A hyperelliptic smoothness test. I

By H W. LexnsTrA JR!, J. Prna? aAxp CARL POMERANCE?

! Department of Mathematics, University of California, Berkeley,
California 94720, U.S.A.
26 Goldthorns Avenue, Kew 3101, Australia
3 Department of Mathematics, University of Georgia, Athens, Georgia 30602, U.S.A.

This series of papers is concerned with a probabilistic algorithm for finding small
prime factors of an integer. While the algorithm is not practical, it yields an
improvement over previous complexity results. The algorithm uses the jacobian
varieties of curves of genus 2 in the same way that the elliptic curve method uses
elliptic curves. In this first paper in the series a new density theorem is presented for
smooth numbers in short intervals. It is a key ingredient of the analysis of the
algorithm.

1. Introduction

In this series of papers we present a probabilistic algorithm for finding small prime
factors of an integer. It may be used to detect and factor smooth numbers. We call
our algorithm the hyperelliptic curve method, as it uses the jacobian varieties of curves
of genus 2 over finite fields in the same way that the elliptic curve method (Lenstra
1987) uses elliptic curves over finite fields.

For real numbers a, b and x with « > e set

1““(1).

L,la,b] = exp (b(log x)* (log log x)

Theorem 1.1. There are effectively computable positive constants cy, n, with the
following property. Given an integer n = n, that is not a prime power, the hyperelliptic
curve method obtains a non-trivial divisor of n in expected time at most

L[5, ¢o] (logn)?,
where p is the least prime divisor of n.

The run time is measured in bit operations. Our definitions of probabilistic
algorithm and expected time are as given by Lenstra & Pomerance (1992).

Corollary 1.2. There is a probabilistic algorithm with the following property. Given
integers n = n, and v = 3, the algorithm runs in time at most

L[5 ¢l (logn)?,
and obtains, with probability at least 1, all prime factors p of n with p < v.

The hyperelliptic curve method is of purely theoretical interest; the following
comparisons with other methods are on a theoretical basis only.

The deterministic algorithm of Pollard (1974) and Strassen (1977), also described
in Pomerance (1982), was heretofore the best algorithm known for finding all prime
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