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Abstract

We use a method by Goldfeld and Zhang to compute values and derivatives of the Rankin—
Selberg L-function associated to a pair of modular forms. Central to this approach is the
holomorphic kernel, which relates the L-function to an inner product of modular forms. Using
the Petersson formula, the Fourier coefficients of the holomorphic kernel can be understood.
We solidify the Goldfeld—Zhang method by providing extra details to proofs and making
justified adjustments to their formulas. In particular, we believe that an additional term has
been overlooked in their main theorem. For weight k& > 2, we verify their final claim that it is
possible to recover the analytic part of the Gross—Zagier formulas for heights of Heegner cycles.
More generally, we recover the analytic results in recent work by Lilienfeldt and Shnidman on
heights of generalized Heegner cycles.
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1 Introduction

1.1 The arithmetic of elliptic curves

Elliptic curves have long been an object of study. In some ways, we understand them well: over a
number field K, the K-rational points E(K) of an elliptic curve form a finitely generated group,
and E(K) is thus of the form
E(K) =7 x E(K)torsa

with 7 € Z>( the algebraic rank of E over K and E(K )i the finite torsion subgroup. If K = Q,
we even know that F(Q)iors has at most 16 elements. This is a result of Mazur | ] and has
been extended by Merel | ] to a bound on E(K )i for any number field K in terms of the
degree of K over Q. The rank r is somewhat more mysterious. Computing the rank of a given
elliptic curve is in general hard, and we do not know whether the rank of all elliptic curves over
some number field K (or even Q) is bounded.

A similar object with many open questions surrounding it is the Hasse-Weil L-function L(E/K, s)
associated to an elliptic curve E over K, given by (A.1). Due to the (very deep) modularity theorem,
first proven for semistable elliptic curves by Wiles | | and then in general by Breuil, Conrad,
Diamond and Taylor | ] (see also Theorem A.6), we know that L(E/Q, s) extends to the
whole complex plane for any elliptic curve E over Q. As such, one can consider the order of
vanishing of L(F/Q,s) at s = 1, which is called the analytic rank of E. In the 1960s, at which
time the modularity theorem had not yet been proven, Birch and Swinnerton-Dyer came up with a
conjecture based on extensive numerical evidence. In a modern phrasing, it can be stated as: the
algebraic rank and the analytic rank of an elliptic curve agree. At the moment, it is one of the six
remaining open Millennium Prize Problems.

In 1986, a partial proof of the conjecture over Q was given by Gross and Zagier | |. Together
with a later result of Kolyvagin | |, it follows that the algebraic and analytic rank agree if the
analytic rank is at most one. To date, there have been no successful ideas for proving the conjecture
for curves of higher ranks, and so the conjecture still remains wide open, even over Q.

The Gross—Zagier strategy

The paper by Gross and Zagier can be divided into two parts. In the algebraic part, they compute
height pairings of a divisor associated to a Heegner point. Heegner points are special points on an
elliptic curve that are constructed from imaginary quadratic points in the complex upper half-plane
using the modularity theorem. In the analytic part, Gross and Zagier compute the value and
derivative of certain Rankin—Selberg L-functions at the center. The Rankin—Selberg L-function
associated to two modular forms f € Sp(I'o(N)) and g € M,(Ty(D), x) is given by

L(f@;;,@:ZW,

where a(n)n% and b(n)nz%1 are the Fourier coefficients of f and g. It converges absolutely for
R(s) > “71 and has a meromorphic continuation to the whole complex plane. For fixed ¢ and s,
the map f +— L(f ® g, s) is linear, and so there exists a holomorphic kernel &5, € S;,(I'o(N)) with

L(f®g,s) = (f, ®s4) for all f € Si(T'o(N)).



Here (-, -) is the Petersson inner product on Si(I'o(V)) as in (2.3). Gross and Zagier consider the
Rankin—Selberg L-function when ¢ = 1 and g is a theta series associated to an imaginary quadratic
field K of square-free discriminant. When k& = 2, by the modularity theorem, there is some newform
f e Spev(Io(NV)) such that the two L-functions L(f ® g,s) and L(E/K, s) are closely related. By
computing the Fourier coefficients of the holomorphic kernel, Gross and Zagier are, under the right
conditions, able to relate the central derivative L'(E/K, 1) to the height of a Heegner point and
deduce a lower bound for the algebraic rank of F over K. See Appendix A for more details.

In order to compute the Fourier coefficients of the holomorphic kernel, Gross and Zagier use Rankin’s
method, also known as the Rankin—Selberg method, to derive formulas for the Fourier coefficients
of the holomorphic kernel. This method was independently discovered and used by Rankin | ]
and Selberg [ | to study L-functions of the form L(f ® g,s). After using Rankin’s method,
non-holomorphic modular forms of different levels appear and so Gross and Zagier need to use
traces and holomorphic projections to obtain a final formula in terms of holomorphic modular
forms. We elaborate on this in Section 3.3.

The Goldfeld—Zhang method

Around the turn of the millennium, Goldfeld and Zhang published a paper with a different method
for deriving formulas for the Fourier coefficients of the holomorphic kernel ®;, | ]. This
method, which we will refer to as the Goldfeld-Zhang method, computes these coefficients using
the Petersson formula for Poincaré series (Proposition 2.9). In particular, this method avoids taking
traces and holomorphic projections. It could, in this sense, be interpreted as a more direct method
for computing the holomorphic kernel. This method has since been generalized by Nelson, allowing
f, and thus @/, to have any nebentypus ¢ | ].

Goldfeld and Zhang end their paper with a remark claiming that one can recover the analytic
results in [ | by evaluating their final formula at specific points. In this thesis, we will take a
close look at the Goldfeld-Zhang method and verify this claim.

1.2 Contributions

Broadly speaking, with this thesis we have two main goals. Our first aim is to solidify the work by
Goldfeld and Zhang. In Chapter 4, we follow the approach in their paper to obtain a formula for
the Fourier coefficients of the holomorphic kernel of the Rankin—Selberg L-function. We elaborate
on their proofs and, where necessary, we adjust their formulas and statements. Most notably, we
believe that they have missed an additional term that should be present in all main formulas.
This additional term comes from the residue in Lemma 4.1, which appears because the twisted
L-series Ly(s, ) given by (3.8) has a pole at s = &1 if g is not a cusp form (Proposition 3.5). We
have proceeded methodically and have justified all our steps. We will not explicitly mention all
adjustments we made in the body of the thesis. Instead, the interested reader can find an overview

of the changes in Appendix B.

The main result for the coefficients of the holomorphic kernel is Theorem 4.4 and corresponds
to | , Thm. 6.5]. The Fourier coefficients for the holomorphic kernel modified suitably by
adding oldforms are given in Proposition 4.11 and this corresponds to | , Prop. 9.1]. Finally,
we compute the Fourier coefficients of the modified holomorphic kernel associated to a theta series



in Theorem 4.13, which corresponds to | , Thm. 11.5]. We use these formulas to deduce a
functional equation for the Rankin—Selberg L-function associated to a cusp form and a theta
series (Theorem 4.16). For completeness, we also give a corrected version of | , Thm. 10.1] in
Appendix C.

Our second aim is to recover parts of the analytic results of the influential paper by Gross and
Zagier | | and thereby verifying the last claim made in | |. We only verify the claim for
weight k > 2, as it is not possible to obtain results for £ = 2 without modifying the Goldfeld-Zhang
method in a major way. In Chapter 5, we derive an expression for special values (Theorem 5.8), the
central value (Theorem 5.9) and the derivative (Theorem 5.10) of the Rankin—Selberg L-function
associated to a cusp form and a theta series of an unramified Hecke character of possibly infinite
order. These theorems are generalizations of | , Thm. IV.5.5],[ , Thm. IV.5.6] and | ,
Thm. IV.5.8], respectively, which only consider finite order Hecke characters. With Theorem 5.10,
we also recover the analytic part of the recent paper by Lilienfeldt and Shnidman | , Thm. 3.6],
in which they prove a generalization of the Gross—Zagier formula.

Remark. In | , P- 2602-2603], of which we were not aware while writing the thesis, Nelson
gives a list of errors in the Goldfeld-Zhang paper. Their findings agree with ours. The aim of their
paper is finding a formula for twisted first moments of the form

L(f®g,8)~—F=
v MRS
f€SK(To(N),e) <f7 f>

with A, (f )m% the m'" Fourier coefficient of f and the sum taken over an orthogonal basis of
Sk(To(N), ) for some nebentypus e. As they only consider the case where ¢ is a cusp form, they do
not derive a formula for the term that is missing from the formulas of Goldfeld and Zhang. They
also do not give corrected versions of the main formulas in | |, but they do give a variant of
[ , Prop. 9.1] in the special case where ged(D, N) = 1 and g is a cusp form.

1.3 Thesis overview

In Chapter 2, we give a quick overview of the theory of modular forms, and we describe two
important examples of modular forms: Poincaré series and theta series. These will be used to
derive the main results of the thesis. In Chapter 3, we define various L-series and recall or derive
their analytic properties. We also illustrate Rankin’s method, which is used in the paper by Gross
and Zagier. In Chapter 4, we use the Goldfeld-Zhang method to derive a formula for the Fourier
coefficients of the holomorphic kernel of the Rankin—Selberg L-function. We end the chapter
by considering the holomorphic kernel in the context of theta series and obtaining specialized
coefficients. In Chapter 5, we compute these coefficients and their derivatives at special points,
thereby deducing | , Thms. IV.5.5, IV.5.6, IV.5.8] and | , Thm. 3.6]. Finally, in Chapter 6,
we reflect on the thesis and give suggestions for further research.

In Appendix A, we cover some background on elliptic curves, modularity, and the famous Birch
and Swinnerton-Dyer conjecture. We also give a broad overview of the Gross—Zagier paper. This
appendix is meant to provide context for the interested reader. In Appendix B, we have compiled a
list of adjustments we made to the Goldfeld-Zhang method. In Appendix C, we give a version of
[ , Thm. 10.1] that takes the additional missing factor into account.
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2 Modular forms

In this chapter, we give a brief overview of the theory of modular forms. We state the definition of
a modular form and mention general results that are needed for this thesis in Section 2.1. For a
more detailed approach, see | |. In Section 2.2 and Section 2.3, we give the definitions of two
important types of modular forms: Poincaré series and theta series. These are needed to obtain the
main result of this thesis.

2.1 Modular forms
Congruence subgroups

For an integer N > 1, we define the subgroup I'(NV) C SLy(Z) by
=d=1 d N
T(N) = {(‘2 Z) e SLy(Z) | (mo )}.

b=c=0 (mod N)
Note that I'(N) is a normal subgroup of finite index, as it is the kernel of the reduction map
SLy(Z) — SLo(Z/NZ). Given a subgroup I' C SLy(Z), we say that I is a congruence subgroup if
I'(N) CT for some N > 1. The smallest N for which such an inclusion holds is called the level of
I'. Two important examples of congruence subgroups of level N are

r) = { (1)) estazy | TG el

c=0 (mod N)
To(N) = {(‘i Z) € SL(2Z)

It is clear that there are inclusions

[(N) CT1(N) CTo(N) € SLy(Z),

c=0 (modN)}.

and these are strict for N > 3.

Slashing operators

Given a matrix v = (2%) € GL3 (R) and a point z € H, it holds that

az+b
= eH,
vz cz+d

and it turns out that this defines an action of GL3 (R) on H. We define the factor of automorphy
j(7,2) by cz +d. A simple calculation reveals that it satisfies the following two identities:

J(ny2, 2) = J(v1,722) - 5 (72, 2), (2.1)
S(s) = det(y) - S(z)
SO =0 ar (22)

We can now define an action of GL (R) on the group of holomorphic functions from H to C.

Fix an integer k. Given f : H — C and v € GL3 (R), we define (f|xv)(z) = %f(yz). For
v = (2%) € SLy(R), this reduces to (f|7)(2) = (cz 4+ d)~*f(v2). It is readily verified that this

satisfies the properties of an action. This action is called the weight k slashing operator.
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Modular forms

Given a congruence subgroup I' of level N, we say that a holomorphic function f : H — C is weakly
modular of weight k for T'if flyy = fforall y € I'. As (§4) € I, it follows that f(z + N) = f(2)
for all z € H, and so f is periodic. More precisely, define

n e Z} ,

1 n
stz x ()
I =T'NSLy(Z) .

Let hoo > 1 be the smallest positive integer such that (1 heo ) € I'. It then follows that f(z+hs) =
f(z) for all z € H and so there exists some analytic function f:D\ {0} = C on the punctured
unit disc such that f(z) = f(exp(27miz/hs)). If f can be continued analytically to D, we say that f
is holomorphic at co. Then f(z) has a Taylor expansion at z = 0 and so f has a Fourier expansion
of the following form:

and

oo

0) +Za( nn 2 627rznz/hoo

Here we have normalized the coefficients a(n). In the special case that I' = T'g(N) or I' = I'1(V), it
holds that (1) € T and so ho, =

More generally, consider the quotient of P1(Q) = Q U {oo} by T, using the action

a b _aq+ b

c d)1~ cq+d
Here we define 5 = oo and %ﬁg = 2. We write Cusps(I') = T'\P'(Q) for this quotient and an
equivalence class is called a cusp of I'. Note that the action is transitive in the case of I' = SLy(Z),

and so SLg(Z) only has one cusp. Given a cusp ¢ € Cusps(I'), we can thus choose a matrix
Y € SL2(Z) such that [y.00] = ¢. Now consider f|z7. and

e = (7 'T7e) N SLa(Z)ex

Note that f|g7. does not depend on the choice of ~, as 7, is determined uniquely up to an element
in I' and f is weakly modular of weight & for I'. There exists a minimal A, > 1 such that (1 hC) el
and then (f|eye)(z 4+ he) = (f|7e)(2), which gives us an analytic function f, : D\ {0} = C with
(fleve)(2) = fe(exp(2miz/h)). If f. has an analytic extension to D, we say that f is holomorphic at
the cusp c. In that case, we have a Fourier expansion

(f|k:7c _ac +Zac nn 2 627rznZ/hc

A holomorphic map f : H — C that is weakly modular of weight k£ for I and is holomorphic at all
cusps of I' is called a modular form (of weight k for I'). We will write M (I") for the space of all
such modular forms. If, in addition, f vanishes at every cusp, i.e., a.(0) = 0 for every ¢ € Cusps(I'),
then we say that f is a cusp form, and we write Si(I") for the subspace of cusp forms. My(I") and
Si(I") are complex vector spaces of finite dimension.
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An important fact about modular forms that we will need is the following.
Lemma 2.1. Let f € My(T') be a modular form. Let o € GL$ (Q) be a matriz and define
I'=(a'Ta)NT,

fa=)_ flsay.

~eIV\T'

Then this is a well-defined finite sum, and f, € My (). Moreover, if f is a cusp form, then so is fq.

and

Proof. See | , Section 5.1]. O

Modular forms with a nebentypus

Let N > 1 be a level and let x be a Dirichlet character modulo N. We can then consider the
subspace My(Io(N), x) € M(I'1(N)) consisting of modular forms f that satisfy

I <‘cL Z) =y(d)-f forall <if 2) € To(NV).

If f e M(T'o(N),x), we call x the nebentypus of f. In the case that x is the trivial character, we
have an equality My (T'o(N), x) = Mg(T'o(NV)). It turns out that My (I';(IV)) decomposes as a direct
sum of these subspaces:

My (T (N)) = @ M (To(N), x)-
XE(Z/NZ)"
Similarly, we can define a subspace Si(I'o(N),x) C Si(I'1(N)). There is an obvious inclusion
S(To(N), x) € Mi(I'o(N), x), and as above, S,(I';(N)) decomposes as a direct sum of the subspaces

Se(Lo(N), x)-

Petersson inner product

On Si(T"), we can define the Petersson inner product. Given f,g € Si(T"), we define

Foa)= [ fEeEy Y

M\H y?

. (2.3)

This allows us to talk about orthogonality in the space of cusp forms, which is needed to construct
the so-called newforms.

Oldforms and newforms

Given a level N and a proper divisor M of N, we have an inclusion I'g(N) C I'o(M). It follows
that a holomorphic function that is weakly modular of weight & for T'o(M) is also weakly modular
of weight k for I'g(N). As a result we obtain an embedding Si(I'o(M)) < Sk(I'o(NV)). In fact,
something stronger is true: given a divisor d|%, we have a linear map

i Sk(Lo(M)) = Sk(To(N)),
f(z) = f(dz).



The space generated by the images of all these maps is called the space of oldforms:

ST @ @ZMNd Se(To(M))).

M|N d| M
M#N

We then define the space of newforms to be the orthogonal complement of the oldforms:
S (Lo(N)) = Sp(To(N)) ™. (2.4)

These are the modular forms of level N that do not arise from a modular form of a lower level.
Results about modular forms can often be reduced to results about newforms.

For any congruence subgroup I', one can define a decomposition
M) = & (T') @ Sk(),

where & (I") is called the Eisenstein subspace, see | , Section 5.11]. Using an explicit basis for
E(I'(IV)) and a deep result of Deligne | |, one can obtain the following bounds for the Fourier
coefficients of a modular form with nebentypus.

Lemma 2.2. Let k, N > 1 be integers and x a Dirichlet character modulo N. Let f € M(To(N), x)
be a modular form and consider its Fourier expansion

0)+Za( TL 2 62mnz
n=1

If f € E(To(N),X), then a(n) = O(n"z ) as n — oo, for any e > 0. If f € Sp(To(N),X), then
a(n) = O(n®) as n — oo, for any € > 0. In particular, for general f € Mp(T'o(N), x), one has
a(n) = O(nY) as n — oo, for any v > 1.

Proof. For the case f € E(Io(N), x), note that E(T'g(N),x) C E(T'(N)) and use the explicit
Fourier expansion of a basis for & (I'(V)) given by | , Thm. 4.2.3]. For the case f € Sg(T'o(V), x),
this is a consequence of the proof of the Weil conjectures by Deligne, see also | , Section 14.9]. O

Atkin—Lehner operators

Let D > 1 be a square-free integer and x a Dirichlet character modulo D. Let g € M,(T'g(D), x) be
a modular form and fix a decomposition D = ¢§ - §’. As ged(d, ') = 1, we can find integers =,y € Z
with 0 — yé’ = 1 and define the matrix

GG

Note that ws has determinant 6. We now define

95 = g|€w57 (25)

and
X=X X



Here x5 and ys denote the unique Dirichlet characters modulo § and ¢’, respectively, such that
X = X5+ Xor- We note that w? = § - for some v € Ty(D) and so (¢°)° is again equal to g up to
multiplication by its nebentypus. Slashing with ws is an example of an Atkin—Lehner operator. If g
is a modular form for I'y(D), then it has a trivial nebentypus and hence (¢°)° = g. In this case, the
operator is an involution.

We will show that ¢° € M,(To(D), x°) using the following lemma.
Lemma 2.3. ws normalizes I'o(D) and I'1(D).

Proof. Let (¢%) € T'y(D) be given. A simple calculation shows that

e (@ b\ 1 [axd+cy—bxD — dyd’ *
Ne a)® T\ aD+cs—bD§ —dD —ays' — cy +baD +dad )
As D divides ¢ by assumption, it follows that ws( 2 4)w;' € To(D). If furthermore (¢ 4) € T'y(D),
then ws( 2 5)w; ' € (D), as we have
axd +cy —bDx — dyd’ = ox —yd' =1 (mod D),
—ayd — cy +bDx +dxd = —yd' + 26 =1 (mod D).
This proves the inclusion w;T;(D)w; € Ty(D). A similar argument shows that w; 'T;(D)ws C Ty(D),

from which the lemma follows. ]

As a result, we obtain the following proposition.
Proposition 2.4. Let g € M,(T'o(D), x) with D square-free and fix a decomposition D = § - ¢§'.
Then ¢° € My(To(D), x?). Moreover, ¢° is a cusp form if and only if g is a cusp form.

Proof By Lemma 2.1 and Lemma 2.3, it immediately follows that ¢° € Mg( 1(D)) and that
g¢° € Sy(Ty(D)) if and only if g € Sg(Fl( )). It remains to show that ¢°|,y = x°(d)g’ for

v =(25) € To(D).

Given such 7, consider 7' = wsyw; ' € Ty(D), so that wsy = 7'ws. By Lemma 2.3, we know that
the lower right entry of 4/ is given by —ayd’ — cy + bDx + dxd. Now note that

X(—ayd" — cy + bDz + dxd) = x(dxd — ayd’) = xs(—ayd’) - x5 (dzd)
= xs(a) - xa(=y8") - xo(d) - xo (20) = x5(a) - xor(d) = x5 (d) - xor(d) = X’ ().
Here we used that xd — y0’ = 1 and that ad =1 (mod D). We conclude that
Plev = glewsy = glev'ws = (x(—ayd’ — cy + bDa + dwd)g)|ws = X°(d)g°-

As a consequence, ¢° has a Fourier expansion and we will write it as

g + Z b5 27rmz (26)

Remark. The modular form ¢° is related to the behavior of g at the cusps of I';(D) of the form e
with ¢’ = ged(D, ¢), as can be seen in Lemma 3.6.



2.2 Poincaré series

An important example of a modular form, and one that will play a key role in our approach, is the
Poincaré series P,,. In this section, we give the definition of a Poincaré series and state a formula
for its Fourier coefficients (Proposition 2.8). We also state the Petersson formula (Proposition 2.9),
which relates the Petersson inner product (f, P,,) to the m*™® coefficient of a modular form f.

Definition

Fix a level N > 1 and an even weight k£ > 4. Let m > 1 be an integer. We then define the Poincaré
series of order m (of weight k£ and level N) by

Pu(z)=m'= 3 j(y,2) ke, (2.7)
YEL 0 \I'o(N)

This sum converges absolutely and uniformly on compact subsets of H and thus defines an analytic
function there. By (2.1), it is not hard to see that P,,(z) is weakly modular of weight k for T'g(NV).
It turns out that P, (z) is also holomorphic at the cusps of I'g(N) and hence defines a modular
form of weight k& and level V.

Fourier coefficients

Definition 2.5. Let m,n,c > 1 be integers. We define their Kloosterman sum as

. Qg mMrtnT
K(m,n;c) = E e EE
re(Z/cZ)>
where 7 denotes the inverse of » modulo c.

Lemma 2.6. For m,n,c > 1, the Kloosterman sum K(m,n;c) satisfies the following bound:
| K (m,n;c)| < oo(c)y/ged(m, n, c)v/e,
where og(c) denotes the number of divisors of c.

Proof. The bound can be reduced to the case that ¢ is prime. The case ¢ prime is proven in |
p. 207]. O

?

There are various ways to define the Bessel function of the first kind. See, for example, | ,
Ch. VII], where many equivalent definitions are given. The following definition corresponds to
definition (34) on page 21 after a change of variables.

Definition 2.7. Fix an integer k£ > 0 and a real number 0 < € < % Then we define the Bessel
function of the first kind for = > 0 by

e—%—l—ioo
1 DAL +w) oy —2w
PIEIRLINY T VTSR
-1(®) = o k_l/ DAL —w) \2 v

E—T—ZOO



The function Ji_1(x) does not depend on the choice of the value e. Using Stirling’s approximation
for the gamma function, it follows that the integral above converges absolutely for all x > 0. The
approximation states that for fixed o € R,

ID(o +it)| = V2r|t|" 2e 21+ 0(1))  as |t| — oo, (2.8)
and so for w = € — 51 + i, the integrand is O([¢|*7*) as [¢| — oc.
Remark. One can also express Ji_1(x) as an infinite sum | , Eq. 7.2 (2)]:
o (—1)" 1 T\ 2ntk—1
o () = () . 2.9
k-1(2) Z n! T'(n+k)\2 (2:9)

n—

This expression can be obtained from the integral representation in Definition 2.7 by using the
residue theorem and taking a contour integral consisting of a vertical line segment at R(w) = e — k—;l
and a large semicircle to the left of this segment. In the limit, this contour will pick up all poles of
the integrand, which correspond to the poles of F(% +w) at w = —n — % for n € Z>. One can
show that the integral over the semicircle vanishes as the radius increases and by taking the limit

one obtains the equality above.

The Fourier coefficients of the Poincaré series can be given in terms of Kloosterman sums and
Bessel functions of the first kind.

Proposition 2.8. Let k > 4 be even and m, N > 1 be integers. Then P, (2), as defined by (2.7),
lies in Sp(To(N)). Furthermore, the coefficients p,,(n) in the Fourier expansion

k

Pm(Z) _ me(n)n%le27rinz7
n=1

are given by
K ~ 4
Pon() = Gy 2t 3 T (W_ Wnn) |
—1 C C

Nle

where Oy, 15 the Kronecker delta function that is 1 if m = n and 0 otherwise.
Proof. See | , Lemma 14.2]. Note the difference in normalization. O

Remark. There are no non-trivial cusp forms of weight 4 < k£ < 10 and level N = 1, and so
pm(n) =0 for all m,n > 1 in that case.

Remark. It is possible to define the Poincaré series for weight 2. In that case, the infinite sum in
(2.7) still converges, but not absolutely | , D- 358]. Alternatively, P,, can be defined as a limit
of automorphic forms

% ’)/Z B TIMYZ
Pra(z)=+vm > %62 7, (2.10)
veLa\Do(N) I\

This series converges absolutely for R(s) > 0 and, for fixed z € H, extends meromorphically in s
to the whole complex plane | , Section 2]. One can then define P,,(z) = lim,_, P, s(2). The
formulas for the Fourier coefficients of P, € Sy(I'g(IV)) are still as in Proposition 2.8.
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Petersson formula

An important property of the Poincaré series is that they can isolate the Fourier coefficients of
other modular forms of the same weight and level, as is made precise by the following proposition.

Proposition 2.9 (Petersson Formula). Let f € Sip(I'o(N)) be a cusp form. Write its Fourier
expansion as

f(z) = Z a(n)nk21 e?minz,

Then for all m > 1, we have

P

Proof. We will write I' = T'g(N) and e(t) = e*™. We first use (2.2), and the fact that f is modular:
pdxdy
(f.Pn)= [ [(2)Pu(2)y" )2

F\H

>y )e(m2) (7, 2) Py

2
YET o \I' F\H Y

=Y F(r2)e(my2)(S(v2))* 7

YEL\I M\H
k-1 dxdy
=m 2 / f(2)e(mz)y” 5
Foo\H Yy

Now note that '\, \H is represented by the vertical strip 0 < R(s) < 1 with I(s) > 0. Using the
Fourier expansion of f, we obtain:

s /F . f(z)e(mz)ykdxdy / / )5 e(nz)e(ma)yt W

e
1
=m'T / Z e 2mmAn)y, k- 2/ e((n — m)z)dzdy
0
k—1

=m 2 / a(m)m T ey =2y
0

a(m) > ko 4
= t" e dt.
(47T)k_1/0

Noting that the integral represents I'(k — 1) = (k — 2)!, we immediately deduce:

B (471-)’“*1
a(m) = m(fa P).

[
Remark. If f € Si(T'o(N)) is orthogonal to every Poincaré series P,, € Sk(T'o(N)), then by the

Petersson formula, all of the Fourier coefficients of f must be zero, and so f must be zero. As
Sk(To(V)) is finite dimensional, it follows that the Poincaré series span Sy (I'o(V)).
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2.3 Theta series

A second type of modular form that is of interest to us is a theta series. In this section, we
introduce notation related to imaginary quadratic fields and state the definition of a theta series.
In Proposition 2.14, we give a formula for slashing a theta series with any matrix in SLy(Z). This
is a generalization of [ , Lemma IV.2.3]. Using this proposition, we deduce formulas for the
Fourier coefficients of a theta series and its Atkin-Lehner translates (Proposition 2.15).

Definitions

Let D be a positive and square-free integer and consider the imaginary quadratic field K =
Q(v/—D), viewed as a subfield of C. We will assume that D =3 (mod 4), so that Ax = —D and
Ok = Z[%ﬁ]. We will write w = |Ok|, u= ¥, h = [Clg| and N(-) = Ng/q(-). Attached to this
field is a Dirichlet character y modulo D, that is given by the Kronecker symbol x(-) = (A—K) For
a prime number p, it satisfies

1 if p is split,
x(p) =4 -1 if p is inert,
0 if p is ramified.

If we let rx(n) denote the number of ideals in Ok of norm n, then

ri(n) =Y x(d).

d|n

In particular, we find that |rx(n)| < o¢(n), where o¢(n) denotes the number of divisors of n. It is
well known that for any € > 0, we have a bound o¢(n) = O(n®) as n — co. We deduce:

Lemma 2.10. The number of ideals in Ok of norm n satisfies the asymptotic bound rx(n) = O(nf)
as n — oo for any € > 0. ]

We will write I for the group of fractional ideals of Ok. Let ¢ : [x — C* be a homomorphism
and assume that there exists a positive integer ¢ such that ¢((a)) = o~ for all « € K*. Note
that this forces ¢t to be odd (and t = 1 (mod 6) if D = 3). This is an example of an unramified
Hecke character of infinity type (t — 1,0). In this thesis, we will not consider other types of Hecke
characters. For the definition of a Hecke character in general, see | , Section VIIL.6]. In the
case that t = 1, ¥ maps principal ideals to 1 and thus can be considered as a homomorphism
Y : Clg — C*. In this case, ¢ is a finite order character. Otherwise, when ¢ > 1, ¢ has infinite
order.

Let A € Clg be some ideal class. Then we define coefficients 7 4,(n) for n > 1 by

rap(n) =Y ¥(a).
acA

N(a)=n
We also define o)
=2 ift=1
0) = w ’
rav(0) {0 i > 1.



These coefficients are the (unnormalized) Fourier coefficients of a modular form

o0

Ous(2) = rap(0) + 3 (@)D =3 "y (n)e ™= € M,(Ty(D), x),
5ok
a]=A

which is a cusp form for ¢ > 1. This can be proven using the Poisson summation formula. For the

case t = 1, see | , Section 14.3]. We call 64, the theta series associated to A and 1. Given
some ideal a € A, we have a third representation of 64, given by
Y(a) t—1 _2miN()
0 == AL 2miN ()2 2.11
anle) = 5 3 Nt (211)

as any integral ideal b € A is of the form b = Aa with A € a™!, and ¥ (\a) = A" (a).

Remark. The reason that we restrict ourselves to unramified Hecke characters is so that (2.11)
holds. This equality plays a vital role in the proof of Proposition 2.14.

Proposition 2.11. The coefficients r4(n) satisfy a bound of the form r44(n) = O(n%“) as
n — oo for any € > 0.

Proof. Note that

rasml < D @< Y @) =nT rk(n).

acA aCOgk
N(a)=n N(a)=n
Here we used that |¢(a)|* = (N(a)) = N(a)'~'. Now apply Lemma 2.10. O

SLy(Z)-translates

We are interested in the behavior of slashing 64, with arbitrary matrices in SLy(Z). In the works
of Gross—Zagier, they give the behavior for weight 1 theta series, see | , Lemma IV.2.3]. We
will generalize this lemma in Proposition 2.14, but first we need a few definitions.

Given a decomposition D = 04, - 3, we can also decompose Ax = D; - Dy as a product of
discriminants with |D;| = ¢; and D; = 1 (mod 4). Given such a decomposition, we can define a
character xp,.p, : Ix = C* on a C Ok by

Yo (N(@) if ged(N(a), Dy) = 1.
XDs (N(a)) if ng(N(Cl),DQ) =1.

Here xp, is the unique Dirichlet character modulo |D;| such that x = xp, - xp,. It turns out that
(2.12) yields a well-defined character, and that xp,.p,(a) = 1 for any principal ideal a. It follows
that xp,.p, induces a class group character, i.e., a map Clxy — C*. We will use the notation xp,.p,
for both the character on ideals and the character on classes, and we will also write xs,.s, instead
of Xp,.p,, when it is more convenient to do so.

XDy, () = (2.12)

Given a divisor §|D, we define

5) — 1 ifxs(=1)=1  J1 ifd=1 (mod 4),
"0V =00 i) = -1 (i iS=3 (mod 4)

13



We also need a result on Fourier transforms.

Lemma 2.12. Let a € H, t € Z>y and define f; : C — C by fi(z) = 2t exp(2mi|z|?a). Then the
Fourier transform of f; is given by

5 i, mi|z|?
filz) = (2@)”12 exp (_T> .

Sketch of proof. Reduce to the case t = 0 using | , (1.9)]. Write the integral defining the
Fourier transform as a product of two integrals and use the fact that the e=™ is its own Fourier
transform. n

Using this fact, together with the Poisson summation formula, we can prove the following lemma.

Lemma 2.13. Let b C K be a fractional ideal. Let A € K, a € H andt > 1 an integer. Then

Z()\ +p) e (NN + p)a) = lzll()b_);t Z V' le (—N(V)) e (Tr(\)),

“ a
peb veb—1p-1

where we write e(x) for e*™*.

Proof. We interpret L = b as a lattice in C. The lattice dual to L is given by
V={ueR?|Wve L, (uv) €7z},
where (u, v) is the standard scalar product on R?. This dual lattice can be identified with
={u€ K | Vv € b, Trg/q(uv) € 2Z} = 2{u € K | Trg)q(ub) C Z} =20~ "0

Here 0 is the different of K and it is the unique ideal of norm D. As the co-volume of b is given by

‘/75 - N(b), we conclude using the Poisson summation formula [ , Thm. VII.2.4] that
Z()‘WLM)til (N(A+ p)a thl)\+ﬂ
neb ueb

Z ft 1 627ri§R(5\V)

( ve2b—1o-1

—i V'l ex —WiN(V) e A\v
D3N(b)2t-1at 2 p( 2a ) ()

ve2b—1p-1t
iD"3 w1 (N .
- NO Z Ve (— K (Tr(\v)),
veb—1p-1
O
We can now state and prove the generalization of | , Lemma IV.2.3]. Most of their proof

generalizes nicely, but as they are able make a few simplifications that do not hold in the general
case, we will write out the entire proof, except for the reduction step at the start. We follow their
proof closely.

14



Proposition 2.14. Let v = (2Y) € SLy(Z). Let §y = ged(e, D) and 6y = D/ds. Let Ax = Dy Dy be
the corresponding decomposition of fundamental discriminants, i.e., |D;| = §; and D; =1 (mod 4).
Lastly, let D; € Clg denote the class of the unique ideal 0; C Ok with 92 = (D;). Then

(Oasln)(e) = 2Ll 4o, (551,
07 K(01)1h(01) !

where ¢ is an inverse of ¢ modulo ;.

Proof. Analogous to what is shown in | , Lemma IV.2.3], we may reduce to the case ¢ = J,
and we will use ¢ and J, interchangeably.
Let ( = —C(Czl+d) and let a C Ok be some ideal with [a] = A. Let A = N(a). Then by (2.11),

o (B55) ~ons (2 =52 5 e (v (£ +)
Aea—!

where e(z) = €™ and w = #0}. For A € a™! and u € a~'0,, note that
AN(A + p) = AN(X) + AN(p) + ATr(Ap),

that 05| AN(p) and that A\ € a™' - a=10, = 20, C 2071, As 0 is the different of K, we find that
ATr(\i) € 0oZ. Tt follows that AN(A + ) = AN(N) (mod d,) for all u € a='9,, and so we can

rewrite the sum as

an (Z5) =2 e(ANWE) X el ANO )

cz+d
A€a—1/a" 10y pea—10y

Using Lemma 2.13, we find that

Z (A1) e (AN(A+p)C) = <_1)tig2;Aiii+d)t Z l/t_le(Nz(Lly)c(cz—i-d))e(Tr()\y)).

—1
pea= 02 vea, o1

We note that (—1)" = —1, because t must be odd. As ad,'0~! = 6,* - ad;* and 0; = 9y, we can
substitute v with &, ' to obtain

(W,m(z):% Soe(avn?) ¥ ptle(Nf:) (Z+g>)e(Tr(C>w)>

A€a—1/a=109 veao]?
_ —(a)i i1 N(v) d
=T Zly C(v)e I Z+E ;
vead,
where T
Cw)= 3 ecladANQ)+TOW)  with  efz) = (7).
c
A€a—1/a" 10,

15



Now choose Ay € a~! such that (\g)a and 9, are coprime. Then there is a one to one correspondence
between Ok /0y and a™!/a=10, given by u <> Aop, and so if we write R =a - A - N()g), then

Clv)= Y e BN(1) + Tr(Aopv)).

HGOK/DQ

The trace Tr(Aouv) lies in Z, as Aour € 071 C 071, Moreover, R is prime to &,. If we let R* denote
an inverse of R modulo 05 that is divisible by 47, then it follows that
eo(RN(1) + Tr(Aoju)) = eo( RN(1) + RTe(R* Aopav))
= e.(RN(p + R* X\ov) — RN(R*\ov))
= eo(RN(1 + R* \ov) — R*N(A\gv)),
where we use the equality N(z + y) = N(x) + N(y) + Tr(zy) for all z,y € K. We deduce that
C(v) = eo(~R'N(Aow)) Y e BN(u+ R*Aov))
neOK /02
= c(=R'N(A)) D e BN(n)),
HEOK /02

where we use that R*\gv € O, as \ov € 01_1 = (51_1 - 07 and 61| R*. Using Z/d2Z as representatives
for Ok /02, we obtain

ST e BN = Y e (Bn?) = 1(6:)6% X (R) = £(82)02 X, ()X -3 (A).

neOK /o2 n€EZ/d27Z

Here we used that xp,(R) = xp,(d)xp,.0,(A), as R = aN(\pa). Finally, note that

o (S (-2)) o (S0 020
=e (NX/) (z+ Ed)) ,

because (d — AR*N()\g))/¢ = éd (mod 4;) and Ngj) = 5 for some r € Z>. As Al = A and

k(d1) - k(d2) = 7, we conclude that

Basl)(®) = 2 6 v s A) Y e (N(a_lm)N(l/) <Z§15d))

w‘D%At_l veaoy!
1 Y (a) 1 < . (z + Ed))
51%K(61)XD2 (d)XDl'DQ (A) wAt-1 Veazall v-e N(Cl Dl)N(V) 51
1 Y(a)(a) , (z + cd)
51;:%'(51)XD2(d)XD1 DQ(A)qﬁ(al)At*leA Py 01
S XD, (d) o1 (A (z:;cd)
o7 £(01)¥(01) !
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Fourier coefficients

We will denote the normalized Fourier coefficients of 04 (2) by bay(n), so that

QAw( —bA¢ +Zb,4¢ n En 62ng

Recall from (2.5) that we defined the Atkin—Lehner operator for a decomposition D = § - ¢’ by

. o 0
09?4711) = 9A7¢|tw5 with Wy = <§, ?g) <O 1) s

where x and y are integers satisfying xd0 — yé’ = 1. Moreover, we defined the coefficients bfﬁw(n) via
0o (2) = 004(0) + Zb 'z e,

Proposition 2.15. The Fourier coefficients ba(n) and b‘iw(n) as above satisfy the following
properties:

(1) bay(nD) = (=1)T -bay(n) for alln > 1.
(2) bay(nd?) =bay(n) for alln >1 and §|D.
(3) bay(n) =0 if Ok has no ideals of norm n.

W

ol

W

(4) 0% (1) = K£(8)  xs () Xs5.60 (A)ba(nd) for all n > 1 and decompositions D =6 - §'.
(5) b% ,(0) = 57 K(6)~ "o (8)xs5.5(A)bay(0) for all decompositions D =6 - §'.
(6) b ,(n) = O(nF) as n — oo, for any e > 0 and divisor 6|D.
Proof. (1) There is a unique ideal of norm D given by @ = (v/—D). As 1(d) = (—D) "= , it follows
that

(D) T bay(nD)= Y (@) =(-D)=T Y (a)=(-nD)T bay(n).

aCOg aCOx
[a]=A [a]J=A
N(a)=nD N(a)=n

(2) Note that (d) is the unique ideal of norm §2. As 1((8)) = 6*7!, it follows that

(n6®) 7 bay(nd®) = Y dla)=05"" D" w(a) = (n0°)7 bay(n).
i@
N(a)=nd? N(a)=n

(3) Clear.
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(4)

(5)

(6)

Let D = 0 -0’ be a decomposition and let Ax = D; - Dy be the corresponding decomposition
of fundamental discriminants. Recall that 0% ,, is defined as .4|;ws, with ws = (5 4)(§9)
where x,y € Z are chosen such that 26 — ydé’ = 1. We will write

(v (60
'71—5167 /72—01

Applying Proposition 2.14 with ~; yields

~ X0, (0)xpy-p,(A) z
(asln)(z) = XA 0 (5)

where we write 01 for the unique ideal of norm ¢ and D; for the ideal class of 9;. It follows
that

Bs(2) = (Oaslen)(2) = 8 gl (62) =67 X200 ) (23

Comparing coefficients, we find that

Wy p(n) = 37 (1) X, (8)8(8) XD,y (A)bap, 4 (n)
= 0"71(01) X0, (0)K(8) " XDy Dy (A)ba . (nd)
= XDy (6)"{'(5)_1XD1'D2 (A)bAﬂ/) né)

Here we used that bap, ,(n) = 62 ¢(01) by (nd), as

Y1)rap, w(n) =0@1) Y dla)= Y () =rap2,(nd) = ray(nd).
I%%:)u:)il 1\‘11(6;)4356

This follows from (2.13). In the only non-trivial case t = 1, note that the constant coefficient
of Oup, .y 1is LADY 5o that the factor 1(0;) cancels.

w

Given a divisor 6| D, we know by (2.13) that Hféw is, up to scaling, a theta series. Now use
Proposition 2.11.

]
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3 L-series

In this chapter, we will give the definitions and properties of various L-series. In Section 3.1,
we consider the L-series associated to a Dirichlet character. We give its functional equation and
state some results in the case that the character is associated to an imaginary quadratic field. In
Section 3.2, we consider the (twisted) L-function associated to a modular form of square-free level.
We prove that it can be extended meromorphically and that it has a functional equation. We also
give a way to bound the L-function on vertical strips of the complex plane. Lastly, in Section 3.3,
we define the Rankin—Selberg L-function of a pair of modular forms and illustrate Rankin’s method.

3.1 Dirichlet L-series
Let D > 1 be an integer and let x be a Dirichlet character modulo D. We define its associated
L-series L(x, s) by

o X(n).

L(x,s) =
n=1
It converges absolutely for $(s) > 1 and defines an analytic function there. It has a meromorphic
continuation to the complex plane and is entire if x is not principal. In the case that D = 1, y must
be the trivial character, and it follows that L(x, s) is given by ((s), the Riemann zeta function. For
R(s) > 1, L(x, s) satisfies the identity

Lix,s)= ][ # (3.1)

(p)p—*

p prime

In particular, L(x, s) does not vanish for R(s) > 1. Given some integer N > 1, we define

Z X (3.2)

(nN)=
Note that this is the Dirichlet L-series of x lifted to a higher modulus. By (3.1), it now follows that
LN (x,s) = L(x,s) [] @ =x@p™). (3.3)
p prime
pIN

We also have for R(s) > 1 that

1 - n)x(n
™5 I a-x = 11 Zﬁ‘ =) Hx() ZLX( L s

p prime p prime n=0 n=1
PIN pIN (n,N)=1

Functional equation

Define the Gauss sum

)= Y. x(r)e™s, (3.5)

re(Z/DZ)*

and take e € {0,1} such that y(—1) = (—=1)c. If x is primitive, L(y,s) satisfies the following
functional equation.
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Theorem 3.1. Let x be a primitive Dirichlet character modulo D. Then

T(x) (2m)° i _
L(x,s) = D2%sin(Z(s+¢€))['(1 —s)L(x,1 —s).
(X ) Py (5(s +e)I'(1 = s)L(x )
Proof. This follows from | , Thm. VII.2.8]. Their theorem is stated in terms of the completed
Dirichlet L-series. Unpacking the definition and using that
G
e = sin(Z(s+¢e))I'(1 — s),
L)~ vro 2
proves this functional equation. O

In particular, by taking D = 1 we obtain the functional equation for ((s):

C(s) = sin (g) D(1 - s)C(1—s). (3.6)

Imaginary quadratic fields

We will now consider the special case where x is the real character associated to some imaginary
quadratic field K of discriminant — D, as in Section 2.3. As x is primitive, L(x, s) can be continued
analytically to the entire complex plane. We can explicitly give its value at s = 1 in terms of
invariants of K.

Proposition 3.2. Let K be an imaginary quadratic field with discriminant —D. Let w = #0O5%
be the number of units in Ok, let h = #Clg be the class number of K and let x be the character
associated to K. Then it holds that

2mh
L(x,1) = :

1) =— 75
Proof. Let (i denote the zeta function of K. Then (x(s) = ((s) - L(x, s), see | , D- 343]. As
((s) has a simple pole with residue 1 at s = 1, it follows that

: 2rh

L<X7 1) = E_IS(S - 1>CK(S) - w\/ﬁ’

as is given by the class number formula, see | , p- 313]. O]

We can also give a simplified functional equation.

Theorem 3.3. Let x be the Dirichlet character modulo D associated to an imaginary quadratic
field of discriminant —D. Then

2m)% 1
L) = Z D sin(z (s + )T - 5)L(x 1 - 9).
s
Proof. By | , Lemma 4.8.1], we know that 7(x) = iv/D. As ¥ is real, we have Y = x. Lastly,
note that x(—1) = —1. Now use Theorem 3.1. O
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Using the functional equation, we can deduce that the only zeros of L(y, s) in the region R(s) < 0
are at the negative odd integers.

Proposition 3.4. Let x be the Dirichlet character modulo D associated to an imaginary quadratic
field of discriminant —D. Then the only zeros of L(x,s) for ®(s) < 0 are the points s = —(2n + 1)
with n € ZZO'

Proof. Consider the functional equation in Theorem 3.3. By (3.1), we know that L(1 — s, x) does
not vanish for R(s) < 0. Moreover, I'(1 — s) does not have any zeros or poles for R(s) < 0. The
proposition now follows from the fact that the only zeros of sin(5(s+1)) are at the odd integers. [

3.2 L-series of modular forms

In this section, we will define the twisted L-series Ly(s, %) associated to a modular form g €
M(To(D), x). In Proposition 3.5, we will show that Lgy(s, ) can be extended meromorphically to
the complex plane (holomorphically if ¢ is a cusp form) and that it satisfies a functional equation
relating Ly(s, 2) to the twisted L-series of an Atkin-Lehner translate of g. We conclude the section
with Proposition 3.8 by giving a bound on L,(s, %) on certain vertical strips of the complex plane
that is polynomial in (s).

Definitions

Let g € My (I'o(D),x) be a modular form with D a square-free integer. Consider its Fourier
expansion given by

g(z) = b(0) + Y b(n)nz >,

Then we can associate an L-series to g given by

L(s) =Y o) (3.7)

nS

n=1
If we have a bound of the form b(n) = O(n") as n — oo for some v > 0, then the sum converges
absolutely for ®(s) > 1 + v and defines an analytic function there. By Lemma 2.2, we can always
take any v > 6_71 More generally, given integers a and ¢ with ged(a,c) = 1, we can consider the
twisted L-series

a - b(n) Tin
Lg(s, %) = Z > e (3.8)
n=1

This also defines an analytic function on #(s) > 1+ v and only depends on the class of a (mod c).

Continuation and functional equation

In this subsection, we will give the functional equation for Ly(s, %) and show that Ly(s, %) can be
continued meromorphically to the complex plane. The functional equation involves the Atkin—Lehner
operator, which is defined for a decomposition D = § - ¢’ by (2.5) as

5 . _f(x y\ (0 O
g —9|£w5 with wa—((;/ 5) (0 1>,
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where z and y are integers such that 0 — yd’ = 1. We follow the approach in | , Prop. 4.2].

Proposition 3.5. Let g € My(T'o(D),x) with D square-free. Let a,c € Z with ged(a,c) = 1.
Decompose D as D =6 - ¢, where 0’ = ged(D, c¢). Then:

(1) The function Ly(s, %) can be extended meromorphically to the complex plane and its only

possible pole is a simple pole at s = “71 with residue

Resesa (L, (s %)) - g&);xg (%) G ad)5 it 0).

(2) The function Ly(s,2) satisfies the functional equation

ay oy Y 5c? BN F(”Tl — ) B _@
Ly (8’ c) T Xe (5’) X5 (ad) (47r2> F(Z_Tl +3)Lg§ L=s, c )’

where we let ad denote the inverse of ad (mod c).

The proof of the proposition involves the Mellin transform

[ ol vm)-so]

In order to manipulate this integral, we will need the following lemma.

Lemma 3.6. Let g € My(I'o(D), x) with D square-free. Let a,c € Z with ged(a,c) = 1 and
decompose D = 6 - &' where ged(e, D) = d'. Then for all real y > 0, it holds that

g (% + Zy) = i*(cy)~"xs (§> X5 (ad)d 3¢ <_—£ T ) 7

c 2oy
where we let ad denote the inverse of ad (mod c).

Proof. Let x,y € Z be integers such that x§ — y0’ = 1. Let v = (2Y) € SLy(Z) with §|d and set
-1
;o x oy _ (ad—=bd" —ay + bx
=7 (5' 5> = (05 — a5 —cy+do) € ToD)

(T Yy 6t 0

If we use d|d, ¢'|c, —yd’ =1 (mod §), z6 =1 (mod ¢’') and ad =1 (mod ¢), we find that

Now observe that

c
X(—cy + dz) = xs(—cy + dx)xs (—cy + dz) = xs(—cy)xs (dx) = X5 <§> X(;l(a(;),

and thus

(917)(2) = (gler'eos (%" §))(=) = 6~ x(—ey + do) - (glews) (5 )

= x(—ey+dn)oig () = xs (5) x5 (@) (3) . (39)
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Next, note that vz = ¢ Combined with (3.9), this yields the following equality:

c c(cz—i—d
1 ¢ z
bt (L) (S) et ().
(e +d) g<c C(cz+d)> 5) X (ad)02g 5
We substitute z = —ﬁ — g, and thus w = —m, to obtain
l a _L 5 1 d
(—ew)'g (E + w> X (5’) Xy (ad)072g <_025w a 5) '
Taking w = iy and noting that ¢ = (ad)™' (mod ¢) completes the proof. O

We can now prove Proposition 3.5.

Proof of Proposition 3.5. Consider the integral

(o2 = [ o (2 v) -]y

This is the Mellin transform of the function y — (g(% + iy) — b(O))y%. Using Lemma 3.6 and
the bound |g(% + iy) — b(0)| = O(exp(—27y)) as y — oo, it follows that the integral converges
absolutely and uniformly on compact subsets of {s € C | R(s) > £1}. For such s, we have

< ) Z b 27rzn /OO e—27rnyy£_71+sd_y
0

y
> [ oy
T (2m) 7z TP ns 0 Yy
(5 +
- Q—S)Lg <s, %) . (3.10)

Therefore, if we can show that L7 (s, %) can be extended meromorphically and has a functional

equation, the corresponding properties for Ly (s, ¢) will follow. We can rewrite the integral defining
L (s 9) as
g ’c

[e.9]

A*@@+@_mﬂww%+4iagwow@p@w§

We compute the left integral:

1

/of o (& +) —b0)] =+ = /0 TG riv) yzﬁs% O

Y

and using Lemma 3.6, and abbreviating ¢’ = —ad and A = ys (%) X(;l(aé)é_%, we obtain

1 1
v 1, d v ! ; 1d
/ "y (g + iy) y T = / ey TtAd (S 5 )|t
0 c Yy 0 c oy y

= Aife™ / [95 (5 + iy) - b5(o)} (o) 5L+ At (0)(e/) >+ 5
C

1

cVs
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Here we used the substitution y — ﬁ for the last equality. We conclude that

o

() = [ o (B rw) —po] =l

Vs
1 > ! 1 d
+ Ail s / [95 <% + iy) — (0)] g/?—sgy (3.11)

1

S

(&

1 =1 1
—b(0) (V)T ——.
o UL =

+ Aile B (0) (VD)

These integrals Converge absolutely and uniformly on compact subsets of C, as we have bounds
of the form !g ( + zy } = O (exp(—27y)) as y — oo. It follows immediately that L} (3, %)
defines a meromorphic functlon on C, with simple poles at s = “Tl and s = % if g is not a cusp
form. As F(z L —|— s) has a simple pole at s = 43¢, we find by (3.10) that L, (s,) will not have a

pole at s = <5=. This proves (1).

A similar computation for L7;(1 — s, %/) shows that

* a’ _ > ) CL/ . ) H—l—sdy
Lis(1—-s,%) —/1 {g (erzy) —b (0)} y 2 "

3
v [ -1 d
+A 1 —é 25 1((55—‘)i |:g (E +2y> . b(0>i| ys-i-T_y
1 & Y
o
1 1
— AN D(0) (VD) — — T b°(0)(c 5)374%1 : +1°
S+ 5 S — 5
We conclude that
* a 773 * a/
Ly (s, E) =i'xs (5 ) X5 (ad)(6c%)2 Lys (1 s, E) :
and from this the functional equation for Lgy(s, ¢) follows. ]

Polynomial bounds

Using the functional equation, we can now prove that the L-function attached to g is polynomially
bounded on certain vertical strips of the complex plane. We will make use of the Phragmen—Lindel6f
principle, see | , Thm. 5.53] or | , Section 5.65].

Theorem 3.7 (Phragmen—Lindel6f Principle). Let a < b be real numbers and f be a function that is
holomorphic on an open neighborhood of a strip a < o < b. Suppose that |f(o +it)| < exp(|o +it|*)
for some A >0 and all a < o < b, and that there are real constants M,, My, o and 3 such that

|fla+it)] < M,(1+ [t])7,
|f(b+it)| < My(1 4+ [t])?,

for allt € R. Then
(o +it)] < MMy (1 [y,

for all s = o + it in the strip, where X is the linear function such that A(a) =1 and \(b) =0. O
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In other words, given a mild bound on f on the strip and a polynomial bound on the boundaries
of the strip, a polynomial bound on the entire strip is obtained. We will apply this theorem to
Ly(s,%), but we have to deal with the fact that the L-function might have a pole at s = ”1

Proposition 3.8. Let g € My(Ty(D), x) and let r,c € Z with ged(r,c) = 1. Decompose D =6 - &'
with §' = ged(c, D). Let a,b € R such that Lys(1 — s) converges absolutely for $(s) < a and such
that Ly(s) converges absolutely for %(s) > b. Let q denote the residue, which may be zero, of Ly(s,~)
at s = ”1 Then there exists some constant M such that for all s = o + it € C witha <o < b, we

have the bound
r q
g \% % s &l

where X is the linear function with A\(a) =1 and A(b) = 0.

<M-(1+ |t|)(1—2a)-)\(a)7

Proof. Write

c S

f(s) =1L, <3, f) — _qz+_1'

This is a holomorphic function on the entire complex plane. We will apply the Phragmen—Lindelof
principle (Theorem 3.7) to f. We first note that |L,(b+it,~)| < 1 as [t| — oo, because the L-series

converges absolutely there by assumption. As the quotlent q/(s — “71) is bounded away from its

pole, it follows that |f(b+it)| < 1 as [t| = co. We similarly have that |L, (1 — a — it, —§)| <1
as [t| — oo, and so by the functional equation (Proposition 3.5) and Sterling’s approximation (2.8),
we see that

as |t| = 0.

ltlr /2|4 4—a
Ly(atit,n)] < (50 ) V2me 27 (1 4 o(1)) < |t

dr? ) \fome-Mmi2[t|5ta-1(1 1 o(1))

It follows that |f(a + it)| < |t|'72* as |t| — oo. We can thus find a constant M such that for all
teR:

|fla+it)| < M(1+|t]) >,
|f(b+it)| <M

Lastly, we need to show that |f(o +it)| < exp(|o + it|*) for all a < o < b for some constant A. As
q/(s — 52) is bounded for |s| large, it suffices to give such a bound for Ly(s, L) for |s| large. Recall
that

-1
o) T+
L, (1) = B ().
c F(T + s5) c
By the integral representation (3.11) for L} (s, Z) and Sterling’s approximation (2.8) for I'(s), we
conclude that Ly(o + it,2) < exp(|o + it|*) for a suitable constant A. We can now apply the

Phragmen-Lindeldf principle to conclude that |f(o +it)| < M (1 + |t[)1720M9) for alla < o < b
and t € R. O

Remark. In general, one may take any a < IT_E and b > ”Tl by Lemma 2.2. In the specific case
that g is a theta series, we can use Proposition 2.15 (6) and take any a < 0 and b > 1.
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3.3 Rankin—Selberg L-series

In this section, we define the Rankin—Selberg L-series L(f ® g, s) associated to two modular forms.
By varying f while keeping ¢ fixed, we obtain a linear map Si(I'o(N)) — C. Via the Petersson
inner product, this linear map is induced by a holomorphic kernel @, , € Si(I'o(N)), which is the
central object of interest in this thesis. We illustrate Rankin’s method, which was used by Gross
and Zagier to obtain their formulas for the Fourier coefficients of the holomorphic kernel | ].

Definition

Let k£, ¢, D and N be positive integers and let x be a Dirichlet character modulo D. Consider two
modular forms f € Si(I'g(N)) and g € My(I'y(D), x), with Fourier expansions

)
— 2 Cl( nn 2 627rznz7
n=1
and

_'_ Z b == 27rznz

We then define the Rankin-Selberg L-function for R(s) > e+71 by

L(f®g,s) Za

n=1

By Lemma 2.2, we have bounds a(n) = O(n®) and b(n) = O(n%“) for any € > 0, and so it follows
that L(f ® g, s) converges absolutely and uniformly on compact subsets of {s € C | R(s) > “Tl}
and defines a holomorphic function there. This L-function has a meromorphic continuation to the
entire complex plane and satisfies a functional equation [Li79)].

Holomorphic kernel

Fix some modular form g € M,(Tg(D), x) and a point s € C that is not a pole of L(f ® g, s) for
any f € Sp(I'o(N)). Then we have a linear map

Sk(To(N)) — C
f= L(f®gy,s).

As the Petersson inner product is non-degenerate, we can find some modular form ®; , € Si(Io(V))
such that

L(f ®g.s) = ([ ®5,)  forall f € S,(To(N)).

We refer to ®; , as the holomorphic kernel (associated to ¢g). By understanding @ 4, it is possible to
prove properties about L(f ® g, s). For example, a functional equation for @, , in terms of s yields
a functional equation for L(f ® g, s), as we will show in Section 4.6. Naturally, we are interested in
formulas for the Fourier coefficients of the holomorphic kernel. In the next chapter, we will use the
Goldfeld—Zhang method for this. In this section, we will illustrate the alternative Rankin’s method,
which was used by Gross and Zagier to obtain their famous formulas | ].
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Rankin’s method

For now, fix some f € Sp(I'o(N)). Let g be as above, and assume for simplicity that g has real
coefficients, that ¢ < k and that x is a real character. We will make use of the following equality:

o0 oo 00 1
Z a(n)b(n)e ™ = Z Z a(n)e_%”yb(m)e_%my/ e2miln=me iy (3.12)
— 0

n=1 n=0 m=0

Using the integral representation for the gamma function, we find for R(s) > ”Tl that

I(s+ 5 -1 % -
: )L(f ®g,s) = Za(n)b(n)nk;l—l/ ys+w—2e—4mydy
= 0

(47T)8+ k+£ 1
co pl X
(22)/ / S a(n)n'T b(m)m T e2rimlati) g2mimliy=a)y s+ 50 Ay
y2

oq bt dxdy

-/ IRCTE

We now introduce an Eisenstein series by rewriting the quotient I'o,\H. Let D denote a fundamental
domain for the action of I'o(N D) on H. For a matrix v € I'o(N D), we will write d, for the lower
right entry of . Using (2.2), we see that

E— ke dxd ke dxd
/F RCTE Moy / F(r2)g(2) (S ()4 B

Y €T\ (N D) Yy
3 / 1z x(d,) oyt dady
- y"*
k—£ 25—k-+/ 2
~ET o \To(N D) J(v, 2R (s 2)] Y

= (/L 9E s )ro(vD),

with (-, -)r,(vp) being the Petersson inner product for I'y(ND) and

NS P < 2 —

k—¢ 25
V€T \T'o(N D) 30y, 2)5 415 (7, 2)]

S

€ Mk_e<F0(ND)a X)7

a non-holomorphic Eisenstein series of weight k — ¢ and level ND. Note that gE, € M(Io(ND)),
as x is a real character. Now one can convert the inner product for I'o(ND) to an inner product for
['o(N) by using the trace map

TeND - My (Do(N D)) — M, (To(N)),

g > gl

YETo(DN)\I'o(N)

We obtain
(f.9Es)rovn) = (f, TeN" (9E5))ro(n)-

We have proved the following proposition, which is related to | , Prop. IV.1.2].
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Proposition 3.9. Let g € My(To(D), x) be a modular form with real Fourier coefficients and a real
quadratic nebentypus x. Fix weights k > ¢ and a level N > 1. Define the non-holomorphic function

O = TN (g, i) € M(To(N)).

Then for any modular form f € Si(To(N)) and R(s) > “L, we have

2

(4m)**5 -

[(s+ &L —1)

L(f®g,s) = (f, ).

]

The holomorphic kernel ®, , can now be obtained from CD?E by taking its holomorphic projection.
Broadly speaking, this means that the Fourier coefficients of ®; , are expressed as integrals of the
Fourier coefficients of @22. We will not discuss holomorphic projection in detail in this thesis and
instead refer to the paper by Gross and Zagier | , Lemma IV.5.1]. In the next chapter, we will
use the Goldfeld-Zhang method to find an expression for ®, , without making use of traces and
holomorphic projections.
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4 Holomorphic kernel

In this chapter we use the Goldfeld-Zhang method to derive a formula for the Fourier coefficients
of the holomorphic kernel ®; , of the Rankin-Selberg L-function | ]. In Section 4.1, we detail
the main idea behind the method. In Section 4.2, we give a formula for the Fourier coefficients of
®, , for complex s lying in a certain vertical strip. In Section 4.3 and Section 4.4, we give explicit
expressions for the functions that occur in this formula. In Section 4.5, we modify the holomorphic
kernel by adding oldforms and obtain a modular form with nicer Fourier coefficients. Finally, in
Section 4.6, we derive an expression for the Fourier coefficients of this modified holomorphic kernel
in the case that the associated modular form ¢ is a theta series. These expressions show that the
modified kernel satisfies a functional equation. As a consequence, we obtain a functional equation
for the Rankin-Selberg function L(f ® 0.4, $).

4.1 Goldfeld—Zhang method

Let k,¢, D and N be positive integers with D square-free and let x be a Dirichlet character modulo
D. We will assume that k > 4. Let g € M,(I'g(D), x) be a modular form with Fourier expansion

+ Z b = 27rznz

Fix a point s € C such that the Rankin—Selberg L-function L(f ® g, s), as defined in Section 3.3,
does not have a pole at s for all f € Sp(I'o(N)). As Sp(I'o(V)) is finite-dimensional and the set of
poles of each L-function is discrete, we only exclude a discrete set of points in this way. Throughout
the remainder of this chapter, we will implicitly exclude such “bad” values. Recall from Section 3.3
the holomorphic kernel ®;, € S;(I'o(V)) associated to g that satisfies

L(f ©g,5) = (f,s,)  forall f € Sy(To(N)). (4.1)

We denote by ¢5 4 the normalized Fourier coefficients of ®; 4, so that

e
_ Z(z)Eg( n\n 2 6271'1712
n=1

Now, in the case that f = P,,, we find by the Petersson formula (Proposition 2.9) that

(k—1)!
(4 )k 1¢89< )

L(P, ®g,s) = (Pn, Ps4) = (P54, Pn) =

5,9

and thus (4 )k—l
7
¢s,g(m) = m

As L(P,, ® g, s) can be extended meromorphically to the complex plane, we see that ¢ 4(m) is
meromorphic in s. As we have an explicit formula for the Fourier coefficients of the Poincaré series
P,,, given by Proposition 2.8, we find for R(s) > ”—1 that

L(Pn®g,3). (4.2)

= b(n (m,n;c 4m\/mn
R I eV Gt
n=1 c=1

Nle
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Here K(m,n;c) is a Kloosterman sum (Definition 2.5) and J;_1(z) is a Bessel function of the first
kind (Definition 2.7). We will write 7,,(s) for this double sum:

To(s) = f’: b(n) i K(mc,n; c) T (Mﬁ%) .

n=1 ne c=1

Nlc
As L(P,, ® g, s) has a meromorphic extension to the complex plane, it follows that 7T,,(s) can be
extended meromorphically as well. In the next section, we will manipulate this expression for 7,,(s)

and thereby deriving a formula for the Fourier coefficients of the holomorphic kernel.

4.2 Fourier coefficients of the holomorphic kernel

In this section, we will obtain a formula for the Fourier coefficients of the holomorphic kernel @,
that is valid for s lying in a vertical strip to the right of %(s) = 1. The main result is given by
Theorem 4.4. In order to prove the theorem, we will first need a different representation of T,,(s).

For every 6|D, we have the modular form ¢° defined by the Atkin-Lehner operator (2.5) with
Fourier coefficients b°(n), see (2.6). For every |D, let 75 > 0 such that we have a bound of the form

v(n) = O(n™») as n — 0o,
and let
Y = max ;. (4.3)

In particular, for any divisor §|D, it holds that Lgs(s) converges absolutely for %(s) > 1 + ~. For a
general modular form g, we will be able to take 75, and hence ~, to be any real number greater
than E_Tl by Lemma 2.2. In the case that ¢ is a theta series, we have a sharper bound and can take
vs > 0 arbitrarily small by Proposition 2.15 (6). In the following lemma, we will need to fix an €
satisfying 0 < € < g — v — 1. As a result, we cannot apply the lemma when k£ = 2, or when ~ > Z’Tl
and ¢ > k — 1.

Lemma 4.1. Fiz some 0 < € < % — v —1. Then for all 1 < R(s) < % — €, it holds that

e—%—i—ioo

(5L 4 w) (2 /)2 i
2mm7 2 T
Z > omi / Tkt e Lol w,)dw

L w
C—|1 re(Z/cZ)* 2 )

5—%—1'00
D(5t = s) (/) :
F(Q —|—S) 25—t RGSL(L ( 72)) :

2

Ed
—

+

Here Ly(s, L) is the twisted L-series associated to g, defined by (3.8).

Proof. By the definition of J;_;(z) (Definition 2.7), we have that

ef—kglJrioo b1 —ow
Z Z K(m,n;c) 1 / [(%= +w) (27y/mn i
ns 27i DAL — ) c '
n=1 (]:V|i e—E1_ioo 2



We will first show that this representation of T,,(s) converges absolutely and uniformly on closed
compact subsets of {s € C | R(s) > 5 + 4 — ¢}, so that it defines an analytic function there.
Let U be such a compact subset and let o > % + 7 — € such that £(s) > o for all s € U. By
Lemma 2.6, we know for fixed m that K(m,n;c) = O(C%JFO‘) as n,c — oo, for all a > 0. In this
case, we choose some a with 0 < a < k — 2e — 2. It now follows that 7},,(s) converges absolutely
and uniformly on U, as it is absolutely bounded by (for some constant C')

e—%—i—ioo

00 o0 k-1
k-1 ) ' +w
s)|<C- E nt e e g Otk (5 ) dw.
- D(EEL g
n=1 c=1 -1 2
N\c €— 5= —100

2

These sums converge as the exponents of n and ¢ are smaller than —1, and because the integral
defining Ji._1(2) converges absolutely. The fact that T,,(s) converges absolutely allows us to change
the order of the sums and integral. Using the definition of a Kloosterman sum (Definition 2.5), we
find for R(s) > 2L+ — ¢, that

e—%—l—ioo -
Z Z 2mm— / F(% + W) Z eZwinF b(n) 2m/mn 2 dw
2mric (L ) ns c

c=1 n=1
Ve re(Z/cZ)x e—kgl—ioo

)

e—%—l—ioo

_ Z Z 2mm7 / F(z + w) (277'0\1/_%23”_ ng(S + w, g)dw (4-4)

__w>
c=1 re(Z/cZ)* . 2
N| / k—1

€— 5 —100

This expression converges absolutely and uniformly on compact subsets of {s € C | % < R(s) <
EXL — €}, but that does not mean that we can take this expression as a representation of T, (s)
there. In fact, if ¢ is not a cusp form, the expression converges to a different meromorphic function
there, and a correct representation of 7,,(s) is obtained by adding the difference. This difference
appears because of the pole of Ly(s + w, E) at w = “1 — s, as we shall show. We first split the
integral into two integrals:

e—%—l—ioo

/ (g +w) @ryim) e (s+w,5) Resep (Bl )Y
stw, %) — v
] F(% “w) cl—2w g stw— =
e—%—l—ioo
; F(F +w) @nym)™ 1
+ ReSé—i-Tl(Lg(Sﬂ <) / p(% —w) T s4w— ”Tldw‘

k-1 _ -
€— 3 —100

The first integral converges absolutely and uniformly on compact subsets of {s € C | R(s) > 1}. This
can be proven using Proposition 3.8 as follows. Given a compact subset U of {s € C| R(s) > 1},
we can choose an 1 < a < 1 —e—~ and anb> B ety suchthat a<R(s) <bforall seU.
Using Proposmon 3.8 with the bounds a + € — %~ and b+e— , we obtain a bound

<M - (1T+[S(s) + S(w)])r2e-2.

T Res“—l(Lg(S7§)>
) _ P

Ly <5 +w, - +1
2

S+ w —
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Here we used that k — 2a — 2¢ > 1+ > 0 and hence we omitted the linear function A\(¢) in the
exponent. Together with Sterling’s approximation (2.8), it follows that the integrand of the first
integral is O(|t|72%) as |[t| — oo where t = S(w), and so the integral converges absolutely.

The second integral converges absolutely on both {s € C | R(s) > &£ — €} and {s € C | R(s) <
% — ¢}. However, it converges to different meromorphic functions on these regions. To see this,
we can compute the integral using the residue theorem. We first consider R(s) > &£ — ¢, The

poles of the integrand that lie to the left of the line ®(w) = ¢ — 51 are the poles of F(i—l +w) at

w = —n — % for n € Zsg, and the pole of (s +w — &)1 at w = &L — 5. Similarly to how one

2
can express Jk 1(z) as a series, see (2.9), we obtain for R(s) > £ — e

(=D @my/m)> 1

n! T(k+n)ctk s —n — %ﬁ

T ) eyt
F(kff +$) 62576

NE

Il
=)

n

Here we assume for simplicity that s is not of the form n + % It is clear that this infinite sum

converges absolutely and locally uniformly for all s € C (excluding obvious poles) and thus defines
a meromorphic function on the entire complex plane. When we consider R(s) < k” — e the pole of
(s+w— 4" at w =L — s has been moved to the right of the line R(w) = e — %=, It follows
thus for R(s) < £ — € that

k=1,
E—T+ZOOF 1 9w 00 n onak—1
L / (T+w) (QW\/E) 1 dwzz(_l) (2’/T\/m> 1
R e D R
€— "5~ —100

We see that the two integrals both define meromorphic functions, and that they differ by one term.
As a result, in order to obtain a correct representation of Tp,,(s) on 1 < R(s) < £ — ¢, we will
have to add the difference to (4.4):

e |1 D5 +w) (2my/m) =2 .
Z Z S / kil 12w LQ(S +w, E)dw

L
=1 re(Z/cZ)* 2 )
Nle

+ F(E O Crvm* T b, 1 (L z>)>.

+S) 028 0 ’c

Using the formula for the residue of L,(s, E) at “1 given by Proposition 3.5, it follows that
this representation converges absolutely and umformly on compact subsets of the vertical strip
{s € C|1<R(s) <kt — €} and thus defines a holomorphic function there. O

Remark. It seems that the presence of this additional term corresponding to the residues of
Lg(s, L) was overlooked in [ ).
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We will use this lemma to obtain a formula for the Fourier coefficients of the holomorphic kernel.
Two functions that will appear are the following series and Mellin—Barnes type integral.

Definition 4.2. Let D and N be two levels with a decomposition D = § - §’. Then for an s € C
with $(s) > 1 and an integer B, we define

som= 3 5 e
c=1 €(Z/cZ)*
Nlc
(e,D)=

Definition 4.3. Let s € C with R(s) > 1 and fix some 0 < e < 1. Then for 2 > 0, we define

e—%—l—ioo

(k=L (&L — 5 —
[s(ilj):i, / (i To)ICs w):c’“’dw.

ML —w) D5 + s+ w)

k=1
€—=5—=—1i00
This integral converges absolutely, and the value of I4(z) does not depend on the choice of e.

We can now give an explicit expression for the Fourier coefficients of @, ,(2) on some vertical strip
to the right of R(s) =

Theorem 4.4. Let k, ¢, N and D be positive integers with D square-free and k > 4. Let x be a
Dirichlet character modulo D and g € My(To(D), x) a modular form with normalized q-expansion:

_'_ Z b == 27rznz

Let v be a bound on the coefficients of g and its Atkin—Lehner translates as in (4.3). Then:

(a) The Fourier expansion of the holomorphic kernel Oy ,(z) is given by

e) = (g O T B g T

(b) For 1 < R(s) < 52 — ~, the Rankin-Selberg L-function L(Py, @ g,s) is given by

L(P,®g,s) = bfnﬂ +2mit > " T0 (s)

5|D
where
T (s) =i’ (47T2) sib‘s )8 (s, mé — n)Vy(n, md),
with s
Vs(n,m) = %mk% ifn=0, (4.5)
I (2) not if n>0.

Here S° is given by Definition 4.2, and I, is given by Definition 4.5.
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Proof. Part (a) follows from (4.2). For part (b), consider some s € C with 1 < R(s) < &1 — 4. It
suffices to show that
=TT
5|D

Fix an € > 0 such that R(s) < % — v — € and recall the representation for 7,,(s) given by
Lemma 4.1:

1 / (5L + w) (2my/m) 2 ]

2mm 2 T

E E , ——Ly(s +w, L)dw

= |1 re(2/az) i e F(—kgl —w) 72

Efo’LOO
D55t — 5) (2my/m)! :
- R L L )
+ F(kgf +S) CQS V4 GSH71< (87 C))

We will use the functional equation of Ly(s, L) to rewrite this expression. Fix an integer ¢ > 1
with N|c and a residue class r € (Z/cZ)*. As shown in Proposition 3.5, the functional equation of
Ly(s, %) depends on ¢, and in particular on ¢’ = ged(c, D) and § = £ In that case, we find that

T c 6\ TV T(HL — s —w) ro
Lg<8+w7z>—ZX5<5/>X5/ <T6)(4ﬂ‘2) F(%+S+M)Lg <]._S_'LU—?>

Moreover, we also know by Proposition 3.5 that

T (27)* c

Resu?l (Lg <S,E)> = I (0) X <5/) Xy (76)0~ sitc ~11(0).

Given the bound v°(n) = O(n?) as n — oo, we may replace Lys(s, L) by its series for R(s) > 1+ ;.

So, for 1 < R(s) < &L — 45 — ¢, we can use the functional equation and unfold the L-series
=)

2
Ly (1 — s —w,—"2) that appears. If we now sum over the different values for d, ¢ and r, it follows
thatf0r1<%() <El_y-—e

S Y ¥ (i)t (4j)m

—~

3D oSl re(z/cz)”
(e,D)=46"
ef%+ioo
1 / F%—i—w FHTI— —w)ibd(n) s [ OM —wd
—_— e e w
27 ) F%—w F%+s+w)n_ln1‘s n
-1 . =
e— 5= —i00

Using a similar argument as before, it can be shown that this expression converges absolutely and
uniformly on compact subsets of 1 < R(s) < k L~ —¢, and so we may exchange the order of
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summation there. We conclude that

3|D L re(Z/cZ)x
(e,D)=46"
378 & = x5 (& ir(Em—n)
-y (W) S v 3 G 5 aten
5|D =1 re(Z/cZ)x
Nle
(¢,D)=4"
= Z <47T2> 265 )S(5,m6 — n)Vi(n, ms).
5|D
Here we used the substitution r + rd to simplify the summation. O

4.3 Ramanujan sums

In the previous section, we derived a formula for the Fourier coefficients of ®, , in terms of the
functions S°(s, B) and I (). In the present section, we will take a closer look at S°(s, B), which is
given by Definition 4.2. It is a series whose terms have a factor of the form

; Br
Z X5’(T)627m €y
re(Z/cZ)>
which is a twisted Ramanujan sum. Given two integers n and D with n nonzero, we will write
n(p for the largest positive divisor of n, whose prime factors also divide D. We will write n!P! for
the largest divisor of n that is coprime to D and has the same sign as n. Note that np; - ntPl = n.
For n = 0, we define njp; = 0 and n!”) = 1. Recall from (3.5) that the Gauss sum associated to a
Dirichlet character with modulus D is defined as
)= > x(r)e™p.
re(Z/DZ)x

The following lemma is a restatement of | , Lemma 5.3].

Lemma 4.5. Let D be a square-free integer and x a primitive character modulo D. Let ¢ and B be
non-zero integers with ¢ > 0 and D|c. Then

oID] oID] .
Z X(T)eQm‘% _ {T(X)B[D]X (W) Zd\(c[D],B[D]) H (T) d if ¢ipy = Bipy - D,
0

re(Z)Z) " otherwise.
Proof. See the proof of | , Lemma 5.3] (or alternatively | , Lemma 2.7]). The function
G(0) that Goldfeld and Zhang use coincides with with Gauss sum 7(xs). O

This lemma allows us to derive a different expression for S°(s, B), which is given by Definition 4.2

as
sem= 3 5 3 et

c=1 €(Z/cZ)*
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Recall from (3.2), that for an integer e, we define the Dirichlet L-function L®)(y,s) by

e x\n
s = 3 X
(=1

Proposition 4.6. Let D = ¢ - &' a decomposition of a square-free positive integer. Let x be a
primitive Dirichlet character modulo D. Let B € Z be an integer and define

’ B .
T xs )z e X(d)d'=2 if B#0, Ny|Bd', ¢|B, (N,6) =

(5/)2s325 1X5/
) 1

L(x,2s—1) if B=0,0=D, (N,D) =1,

0 otherwise.

SS(S,B) =

Then for R(s) > 1, the series S°(s, B) as in Definition 4.2 satisfies

5 B X(N[D})(N[D])l—Qs N[D] 6 5

Proof. We follow the structure of the proof of | , Prop. 7.1], but note that our definition of
S9(s, B) differs from theirs. We first note that we may assume that gcd(XV, §) = 1. Otherwise, we
know that S%(s, B) = 0 for any integer e by definition and that S°(s, B) = 0 due to the sum being
empty (there are no integers ¢ with N|c and ged(c, D) = ¢’), and so the lemma follows. As a result,
we may also assume that ged(NI) D) = 1 and that NPl = N9,

We now consider the case B # 0. We find by Lemma 4.5 that

= (%) clo'] clo']
S°(s, B) = 7(Xs') B Z CQi X <B[5’] Z P\ ~a d.
d|(c

c=1
Nlc
(¢,D)=4"
C[a/] :B[Jl] 5/

As N|c implies that Njy|cs), we may assume that Nign|Bjyd" — otherwise the sum would be empty,

in which case the lemma follows trivially. As any integer ¢ can be decomposed as ¢ = cs1 - ' we
can replace ¢ by Bjyd'c in the sum and interchange the summations to find that

5 _ 7(Xs')Xs B[d’ X c
(s B) = (0% B2 xo (B dl%: I Z < )
(d,D)=1 d‘clc
(¢,D)=1

Fix some divisor d|BP1 with ged(d, D) = 1. We now claim that

W)= % z dfjf?“’@ (%) o)

c=1 16" k 1
NIlje (VE2d) (k,D

dlc
(e,D)=1
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To see this, let ¢ > 1 be given with N¥l|c, d|c and ged(c, D) = 1. We can then define the integers
e = dNW1/gcd(c,dNV1) and k = ¢/ ged(c, dNP1). From the assumptions on ¢, it follows that

e| ged(N'1 d) and ged(k, De) = 1. By construction, it holds that ¢ = dNPk /e.

Conversely, given e|gcd(N©1 d) and k > 1 with ged(k, De) = 1, we can construct ¢ = dNP1k /e.

Then N¥l|c, d|c and ged(e, D) = 1.

This correspondence between integers ¢ and pairs (e, k) is one-to-one, and as the sum on the left in

(4.6) converges absolutely, our claim follows. Next, note that

5’}

’ (8] ' 0o
> z (F) - 2 SE(B) X A
e , (dM)zs’u e s 1
|(N )( € e\(N[‘S ],d) e *, II%I_Vl)
Now, using (3.4) and the fact that NP1 = NP1 we obtain
(X&) xs(B NP 1
S°(s, B
(5 B) = Gty (B o 2, 2 dN[Dl W\ 7o) T 29)
elN d|B®
e|d
(d,D)=1
_ 7(xs)xs(Bys) X(N[D])(N[D])l_% Z M<N[D]) € Y(d)d—2
(5/)283[258/}_1X5’(B[6/]) LM)(x, 2s) e e NIDI =
(d,Dj=1

X (N[D]) (N[D])lf% NID] e s
TSI AN

e|NID]

Now we consider the case B = (. Note that:

The second sum vanishes if x4 is non-principal and thus if 6’ £ 1. We will thus assume that 6 = D
and that ged(N, D) = 1. In this case, the sum /.7y« Xe(r) reduces to p(c) = >, u(5)d.
Using the same method to rewrite a sum over ¢ to a sum over (k,e) and using (3.4), we find:

00 0 ( ) N Nl 2s o
SP(s,0) = Z Z Xczi H (2) 1= LM (y,2s) ( )
L G @Dy=1 %y

R £ e
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4.4 Mellin—Barnes integrals

The second function that occurs in the formula of the coefficients of @, is the Mellin-Barnes type
integral I(x), defined by Definition 4.3. For z > 0 and R(s) > 1, it is given by

67%4»1‘00
1 =T
Lo=0 |

k—1_ -
€ 5 100

x Ydw,

where 0 < € < % is fixed. The value of the integral does not depend on the choice of €. Convergence
conditions of these types of integrals are discussed in | , p- 49-50]. We will first define a
completed version of I;(x), which has a nice functional equation.

Proposition 4.7. Let x > 0 and s € C. Define

- (5L +5)
I (2) = —2—2L1,(2). 4.7
()= Far B (.7
Then for x > 0 with x # 1, we have a functional equation
jl—s(ff) k—¢ ~s(95)
s\ 1
CE T N P
Proof. See | , Prop. 8.6]. O

We now give an explicit expression for the value of I, (x) in terms of the Gaussian hypergeometric
function F'(a,b;c; z) defined by

ING) f: F(a—l—n)F(bjLn)i‘ (4.8)
L(c+mn) n!
By taking a countour integral and using the residue theorem, Goldfeld and Zhang show that I,(x)

naturally relates to the Gaussian hypergeometric function | , Prop. 8.3]. For the completed
function, we can give the following formula.

Proposition 4.8. Assume that R(s) < £, Then I,(x) is given by

(1 T(55+5) (1—a) 3 op (sl ps b=ty 1 s =) f0<a<1
- . Sts, st l=siki5) 4 <4
T(k)D(SE + ) ’ i .

I'(2s —1)

js@) = if v =1,
D(SE+s)D(BE +5—1) /
e L S esp ek g ek g g 1 '
x 2 (x—1)z2 F(2 +1—s5,5 +s,€,17x) if © > 1.
(T
Proof. This follows from | , Prop. 8.3]. O
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4.5 Modified holomorphic kernel

By summing up the holomorphic kernel functions for different levels, we will obtain a new kernel
function that satisfies an inner product relation for newforms and has nicer Fourier coefficients.
The main result of this section is Proposition 4.11.

For any divisor e| NP, we define

Moreover, for e| NP1, §|D, and m > 0, we define

1 .
535t
2

TS .(s) = > B (n)S2(s,md — n)Vi(n, 6m), (4.9)

with S%(s,mé — n) as in Proposition 4.6 and

- (O 'ms=% ifn=0
Vi, m) = 420

I, (%) ns~1 if n>0.
Note that for Vi(n,m) as defined in (4.5), it holds that

k=t 4 g
Vi(n,m) = Mvs(n,m).

T(E =)

Lemma 4.9. With notation as above and T° (s) as in Theorem 4.4, we have for every 6|D that
NP e
5 (g) — (D] ) —1°
T3 (s) = A (NP)) %}u( - ) 757 T 5):
e|N

Proof. The equality follows immediately from Proposition 4.6, where it was proven that

5  X(NIPH(NTPT)1 =2 NP € o
e|N

We now define

Tones) = D0 Th,.(5) (1.10)

5|D
Recall from Theorem 4.4 that

Tu(s) = S T3 (s).

5|D

An obvious consequence of Lemma 4.9 is the following fact.
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Lemma 4.10. With T,,(s) and T, .(s) as above, we have

DI\ .
1(5) = AP Y (2 ) 5Tl

e
e|NID]

O

Note that the functions S?(s, B) and hence T, .(s) only (implicitly) depend on Njpj, and not on
NIP! In this sense, if e is a proper divisor of NIP!, the function Tone(s) comes from holomorphic
kernels of a lower level, and thus from oldforms. By choosing the right linear combination of
holomorphic kernels, we are able to construct a modified kernel whose coefficients are expressible
solely in terms of T, yip(s).

Proposition 4.11. Fix positive integers k, £, N and D with D square-freec and k > 4. Let x be
a primitive Dirichlet character modulo D. Let g € My(To(D), x) be a modular form with Fourier

exrpansion
+ E b = 27rznz

Let v be a bound on the coefficients of g and its Atkin—Lehner translates as in (4.3). For s € C,

define
~ (kf—2)| € —
Poa = (myr 2 oy A5(€) T Pager
e|N(D]

where @, 4. 15 the holomorphic kernel of level eNp). Then (i>§7g has a Fourier expansion

oo
(Zg_ ; 27m'mz
5 5 )
m=1

whose coefficients ngg,g( ) for 1 < R(s) < = — v are given by

Cl}l

gzggﬁg(m) = + 2T ~i(8),

b(m) o F(%ﬂLS)L(e)(X,QS)
N

where T, yiy is defined as in (4.9). Moreover, ®;, € Si(To(N)), and for any f € Sp™(To(N)), we
have

(4m)* 1 D(5E — s)(2m) > x (NP (WD) 2
(k —2)! T(EL 4 5) LW (x, 25)

L(f®g’8): <faci)§,g>'

Proof. For a divisor e|NP) let P, . denote the m'™® Poincaré series for I'y(eNyp;) of weight k. Recall

that )
L(Ppe®g,s) = b(m) + 27 T (e, 5), (4.11)
ms

where we write T, (e, s) instead of T, (s) to explicitly indicate the dependence on the level eNyp.
Now note that S(s, B), and hence T7, .(s) and T,,.(s), only depend on Njpj and not on N'P).
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Together with the observation that (eNipj)ip] = Npj, this shows that the coefficients T, .(s) are
equal for all levels that we consider. We find by Lemma 4.10 that for every divisor e/ NP,

e\ d
Tnfe,s) = A(e) Y1 (5) STnals)
dle
This allows us to compute:

Z %As(e)_le(e’ s) = Z N[D Z 'u< )

e|N[D] d|NIPI] e|N[D],d\e

=Y Wde Z pi(e) = Ty o (8), (4.12)
d|NID]

where we use that
1 ifn=1,
D)
™ 0 otherwise.
If we now write ¢4 .(m) for the m™ Fourier coefficient of ®,,.(2), it follows that

= (B =2)! e
¢§79(m) - (4’/T)k71 Z N[D] ( ) gbsg@( )

e|NIPI

_IL(Pm,e ® g, 3)

e|N(D]
(4.11) Z ) (e)7! b(m) + 2mi* T, (e, 5)
N[D] s ms m\©»

e|NIDI

(4.12) b(m) e _ ,
o Z[D] NID] Ag(e)™t + ZWZkijN[D] (s).
e|N

This proves the formula for the coefficients of Ci);g. As each of the holomorphic kernels ®; , . is a cusp
form of weight k for I'y(eNjp)), each of them can be lifted to a cusp form of weight k for I'o(V). It
follows that ®; ,(2) is a cusp form of weight & for To(N). Moreover, for a newform f € Spe¥(To(N)),
we have that (f, ®s,.) = 0 for all ¢| NP} with e # NPl as newforms are orthogonal to oldforms by
definition, see (2.4). We conclude that

((k —) 2) Z %As(e)_%ﬁ (I)§7g,e>
(

(f Bsg) =

¢|NID]
k—2)!

= G AN L 9.5,

as only (f, @5, yio) (L L(f ® g,s) survives in the sum. It follows that

(4R DR ) (2m) 2 x (NP (NP2
L(f®g,s)= (k—2)! D(EL 1 5)L)(x, 25) (f, Dsq).
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4.6 Modified holomorphic kernel for theta series

In this section, we will derive a formula for the Fourier coefficients of the modified holomorphic
kernel és,g in the case that g is a theta series (Theorem 4.13). From that formula, we deduce that
(is,g satisfies a functional equation in s centered at % (Theorem 4.15). We conclude this section
with a functional equation for the Rankin-Selberg L-function L(f ® 6.4.4,s) (Theorem 4.16). In
particular, we recover | , Thm. 3.1].

Fourier coefficients

We will now additionally assume that D =3 (mod 4) and that N is coprime to D. Consider the
imaginary quadratic field K = Q(v/—D) of discriminant Ax = —D. It has an associated Dirichlet
character y modulo D given by the Kronecker symbol x(:) = (A—K) To state the final formula for
the coefficients, we need the following arithmetic function.

Definition 4.12. Let D = § - ' be a decomposition. We define the multiplicative arithmetic
function ys.s : Z — C by
Koo (n) = xs(ngs) - xor (n).
Note that xs.s(n) = £1 if n # 0 and that y56(0) = 0. For a decomposition D = 47 - 09 - 03, it
satisfies
X5162:65 (1) * X6185:65 (1) * Xo1-8005(n) = 1. (4.13)

By taking 6; = 1, it follows that xs.5» depends on the order of the decomposition in the following
way:
)25.5/ (n) = X(TL[D]) . )25/.5(71). (414)

Recall from (2.12) the character on ideals xs.5. Given a non-zero ideal a C Ok, it relates to 4.
via

Xo.(a) = Xoo (N(a)). (4.15)

In fact, if one extends ys5.5 to Q via Xs.5/(™) = Xs.5(mn), then (4.15) holds for any fractional ideal
a of OK

We can now give a formula for the Fourier coefficients of C'Isgyg in the case that the modular form g
is the theta series associated to an unramified Hecke character, as considered in Section 2.3. As we
assume that the Hecke character has infinity type (¢ — 1,0), it follows that the weight of g must be
odd.

We will write (fsﬂ instead of ® to make the notation more concise.

5,0.4,4
Theorem 4.13. Let k., ¢, D and N be positive integers, with k > 4 even, ¢ odd, D square-free and
ged(D, N) = 1. Assume furthermore that D = 3 (mod 4). Let x be the Dirichlet character modulo
D given by the Kronecker symbol corresponding to the imaginary quadratic field K = Q(v/—D).
Let 1 be an unramified Hecke character of infinity type (¢ — 1,0), and consider for a class A € Clg
the associated theta series

Oau(z) =b(0) + Y b(n)n'F €™ € My(T'o(D), ).

42



Then for £ < R(s) < 5L, the holomorphic kernel function ®59(2) has Fourier coefficients whose
complex conjugates are given by:

251 I'(3 —s)D(3 +5) b(m)
(2m)2 T(5E 4+ 1 — )T (EE —5) me
D% T(s—g5)M(§—s)  bm)
(2m)2- 2 D(5E + s)T(HE — 1+ s)ml—»

1 b(n) mD —n\ - (mD
-k s § M.
+ 7 D nl*S S,A (T) IS (T)

n>1n#mD
n=mD (mod N)

£4+1

s D
Lt T oV, (m_) |

dso(m) ="' (=N)L(x, 2s)

+ " L(x, 2 — 28)

I'(0)vV'D N
with
M A(t) = Z x(d)d' =% - Z )A(M/(—Nt)Xg.af(A)t[l(;,}Zs. (4.16)
dlt o'[(Dt)
(d,D)=1

Proof. By the assumption that N and D are coprime, we have that N decomposes as Njp; = 1
and NPl = N. Moreover, we have a bound b°(n) = O(n°) as n — oo, for any ¢ > 0 and §|D. By
Proposition 4.11, we find for 1 < R(s) < £ that

= b(m) e F(% +5) L (y, 2s)

Ps.g(m) = ms T NF(% — 5)(27)%x(e)el 2

+ 21 T v (8).

Recall by (3.3) that
L9(x,2s) = L(x, 2s) H (1 — @> .

pQS
ple

Moreover, we have

> xee]] (

2= SN = S0 3 3)(2)25

e|N ple e|N d|N e|N,dle
0 = S0 Sl =V (17
dN X eIN P

It follows that

e L1(y,2s) 33 ,28) o2 4.1 2s—1
ZN X(egXl 25) - X ZX H < - w) vy X(N)L(x,2s)N=".

2s
e|N e|N ple p

This allows us to obtain the first term:

bm)  TC5E+s) e LOG2s)  bm)
ms T(EE — s)(2m)2s N x(e)el=2s ms

(&L +s)

[(EE — s)(2m)%

_ et b(m) N2l I'(3 —s)I(3 +s)
- e X(ZADE29) (2m)2 T(5E +1 — s)D(EE —5)°

X(N)L(x,2s) N>

e|N
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Here we used that y(—1) = —1, and we used the following equality, which follows from the reflection
formula for I'(s):

k—( 0—k (D)= 7 e (1 1
r(—— M—41-s)=-"2 " =0 (- —s)T (= .
e I CRURICED

Now recall from (4.9) and (4.10) that

350 2 5
Ton(s) =) 0 > B (n) Sy (s,md — n)Vi(n,om). (4.18)

™
8|D n=0

In order to obtain the second and third term of (53 o(m), we consider the summands for n > 1 in

the series above. After multiplying by 2mi* and substituting n +— 2, these summands yield

¥

e 1s (5—,) - o6 mD —nY\ - (mD
+ ZD Z s \/(S_SN <S’T> [s (T) .

5|D n=1
&'|n

By Proposition 4.6, the term corresponding to some n > 1 is only non-zero if N divides mg’,—” and

thus only if N divides mD — n. Moreover, using Proposition 2.15 (with the corresponding property
above each equal sign below), we know that

D(2) 2 k(8) " xa () xo (A)B(28) 2 w(8) " X () x5 (A)B(D) L i 15(8) " xo (8) x50 (A)b(n),

and so we obtain the two terms that will lead to the second and third term:

1 3 pi-s 3 MO O (Ablr) fSN( %) i (@)

n
wo
. b(n mD —n\ - [mD
=i Y MY w0 O (4TS (5 M) ()

TR

1 b(m) . 1 = b(n) - (mD
k‘ Z 1 * k,‘ S 3
+ L ml SMS,A(mD)[S(l)—{—Z D Z FMS,A(R)IS (T),

n=1,n#mD
n=mD (mod N)

) = 3 e Oas VTS (52570,
§'|(Dyn)
By Proposition 4.6, we know that S%(s,0) = 0 for § # D, and that SE(s,0) = L(x,2s — 1). From
this, it follows that M7 ,(mD) reduces to L(x,2s — 1). Using the functional equation for L(x;, s) as
given in Theorem 3.3, we obtain the second term:

where we let

1 b(m ~ 1 b(m ~
lDl S0tz D) (1) = 72 05— (1)
am §m s
1 b(m)
k+£ 1~ 2s—1 25 203
Dz ml~ 52 D#"

['2—-2s)'(2s — 1)
D(5E+s)T(BE—1+5)
D% b(m) INEEENNE )
(27T>2—2s ml-—s F(% 4 S)F(ZJrk 14+ 8)

%% sin(1s) L(x,2 — 2s)

= i* Ly, 2 — 28)
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Here we used Proposition 4.8 to rewrite I(1), and we used the following equality, which follows
from the reflection formula for I'(s):
—27 sin(7s) —m 1

2sin(ms)T'(2 —25)'(2s — 1) = Sn(2rs) = e =T(s—HrE —s).

We will derive the third term from

- 1s = b(’)’L) * T mD
’LkD2 Z s S7A<n)15 (T) R
n=1,n#mD
n=mD (mod N)

and so it suffices to show that M ,(n) = M, a(B=2) for all n > 1 with n = mD (mod N) and
n # mD. Write t = 2= 5o that 5= = J. By definition of S% (see Proposition 4.6), we then
have for ¢'| ged(D, n):

_ 7(xe ) Xs((Nt/0")157) 1-2s
5 5 = Gt e 2 X

|57
(d,D)=1

First, we note that we may replace with ¢ in the subscript of the summation, due to the coprimality
condition. Next, we note that

X5((Nt/6/>[5’]) _ ! NN o N o '
(N Xs((Nt/0)ia1) - xor (NE/8')7) = Xo.0(N1/0") = X (NT0').
Lastly, by | , Lemma 4.8.1], we know that 7(xy) = #(0")V/&'. We find that
* ! mD
) = 3 A6 (VTS (551
§'|(D,n)
= > xor(=D)xe () xse (A)Xs 5 (Nt )t 57 > x(dyd
5'|(D,n) dlt
(d,D)=1
= Z X(s'é/(_Nt)X(s'(S/(A)t[léT}QS Z X(d)dl—Qs
8'|(D,t) dlt
(d,D)=1
- sA(t)

Here we used that xs(0) - Xs.5/(0") = Xs.60(D) = 1.

For the fourth term, we consider the summands for n = 0 occurring in (4.18), namely

637 5 s s 451
% 2T @b (0)S%, (s, m8)(md)*~ = .

Note that this sum is only non-zero if 8 4 4 is not a cusp form, i.e., if £ = 1. Moreover, the terms of this
sum are only nonzero if N|md, or equivalently if N|m or if N|mD. In that case, by Proposition 4.6,

45



we know that

5ty (s, mo) = YR X (m0) 3 X(d)d .

02s m251 1
[6"] dm

(d,D)=1

Together with Proposition 2.15 (5), we find that the fourth term is given by

52—84 g1 ot VR (8) X 5.5 (MO o
ey S (0 (O (A) (ma) = VIO as () gy s
02sm,
8| D [6'] d|m
(d,D)=1
M D D)vs.s (A d)d"2
= (0 (- , ~2s
T(0)vD ()%(m >H *Xo-o (=mD)xs.5 ( )dzm; x(d)
(d,DJ)\Izl

We have now shown the theorem for 1 < R(s) < 1. For a more general 2% < R(s) < &1,

we appeal to the uniqueness of a meromorphic extension. It is clear that the first, second and
fourth term have a meromorphic extension to the whole complex plane. For the third term we first
consider 3 < R(s) < 551, In that case, we have the bounds b(n) = O(n®), I, (22) = O(n'z") and
M 4(n) = O(n®) as n — oo. It follows that the summand of the third term satisfies the bound
O(nsﬂ’%) as n — oo, for any € > 0. In particular we see that the third term converges absolutely
and uniformly on compact subsets of {s € C | 3 < R(s) < 51} (excluding obvious poles of the
summand).

Now consider 2% < R(s) < 1. In that case we have the same bounds for b(n) and I, (Z2). For
M 4(n), we have the bound M, 4(n) = O(n'™2%"¢) as n — oo. We see that the summand is
bounded by O(n”l%k_s) as n — oo, for any € > 0. It follows that the sum converges absolutely
and uniformly on compact subsets of {s € C | 2% < R(s) < 1} (once again, excluding obvious
poles of the summand). We see that the third term is meromorphic on both regions and as they
overlap on the line R(s) = 2, we conclude that the third term defines a meromorphic function on

2k < R(s) < L. This concludes the proof. O

Functional equation of 51:)379

This special version of the modified holomorphic kernel satisfies a functional equation relating
Oy, to ®s9. We prove this using the formulas we have obtained in Theorem 4.13. As such, we
need a functional equation for M, 4(t).

Lemma 4.14. Let s € C and let t be a non-zero integer. Decompose D = Dy - Dy with |D;| =
ged(t, D). Then

M, a(t) = sgn(t)X(=N) [t "X D,.0, (= Nt)XD, .0 (A) M, a(t)-

Proof. Let n be the norm of any ideal in A, so that xs.s(A) = Xs.5(n) by (4.15) for any decom-
position D = ¢§ - §'. Note that as d ranges over the divisors of ¢ that are coprime to D, so does
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It]/(tpjd) = sgn(t)|t|!P! /d. Using the substitution d — [¢|/(¢;p)d) in the formula (4.16) for M;_ 4(t),
we see that

M) = 3 x(il/lod) (02) X o (-Nhxaa (A
,

dlt by (D.t)
(d,D)=1
= sgn(t)x(tPh|¢>? Z x(d)d' =2 Z Ko (= Nin)ts™.
dlt §'|(Dt)

(d,D)=1

As ¢ ranges over the divisors of (D,t), we can write § = DI . §* where §* ranges over the divisors
of (D,t). Note that ¢}, = t[l(;fs, as t and DM do not have any divisors in common. It follows that

(4]
Z )A((;,l;/(—Ntn)t[l&TZS = Z )A(D[t](g*.(;/(—Ntn>t[l5:]25
d'|(D,t) 0*|(D,t)
(4.13) . . o
= XD[t].D[t]<_Ntn> Z XD[t](;/.(;*(_Ntn)t[ld*f .
0*|(D,t)

Now note that x(tP1) = x(—=N - (=N¢)IP1). If we let D = Dy - Dy with |D;| = Dy = ged(D, t), we
conclude that

My a(t) = sgn()x (PN [t X py. 0, (= Nt)X Dy, (A) My a(t)
LY an(6) (= N) [ Kpy-0a (= NE) Xy 0y (A) M, 4(8).

]

Theorem 4.15. Under the assumptions of Theorem 4.13, CTDS,(; satisfies the functional equation
given by 3 }
q)l—sﬂ — X(_N)DQS—INI—qu)Sﬂ'

Proof. 1t suffices to show for m > 1 that

=0(m) = x(—=N)D* N6 (m).

It is clear that the first two terms of QE&Q(T)’L) as in Theorem 4.13 are swapped up to multiplication by
X(=N)D?*~ 1 N1=2¢ under the transformation s — 1—s. For the third term, we will use the functional
equations of M, 4(t) and I,(x) to show that every summand satisfies the functional equation. Let
n > 1 with n # mD and n = mD (mod N). Decompose D = D; - Dy with |D;| = ged(D, “=22).
Note that ged(D, 2=2L) = ged(D,n), as N is coprime to D. If b(n) = 0, then the entire term
corresponding to n vanishes and we are done. We will thus assume b(n) # 0, and may in particular

assume that there is some ideal a € A with N(a) = n. This tells us that

)%DI'DZ (n - mD) * XD1-Ds (A) = XD- (n - mD) * XDo (n> = XD- (n)2 = 17
as Dy = DIP=Pl = DIl which is coprime to both n and n — mD. It follows by Lemma 4.14 that

2s—1 MS’A <mD - n> |

mD —n

N N

Micea (57" ) = s mD - ()| -
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By the functional equation of I,(z) (Proposition 4.7), we have
~ (mD> 'mD -n
Ls|\— | =|—

n n

We conclude for every n > 1 that
1 b D — - D

LW (u) i (m_>

n

ns N
1.b D — ~ D
— X(_N)D2371N172S . ,l’kDﬁfs (n) Ms,.A (m TL) [S <m > .

nl-s N n

1-2s

%MmD—ML(@Q)

n

For the fourth term, we use the functional equation of M; 4 (mTD) As ged(D, mTD) = D, we find

that
mD mD

25—1
M54 (T) = Xp-1(—=mD)xp1(A) <T) X(—=N)M; 4 (T) :
As Xpi1(—mD) =1 and xp.1(A) = 1, we deduce that

— s £+1
————¢mmﬂﬂﬂ(7f):XLJWD%*N*%ﬁ“*gl——¢mMLA(-).

Functional equation of L(f ® 644, s)

Using Proposition 4.11 and Theorem 4.15, we can now deduce a functional equation for L(f®6.4 4, s)
for a newform f € SpeV(I'o(IV)). Define the completed L-function

A(f ® Oa,5) = LY (x, 28) D' N*(2) 2T (52 4 s — DS L )L(f @ Oars).  (4.19)

Theorem 4.16. Let k,{,D and N be positive integers, with D square-free and ged(D, N) = 1.
Assume furthermore that k > 4 is even, that £ is odd, and that D = 3 (mod 4). Let x be the Dirichlet
character modulo D given by the Kronecker symbol corresponding to the imaginary quadratic field
K = Q(v—D). Let ¢ be an unramified Hecke character of infinity type (£ — 1,0), and consider
for a class A € Clk the theta series 0.4.. Then for a newform f € Sp*(I'g(N)), the completed
Rankin—Selberg L-function A(f @ 04, s) satisfies the functional equation

A(f ®044,1—5)=xX(eN)A(f @ bay,s),

with
-1 k>
] 1 ife>k.

Proof. We first consider the case k > ¢. By Proposition 4.11, we know that

(4m)F 1 D5 — s)(2m) X (N)NT=2 .
(k=2)!  T(5L+s) L™ (x, 2s) (> @so)

L(f® 0.4, S) =
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and so v
Af ®044,s) = %X(N)DSNHF(% — DB + s — 1)(f, 5 0).

Next, note that by Theorem 4.15, we have
(f,®1-50) = X(=N)DZ-INT=25(f, &5 5) = x(—=N)D* ' N'72(f, Og ).

We conclude that
(4m)" 1—s NS ( k-t ket =
A(f ® 0./471117 1 - 8) = (k —_ 2)|X<N)D N F(T +s— 1)F(T o S)<f7 (I)lf§ﬂ>
4gr)k-1 s iy
gk _) 2)!DSN1 (2m)* 72T (%5s — DT (5E — 5)(f, Ps0)
= X(=N)A(f @ Oy, s).

In the case that ¢ > k, the gamma functions do not cancel and following the same steps yields

Dk 1 — (L + 5
MF 8 0ay1 = 8) = X(=N) L o A 849

This quotient of gamma functions is equal to —1, as can be shown using the reflection formula. [J

Remark. This recovers | , Thm. 3.1] by the Goldfeld-Zhang method.
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5 Special values and derivatives

In this chapter, we will derive formulas for the values and derivatives of Rankin—Selberg L-series at

specific points. In this way, we recover the results of Gross—Zagier | ] and Lilienfeldt—Shnidman
[ | via the Goldfeld-Zhang method, thereby verifying the claim made in the final remark
of | ]. To facilitate the comparison with these papers, we will introduce their notation and

normalizations and relate it to ours in Section 5.1. Then, in the remainder of this chapter, we
deduce a formula for the special values (Section 5.2), the central value (Section 5.3) and the central
derivative (Section 5.4) of the Rankin—Selberg L-function. We remark here that both Gross—Zagier
and Lilienfeldt-Shnidman write 2k for the weight of the newforms, whereas we use k.

5.1 Preliminaries

Fix positive coprime integers D and N with D square-free. We will assume that D =3 (mod 4).
Let k£ and ¢ be positive integers with k even, ¢ odd and ¢ < k. Consider the imaginary quadratic
field K = Q(v/—D) of discriminant Ax = —D with the corresponding Dirichlet character y modulo
D. Finally, let ¢ : Ix — C* be an unramified Hecke character of infinity type (¢ — 1,0) and fix a
class A € Clg.

Given a cusp form f € SV (I'o(V)), we will write its Fourier expansion as

00 00
_ E af(n)627mnz E :CL n 2 627rznz
n=1 n=1

So far, we have used the second normalization, whereas Gross—Zagier and Lilienfeldt—Shnidman use
the first normalization. We also have a theta series 644 € M,(I'o(IV), x) given by

G.A,w( =14 w + Z " 1/) 27rinz o + Z b &1 27rmz
n=1
Recall that we defined the Dirichlet L-function L&) (y, s) by

L(N)(X,S) _ f: X(n>

nS
n=1
(n,DN)=1
We can then define the L-function
La(fo,s) = L™ (y,25 — k — ( +2) Z W’
= L™ (x,25 =k — (+2) - L(f ® Oap,s — 551 = 5. (5.1)

Gross—Zagier and Lilienfeldt—Shnidman obtain a formula for L 4(f, v, s), respectively, when ¢ = 1
and ¢ > 1, while we have given a formula for L(f ® 4.4, s) for any ¢ > 1 (see Proposition 4.11).
Note that Gross—Zagier use the notation L 4(f, s), which coincides with L 4(f,, s) if ¢ is the trivial
unramified finite order Hecke character.
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Evaluating M; 4(n)

Given a non-zero integer n € Z and a divisor d|n, we define
0 if ged(d, 2, D 1,
XDy (d)XD2(_NE>XD1-D2 ('A) if ng(d7 PR D) = 17

where Ag = D; - Dy is a decomposition of discriminants with |Dy| = ged(d, D). For some s € C,
we now define for n € Z,

. (—D)F XEML(x, —s) ifn=0,
“““)‘{zmxﬂm@mmr itn £0, 52

and for n > 1,

Ga(n) = xaln.d)log ().

d|n

These functions appear in the analytic formulas in | ] and | |. Recall that our final formula
for the coefficients of ®,, ,, given in Theorem 4.13, used the function

MS,A(t) — Z X(d)dl—Qs Z )25.5/(—Nt)x(5,5/ (A) [67]25-
dlt d'|(D,t)
(d,D)=1

Lemma 5.1. Let n be a non-zero integer. Then M, 4(n) = n'"?09,_1 4(n) for all s € C.

Proof. Any divisor d|n that satisfies ged(d, 5, D) = 1 can be uniquely written as d = d' - njs) where

d'|n!P! and §'|(D,n). Decompose A = Dy - Dy with |D;| = 6 and |Ds| = &, so that
xa(n, dl”[é/]) = XD (d/”[é’})XDz(—Nd/ )XD1 py(A) = X(dl)f(DyDz(—N”)XD1~D2(A)-

Here we used that

R (4.14) R
X0, (A1) = X0, (d'ngsy) = x(d)X D0y (d'ngs).

We conclude that

Ms,A(”) _ Z X(dl>d/1725 Z )25.6/<_nN)X(5-5’(A) [16’]28
)

d'|n ¢'|(D,n
(@,D)=1
= > Z d) 5.6 (—Nn) x50 (A)(d'ngy)' 2
dn - &|(
(@,D)=1
=n'" Y xaln d)(n/d)*!
dln

= nlist'QS,LA(n).
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By taking the derivative with respect to s, we obtain the following.

Lemma 5.2. Let n > 1 be an integer. Then %MS’A(n)L_l = d.4(n) —log(n)oo.a(n).
2

Proof. We first note that
863028 La(n QZXA n,d) log( ) ( >25 1 ZXA n,d) ( >28_1 <log <d2> + log(n )),
dn djn
and so

0
Eazsfl,A(n)

= d.4(n) +log(n)og a(n).

S=

N Nl=

Differentiating both sides of M 4(n) = n'"*095_1 4(n) yields

0 0
ng,A =n!"% <%0251,A(n) - 2108;(”)0251,,4(77/)) )
and evaluating at s = % proves the lemma. O]

Evaluating I (x)

Next, we take a look at the function Is(x) given by Definition 4.3 that occurs in our formulas. By
evaluating it or its derivative at special points, we can relate it to the Jacobi polynomials Péa’ﬁ )(x)
and to the Jacobi functions of the second kind Q{*” (x).

Definition 5.3 (] , 10.8 (12)]). Let o, € R and n € Z>(. Then we define the Jacobi
polynomial pleh) by

Py (x) = Q%mi_o (n;a) (:ji) (@ — 1)@+ 1),

It is immediate that

P = ("17), 53)

n
and that
P (1) = (—1>n(”+5). (5.4)
n
Moreover, as stated in | , 10.8 (16)], one can relate P to the Gaussian hypergeometric
function (see (4.8)) via
I'n+p+1) r—1\" x+1

Definition 5.4. Let o, 8 € R and n € Z>(. Then we define the Jacobi function of the second kind
QP for x € C outside of the real segment [—1,1] by

27! (=)l 4wt
Pl

(x —1)*(z+1)8 r —u)"tt

Q) =

u.
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As proven in | , Thm. 4.61.2], we have the relation

— 2n+o¢+ﬁr<n +a+ 1)F(TL + /8 + 1)

T(2n+a+ 3 +2) (z=) e+ 1)

QP ()

2
-F(n+a+Ln+1ﬂn+a+6+zT——).@6)
— X

Lemma 5.5. Let 0 <l < k be integers with k even and ¢ odd. Let 0 < r < % an integer. Let
reR withx #1. If0 <z <1, then f%J_T(I) =0. Ifx > 1, then

= r 1
I%_T(x) — (—1)7133%““(37 . 1)]{[127”%]3;]64121%1)(% o 1)'

Here PF 7172070 4o 4 Jacobi polynomial as in Definition 5.3.

Proof. The case 0 < z < 1 follows from Proposition 4.8 and the fact that I'(5% + s) has a pole at

5= % — r. In the case that x > 1, we find by Proposition 4.8 that
[ () = zT ! (x—DFE (k147 1 4 !
() U —a)

Using (5.5) witha=k—¢—1—2r, § ={¢—1 and n = —r, and then substituting z % — 1, we
know that

12 b L(r+4) 1—a\" 1
P(k: 0—1-2r0-1)/2 _ 1) = Fl¢—Fk 1 AT S—
G G-V =t oro \ = tLhn ey

We conclude that

vt vkete1—2e L) oty 2
Fige () = (-2 -y D ¢-.

For the derivative at s = %, we have the following formulas.

Lemma 5.6. Let 0 < ¢ < k be integers with k even and { odd. Let x € R with © # 1.
If0<x <1, then

0 ~ k—t—1 ¢ F(k_z—ﬂ) — 2
Is = (-1 -z 2 .9 (O, }) Z 1
0s (@) a1 (1) e F(k%’l QL? x ’
2

with Q(,?_’ij) a Jacobi function of the second kind as in Definition 5.4.
2
If x > 1, then

0 - D) e
88[s<x> ) = log(x - 1)33' 2 F(]Hj,l Plg—g—l )(1 - %)
s=1 2

with P,E(i’ffll) a Jacobi polynomial as in Definition 5.5.
2
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Proof. For 0 < x < 1, recall the formula for I5(x) as given in Proposition 4.8

- 1 DL +5) k—7¢ k—1¢ x
I(r)=22 1— )2 R 1— sk —— ).
@ =T R EE T ( > T T S”93_1)

Note that F(% + s) has a simple pole at s = % and that

d B B B -1 k—t—1 _
%F(% + ) l‘s:% = (Res%(l“(% +8))> = (1) = I(*H).

It follows that

——(l_x)e-g-lF<k—€+1 k_Hl-k;- x )

2 ’ 2 -1

Using (5.6) with a =0, =¢—1and n = k_g_l, and substituting x — % — 1 yields

(2, 2T (h ) (kL 1) k(41 k—l+1 @
- F(k‘)(——Z)k (Z+1(2)£ 1 2 ) 2 ) ’x—l .

We conclude for 0 < x < 1, that

0 - E—t—1 k-1 0—k—1 —k—t+3 E—t+1 —1 F(k_e—i_l) 04—1 2
—]S = (—1 2 2 (] — 2 27 2 2 _ 2) 2 2 2 J N el 1
Os (517> S:% ( ) X ( l’) (a: ) (33) P(]H_;_l)Qk—g—l "
k—0—1 £ P(k*@#»l) (Of 1 2
—(—1) s 2 90 1(——1).
F(kJrg 1) k= e T
For x > 1, we know by Proposition 4.8 that
~ - - (—k (—k 1
[S(x):xl2k(x_1)k25,1+5F <T—|—1—S, B +S,€, m) .

As F(Z’Tk +1—s, E’T’“ A ﬁ) is invariant under s <> 1 — s, its derivative with relation to s

vanishes at s = % Using Lemma 5.5 with r = ""5‘1, we deduce that

0 N LT )P(oe 1)

8s[< ) =log(x —1)-I.(z) = log(z — 1)z 2@ i (1—-2).

1
2

Final preparations
The final result we need is the following lemma.
Lemma 5.7. For 1 < { < k with ¢ odd and k even, define

F(% — S)F(% + )

M(5E+1—s)I(HE —s)

f(s) =

o4



- k—t—1
Then, for any integer 0 <1 < *—=—,

+r) ’
and (it 1
kev—1 I’ I’ el I’ bt
f/(%) = (_1) 2 F(k-{j—l) (1—\( +2 1) F( 2+1)
2
Sketch of proof. Given an integer 0 < r < k_g_l, both F(% —s) and F( k11— s) have a pole at
s = ’%Z — r. Computing the residues and evaluating yields the first part of this lemma.

The second part can be proven using the Laurent expanion of the four gamma functions around
s = % As this computation is not very insightful, we have omitted it. O]

We now have all the results that we need to derive the analytic results in | | and in | |. To
make the notation more concise, we will write <I>5 o instead of (IDS 0.4, and use Theorem 4.13 to write

gbg,g = tm71 (S) + tmyg(S) + tm73(8) + tm74(8>,

with
N>t T —=s)U(G+s)  b(m)
2m)=T(5E+1—s)I(BE —s) ms
EHTL (2 — 25) D172 (s =3 —s) b(m)

) (2 )2 2s F(f k —f-S)F(Z—HC 1 ‘I’S) mi—s’

el b(n) mD —n mD (5.7)

t — i*Dz—s M. 22— ")V (22
nals) = > A (M) ().

n>1,n#mD
mD=n (mod N)

ms_éil mD
ba(s) = 1 o, (_)
,4(8) 2 F(é)\/ﬁ ( ) VA N

tma(s) = "I (=N) L(x, 25)

5.2 Special values

In | , Thm. IV.5.5], the value of L4(f, v,k —r — 1) is derived for integers 0 < r < % in the
case that ¢ = 1. We generalize this theorem by allowing ¢ > 1 in the following way.

Theorem 5.8. Let K = Q(v/—D) be an imaginary quadratic field with D = 3 (mod 4). Fiz a level
N coprime to D and fix weights 1 < ¢ < k with k > 4 even and { odd. Let 1 be an unramified Hecke
character of infinity type (¢ — 1,0). Finally, let 0 < r < % be an integer. For m > 1, define

o %N
by = (mD)" Z 7 1p(mD —tN)og_g_2r—1,.4 (1) plk-t=1=2nt-1) (1 — m_D>
o<t<mP
with P72 Jacobi polynomial as in Definition 5.5 and osa(n) as in (5.2). Then
> ms1 bm €% € Sp(To(N)) and for any f € Spo¥(To(N)), we have

o (_1)5_74(271-)2'%_[_27"_1 2k_1 X(N> 2mimz
b b= =)= T G 2>Dk——“<f’n;bm’" >

95



Proof. By (5.1), we know that
La(fy k=1 =1) = Lk — €= 2r) - L(f @ Oa, 555 = 7).
Now Proposition 4.11 tells us that

(47T)k—1 P(é + T‘) (27T)k—£—2rX<N)N2r+E+l—k

L k=t _ = P :
(F @by, 55" =) (k—2)! T(k—£—7)LM)(x,k—¢—2r) (F @gerg)

It follows that

)5 (9 2k—t-2r—1  9k-1 Nyl ~
( 2 ( 7T) X( )T <f,CT'(I)ufT,9>7

LA(f,¢,k—T—1)= (k—f—r—l)! (k‘—?)!Dk_g_T_l 2

with
0, = (1)t ersesi-t i (T )
' 7! )
We will now calculate the Fourier coefficients of C,. - ® ket g Fix some m > 1, and consider the

complex conjugate of the m™ coefficient, given by (5.7) as

Grt_yg(m) = tma (555 = 1)+t (555 = 1) + s (555 = 1) + tma(555 = 1),
For the first term, we need the functional equation of L(y, s) given by Theorem 3.3 as

(2m)°

™

L(x,s) = Dz ®sin (g(s + 1)) I'(1—s)L(x,1—s).

A simple computation with Laurent series reveals that

. . T k*(*l_r v 1
5_)}]:_151_27651[1 <§(s—|—1)> F(l—s)—(—l) 2 5 (k_£—27’—1)'7
and so we find that
o 9 )k—t=2r—1 )3+t+2r—k
L(X,k—ﬁ—Qr)Z(—l)kél””(ﬂ) Lx,2r +€—k+1).

(k—0—2r—1)!
Using Lemma 5.7, we deduce that

NE=E=20 =1k — ¢ — ) b(m)
e T

tm,l(% - T) = (_1)k_1X(_N)L(X7 k—1— QT)

_ —N 1
— (_1)%er( 5 >L(X7 o + (— k + 1>Nk7272r71D§+€+2r7k

(k—t=r=1!  ras(m)
(k—f—2r —D)I(0+7— 1)l 52—

and hence, by (5.3), we conclude that

(k—0—1r—1)!
(k—¢—2r—1)lr!

Crtma(K5¢ = 1pm's" = (D) 1 om)(~) 7 X

= (MD)"r 4,4 (M)p_r—¢—1,4(0) PF17200 (1)

L, 2r +0—k+1)
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For the second term, we note that ¢, 2(;€ —r) =0, as 2+ 2r + ¢ — k is a negative odd integer,

and so L(x,2 — 2s) vanishes at s = £ —r by Proposition 3.4.

For the third term, we first note by Lemma 5.5 that the terms of the summation for n > mD

vanish. We can then make the substitution n — mD — tN where 1 <t < =, to obtain
i rau(mD —tN) - mD
tma(Et — 1) = kSt : M._ t) Lh_ E—————
o= 2 Tnp e st O (G5
1<t<zl

As a consequence of Lemma 5.5, it holds that
fk,g m—D = (=1)"(mD — tN)1+r+e_#(mD)7+r(tN)k ——1-2r
= -r\mD —tN
r! ple—t=1-2r6-1) (1 _ 2N
(r+¢—-10"" mD )

Together with Lemma 5.1, which shows that

M%_ (t) = t1+£+2r_k0'k—é—2r—1,¢4(t)v

r

we conclude that

. 2tN
Ctmg( —4 T)ka — (mD)”‘ Z T.Ad)(mD_tN)O-k o IA( )P(k {—1-2r0—1) (1__) '

“ mD
1<t<mD

For the fourth and final term, we calculate

k=1_,_ ¢
mz T mD
tma(i5t —r) = FHT I (e )\/— (O)Mk;é_nA (T)
l k

k-1 z 5 TA#}(O)Nk—€—2r+1D%-I—K—I—Qr—ko_k_é_%_LA (%) ’
and hence, by (5.4), we find
Crtma(t5t = rym's = (1 (-0)F CE S R O mDY oo ()
= (=D) T 14 (0)04_r_or—1.4 (m—]\?> (mD)" Pk—t1=2n=0) ()

As the fourth term is only non-zero if ¢ = 1, we may drop the factor (—D)FT1 from the formula
above.

Summing up all the terms yields

—— 1 , o 2N
Crdice_ (m)m™= = (mD)" Y ray(mD —tN)ogggea(t) P70 (1 - E)'
0<t< P
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To obtain a forrnulalfor the coefficients, we can now take the complex conjugate of the right hand
side, as C, and m" 2z are both real. The only factors that may not be real are the factors r.4 4(n).
We can conjugate these as follows:

e = S W= Y v@= Y w@) =ram).

aCOgk aCOgk aCOxk
[a]=A [a]=A [a]=A
N(a)=n N(a)=n N(a)=n
The theorem immediately follows. m

Remark. In the case that £ = 1 and 1 is the trivial finite order Hecke character, we recover | ,
Thm. IV.5.5]. Note that the polynomial P +(Nn,mD) that they use relates to a Jacobi polynomial
via

2tN
Py (Nn,mD) = (mD)" P22 (1 - D) :
Moreover, for v trivial, it holds that 744 (n) = r1,(n), as the norm of an ideal is invariant under
conjugation. We note that from the result for the trivial character, one can recover the result for
any class group character 1, as one has the relation

L(f ®0a4,5) =¢(A) - L(f ®0.4,s),

where 6 4 is the theta series associated with the trivial class group character.

5.3 Central value

We shall now derive an expression for the L-function L4(f, v, s) at s = k+—§_1 This point corresponds
to the central point s = £ of L(f ® 6.4, s), and by the functional equation (Theorem 4.16), we
know that L(f ® 04, 3) vanishes for x(N) = 1. As such, we will assume that y(N) = —1. In the
case that ¢ =1 and ¢ is trivial, we recover | , Thm. IV.5.6] for k > 4.

Theorem 5.9. Let K = Q(v/—D) be an imaginary quadratic field with D = 3 (mod 4). Fiz a level
N coprime to D and fix weights 1 < { < k with k > 4 even and { odd. Assume that x(N) = —1.
Let ¢ be an unramified Hecke character of infinity type (¢ — 1,0). For m > 1, define

_ 2tN
bo=m = | (=D)ZTrgum)—+ > oalt)rau(mD—tN)PL D (1 - —> :

mD
1<t<™P

with P,E(i’ffll) a Jacobi polynomial as in Definition 5.3, and
2

O.A(n) = Z XA(nv d)

dln

Then Y, 51 bmne®™™ € Sp(To(N)), and for any f € Sp™(Lo(N)), we have

k+£-1Y\ _ (QW)ka_l b 2mimz
LA(faqp? P} ) (k—2)'\/5(—D)Z7T1 f,mZZI m€ .
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Proof. By (5.1), we know that

L.A(f> ¢7 k+§71) = L(N)(X7 1) ’ L(f ® 9.»4,1/)7 %)

As Proposition 4.11 gives us that

(2m)F2¢t (B )X ()

1y _ 2 i
L(f & 9A,¢7 5) - (k - 2)] F<k_§+1)L(N)(X> 1) <f7 (1)%79>7
it follows that (2m)Fok-1
— 71- - F
LA<f7w> k+§ 1): (k_2>‘\/ﬁ(_D)%<f70¢'q)%,0>a
with e D(kEELY
C - (i)
F(k §+1)

Fix some m > 1, and consider the complex conjugate of the m' coefficient, given by (5.7) as

ﬁ(m) = tm,l(%) + tm?(%) + tm,3(%) + th(%)-

N[

0
d

Using Proposition 3.2 and Lemma 5.7, we find that

_h T(5H)bm)
wVDT(HE) s wy/DI(EEE) s

tm,l(%) =

(N

We deduce that
k—1 k—f—1

L h
Cytma(Dym™ =m" (—D)%lam,w(m).

AS ty1(1— ) = x(—=N)D* IN'=25¢t,, 5(s) for all s € C, it follows that t,,2(3) = t,,1(3), and thus

k—1 k—£—1 h

Coltma(3) +tua(3))m's =m" =" (=D)'F 1y (m).

For the third term, it follows by Lemma 5.5 that the terms in the summation for n > mD vanish.
Using the substitution n — mD — tN for 1 <t < m—]\f), we obtain

tah) = ¥ P 0 (o)

1
1§t<mTP (mD—tN)z mD —tN

By Lemma 5.5 with r = k’g’l, we know that

~ mD k—f—1 ¢ 4 F(k_§+1) (0,0-1) 2tN

: (m) = (R mD = N2 m D) ey P (1 - m_D) ~
Moreover, by Lemma 5.1, we see that M%’A(t) = 04(t), and so

k-1 E—t—1 _ 2tN
Cytms(B)ym= =m'" ZD rap(mD —tN)oa(t) P2 (1 = E) .
1<t< 7=
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For the final term, we see that

1y ko1 T2 o mD
tma(z) =" TOvVD 4,5(0) A( N )

and so by using (5.4), we obtain

B L r k+4—1 B mD
k—1 k—£—1 k £—1
Cptma(ym's = m = (—1)ir U )t (o) (—)

As this term is only present for ¢ = 1, we may drop the factor (—D)%. As a final step, we conjugate
all of the terms, which means that we replace r 4, (n) by 7 4,,(n), just as in the proof of Theorem 5.8.
This proves the theorem. O

Remark. In the case that 1) is the trivial finite order Hecke character with £ = 1, one obtains | ,

Thm. IV.5.6] by using | , Prop. IV.4.6] to replace o4(t) by 0(t)Rian}(t) (defined in | , D-
285]). Note that r4(mD) = r4(m), as there is a unique ideal of norm D, which is principal. We
believe that the factor (k — 1)! in the numerator of the equation in | , Thm. IV.5.6] should be

omitted. As our results are restricted to weight k > 4, we do not recover the case k = 2.

5.4 Central derivative

In this section, we will calculate the derivative of L4(f,v,s) a s = % in the case that y(N) = 1.

For ¢ =1 and 9 trivial, we obtain | , Thm. IV.5.8]. For ¢ > 1, we obtain | , Thm. 3.6].

Theorem 5.10. Let K = Q(v/—D) be an imaginary quadratic field with D = 3 (mod 4). Fiz a
level N coprime to D and fix weights 1 < ¢ < k with k > 4 even and { odd. Assume that x(N) = 1.
Let v be an unramified Hecke character of infinity type (¢ — 1,0). For m > 1, define

—eo1 _ 2tN
ap=m = |- Z T 1p(mD — tN)G4(t) P (1 - m_D)

# D) T sy () + ) o (70 ) #2700 )

> _ 2%UN
— i (mD £ tN)o 4 (—1) 204D (14 225
;TA,wOn + )UA ( ) Qk—g— + mD )

with P,ﬁ?’f;” a Jacobi polynomaial as in Definition 5.5, Q(ko,’ij) a Jacobi function of the second kind
2

as in De;im'tion 5.4 and

oa(n) = xatn.d)  and  Ga(n) = xaln.d)log ().

dln dln
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Then'y 51 ame®™™* € Sp(Do(N)), and for any f € Sp=(Do(N)), we have La(f, ¢, 55=) = 0 and

L/ (f Q/} k+871) _ (27T)k2k71 f Za 62mmz
T ke-2WDED) N\

Proof. By (5.1), we know that
LA(fa 77Z)7 s+ #) = L(N)(Xu 28) ’ L(f ® QA,dn 8)‘
As Proposition 4.11 shows that

(4m)* D5 — s)(2m) ) (VN2 o

L(f@eA,1ZJ7S) = (k?—Q) ;(kT + )L(N)(X, 25) <f7 <D§,9>7

it follows that

La(f.ah, s+ E2) =

(k—2)! [(%5= +s)

1

5, We obtain

As @,y vanishes at s =

Ly(f, 0, 574 =

where bt
I(H5—)

F(k*§+1) '

The normalized Fourier coefficients of %(i)s,@‘s_ 1 are given by (5.7) as
-2

. - t;nl(%) + t;n2(%) + t;n?)(%) + t;nA(%)‘
2

9 -
%gb&é)(m)

Using Proposition 3.2 and Lemma 5.7, we first calculate

1y _ 1 h m F(%) ) (2[/()0 1)
w TEED) T TL0GD)

) + D + ().
)+210g(DN 1)t 4(

+210g(

From t,,5(1—s) = x(=N)D* N2t 1 (s), it follows that ¢/, ,(5) = ¢/, (
As in the case of the central value (Theorem 5.9), one calculates

h T(52) bm)
/D) ot

)-

N =

1
2

tm,l(%) -




We deduce that

Cy (B (3) +t0(3)) m' 7

k-1 1 h I’ I’ DN L'(x,1)
— 2 _D 5 . k-‘rf 1 k— f-‘rl l 2_) ‘
D) gm0 + ) o () 2

For the third term, we split the sum into two parts: a finite sum for n < mD and an infinite sum
for n > mD. After a substitution, we obtain t,,3(s) = Si(s) + Sa(s), with

Sy(s) = "D > bmD — 1) M,.a (1) I (L) ;

Rt (mD —tN)1—s mD —tN
t<"F
b(mD +tN) - mD
Sa(s) = kD2 Mia(=t) [, | ——— ] -
- Z (mD + Ny e (1) (mD—i—tN)

We first calculate S7(3). By Lemma 5.5 and Lemma 5.6, we know that

i mD_\ _ (e (mD—tN 2 T ) poen (| 2N
mD — N mD ) T(EE) =520 mD )

— I | — =log| ——= |1 | —— | .
os *\mD—tN)|_.~ *\mD—iN) s \mD—tN

Using Lemma 5.2 and keeping track of all the logarithms that appear yields

S (1) = i*log (%) > %M;,A(tﬁ (%)

mD
I<t<mP

N[

and

k—0+1
+<—1>2<mD>-5% S ramD — tN)a() P (1 M)

b mD
m
1<t<mb

Note that all terms of the first sum vanish. This follows from (the proof of) the functional equation
of @, see Theorem 4.15. For the computation of Sj(3), we note that I,(-"P~) vanishes at s = ;
by Lemma 5.5. Using Lemma 5.1 and Lemma 5.6, it follows that

/1 £41 ¢ F(k_§+1) - (0,6-1) 2tN
SQ<§> =(=1)= (mD)™? F(k—s—e—l) ZrA(mD +tN)oa(—1) 2Qk7§71 1+ D)
2 t=1

We find that

) N ) 2N
Cutalm'®" = -m™ | S ramd 1)ty P (1 27)
2

mD
1<t<ml

> 2N
D+ tN)J1 (— Al [ i B
_'_tX:l:TA(m + )5( ) kél _'_mD
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For the fourth term, we calculate using Lemma 5.2:

_Z
m 2 mD mD mD

¢ m—\/ﬁm,w(o)(@ (") — log (%7) 00.4(57))

m,4(%) - et

iyl M2 ~
— k1 mD) :

rovp 074 (%

where we used that ¢, 4(s) vanishes at s = 3. It follows that

k=1 k—t—1 -1 _ mD _
Cutya(Dm'™ = m* 5 (D) (O (T ) PLED ().

As in the previous two theorems, we may drop the factor (—D)Tl, as this term is only present for
(=1.

Summing up the four terms and taking the complex conjugate finishes the proof. m
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6 Conclusion and further research

In this thesis, we corrected and solidified the method introduced by Goldfeld and Zhang in | ).
We have recovered their main results, but with an additional term coming from the residues of the
twisted L-functions Lg(s, ). By evaluating the obtained expressions at special points, we were able
to recover | , Thms. IV.5.5, IV.5.6, IV.5.8] and | , Thm. 3.6]. In particular, for k > 2, we
have validated the final claim in | |. This substantiates the correctness of our results.

However, the Gross—Zagier formula for the derivative when k = 2 | , Thm. IV.6.9] is the one
that is needed to obtain their results on L-series of elliptic curves. With the current approach, we
are unable to recover this formula, as interchanging the summations in the proof of Theorem 4.4 is
not allowed when k = 2. Therefore, it might prove interesting to find a way to adapt the approach
and recover a formula for the case £ = 2 as well. One way this might be done is by replacing the
Poincaré series P, by a non-holomorphic Poincaré series P, s (as in (2.10)) and taking a limit.

One way the method has already been extended is by Nelson [ |, as they consider f €
Sp(To(N),e) with nebentypus e. In particular, this allows the weight k of f to be odd. This also
essentially covers the case where f € Si(I'1(N)), as any such f decomposes as a linear combination
of modular forms with nebentypus. They prove this generalization by using a formula for the
coefficients of the Poincaré series for Sg(I'o(N), €), which is similar to the one for the coefficients of
the Poincaré series P, that we consider, but involves a Kloosterman sum that is twisted by the

character e. Perhaps it is possible to look at even more general congruence subgroups I' instead of
Fo(N) and Fl(N)

One assumption we make is that the level D > 1 is square-free, which forces us to assume D = 3
(mod 4) in the case of theta series. The reason for this is that we need to understand the behavior of
g at the various cusps of I';(D), and for that we use the Atkin—Lehner operator. This operator only
allows for a decomposition of D into two coprime factors. As such, if D is divisible by any square,
then there is not an Atkin—Lehner operator for all decompositions of D. It would be interesting to
find a way to overcome this restriction. Note that in | | a similar assumption is used.

When talking about theta series, we only consider unramified Hecke characters of infinity type
(t —1,0). We need this assumption on the ramification to prove that the associated theta series
behaves nicely when slashed with any matrix in SLy(Z), as in Proposition 2.14. If this proposition
generalizes to ramified Hecke characters, then all results in Chapter 5 could be generalized to any
Hecke character of infinity type (t — 1,0), as long as the norm of its conductor is square-free and
coprime to N D. We have not found a generalization of Proposition 2.14 in the literature.

Finally, when deriving the special values, the central value and the central derivative in Chapter 5,
we only consider the case where ¢ < k. Using the Goldfeld-Zhang method, it should be possible

to also obtain a formula for ¢ > k. In that case, it is perhaps more natural to replace the
F(%-ﬁ-s) =
F(%Jrs)q)
holomorphic kernel in Proposition 4.11, a factor F(% + s) is introduced. As suggested by the
definition of the completed L-function A(f ®#6,s) in (4.19), it might be more natural to use a factor

modified holomorphic kernel (fsﬁ by s,0- More generally, in the construction of the modified

F(@ + s) instead. For ¢ > k, this changes the sign of the functional equation of és,g, and ensures

that 513579 does not have a pole at s = % Our final claim is that it should not be hard to derive a
formula for the value and the derivative of L(f ® 0, s) at the center in this case.
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A  Geometric context

In this appendix, we give some additional context and motivation behind the main results of this
thesis. Most of the results mentioned can be found in | | and in | ].

A.1 Modular curves

In this section, we list some important properties and constructions related to elliptic curves. We
describe two examples of moduli spaces: the modular curve Xy(1) and its generalization Xo(V).

Elliptic curves

An elliptic curve E over a field K is a smooth, projective curve of genus 1, together with a
distinguished point O € E(K). It can always be given by a non-singular affine Weierstrass equation

E:y? + a1xy + asy = 2° + aox® + aux + ag,
with a; € K and O being the point at infinity. The set of K-rational points E(K) has a natural

abelian group structure, with the point O being the identity element. In the case that K is a
number field, this abelian group is finitely generated.

Theorem A.1 (Mordell-Weil, | , Thm. VIIL.6.7)). Let E be an elliptic curve over a number
field K. Then E(K) is finitely generated. In particular, there exists some integer r > 0 such that

E(K)=7Z" x E(K)ors,
where E(K )ios s the finite torsion group.

By the work of Mazur | | and Merel | |, we understand E(K )ios well. We call r the
(algebraic) rank of an elliptic curve. The proof of Theorem A.1 uses the Néron—Tate height of a
point. This height can be used to define a positive definite quadratic form on the R-vector space
E(K) ® R. In particular, the height of a point is zero if and only if the point is torsion.

L-series

Let E be an elliptic curve over a number field K. For a prime p of K, one can reduce E modulo p
and look at the curve Ep over ky, the residue field of p. For only finitely many primes p this curve
is singular, in which case we say that E has bad reduction modulo p. One can associate an ideal
N C Ok to E such that p divides N if and only if £ has bad reduction modulo p. We call N the
conductor of £ and two isogenous elliptic curves have the same conductor. As £, is a finite field,
E’p contains finitely many points and so we define for p { N the coefficient a, = N(p) + 1 — #Ep.
For each prime p with bad reduction, we can choose some a, € {—1,0, 1} depending on the type of
bad reduction. We now define the L-series L(E/K, s) for R(s) > 2 by

L(E/K,s) = [ [(1 = aN(p)~* +N(p)'" ) [[(1 — a,N(p)~) ", (A.1)
pIN p|N

We write L(E, s) for L(E/Q,s) if E is defined over Q. In the latter case, this L-function can be
continued analytically to the complex plane, but this is a very deep result. The key ingredient here
is the modularity theorem, as we will see in the next section. But first, we will consider a method
for classifying elliptic curves over C.
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Complex elliptic curves

Over the complex numbers, one can classify elliptic curves using lattices. These are discrete
subgroups of the complex plane and can be written as A = Zw; ® Zwy with wy,ws € C linearly
independent over R.. It turns out that any elliptic curve E over C is isomorphic (as a complex Lie
group) to the quotient C/A for some lattice A. Moreover, the following correspondence holds.

Proposition A.2 ([ , Corollary V1.4.1.1]). Let E; and Es be two elliptic curves over C that
correspond to lattices Ay and Ny. Then Ey and Ey are isomorphic over C if and only if Ay and Ay
are homothetic, i.e., if there is some a € C* such that Ay = als.

Given a lattice A C C, it is homothetic to a lattice of the form A, = Z & 7Z with 7 € H, the
complex upper half-plane. We write E. for the complex elliptic curve associated to A,. One can
define an action of SLy(Z) on ‘H by the M&bius transformation

a b at +b
T=—.
c d ct +d
Now, two lattices A, and A, with 7,77 € H are homothetic if and only if there exists some

v € SLy(Z) with 7/ = 7. In this way, the quotient SLy(Z)\H naturally classifies all complex elliptic
curves up to isomorphism.

Modular curves

In a more general way, we can create a moduli space for complex elliptic curves with a cyclic
subgroup of a fixed size. Let N > 1 be an integer and consider the subgroup of SLy(Z) given by

To(N) = {(Z Z) € SL(2Z)

c=0 (mod N)}

Definition A.3. An enhanced elliptic curve for T'y(N) is a pair (E,C) consisting of a complex
elliptic curve E and a cyclic subgroup C' C E(C) of order N.

Two enhanced elliptic curves (E,C) and (E’,C") for I'y(N) are said to be equivalent if there is an
isomorphism ¢ : E — E’ such that ¢(C') = C". In that case we write (E,C) ~ (E’,C"). Now define
the moduli space

So(N) = {enhanced elliptic curves for [y(N)} /~,

and the quotient
Yo(N) = Lo(N)\H.

Theorem A.4 (| , Thm 1.5.1 (a)]). The moduli space for T'o(N) is given by
So(N) =A{[E-, (1I/N + A-)] - 7 € H}.

Two classes [E,,(1/N + A,)] and [E.,{1/N + A.)] are equal if and only if [7] = [7'] € Yo(N). In

particular, there is a bijection
Yo : So(N) = Yo(N),  [C/A+, (/N + A7) = [7].
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We see that Y;(/V) naturally classifies equivalence classes of enhanced elliptic curves for I'g(N).
Instead of a pair (E,C'), we could also consider a cyclic N-isogeny, that is, a homomorphism of
complex elliptic curves ¢ : F — E’ with a cyclic kernel of order N. Given a enhanced elliptic curve
(E, (), we can construct the cyclic N-isogeny E — FE/C' given by the quotient map. Conversely,
given a cyclic N-isogeny ¢ : E — E’, the pair (F, ker(¢)) is an enhanced elliptic curve for I'o(N).
As such, we see that Yy(/N) naturally classifies (equivalence classes of) cyclic N-isogenies as well.

One can compactify Yo(N) by adding finitely many cusps. In this way, we obtain a compact Riemann
surface Xo(N) = To(N)\H*, where H* = HUP(Q). We call X,(N) a modular curve. It is possible
to define Xo(N) as a smooth projective curve over Q whose complex points are T'o(N)\H*.

Modular forms

Given a modular form f € S3(I'g(IN)), one can define a holomorphic differential form on Xy(N)(C)
given by
wf = 27Tif(7‘)d7’ € QXO(N)'

This is well-defined for two reasons. The modularity of f guarantees that the form is invariant
under the action of I'o(N), and the fact that f is a cusp form means that the differential form is
holomorphic at the cusps of Xy(V). Every holomorphic differential form on Xy(NV)(C) arises in
this way, and so we may identify Sy(Io(N)) with Qx, ). By the Riemann-Roch theorem, it follows
that dimg S2(I'o(2V)) is finite and given by the genus g of X((IV).

Fix a cusp form f € Sy(I'o(IN)) with integer Fourier coefficients. If f is a normalized eigenform
(see [ , Section 2.3]), it is possible to construct a special elliptic curve Ey over Q using the
Eichler-Shimura construction. The construction defines E; as a certain quotient of the Jacobian
Jo(N) of Xo(N). This Jacobian can be defined as an abelian variety over Q of dimension g and its
points can be identified with the zero divisors on Xy(/N) quotiented by the principal divisors. The
elliptic curve Ey is special, as the L-series of E is equal to the L-series L(f, s) associated to f. For
R(s) > 3, this L-series is given by

L(f,s) = 3 M),

n
where ay(n) is the n'™ Fourier coefficient of f.

Remark. Here we used a different normalization for the coefficients than in the rest of the thesis.
This L-series is related to the L-series Ly(s) given by (3.7) via L(f,s) = L¢(s — 1). In particular,
L(f,s) has a functional equation with center s = 1 (see Proposition 3.5).

To summarize:

Theorem A.5 (| , Thm. 2.10]). Let f € So(T'o(N)) be a normalized eigenform with integer
Fourier coefficients. Then there exists an elliptic curve Ey over Q, given by the Fichler—-Shimura

construction, such that
L(Efa s) = L(f,s).

Due to the nature of the construction of the elliptic curve Ey, there is a modular parametrization

map @y : Xo(N) — Ef, sending a point P to the equivalence class of (P) — (co0) viewed in Jo(N)
followed by the quotient to E;. This is a non-constant morphism of curves defined over Q.
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A.2 The Birch and Swinnerton-Dyer conjecture

As stated in the previous section, we would like to be able to analytically continue the L-series
L(E,s). For this, we use a converse to Theorem A.5, which is known as the modularity theorem.
One way to phrase it, as in | , Thm. 2.5.1], is that for any elliptic curve E/Q, there exists
some integer N > 1 and a surjective morphism of curves over C,

CI)N . X()(N)C — Ec.
An equivalent way to phrase it is the following.

Theorem A.6 (Modularity Theorem, | , Thm. 2.12]). Let E/Q be an elliptic curve of
conductor N. Then there ezists a newform f € S§(Iy(N)) such that

L(E,s) = L(f,s).
Furthermore, I/ and Ey are isogenous.

From the theory of modular forms, it is known that L(f,s) can be extended analytically to the
complex plane. In fact, we prove a generalization of this in Proposition 3.5. By the modularity
theorem, it now follows that the L-function L(F,s) of any elliptic curve E has an analytic
continuation. There are currently no known methods to obtain this result without using the
modularity theorem in some way. As L(E, s) can be extended analytically, we can study its behavior
around s = 1. We call the order of vanishing of L(FE,s) at s = 1 the analytic rank of the curve
E. A central conjecture by Birch and Swinnerton-Dyer, and now a Millennium Prize Problem,
hypothesizes that the analytic rank is equal to the algebraic rank.

Conjecture A.7 (Birch and Swinnerton-Dyer). Let E/Q be an elliptic curve. Let r denote the
algebraic rank of E(Q). Then ords—1 L(E,s) =r.

The conjecture has been extended to also state a precise formula for the leading coefficient of the
Taylor expansion of L(FE,s) at s = 1.

Conjecture A.8 (Birch and Swinnerton-Dyer, | , Conjecture 16.5]). Let E/Q be an elliptic
curve with algebraic rank r. Then
oy L(E5) 2"OA#II(E/Q)R(E/Q) T, ¢
s—1 (3 - ]-)T (#E(Q>tors)2 '
Here Q) is the real period, HI(E/Q) is the Tate-Shafarevich group, R(E/Q) is the regulator of E

and ¢, are Tamagawa numbers related to E(Q,).

(A.2)

One thing to note about this conjecture is that we do not know whether the Tate-Shafarevich
group II(E/Q) is finite. Of course, its finiteness would follow if the Birch and Swinnerton-Dyer
conjecture were proven. At this point in time, the best result we have towards the conjecture is the
following statement.

Proposition A.9 (Gross, Zagier; Kolyvagin). Let E be an elliptic curve with ords—1L(FE,s) < 1.
Then the analytic rank and the algebraic rank of E agree. Moreover, the Tate—Shafarevich group
HI(E/Q) is finite.

In the next section, we will discuss the idea behind the contribution of Gross and Zagier to
Proposition A.9.
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A.3 Heegner points

In this section we will discuss Heegner points. Using the modularity of elliptic curves, they allow for
the construction of algebraic points on an elliptic curve over Q. Under the right conditions, it turns
out that these points are also Q-rational. In this way, we learn something about the Mordell-Weil

group E(Q).

Fix some elliptic curve E over Q of conductor N. Let K be an imaginary quadratic field of
discriminant D coprime to N. We are interested in points € X,(/N)(C) that correspond to an
N-isogeny E; — E5, where both F; and Fs have complex multiplication by Of. This means that
End(E;) and End(FE,) are both isomorphic to Ok. In order to guarantee the existence of these
points, we will need the necessary and sufficient Heegner hypothesis: if p is a prime number dividing
N, then p is split in K. Given such a point z, we can then use the modular parametrization
map @y : Xo(N) — E to obtain a point on F(C). In fact, something stronger holds by complex
multiplication theory: if H is the Hilbert class field of K, then x € Xy(N)(H) and so ®y(z) lies in
E(H). The Hilbert class field of K is the largest unramified abelian extension of K and satisfies
Gal(H/K) = Pic(Ok) = Clg. We call a point on E(H) of the form ®y(z) a Heegner point (of

conductor 1). See | , Chapter 3] for the construction of Heegner points of larger conductor.
Let P = ®y(z) € E(H) be a Heegner point. We now define
Pg=Tryx(P)= Y  P°€E(K).
ceGal(H/K)

We want to know wether Py is torsion or not. Under the right assumptions, this is decided by the
work of Gross and Zagier.

Theorem A.10 (Gross, Zagier, | , Thm. V.2.1]). Let E be an elliptic curve over Q of and let
K be an imaginary quadratic field satisfying the Heegner hypothesis relative to E. Let P € E(H) be
a Heegner point. Then for some non-zero a € R*,

L'(E/K,1) = a- h(Pg),
where h(Py) is the Néron-Tate height of P.

They prove this in two parts, one algebraic and one analytic. The first, algebraic part of their
paper is devoted to computing height pairings on Jo(N)(H) @ C of the form (¢, T,,,¢”). Here ¢ is
the divisor class of (P) — (00), T}, is a Hecke operator and o is an element of Gal(H/K). Via
the isomorphism Gal(H/K) = Clg, this element o corresponds to an ideal class A. In the second,
analytic part, they compute explicit Fourier coefficients a,, 4 of a cusp form ® 4 € Sy(I'o(V)) that

satisfies -
L(f1) = ——=(f, @), (A.3)

V/IDI

for any newform f € SyV(I'o(N)). Here L4(f,s) is a Rankin—Selberg L-function (see Section 5.1).

From the formulas they obtain, it follows that a,, 4 = u?(c, T},c”), where 2u is the number of units
in Og. Given a class group character x : Clxy — C*, one can sum over all the classes and obtain

o) = 3 Az = T
AcCly W\/W 7
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where ¢, ¢ is the projection of

cv= Y. X (o) €lh(N)(H)®C,
o€Gal(H/K)

onto the f-isotypical component of Jo(N)(H)® C for the action of the Hecke algebra T (see [ :
p. 230]). Here x is interpreted as a character on Gal(H/K) via the Artin map Clx = Gal(H/K).

In the case that x is trivial and f corresponds to £ via modularity, the L-series L(f, x,s) coincides
with L(E/K,s). The fact that h(Px) = h(cy 5) - deg(®y) now leads to Theorem A.10.

Given an elliptic curve E/Q of conductor N and analytic rank one, we can always find a number
field K satisfying the Heegner hypothesis such that ords—1 L(E/K,s) =1 | , p. 41]. In that
case, E(K) must have at least algebraic rank one by Theorem A.10. Using the known behavior of
Py under the action of Gal(K/Q) (see [ , Prop. 3.11]), one can deduce that Pk lies in F(Q)
up to torsion if and only if L(FE, s) has odd order of vanishing at s = 1. Under our assumptions,
this order of vanishing is odd and so we deduce that the algebraic rank of F(Q) is at least one.

In order to conclude that E(Q) has an algebraic rank of exactly one and to deduce the analytic
rank zero part of Proposition A.9, a result of Kolyvagin is needed | |. This result requires the
full power of the Euler system of Heegner points.

In Chapter 5, we compute the values and derivatives of the Rankin—Selberg L-function L4(f,s),
thereby deducing parts of the analytic side of | |. Instead of Rankin’s method, which is used
by Gross and Zagier, we use the Goldfeld-Zhang method | |. As our approach is limited to
modular forms f € Si(I'o(N)) with weight k£ > 2, we are unable to deduce (A.3).
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B Changes to the Goldfeld—Zhang method

In this appendix, we give a list of adjustments and corrections we had to make while deriving a
formula for the holomorphic kernel, when compared to | |. This includes both differences in
definitions and corrections to formulas.

(1) | , Section 3]: When defining the holomorphic kernel, the inner product (®; 4, f) should
be (f, ®5,) instead, as f +— (P4, f) is not a linear map. As a result, all formulas for the
coefficients of the holomorphic kernel should be conjugated.

(2) [ , Proposition 3.6]: The formula for 7(m,n;s) when n > m should contain —™- instead
of ——. Note that we do not derive this in the thesis.

—-n"

(3) [ , Proposition 4.2]: Ly(s, 2) does not have a pole at s = 15£ with residue —b(0). Instead,
L;(s, %) satisfies that description. Moreover, the functional equation should contain the factor

i’ instead of i=¢. See Proposition 3.5.

4) | , Definition 5.2]: We use 7(y;) instead of G(d). This is because we define S°(s, B)
differently, see point (6) below. Note that G(9) = 7(X3).

(5) [ , Lemma 5.3]: The statement of the lemma is incorrect and should use €5 (r) instead of
€s/(r) in the generalized Ramanujan sum. From their proof, it is clear that this is a typing
error.

(6) [ , Equation (6.4)]: We define S°(s, B) with eg(r) instead of €;'(r). See Definition 4.2.

This difference stems from a mistake in the proof of | , Thoerem 6.5], where they use the
functional equation of Ly(s, L), but write @ where 7 should be used instead.

(7) | , Theorem 6.5]: In part (a), the coefficients should be conjugated. In part (b), the
formula should contain i¢ instead of i~ and no factor 652/ s(0). Moreover, the formula holds
only for s in a certain vertical strip. See Theorem 4.4.

(8) | , Proposition 7.1]: Due to the difference in the definition of S°(s, B), occurrences of e
should be replaced by €' In particular, €’ becomes e ! and L9, (2s) becomes Ly, (2s). See
Proposition 4.6. We use the notation N1 instead of Ns.

9) [ , Proposition 8.3]: In the case that > 1, the hypergeometric function should have ¢ as
the third argument instead of k.

(10) | , Proposition 9.1]: The formula for qgsjg should be conjugated, not contain g (%), and
contain 7 instead of i~*. The formula for 7}, y, should use S;SVQ instead of S?. Also, <(i>8,g, f)

should be (f, (i>§79>. The assumption that xy must be a real character can be dropped. Lastly,
the formula holds only for s in a certain vertical strip. See Proposition 4.11.

(11) | , Proposition 10.1]: See Theorem C.1 for the corrected formula for the coefficients.
(12) | , Theorem 11.5]: See Theorem 4.13 for the corrected formula for the coefficients.

71



C Modified holomorphic kernel for D = 1

We give an adjusted version of | , Thm. 10.1]. In particular, it contains an additional term
that we believe to have been overlooked.

Theorem C.1. Let k and ¢ be integers with k = ¢ = 0 (mod 2). Let N > 1 be some level and
g € My(SLa(Z)). Let v > 0 be a bound on the coefficients of g and its Atkin—Lehner translates as
in (4.3) and assume that k > 2v + 3. Let i)sg be as m Proposition 4.11 with D = 1. Then &)579 has
Fourier coefficients whose complex conjugates f0r E iy < R(s) < % — v are given by

ot est lb( ) ['(1—s)I(s)

(2m)2%s m? F(% +1-— )F(”k S)Q(QS)

Gsg(m) =i

) 959 b(M I'(l1—s)I'(s
it 2m) rr(bl‘)s F(Z_Tk +<S)F(€)+Tk(—) 1+ s)C(2 ~29)

+AFHNET N b)) D ds;—s
1%2

n>1,n#m di-do=
n=m (mod N) e

+ Zk-‘rﬁ (2 s5— Z+1 Z dl 28

Furthermore, CTDS,Q satisfies the functional equation

F 1-2s &
®17879 = N (pszg

Proof. We remark that ¢ has the trivial nebentypus xo modulo 1. As NPl = N we have by
Proposition 4.11, for 1 < R(s) < % — 7, that

. b (%L + )L (xo, 2 .
G5 g(m) = % Z ; FE kié — ?) (2#)(2)2(;1_22 + QWZkTm,N(S)-

e|N

2

To obtain the first term, we first calculate

L (x0,2s) . > ¢(2s) s :
Vo S e (1) - R D

elN e|N ple e|N
((2s s C(2s) s .
- B a Y - zzzu cl2s)Ne
d|N e|ﬂ e|N le

d

This yields the first term, as

b(m) x—~ e D55 +5) L (x0,25)  b(m) T(%5* +5)
m* XJ; NT(EE - s)@m)»e=2  me T(5E —s)(2m)>




Here we used that

r (? - s) r (K_Tk +1-— 3) = i*HT(1 — 5)T(s).

Next, recall that
2Ty (5) = ¥ " b(n) Sy (s, m — n)Vi(n,m). (C.1)

n=0
By Proposition 4.6, we have
> gmen d'=2 it m #n, N|(m —n),
Sn(s,m—n)=1<¢(2s—1) if m =n,

0 else.

Taking the term in (C.1) for n = m and using Proposition 4.8, yields the second term:

ke b(M) 7 ot b(m) I'(2s —1)
? mi— C(Q — 1) (1) mi- C(2 - UF(% T S)F(% s 1)
b(m) I'(1—s)I'(s)

_ ke \25—2 _
= & (2n) mi=s D(5E 4+ s)I(ZE + 5 — 1)C(2 2s).

Here we used the functional equation of ((s) (given by (3.6)) together with the reflection property
of I'(s). For the third term, we consider the terms for n > 1 with n % m in (C.1). This yields

2apb(n) Coes (M b(n) _ m—n| _\'"-/m
k+¢ 1-2s k—i—ﬁ s 1
R p— Z d (g) ni-s Z dp” - N | d; L (Z)
e RAES

1 m
— 'k-l-ENs—l b e 1) (_) .

; ONDS "
The fourth term is simply given by the term corresponding ton =0 in (C.1):

alsal1 5
l+l
Zk+£ ms §:d1 25

dy d2=| m];n
Using the fact that & > 2+ + 3, one can now show that the series in the third term converges locally
absolutely and uniformly for 5% + v < R(s) < 1 — 4. See also the proof of Theorem 4.13. This
proves the first part of the theorem.

For the functional equation, we note that the first two terms of qgl_svg(m) are swapped up to
multiplication by N'=2¢ under the transformation s — 1 — s. Each term in the sum of the third
term is kept invariant under the transformation s — 1 — s due to the functional equation of I,, see
Proposition 4.7. Lastly, for the fourth term, a simple calculation reveals that

e 0(0)  1oe 1 e (0) e mo\2s-1 5, 0(0) )

k-+4 s 2s—1 _ k+¢ s — k+€N1 2s s— 1— 25

) _F(ﬁ)m 2 dglm d ) —F<£)m 2 dglm <_dN) 1 —F<£)m d% d
~ ~ N
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