (T™/T)(- = T)]e=™" € BC_, ([T,0),R),

are C'-smooth with respect to T®. In addition, there exists C > 0 such that the estimates

1T @)]| + W (w)]| < CenT

! _ - (4.21)
|DraU)|| + || DraW (w)|| < Ce*Ten-

hold for all w €  and integers 0 < £ < r. Here v > 0 is a constant of order v = O((&xMr7)™1).

Our final result shows that for all sufficiently small € > 0, the parameter w can be chosen in such
a way that the jumps mentioned in property (iii) above actually vanish. This yields the branch of
solutions described in Theorem 1.1.

Proposition 4.4 (See [21, §3.4]). Pick any sufficiently large & > 0, My > 0 and a sufficiently
small 6q > 0. For any & > ., there exists a 0.(&) > 0 and a C'-smooth function Ty : (0,5 — R
such that the map

wnt : (0,6c(80)] — €, € — (&o, €Tni(e), Tai(e)) (4.22)

is well-defined. Furthermore, for each 0 < € < min{d.(§o),dc}, the travelling pulse (4, w)(e) coin-
cides with the quasi-solution (ﬂqsf,ﬂqsx,ﬁqsb,ﬂ)qs) (wnl(e)), where the constant d. and the branch of
solutions (u,w)(€) were defined in Theorem 1.1.

5 Spectral Stability

In order to establish our main result Theorem 1.2, we will need to study the operators
L(e) — X : BCj(R,C?) — BCy(R,C?) (5.1)
that act as
[£(6) = N(u,w) = —e()(u',w) + (L(a(e))u = w, e(u—yw)) = Au, w). (5.2)
In view of Proposition 2.1, it suffices to establish the following result.

Proposition 5.1 (Spectral Stability). Consider the setting of Theorem 1.1. Then for any suffi-
ciently small € > 0, the operator L(€) satisfies the conditions (S1) through (S3) in §2. In particular,
the eigenvalues at A € 2mic(e)Z are simple and isolated and there is no additional spectrum in the
half-plane Re A > —dg(€) for some dp(€) > 0.

In this section we outline our proof of this result, leaving some of the technical details to §6. In §5.1
we study the essential spectrum oess(L£(€)) and show that it lies to the left of the line Re A = —~e.
In §5.2 we characterize the part of the point spectrum o,(L(€)) that lies to the right of the line
Re A\ = —dy, for some small constant dg > 0 that will not depend on e.

In the limiting case € = 0, the entire imaginary axis is contained in the essential spectrum. This
means that our region of interest Re A\ > —dy will always contain part of the essential spectrum
if € > 0 is sufficiently small. As a consequence, it is very hard to perform any direct search for
eigenvalues that works uniformly for all small € > 0.
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To avoid this problem, we will look for solutions to £(e)v = Av that behave as v(£) = O(e*7%)
as £ — +oo, for some appropriate exponent 1 > 0. If X lies to the right of essential spectrum, one
may show that v is bounded and thus an actual eigenfunction. On the other hand, v may grow
exponentially as & — oo if A lies to the left of the essential spectrum, in which case we refer to \ as
a resonance pole.

The translational invariance of the travelling wave system (1.6) implies that A = 0 is always
an eigenvalue. Since we are gluing a front and a back together, we expect the presence of a second
potential eigenvalue Ay ~ 0. In §5.2 we calculate the speed with which A2 moves to the left as €
increases. Whether or not A\ is an actual eigenvalue depends on how this speed compares to the
rate at which the essential spectrum moves into the left half-plane, which is computed in §5.1.

5.1 Essential spectrum

We set out to describe the essential spectrum oess(L(€)). Note first that the limits

lim (@), w(e))(€) = (0,0) (5.3)

{—=Fo0

together with [32, Thm. C] imply that the Fredholm index of £(e) — ) is automatically zero if £(e) — A
is in fact Fredholm. In view of [32, Thm. A] this is the case if and only if the characteristic equation

det Aﬁ(e) ()\, Z) =0 (54)

admits no roots z € iR. Here the characteristic function Az is given by

Ar(Nz) = ( AL(Q_Oé »2) c(e)z 4_1/\ + e > . (5.5)

Setting out to locate the roots of (5.4), we will establish the following result.

Proposition 5.2. There exist constants g > 0, §¢ > 0 and 0 < n < %77* such that the following
properties hold.

(i) For every e € [0,6.], we have

Oess(L(€)) CT{A € C | ReA < —~e}. (5.6)

(i) Choose any 0 < € < 0. and pick any A € C that has ReA > —ve. Then the characteristic
equation det Az o) (A, z) = 0 admits no roots with 0 < Rez < 4.
(iii) Writing Ness(v, €) for the rightmost X € C that has det Az (A, iv) = 0, we have the expansion

)
a+ 2a(l — cosv)

Aess(v, €) = —ive —e(y + + O(€), veR. (5.7)

We start by establishing (i) in the result above. This actually follows from Lemma 3.1 after a
very simple computation.

Lemma 5.3. Recall the constants 69 > 0, 0. > 0 and n. > 0 that appear in Lemma 3.1.
Suppose that det Ap(¢)(A, z) = 0 for some € € [0,0], A € C that has Re X\ > —dg and z € C that
has |Re z| < n.. Then we have the inequality

Re A < —ve — c(e) Re z. (5.8)
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Proof. Solving the characteristic equation (5.4), we may compute

Red = —ve—ReAr(e,0,\ 2) te —c(e)Rez
= —ye— m ReAp(e,0,A,2) —c(e)Rez (5.9)
< —ye—c(e)Rez.
O

In order to establish (ii) in Proposition 5.2, we need to track the behaviour of the root z = A/c,
as € moves away from zero.

Lemma 5.4. There exist constants 6. > 0, 0 < 6y < §5 and 0 < n1 < 12, together with a smooth
function

2 {(0e) € Cx [0,8] : [Re M| < 85} — C (5.10)

that has z.(A\,0) = —\/c., such that the following holds true.
Suppose that det Are)(A, z) = 0 for some € € [0,5c] and some pair A,z € C that has Re A > —dg
and —m < |Re z| < n2. Then we must also have Re A < 6§, Rez <m and

z = ze(\ €). (5.11)

Proof. Recall the constants 69 > 0, . > 0 and 7, > 0 that appear in Lemma 3.1. Pick any A\g € iR
and note that Ar (e, 0, Ao, z) = 0 has no roots in the strip |Re z| < n, for € € [0,0,]. In view of the
factorization

det Az()(Ao, 2) = AL(0,0, Xo, 2)(csz 4 Ao), (5.12)
we may conclude that z = —\g/c. € iR is the unique root of the characteristic equation
det Ag(o) (Mo,2) =0 (5.13)

that has |Rez| < 7. Using [23, Lem. 3.1], we note that the imaginary part of any root z of the
characteristic equation (5.4) can be a-priori bounded if A and e are restricted to compact intervals.
This allows us to find §) > 0 such that the characteristic equation

det Aa(e)(Ao +X2)=0 (5.14)

admits no roots with |Rez| = %n* for any |A| < 0 and any € € [0,d.], possibly after decreasing
Sc. This allows us to define z,(\,€) as the unique root of (5.4) in the strip [Rez| < in., for all
(A €) & (Ao,0). This locally defined function z, can be extended to the entire domain stated in
(5.10) by repeating this procedure for all Ay € iR and using the symmetry (2.9).

Write o = 1, and choose dp > 0 and 77 > 0 to be so small that

1
m < 37 and do < c(e)m < §; (5.15)
for all € € [0, ¢]. The statement now follows from Lemma 5.3 and the properties of z,. O

Proof of Proposition 5.2. Ttem (i) follows from Lemma 5.3. Item (ii) follows from Lemma 5.4 by
noting that any A € C that has —ye < A < §; lies to the right of the essential spectrum, which in
view of z,(\,0) = —\/c. means that Re z. (A, €) < 0. Item (iii) can be explicitly computed by fixing
v € R and noting that the characteristic equation det A, (.)(),iv) = 0 is a quadratic polynomial
with respect to . O
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Fig. 11: Illustration of the regions R1, Rz and Rs. Besides A = 0 € Ry, we expect to find a second potential
etgenvalue in Ry.

5.2 Point Spectrum

We are now ready to study the point spectrum o,(L(¢)). In particular, we will look for bounded
solutions (u,w) to the MFDE

cleyy’ = L(u(e))u—w — A,

clew’ = e(u—yw)— Aw. (5.16)

In view of the observation (2.9), we only need to look for eigenvalues A in the horizontal strip
[Im A\| < ¢(e)7. Since we wish to use arguments that work uniformly for € € (0, d.], we will decrease
8 to ensure that c(e) < 3¢, < 2c(e) holds for all € € [0,,] and use the slightly larger strip

R={)eC| —gwc* <ImA< gwc*}. (5.17)

As illustrated in Figure 11, the strip R can be split into three subregions that we will each consider
separately. In particular, we choose constants M > 0, dg > 0 and é) > 0 and introduce the regions

Rl((;l) = {)\ER| |>\| <(51},
R2(50,51,M) = {)\éRl —50 < ReA < M and |)\| 251}, (518)
Rs(M) = {AeR:Re)>M}.

Note that the translational eigenvalue A = 0 is contained in R;. We expect to find an additional
eigenvalue or resonance pole in R, but will rule out eigenvalues in the regions Ry and Rj.

We recall the exponent i > 0 that appears in Proposition 5.2. A direct consequence of this result
and [32, Prop 7.2] is that for any A to the right of the line Re A = —~e, the set of bounded solutions
(u,w) to (5.16) is identical to the set of solutions to this equation that behave as (u,w)(&) = O(e?7%)
as £ — £oo. For any v € R and any function f, we will use the notation e, f to denote the
exponentially shifted function

[ev £1(6) = " £ (9). (5.19)
Inserting the Ansatz

(u, w) = ez, (@, ) (5.20)
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into (5.16), we see that (u,w) must satisfy the new equation

c(e)(D+2n)u = Ly (u(e))u —w— M,

c(e)(D + 2n)w e(u —yw) — Aw. (5.21)

Here we have dropped the tildes and introduced the notation

[L2n(@)0](€) = afe*v(€ +1) + e*M0(€ = 1) = 20(€)] + ¢’ (a(€))v(). (5.22)

We will write £o,(€) : BC}(R,C) — BCy(R,C) for the exponentially shifted version of £(e), which
acts as

Lo (€)(u,w) = —c(e)(D + 21) (u, w) + (Lm7 ((e))u — w, e(u— ’yw)). (5.23)

Throughout the remainder of this section, we will look for bounded solutions to (5.21) instead of
(5.16). The advantage of this approach is that the essential spectrum has been shifted away from
the imaginary axis, uniformly for € € [0, ] and Re A > —§y. This will allow us to look for potential
eigenvalues in the regions R; and Ry without the need to worry about the location of A relative to
the essential spectrum.

Region R;

In order to locate potential eigenvalues in the region R;, we will use a two-stepped procedure that
mimics the construction of the travelling pulses (@, w)(e) as outlined in §4. Indeed, we will first
consider the MFDE

C(E)(D + 277)“ L277 (Aqf(ev 50))u —w— )\’LL,

c()(D+2nw = e(u—yw)—Iw, (5.24)

in which the function Aq¢, which is related to the quasi-fronts described in Proposition 4.2, is given
by

Ug(e,&)(€)  £<0,
ug(e€)(€)  €>0.

In addition, we will be interested in the counterpart of (5.24) associated to the quasi-backs, which
is given by

Aqe(e,80)(§) = { (5.25)

c(e)(D +2n)u Lo, (.Aqb(e, fo))u —w — Au,

c(e)(D+2nw = e(u—yw)—w, (5.26)

now with

Ug, (6750)(5) 5 S 07
A (e, = ab .
(e 8)E) { e oo (527)

For notational convenience, we introduce the parameter p = (£, €) which we take from the set
Dy, = Dp(&x,0e) = {(£0,€) | {0 > & and 0 < €6y < d¢}. (5.28)

Proposition 5.5 (See §6.1). Pick a sufficiently large constant & > 0 and sufficiently small con-
stants 6 > 0 and 65 > 0. Then for every p € D,(&x,0z) and any X € C that has |A| < dx, there exists
a unique set of functions

uif(p, A), ug,(p,A) € BC_,((—o0,1],
uqf(pz/\)a uqb(pa /\) € BC—"?([_LOO)’
wqf(pa /\)7 Wqhb (pa /\) S BC—"}(Ra C)v

)

C ’
C), (5.29)

that satisfies the following properties.
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(i) The pairs (u(ff,wqf) satisfy (5.24) on the intervals Ry. Similarly, the pairs (ufb,wqb) satisfy
(5.26) on the intervals Ry.

(i1) For any p € Dp(Ex,de) and || < 05, we have

I evoeanug(p,A) = Ipevoesyuy(p, A) =evoqy,

q4 d 5.30
IIp,evo ey Ug, (p,A) = Ilp,evge, Ug, (p,A) =evoqy. ( )
(i11) For any p € Dp(éx,de) and || < 05, we have
£°(psA) 1= evoeayuy(p,A) —evoe, u;rf(p, A) €Ty,
. a i (5:31)
§o(pA) = evoeayuy,(p,A) — evoeayuy,(p,A) € s,

In addition, for any &y > &, the maps

@A) = (g€, e/, N, i (€0,8/60. A), war (6o, /€0, V) )
@N) (g (€0, /0, N, s (60,60, ) wan (€0, /60, V) ) (5.32)
@A) = (€5 (60, /60, N, (60,0, )
are C2-smooth with derivatives that can be bounded independently of &, with
E7(60,0,0) =0, §°(£,0,0) = 0. (5.33)

In addition, pick the unique dy € Ky and dy € Ky that have d;f(0) = 1 and dp(0) = 1. Then there
exists C > 0 such that for any £y > &, we have the estimates

[(evody, D& (60,0,0)) = My| < Ceoe,
[(evody, DAEF (€0.0,0)) = Mya| < Cemm®, s
|(evody, De&5°(€0,0,0)) — My | < Cépe "0, ‘
[(evody, DAEF(€0,0,0)) — Mys| < Ce o,

with
M. = 0
Mpx = — [ ds(©)dp(&)dé <0,
Mye = e (sp(w,) —yw.) [, dy(€)dE >0, (5:35)
Myy = — [7 dy(&)g;(§)dE > 0.

We are now ready to turn our attention to the linearization of (4.2) near the quasi-solutions de-
scribed in Proposition 4.3. Recalling the parameter w = (&, 7", T) that we take from the parameter
space

Q& 651, M7) = {(&, T, T) | & > & and |T™ — T5'| < 0y and T > Mr&o}, (5.36)
we write € = T°'/T and set out to solve the system
c(e)(D+2n)u = Loy(Ags(w))u —w — Au (5.37)
cle)D+2nw = e(u—yw)— Iw, '
in which the function Ags is given by
Ugst(W)(€) £ <0,
Ag(@)(§) = ¢ Ugsx(W)(§)  0<E<T, (5.38)
Ugsh(w)(§) =T
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Proposition 5.6 (See §6.2). Pick sufficiently large constants & > 0, My > 0 and sufficiently
small constants dg > 0 and 6y > 0. Then for each w = (&, T, T) € Q = Q(&4, 01, M7) and A € C
that has |\| < 0y, there exists a unique quadruplet (uqst(w, ), Ugsh (W, A), Ugsx (W, A), wqs(w, A)) with

Ugst(w, A) € E((C , BCy((— oo,l],(C)),

Ugsh(w, ) € E(C2 BCy([T —1,),C)) (5.39)
ugsx(w,A) € L(C? BCy([-1,T +1],C)), )
Wes(w,A) € L (C2,BCO(]R, C)),

that satisfies the following properties.

(i) The pair (ugse, wqs) satisfies (5.87) on (—o00,0], the pair (uqsx, wqs) satisfies (5.37) on [0,T]
and the pair (uqsh, Wqs) satisfies (5.87) on [T, 00).

(i) For any w € Q and || < dx, we have

HBf €V €2y Uqgsf (wv )\)(/%fa /%b) = HBf €V €2y Ugsx (w7 )\) ("%fv Fﬂb) = ’N{feV(] q}v (5 40)
HBb €op EVT uqsx(w, )\)(IZZf, INQb) = HBb €an EVT qub(w, /\)(f{f, I%b) = /%bevo qlly. ’

for all (Ry,Fyp) € C2.
(#ii) For any w € Q and || < dx, we have

Ep(w,A) == evg ey [ugst(w) — ugsx(w)] € L(C?,Ty),

w)
E(w,\) = evreay [Ugsx(w) — Ugsh(w)] € L(C2,Ty). (5.41)

In addition, for every & > &, the maps & and &, are C'-smooth with respect to T, T and .
Finally, consider the maps £¢(w,\) € L(C2,T¢) and &(w,\) € L(C2,Ty) defined by

E:f (UJ, /\)(’%f7 ’t‘;‘b) = gf (w7 A)(’%f’ ’%b) - E;o (603 TSI/Tv A)Rf’ (542)
Eo(w, (g, Fp) = &(w, \)(Fy, Rp) — &2 (€0, T /T, N Ry

Then there exists a constant C' > 0 such that for every w € Q and |A| < dx, we have the estimate
€@, )| + &, D) + |Den & @, V)| + [P pnolw, M| < Ce™ (5.43)

In order to solve the eigenvalue problem Loy (€)(u, w) = A(u,w) for X € Ry, it hence suffices to
analyze the bifurcation equations

& (wni(e), A) f’vf)
) =0. 5.44
(sbwnl(e), V) \ & (5.44)
The results obtained so far imply that there is a 8 > 0 so that
E7(wm(©). V) _ (AMpa+ O +e(|e| + |A] ] O(e5/%)
Ep(wn(e), A) O(e=P/<) AMy x + €My + O(N% + €(Je| + [A])| In€)

where My x, My x, My, . are given in (5.35).

Before we continue with the analysis of equation (5.44), we comment on its interpretation. The
estimates in Proposition 5.6 show that the solutions to the weighted eigenvalue problem are obtained
by gluing together the weighted Nagumo eigenfunctions e2’75q’f.(§) and e2"¢q; (&) with amplitudes
(Rr, Rp). Since the first jump occurs at £ = 0 and the second jump at £ = T with T > §/e, we see
that we can alternatively use the amplitudes k := & and kp, := "7 &, of the unweighted Nagumo
eigenfunctions q} and ¢; to obtain the equivalent system

AMp x4+ O+ €(le| + [A])| Ine]) e 2110 (e=P/¢) £1Y _ o (5.45)
21T O(eP/¢) AMp x + €My + O(N% + €(le] + |A])| In€]) N ’

The next three results establish that (S2), (S3) and part of (S1) in §2 hold for L(e).
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Corollary 5.7. There exists 0 > 0 such that for all 0 < € < J¢, the only solutions (u,w) €
BCE (R, C?) to the equation

Loy (€)(u,w) =0 (5.46)
are (u,w) = e_o,(u,w)(€) and scalar multiples thereof, while the equation
Lon(€)(u,w) = (e_2, (€), €2y’ (€)) (5.47)

admits no solutions (u,w) € BC}(R,C?). In particular, A = 0 is a simple eigenvalue for Loy (€) and
hence also for L(e).

Proof. The fact that My, =0 and M, . # 0 implies that

e En(0.0) Yy _
dlmKer( &5 (wm(e).0) ) <1 (5.48)

for sufficiently small € > 0. Since
Loy (€) (e—2q U (€), e—2yW'(€)) =0 (5.49)

holds by construction, the statement concerning (5.46) follows.
In view of (5.49), there exists a pair iy (e) and &(€) for which

€—2n (a/(€)7 ’lI}/(E)) ~ (quf, Uqgsx; Ugsb, qu) (wn1(6)> 0)(’%)‘ (6)7 ’%b(e))‘ (5'50)

Here the symbol ~ means that the function on the left can be obtained by appropriately concatenat-
ing the functions on the right. Differentiating (5.37) with respect to A and evaluating at w = wy(€)
and A = 0, we find that the only possible candidate for a solution to (5.47) is given by

(u, w) ~ Dy (tgst, Ugsxs Ugsh Was) (w1 (€), 0) (75 (€), Ru(e)), (5.51)

which is an actual solution if and only if
Di&s(wni(e€),0) (Rp(e), Fo(€)) = Da&o(wn(€), 0) (% (€), Fn(e)) = 0. (5.52)
However, for all sufficiently small € > 0 this is precluded by the Melnikov identities (5.35). O

Corollary 5.8. Pick any sufficiently small 65 > 0. Then there exists 6. > 0 such that the following
holds true. For every 0 < € < d, there exists a unique Ay = A2(€) € C\ {0} that has |[A\2] < dx and

dim Ker (L9, (e) — A2) > 0. (5.53)
In addition, Ao is real and admits the expansion
Ao (€) = —eMbtAle,E + O(*In(1/e)). (5.54)
In particular, if
My \ My <v+a ", (5.55)
then Aa(€) is an eigenvalue for the unshifted operator L(e).

Proof. Consider any small ¢ > 0 and suppose that (5.53) holds for some small A € C. This implies
that (5.44) holds for some non-zero pair (i, ) € C2. Writing

2 (€0, €, A) = AMy (€0, €, A) + eMyp.e(€o,€, ),

e e 5.56
€2 (€0, €, A) = MMy (€0, €, A) + €My (€0, € ), (5.56)
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and also

]Ef(g()aAve) = :\M:f,)\(§0aAve)iljzf,e(g(%Aae%
My(&o, N e) = My a(Sos X €)My (€0, N €), (5.57)
M, = M, My,

we find the bifurcation equation
(A + My (&0, M €)) (A + €My (€0, A, €)) + h(€o, A, €) = 0. (5.58)

Here h(&, ), Mf(fo, -) and Mb(fo, -) are C'*-smooth, with

|h| + | D(x,0h < CePle,
|| + (31, - 2| < CA + &oe + Eoe ), (5.59)
’D(A,é)ﬁf‘+’D(A,€)Mb‘ < C,

for some constants C' > 0 and 8 > 0, in which € = ¢/£;. Continuity in € and the argument principle
show that for every sufficiently small §) > 0, we may find §; > 0 such that (5.58) admits precisely
two roots A that have |A| < 0, for all 0 < e£p < Je.

A priori we know that one of these roots must be zero. Let us therefore treat the bifurcation
equation as a second-degree polynomial in A and look for the second root Ao. Writing

2= Ay + €My, (5.60)
we find that z must solve the fixed point equation
z = F (o, €2 — eMp) (5.61)
in which
1 (M, — My)(My + My) + My (2M, — My) + 4e2h

1~
F(o,€,A) = *§€(Mf + My — My) + 3¢ = . (5.62)
Mb + \/(Ml — M2)2 —4e2h

There exists C' > 0 such that for all A with || < 2eM,, we have for all & > &,

‘]:(507 €, >‘)| S 06(506 + 506_1750) (563)
Choosing e~ = ¢, we may hence use a fixed point argument to find a unique solution to (5.61) in
the set |z| < 2Ce&pe %0, O
Region R,

We pick dg > 0 to be smaller than the values mentioned in Lemma 3.3 and Proposition 5.2 and fix
this constant throughout the rest of this section. We will show that no eigenvalues can exist in R,
which is a consequence of the splitting

C([-1,1],C) = QA ® Py x = Qux ® Qpx (5.64)

that was described in Lemma 3.3. Indeed, this splitting eliminates the freedom we had in region
Ry that allowed us to freely specify the value of the projections Ilg,evy and Ilp,evr applied to
the potential eigenfunctions. Since we no longer expect eigenvalues to exist, the estimates that we
require are not as detailed as those used in our analysis of R;. This allows us to look directly at
(5.37).
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Proposition 5.9 (See §6.3). Consider any Ao € C\ {2mwic.Z} that has Re Ao > —dy. Then there
exist large constants & > 0 and My > 0 together with small constants §q > 0 and §y > 0 such that
the differential equation (5.37) with |A — Ao| < dx and w € Q(&, ds1, M) has no nontrivial solutions
(u,w) € BCy(R,C?).

Corollary 5.10. For any 61 > 0 and any M > 0, there exist large constants & > 0, Mp > 0
and a small constant dg1 > 0 such that (5.37) admits no non-trivial solutions for all w € Q and
A € Ra(do,01, M).

Proof. This follows directly from the compactness of Rs. O

Region Rj

If Re ) is sufficiently large, the nonlocal terms in (5.21) can be treated as small perturbations to the
ODE

c(e)(D + 2n)(u,w) = —=A(u, w). (5.65)
We can hence use ODE techniques to obtain the following result.

Lemma 5.11. There exist constants M > 0 and 6. > 0 such that the differential equation (5.21)
with 0 < € < &, and X\ € R3(M) has no non-trivial solutions (u,w) € BCy(R, C?).

Proof. Introducing the new variable 7 = c(e) "}[Re A, (5.21) can be written as
(ur,wr;) = —(u,w)+ [ReA\ 1B, €)(u,w) (5.66)
The linear operator
B(\€) € L(BCy(R,C?)) (5.67)

can be bounded uniformly for € € (0,0,] and A € R with Re A > 0. It is not hard to see that for any
h € BCy(R,C?), the ODE

(Ur,wr) = —(u,w) + h (5.68)

has a unique solution in BCy(R,C?) that we will denote by (u,w) = Lyh. Solving (5.21) is now
equivalent to solving

(u,w) = L.Re \]"'B(\, €)(u, w), (5.69)
which cannot have a non-trivial solution if Re A is sufficiently large. O

Proof of Proposition 5.1. Observe that the constant dp appearing in (S1) may depend on € > 0. This
allows us to establish (S1) by combining Proposition 5.2, Corollaries 5.8 and 5.10 and Lemma 5.11.
Properties (S2) and (S3) follow from Corollary 5.7. O

6 Proof of Propositions 5.5, 5.6 and 5.9

In this section we provide the proofs of Propositions 5.5, 5.6 and 5.9. The techniques we use are very
similar to those employed in [21, §5-6] and we in fact refer to those sections for many of the details.
This is possible because the exponential shift ey, that we applied in (5.21) does not change the
structure of the spaces Py x, @ x, ﬁf and Qf discussed in §3 that are related to the first component
of (5.21). Indeed, the corresponding characteristic equations (3.8) do not have roots in the strip
|Re z| < 4n.
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6.1 Region R;: Quasi-fronts and Quasi-backs

We set out to prove Proposition 5.5. We recall the constants &, and J; appearing in Proposition 4.2,
and pick p = (€0, €) € Dy(&, d¢). For the front, we split the real line into the three intervals (—oc, 0],
[0,&] and [£p,00) that we each consider separately. To aid us in this scheme, we introduce the
families of function spaces

BC&ﬁ = {(v,0) € C((—00,1],C) x C((—00,0],C) for which
0.0 e, = specy &€ [o(€)] + supeg &€l 6(6)| < oc),
BC(;Df = {(v,0) € C([-1,& + 1],C) x C([0, &), C) for which
||(”79)||Bc§f 1= SUP_j<e<go 11 [V(E)] + SuPg<e<, [0(8)] < 00},
BC’S%ﬁ = {(v,0) € C([& — 1,00),C) x C([&y,00),C) for which
1(0.8) e, = Subesg, 1 e [o(€)] + supese, e IE-16(6)] < oo},
(6.1)
parametrized by 8 > 0, together with the families
BC; s = {(91,92) € C((—00,0],C) x C((—00,0],C) for which
191, 92) | 5, = supg<o e ¥ (lgr()] + 192(6)]) < o0},
BCG = {(g1,92) € C([0,&],C) x C([0,&],C) for which (6.2)

||(91,92)||Bq<1>f = SUPg<e<e, 191(E)] + |g2()| < oo},

{(91392) € C([EOaOO)aC) X C([éOvoO)7C) for which
||(gl’92)”BC$,a 1= SUPgsg, € TS0 (|g1(€)] + [g2(8)]) < oo}

+
BC 5

Notice that in contrast to the definition [21, Eq. (5.49)] for B s there is no factor o in front of
the term |g2(&)|. For the backs, we use the spaces

Bcggﬁ = {(Ua 0) € C((—OO, _50 + 1}7(C) X O((_OO7 _50}7(C) for which
||(U,9)\|ch®m = SUPg<—go41 e PlEFel |y ()] + SUPe< ¢, e~ PlEteal |g(¢)| < oo},

BCyT = {(v,0) € C([=& —1,1],C) x C([=&)0],C) for which
(v, G)HBC(?; = SUP_g—1<¢<1 ()] + SUP_¢,<£<0 0(&)| < oo},
BCth)+ = {(v,&) € C([—l,ﬁo + 1]7((:) X C([Oago]vc) for which
1w Ol pogr = suP_1<e<eo+1 V()] + 8uPo<ece, [0(E)] < oo},
BC’fﬁDﬂ = {(v,0) € O([& — 1,00),C) x C([&y, 00), C) for which
[l (v, H)HBcjﬁ_ﬁ = SUDPg>e -1 e PlE=Sol y(&)| + SUP¢>¢, e~ PlE=Sol1g(£)| < oo},
(6.3)
parametrized by 8 > 0, together with the family
ch_b,ﬂ {(91792) € C((*OO, 7£0]a C) X C((*OO, 750]7((:) for which
H(Qh%)”gcgw = SUP¢<o e~AlE+ol ( lg1(&)| + |92(f)|) < oo},
BC’gb_ = {(91,92) € C(|-£0,0],C) x C([—&o,0],C) for which
1915 92)l pos, = suP_gy<e<o [91(€)] + 192(€)| < o0}, 6.4)

BCSE = {(91,92) € C([0, ], C) x C([0,&), C) for which
\\(91792)”}303; *= SUPp<e<e, l91(E)] + |g2(&)] < o0},

{(91.92) € C([&.50),C) x C([60, ), C) for which
I(g1, 95y, , = suPeze, I (1g1(E)] + 1g2(9)]) < o0}

+
BCy, 5
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We recall the constant i > 0 from Proposition 5.2 and introduce the combined spaces

o _ o o] )

afc = BC’qf,_n X BC’qlc X BC’qf,_nJr(, (6.5)
o _ S O-— o+ @ ’
gb¢ = BC’qbﬁnJrC X BCOlb X BCOlb X BCqbﬁnJrC’

parametrized by ¢ > 0, together with
_ - +
Hy = BCy _, xBCGxBCy .., (6.:6)
Hqy = BOCZ,,.x BC°” x BC°*t x BCY, .,

We employ the shorthands Hgy = Hg o and Hgy, = Hg, -
Our goal is to find sets

— — 9= . p°. T ot o
het = (vqf,qu,vqf,eqﬁvqf,ﬂqf) € Hes,
h _ — 0= % 0% T 9ot ot T He <67)
qb = (vqb’ qb? Uqb »Yqb ’vqb 'Y gb 7vqb’ qb) € qb?

such that the choices

ec:b(g) for 5 < 7507

Oy (§)  for £ <0, O, (€)  for —& <£<0,

wyr(§) = 0:_;5(5) for 0 <& <&, wap(§) = ng) for 0< & < &, (6.8)
eqf(é.) for f 2 507 eﬂrb (5) for f N é_o
q — b

B - B oo (&) for £ < —&,
ug(€) = vg(9) ug(§) = { Zi{%(g) for sl

(6 for —1<E< &, _ o) for —1<E<&,
ua}(ﬁ) = { ”qii(g) for £ > &, u:b(ﬁ) = { U}Z(@ for € > &,

(6.9)

satisfy the conditions of Proposition 5.5.
Inserting the above Amnsatz for (u(ff,wqf) into (5.24), we find that we must solve the linear
equations

AR (p) (v, 67) = (Ajef,l(p)vj;, e(e)(D + 277)922) — (= 6%,0) + B (p, ) (v, 67) (6.10)
for # = —, o, +. Here the differential operators are given by
A (v = (D +2n)v — Lay(ay)v, for # = —, 0,
A;j“le(p)v = c(e)(D +2n)v — Loy, (SR(wqf(p), e))v, (6.11)
while the inhomogeneities can be written as
Bl N (,0) = =X+ g (was(p) — o' (ap)]v
G (Lo (W ()0 — 0 = Mo, for # = -0,
BN @.0) = —Xo+ [¢ (a(p)) - ¢ (sr(ivas(p). )]v (6.12)
Bj;,Q(pa A, 0) = e(v—"0) =), for # = —,0,+.

Similarly, we represent the linear system that arises by inserting the Ansatz (6.8) - (6.9) for (ufb, Wyb)
into (5.26) as

N W), 08) = (MG (0l (D + 20)67, ) = (= 07,0) + B0 N (. 08),  (6.13)
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for # = —, 0—, o+, +. The differential operators are now given by

Api®)v = ()(D+20) — Loy (salivg (), )
Afb 1(pv = (D +2n)v — Lay(qp)v, for # = o—, 0o+ (6.14)
Agpi(P)v = c(e)(D +2n)v — Loy (s (Wqp(p), €))v,
while the inhomogeneities can be written as
By (0N (0,0) = =M+ [¢ (agn(p) — g (sr(0ap(p), €))]v
Bi (0 N)(®,0) = =M+ g (iqn(p)) — g’ (@)
+C*;(§)(E) [Lay (tigh(p))v — 0 — M), for # = o—, o+ (6.15)
By (0N (v,0) = =X+ [g'(tqn(p)) — ¢ (sL(@Wab(p), €))Jv
together with
B ,(p N (0,0) = elv—n8) A0 for # = —, 0, 0f, + (6.16)
Proposition 4.2 implies that for some constant C' > 0 we have the estimate
| Bqs (6o, €, )‘)”L(Hgf,qu) + || Bgb (€0, €, )\)||£(Hgbﬁqb) < Cle€o + || + e %], (6.17)

which holds for all £ > &..

Lemma 6.1. Fiz any sufficiently large constant &, and sufficiently small de > 0. Choose any &y > &..
Then for any p = (&o,€) € Dp(&«, ¢), there exist bounded linear operators

qu(p) i Hg xC— Hgﬁ
L

6.18
ab(p) : Haqp x C— HE,, (6.18)

such that for any g = (g;pggf,g;rf) € Hyts ggp = (g(;f,ggfyggf,g(;) € Hgp and iy, Ry € C, the sets
of functions

hqf = qu(p) (gqf; E:f) € Hafa hqb = qu (p) (gqbv "N{b) € Hgbv (619)
written as (6.7), are the unique sets that satisfy the following properties.

(i) The linear systems

A 0f) = (00 +al  #= o 6.20)
Aqb(p)( qb70#) = (_oquo) +gj§;a # = _a0_7<>+a +

are all satisfied.

(ii) The continuity conditions 0_;(0) = 05:(0), 05:(0) = 9 £(60), 0 (—80) = 05, (—£0), 05, (0) =
05 (0) and 05 (o) = 02, (€0) all hold.

(i4i) The continuity conditions

o + - _ o— o+ +
Ve, Ugs = Ve, Ut eV_g,Ugp, = €V_gUgy, + eVe Uy = €Veo Uy, (6.21)

all hold.
(iv) We have the jump conditions

evoleznvg — eanvg] € L'y, evoleznvg, — 6277”Uqb] ery. (6.22)

qf
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(v) We have the boundary conditions

- — < _ = !
HBfevo €Uy = HBfevo €2n vqi = Rrevody, (6.23)
SO— < ~ ! M
IIp,evq ez Vg, = IIp,evo ez Vgy = FbeVo Q-

In addition, there exists a constant N1 > 0 such that for any ( > 0:N1, the maps

Las(€0,6) € L(Har X C,HEp oc)
: 6.24
W{ Lavl€o,€) € L(Hay x CH o) (6.24)

are C?-smooth. For some constant C > 0 we have the estimates

1 Lat (€0, )l £ 72, T 1 Eab (€05 Ol 23 xe e, ) < C
[ DeLqt (S0, € )HL(H £ XCHE, )"' [DeLaqp (S0, € )HL(qux(c M, < C&o, (6.25)

||D qu £07 ||[,(qu><((: Hof2 )+ H.D qu 50; HE(quXCH b2() S Cé-Ov

which hold for all (§,€) € D,. Finally, consider any dy € K; and dy € K;. Then the following
identities hold for the gaps at zero,

(evody, evoeay [og —vil) = [T d(€) e gy (&) A€+ [5° dp (&) e gl 1 (¢1) dE’
0 « &
-5 0 df<§’> JE e gqf2<§”>d£" dg’
04 / Y / /
— o S5 A€ 1S €2 g o (€7) AE” + [ €31 g3y 5(€7) €] A
<evﬁodf’ ev506277vqf>
(evq dp, evo e2, [Uf;; - Ugt-)i_b = f,&) dp(&')"e e’ gqb 1(§) A€ + f )" ené’ gqb 1(5/) d¢’
7% fi)go f§§0 20" gqb 2(6”) df” ¢’
_% 050 db(§ )*[fggo 2n¢ ggg2(51/ dg/l_’_fo 27]5 g (5//) dé”] dg/
—{eveydy, eve,eanviy ) + (ev_g dy, ev_g,e2v3y ).
(6.26)

Proof. We will only discuss the operators Lqs here, noting that the statements concerning Lqp, can
be obtained in a similar fashion. The arguments are very similar to those used in the proof of [21,
Lem. 5.10]. Indeed, we may use [21, Lem. 5.3] to define an operator

(AT (p)] ™" : BC_y([&,0),C) — BC_y([& — 1,0),C) (6.27)

and [21, Lem. 5.7] to define

[Ac:f,l]il BC—H((*Oovo]vC) - BC—U((*OOa 1]7((:)’ (6.28)
[Agf,l]il : BCO([O,&)],(C)HBO{)([*].,&)+1],C),
such that the choice hg = (UO},O,H&,UZLO,H(w ;rf 0> Oqf) with
05(8) = Lo 2[5 e g ,(¢) e, Varo = Baeal 9qe1 — gl
050(6) = 0,(0)e 4 yem21€ 72 g2 (€ e, Voo = [(Adea) M oges — 05,
05:(6) = 65(o)e > %) 4 s _2"5f£ gk (€)de oy = AL M) Mgk, — 05

(6.29)
satisfies items (i) and (ii). We recall that the exponents —1 in (6.27) - (6.28) are used suggestively,

since the relevant homogeneous equations have non-zero solutions. This freedom can be used to
ensure that the remaining properties (iii)-(v) are also satisfied. In particular, we will modify Vgt 00

36



Vgt o and v‘;’o by choosing ¥?° € By, P~ € By, wp_ € ﬁf, w@o € @f, PS5 € Pﬁfo and Y@t € Qflgo
and writing

Vgt Vo + e—2n BT (0B +yPo),
Ve = U+ eoa BT 4 ) oy, ), (6.30)
Uqf = vqf,O + e_QWEQ+(p)7vZ}Q+7

in which the extension operators EX'~, EQ° and E°° are relabelled versions of those defined in [21,
Lem. 5.9] for the unweighted linearizations (3.15). In addition, E®7 is constructed from the operator
E%,o appearing in [21, Lem. 5.5], again for the unweighted linearization (3.15).

In terms of these new variables, the continuity condition (iii) can be written as

op = % +Tlpm eve, BV (P + ) — pm eve, B9 (p)y+, (6:31)
6o = Y —Tlgg eve, EXWF +99°) + g eve, S0P,
in which
op = *Hpgtoevioe%vgf,o + HP{?‘ioevﬁernU;rf,m (6.32)
o = +HQ%,OGV§0€277'UZ&0 - HQ%‘OGV&) 62771)(;-70, .
Conditions (iv) and (v) are equivalent to the system
—Ip;evo e vy o + Krevo q} = B,
—Ip,evo e v+ Rrevody = P +1Tlp,evoESY5°, 6.33
—pr evpeay (U;f,O - vgf)o) = UJP’ — prevoES°1/JS°, (6.33)
HQf evp eap (”gf,o — Ugﬁo) = 1j)‘9° + HQfeVOESQQ/JSO.

Inspection of the system (6.31)-(6.33) readily shows that for sufficiently large £, and sufficiently small
0z, the right hand side is close to the identity matrix, allowing the system to be solved. To complete
the proof, observe that the integral expressions (6.26) follow from (3.36), while the smoothness of
the maps (6.24) follows from [21, Lem. 5.3 and 5.5]. O

In order to construct the functions (ujff, wqr) featuring in Proposition 5.5, it now suffices to solve
the fixed point problem

hqf = qu(p)(Bq_f(p7 A)hqf7 Bgf(pa A)hqfa B;_f(pa )‘)hqfa 0) + Ll(gOa 6)(07 1)7 (634)

for (§o,€) € Dp(&x, de) and |A| < . In view of the bound (6.17), the constants &, dz and 5 can be
chosen in such a way that this problem has a unique solution which we will denote by h:f(fo, €,\).

The triplet (u(;f,u;rf,wqf) can subsequently be constructed from hg; using (6.8) - (6.9). Of course, a

similar construction can be used to obtain the corresponding functions hy,, and (u;b, uz{b, Wb )-
It remains to establish the Melnikov identities (5.5). To this end, notice that hj:(£o,0,0) =
6_217(]}-. An easy computation now shows that the identities

[DABY; 1(€0,0,0)]h%:(€0,0,0) = —e_2yq},  [DaBZ 5(€,0,0)]h%(£,0,0) = 0  (6.35)

hold for # = —, ¢. The Melnikov identity in (5.35) for My x now follows easily from (6.26). Turning
to My, we observe that

[DeB:f;l(ny 0,0)]h¢(£0,0,0) = e—24[9"(qr) Detigr(§0,0)q; — c;lDec(O)L(qf)q}-],
= e—2n[g//(Qf)Deuqf(§0a O)q} - DGC(O)Q}I], (636)
[DeBY 5(€0,0,0)]h%5(€0,0,0) = e_anq},
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for both # = —, <. By definition, we also have

c(e)uge(§o,€) = L(tgr(§os€))uge(§o, €) — wie(&os €),

ATy (60,6) = ligr(€o: ) — Yat(E0- ). (037
Differentiating these identities with respect to € and evaluating them at e = 0, we find
c*DEEJ&f(EQ, 0) =gy (6.38)
and also
ApDuly(€0,0) = g"(ar)Detige(§0,0)q} — Dec(0)qf — e lqy (6.39)
Using (6.26) we now compute
My = gfooo dy(€)*[9" (a7 (€)) Detiqe (&0, 0)(€)q (€) — Dec(0)qf (€) — e ar (§)]d€ (6.40)
in which the second identity follows from the fact that dy € Kj.
The Melnikov identity in (5.35) for M, » follows from the computation
[DABJ, 160, 0,011, (60,0,0) = —eaygj,  [DABJ, (60, 0,010 (60,0,0) = 0 (6.41)
which holds for # = o—, o+. To compute M, (, note that
[DeBJ, 1(60,0,0)]h5,(60,0,0) = e—ay[g” (4b) Detian (€0, 0)a, — ¢ Dec(0) L(av)aj)
= e—2y[9"(q5) Detign (S0, 0)q, — Dec(0)L(gs)qy ], (6.42)
[DeBJ, (60, 0,0)]h5,(60,0,0) = €245,
again for # = o—, o+. As above, we recall the definitions
C(G)ffgb(foa € = L(?qb(foa 6))%b£§07 €) — e, (€0, €) (6.43)
c(e)wy, (€o,€) = €(qn (&0, €) — Yqn (&0, €))
and differentiate with respect to e. Evaluating the result at ¢ = 0, we find
Dy, (60,0) = gy — yw. (6.44)
and also
ApDely,(60,0) = g"(qs) Detign(€0,0)q; — Dec(0)gy — i gy — yw.], (6.45)

which allows us to compute

Mye = [7, dy(€)*[9"(a6(€)) Detig (€0, 0)(€)g;(€) — Dec(0)gy (€) — ¢ H[a(€) — SR(w.)]] d€

é I do(&)*[Sr(w.) — yw.]dE.
(6.46)

With these calculations the proof of Proposition 5.5 is complete.
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6.2 Region R;: Exchange Lemma

In this part we set out to prove Proposition 5.6. We will reuse many of the function spaces from the
previous section, but we will also need the families

BCE: 5 = {(v,0) € C([¢& —1,5T +1],C) x C([&, 3T),C) for which
|\(1’79)||Bc§2w = supg, _1<e<iri1 e 0 u(€)]
+SUPg <e<iT e AlE=Sol1(&)| < o0},

BCS,, = {(v,0) € C(-1T —1,-& +1],C) x C([-1T, ~&],C) for which (6.47)
1w O)llpee, , = SWP_ir—1<e<—eot1 e PlEFol |y (¢)]
TSUP_1r<e< g, e PlEreol9(¢)| < oo},
together with
BCl: s = {(v,0) € C([&, 3T],C) x C([&, 5T],C) for which
00y, , =g <z yre A +OED <ok
BC 5 = {(v,0)¢€ C([—=3T, —&),C) x C([—-4T, =&, C) for which ’
100l e, , = $up_ s &I (w(©)] + 10(€)]) < oo,
that are both parametrized by g € R.
We also introduce the family of composite function spaces
¢ = BOg _, x BCG x BOg,  x BCG,,  x BCS™ x BOGT x BCS ., (6.49)
parametrized by ¢ > 0, together with
Hqs = BC; _, x BCG x BCY  x BOy - x BCg x BC3 x BCH (6.50)

It is important to note that we are using positive weights in the function spaces that describe the
passage near M. This will allow us to establish the exponential estimates in (5.43).
Our goal is to find

hegs = (v?,@},v?,9},1}}',9}',1}{,9;,% N +’¢9§+7vb , ) € Hes: (6.51)
such that the choices

wat (S0, T /T, A) (&) + 07 (€) for £ <0,
wqt (€0, T /T, M) (€) + 9°( ) for 0 < ¢ < &,
wat (€0, TV /T, ) (€) +9+( ) for § < & < 3T,

was(§) = § wan (o0, T /T, \) (€ — T) 0, (E—T) for 1T < <T — &, (6.52)
wab (&0, T* /T, N)(€ = T') + 9° (E-T) forT—&<EST,
wab (&0, T* /T, N)(€ = T) + 9“(& T) for T<E<T+&,
wqn (S0, T /T, N\)(E = T) + 0 (6= T) for £ > T + &,

in combination with ugst = u (6o, T ST, N) + vy and

wen(6) = { Mp@ TYTNE-T)+57(€-T)  forT-1<E<T+&,
a ugy (60, T/T, N (E=T) +vf (€= T) for &€ > T + &,
u;;( 0, T /T, \)(€) + v3(§) for —1<¢ <&, (653)
Ugsx(§) = uqf( 0, T*/T, \)(€) JFU?(E) for & < ¢ < %T, ’
o B uqb(é.OvTSl/T A)( T) + Ub_(f - T) for %T < 5 < T - 503
ug, (€0, T /T, N) (6 = T) + vy~ (6= T) for T —& <¢<T



satisfies the conditions of Proposition 5.6.
Plugging this Ansatz into (5.37), we find that we must solve the equations

AL @], 0F) = (A @] c(w)(D +20)6])
= (- 9# 0) + quf( )(vf ’97#[) A(v? 79#) +quf( N (6.54)
for # = —, 0, +, together with
Nl 0) = (Ao el (D + 206) 65
= ( 9;;#7 )+qub( )(Ub 79#) (Ub ’9#)+qub( )’ib
for # = —, 0—, o+, +. Here we have
A;&sf,l(w)v = C*(‘D + 277)” - L(qf)v7 for # =9
Ao = c()(D +2n)v — L(sp(gs (w), €))v
Aisb,l(w)v = (W) (D +2n)v — L(sg(Wqs(w), €))v (6.56)
Afb@(w)v = (D +2n)v— L(g)v, for # = o—, o+
Aqsb,l(w)v = C(w)(D + 277)1) - L(SL (qu(w)v 6))'0'
The inhomogeneities are given by
B (@, N (,0) = [¢ (gst(w)) — ¢ (ap)]v
+ 2752 [L (st () — 0 = W]
B (@ N (0. 0) = [¢ (Ggsx(w)) = ¢'(ap)]v
+225 2 [L(tigsx(w)) — 6 — M)
Bt (@, A)(v,0) 9/ (Tgsx (@) — 9’ (sR(Wqs(w), €)) v
By (@ N0, 0) = [¢(lgsx(w)) = ¢ (sr(0gs(w), €))]v (6.57)
Bq:b71 W, )‘) (U7 0) [g/ (qux(w)) - g/(Qb)]v
75 (L (o () =0 =]
B 1@, N)(0,0) = [g (gsp(w)) — g'(a)]v
+E 52 [L (Tgun(w)) — 0 = 2]
Bc—:_sb 1(w,)\)(v,0) = g (aqsb(w)) - g'(sL(qus(w),e))]v
together with
fow,A)(v,0) = €e(v—r0) for # = —,0,+
B%iii( N@W,0) = c(v—90)  for # =00k + (6.58)

The reason that we do not include the terms /\(vjﬁﬁ, 9?) in the inhomogeneity quf is to ease our

notation in the next section. We combine these inhomogeneities into the single entity
_ - pot pt
Bys = (B Bést Bags Bagsns Boap Beans Bap) € L(Hs, Hys), (6.59)

Using Propositions 4.2 and 4.3, we obtain the bound
|| Bas(w, )‘)HL(H Has) < Cle&o +e Tl e QTIT] (6.60)

The inhomogeneous terms in (6.54)-(6.55) are given by

M;}m(wv)‘) [gl(ﬂq%f(w)) 9 (tqr(€o, €))]uar(§os €, A),

Migra (@) = [0/ (#lqo(w)) = 0/ (Tar (8o, €)Juar (G0, €, 4), - for =0, 4, (6.61)
M;ﬁsb,l(w»‘) = [g/(ﬁqsxcﬂ)) g/( qb( 76))]uqb(§0757)‘)7 for # = —,0—, ’
M1 (W, A) [9/ (Gasb (@) — ' (Tab (o, €))]uan (o, €, ), for # = o+, +,



with vanishing second components. Combining these into a single entity

Mas = (Mies MCop, Mitp, My M5, MEH M

qsf? qsf» qsf? qsb? qsb? qgsb? gsb

) € Has, (6.62)
we may invoke Proposition 4.3 to obtain the estimate

[Mas(w, Ml + [1DraMas(w, My, < Ce™T (6.63)
for some C > 0.

Lemma 6.2. Fiz sufficiently large constants &, and My and a sufficiently small constant dg > 0.
Then for any w = (&, T, T) € Q = Q(&., 851, M), there exists a bounded linear map

Lgs(w) : Has x C([=1,1],C) x C — Hg (6.64)
such that for any set
9as = (97 :97.97 29 95 95 >0y ) € Has (6.65)
and any pair of boundary values (¢nw, Inw) € C([—1,1],C) x C, the set of functions
s = Las(@)(gass Gtuws D) € Ho, (6.66)
written as (6.51), is the unique set that satisfies the following properties.
(i) The linear system

AT (W), 07) = (=07 ,0) + g7 (6.67)
is satisfied for # = —, o, 4. In addition, the linear system
N @) 07) = (=67.0) + g (6.68)

is satisfied for # = — o—, o+, +.

(it) The continuity conditions 6%(0) = 6 (0), 9;{(50) = 0%(&o), together with 0y~ (—&o) = 6, (=&o),
051 (0) = 077 (0) and 0 (&) = 057 (&) all hold.

(iii) The continuity conditions
eve, UG = ev&]v?7 eV_g, Uy = €eV_g Uy and  eve,upt = eve vy (6.69)
all hold.

(iv) We have the inclusions

evg ez, Uy, evoegnv; S Ff@ﬁf@@f,

evgea, Uy, evoeguit € Ty @ Py @ Qy. (6.70)
(v) We have the jump conditions
evoleanvy —eaf] € Ty,
evoleaysp™ — o] € Ty, (6.71)
(vi) We have the boundary conditions
evipvl —ev_i,v, = w
0 1)~ 8; (-47) — o (6.72)



Furthermore, there exist a constant v > 0 of order v = O((&,Mz)~1') such that the map

TS Log(€0, T, T) € £(Hqs x O([~1,1],C) x C, H° ) (6.73)

qs,v
is Ct-smooth for any (&, T, T) € Q. In addition, for some C > 0, we have the uniform estimates

||qu (w) (qua Ghws Unw) ”st
[ D7st Las(w) (gass Phws ﬂhw)””ﬁs,y

which hold for all w € Q.

Cl gl + €2 || dme || + €277 [ ],

6.74
CerT[ gl + e [ gmall + €37 (o] ], O TY)

<
<

Proof. Solving the linear systems in (i) for the #-variables under the continuity conditions in (ii) and
the boundary condition in (vi), we obtain

056 = e [L @ gy, (€) A,

GHE) = 0O+ e o 1 g5,(&) ¢,

01 () = 05(€)e 215 + Loe Q"EF e gfa(€)dg’,

0, () = whw+9+<£o+T>1 *2n<€+f°+T>+( e2nE [€. e g (¢) dg, (6.75)
076 = 0 (—Eo)e” %ug N 2nfg§2<s>de,

o7t () = 9;; (0)e=20€ 4 _Le=20 [£ 208" g0t (¢7) dg/,

05 () = 057 (g)e ) + Loe *Mffﬁ e21€ g (¢1) dg'.

To obtain the accompanying functions (v; , v;, v}', v, v, v§+, fu;') and complete the proof, we may
now proceed precisely as in the proof of f21, Lem. 6.1]. O

In order to find the quadruplet (ugs, Uqsx, Uqsh, Wqs) described in Proposition 5.6, we need to
solve the fixed point problem

hgs = Las(w)( = Mgs + Bas(w, A)hqs, 0,0) (6.76)
+Las(w) (Mas(w, ) (Fg, 7b), Prwe(w, M) (Fp, Rt ), O (w, N (Rop, )
in which we have
P (w, A) By, Bp) = Fpev_ipugn(w, A) — Erevipug(w, A), (6.77)
Onw(w, A)(Ry Fp) = Fywan(w, N)(=5T) = Rpwge(w, \)(5T). '
Proposition 5.5 implies that we have the estimates
[0, N 7|+ O, \) . ) < Ce PR +RD. (g

Dzt 7,3 P (@, A) (B ) || + | Dot 3 O (w, M) (B o) | < Cem 21|y | + [ ),

for some C' > 0. In view of the bound (6.60), the fixed point problem (6.76) can be solved to yield
a map

* 2 o
his(w, A) € L(C*, Hyy)- (6.79)
Using (6.63) and (6.78) we find the estimate

Ce (g | + [,
CerTe T (|| + ).

73w, N Fp ) [

<
et
||D(TSI7A)h;;S(w,A)(&f,,%b) <

(6.80)

as,v

The differentiability of the functions Xy and X, defined in (5.42) with respect to the remaining
variable T' can be obtained similarly as in [21, §6]. This completes the proof of Proposition 5.6.
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6.3 Region R,

We now set out to establish Proposition 5.9. In contrast to our approach for Ry, we will attempt
to construct potential eigenfunctions in a direct fashion. In particular, we reuse the function spaces
Hqs and Hgg and set out to characterize sets hqs € Hgg, that yield solutions to (5.37) by joining the
different segments together.

This means that we must solve the linear system

(AR @)+ N @], 0F) = (=07,0) + Bl (w, N}, 67) (6.81)
for # = —, 0, +, together with

[Af @) + N 0F) = (=6F,0) + BE, (. Ny . 6F) (6.82)
for # = —,0—, 04, +, in which all the operators are the same as in §6.2. We obtain the following

result.

Lemma 6.3. Pick dy > 0 to be sufficiently small and consider any Ao ¢ 2mwic,Z that has Re A > —dp.
Then there exist large constants & > 0, Mp > 0 and a small constant g1 > 0 such that the following
holds true. For any w = (&, T, T) € Q(&., 0q1, M7) there exists a linear map

Lasng (W) : Has — Heg (6.83)
such that for any gqs € Hqs, the set of functions
has = Las,x (@) (gas) € Hass (6.84)

written as (6.51), is the unique set that satisfies the following properties.

(i) The linear system

[AE (@) + M) (W, 0F) = (—0%,0) + gF (6.85)
is satisfied for # = —, o, 4. In addition, the linear system
AT @) + M) (0f . 0F) = (=67, 0) + gff (6.86)

is satisfied for # = — o—, o+, +.

(i) The following continuity conditions all hold,

evouy = evou}, 05 (0) = 0%(0),

eVﬁo”? = eVgo’U}_, ?(&)) = 9?(50)7

eV%TU}" = ev_ipv,, 0}'(%7’) = 0, (—iT), (6.87)
eV_531_}b_ = ev—fgﬁlﬁ_v 017__(_50) = 92_(—50)7

evouy = evouy ", 0;-(0) = 657(0),

eV50vb<>Jr = eVEov;r’ Hng () = 9; (€0)-

This map Lqs x,(w) can be bounded uniformly for w € Q.

Proof. We may proceed as in the proof of Lemma 6.2. The only difference is that now
C([-1,1,C) = Py ® Qg x, (6.88)

which means that we can solve the linear systems in (i) with the additional continuity conditions

evou; = evou} and evovy” =evoupt. O
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Proof of Proposition 5.9. Let us first take A = A\g. The differential equation (5.37) admits a non-
trivial solution if and only if

hgs = Lgs xo (W) B(w, Ag)hgs (6.89)

admits a non-trivial solution. In view of the estimate (6.60), this can be prevented by choosing &,
My and dy appropriately. After taking §y > 0 to be sufficiently small, the same argument works for
all A € C that have |A — A\g| < 0. O

7 Discussion
In this paper, we considered the discrete FitzHugh—-Nagumo equation

aj(t) = ofujra(t) = 2u;(t) +uj 1 (8)] + g(us(t) —w;(t), (7.1)
wji(t) = e(u(t) —yw;(t)), '

posed on the one-dimensional lattice j € Z with the cubic g(u) = g(u; a) = u(1l — u)(u — a). We
established that for all sufficiently small € > 0, the travelling pulse

(uj, wj)(t) = (u(e), w(e)) (5 + c(e)t) (7.2)

that was constructed in our previous paper [21] is nonlinearly stable with an asymptotic phase. To
prove this result, we considered the eigenvalue system

c(u'(€) = ofu(€ —1) +u(§+1) = 2u©)] + g (a(e) (§))u(§) — w(€) — Mu(§), (7.3)
clu'(§) = e(u(§) —yw(§)) — Aw(f). '

For an appropriate fixed choice of 0 < i < 1, we proved that (7.3) has, for each \ near zero and each
0 < € < 1, a unique (up to normalization) solution of the form (u,w)(£) = "¢ (a(€),w(€)) such
that (@, w) is bounded and piecewise differentiable with at most two jump discontinuities. These
potential eigenfunctions (u,w)(§) always decay to zero as £ — —oo, and they also decay as £ — oo
provided A is to the right of the essential spectrum associated with the pulse; if A lies to the left
of the essential spectrum, the solutions (u,w)(§) will, in general, grow exponentially as { — .
Equations (5.44) and (5.45) show that the two jumps of (u,w) vanish, so that (u,w) is a solution of
(7.3) on R, if and only if the linear system

(/\Mﬁ,\ + O\ +e(le| + [A])| Ine|) e_QWTO(e_B/e) ) (Ii
Kb

y -

T O(e17) Moo+ b+ 008 41+ ppmep) () =0
has a nontrivial solution (kr, Kp), where My < 0 and My 5, M, > 0 are the constants defined in
(5.35), B,m > 0, and T > §/e is the width of the pulse profile. Clearly, the determinant of (7.4)
will vanish for precisely two values of A near zero: one of these root is A = 0, which we know is an
eigenvalue due to translational invariance of the travelling-wave equation or, alternatively, from the
fact that travelling waves are relative periodic orbits of the lattice system (7.1). The second root is
given by

My (1 + (1))

Aale) = My, »

(7.5)

which lies in the open left half-plane. Since the rightmost part of the essential spectrum associated
with the linearization about the travelling pulse, which is given in (5.7) by

+ O(€?), v ER, (7.6)

Aess (v, €) = —ive —
(,€) we 6(Py—i_cH—QOz(l—cosz/))
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Fig. 12: Plot of the speeds at which A2 and the essential spectrum mowve to the left at ¢ = 0. In both graphs,
we used o = 0.1. In the left graph, we chose v = 2(a — 1)72, while v = 3.999(a — 1)~2 in the right graph.
The functions q;, and dy, appearing in (5.35) were computed using the numerical procedure described in [22].
The labels (i), (i) and (iii) correspond to the different cases shown in Figure 2.

also lies in the open left half-plane when € > 0, the pulse is spectrally stable, and therefore nonlinearly
stable on account of the results reviewed in §2. Due to the decay properties of the solutions (u,w)
associated with Ao that we discussed above, we refer to Ao as an eigenvalue or a resonance pole
depending on whether its lies respectively to the right or left of the essential spectrum.

We now comment on the interpretation of these results for the dynamics of the discrete FitzHugh—
Nagumo equation (7.1) near the travelling pulse. Nonlinear stability implies that small perturbations
of the initial pulse profile will decay to zero exponentially as ¢t — oo, though the final profile may
experience a small phase shift. One interesting question is whether we can say more about how small
perturbations decay to zero. This question is linked to the spectrum of the pulse that we discussed
above, since the leading-order decay of perturbations should be governed by the spectral element
closest to the imaginary axis. Thus, we first discuss whether \s lies to right or left of the curve Aess
of essential spectrum, and we refer to Figure 2 for the possible cases that may occur. Using (7.5)
and (7.6), we see that Aa(e) and Aess(v, €) satisfy

—9.22(0) = M, M,
_86/\ess(07 O) = 7+ %7 (77)
—Oess(m,0) = v+ ﬁ'

The location of A is therefore determined by the Melnikov integrals M . and M given in (5.35)
that require knowledge of the Nagumo front and back. The latter are not known explicitly, and
we therefore used the numerical method described in [22] to calculate them. The results are shown
in Figure 12. In particular, we find that all three scenarios depicted in Figure 2 can be realized
depending on the values of (a, ). However, the situation in which Ay is a resonant pole seems to be
prevalent.

If A5 lies to the right of the essential spectrum, our results tie in well with the intuition that the
fast pulse could be considered as a bound state of the Nagumo front ¢ and the back g;. Indeed, our
analysis in Proposition 5.6 and the paragraphs following it shows that the eigenfunction associated
with As is found by gluing together /{fq} and kpqy, where the amplitudes (ky, kp) satisfy (7.4) with
A = Ag. In particular, it is easy to see that

(Hfu fib) — <le—2”7TO(e—5/e)7 1) ,
€
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so that the eigenfunction associated with A5 is centered on the back: if a perturbation excites only
this eigenfunction, that is, if the perturbation changes the position of the back only, then the back
will move back to its original position, with exponential rate Ao, without interacting with the front.
Other perturbations will lead to both a translation of the pulse profile and a movement of the back
relative to the front.

If Ay does not lie to the right of the essential spectrum, the situation is less clear. On the linear
level, the essential spectrum corresponds to modes that, relative to the pulse profile, transport
localized perturbations of the background state (u,w) = 0 to the right towards j = oco. Thus, if
Ao is an eigenvalue, and not a resonance pole, we might expect that its effect will still be felt as it
affects the relative position of the front and the back that make up the pulse profile. We do not have
much intuition into what happens when A5 is a resonance pole. Perhaps the best way to approach
either of these two remaining cases is to consider them for the FitzHugh-Nagumo PDE (1.11) using
pointwise estimates via Green’s functions. On the level of the Green’s function, the effects of point
and essential spectrum can be separated, and the question is then whether a similar analysis can be
carried on the nonlinear level for sufficiently localized perturbations.
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