Abelian varieties having very bad reduction

H.W. Lenstra jr. and F. Oort

Let E be an elliptic curve over a field K with a discrete
valuation v with residue class field k. Suppose E has "very bad
reduction”™ at v, i.e. the connected componéht Ag of the special
fibre AO of the Néron minimal model is isomorphic to Ga . Then
the order of Ao(k)/Ag(k) is at most 4 as can be seen by inspection
of the usual tables, cf.[9], pp. 124/125, cf. [5], p.46. Thus it
follows that if the order of the torsion subgroup Tors(E(K)) is
at least 5 and prime to p = char(k), the reduction cannot be very

bad. This note arose from an attempt to see whether an explicit

classification really is necessary to achieve this result.

We prove a generalization for abelian varieties. The proof
does not use any specific classification, but it relies on monodromy
arguments. It explains the special role of prime numbers 1 with
1 < 2g + 1 in relation with abelian varieties of dimension g.
We give the theorem and its proof in §1. Further we show
that the bound in the theorem is sharp (§2), and we give examples
in §3 which show that the restriction 1 # char(k) in the theorem
1s necessary.In §4 we indicate what can happen under the reduction
map E(K) - Eo(k) with points of order p in case of very bad

reduction.

§1. Torsion points on an abelian variety having very bad reduction.

lLet K be a field and v a discrete valuation of K. We denote

the residue class field v by k; we assume k is perfect. Let KS be




a separable closure of K and vV an extension of v to KS. We denote
the inertia group and first ramification group of v by I and J,
respectively. These are closed subgroups of the Galois group
Gal(KS/K). If the residue characteristic char(k) = p is positive,
then J 1s a pro-p-group; if char(k) = 0 then J is trivial. The

group J is normal in I, and the group I/J is pro-cyclic:

/3 =1 prime, 1 #* char(k) Z -

Let A be an abelian variety of dimension g over K, and A
the Néron minimal model of A at v, cf. [9]. We write AO for the

special fibre : A, = A‘&Rk, where R is the valuation ring of v.

We denote by AO the connected component of AO. Let

0
0 L L +A2 5380
S u 0

be the'"Chevalley decomposition" of the k-group variety A8> i.e.,
B is an abelian variety, LS is a torus, and Lu is a unipotent

linear group. We write

o = dim B, U = dim Ls'

We say that A has very bad reduction at v if Lu = Ag, so if
o =y = 0.
Throughout this paper, 1 will stand for a prime number
different from char(k). If G is a commutative group scheme over K,
and n € Z , we write G[n] for the group scheme Ker(n.lG : G+ G), and

Y e 3 i
TlG = iiﬂ cal1 ](KS).

This is a module over the ring ZH_ of l-adic integers, and it has a
continuous action of Gal(KS/K). For G = &, the multiplicative
group, T,6 is free of rank 1 over Zh., and the supgroup

I C Gal(KS/K) acts trivially on Tle. We write



This is a free module of rank 2g over Zg -

Let M be a finitely generated Zl_—module. By the eigenvalues

of an endomorphism of M we mean the eigenvalues of the induced

endomorphism of the vector space M ﬂba Ql over the field Ql of
' 1

l-adic numbers. Suppose now that M has a continuous action of I.

If I' € I is a subgroup, we write

MI' = {x EM : x = x for all T € I'}.

We claim that the image J,; of J in Aut(M) is finite. If char(k) = 0
this is trivial, so suppose that char(k) = p > 0. Then Jy is a
pro-p-group, and the kernel of ?he natural map Aut(M) - Aut(M/1M) is
a pro-l-group. From p # 1 it follows that Jg has trivial intersection

with this kernel, so J, is isomorphic to a subgroup of Aut(M/1M)

0
and therefore finite. This proves our claim.

We define, in the above situation, the averaging map N
1

J:

'EOEJOGX. This map is the identity on MJ,

M by N (x) = (#J )"

so gives rise to a splitting

(1.1) M= M @ ker N

It follows that the function ( )J is exact:

J _ I ad
(1.2) (M, /M) = MY/

-

Notice that MJ has a continuous action of the pro-cyclic group

I/J3. This is in particular the case for

We denote by o a topological generator of I/J.



(1.3) Proposition. The multiplicity of 1 as an eigenvalue of the

J
1

does not depend on the choice of the prime number 1 # char(k).

action of ¢ on Xl = U; is equal to 2u + 2a. In particular, it

Proof. We begin by recalling the results from [SGA], 7I, exp. IX
that we need; see also [11]. Let a polarization of A over K be

fixed. Then we obtain a skew-symmetric pairing

’>:U1XU1+Tle§ZZl)

which is separating in the sense that the induced map Ul -+

Gm) becomes an isomorphism when tensored with Q-

HomZl (Ul’Tl

The pairing is Galois-invariant in the sense that

(tu, v = u,v) for t € Gal(k®/K), u,v € Uss
= {u,v if T € I.
We write
V=Ui,w=vmvl,

where L1 denotes the orthogonal complement in Ul with respect to
( , ». We have
(1.4) rankza W = u, rankzz V/W = 2qa.
1 1
Since A has potentially stable reduction, there is an open normal

subgroup I' € I such that the module

Il
1 -
vt = Ul
satisfies
(1.5) vt ocoyr,

Notice that V C V',



We now take J-invariants. The Galois-invariance of ( , )
implies that Xl = Ui is orthogonal to the complement of U{ in

U, defined in (1.1). Therefore { , )} gives rise-to a separating

Galois-invariant pairing

XlXXl+Tl(Em

which will again be denoted by ( , ) . We let § denote the
Orthogonal complement in Xy with respect to ( , ).

There is a diagram of inclusions

and
where u\Qa indicate the Zﬁ_—ranks of the quotients of two successive

modules in the diagram; here we use (1.4%) and the equalities

rank (Xl/w§> = rankzz (W), rankZa (W§/V§) = rankZZ (V/W),

Zq 1 1 1

which follows by duality.

All eigenvalues of ¢ on V are 1, and by duality the same is

true for Xl/Vg, hence for Xl/W§. We have

§
rankz%_v + rankzzl Xl/W = 2u + 2a,

SO in order to prove the proposition it suffices to show that
(1.6) no eigenvalue of ¢ on Wiy equals 1.

Let ¥ = V'Y, We first prove that

(1.7) no eigenvalue of o on Y/V equals 1.

Suppose in fact, that y € Y satisfies oy = y + v for some v € V.



Then ony = y + nv for all positive integers n. Choosing n such
that o' € I' we also have ony =y, since y € V', so we find that
v = 0 and y € V. This proves (1.7).

We have Y§ Cy, by (1.5), so (1.7) implies that
(1.8) no eigenvalue of o0 on (YS+v)/v equals 1.

By duality, (1.7) implies that no eigenvalue of ¢ on V§/Y§ equals

1, and therefore

(1.9) no eigenvalue of ¢ on (v3+v)/ (Y8ev) equals 1.

§ §

From W = V N V” it follows that V° + V is of finite index in W§,
so (1.8) and (1.9) imply the desired conclusion (1.6). This

proves Proposition (1.3).

(1.10) Corollary. The abelian variety A has very bad reduction

at v if and only if ¢ has no eigenvalue equal to 1 on X

Proof. Clear from Proposition (1.3). It is easy to prove the

corollary directly, using that rank, V = u + 2a.

1
!
Let I' € I and Y = (Ui )J S be as in the proof of Propositio
(1.3), and n a positive integer for which ¢ € I'. Then o acts

as the identity on Y, and by duality also on Xl/Yg. By Y§ cC Y

this implies that all eigenvalues of ¢ on Xl are 1. Thus we find

that all eigenvalues of ¢ on X, are roots of unity. These roots

1

of unity are of order not divisible by char(k) = p, since the
pro-p-part of the group I/J is trivial. Let al(m) denote the number

of eigenvalues of ¢ on X, that are m-th roots of unity, counted

1
with multiplicities.



(1.11). Proposition. For any two prime numbers 1, 1' different

from char(k) and any positive integer m we have al(m) = a;, (m).

Proof. We may assume that m is not divisible by char(k). Let L
be a totally and tamely ramified extension of K of degree m.
Replacing K by L has no effect on J, but ¢ should be replacedby
o™, Since al(m) is the multiplicity of 1 as an eigenvalue of g%
on Xl’ the proposition now follows by applying Proposition (1.3)

wWwith base field L.

(1.12) Corollary. The number rankZZ Xl does not depend on 1.

1
Proof. This follows from Proposition (1.11), since rankZ: X1 =
1
sup a.(m).
m 1

Remark. Proposition (1.11) and Corollary (1.12) can also easily be
deduced from the fact, for each t € I, the coefficients of the
characteristic polynomial of the action of T on Ul are rational

"integers independent of 1, see [SGA]l, 7 I, exp. IX, Théordme 4.3.

(1.13). Theorem. Suppose that A has very bad reduction at v. then

for every prime number 1 # char(k) the number b(l) € {0,1,2,...,}

defined by

sup #a[ 1M () = 12T

N=0

is finite, and

- < 2g.
El prime,l # char(k) (1-1)b(1l) S 2g

Proof. First let 1 be a fixed prime, 1 # char(k), and let N be

a positive integer. We have



#al1V1 0 < %#A[lN](KS)I

#= (kernel of o-1 on A[lN](KS)J)

# (cokernel of o-1 on A[lN](KS)J),

the last equality because A[lN](KS) is finite. By (1.2) the

natural map

- S A N J
Xy = U= (U /17U = A1) (KD

is surjective, so the above number is

< # (cokernel of o-1 on Xl)'

Let us write | ll for the normalized absolute value on an algebraic
- ) -1
closure §; of Q; for which |1]; = 1 7. Then by a well-known and

easily proved formula we have

# (cokernel of o-1 on Xl)

-1
|det(o-1 on xl>|l

-1
ng—lll 2

where 7 ranges over the eigenvalues of ¢ on Xl‘

Letting N tend to infinity we see that we have proved
(1.14) 1 < n];-1|1

By Corollary (1.10) the right hand side of (1.14) is finite. This
proves the claim that b(1l) is finite.
Next we exploit the fact that the eigenvalues ¢ of ¢ are roots

of unity. It is well-known that for a root of unity ¢ # 1 we have

-1/(1-1)

]C'i‘l > 1 if ¢ has l-power order,

Ic—lll = 1 otherwise.

Write al(lm) = max al(lN). Then (1.14%) implies that
N



b(1) < a1<1°°>/<1—1>

SO there is a number d(l) such that

da(l1)

(1-Db(l) < al(l )X

Now let g be an arbitrary prime number different from char(k).

Using proposition (1.11) we deduce

Zl prime,l=#char(k)(l_1)'b(l)

d(l))

)

<
= El al(l

= El aq(l

< rankZ:(Xq) (since aq(l) = 0)
g

< = .

< Pankzq( Uq) 2g

d(1)

This completes the proof of Theorem (1.13).

(1.15) Corollary. Suppose that A has very bad reduction at v.

Denote by m the number of geometric components of the special

fibre AO of the Néronminimal model of A at v. Then

- <
El prime,l=#char(k)(l 1 ordl(m) S 28

where ordl(m) denotes the number of factors 1 in m.
Proof. Analogous to the proof of [11], 2.6.

We shall see in Section 3 that the restriction 1 # char(k) is
essential in Theorem (1.13). We do not know whether this is also

the case for Corollary (1.15).
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§2. An example which shows the bound in theorem (1.13) to be sharp.

(2.1) Example. Let 1 be an odd prime number, and g = (1-1)/2. We

construct an abelian variety A of dimension g over a field K with
a point of order 1 rational over K such that A has very bad

restriction at a given place of K.

Let ¢ = be a primitive 1l-th root of unity (in €), and

‘1
F :=Q(z). We write

D = Z[¢z]
for the ring of integers of F. The field
FO := Qg+g)

is totally real of degree g over Q and F is a totally imaginary

quadratic extension of F i.e. F is a CM field. We choose

05

65 ¢ F > T, 0.(0) = QI <5 < gy

in this way, cf.[14], 6.2 and 8.4(1), we obtain an abelian

variety
B = ¢8/r, T = 0505000,
with

End(B) = D,

with a polarization

At B~ BJC

(defined by a Riemann form, cf.[14], page u8)

Il

Aut(B,)) = () x {+1} = & /21;



in fact by a theorem of Matsusaka, cf.[3], VII.2, Prop. 8, we
know that Aut(B,A) is a finite group, hence only the torsion
elements of the group of units of Z[z] can be automorphisms
of (B,A), moreover complex multiplicication by ¢ leaves the

Riemann form invariant (use [14], page 48, line 8), and the

result follows. Let P € B be the point
- 1 . < 3 < g/r.
P = {¢j(T:E) : 1 <j <glmod T € C%/T;

note that 1-g divides 1 € Z [¢], hence P is an l-torsion point;

moreover

1 1
C.T_—E = -1 + ——-—-—1_C,

hence complex multiplicication by ¢ leaves P invariant; thus
Aut(B,A,P) = () =Z /1.

We choose for k an algebraically closed field over which (B,A,P)
is defined (we can choose k = €, but we could also take for k an
algebraic closure of @, cf.[14] , p.109, Prop. 26). We recall the

notation

B[ 1] := Ker(l.1; : B - B) ;

Wwe choose an isomorphism
B 1 (% /1)°8 3 Bl1]

such that B(1,0,...,0) = P. We denote by Ag,d,l the fine moduli
scheme (over €) of abelian varieties of dimension g, with a
Polarization of degree d2, and a level-l-structure (cf.[7], p.129
and page 139, Theorem 7.9). Let d2 be the degree of the polarization

A defined above, and write:



(B,A,B)=y € Ag,d,l(k)'

Consider triples (C,u,yv), where C is an abelian variety (of

dimeansion g), u a polarization on C (of degree dz), and
vy « Z/1< C[1].

These objects define a moduli functor, and it is easy to see
(using results of [7]), that a coarse moduli scheme exists; we

denote it by A ; moreover there exists a morphism
1,g,d,1

£f:Y = = X

-~ A
Agsd:l 1,g,d,l

by sending Z /1 into (Zi/l)Zg say via the first coordinate. We

write

(B,A,Y) = x € Ai,g,d,l(k) = X(k),

fly) = x.

The morphism f : Y » X is a Galois covering (same methods as in
[7], 7.3), and the inertia group Sy of the point y € Y(k) is

precisely

w
1
w
1!

Aut(B,A,y)/Aut(B,A,B) =

Aut(B,A,y) =<{g) = /1.

Note that 1 = 3, thus Y = A igs a fine moduli scheme (cf.

g,d,1
[7], p.139); moreover we work in characteristic zero, hence X is
separable; thus the Grothendieck deformation theory (ef.[ 10},
Theorem (2.4.1)) implies that Y is smooth; thus the completion
¢ of the local ring of y on Y is a regular local ring. Note that

g : Z/1 =8 = (e Aut(9),

s -
and & = @k,x'



Futhermore remark that the residue characteristic of & equals
char(k) = 0, hence it is different from 1; thus it follows that

there exists a local ring homomorphism
=2 Kkl[T]]
compatible with the action
g ¢ Z /1> Aut(k[[T]]), (g(1))(T) = ¢T
for a suitable choice of ¢.

Proof. Let M be the maximal ideal of ¢, and Yqis-++>Yy @ basis of
eigenvectors for the action of Z /1 on M/MZ; these eigenvectors
lift to eigenvectors Xyse s Xy in M, and @ = k[[xi,...,xN]]B the
action is non-trivial, so (g(T))(x3) = gx; # X;, for some ij

now map this X, to T and the others to 0.

Let (A',1,a') be the abelian variety , etc., define over

L = k((T))

derived from the universal family over Y; this is the generic fibre
of a family over Spec (k[[T]]), whose special fibre is B, thus A'

has good reduction at TV 0. We write

K := 15 = kot
Let 8" : /1 - A'[1] be given by the restriction of o' to the
first coordinate, i.e. &'(1) = o'(1,0,...,0).
Note that

u= (A',u',a") € Y(L),

v o= F(A,uha') = (A',u',8') € X(R).

The morphism f is unramified at u (because Sy acts faithfully on

L), hence



Ay

14 -

Aut(A',u',8) = {1l.
Moreover L/K is Galois, and for any
6 E€Gal(L/K) = 3,

the universal property of Y = Ag d.1 induces an isomorphism
3 2

between (A',u',8') and (A',u',ﬁ')c. Thus by the usual methods
(e.g. see [15], pp. 168/169)we conclude that it is defined over K,

i.e.
there exists (A,u,8)

defined over K such that
(A,u,8) ®KL = (A',p',8").
Let Q € A(K) be the generator of
(Q = 8§(Z/1) C A[1],
"and let v be the valuation on K belonging to the ring

R, := K[[TT1] € x((Th)) = K.

We conclude the example by showing
A has very bad reduction at v

(and note that Q € A(K) has order 1 = 2g+1). We know that A ® L = A'
has good reduction, and the reduction of A' at Tk 0 is B.

Note that B is of CM-type, hence B is a simple abelian variety.

Let A be the Néron minimal model of A over k[[Tl]], and let A' be
the Néron minimal model of A' over k[[T]]; let Ag be the ccnnected

componernt of the special fibre of A, and let

0 = L @ L *AO*C‘*D
s u 0
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be the "Chevalley decomposition' as before.
By the minimality property of A' the L-isomorphism
A' ® L FA
extends to a k[[T]]-homomorphism
A'' @ k [[T]] = A,
hence it defines a k-homomorphism
$ : A > A®k = B.

(i) Suppose C # 0. Note that for any prime number q,

T (L) = 0,
g "u
0>T (L) ~T (AY) =T (),
q s g 0 q

moreover the image of Tq(Ag) is of finite index in Tq(C). From this,

and from C # 0 we easily conclude that

®

3 B

0
A
LO///WTZ v 0
C

. I
(TqB = Tq(A'), and ToAg = (TqA) , cf. [13], page 495, Lemma 2,
etc.). However, B is simple, thus y(C) = B, thus dim(C) > dim(B) = g;
in this way we see that C # 0 implies that A has good reduction at

V; in that case A is an abelian scheme and A[1l] is étale over

SPeC(k[[Tl]]). Note that K = k((Tl)) is a local field with algebraically
closed residue class field k. Thus A[ 1] is constant over K. We

define

ALL] = ALL] (O 5 A1 G0 = Bl (O S ATl & (z/1 )28

which is a level-l-structure o on A (over K). The triple (A,u,o)



induces a K-homorphism L = K, thus L = K as K-algebras, a contradictio
and we conclude C = 0.
(ii). Suppose Lg # 0. On the one hand

¢(Lg) = 0

(ef. [31, page 25, Corollary). On the other hand

[ %

T
= = (T_A) T A
0 TqLS ( a 5 q

T AT

3
w
i

for any prime number q the group TqLS would be non zero, and

¢1Tqu = ¢q would be injective, a contradiction with ¢ = 0. Thus

0 .
we conclude C = 0 = LS, hence AO =_Lu, 1.e. A has very bad reduction

at v, and the example is established.

(2.2) Remark. The last step of the proof can be deduced from the

more general fact:

let K be a field with a discrete valuation v, and K C L, w|L = v
an extension. Let A be an abelian variety over K which has semi-simple
rank p at v (i.e. dim L_ = )5 then A ® L has semi-simple rank

>y atw. In case of elliptic curves this is well-known: By, —

-peduction implies J(E) is not integral at v, hence E has bad reduction

at w, it does not have §_-reduction, hence it has & -reduction
n .

2.3. Remark. There exists elliptic curves with # E[2] (X) = 4 which

have @a—reduction (i.e. very bad reduction: take YZ = X(X=-t) (X+t)

. 6 )
in characteristic #2, A = g4.t , type(aﬂ. Combination with the previou

example shows the bound in the theorem to be sharp, i.e. suppose
k
given prime numbers li and primitive integers bi’ g, such that

z.(1,-1).b. < 2g
1 1 1



then there exists an abelian variety A over a local field K such that
b.
(Z /1) 1 Cca, dim A = g,

and such that A has very bad reduction at v.



§3. Points of order p on elliptic curves having very bad

reduction
Let K, wv, and k be as in Section 1, and suppose
char(k) = p > 0. Let A be an abelian variety over K having
very bad reduction at v; we have seen in (1.13) that the
prime-to-p torsion in A(K) is ver§ limited in this case.
What about the p-power torsion in this case? With the help

of some examples we show this torsion can be arbitrarily

large.

First we give equal-characteristic examples.

(3.1) Example. Let p = § (mod 6) and suppose given an integer
i > 1. We construct K, v, k, E such that char(K) = p = char(k),

E has very bad reduction at v and

a

pb divides #(E[pT] (K)).

Consider k = Ep and L = k(t), define an elliptic curve C

over L by the equation

2 27 t
Yo = X3 + aX + a, a =714 - 71798 - t °

note that

4a3

ua3 + 27a2

J(C) = 1728 = t,

and that its discriminant equals
A = -16(Ma3 + 27a2) = at

here w is tThe valuation on L with w(t) = 1, with valuation

ring R = k[t] and o € R* (note that 2 and 3 ave invertible

(t)



in k); thus C has potentially good reduction at w (its
j-invariant being integral), and it has bad reduction at

w, because its discriminant satisfies

0 < w(A) = 2 < 12;

note further that for any extension K D L of degree not
divisible by 6 and for any extension v of w to K the
reduction at v is very bad (note that C is of type II = c1
at w, cf. [5], p. %6). Let ¢ be the i-th iterate of the

Frobenius homomorphism, and let M be its kernel:

0 — M C — 0,

thus E is given by the equation

Y2 = X3 + aqX + aq, q =p,

and M is a local group scheme of rank q. Note that C is not
a super-singular elliptic curve (because its j-invariant is

not algebraic over k), thus

M@LLS = Uq-

By duality we obtain

D _ . -
M0 = N CE, N®L_ = Z/q.

We take for K O L the smallest field of rationality for the
points in N, and we extend w to a discrete valuation v on X.

Note that K D L is a Galois extension and the degree

[K : L] divides #(Aut(Z/q)) = (p-1)pt7,



thus 3 does not divide [K : L], we conclude E@LK has very

bad reduction at vj; moreover

Z/pT  C E(K)
by construction, and the Example (3.1) is established.

(3.2) Example. Take p = 2, the other data as in (3.1), and

we construct E so that
2% divides #(E[2%]1(K)).

Define C over L = k(t), k = T by the equation

23

well-known formulas (cf. [5], p. 36) yield:

note that 3 does not divide
#aut(z/2tyy = 27, 1=,
and the methods of the previous example carry over.

Now we construct some examples in which char(K) =

= 0 <p = char(k).

(3.3) Example. Take p = 2, let 1 2 1 be an integer. We

construct K, v, k, E as before, such that E has very bad

reduction at v, and such that char(XK) = 0, char(k) = 2, and

E[Zi]

C E(K).



Let m = 1 be an integer, define

L = Q(w), ﬂm+1 = 2, w(ig) = 1,

choose a € L, and let E be given over L by the equation
Yz oY = XS + Tr2aX2 + aX;
the point

~1 1
i ™

is a point of order 2, because it is on the line
2¢ + 7X = 0,

and the same holds for (0,0) € E(L); thus
E[2] C E(L).

Suppose w(a) > 1; because

2m 3

+ uwza)za2 - Bha

we conclude

w(A) = 4m + 2w(al;

suppose
m = 1 and wea) = 2, thus w(pa) = 8 and w(j) = 0,
or
m = 2 and w(a) = 1, thus w(A) = 10 and w(j) > 0;

then the equation in minimal, the curve E has very bad

reduction at w and the reduction is potentially good. Let



K 2 L be the smallest field of rationality for the points

of E[2i]; note that

Gal(K/L) C Aut((z/25)?%) = aun(2,z/2%)
is in the kernel of

GL(2,Z/2%) + GL(2,7Z/2)

(because E[2] C E(K) by construction), thus the degree [K : L]
is a power of 2, hence it is not divisible by 3. This implies
that v(A) is not divisible by 12 (where v is some extension

of w to K), thus the reduction of E® K at v is very bad

L
(because of w(j) 2 0 it cannot become Em—type). Hence over

K we have

E[Zi] C E(K), and

E has very bad reduction at v.

(3.4) Example. Let p 5 (mod 6), and let i 2 1 be an integer.

We construct K, v, k, E as above with char(K) = 0 < char(k) = p,

with E having very bad reduction at v, and
i
Elp7] C E(XK).

Consider over @ the modular curve Xo(p)Q; this is a coarse
moduli scheme of pairs N C E where E is an elliptic curve
and N a subgroup scheme over a field K such that N(KS) = Z/p;
consider the scheme M,(p) over Spec(Z) (cf. (4, p. DeRa-9u,

Th. 1.63 cf. [6], p. 63), and consider the point x

o € My(p)(F)



given by j = 0. Note that p = 2 (mod 3) implies that the
curve EO with j = 0 is supersingular in characteristic Ps
hence it has a unique subgroup scheme ap = NO C EO’ the
kernel of Frobenius on EO. Let 0 be the local ring of

My (PI)®,W at g, where W = W _(F ,) (i.e. W is the unique

unramified quadratic extension of Zp). We know: the local

deformation space of oy = NO C EO is isomorphic to the

formal spectrum of
ZP[[X,Y]]/(XY -p),

the automorphism group Aut(E@E’z) = A' acts via
p

A'/%1 = Z/3

on W[[X,Y]]/(XY - p), and the completion of ¢ is canonically

isomorphic with the ring of invariants

FaN
0 = W[S,T11/(ST - p>), s = x°, T = ¥°,

(cf. [6], p. 63, cf. [4], VI. 6). Let L be the field of
fractions of W (i.e. L is the unramified quadratic extension
of QP), and construct

N 2
0 +~0~>Lby Skrp, TP p;

this is a point x € Xo(p)(L); by results by Serre and Milne

(cf. [4], p. DeRa-132, Prop. 3.2) we know there exists a pair

N C E defined over L, N ® L8 = Z/p,

with moduli-point x. Let K be the smallest field containing



L such that all points of E[pl] are rational over K. Note
that the degree [K : L] divides (p—1)2p?, thus it is not

divisible by 3; hence

0
l]
]

the pair (N C E)®K does not extend to a deformation of

ot

WLX,Y11/(Xv-p) ..2., X

ap C EO; it follows that E does not have good reduction
at the discrete valuation v of K (if so, N would extend flatly,
reduce to a subgroup scheme of rank p of EO, hence to

oy =z NO - EO). Thus E has very bad reduction at v, and by

construction
i
E[p~] C E(X).

(3.4 bis) Example. Consider p = 11, take 121.H of [5], p. 97.

This is a curve E over L = @ with very bad reduction at

WS Vg with w(A) = 2, with w(j) =2 0 and which has a sub-
group scheme of order 11. Now proceed as before: K = L(E[lli]),
etc., and we obtain a curve E over K with very bad reduction

at v (a valuation lying over w), and with E[lll] C E(K).

(3.5) Remark., We have not been able to produce examples

analogous to (3.4) in case p = 1 (mod 3). Hence for these
primes the situation is not clear; we did not get beyond

an example of the following type: -



(3.6) Example. Take p = 7, consider a curve with conductor

49 cver @, cf. [5], p. 86. Then w(A) = 3 or w(A) = 9

(with w = Vll)’ and the curve has potentially good reduction
(because of CM); furthermore it has a subgroup scheme N C E
over @ of rank 7. Thus K := Q(N) has degree dividing 6, we
see that v(A) is not divisible by 12 (where v lies over w)

thus E has very bad reduction at v and

Z/7 CEX).

(3.7) Example. Consider p = 3, and let i 2 1 be an integer.

We construct K, v, k, E as before with char(X) = 0,
char(k) = 3 and E[37] C E(K). We start with L = Q, w =
3 - V39

and we choose an elliptic curve E over @ with minimal

equation f such that:

E has very bad reduction at w,
w(j) = 0,
w(Af) = 1 (mod 2), and

(Z/3) C E(Q);

such examples exist, e.g. see [5], p. 87, the curve 54.A
nas w(A) = 3, w(3) >0, and Z/3 = E(Q). Let K = Q(E[3%]);

. s ?
then [K Q] divides 2.3°, thus v(A) # 0 (mod 4) for any

v lying over w = Vs thus:

E has very bad reduction at v, and

g3l ¢ 2.



§4. The image of a point of order p under the reduction map.

Let A be an abelian variety over a field K, let R C K
be the ring defined by a discrete valuation v on K, and let
A be the Néron minimal model of A over Spec(R). At first
suppose n 2> 1 is an integer such that char(k) dos not divide
n (here k is the residue class field of v, i.e. k = R/m).
Let A[n] denote the kernel of multiplication by n on A.

Note that
Aln] » Spec(R)

is étale and quasi-finite. Thus we see that A(K)[n] injects

in Ao(k) (here A, = N@Rk is the special fibre), and all

0
torsion points of AO(E) 1ift to torsion points of A defined
over an extension of K which is unramified at v. In short:
for n-torsion the relation between A(K) and A (k) is
clear (as long as char(k) does not divide n).

We give some examples what happens if we consider points
whose order is divisible by char(k) = p > 0. Also in case
of stable reduction it is not so difficult to describe the
situation (A[p] -+ Spec(R) is quasi-finite in that case).
Thus we suppose the reduction is very bad; in that case
all points on the connected component Ag of the special
fibre A, are p-power torsion, and A[p] = Spec(R) is not
quasi-finite. We use the filtration on E(K) as introduced

in [ 5], Section 4.

E(K) D E(K)O D E(K)1
where

E(K)m = {(x,y) € E(K)|v(x) < -2m, v(y) < -3m}



after having chosen a minimal equation for E.

(4.1.1) Remark. We take p > 3. If P € E(K) (and ord(P) =

= p = char(k), and E has very bad reduction at v) then

P e E(K)O (because p > 3 does not divide the number of
connected components of Ey, and E(X), - Eg(k): use p. ﬁ6>
table of [5]). We show that both cases P & E(K)1 and

P e E(K)1 indeed occur:

(4.1.2) Example. Take p > 3, we construct P € E(K), ord(P) =

= p and P & E(K)l' Let E be the curve 150.C (cf. [5], p. 103),

thus the curve given by the minimal equation
2 3
Y4 + XY = X° - 28X + 272;

it has very bad reduction at v = Ve (because 52 divides its

conductor 150), and it has a point of order 5 (indeed

#E(Q) = 10). We claim
P € E(CQ)O, P & E(Gz)1

(relative the valuation v5). This we can prove as follows:
by (4.1.1) we know P € E(@),, thus the group <P> = N C E

extends flatly to a finite group scheme

NCE

over Spec(Z(S)) (one can work with the Néron minimal model
E, but also with the (plane) Weierstrass minimal model, and
then N ® Eﬁ is not the singular point because of P € E(Q)O).

If we would have P € E((D)1 then it would follow

ag o= N®E5



- 28 -

(because of very bad reduction), but ag over s does not

5
1ift to the unramified situation Z(S) > F, (cf. [186],

Section 5), thus
P & E(Q)l.
One can avoid the abstract proof by an explicit computation:
P = (-4,20) € E(@, P & E@,,
the tangent line at P is y = 20, so
-2P = (8,20),
the tangent line at -2P is 3X - Y - 4 = 0, so
4P = (-4,-16) = -P,

thus <P> = Z/5; +the singular point on E mod 5 is (x = 2,

y = -1)mod 5,thus P S E(Q)O, and the example is established.

(4.1.3) Remark. Take p -~ 3, and construct Q € E(K), with

ord(Q) p. Indeed, take i > 1, and use Example (3.4); then

ord(P) pl, and P € E(K)O (because of 4.1.1), thus

p.P € E(K)1 (because E has very bad reduction), thus

Q := pl_lP € E(K)1 and ord(Q) = p.

Next we choose p = 3, and we show various possibilities

indeed occur:

(4.2.1) Example. We construct P € E({), with ord(P) = 3,

P & E(Q),. Let E be given by the equation

v% + 3aXY + 3bY = X°;



by well-known formulas (cf. [5], p. 36) one computes

A = 3% - ).

1f 3° does not divide b3(a3 - 3b) this equation is minimal
(e.g. take a = 1 = b). Furthermore P= (0,0) is a flex on E

(hence ord(P) = 3), and E mod 3 has a cusp at (0,0). Thus

P & E(Q)O.

(4.2.2) Example. It is very easy to give P € E(K) with ord(P) =

3, P € E(K), and P& E(K),. E.g.

P = (0,2) on Y2 = X3 + U

(cf. 108.A, [5], p. 95) has this property, because (x = -1,
y = 0) mod 3 is the singular point on E mod 3, thus P

. 0 . .
reduces to a polnt on EO but not to the identity. Another

example:

2 3
P=(0,0) onY +Y =X

(cf. 27.A, [5], p. 83) is a flex, which does not reduce to the

cusp (x = 1, y = 1) mod 3 on E mod 3.

(4.2.3) Example. We construct P € E(K) with ord(P) = 9,

P& E(K)O and 3P & E(K)l' Indeed consider K = @, v = Vg and
take 54.B (cf. [5]. p. 87), a curve which has very bad
reduction at 3 such that #E(Q) = 9. Note that { does not

contain a primitive cube root of unity, thus E(Z) does not

contain (Z/3)x(Z/3), hence

E(Q) = Z/9;



let P be a generator for this group. Note that o, over E@

does not 1ift to 2(3), thus P and 3P do not reduce to

the identity under reduction modulo 3, hence
E(Q) ~ E((IJ)/E((Q)1

is injective, thus
ord(P) = 9, 3P & E(Q)i’ P & E(Q)O,

and note that the extension
0 - E(Q)O +~ E(Q) » Z/3 + O

is non-split.

(4.2.4) Remark. Take i = 3 in (3.7), then

b= 3, P E€E(K), ord(P) = 3°

and E has very bad reduction at v. Then
3P € E(K)O, 0 # 9P & E(K)lp

thus Q := 9P has the property
ord(Q) = 3, Q € E(K)l.

(4.3) Example. We conclude by an example with p = 2. Consider

48.E (cf. [5], p. 868), i.e.

v? = x¥ 4 %% + 16X + 180;

the right hand side factors over @ in the irreducible factors



- 31 -

(X + 5)(x% - ux + 36),
hence E[2]1(@) = %Z/2. Because H#E({) = 8 we conclude

E(Q) = 7Z/8

(of course it is well-known that such examples exist, e.g.

cf. [6], p. 35, Th. 8). Thus

E(R), = 0, E@g = Z/2 = <Q = (5,0)>

and

E(D/E@, = Z/H

(because (0,0) mod 2 is the cusp on E mod 2, and Q mod 2 is

smooth on E mod 2).
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