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Abstract

We consider reaction-diffusion equations that are stochastically forced by a small multiplicative noise
term. We show that spectrally stable traveling wave solutions to the deterministic system retain their orbital
stability if the amplitude of the noise is sufficiently small.

By applying a stochastic phase-shift together with a time-transform, we obtain a quasi-linear SPDE that
describes the fluctuations from the primary wave. We subsequently follow the semigroup approach developed
in [17] to handle the nonlinear stability question. The main novel feature is that we no longer require the
diffusion coefficients to be equal.
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1 Introduction

In this paper we consider stochastically perturbed versions of a class of reaction-diffusion equations
that includes the Fitzhugh-Nagumo equation

Ut = Ugy + fcub (u) —w

(1.1)

Wy QWay + €[u — yw].

Here we take €, 9,y > 0 and consider the standard bistable nonlinearity

feub(w) = u(l —u)(u — a). (1.2)
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It has been known for quite some time that this system admits spectrally (and nonlinearly) stable
traveling pulse solutions when (p,v,¢) are all small [1]. Recently, such results have also become
available for the equal-diffusion setting ¢ = 1 by using variational techniques together with the
Maslov index [9-11].

Our goal here is to show that these spectrally stable wave solutions survive in a suitable sense
upon adding a small pointwise multiplicative noise term to the underlying PDE. In particular, we
generalize previous results in [17] where we were only able to consider the special case ¢ = 1. For
example, we are now able to cover the Stochastic Partial Differential Equation (SPDE)

(1.3)

AW = [oWay + (U — yW)]dt
for small |o|, in which (8;) is a Brownian motion and x(U) is a cut-off function with x(U) =1 for
|U| < 2. The presence of this cut-off is required to enforce the global Lipschitz-smoothness of the
noise term. In this regime, one can think of (1.3) as a version of the Fitzhugh-Nagumo PDE (1.1)
where the parameter a is replaced by a + aﬁt. Notice that the noise vanishes at the asymptotic state
U = 0 of the pulse.

Phase tracking Although the ability to include noise in models is becoming an essential tool in
many disciplines [6, 7, 13, 14, 35], our understanding of the impact that such distortions have on
basic patterns such as stripes, spots and waves is still in a preliminary stage [5, 15, 16, 23, 27, 30, 34].
As explained in detail in [17, §1], several approaches are being developed [20, 24, 31, 32] to analyze
stochastically forced waves that each require a different set of conditions on the noise and structure
of the system. The first main issue that often limits the application range of the results is that the
underlying linear flow is required to be immediately contractive, which is (probably) not true for
multi-component systems such as (1.1). The second main issue is that an appropriate phase needs
to be defined for the wave. Various ad-hoc choices have been made for this purpose, which typically
rely on geometric intuition of some kind.

Inspired by the agnostic viewpoint described in the expository paper [36], we initiated a program
in [17] that aims to define the phase, shape and speed of a stochastic wave purely by the technical
considerations that arise when mimicking a deterministic nonlinear stability argument. In particular,
the phase is constantly updated in such a way that the neutral part of the linearized flow is not felt
by the nonlinear terms. The shape and speed of the stochastic wave are defined by the requirement
that the resulting ‘frozen wave’ only feels (instantaneous) stochastic forcing. This allows us to obtain
stability results, but also provides expressions for the leading order limiting behaviour of the average
speed experienced by the full stochastic system. We remark that the formal approach recently
developed in [8] also touches upon several of the ideas underlying our approach.

Obstructions Applying the procedure sketched above to the FitzHugh-Nagumo SPDE (1.3), one
can show that the deviation (U, W) from the phase-shifted stochastic wave satisfies a SPDE of the
general form

dU

[(1 + 1020(U, W)?)Upy + Ry (U, W, Us, Wm)}dt + Sy (U, W, Uy, Wy) dB,
N (1.4)
aw

[(0+ 30260, W))W + R (0, W, 0, Wo) | dt + S (T, W, U, We) dy

in which b is a bounded scalar function. For o # 0 this is a quasi-linear system, but the coefficients in
front of the second-order derivatives are constant with respect to the spatial variable x. These extra
second-order terms are a direct consequence of It6’s formula, which shows that second derivatives
need to be included when applying the chain rule in a stochastic setting. In particular, deterministic
phase-shifts lead to extra convective terms, while stochastic phase-shifts lead to extra diffusive terms.



These extra nonlinear diffusive terms cause short-term regularity issues that prevent a direct
analysis of (1.4) in a semigroup framework. However, in the special case ¢ = 1 they can be trans-
formed away by introducing a new time variable 7 that satisfies

'(t) =1+ %U%(U, W)2. (1.5)

This approach was taken in [17], where we studied reaction-diffusion systems with equal diffusion
strengths.

In this paper we concentrate on the case ¢ # 1 and develop a more subtle version of this
argument. In fact, we use a similar procedure to scale out the first of the two nonlinear diffusion
terms. The remaining nonlinear second-order term is only present in the equation for W, which
allows us to measure its effect on U via the off-diagonal elements of the associated semigroup.
The key point is that these off-diagonal elements have better regularity properties than their on-
diagonal counterparts, which allows us to side-step the regularity issues outlined above. Indeed, by
commuting 0, with the semigroup, one can obtain an integral expression for U that only involves
involves (U, W,d,U,d,W) and that converges in L?(R). A second time-transform can be used to
obtain similar results for .

A second major complication in our stochastic setting is that (GTU ,aTW) cannot be directly
estimated in L?(R). Indeed, in order to handle the stochastic integrals we need tools such as the
1t6 Isometry, which requires square integrability in time. However, squaring the natural O(t_l/ 2)
short-term behavior of the semigroup as measured in L£(L?; H') leads to integrals involving ¢~!
which diverge.

This difficulty was addressed in [17] by controlling temporal integrals of the H!-norm. By per-
forming a delicate integration-by-parts procedure one can explicitly isolate the troublesome terms
and show that the divergence is in fact ‘integrated out’. A similar approach works for our setting
here, but the interaction between the separate time-transforms used for U and W requires a careful
analysis with some non-trivial modifications.

Outlook Although this paper relaxes the severe equal-diffusion requirement in [17], we wish to
emphasize that our technical phase-tracking approach is still in a proof-of-concept state. For example,
we rely heavily on the diffusive smoothening of the deterministic flow to handle the extra diffusive
effects introduced by the stochastic phase shifts. Taking ¢ = 0 removes the former but keeps the
latter, which makes it unclear at present how to handle such a situation. This is particularly relevant
for many neural field models where the diffusion is modeled by convolution kernels rather than the
standard Laplacian.

It is also unclear at present if our framework can be generalized to deal with branches of essential
spectrum that touch the imaginary axis. This occurs when analyzing planar waves in two or more
dimensions [4, 18, 19, 21] or when studying viscous shocks in the context of conservation laws
[2, 3, 29]. In the deterministic case these settings require the use of pointwise estimates on Green’s
functions, which give more refined control on the linear flow than standard semigroup bounds.

We are more confident about the possibility to include more general types of noise in our frame-
work. For instance, we believe that there is no fundamental obstruction to include noise that is
colored in space, which arises frequently in many applications [12, 24]. In addition, it should also
be possible to remove our dependence on the variational framework developed by Liu and Réckner
[26]. Indeed, our estimates on the mild solutions appear to be strong enough to allow short-term
existence results to be obtained for the original SPDE in the vicinity of the wave.

Organisation This paper is reasonably self-contained and the main narrative can be read indepen-
dently of [17]. However, we do borrow some results from [17] that do not depend on the structure of
the diffusion matrix. This allows us to focus our attention on the parts that are essentially different.



We formulate our phase-tracking mechanism and state our main results in §2. In addition, we
illustrate these results in the same section by numerically analyzing an example system of FitzHugh-
Nagumo type. In §3 we decompose the semigroup associated to the linearization of the deterministic
wave into its diagonal and off-diagonal parts. We focus specially on the short-time behavior of the
off-diagonal elements and show that the commutator of d, and the semigroup extends to a bounded
operator on L2. In §4 we describe the stochastic phase-shifts and time-shifts that are required to
eliminate the problematic terms from our equations. We apply the results from §3 to recast the
resulting SPDE into a mild formulation and establish bounds for the final nonlinearities. This allows
us to close a nonlinear stability argument in §5 by carefully estimating each of the mild integrals.

Acknowledgements. Hupkes acknowledges support from the Netherlands Organization for Sci-
entific Research (NWO) (grant 639.032.612).

2 Main results
In this paper we are interested in the stability of traveling wave solutions to SPDEs of the form
dU = [pO,eU + f(U)]dt + og(U)dp,. (2.1)

Here we take U = U(z,t) € R” with x € R and ¢ > 0.

We start by formulating two structural conditions on the deterministic and stochastic part of
(2.1). Together these imply that our system has a variational structure with a nonlinearity f that
grows at most cubically. In particular, it is covered by the variational framework developed in [26]
with @ = 2. The crucial difference between assumption (HDt) below and assumption (HA) in [17] is
that the diagonal elements of p no longer have to be equal.

(HDt) The matrix p € R™*™ is a diagonal matrix with strictly positive diagonal elements {p;}? ;.
In addition, we have f € C3(R";R") and there exist ux € R™ for which f(u_) = f(us) = 0.
Finally, D?f is bounded and there exists a constant K, > 0 so that the one-sided inequality

<f(UA) - f(UB), uaA — uB>R" < Kvar |UA - UB|2 (22)
holds for all pairs (us,up) € R™ x R™.

(HSt) The function g € C?*(R™;R") is globally Lipschitz with g(u_) = g(uy) = 0. In addition, Dg is
bounded and globally Lipschitz. Finally, the process (8):>0 is a Brownian-motion with respect
to the complete filtered probability space

(97 F, (Ft)t>0, P)- (2.3)

We write pmin = min{p;} > 0, together with py,.x = max{p;}. In addition, we introduce the
shorthands
L? = L*(R;R™), H' = H'(R;R"), H? = H*(R;R™). (2.4)

Our final assumption states that the deterministic part of (2.1) has a spectrally stable traveling wave
solution that connects the two equilibria uy (which are allowed to be equal). This traveling wave
should approach these equilibria at an exponential rate.

(HTw) There exists a wavespeed cg € R and a waveprofile ®y € C?(R; R™) that satisfies the traveling
wave ODE
p®g + co®p + (Do) =0 (2.5)



and approaches its limiting values ®(+o00) = ug at an exponential rate. In addition, the
associated linear operator Ly, : H? — L? that acts as

[Lowv](€) = pv”(€) + cov'(§) + D f(Ro(€))v(€) (2.6)

has a simple eigenvalue at A = 0 and has no other spectrum in the half-plane {Re A > —28} Cc C
for some 8 > 0.

The formal adjoint

Ly, H> = L7 (2.7)
of the operator (2.6) acts as
[Liw](€) = pw” (€) — cow'(€) + D f(Ro(&))w(€). (2.8)
Indeed, one easily verifies that
(Lewv,w)p2 = (v, Li w2 (2.9)

whenever (v, w) € H? x H%. Here (-,-) > denotes the standard inner-product on L?. The assumption
that zero is a simple eigenvalue for Ly, implies that £, 1, = 0 for some v, € H? that we normalize
to have

(D, Yew)r2 = 1. (2.10)

We remark here that it is advantageous to view SPDEs as evolutions on Hilbert spaces, since
powerful tools are available in this setting. However, in the case where u_ # wu,, the waveprofile
®y does not lie in the natural statespace L2. In order to circumvent this problem, we use ®, as a
reference function that connects u_ to w4, allowing us to measure deviations from this function in
the Hilbert spaces H! and L2. In order to highlight this dual role and prevent any confusion, we
introduce the duplicate notation

Do = Dp. (2.11)

This allows us to introduce the sets
Uz = e + L2, U1 = Prer + HY, Upz = Py + H?, (2.12)

which we will use as the relevant state-spaces to capture the solutions U to (2.1).

We now set out to couple an extra phase-tracking® SDE to our SPDE (2.1). As a preparation,
we pick a sufficiently large constant Kyjen > 0 together with two C'°°-smooth non-decreasing cut-off
functions

1
Xlow - R — [Z, OO)7 Xhigh * R — [_Khigh — 1, Khigh + 1] (213)
that satisfy the identities
1 1 1
Xlow (¥) = 1 for ¥ < T Xlow (¥) = 9 for 9 > 3 (2.14)

together with
Xhigh(ﬁ) =9 for ‘19‘ < Khigh, Xhigh('&) = sign(ﬂ) [Khigh + 1] for |19| > Khigh + 1. (2.15)

For any u € Uy and 1 € H', this allows us to introduce the function

b(ua ¢) = - {wa(@f%@ﬁ)} 71Xhigh(<g(“)7¢>L2)7 (216)

1See [17, §2.4] for a more intuitive explanation of this phase.



together with the diagonal n x n-matrix
ko(u,y) = diag{ho(u, ¥)}iey = diag{1 + 5,-0%(u, ¥)*}.;. (2.17)

In addition, for any v € Uy, ¢ € R and ¢ € H? we write

A, e, ) = = Xtow (Ot 0)12) | (1o (11,0 )u pctf) 1.

B (2.18)
~ [Xtow (@, ¥)r2) | (F(w) + ceu+ b, 0)Delg(w)], )z
The essential difference with the definitions of k, and a, in [17] is that &, is now a matrix instead
of a constant. However, this does not affect the ideas and results in §3-4 and §7 of [17], which can
be transferred to the current setting almost verbatim. Indeed, one simply replaces p by pmin O Pmax
as necessary.
The traveling wave ODE (2.5) implies that ag(®o, ¢, ¥tw) = 0. Following [17, Prop. 2.2], one
can show that there exists a branch of profiles and speeds (®,,c,) in Uyz x R that is O(c?) close
to (®o, cp), for which

aa(q)av Cos wtw) =0. (219)
Upon introducing the right-shift operators
[Tyu](§) = u(§ =) (2.20)

we can now formally introduce the coupled SPDE
au [p02:U + f(U)]dt + ag(U)dB:,
ar = [CO' + ao (U7 Co, Tl—‘wtw)] dt + Ub(Ua TF’l/)tW) dﬁta

(2.21)

which is the main focus in this paper. Following the procedure used to establish [17, Prop. 2.1], one
can show that this SPDE coupled with an initial condition

(U, F)(O) = (Uo,’yo) €Uy xR (2.22)

has solutions® (U(t),I'(t)) € Uy x R that can be defined for all ¢ > 0 and are almost-surely
continuous as maps into U2 X R.

For any initial condition ug € Up: that is sufficiently close to ®,, [17, Prop. 2.3] shows that it is
possible to pick v in such a way that

(Tou(0) = @0, )2 = 0. (2.23)
This allows us to define the process
Vuo (t) = Tfl“(t) [U(t)] - P, (2.24)

which can be thought of as the deviation of the solution U(#) of (2.21)-(2.22) from the stochastic
wave @, shifted to the position I'(¢).
In order to measure the size of this deviation we pick £ > 0 and introduce the scalar function

t
N (£) = Vo (8)[172 +/ e ) Vi (9) 5 ds. (2.25)
0
For each T' > 0 and 1 > 0 we now define the probability
e (T, n,up) = P( sup Newy, (t) > 77). (2.26)
0<t<T

2We refer to [17, Prop. 2.1] for the precise notion of a solution.



Our main result shows that the probability that N..,, remains small on timescales of order c=2 can

be pushed arbitrarily close to one by restricting the strength of the noise and the size of the initial
perturbation. This extends [17, Thm. 2.4] to the current setting where the diffusion matrix p need
not be proportional to the identity.

Theorem 2.1 (see §5). Suppose that (HDt), (HSt) and (HTw) are all satisfied and pick sufficiently
small constants € > 0, dg > 0, §, > 0 and 0, > 0. Then there exists a constant K > 0 so that for
every 0 < o < §,T7V2, any ug € Uy that satisfies |[ug — ®o|r2 < do, any 0 < n < &, and any
T > 0, we have the inequality

pe(T,m,u0) <07 K [ |lug = o3 + °T . (2:27)

2.1 Orbital drift

On account of the theory developed in [25, §12] to describe the suprema of finite-dimensional Gaus-
sian processes, we suspect that the 02T term appearing in the bound (2.27) can be replaced by
o2InT. This would allow us to consider time-scales of order exp[d,/0?], which are exponential in
the noise-strength instead of merely polynomial. The key limitation is that the theory of stochastic
convolutions in Hilbert spaces is still in the early stages of development.
In order to track the evolution of the phase over such long timescales, we follow [17] and introduce
the formal Ansatz
L(t) = cot + 0T 01 (t) + 0%Tha(t) + O(0?). (2.28)

The first-order term is the scaled Brownian motion

Fa;l(t) = b(q)oa ¢tw)ﬁta (229)

which naturally has zero mean and hence does not contribute to any deviation of the average observed
wavespeed.
In order to understand the second-order term, we introduce the orbital drift coefficient

03?2 = % fooo D%aa ((I)zn Co, wtw) |:S(S) (g(q)a) + b<(bc77 ’L/th)(l);)75(s) (g((bo') + b((I)Uv wtw)q);)} ds,
(2.30)
in which {S(s)}s>0 denotes the semigroup generated by Lyy. In [17, §2.4] we gave an explicit ex-
pression for I',,2 and showed that

lim ¢t BT, .o(t) = 2%, (2.31)
t—o0 ’
Note that we are keeping the o-dependence in these definitions for notational convenience, but in
§2.2 we show how the leading order contribution can be determined.
The discussion above suggests that it is natural to introduce the expression

=y + 020 (2.32)

o;lim ;29

(2)

olim — €0 = O(c?). Our conjecture is that the expected value of the wavespeed for

large times behaves as ct(f:fim + O(0?). In order to interpret this, we note that the profile ®, travels

at an instantaneous velocity c,, but also experiences stochastic forcing. As a consequence of this
forcing, which is mean reverting toward ®,, the profile fluctuates in the orbital vicinity of ®,. At
leading order, the underlying mechanism behind this behaviour resembles an Ornstein-Uhlenbeck
process, which means that the amplitude of these fluctuations can be expected to stabilize for large
times. This leads to an extra contribution to the observed wavespeed, which we refer to as an orbital
drift. The second term in (2.32) describes the leading order contribution to this orbital drift.

which satisfies ¢
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Fig. 1: Numerical results for the solution (®,,cs) to equation (2.38). Figure (a) shows the numerical approz-
imation of cs — co and the first order approzimation of this difference. We chose g™ (u) = u with parameters
a=0.1, p=0.01, e =0.01, v = 5. Using (2.43) we numerically computed co,2 = —3.66. Figure (b) shows
the two components of ®, for o = 0.15 for the same parameter values. On the scale of this figure they are
almost identical to ®g.

2.2 Example

In order to illustrate our results, let us consider the FitzZHugh-Nagumo system

dU = [Uzz + fcub(U) - W}dt + Ug(U)(U)dﬂta
(2.33)
AW = [0V +e(U — yW)]dt

in a parameter regime where (HDt), (HSt) and (HTw) all hold. We write &y = (®{*, ®{"’) for the
deterministic wave defined in (HTw) and recall the associated linear operator Ly, : H?(R;R?) —
L?(R;R?) that acts as

. Dee + code + fL(25") -1 yal
e € 00¢e + o0 —ey | (2:34)
The adjoint operator acts as
L De — cole + [l (5") e
= 2.35
¢ —1 9655 - Coag — &Yy ( )

and admits the eigenfunction ¢y = (wt(ffv), t(vlvu)) that can be normalized in such a way that

(O @0, Yiw) L2 (msr2) = 1. (2.36)
To summarize, we have
Lowde(@", 0§)" =0, Lh (i) wiHT = 0. (2.37)

Upon writing &, = (<I>$,“), @E,w)), the stochastic wave equation a, (P, ¢y, Ytw) = 0 can be written
as

~cr0a @ = (14 FH(®0)?) 010 @E” + four(@5) = 08 + 020(@0) 0o (25)],
2z (2.38)
—cr0a @8 = (04 Fb(@,)?) 0@ + (@4 — 10",



(a) U(- = cot) (b) U(- = cot) (c) U(- = T(1))

Fig. 2: A single realization of the U-component of (2.83) with initial condition ®, in 3 different reference
frames. We chose g™ (u) = u with parameters a = 0.1, 0 = 0.03, o = 0.01, £ = 0.01, vy = 5.

where b is given by

(g (@), %) Lo amy

b(®,) = — 2.39
( ) <a.7:¢)0'a 7/’tw>L2(R;]R2) ( )

We now introduce the expansions
b, = Bg + 0?Pp0 + O(a"), Co = o+ 0%coa + O(a*) (2.40)

with ®q.0 = (<I>éu2) ) @éfg)). Substituting these expressions into (2.38) and balancing the second order
terms, we find

08 B = 0,8+ 30 1 1 ()08 ol
+H(D0)D,g ™ (BT), (2.41)
— 020,05 — 00, By = 00,,05Y + 1b(P0)20,, B5) + (@) — 1Y),

which can be rephrased as
Low®os = —Coa0sPo — 1b(®0)20ge®o — b(®0) (929 (96"),0) " (242)

Using the normalization (2.36) together with the fact that (Yiw, Liw®o;2)r2®;r2) = 0, we find the
explict expression

1 g 7 u u
oz = = 50(P0)? (DecPo, Vo) L2(mm) — b(®0) (0™ (@4), 60} 2 mim) (2.43)

for the coefficient that governs the leading order behaviour of ¢, —cg. In Figure 1 we show numerically
that co.20? indeed corresponds well with ¢, — ¢ for small values of o2.

In Figure 2 we illustrate the behaviour of a representative sample solution to (2.33) by plotting
it in three different moving frames. Figure 2a clearly shows that the deterministic speed ¢y overesti-
mates the actual speed as the wave moves to the left. The situation is improved in Figure 2b, where
we use a frame that travels with the stochastic speed c,. However, the position of the wave now
fluctuates around a position that still moves slowly to the left as a consequence of the orbital drift.
This is remedied in 2¢ where we use the full stochastic phase I'(t). Indeed, the wave now appears to
be at a fixed position, but naturally still experiences fluctuations in its shape. This shows that I'(¢)
is indeed a powerful tool to characterize the position of the wave.

In order to study the orbital drift mentioned above, we split the semigroup S(¢) generated by

Ly into its components
S(uu) (t) S(uw) (t)
S(t) = (2.44)
S(wu) (t) S(ww) (t)
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Fig. 3: In (a) we computed the average E[I'(t) — cot] over 1000 simulations of (2.83), using the procedure
described in the main text for several values of o. Notice that a clear trend is visible. In (b) we computed
the corresponding orbital drift by evaluating the average (2.49) for the data in (a). Observe that there is a
reasonable match with the predicted values 08;‘1202. We chose g(“)(u) = u with parameters a = 0.1, o = 0.01,
e =0.01, v = 5. We used the value 08;‘12 = —0.18, which was found by evaluating (2.46) numerically.

and introduce the expression

I(s) = S®(s)g) (@) + b(Po)SH DS + b(Dg) S e, (2.45)
together with
1 [ “ “
b= [ @I ) ds. (2.46)

This last quantity is in fact the leading order term in the Taylor expansion of (2.30), which means
that

5 = g% + 0(a?). (2.47)

In particular, we see that
(2 _ 2 od 3
Codim =Co+ 0 [00;2 + 00;2} + O(07), (2.48)
which means that we have explicitly identified the leading order correction to the full limiting
wavespeed.

To validate our prediction for the size of the orbital drift, we first approximated E[I'(t) — ¢,
numerically by performing an average over a set of numerical simulations. In fact, to speed up the
convergence rate, we first subtracted the term I'5.1(¢) defined in (2.29) from each simulation, using
the same realization of the Brownian motion that was used to generate the path for (U, W). The
results can be found in Figure 3a.

In order to eliminate any transients from the data, we subsequently numerically computed the
quantity

T Jr t

ol = 2 /T 1E[F(t) — ¢ t]dt. (2.49)

2

This corresponds with the average slope of the data in Figure 3a on the interval [T'/2,T], which

is a useful proxy for the observed orbital drift. Figure 3b shows that these quantities are well-

approximated by our leading order expression 0'268;(12.

3 Structure of the semigroup

In this section we analyze the analytic semigroup S(¢) generated by the linear operator Ly, focusing
specially on its off-diagonal elements. Assumption (HTw) implies that Ly, has a spectral gap, which

10



is essential for our computations. In order to exploit this, we introduce the maps P : L? — L? and
Q : L? = L? that act as

Pv = (v, ) 2Py, Qu =v — Pu. (3.1)
We also introduce the suggestive notation P: € L(L?; L?) to refer to the map
ng = 7<”U, aﬁwtw>L2 (1)6, (32)

noting that Pev = Pdcv whenever v € H'. These projections enable us to remove the simple
eigenvalue at the origin and obtain the following bounds.

Lemma 3.1 (see [28]). Assume that (HDt) and (HTw) hold. Then Ly, generates an analytic semi-
group semigroup S(t) and there exists a constant M > 1 for which we have the bounds

1S()Qll (L2, < Me Pt 0<t< oo,

1SR ccz2,mr) < Mt~z 0<t<2,
IS(t)Pllzr2,m2) + 1S Pellcwz,mzy + 1S Pllerz,mzy < M, 0<t<2,

15()Q ez e < M, i1, (3:3)
1[Lew = pOeel SR 12 12 < Mtm:x, 0<t=2,

L5 — POeel SR 12 12 < Mt~z 0<t<2

Proof. Since pOge generates n independent heat-semigroups, the analyticity of the semigroup S(¢)
can be obtained from [28, Prop 4.1.4]; see also [17, Prop 6.3.vi]. The desired bounds follow from [28,
Prop 5.2.1] together with the fact that ®) € H>. O

In §4 we will show that the function V() defined in (2.24) satisfies an SPDE that involves
nonlinear terms containing second order derivatives. The short-term bounds above are too crude to
handle such terms as they lead to divergences in the integrals governing short-time regularity. In
addition, the variational framework in [26] only provides control on the H'-norm of V.

In order to circumvent the first issue, we introduce the representation

Su(t) . Sln (t) V1
swo=| 1 s (3.4)
Sn1(t) ... Sun(t) Up,
with operators S;;(¢) € £(L*(R;R); L?(R;R)). Upon writing
Sa(t) = diag(S11(t), - - ., Snn(2)) (3.5)
this allows us to make the splitting
S(t) = Sd(t) + Sod(t)~ (36)

Our main result below shows that the off-diagonal terms Syq(t) have better short-term bounds than
the original semigroup.
The second issue can be addressed by introducing the commutator

A(t) = [S()Q, 9] = S(t)Qe — 0eS(1)Q (3.7)

that initially acts on H'. In fact, we show that this commutator can be extended to L? in a natural
fashion and that it has better short-time bounds than S(¢). Upon writing

S(t)dev = S(H)Qev + S(t) Pev = 8 S(H)Qu + A(t)v + S(¢) Pev, (3.8)

we hence see that the right-hand side of this identity is well-defined for v € L?. In §4 this observation
will allow us to give a mild interpretation of the SPDE satisfied by V (t) posed on the space H'.
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Proposition 3.2. Suppose that (HDt) and (HTw) are satisfied. Then the operator A(t) can be
extended to L? for each t > 0. In addition, there is a constant M > 0 so that the short-term bound

A2 m2 + [[Soa) L2 mz < M (3.9)
holds for 0 <t <1, while the long-term bound
IA) |2y 2 < Me™ P! (3.10)

holds fort > 1.

3.1 Functional calculus
For any linear operator £ : H? — L? we introduce the notation
R(L,N) =[\—L]! (3.11)

for any A in the resolvent set of £. On account of (HTw) and the sectoriality of Ly, we can find
ny € (5, m) and M > 0 so that the sector

Quy = {2 € C\ {0} : Jarg(V)] < 13} (3.12)

lies entirely in the resolvent set of Ly, with

I R(Lows Ml g0 < ff' (3.13)
for all A € Q4. Since A = 0 is a simple eigenvalue for Ly, we have the limit
AR(Liw, \) = P (3.14)
as A = 0.
For any 7 > 0 and any 1 € (3,74 ), the curve given by
Yoy = {1 € C s Jargh| =, ]A| > 1} U{A € C: JargA] <, ]A| = 7} (3.15)

lies entirely in . This curve can be used [28, (1.10)] to represent the semigroup S in the integral
form

1
Comi

S(t) / P R(Liw, ) dA (3.16)
Yr.n
for any ¢ > 0, where 7, is traversed in the upward direction.
We will analyze A(t) and S,q(¢) by manipulating this integral. As a preparation, we state two
technical results concerning the convergence of contour integrals that are similar to (3.16). We note
that our computations here are based rather directly on [28, §1.3].

Lemma 3.3. Suppose that (HDt) and (HTw) are satisfied and pick r > 0 together with n € (5,14).
Suppose furthermore that A — K(X) € C is an analytic function on the resolvent set of Ly, and that
there exist constants C' > 0 and ¥ > 1 so that the estimate

C
K| < —5 (3.17)
Al
holds for all X € Q. Then there exists Cy > 0 so that
/ MK (N dA| < Cpt? ! (3.18)
’Y’V‘,?’]

for allt > 0.

12



Proof. Writing
() = / MK (N) dA (3.19)
8t

rn

and substituting At = &, the analyticity of K on (), implies

Z(t) :/ K (f) %dg: e K (f) %dﬁ. (3.20)
Yrt,n Yr,n

Using the obvious parametrization for v, ,, we find
I(t) = 71;00 6(p008(n)*ipsin(n))K(flpefin)efinfldp
+ f;’ 6(7' cos(a)—irsin(oz))K<t—1,reio¢)>Z',reiat—lda (321)
+ f°° e(pcos(n)—ip Sin(n))K(flpein)einfldp.
We hence obtain the desired estimate
T(t < Ctﬂfl (2 0 epcos(n) -9y + n ercos(a)rlfﬁda)
z@t) < S pdp+ [, (3.22)
= Cltﬂ_l.
O

Lemma 3.4. Suppose that (HDt) and (HTw) are satisfied and pick r > 0 together with n € (5,n4).
Suppose furthermore that A — K(\) is an analytic function on the resolvent set of Ly, and that
there exists a constant C > 0 so that the estimate

KN <C (3.23)

holds for all X € Q. Then there exists Ca > 0 so that the bound

/ MK (N) dA| < Che™ Pt (3.24)
.

T,n

holds for all t > 1.

Proof. Since K remains bounded for A — 0, this function can be analytically extended to a neigh-
borhood of A = 0. We can hence replace the curve +, , by the two half-lines

Y =—B+{A e C:|arg\| =17} (3.25)

for appropriate ' € (3,74 ). We can then compute

‘ J, MK (V) dA

IN

2Ce= Bt fo ePcos(t qp
< 20 P[> er cos(n) dp (3.26)
= Cgeiﬂt.
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3.2 The commutator A(t)

In this section we analyze A(t) and establish the statements in Proposition 3.2 that concern this
commutator. Based on the identity (3.16), we first set out to compute the commutator of R(Liy, \)
and O¢. As a preparation, we introduce the commutator

B = [£0wQ. 0c] = [Lon, O] (3.27)

which can easily be seen to act as
Bv = —D?f(®q)®4v (3.28)

for any v € H3.

Lemma 3.5. Suppose that (HDt) and (HTw) are satisfied and pick any A in the resolvent set of

Liw. Then for any g € H* we have the identity
[R(Ltwv A)Qa 65]9 = R([’twa )‘)Qaég - 85R([’twa )‘)Qg
(3.29)
= R(Lw,\)|BR(Liw, \)Qg — [P, 0¢lg]|.

Proof. Let us first write
v=[A— L] 'Qg. (3.30)

The definition (3.27) implies that
A — Liw]QO:v = 0¢[A — Liw]Qv — Bv+ A[Q, Oclv
= [N — Liwv — I A — Q)v — Bv + \[Q, O¢]v
= O¢[A— Liw|v — X0 Pv — Bv — A[P, O¢|v (3.31)
= 0:Qg — Bv— A\P0gv
= QO0:g — [P,0¢]g — Bv — APOgv.
Using (A — L) 'P = A~1 P we obtain

A= L] 'Q0cg = Qv+ [N — Liw] ' Bv + Pdev + [A — Liw] 71 [P, O¢lg
= 0\ — L] 'Qg + [N — Liw] 'BIA — Liw] 1 Qg (3.32)
+A = Liw] 7P, Oy,
which can be reordered to yield (3.29). O

On account of (3.29) we recall the definition (3.2) and introduce the operator T4 € L(L?; L?)
that acts as
Ty = 0P — Px. (3.33)

In addition, we introduce the expression
which is well-behaved in the following sense.

Lemma 3.6. Suppose that (HDt) and (HTw) are satisfied. Then there exists a constant C' > 0 so
that for any A in the resolvent set of Ly the operator Tp(\) satisfies the bound

C
HTB(A)”L2—>L2 < 1+ |/\‘ (335)
In additions, the maps
A= Tp(\) € L(L? L), A= ATIP[Ta + Tp(N)] € L£(L?; L?) (3.36)

can be continued analytically into the origin A = 0.
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Proof. Since @y and ®( are bounded functions, we have

M

IBR(Luw, Ml2-r2 < o 1D? f(@0) P - (3.37)
Using PL, = 0 and the resolvent identity
LiwR(Liw, A) = =1 + AR(Liw, A), (3.38)
we may compute
P[T4s + TB()\)] = P:P— P+ PBR(Ltw,NQ

= PgP — P§ + Pﬁtwa§R<£tw, )\)Q — PagﬁtwR(ﬁtw, )\)Q
= PgP - P§ + PgQ - Pag)\R(»thy )\)Q
= _POAR(Low, N)Q.

(3.39)

Since A — R(Liw, A\)@ can be analytically continued to A = 0 on account of (3.14), the same hence
holds for the functions (3.36). O

Upon fixing r > 0 and n € (5,74 ), we now introduce the expressions

Aex;A(t) = % f’y eAtR(EtW, )\)TA dA,
mn 3.40
Aex:B(t) = 2}”, f% . e“R(/StW, NTg(N)dX ( )
and write
Aex(t) = Aex;a(t) + Aex;B(1). (3.41)
We note that
Aex;a(t) = S(t)Ta = S(t)0e P — S(t) P, (3.42)

which for 0 < ¢ < 1 is covered by the bounds in Lemma 3.1. The results below show that also Aex(t)

is well-defined as an operator in £(L?; H?) and that it is indeed an extension of the commutator
A(t).

Lemma 3.7. Suppose that (HDt) and (HTw) are satisfied. Then Aex(t) is a well-defined operator
in L(L?, H?) for all t > 0 that does not depend on r >0 and n € (§,1+). In addition, there exists
a constant C' > 0 so that the bound

[Aex(t)l| 252 < Ce™?* (3.43)
holds for all t > 0.
Proof. Note first that there exists a constant C] > 0 for which
Iollge < Ch[ Lol s + ol 2] (3.44)
holds for all v € H?. On account of the identity
LiwR(Liw, \)[Ta+Ts(N)] = —[Ta+ Ts(N)] + AR(Liw, N) [Ta + Tp(N)] (3.45)
and the analytic continuations (3.36), we see that there exist C% > 0 so that
| Lo R(Low, M) [Ta + TeN)] || 12, 2 + [|B(Low, M) [Ta + TsN)]|| 2,12 < Co (3.46)

for all A € Q4. We can now apply Lemma 3.4 to obtain the desired bound for ¢ > 1.
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The bounds in Lemma 3.6 imply that there exists C% > 0 for which

| Low R(Lew, ) [Ta(N)] | < G

Lrorz = HA (3.47)
HR(»thv )‘) [TB(A)]

IA
|

HL2—>L2

holds for all A € Q4. We can hence use Lemma 3.3 to find a constant Cj > 0 for which we have the
bound

||Aex;B(t) ||L2~>H2 § CAIL (348)
for all 0 <t < 1. A direct application of Lemma 3.1 shows that also

||Aex;A(t) ||L2—>H2 S M (349)
for all 0 < ¢ <1, which completes the proof. O

Corollary 3.8. Suppose that (HDt) and (HTw) are satisfied. Then for any g € H* we have

Aex(t)g = Alt)g := [S(t)Q; Oclg. (3.50)
Proof. The result follows by integrating both sides of the identity (3.29) over the contour ~,, and
using (3.16) together with (3.40). O

3.3 Semigroup block structure

For the nonlinear stability proof in §5 we need to be understand how the off-diagonal terms of S(t)
act on a second order nonlinearity. In order to do this, we first write Sq,7(¢) for the semigroup
generated by

Liwa = pdeev + cove, (3.51)
which only contains diagonal terms. We also write
Soa (£) = S() = Sar (1 (3.52)

for the rest of the semigroup. Note that Soq.r(t) is not strictly off-diagonal, but it has the same
off-diagonal elements as Soq(t).

Lemma 3.9. Suppose that (HDt) and (HTw) are satisfied. Then there exists a constant C > 0 for
which the short-term bound

[Soast(t) |22 < C (3.53)
holds for all 0 <t < 1.

Proof. Possibly decreasing the size of 75, we may assume that €, is contained in the resolvent set
of Liw.qa. We may also assume that the bound

M

”R(‘th;d»)\)”[ﬁﬁ[ﬁ < |/\‘ (354)
holds for \ € {4y, by increasing the size of M > 0 if necessary.
For any r > 0 and 1 € (5,74 ) we have
1
Sod;I (t) = 5 e)\t [R(‘thu )\> - R(ﬁtw;dy )‘)] dA
271 o
1
- / M R(Lows \) (Lo — L) R(Losa, A) dA (3.55)
L

1
=_— / eMR(Liw, \)Df(®0)R(Liw.a, \) dA.
211 ~

™
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On account of the identity
LiwR(Liw, \)Df(Po)R(Liwsd, A) = =D f(Po)R(Liwsds A) + AR(Liw, A)Df (o) R(Liwsd, A)  (3.56)

we have the bounds

| o B Lo VDI (®0) R (Lot Mg < IDF(@0)]lg M5, (3.57)
2 .
IR(Luw, VD@0 R(Luwa Moz < 1DF(@0)lg -
The desired estimate hence follows from Lemma 3.3. O

Proof of Proposition 3.2. The statements concerning A(t) follow directly from Lemma 3.7 and Corol-
lary 3.8. The bound for S,q(t) follows from Lemma 3.9 since Soq.1(t) contains all the non-trivial
elements of Soq(t). O

4 Stochastic transformations
In this section we set out to derive a mild formulation for the SPDE satisfied by the process
V(t) = Tro U ()] - @, (4.1)

which measures the deviation from the traveling wave ®, in the coordinate & = x — I'(t). After
recalling several results from [17] concerning the stochastic phaseshift, we focus on the new extra
second-order nonlinearity that appears in our setting. We use the results from §3 to rewrite this
term in such a way that an effective mild integral equation can be formulated that does not involve
second derivatives. We obtain estimates on all the nonlinear terms in §4.1 and rigorously verify that
V indeed satisfies this mild equation in §4.2.

We start by introducing the nonlinearity

Ro(”) = ’ia(q)o + antW)paﬁﬁ [(I)U + U]
+f(@o +0) + 0°D(Py + v, Vi ) Oe[9(Por + v)] (4.2)

+ [¢o + a0 (@5 + v, 0, Y1u) | [0 + 01,

together with
So(v) = 9(P5 +v) +b(Ps + v, Yy ) [Pr, + 0] (4.3)

In [17, §5] we established that the shifted process V' can be interpreted as a weak solution to the
SPDE
dV. = R,(V)dt+oS,(V)dp;. (4.4)

However, in our case here k, is a matrix rather than a scalar. This means that we cannot transform
(4.4) into a semilinear problem by a simple time transformation. However, we can improve individual
components of the system by rescaling time with the diagonal elements k;.

To this end, we follow [17, Lem. 3.6] to find a constant K,, > 0 for which

1 < Ho’;i(q)a + U?"/}tw) < KH (45)

holds for every o € (—d,,d,), every v € H! and every 1 < i < n. Upon introducing the transformed
time

t
Tt w) = / bt (B + V(5,0 ) ds, (4.6)
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the bound (4.5) allows us to conclude that ¢ — 7;(¢) is a continuous strictly increasing (F;)-adapted
process that satisfies
t < 7(t) < Kot (4.7)

for 0 < ¢ < T. In particular, we can define a map
t; : [0,T] x Q@ —[0,T] (4.8)

for which
Ti(ti(T,w),w) = . (4.9)

This in turn allows us to introduce the time-transformed map

Vi:[0,T] x Q — L? (4.10)
that acts as _
Vilr,w) = V(ti(r,w),w). (4.11)
Upon introducing
ﬁa;i(v) = Ho;i(q)a + v, wtw)ilno(v) — Liwv (4.12)
together with
So;i(v) = 'Lﬂa;i((ba + v, wtw)_l/QSU(U)v (413)

it is possible to follow [17, Prop. 6.3] to show that V; is a weak solution of
dV; = [LewVi+ Rei(Vi)] dr + 085,:(V)dB,; (4.14)

for every 1 <14 < n, in which (Br;i)rzo denotes the time-transformed Brownian motion that is now
adapted to an appropriately transformed filtration (F,.;)->o; see [17, Lem. 6.2].

The nonlinearity ﬁgﬂ- is less well-behaved than its counterpart from [17, Prop. 6.3] since it still
contains second order derivatives. In order to isolate these terms, we pick any v € H! and introduce

the diagonal matrix

¢0;i(v) = [Ho;i((pcf + v, ¢tw)] 71’{0((1)0 + v, q;zjtw) - I (415)

together with the function
Yo.i(v) = poi(v)dev. (4.16)

We note that 0:Y,,; can be considered as the error caused by allowing unequal diffusion co-
efficients in our main structural assumption (HDt). Indeed, upon defining our final nonlinearity
implicitly by imposing the splitting

Roi(0) = Wi (0) + i (0), (4.17)

our first main result states that W,,; is well-behaved in the sense that it admits bounds that are
similar to those derived for the full nonlinearity R in [17]. Indeed, it depends at most quadratically
on |[v||;: but not on ||v|| g2. Note furthermore that ®, was constructed in such a way that R(0) = 0.

Proposition 4.1. Assume that (HDt), (HSt) and (HTw) all hold and fiz 1 < i < n. Then there exist
constants K > 0 and §, > 0 so that for any 0 < o < 6, and any v € H', the following properties
hold true.
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(i) We have the bound
Woii(@)l 2 < Ko?[[ollga + K [[oll [1+ [l0llZ2 + 02 JollZ2 ], (4.18)

together with
1o (0)l] 2 < Ko? |0l (4.19)

(ii) We have the estimate B
[Soii()|| 2 < KL+ (0]l ]- (4.20)

(i) If ||v|| 2 < v, then we have the identities

<ﬁa;i(v)a ¢tw>L2 = <§a;i(v); ¢tw>L2 =0. (421)

The second main result of this section formulates a mild representation for solutions to (4.14).
Items (i)-(iv) are included for completeness and are analogous to the results in [17, Prop. 6.3].
However, item (v) is specific for our situation because of the presence of the error term Y,.;. Indeed,
we shall need to exploit the techniques developed in §3 to transfer the troublesome ¢ present in
(4.17) from the Y,,; term to the semigroup. Nevertheless, the integral involving 0¢S is integrable in
H~' but not necessarily in L2.

Proposition 4.2. Assume that (HDt), (HSt), (HTw) are all satisfied. Then the map
Vi:[0,T] x Q — L? (4.22)
defined by the transformations (4.1) and (4.11) satisfies the following properties.
(i) For almost all w € Q, the map T — V;(T;w) is of class C([0,T]; L?).
(i) For all T € [0,T)], the map w +— Vi(T,w) is (F.;)-measurable.

(iii) We have the inclusion

Vi € N2([0.T): (F)rs HY), (4.23)

together with
Soi(Vi) € N2([0,TT; (F)ryis L?). (4.24)

(iv) For almost all w € §, we have the inclusion
Woi (Vi(-,w)) € L'([0,T]; L?) (4.25)
together with
Yo (Vi(-,w)) € L'([0,T); L?). (4.26)
(v) For almost all w € Q, the identity
Vi(r) =S(r)Vi(0) + /OT S(T =" Weyi (Vi(r") dr’ + o /OT St —=7)84:4(Vi(r"))dB 1.

+ /T DeS(1 — T/)QTg;i(Vi(T/» dr’ + /T AT — T/)Tg;i(vi(T/D dr’ (4.27)
0 0

+ /0 S(t—7)P: Yy (Vv(rl)) dr’

holds for all T € [0,T].
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4.1 Bounds on nonlinearities

In this section we set out to prove Proposition 4.1. In order to be able to write the nonlinearities in
a compact fashion, we introduce the expression

Tow) = o, ) [ F () + et + 02b(u, i) el ()] (4.28)

for any u € Ug1. This allows us to define
Qo (v) = To(Po +v) = To(Ps) + [pOge — Low]v (4.29)

for any v € H', which is the residual upon linearising 7, (®,+V') around ®,, up to O(c?) corrections.
Indeed, we can borrow the following bound from [17].

Corollary 4.3. Consider the setting of Proposition 4.1. There exists K > 0 so that for any 0 <
o <8, and any v € H' we have the estimate

1)l < K[o®+[[vllze] [[v]l s

) - ) (4.30)
+E[1+ (1 +0%) vllg2 + o [vllzz ] vl
together with
Qo (V) Yew)rzl < K[1+ vl | llvlle 0]l
+E[0? + vl g2 ] 0]l -
4.31
FE0? [l ol ol 3y
+Ko? (o] 72 [[0] 1 -
Proof. Recalling the function M that was defined in [17, Eq. (7.2)], we observe that
Qr(v) = Moo, c, (V,0) = Msia, . (0,0). (4.32)
In particular, the desired bounds follow directly from [17, Cor. 7.5]. O
We now introduce the function
Wit i(0) =Qs (0) + 60:6(0) | T (@6 +v) = To(@,)] (4.33)
together with the notation
Io’;I,i(U) = [Xlow(<6§[®a + U]7wtw>L2):| <Wa;1,i(v)7wtw>L2
(4.34)

- |:Xlow(<8£ [(I)o— + UL '(/th>L2)] 71<To;i(v)7 aﬁwtw>L2-

The following result shows that these two expressions allow us to split off the a,-contribution to
Ry that is visible in (4.2).

Lemma 4.4. Consider the setting of Proposition 4.1. Then for any 0 < o < 6, and v € H', we
have the inclusion W,.;(v) € L? together with the identity

Wi (0) = Wiriri(0) = Tz a(0) @) + 7] (4.35)
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Proof. For any u € Uy, the definition (2.18) implies that

—1
o (1, o, o) = = [Xtow (O, Yine)12) ]| (o (1 V1) [POeet + T ()], a1 (4.36)
The implicit definition a, (P, ¢, Ptw) = 0 hence yields
ja(q)o) = —P‘I’Z- (437)

For any v € H?, this allows us to compute

Q,(v) = To(Py +v)+ p[®) + "] — Liwv, (4.38)
which gives
Woir,i(v) + 0 Toii(v) = [hoii(Po + 0, Ytw)] ™ o (P + 0, 9ew) [p[®G + 0] + T (Pg + )]
—Liw.
(4.39)

Using the fact that £} 1, = 0, we now readily verify that for v € H? we have
Ia;[,i (U) = [/fa';i ((I)J + v, wtw)]_lau ((I)a + v, wtw)~ (440)

The result hence follows by rewriting the definition (4.2) in the form

Ra(v) = HJ(@U + v, 1btw) paEE[(I)a + U] + ja(q)o + U)} (4 41)
+a6(Po + 0, Co, i ) [0 + V]
and substituting this into the definition (4.12) of Ry.;. O

In order to obtain the estimates in Proposition 4.1 it hence suffices to obtain bounds for ¢;,
We.r,s and Zs.1 ;. This can be done in a direct fashion.

Lemma 4.5. Assume that (HDt) and (HSt) are satisfied. Then there exists a constant K, > 0 so
that

i(v) <o .
¢ ’K, 4.42
holds for any v € L? and 0 < 0 < 6.

Proof. For any x,y > 0 we have the inequality

I+5-0 1+51y 1 -
2‘1” - Qfl = 1|x yl — < |z — 1yl (4.43)
Applying these bounds with y = 0, we obtain
j 0'2 2 0'2 2
B10)] < L2 [b(®, + o) < 15K, (449
iPj Pmin
where the last bound on b follows from Lemma 3.6 in [17]. The result now readily follows. O

Lemma 4.6. Consider the setting of Proposition 4.1. Then there exists K > 0 so that for any
ve H and 0 < o <6, we have the bound

2 2
Weiri)ll < Ko? vl + K [Jollzn [+ [vllg2 + 02 o]z ], (4.45)

together with

2 3
Zori(@)| < Kollge [0® + [vll g2 | + K ol [[lvlz2 + 0 [lvllz: ] (4.46)
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Proof. Note first that we can write W, ;(v) as

Wei1,i(v) =Qo () + ¢o;i(v) [Qg(v) + (Lo — pa&)v} (4.47)
and hence
[Woiri()llL2 <[1Qo(v)[12 + |¢o:i(v)] [IIQU(U)IILz + [[(Low — Pass)vHLZ] (4.48)
The definition of Lt implies that there exists C7 > 0 for which
[[Lew — pOeelv|| 2 < Crllv]l (4.49)

holds. The desired bound hence follows from Corollary 4.3 and Lemma 4.5.
Turning to the second estimate, we note that there is a positive constant Cs for which we have

|IU;1,i(U)| <y [ ”WU;I,i(U)”Lz + HTo;i(U)”LZ ] (450)

We can hence again apply Corollary 4.3 and Lemma 4.5, which yields expressions that can all be
absorbed into (4.46). O

Proof of Proposition 4.1. To obtain (4.18), we use (4.35) together with Lemma 4.6 to compute
||W<7;i(v)||L2 < HWa;i |L2 + Oy |Io;l,i(v)| [1 + ||U||H1 ]
2 2
< G ol + Collvllgn [+ [[vll gz + o [[v]lze ]
+Cs2 |[vll 2 [0 + lvll g2 ] [1+ 0]l 1 ]

(4.51)
2 3
+Cs vl g [Ivllz2 + 0 lvllze J[L + (vl g1 ]

for some constants C; > 0 and Cy > 0. These terms can all be absorbed into (4.18). The bound
(4.19) follows from Lemma 4.5 and (HDt), while (ii) and (iii) follow directly from [17, Prop 8.1]. O

4.2 Mild formulation

In this section we establish Proposition 4.2. We note that items (i)-(iv) follow directly from Proposi-
tions 5.1 and 6.3 in [17], so we focus here on the integral identity (4.27). We first obtain this identity
in a weak sense, bypassing the need to interpret the term involving T, in a special fashion. We
note that S*(¢) is the adjoint operator of S(t), which coincides with the semigroup generated by
Li,-

Lemma 4.7. Consider the setting of Proposition 4.2 and pick any n € H>. Then for almost all
w € Q the identity

T

(Vi(r),m)z2 =(S(1)Vi(0) + /OT S(r =T Wei (Vi(r') dr’ + o ; S(r =785 (Vi(r'))dB,ri,m) L2

4 [ O (V)57 = b s’
’ (4.52)
holds for any T € [0,T].
Proof. Pick any 7 € [0,T]. Since V; € N2([0,T7]; (F¢); H') is a weak solution to (4.14), the identity
Vi) = V;(0)+ fOT [.thvi(T') +Roi (Vi(T/))] dr’

o LoV, " (4.53)
+o fO So‘;i(vi(T/)) dﬂ"”?i
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holds in H~!; see [17, Prop. 6.3]. We note that these integrals are well defined by items (i)-(iv) of
Proposition 4.2.
Following the proof of [22, Prop 2.10], we pick n € H? and define the function

()Y =8*(r—1")n (4.54)

on the interval [0, 7]. Noting that ¢ € C*([0, 7], H'), we may define the functional ¢ : [0, 7] x H 1 — R
that acts as

¢(T/7U) = <'07<(7—/)>H_1;H17 (455)

which is C'-smooth in the first variable and linear in the second variable. Applying a standard Ito
formula such as [12, Thm. 1] (with S = I) yields

Ti) = 0T )
+ oV (7)) - dr’ + [J (Lo Vi), (7)) -1, dT’

(4.56)
+J5 o;i( i T)),C(T»H*l;Hl dr'
+0 [y (S (Vi(r")),C(7)) 2 dB s
Since ('(t) = —Lf,C(t), the second line in the expression above disappears. Using the identities
o(r,Vi(r)) = (Vi(r),n)r2,
¢(0,V:(0)) = (Vi(0),S*(T)m) (4.57)
= (S(m)Vi(0),n)r2
we hence obtain
(Vi(r),mrz = (S(T)Vi(0),n)r2
—|—f07< T — 7 YWeu(V Z(7")) dr’',m)p2 dr’ (458)
+ Jo (0 Yo (Vi()), S*(t — s)n) =1, 112 d’
+0 o {S(r = 1S5 (Vi(r')), 0 12 dB vy,
as desired. O
Lemma 4.8. Pick v € L? together with n € H' and t > 0. Then we have the identity
(Ocv, S () 1101 = (0 S()Qu+ A(t)o + S(E) Pev, ). (4.59)

Proof. For v € H*, this identity follows directly from (3.8). For fixed n and ¢ > 0, both both sides
of (4.59) can be interpreted as bounded linear functions on L? by Proposition 3.2. In particular, the
result can be obtained by approximating v € L? by H!-functions. O

Proof of Proposition 4.2. As mentioned above, items (i)-(iv) follow directly from Proposition 5.1
and 6.3 in [17]. Item (v) follows from Lemma’s 4.7 and 4.8, using the density of H® in H! and the
fact that H~! is separable. O
5 Nonlinear stability of mild solutions

In this section we prove Theorem 2.1, which provides an orbital stability result for the stochastic
wave (D, ¢y). In particular, for any e > 0, T'> 0 and n > 0 we recall the notation

No(t) = VO + fy e ==V (s) |3 ds (5.1)
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and introduce the (F;)-stopping time
ta(T,em) =inf {0 <t < T2 No(t) >}, (5.2)

writing ts (T, €,n) = T if the set is empty. We derive a number of technical regularity estimates in §5.1
that allows us to exploit the integral identity (4.27) to bound the expectation of supg<;<;_, (7.c.,;) Ne(t)
in terms of itself, the noise-strength o and the size of the initial condition V(0). This leads to the
following bound for this expectation.

Proposition 5.1. Assume that (HDt), (HSt) and (HTw) are satisfied. Pick a constant 0 < e < 3,
together with two sufficiently small constants 6, > 0 and 6, > 0. Then there exists a constant K > 0
so that for any T >0, any 0 <1 <9J, and any 0 <o < 5oT~1/2 we have the bound

Elswpg<icrren Vo] < K[IVO0)3: +0°T]. (5.3)

Exploiting the technique used in Stannat [31], this bound can be turned into an estimate con-
cerning the probability

pe(T,n) = P(OittlgT [N-(t)] > 77)- (5.4)

This allows our main stability result to be established in a straightforward fashion.
Proof of Theorem 2.1. Upon computing
mpe(T,n) = nP(ts(Toe,n) <T)

E {ltst (T,s,n)<TNE (tst (Ta €, 77))]

(5.5)
< B[N:(tst(Tve,m))]
< E[SUPogtgtst(T,s,n) Ne ()],
the result follows from Proposition 5.3.
O

5.1 Setup

In this subsection we establish Proposition 5.1 by estimating each of the terms featuring in (4.27).
In contrast to the situation in [17] we cannot estimate N.(t) directly because the integral involv-
ing 9¢S(t — s) applied to Yo.;(V;(s)) presents short-time regularity issues. Instead, we will obtain
separate estimates for each of the components NZ(t), which are given by

Ni@t) = V@I + fy e =D Vi(s)13 ds. (5.6)

Indeed, the definitions (4.15) and (4.16) imply that the i-th component of Y,.; vanishes, which allows
us to replace the problematic 9¢S(t — s) term by its off-diagonal components 0¢Soa(t — s). More
precisely, for 7/ > 7 — 1 when computing short time bounds, we will use

DeS(r — T/)Qrg;i(vi(ﬂ))r [0S(r = 7)(I = P)To (Vi(T'))]i

= [0eSua(r = 7)o (Vi) = eS(r = ') PTos (Vil))

(5.7)
This will allow us to bound NZ(¢) in terms of N.(t).
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In order to streamline our computations, we now introduce some notation that will help us to
stay as close as possible to the framework developed in [17]. First of all, we impose the splittings

Ne1(t) V()72
Negr(t) = fot e ==V (5)[|%, ds

(5.8)

together with _ _
Ni () = [Vl

V3 (ma(0)) 132,
( t _e(t—s 7
Ne;[[(t) = fo e=s(t=9)||V (8)”%1 ds
= fot e=s(t=9) |7/ (r:(s)) |21 ds.

In addition, we split Wj; into a linear and nonlinear part as

Wo.i(v) = 0° Fiin(v) + Fu(v) (5.10)
and we isolate the constant term in ga;i by writing
S5:i(v) = Ben + Biin (v). (5.11)
Proposition 4.1 implies that these functions satisfy the bounds
[ Flin(0) |22 < Krjpinllv]lm,
[Fu(0)llz2 < Kesllollf 1+ [Jollz2),

”BCHHL2 < 0,
[ Bin ()22 < KBain|lv|| 1

(5.12)

for appropriate constants K,lin > 0, Kr.n1 > 0 and Kp;1in > 0. In particular, they satisfy assumption
(hFB) in [17], which gives us the opportunity to apply some of the ideas in [17, §9].
For convenience we will write from now on tg for ts(7,e,7n). In order to understand N, g 1, we

introduce the expression
&(t) = S(n(1)QV(0), (5.13)

together with the long-term integrals

En® =[5 TS(ni(t) = T)QFun (Vi(7) Lrcr ey,
Ehat) = 7T S — TQFa (Vi) Lrar, o, dr,
Ein®) = Jy T S0 = QB (Vilr)) L r, 1,0 dBs (5.14)
Een®) = [ OTS(n(1) — T)QBenlr a1y dBr,
giy = Jr TSm0 — MR e (Vi(r)) + AF() = ) Losi (Vi(7)) Lrcr T,
the short-term integrals
Ef(®) = [0 S(r(t) = QB (Vi(7)) Lrcr, e dr,
ghat) = 70 Sr(t) = QP (Vi(r) Lrar, T,
Edin(®) = [T S((t) = T)QBun (Vi(7)) Lrcr, ) dBr 19
Eden(®) = [T S(i(t) = T)QBenlr <ty dB-,



and finally the split second-order integrals

gso A(t) = fﬂ((tt)) 1 85‘9 ( ) T)PTU;i (Vi(T))1T<Ti(tst)dT7
Ehp(t) = [T Am(t) = 1) o (Vi(r) Ly r ey, (5.16)
ghot) = [Ii 185 wd(Ti() = )T (Vi(T)) Lo oy (1) T

Here we use the convention that integrands are set to zero for 7 < 0. Note that integration variables
in the original time are represented by s, while integration variables in the rescaled time are denoted
by 7. For n > 0 sufficiently small, our stopping time ensures that the identities (4.21) hold. This
implies that we may assume

P§T04i (VZ(T)) + PWa;i (71(7—)) =0. (517)

This explains why there is a @ in the first two lines of (5.14), as their P-counterparts are canceled
against the S(7;(t) — 7)FP¢ term that is present in (4.27) but absent from (5.14).
For convenience, we also write

Erap(t) = Epp(t) + ERy (1) (5.18)
for # € {lin, nl}, together with
Ep (1) = EB, (1) + EB,(0) (5.19)
for # € {lin, cn} and finally
gss(l;l( ) 550 A( ) 550 B( ) gso C( ) (520)

for the short-term second-order terms.
Turning to the terms that are relevant for evaluating N_,;;, we introduce the expression

Toso(t) =[5 e =) [S(6)E(s)l[7 ds, (5.21)
together with
If&;F;hn(t) = fote_e(t_s) S<5)51§énn5H2 ds,
) = fie 005Gk )| ds
If&;B;lm@) = foteis(tis) S(J)Eﬁ SHHI ) (5.22)
ipeal®) = Jie 0 |61 )] as.
I = e |S@ELG) d

for # € {It,sh}. The extra S(J) factor will be used to ensure that all the integrals we encounter are
well-defined. We emphasize that all our estimates are uniform in 0 < § < 1, allowing us to take 6 | 0.
The estimates concerning I 5:Fm and IE 5:p;in 10 Lemma’s 5.5 and 5.11 are particularly delicate
in this respect, as a direct apphcatlon of the bounds in Lemma 3.1 would result in expressions that
diverge as § | 0.

The main difference between the approach here and the computations in [17, §9] is that we need
to keep track of several time transforms simultaneously, which forces us to use the original time ¢
in the definitions (5.8)-(5.9). The following result plays a key role in this respect, as it shows that
decay rates in the 7-variable are stronger than decay rates in the original time.
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Lemma 5.2. Assume that (HDt), (HSt) and (HTw) are satisfied and pick 0 < o < 6,. Then for
any pair t > s > 0 we have the inequality

Ti(t) = Ti(s) =t — s, (5.23)
while for any s > t;(1) we have
ti(ri(s)—1) >s—1. (5.24)

Proof. The first inequality can be verified by using (4.5) to compute

Ti(t) — 7i(s) = /t Koii(Po + V(8), Yew)ds
> (1 5) i, K@y + V(<) ) (5.29
>t —s.
To obtain the second inequality, we write § = ¢;(1) < 1 and compute
Ti(s)—1=7(s) —1(8) >s—5>s—1. (5.26)
O
We now set out to bound all the terms appearing in N!(t). Following [17], we first study the

deterministic integrals and afterwards use H*°-calculus to bound the stochastic integrals.

5.2 Deterministic Regularity Estimates

First, we collect some results from [17, §9.2] that are easily adapted to the present situation.

Lemma 5.3. Fiz T > 0, assume that (HDt), (HSt) and (HTw) all hold and pick a constant 0 <
e < B. Then for anyn >0, any 0 < J <1 and any 0 < t < tg, we have the bounds

O

IErmm®)lI7: < K2KE 55 No(0), (5.27)
lE€ram(®7: < nEZER M (1+0*)*Ner(t),

M?e 25 |V (0)]72

IN

A

together with

T. 5:0(t) < 2%25 V(o )||§{1>
s,é,th(t) < KQKI% 11n2(M25)5N8;II(t)v (5.28)
g S 4"MPK KRy Ner(1),
Lsrm) < nEKZKGE,(1+9°)7 30 M - Negr(t).
Proof. Observe first that
lerin(OIFs < Kbt (70 00O [V, dr) (5.29)

Substituting s = ¢;(7) we find

2
[€ran@)7. < Kpy,M? (f e~ B=3) () -Ti(s))g=3 () —-T:(s) ||V (s )||H17{(s)ds> . (5.30)
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Applying (5.23) and using (4.5) to bound the extra integration factor 7/(s) by K, we obtain
2
Eram@3s < K2KRM2 (e =D 30 V() ds) . (5.3

Cauchy-Schwartz now yields the desired bound

s 2
IErum@)I2: < K2K2, 555 [y e == |V (s)|3 ds

= K2K12?1m2;3 EN 1(t).

(5.32)

The remaining estimates follow in an analogous fashion by making similar small adjustments to the
proofs of Lemma’s 9.9-9.11 in [17]. O

Our next result discusses the novel second-order terms. The crucial ingredient here is that we no
longer have to consider the dangerous 9¢S(t;(1) — T)QY 4, (V (7)) term for 7 > t;(7) — 1. Indeed,
this term need not be integrable even in L? because of the divergent (7;(t) — 7)~ /2 behaviour of
O¢S and the fact that we only have square-integrable control of the H'-norm of V(7).

Lemma 5.4. Fiz T > 0 and assume that (HDt), (HSt) and (HTw) all hold. Pick a constant
0<e<2B. Then for any 0 < 9§ <1 and any 0 < t < ts, we have the bounds

Hgsbc})l(t)Hiz < 902l K2 K M2N5'H(t)7

ek @l < 40K A= N (1), (539
SO L2 — RQB £
together with
I o) < 90 K2K M?N..j;(t) 530
5.34
Iétéso(t) S 4U4K2K}€2(ﬂ E)ENE;II(t)-

Proof. For 7 > 7;(t) — 1 we may use Lemma 3.1 together with Proposition 4.1 to obtain the estimate

10:S(7i(t) = T)PYois (Vi(T)) || ;o < KM ||Vi(7)]| ;1 B (5.35)
< PP KMe PO V(1) . -
In the same fashion we obtain
| A(7i(t) — T)Tg;i(Vi(Tl) [l 1 < PePKMe Pm)-7) H?(T)H’“ : (5.36)
0cSoa(ri(t) = T)Yois (Vi) || ;o < €Po2KMe PO |[Vi(7)| 0 -

In addition, for 7 < 7(t) — 1 we obtain

[0S (7i(t) = )@ + A(7i(t) = 7)] Yora (Vi) [l < 2K M0 |[V(7) || o e PTO7D 0 (5.37)

I

The desired estimates can hence be obtained in the same fashion as the bounds for Ep.in(t) and
ZL5. pain () in Lemma 5.3 . d

The following results at times do require the computations in [17] to be modified in a subtle non-
trivial fashion. We therefore provide full proofs here, noting however that the main ideas remain
unchanged.

Lemma 5.5. Fiz T > 0 and assume that (HDt), (HSt) and (HTw) all hold. Pick a constant € > 0.
Then for anyn >0, any 0 < § <1 and any 0 <t < ty, we have the bound

I:,}%;F,nl(t) < anegsKgK%;nl(l + n ) (1 + pmln)(gK + Q)NE II( ) (538)
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Proof. We first introduce the inner product

(0, 0) 1y = (0,0) 12 + (/pOgv, /pOew) 1 (5.39)

and note that
2 2 _ 2 _
o[z < 0ll22 + Prain VPOV 12 < (1 + prain) (0, 0) 1 - (5.40)

For # € {L? H}} we introduce the expression
Erirt rrip = <S(r +0 = 7)QFn(Vi(1), (1 + 6 — 7")QFn (Vi(f”))> " (5.41)

which allows us to obtain the estimate
Thral®) < (1 ) 5 ) T T By

< () R I )] G [ o s

1.1], was included for technical

IN

(5.42)

A

The extra term involving the function ¢}, which takes values in [K
reasons that will become clear in wat follows.
For any v,w € L%, 9 >0, 94 > 0 and ¥ > 0, we have

LIS +94)0, SW +Ip)w)e = (LowSO+94)0, SW + Vp)w) o
(S0 + 94)0, LowS(O + Dp)w) 2
= (S0 +9A)v, LS+ Vp)w)
(S + 900, LowS(0 + 0p)w) 2 (5.43)
= (S +Da)v, [L3,, — pOee] S+ Ip)w) 2
+(S(W 4+ 9a)v, [Low — pOee] S+ Ip)w) 2
(/50 S (I + 0.4)v, \/FOS(I + I )w) 2

Upon taking 6 > 0 for the moment and choosing v = QFn(Vi(7)), w = QFu(Vi(7")), ¥ = 7i(s)+96,
Y94 =7 and 95 = 7", we may rearrange (5.43) to obtain the estimate

= 2 = 2
Enrrary < MEKELL+PP [T VI
2 3)2 1 74 2 5
+M KF nl(1 +n°) NI |Vz'(7—/)HH1 ||Vi(7—// ||H1 (5.44)
_78157' (s),7’,7"";L2
for the values of (s,7’,7") that are relevant.
Upon introducing the integrals
L= e )] L L
2
1+ 7\/m |Vi(r HHI V()| dr’” dr’ ds, (5.45)
Tir = e U] L s 1o s,
we hence readily obtain the estimate
ISE;B;nl(t) S (1 + pr:liln)M2K%;nl(1 + 773)21-1 - %(1 + pr:liln):z][' (546)
Using Lemma 5.2 we see that
Iy < K} fot ee(t=s) fil f;l [1 + \/ﬁ] ||V(s’)\|§{1 ||V(s”)||§11 ds" ds' ds, (5.47)
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which allows us to repeat the computation [17, (9.68)] and conclude
T; < 3ne®* K3N..1(1). (5.48)

To understand Z;; it is essential to change the order of integration and integrate with respect to
s before switching 7" and 7" back to the original time. Rearranging the integrals in (5.45) we find

- 7; (t) o—c min{7;(¢),7 +1} min{¢,t; (7'+1),t; (7" +1)}
I = f t f ax{0,7/—1} [fmax{ti(T/),ti(T”)} 7( ( )) 8157—,(3) 7 L2 ds!| dr" dr'.
(5.49)
Introducing the notation
(', 7") = min{7;(t), 7 + 1,7 + 1}, (7', 7") = max{r', 7"}, (5.50)

the substitution 7 = 7;(s) yields

I, = fﬂ(t) et fmm{’rl(t , 7 +1} [f:

max{0,7/—1}

') esti(Mo, € 7T L2 dT} dr' dr'. (5.51)

— (7-/ T”)

We emphasize here that the integration factor associated to this substitution cancels out against the
additional term introduced in (5.42). Integrating by parts, we find

Zrr = Iina+Zis +Zirc (5.52)

in which we have introduced

T; _ min{7; (t), 7" +1 T
III;A = fO (t) et fmaxéo 7(_]3)_1}4_ } Et ( )g,,- T/, 7! L2 ’T:TJr(T,,T/,) dT” dT’,
Ti(t) _ min{7;(t),7"+1 (r
III;B = —Jo @ et maxj{{O ,E/) 1} ! Ef )g‘r T/, 7! L2 ”r:’r*(‘r’,’r”)dT” dT/a (553)
7i(t) gt pmin{ri(t), 7 +1} [ prT(r',7") T
III;C = - fO € <t max{0,7'—1} |:f7' (r',7") (d etal )) ET’T"T”§L2 dr|dr"dr'.
Note here that Z;;.p is well defined because § > 0.
Using the substitutions
s’ =t;(1), s =t;(7") (5.54)

together with the bound

t; (T,(T’,T”)) <t (T+(7'/,7'//))
< min{t, &(7" + 1), t,(7" + 1)}
< min{t, t;(r') + 1, t;(r") + 1}, (5.55)
< min{s,s"} +1
< &+,
we find
T ( / //) +(7—/,T“ , .
/ d st () dr _/ d st (T)dT sti(‘r) (') < %2%¢fe es’ (556)
7.—(7./77.//) dT ‘l'*(T/,T”) d’T T (T T”)

Applying Cauchy-Schwartz to the inner product £, we hence obtain

Tl < 4 MPREKE (L4 0°)? [y e ==V () |30 T () ds, (5.57)
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in which we have introduced the function
min{t,t;(m;(s")+1)}
J() = / HV(S”)H%F ds”. (5.58)

max{0,t;(7:(s")—1)}

Exploiting Lemma 5.2 again, we can bound

j(S/) < fmitl{t,s’+1} ||V(SN)||%I1 ds"

— max{0,s’—1}
S oo 1} eI [V ()|, ds” (5.59)
< e*,
which hence gives
Zir] < Ane®*MPKRKE (14 0°)°Ney (1), (5.60)

as desired. It hence remains to consider the case § = 0. We may apply Fatou’s lemma to conclude

TN () = [y e 9 (limso||S(8) R (8] 1) *Lo<r,, ds

5.61
< liminfs_q IS}](S;F;nl(t)' ( )

The result now follows from the fact that the bounds obtained above do not depend on §. O

5.3 Stochastic Regularity Estimates

We are now ready to discuss the stochastic integrals. These require special care because they cannot
be bounded in a pathwise fashion, unlike the deterministic integrals above. Expectations of suprema
are particularly delicate in this respect. Indeed, the powerful Burkholder-Davis-Gundy inequalities
cannot be directly applied to the stochastic convolutions that arise in our mild formulation. However,
as was shown in Lemma 9.7 in [17], we can obtain an H°-calculus for our linear operator L, which
allows us to use the following mild version, which is the source of the extra T factors that appear in
our estimates.

Lemma 5.6. Fiz T > 0 and assume that (HDt), (HSt) and (HTw) all hold. There exists a constant
Keny > 0 so that for any W € N2([0,T7]; (F)¢; L?) we have

2

E sup

T
< Keno E / W (s)|)3> ds. (5.62)
0<t<T 0

/0 S(t — )QW (s) dB,

L2

Proof. This is a direct result of the computations in [17, §9.1], which are based on the main theorem
of [33]. O

Lemma 5.7. Fiz T > 0 and assume that (HDt), (HSt), and (HTw) all hold. Then for any e > 0
we have the bound

Esupg<;<q., |SB;lin(t)H2Lz < (T'+ 1)KCHVK%;1ineEESupOStStst Nsi;u(t)- (5.63)

Proof. Using Lemma 5.6 we compute

2 2
Esul)ogtgtst ||SB;lin(t)||Lz < ESUPogth HgB;lin(t)Hm

. — 2
= Esupongn(T) Hfo S(T_T/)QBlin(Vi(T/))]-T’<Ti(tst)dﬂ'r/ L2
T Y7 2
< KcnvEfo () ||Blin(vi(7))17'<ﬂ(tsc) ’LQ dr
< KiKowK30E [i |V (s)|3 ds.
(5.64)
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By dividing up the integral, we obtain
st 1 — —s
Jo WV (s ds < e fy e=0m |V (s)|[} Locr,, ds
+ef [7 e |V ()| 3 Lacr,, ds
T]+1 _ s 2
+...4e€° L[LLTJJ e W=V () |51 Loce,, ds

(5.65)
< (T +1)e® supp<i<rin fot et ||V(s)||?{1 Loct, ds
< (T +1)esupgeyey, Jy e = |V (s)[3 ds
= (T +1)esupg<i<y,, Neai(t),
which yields the desired bound upon taking expectations. O
Lemma 5.8. Fiz T > 0 and assume that (HDt), (HSt) and (HTw) all hold. Then we have the bound
Eswpocicr,, [€pen®7e < TKonKe,. (5.66)
Proof. This bound follows directly from (5.64) by making the substitutions
Kpjjin = Kpien, IV (s)[[7r = 1. (5.67)
O

We now set out to bound the expectation of the supremum of the remaining double integrals
Ij;;B;hn(t) and ijé;B;cn(t) with # € {It,sh}. This is performed in Lemma 5.13, but we first compute
several time independent bounds for the expectation of the integrals themselves.

Lemma 5.9. Fiz T > 0 and assume that (HDt), (HSt) and (HTw) all hold. Pick a constant € > 0.
Then for any 0 <0 <1 and 0 <t < T, we have the identities

—s 7'1 s)—1 2
EI;E5;B;1in(t) = EfO ) )= HS Tz + o—T )QBhn( A /)) ||L2 17'/<7'ri(tst)d7_l dS,
—e(t— Ti(s)—1
ELlspe(t) = EJye s [FO7S(ri(s) 46— )QBenl 1 Ly crrdr ds
(5.68)
and their short-time counterparts
BT pn(t) = E [ et f”j)) ISEi(s) + 6 = 7)QBin (Vi) |22 Los cmsryd” ds,
EI:%;B;Cn(t) = Efo eme(t=?) f‘: ss)) 1 ”S(Tl( ) +0 - T/)QBCH||L2 1T/<Ti(t5t)d7- ds.
(5.69)
Proof. This follows directly from the Itd Isometry, see also Lemma 9.16 in [17]. O

Lemma 5.10. Fiz T > 0, assume that (HDt), (HSt) and (HTw) all hold and pick a constant
0<e<2B. Then for any 0 < J <1 and any 0 <t < T, we have the bound

BTl pin() < B KaKRu ENarr(EA L), (5.70)

Proof. Using (5.68) and switching the integration order, we obtain

B pn®) < MGy, B [y om0 [0 ot dr'ds

)5

< MPK K3 3,E [y em=(=9) [3M =286 |V (') |3, ds’ ds

= MKy B[ et [ @ as] S W
< KK B [y emete 200 205 |y ()| ds'

< e Ka Ky B fy e ) V() [ ds”

= 2][\3425K KBlmENsII(t/\tst)
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Lemma 5.11. Fiz T > 0 and assume that (HDt), (HSt) and (HTw), all hold. Pick a constant & > 0.
Then for any 0 < d <1, and any 0 <t < T, we have the bound

EI:%;B;lin(t) < K'{K%;lian(]‘ +pr¥111n)66(3KK +2)EN€;II(t/\tSt)’ (572)

Proof. We only consider the case § > 0 here, noting that the limit § | 0 can be handled as in the
proof of Lemma 5.5. Applying the identity (5.43) with w = v and ¥4 = 95, we obtain

LIS +9a)l22 = (SO +9a)v, [Liy — pOee] SO+ 9 a)v) 12
+(S(9 + I4)v, [Ltw - ,0(95&] S+ Pa)v)p2 (5.73)
9| /505 (9 + 9a)0] 2.

Recalling the inner product (5.39) and introducing the expression

— 2
gr,rf;# = HS(T +6— T/)QBHH (VZ(T/)) ||# (574)
for # € {L? H}}, we obtain the bound
Lo < M2K2 (1P 202 1 TP
Ergritty < MKy Vi) + MK e Vi) (5.75)
_%8157',7";L2
for the values of (s,7’) that are relevant below. Upon writing
I = E/t e =) [t (7,(s))] /W) [1+ ;] V()5 1 dr' ds
! 0 e ri(s)—1 Ti(s)+0—7 ’ Tl ’
(5.76)
t _y [Ti®
III = E/ e*E(t*S) I:t; (7—1(8))] / 8187_7;(8)77_/;[/2]_7./<7_i(tst) dT/ ds7
0 Ti(s)—1
we obtain the estimate
EIETI(S;B;lin (t) S (1 + pr:liln)M2K%;linII - %(1 + pr:liln)III' (577)
Changing the integration order, we obtain
_ Ti(tAtse) et [ pmin{tAtse,ti(t'+1)}  eee 1 T (V]2 /
L= B e eyl avarorr = K LA
o Ti(tAtsy) g pmin{tAtse,t; (7'+1)} e<s
III - E fO € ! Li(T’) t; (7'1(8)) 8167—1'(8)17—/§L2 dS dT"
(5.78)
The substitution s = ¢;(7’) together with Lemma 5.2 now yields
I, < K,%E fot/\tst o—e(thta) [f;]in{t/\tst,ti(Ti(s/)-‘rl)} e [1 + ﬁ] ds} ”V(S/)H%{l ds’
tAtsy g " min{tAts,s'+1} o '
< KZE JyN et et Vet [14 b ] ds V()13 ds
< KRB [N em V() [ ds’
= 3€5K2ENE;]](t A\ tst)-
(5.79)
For convenience, we introduce the notation
7T (") = min{7; (¢t A ts), 7" + 1}. (5.80)
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Substituting 7 = 7;(s) and integrating by parts, we may compute

_ ‘n(t/\tst) —et ti (1)
Iy = FE € et Mo EL 2 dT dT!
11 Jo f 1 L2 (5.81)
= Irr.a+Ii,8 + 110
in which we have introduced the expressions
Tira = Efﬂ(t/\t“) eslestir (T/))€T+(T’),T’;L2 dr',
Tinp = -F fﬂ (tALst) e—ctesti(r! )57' L2 dr’, (5.82)
+
I[[;C - _E fﬁ (tAtst) e—ct fT/ (") ( ecti (-r)) g‘r,‘r’;Lz drdr'.
Upon computing
(") /
/ iesti(ﬂ dr = eti(7) RS 2e%ecti (™) (5.83)
P dT ! - ’
we can make the substitution s’ = ¢;(7’) and obtain the final estimate
|III‘ < 4efK M2KB WwE ft/\tht —e(tAtsy—s’ ||V(S/)H%{1d8’ (5 84)
< 4K M2K3 ENcpr(t Atyy). '
[

Lemma 5.12. Fiz T > 0 and assume that (HDt), (HSt) and (HTw) all hold. Pick a constant
0 <e < fB. Then for any 0 < § < 1, any (Fy)-stopping time tg and any 0 < t < T, we have the
bounds )
1 M
EISEB;B;cn(t) WKIQB'cn7 (585)

EI:,}%;B;cn(t) < 1K K]23 11nM2(1+pm1n) 6(3K5+2)

IN

Proof. These results follows by repeating Lemma’s 5.10 and 5.11. Since

t
1
/0 et ds < = (5.86)

we can obtain the bounds by making the substitution
1
KB;lin = KB;CIU ENE;II(t A tst) = g (587)

O

Lemma 5.13. Fiz T > 0 and assume that (HDt), (HSt) and (HTw) all hold. Pick a constant
0 < e < 2B, then for any 0 < § < 1 we have the bounds

Esupgci<y,, Ii‘t,é;B;lin(t) < e(T+ 1) K KB linE SUPg<t<s,, Neri(t),

Esupg<;<q., Is,}:S;B;lin(t) < e (T+ 1)K123;1inM2( +p71)ef (8K + 2)Esupg<s<y., Neira(t),
(5.88)
and

Esupoﬁtﬁtst IifJ;B;cn(t) T+ 1)%1( K]23 ;en’ (5 89)

ESHpOﬁtStst I:%;B;cn(t) S eE(T I)K K% cn g (1 + P 1)66(3[(& + 2)

IN
D

(U]

—~
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Proof. This follows directly from Lemma’s 9.20 and 9.21 in [17]. O

Proof of Proposition 5.1. Pick T > 0 and 0 < 1 < 19 and write ty, = ¢« (7, &,7). Since the identities
(4.21) with v = V(¢ A t) hold for all 0 < ¢ < T, we may compute

Esupgci<y, [NL ()] < TEsupyc<, {Ilgo(t)ll(Z + 0t | Eran(D 72 + [ Erm(B)] 72
+0? |Epain ()72 + 02 [Epien (D) 172 (5.90)
+es ol + les ol |
by applying Young’s inequality. The inequalities in Lemma’s 5.3-5.13 now imply that
Esupgci<y,, [Nei;l(t)] < O ||V(0)||§Jl + (04 0T + %) supg<s<y, Ner(t)]. (5.91)
In addition, we note that
Esupg<ics, Niogr(t) < 11Esupgcic, {1670;0(75) + 0T i (1) + O TR i ()
+I?,O;F;nl(t) + IS,}E);F;nl(t)
0T 0, pigin () + T2 i () (5.92)
T2 L0 pren (t) + 02T .o (t)
F T o () + T (8)]-
The inequalities in Lemma’s 5.3-5.12 now imply that
ESUPogtStst Nsi,o;u(t) < G [ ||V(0)H§{1 +0?T + (n+ 0T + 04) SUPp<t<t Ns;ll(t)]' (5.93)
In particular, we see that

E sup Nit) < G[[VOI3n +0°T +(+0°T +0Y)E sup NB].  (599)
0<t<ts 0<t<ts

The desired bound hence follows by summing over ¢ and appropriately restricting the size of n +
o*T + o2, [
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