TWISTED TRIPLE PRODUCT ROOT NUMBERS AND A CYCLE OF
DARMON-ROTGER

DAVID T.-B. G. LILIENFELDT

ABSTRACT. We consider an algebraic cycle on the triple product of the prime level modular curve
Xo(p) with origins in work of Darmon and Rotger. It is defined over the quadratic extension of Q
ramified only at p whose associated quadratic character x is the Legendre symbol at p. We prove
that it is null-homologous and describe actions of various groups on it. For any three normalised
cuspidal eigenforms f1, f2, f3 of weight 2 and level I'g(p), we prove that the global root number of
the twisted triple product L-function L(f1 ® f2® f3® X, s) is —1. Assuming conjectures of Beilinson
and Bloch, and guided by the Gross—Zagier philosophy, this suggests that the Darmon—Rotger cycle
could be non-torsion, although we do not currently have a proof of this.

1. INTRODUCTION

1.1. The Darmon—Rotger cycle. Let p be a prime number and fix a p-th root of unity ¢, in
Q. Let K C Q(¢p) denote the unique quadratic extension of Q ramified only at p, and write
Gal(K/Q) = {1,7}. Given an elliptic curve E and three pairwise distinct subgroups Cj, Cs, C3 of
order p with generators P;, P, P3, denote by e, the Weil pairing on E[p] and write

ep(P2, P3) = (), ep(P3, P1) = (), ep(Pr1, P2) = G-
Using this notation, define the invariant

O(Ea Cla CQ, 03) = abe € F;/(F;)&)’

where (IF?)(Q) denotes the group of non-zero quadratic residues modulo p. This invariant does not
depend on the choices of generators of the cyclic subgroups. Darmon-Rotger [4] defined two curves
A, A C Xg(p)%Q respectively as the schematic closures of

{(E, Cl), (E, CQ), (E, Cg) : O(E; Cl, CQ, Cg) = 1}

and
{(E, Cl), (E, CQ), (E, Cg): O(E; Cl,Cg,Cg) 75 1}.

We refer to the difference of these two curves as the Darmon—Rotger cycle and prove the following:

Theorem 1.1. The Darmon—Rotger cycle is null-homologous and its rational equivalence class
gives rise to an element = := A, — A_ in the Chow group CH?(Xo(p)3.)5~ ' The element = is
fized by the action of the symmetric group Ss if p=1 (mod 4). If p =3 (mod 4), then Ss acts on

= by the sign character.

In order to prove this, we give an alternative description of A, and A_ as images of certain maps
X (p)— Xo(p)3, where X (p) denotes the modular curve of full level p structure over Q(¢,).
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1.2. Root numbers. Consider F = f1 ® fo ® f3 € S2(To(p))®3, the tensor product of three
normalised cuspidal eigenforms with respect to the Hecke algebra T = Endg(Jo(p)) ® Q. Let x
denote the Legendre symbol at p, which is the quadratic character associated to the extension
K/Q. We consider the triple product L-function L(F),x, s) attached to the compatible family of
8-dimensional f-adic Gal(Q/Q)-representations

Vi(F, x) = Va(f1) @ Vi(f2) @ Vi(f3) ® X,

where Vy(f;), for i = 1,2,3, is the usual 2-dimensional representation attached to a cuspform of
weight 2. Define the completed L-function

A*(F,x,s) = 21p*(2m)> 4T (s — 1)T(s)L(F, x, 5).
This function has analytic continuation to the entire s-plane and satisfies the functional equation
N (F,x, ) = W(F, x)A*(F, .4 — ),
where W (F, x) € {£1} is the global root number [9, 12]. We prove the following:

Theorem 1.2. The L-function L(F,x,s) vanishes to odd order at its center s = 2.

The proof consists in showing that W (F,x) = —1, which boils down to computing the epsilon
factor of the 8-dimensional Weil-Deligne representation of F' ® x at p. The main difference with
the untwisted case lies in the fact that the epsilon factor of this Weil-Deligne representation at p
is equal to the epsilon factor of the Weil representation of F' ® x at p (see (17) and Remark 4.4).

Triple product L-functions for three newforms of weight 2 and same square-free level were studied
in detail by Gross—Kudla [6]. In particular, they gave a formula for the global root number. In the
case of prime level p, the global root number of L(F, s) is W(F) = ap(f1)ap(f2)ap(f3), where a,(fi)
denotes the p-th Fourier coefficient of f; at the cusp oo. The twisted case considered in this note
corresponds to the triple product of three newforms of levels p, p, p? (see Remark 4.1), and thus
falls outside the scope of [6].

In the case of a single normalised cuspidal eigenform f € S3(I'g(p)), the global root numbers are
W(f) = ap(f) and W(f,x) = —x(-1) [11, 13].

1.3. The Beilinson—Bloch—Kato conjectures. Let Y be a smooth and proper variety over a
number field F. Taken together, the Beilinson—Bloch and Bloch-Kato conjectures [1, 2] predict
that for each integer ¢ > 0 and prime ¢, the f-adic étale Abel-Jacobi map

(1) AJy: CHY(Y )o ® Qp — H}(F, H3 ™ (Y, Qi)

from the null-homologous Chow group to the Bloch—Kato Selmer group is an isomorphism of Q-
vector spaces and moreover these spaces have dimension ords—; L(H*~1(Y), s), the L-function being
the one attached to the compatible system of f-adic Gal(F/F)-representations H2 ! (Yz, Q). The
Beilinson-Bloch—Kato conjectures are compatible with algebraic correspondences.

In the setting of this note, we expect from the Beilinson—Bloch—Kato conjectures that

(2) ords—s L(F, x, s) = dimg,. tr CH*(Xo(p)%)§~ ' = dimg,, H}(Q, Viy.e(2)),

where K is the completion of the Hecke field Kr of I at a fixed prime above ¢, and the correspon-
dence tp € CH3(X0(p)6) Ky is some choice of Kp-linear combination of tensor products of Hecke
correspondences projecting to the 1-dimensional F-isotypic component of the (T®3 @ R)-module
HO(X3,035) ® R = HO(X, Q%)% @ R. Theorem 1.2 implies that

(3) ords—s L(F, x,s) > 1.



TWISTED TRIPLE PRODUCT ROOT NUMBERS AND A CYCLE OF DARMON-ROTGER 3

In view of the Beilinson—Bloch—Kato conjectures, we thus expect to have the lower bound

(4) dimye, tr CH?(Xo(p)% )5~ ' > 1.

A natural question arises from (4) and Theorem 1.1: when are tpZ and AJ?(tpZ) non-trivial?
It would be interesting to know the answer to this, especially given the canonical nature of the
Darmon—Rotger cycle (it does not depend on a choice of base-point nor on a projector to make it
null-homologous, as opposed to the modified diagonal cycle in Remark 1.3 below). At the moment,
we have no answers to offer, only speculations.

In analogy with the situation for Heegner points [8], the Gross—Zagier philosophy might lead us to
expect that

(5) tp=2 # 0 < ords—o L(F, x,s) = 1.

In particular, the existence of one triple product of normalised cuspidal eigenforms such that
L'(F, x,2) # 0 would be enough to imply that = has infinite order in CH?(Xo(p)%)o-

Remark 1.3. Over QQ, a naturally occurring cycle is the modified diagonal cycle
AGKS(G) = PGKS(Q)(A) S CH2(X0(p)3)0

first considered in work of Gross—Kudla [6] and Gross—Schoen [7]. Here e € X(p)(Q) is a fixed
base-point and Pgks(e) is the Gross—Schoen projector (Definition 2.5) whose effect is to make
the small diagonal A C Xg(p)? null-homologous. When ords—s L(F,s) is even, AJ2(tpAgks(e))
is trivial for all ¢ and base-point e [10] (hence tpAgks(e) is trivial assuming injectivity of (1)).
When ords—s L(F,s) = 1, trAgks(c0) is non-trivial by the height formula conjectured in [6] and
announced in [15]. If in addition we have ords—g L(F, x, s) = 1, then ords—s L(F/K,s) = 2, and it
is conceivable in view of (5) that

tr CH*(Xo(p)%)o = Kr - trAgks(o0) ® Kp - tpE,

although this is pure speculation at the moment.

1.4. Conventions. By default, all Chow groups are with Q-coefficients. All number fields are
viewed as embedded in a fixed algebraic closure Q of Q. Moreover, we fix a complex embedding
Q = C, as well as p-adic embeddings Q — C, for each rational prime p.

1.5. Outline. Section 2 describes the Darmon—Rotger cycle and contains the proof of Theorem
1.1. Section 3 provides the necessary background on Weil-Deligne representations and local factors
needed for the proof of Theorem 1.2, which is given in Section 4.

2. TRIPLE PRODUCT CYCLES

We give a description of the Darmon-Rotger cycle using certain maps X (p)— X1(p)3— Xo(p)?,
where X;(p) is the modular curve with I';(p)-level structure. We use this description to prove
Theorem 1.1.

2.1. Cycles on Xi(p)3. Throughout this section we will assume that Xo(p) has positive genus.
Let Mp denote the fine moduli scheme representing isomorphisms classes of pairs (E, o) consisting
of a generalised elliptic curve E together with a full level p structure oy, : E[p]— (Z/pZ)?. Tt is a
smooth proper curve over QQ, whose base change to Q((,) is the disjoint union of p—1 geometrically
connected smooth proper curves X7(p) with j € {1,...,p — 1}. The curve X7/(p) classifies pairs
(E, (P,Q)), where (P, Q) is a basis of E[p] satisfying e, (P, Q) = ¢}. We shall focus on X (p) := X (p)
(because considering the other components does not yield additional cycles).
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Let x; = (a;,b;) € F2\ {(0,0)} with i € {1,2,3} and consider the map
g5(35173627163) : Mp—> X1 (p)3
defined over QQ by
(Ev (P7 Q)) = ((E, a1 P + le)v (Ev as P + bZQ)v (Ev azP + b3Q))
Denote by

A(m1,m2,$3) = 5(1‘1,1‘2,1‘3)(X(p)) € CHQ(Xl(p)%(CP))
the image of X (p) under this map. We have a collection

5:: {E(m,m,m) : ($1,:L‘2,l‘3) € (F;% \ {(0’0)})3} C CH2(X1(p)%((p))
that inherits from X (p) and X (p)? various actions of groups, which we will now define and study.

2.1.1. Action of the group SLga(F,). There is a natural left action of the group SLy(F,) on X (p),

as can be seen, using the moduli interpretation, as follows: if (3 ’g ) € SLy(F,), then

(& 5) E(PQ) = (B (aP + 517 + Q)

Because the determinant is one, the Weil pairing on the basis is preserved. The above action
naturally induces a right action of SLy(IF,) on the set C via

Aacl,xz,:cg CRI= {ﬁ(:pl,xg,xg) © R(X(p))v

but since SLy(FF,) acts by automorphisms this action is the trivial one. A quick calculation reveals
that

A(x1,962,0€3) TR = A(ﬂcl,myﬂﬁs)'ﬁ
where the right action of SLa(F,) on the set (F3\ {(0,0)})? is defined as follows. Let x = <f‘/ g) €

SLy(Fp) and (x1,z2,23) € (F2\ {(0,0)})* with 2; = (a;,b;), ¢ = 1,2,3, then write the vector
(z1,22,23) as a 3 X 2 matrix and multiply on the right by x:

al b1
(x1,22,23) - Kk : = | az by <a ?)
as by) \7

= ((a1e + b1y, a1 8 + b16), (aga + bay, azf + b2d), (azar + b3y, a3 + b3d)).

It follows that the indexing set of the cycles can be taken to be
= (F3\ {(0,0)})°/SLa(Fy).

We shall write [z1, x2, z3] for the image of (z1,x2,z3) in I. To understand the set I we introduce
a determinant map N
Det : I— (F,)?

defined as follows. If (21,2, 23) is a representative of a class in I with z; = (a;, b;) for i € {1,2,3},

then
Det([z1, 22, 23]) := ( ) .

This map is well-defined as follows from the definition of the action of SLa(F),). It is a bijection from
the subset I* := Det ™' ((F))*) C I to (F))®. If [x1, 22, 23] € I* with Det([z1, z2,23]) = (a,b,c¢),

ar by
az bo

az b3
ar b

az b
a3 b3

i I

then we write Agpe := A, 20,05 We restrict our attention to the subcollection

C* = {Ea,b,c : (a,b,c) € (F;)?)} C CH (X1 (P,
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2.1.2. Action of the diamond operators. The modular curve X (p) carries a natural left action of the
group F ; via the so-called diamond operators. If d € IE‘;, then in terms of the modular description

we have (d) - (E,P) = (E,dP). We get an induced action of (F)*)* on the triple product X;(p)?
described by
(d1,da, ds) - ((E1, 1), (B2, P2), (B3, Ps)) = ((E1,diP1), (B2, doPy), (B3, d3P3)).

3

This in turn induces a left action of (IF,’)° on the collection of cycles C via

(di,dy,d3) - A(Il,xz,x?,) 1= (d1,da, d3) © Pz 20,25) (X (D)),
and this action preserves the subcollection C* since

(di,da,d3) - Agpc = Ddydsa,didsb,didac-

The following lemma follows easily from this formula.

Lemma 2.1. We have

orbo(ﬁm’l) = {A(Lb,c |a,b,c e IF';, abc € (IF;)(Q)} .

Here (IF;)(Q) denotes the set of quadratic residues modulo p and thus the orbit of &17171 has size
@. The stabiliser ofﬁLl,l for this action is given by {(1, 1,~1>, (—1,—1,—1)}. As a consequence,

there are 2 orbits for the action of the diamond operators on C*:
5>< = orbo(ﬁl,m) L Ol”b<>(51717a),

where a € F ) is a choice of a non-quadratic residue modulo p.

2.1.3. Action of the Galois group Gal(Q((p)/Q). We identify Gal(Q(¢p)/Q) with F)' so that the
element of the Galois group o; indexed by i € F’ raises (, to the i-th power. Recall that the curve
M), is defined over Q. When base-changed to Q((,), the Galois group of Q((,) permutes the p — 1
connected components X7 (p) of this curve transitively. Using this, Gal(Q(¢,)/Q) acts on C via

~Ui

A(acl,acz,acg) = 6(1"1@2,383)(01'()((]7))) = a(ml,mg,zg)(Xi(p))'
It is then not difficult to prove the following:

Lemma 2.2. For alli € F) and (a,b,c) € (F;)g, we have &Zflw = ﬁmﬂ-b’ic.

2.2. Cycles on X((p)3. There is a natural degree (p — 1)/2 covering of curves 7 : X1 (p)— Xo(p)
defined over Q given by mapping (E, P) to (E,(P)). It gives rise to a map on triple products
73 X1(p)3— Xo(p)3. Define, for (z1,z2,23) € ((Fp x F,) \ {(0,0)})3, the map

Pla1,22,23) = o &(90179027903) : Mp_> Xo(p)g,

as well as the cycle
A(xl,xg,w;;) = So(xl,xz,xg)(X(p)) € CHZ(XO(p)%((p))'
The cycles A, 4, 2,) are invariant under the action of the diamond operators on the triples

(x1,22,23). By taking images under 72 of the cycles in C* indexed by the set I*, we obtain

a collection of cycles C* in CHz(Xo(p)%(cp)) indexed by the double coset space (IF;;):;\I~ % which

has cardinality 2 by Lemma 2.1. The 2 cycles are the schematic closures of:
o« Api=mt(A110) = {((B, (P), (B,{Q)), (B, (P + Q))}
o A :=73A114) = {((E,(P)),(E,(Q)),(E,(aP + Q)))} (ais a non-quadratic residue).
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These cycles first appeared in work of Darmon—Rotger [4, p. 30]. It is clear that A and A_ match
the descriptions given in the introduction.

2.2.1. Field of definition.

Lemma 2.3. The cycles Ay and A_ are defined over the quadratic field

K = Q (VX(=1p) Q6.
where x denotes the Legendre symbol modulo p. The non-trivial element T of Gal(K/Q) interchanges
Ay and A_.

Proof. Let G(x) denote the Gauss sum associated to x given by the expression
p—1
2
Gx) =G
n=0

The equality G(x)? = x(—1)p goes back to Gauss and implies that K is the quadratic subfield of
the cyclotomic field Q((,). We have

o(G00) = 3G = Glx) e i e (B)®),
n=0

and as a consequence Gal(Q((p)/K) ~ (IF;)(Z) and Gal(K/Q) ~ ]F;/(IE‘;)(Q). Thus 7 acts as g,
where a € F) is not a square. It follows from Lemmas 2.2 and 2.1 that both cycles in C* are fixed
by Gal(Q(¢p)/K) and moreover that

AT =13 (AT 1) = 1 (Agaa) = T (A110) = A
]
2.2.2. Action of the symmetric group S3. The symmetric group S3 acts on Xo(p)? and X1 (p)® by
permuting the coordinates. This induces a left action of S3 on the various cycles given by
0 A(zym5,05) 7= 0 0 Parazes (X(p)) = A1) o2y @am)-
(And similarly for cycles in 5) Let [x1,x9, 23] € I* with determinant (a,b,c) € (IF;)? For all
o € S3, observe that
3
H Det([ma(l), :cg(g),wg(g)])i = sgn(o)abe,
i=1

where sgn(o) is the sign of the permutation o. The following result now follows from Lemma 2.1.

Proposition 2.4. If p =1 (mod 4), then the action of S3 fizes AL and A_. If p =3 (mod 4),
then any transposition in S3 permutes Ay and A_.

2.3. Homological triviality. We give two proofs, the first of which uses the Gross—Schoen pro-
jector [7].

Definition 2.5. Let C be a smooth projective geometrically connected curve over a number field
k and let e be a k-rational point of Y. For any non-empty subset 7" of {1,2,3}, let 7" denote the
complementary set. Write py : C3— C!Tl for the natural projection map and let qr(e): C Tl 3
denote the inclusion obtained by filling in the missing coordinates using the point e. Let Pp(e)
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denote the graph of the morphism gr(e) o pr : C3— C?3 viewed as a codimension 3 cycle on the
product C? x C3. Define the Gross-Schoen projector by
Poks(e) ==Y _(-1)T'Pp(e) € CH3(C? x C¥),
T

where the sum is taken over all subsets of {1,2,3}. This is an idempotent in the ring of correspon-
dences of C3 by [7, Proposition 2.3] with the property that it annihilates the cohomology groups
H(C3(C),Z) for i € {4,5,6} and maps H3(C3(C),Z) onto the Kiinneth summand H!(C(C),Z)®3
by [7, Corollary 2.6].

Consider the Gross—Schoen projector on Xo(p)?, with base-point some rational point e € Xq(p)(Q).
This idempotent correspondence acts on cohomology and annihilates H*(X((p)3(C),Z), the target
of the Betti cycle class map cl%: CHQ(XO(p)%)—> H*(Xo(p)3(C),Z). Hence, for any cycle Z €

CHQ(XO(p)%), the cycle Pgks(e)«(Z) is null-homologous and belongs to CHQ(XO(p)%)O.

Theorem 2.6. The Darmon—Rotger cycle = = Ay — A_ satisfies the equality = = Pgks(e)«(Z)
for any base-point e € Xo(Q). In particular, it is null-homologous.

We will use the following lemma.

Lemma 2.7. Let i < j € {1,2,3} and denote by pr;; : Xo(p)*— Xo(p)? the natural projection to

the product of the i-th and j-th components. There exist elements [x1,x2,x3] and [y1,y2,y3] of I*
satisfying
3 3

[ Det([z1, z2, z3])x € (F;) and [ Det(ly1, vz, s & (F)@,
k=1 k=1

and such that there is an equality pr;; P (z) zs.25) = Plij OP(y1,ya,s) Of maps X (p)— Xo(p)2.

Proof. Fix some a ¢ (IE‘;)(Q).
If i =1 and j = 2, then we may take

(:rl)anm?)) - ((170)7(07 1))(_]—7_1)) and (y17y27y3) - ((170))(071)7(_(17_1))
If i =1 and j = 3, then we may take

(1‘1,332,1133) = ((_170)7 (17 _1)7 (07 1)) and (ylvaay3) = ((_170)7 (CL, _1)> (Oa 1))
If : =2 and j = 3, then we may take

(1‘1,.%‘2,.%3) = ((_17 _1)7 (170)7 (07 1)) and (y17y2;y3) - ((_1’ —CL), (170)7 (0, 1))
]

Remark 2.8. The maps ¢y, 4, 25) and @y, 4, .) associated with the specific choices made in the
above proof will be denoted ¢4 (ij) and ¢_(ij) = p_(ij;a) respectively.
Proof of Theorem 2.6. Observe that

Paks(€)«(E) = E — Pra(e)«(E) — Pi3(e)«(E) — Pa3(€)«(E) + Pr(e)«(E) + Pa(€)«(E) + P3(e)«(E).
Let i < j € {1,2,3} and consider P;;(e)«(Z). Let k € {1,2,3} be the remaining element distinct
from i and j. The correspondence P;j(e) is the graph of the function

%‘j(e) o pry; ¢ XO(P)3—> Xo(p)3,
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which replaces the k-th coordinate by the point e, and P;;(e)«(Z) is the image of = under g;;(e)opr;;.
Choose [z1,z2, 3] and [y1,y2,ys] of I* satisfying the properties of Lemma 2.7 for the fixed i and
j. The first condition ensures that

(p(m,wz,ws)(X(p)) = A-i— and SO(yI,yQ,yS)(X(p)) = A—7
while the second condition implies that
Pij(e)«(A1) = qij(€) © Prij 00z 25.05) (X (D)) = qij(€) 0 Prij 00y, o ) (X (p)) = Fij(€)«(A-).
As a consequence, we have Pj;(e).(Z) = 0.

Let ¢ € {1,2,3} and consider P;(e).(E). Let j,k € {1,2,3} such that {i,7,k} = {1,2,3}. The
correspondence P;(e) is the graph of the map ¢;(e)opr; : Xo(p)3— Xo(p)?3, which replaces the j-th
and k-th coordinates by the point e, and P;(e).(Z) is the image of = under g;(e) o pr;. This map
can be written as the composition

qi(e) o pr; = (qik(e) o pryx) o (gij(e) o Prij),

hence in terms of correspondences we have P;(e) = Pj(e) o Pjj(e). It follows from the previous
paragraph that P;(e)«(Z) = 0.

We conclude that = = Pgkgs(e)«(Z). O

Remark 2.9. A perhaps more direct way to see that the cycle = is null-homologous is to consider
its image under the de Rham cycle class map, namely

clir(Z) = clir(A+) — clir(A-) € Hir(Xo(p)*/C),

where we recall that

/X ()(©)? Cl?iR(Ai) Na = /A o, for all a € HgR(XO(p)i”/(C).
olp +

By the Kiinneth decomposition for H2z(Xo(p)?/C), any component of o can at most involve de
Rham classes coming from two of the three components of Xq(p)?3; indeed, the components are either
of the form pr}(B) for some 3 € H3z(Xo(p)/C) and i € {1,2,3}, or of the form pr;(v) A pry(0) for
some 7,0 € H&R(Xo(p)/(C) and j < k € {1,2,3}. Using the notations of Remark 2.8, observe that

/A ()= /X o) ()

e api@ = [ (ool (a0,
Ay X(p)
Since
pr; o (if) = pr; op— (i) : X (p)— Xo(p)
prjj, o1 (jk) = prjj, 00— (jk) : X (p)— Xo(p)*,
this implies that cl3g(A4) = cl3g(A_) in Higz (Xo(p)3/C).

3. WEIL-DELIGNE REPRESENTATIONS AND LOCAL FACTORS

This section provides background material on Weil-Deligne representations and epsilon factors
following [5, 13].
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3.1. Weil-Deligne representations. Let ¢ denote a prime number. The embedding Q — @q
fixed in Section 1.4 realises Gal(Q,/Q,) as the decomposition subgroup at ¢ of Gal(Q/Q). It sits
in the short exact sequence

1— I,— Gal(Q,/Q,)— Gal(F,/F,)— 1
where I, denotes the inertia subgroup at ¢ and r denotes the natural reduction map. The group

Gal(Fq /Fy) is topologically generated by the Frobenius automorphism ¢ : 2 — 27 and is isomorphic

to the profinite completion 7. of Z. We denote by ¢ the inverse of the Frobenius automorphism

¢. The Weil group at g, denoted W (Q,/Q,), is defined as the pre-image under r of the infinite

cyclic subgroup of Gal(IF‘q /F,) generated by ¢. We endow it with the coarsest topology for which

r: W(Q,/Q,)— (¢) and I, — W(Q,/Q,) are both continuous and for which W (Q,/Q,) is a

topological group. A representation of the Weil group is a continuous homomorphism of groups
0q : W(Qq/Qq)— GL(V)

where V is a finite-dimensional complex vector space.

Example 3.1. Examples of Weil representations include all finite-dimensional complex represen-
tations of Galois groups of finite extensions of Q. Also, we identify all characters of Q; with
characters of W(Q,/Q,) via the Artin isomorphism

(6) ; = W(@q/(@q)ab

normalised so that it maps ¢ to the image in W(Q,/Q,) of an inverse Frobenius element of
W(Qq/Qq). Another example of a Weil representation is given by the character

(7) wg : W(Qq/Qq)— C*
defined by w,(I;) = 1 (i.e., it is unramified) and w,(®) = ¢~ where ® is an inverse Frobenius

element of Gal(Q,/Q,) (i.e., an element satisfying r(®) = ¢). Under the isomorphism (6) the
character w, corresponds to the g-adic norm character || - [|; : Q; — C* normalised such that

lallq = gt

Definition 3.2. A Weil-Deligne representation is a pair o, = (04, ;) where o, is a Weil repre-

sentation on a finite-dimensional complex vector space V and NN, is a nilpotent endomorphism of
V satisfying

(8) oq(g) o Ngo Jq(g)_1 = wq(g) Ny, for all g € W(Qq/(@q).

There is also a theory of Weil-Deligne representations at archimedean places, but we will not need
it in our calculations.

Example 3.3. Fix an embedding ¢ : Qy < C. Consider the ¢-adic cyclotomic character

Weye,e : Gal(Q/Q) — Gal(Q(¢p=)/Q)— 7,
where (g denotes a compatible system ((¢n )y, of primitive £"-th roots of unity. If o is an element
in Gal(Q/Q), then o({n) = (™ for some compatible m,, € (Z/{"Z)* and weyc (o) = (Mn)n € Z; -
This character is unramified at ¢ since the extension Q((s) of Q is ramified only at £. The Weil-
Deligne representation at q of weyc¢ is then the Weil representation ¢ o wcyc7g|W(Qq /Qq)" If ®isa

geometric Frobenius element of W (Qq/Qq), then weye(®) = ¢~' € Z) and thus

L O wcyC,AW(@q/Qq) = Yo

where wq is defined by (7). In particular, the Weil-Deligne representation of weyc ¢ at ¢ is indepen-
dent of ¢ and Z.
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Example 3.4. Let (eg,e1) denote the standard basis of C2. The special representation of the
Weil-Deligne group at ¢ of dimension 2, denoted sp(2), is the representation (o4, N) defined by the

matrices
1 0 0 0
0q = (0 wq) and N = (1 0).

It is an admissible, indecomposable, reducible 2-dimensional Weil-Deligne representation.

Example 3.5. Let f = > <, a,(f)¢" € S2(I'o(p)) be a normalised cuspidal eigenform. Let [
denote the prime of Ky above ¢ determined by the field embeddings fixed in Section 1.4. Attached
to this data is a 2-dimensional [-adic Galois representation

9) Ve(f) : Gal(Q/Q)— GLa(K ).

See [3, Theorem 3.1] for the precise definition and properties. Note that we suppressed the depen-
dencies of the various embeddings from the notation, as these have been fixed from the beginning.
Let g be a prime different from ¢ and fix an embedding ¢, : Ky — C. Following [13, §4], one
can associate to Vy(f) a 2-dimensional Weil-Deligne representation a}j’w = (010000 Ntyo,q)- 1t
turns out that the isomorphism class of the representation 0}7&%7(1 is independent of £ and ¢y and
we shall simply write a}’ ¢ = (01,4, Ngq). This is the Weil-Deligne representation of f at g.

Proposition 3.6. The Weil-Deligne representations of f satisfy the following:

o If g # p, then Nty =0 and opqg ~ &, @ §;1w;1 for some unramified character &,. Here
wq is the Weil-Deligne representation of the (-adic cyclotomic character defined by (7) and
Example 3.5.

e Let \ be the unramified quadratic character of W(Q,/Q,) defined by \(®) = a,(f), where

® denotes an inverse Frobenius element. Then O'}p ~ )\wq_l ® sp(2), so that, in particular,
Nyq #0 and J}7q is ramified. Here sp(2) is the special representation in Example 3.4.

Proof. Using [3, Theorem 3.1], the proofs in [13, §14, §15] adapt to this setting and give the above
descriptions of the Weil-Deligne representations of f. In particular, these are independent of the
choices of a prime £ and an embedding ¢, : Ky — C. ]

3.2. Local factors. Epsilon factors were first introduced by Deligne and their properties are sum-
marised in [5, §5]. We will follow the exposition in [13] to collect the essential properties needed
for the purposes of this paper.

If ¢ is a finite place, let 0[1 = (04, Ng) be a Weil-Deligne representation with associated finite-
dimensional complex vector space V. Let 1, : Qq— C* denote an additive character and let dxz,
denote the choice of a Haar measure on Q. The epsilon factor associated to 0':1 depends on 1, and
dz, and is given by

(10) e/(af],lbq,dxq) = e(aq,wq,dacq)d(af]) € C*,
where
(11) 5(c7) == det(—® | Ve /(V' Nker N,)),

and €(og, 1q,dz4) is the epsilon factor of the Weil representation o4, which we will now describe.

Explicit formulas for the epsilon factor of a character at a finite place are given as follows. Let u
be a character of qu identified with a 1-dimensional representation of the Weil group via (6). Let
n(1,) denote the largest integer n such that 1), is trivial on ¢7"Z,. Let a(u) denote the conductor
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of u, ie., a(u) = 0 if p is unramified and otherwise a(u) is the smallest positive integer m such
that p is trivial on 1 + ¢"™Z,. Then
Jo-worrawnzx hH@)bg()dzg  if p is ramified

12 g, dg) =
(12) €k va, dag) {uw;l(q”(%)) qu dzg if 4 is unramified.

The epsilon factor of a Weil representation is completely determined by the following result.

Theorem 3.7. Let k be either R,C or Q, for some finite place q. There is a unique function e,
which to any Weil representation o, any non-trivial additive character ¢ : k— C* and any choice
of a Haar measure dx on k, associates a complex number e(o,1,dzx) € C* satisfying:

i) €(*,1,dx) is multiplicative in short exact sequences.

ii) If L/k is any finite extension of k in k and or, is a Weil representation of L, then for any
choice of Haar measure dxy on L, we have

. W(k/k dimor
e(lndWEE;L)) 1p,%,dz)

e(1p, otry ), dzr)

e(indgl/g—:;?) or, Y, da:) = e(aL, Yotrr g, da:L)

i11) Ifdimo = 1, then €(o,,dz) is given by explicit formulas (formula (12) in the case k = Qq,
and see [5] for the formulas in the archimedean case, which we will not need).

Proof. This is [5, Theorem 4.1]. O

Definition 3.8. Let k be either R,C or Q, for some finite place ¢q. Given a Weil-Deligne repre-
sentation o’ = (o, N) of k, the choice of an additive character ¢ : k— C* and a Haar measure dx
on k, we define the root number

€(0',1,dx)

W = ool

As the notation suggests, the root number is independent of the choice of a Haar measure dz, as
can be seen from [13, §11 Proposition (ii)]. Moreover, if the Weil-Deligne representation oy, at
a finite prime ¢ is essentially symplectic, then the local root number at ¢ is independent of the
additive character ¢ and belongs to {£1} by [13, §12]. We shall simply write W (o) in this case.

We end this subsection by collecting a few results concerning epsilon factors of Weil representations
at finite places.

Proposition 3.9. Let o, be a Weil representation at a prime q. If p is an unramified character
of QF, ¥ : Qg— C* is a non-trivial additive character, and dz is Haar measure on Qg, then

c(0q ® p, ¥, dz) = p(q"V WD) o0 4, dx).
Here a(oy) is the conductor of o defined in [13, §10].

Proof. This is [13, §11 Proposition (iii)]. O

The following proposition gives an explicit formula for the epsilon factor of a ramified character of
conductor 1. Note that if ¢ : Q,— C* is an additive character with n(+) = 0, then 1[)|Z§ =1 but

¢’q*125 # 1. Thus there exists ¢ € F; such that ¢(1/q) = exp((2mic)/q). In this case, we write 1.
for 4.
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Proposition 3.10. Let p1 be a ramified character of Q identified with a 1-dimensional represen-
tation of the Weil group via (6). Let ¢ : Qu— C* denote an unramified additive character, i.e.,
n(y) = 0, and dz denote the Haar measure on Q, such that pr dz = 1. Suppose that a(p) = 1.

Let c € Fy such that i = 1p.. Then the following formula holds:
e(n, ¥, dz) = p(e)u(@)G(n™)

2mib 1

where G(u~!) = ZbeF; p~t(b)e ¢ s the Gauss sum of the character p=?.

Proof. This can be extracted from the proof of [11, Theorem 3.2 (2)]. O

Corollary 3.11. With the same notations and assumptions as in Proposition 3.10, we have the
formula

e(p, 1, dx)e(u" 9, dx) = qu(-1).

Proof. Applying the result of Proposition 3.10 to y and p~! leads to
e(u, ¥, dz)e(u™" ¢, dz) = G(p~ )G ().

By standard properties of Gauss sums, we have G(p ') = pu(—1)G(u). Using the fact that |G/(u)|?
q, we obtain the desired result.

oo

4. TRIPLE PRODUCT ROOT NUMBERS

We work with the modular curve X(p) of prime level and assume that the genus of X (p) is positive
(i.e., p=11 or p > 13). Let

=Y an(f)g" o= anlf)q",  fs= an(fs)q"
n>1 n>1 n>1

be three normalised cuspidal eigenforms of level I'y(p), and let F' := f; ® fo ® f3. Recall that x
denotes the Legendre symbol at p. Let L(F,x,s) be the L-function associated to the compatible
family of 8-dimensional ¢-adic Galois representations

{Ve(F, x) = Ve(f1) © Va(f2) © Va(f3) © X},
where the representations Vy(f;) for ¢ € {1,2,3} are the ones in (9).

Following the recipe in [14], one may lift x to a unitary Hecke character x4 : Aa /Q*— C* by
setting xa(g9) =[], xv(gv) Where v runs over all places of Q and

1 ifx(—1) =1 _
_ gyerde(ge)  if ¢
Xeelg) =41 XD = L >0 o) = {XE T
-1 if X(_l) = _Lgoo <0 X\ 9p S P J T PEp)-

The collection of ¢-adic characters {x, : Q— C*}; is characterised by the following:

e For ( # p, x¢ is unramified with y,(¢) = (%);

e X, is tamely ramified, x,(p) = 1, and XP|Z,§ = <5>
The Weil-Deligne representation of F'® x at a prime g is the 8-dimensional representation
TFxg = Ofig ® 0y g ® Oy g ® Xay
where a}i’ 18 described in Example 3.5. Concretely, we have

U%’,x,q = (0Fx.qs NFxq) = (01, @01, g ®0f3 0 @ Xgs Npy @1 @1+ 1@ Np, @1 +1®1& Ny g).
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Following the recipe in [5], we attach to F'® x a completed L-function
A(F, x, s) == 242m)3 4T (s — 1)°T(s)L(F, x, 5).
(This is based on the fact that the Hodge numbers of F' ® x are given by h3? =1 and h?*! = 3.)

Following general recipes for motives [5], we define the conductor, the global epsilon factor, and
the global root number of F' ® x. The conductor of F' ® x is defined to be

(13) cond(F, ) : Hq Trxa) € N,

where the product is over all finite places g. Consider ¢ =[], %, : Ag/Q— C an additive character
of the adeles and let dx denote the normalised Haar measure on the adeles such that f Ag/Q dz = 1.
It decomposes as a product of local Haar measures dx, which satisfy va dz, = 1 for almost all
finite places v. The global epsilon factor of F' ® x is then defined to be

e(F,x) =[] € (000 o, o),

which is independent of the choice of 1) and dx. Moreover, ¢ (O’};"X’v,wv, dz,) = 1 for almost all v

(in fact, for all v # oo, p as we will see in the proof of Theorem 4.2 below). The global root number
is defined to be

(14) W(F,x) = HW(J}’,XW’@Z’U’ dxz,).
v
The completed L-function
(15) A*(F,x.8) = cond(F, x) ZA(F, X, 5)
admits analytic continuation to the entire complex plane and satisfies the functional equation
(16) AN (F,x,s) = W(F, x)A*(F, x,4 — s).

Remark 4.1. Notice that F' ® x is equal to the tensor product of the three newforms fi, fo and
fg(p ), where fg(p ) = f3® x. The L-function A*(F, , s) is the triple product L-function associated to

the triple (f1, fo, 3(p )). The first two forms have level I'g(p) while the form fg(p ) has level Lo(p?).
Hence, the analytic properties and functional equation of A*(F),x, s) fall outside the scope of [6]
where the case of three newforms of the same square-free level is treated. However, as explained in
[9], the analytic properties and functional equation in this case follow from [12].

Theorem 4.2. W(F,x) = —1.

Proof. The local root number at infinity of F' ® x is the same as the one of F' since twisting by
finite order characters does not affect Hodge structures. In particular, it is equal to —1 by [6]. We
thus focus on the local root numbers at the finite places. For any prime ¢, we choose an additive
character ¢, with n(yy) = 0, as well as the Haar measure dzy normalised such that sz dzy = 1.

Let ¢ be a prime distinct from p. By Proposition 3.6 we have, for i € {1, 2, 3},
U}i,q =0fq = Eig D& W a q
for some unramified characters &; ;. The character x4 is also unramified. We therefore obtain
Trrg = TFxg = 1.0€2.053.0Xa D £1,462.063.4w5 " Xq B €1.062.483.095  Xq B £1.02.0€3.495 “Xg
B £1,962,463,307 Xq B E14Ea 065007 Xq B ELa62,465.0005 Xq © €L &7 065 .0Wg *Xa-
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Since all characters involved are unramified, Theorem 3.7 7) and (12) imply, given the choice of 1),
and dz,, that ﬁl(Uﬁ,X,qu,d%) =1, and in particular W(a};7x7q) =1.

For each i € {1,2,3}, let \; be the unramified quadratic character of W (Q,/Q,) defined by \;(®) =
ap(fi), where ® denotes an inverse Frobenius element. We will sometimes view it as a character
of Q) via the identification (6). Let A = AjA2A3 denote the product of these characters. By
Proposition 3.6, the Weil-Deligne representation of F' ® x at p is given by

U%’X’p = Xp)\wp_?’ @ sp(2)®3.
Let V denote the complex vector space associated to it. The character , is tamely ramified, i.e.,
a(xp) = 1. Suppose, by contradiction, that V% # 0. Then there is a non-zero vector v € V
which is fixed by the action of the inertia I,. But op,,(9)(v) = xp(g)v for all g € I, since
OFxp =Ofp @0 p@0f @ Xp and 0f, , @0y, @ 0, is unramified. As v € V%, we must have
Xp(g)v = v which implies that x,(g) = 1 since v # 0. Since this holds for all g € I,,, it contradicts
the fact that y, is ramified. Hence V» = 0 and as a consequence 4 (a}ﬂ,x’p) = 1, which implies that

(17) 6/(U%X,pv¢p7d$p) = G(UF,X,pvdjp)dxp)-

If (eg,e1) denotes the standard basis of C2, then sp(2) is the representation (o,, N) defined in
Example 3.4 by the matrices

1 0 0 0
op = (O wp) and N = (1 0) .

Let us denote by V; = C? the complex vector space associated to a}i » and by (e(()i), egi)) its standard
basis for each i € {1,2,3}. Then V = V; ®¢ Va2 ®c V3 = C8 is the space of om,p and an ordered
basis for it is given by
(18) Bi=(cf 0e) el el @el) el el @elP wefl) el @l wel?,
06 2 o9, el el .69, ) f2 e, o) ) 9.
With respect to the basis B, the representation
sp(2)® = (0, N¥ =N®1®l+1eN®1+1®1x®N)

is given by the matrices

10 0 0 0 0 0 0 000000GO0DO
0w, 0 0 0 0 0 0 10000000
0 0 w 0 0 0 0 0 10000000
5 |00 0 w2 0 0 0 0 5_ /01100000
"g_oooopwpooo and  NT=14 0 0 000 0 0
00 0 0 0 w} 0 0 01001000
000 0 0 0 0 w 0 00101000
00 0 0 0 0 0 w 00010110

We conclude that
(19)  Gryp = XpAw,® ® XpAwy, > ® xpAwy, > @ XpAw, ' @ XpAw, > B XpAw, * @ xpAw, ' @ XpA.
By Theorem 3.7 i) and Proposition 3.9, we obtain

E(JF,X,pv wpa dxp) = )\8wp—12(p(n(1/)) dim(xp)+a(xp)))6(xp7 wa dx)s = p126(Xp7 wpv dxp)ga
since a(xp) = 1 and A is a quadratic character. By Corollary 3.11, we see that

6(UF,x,pa Yp, dxp) = p12(po(_1))4 = p16-

In conclusion, we deduce that W (o, ,) =1, which completes the proof. O
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Remark 4.3. We proceed to extract the conductor cond(F, x) from the proof. When ¢ is distinct
from p, we saw that U}ix, 18 unramified, hence a(ahX, q) = 0. At the prime p, we have

a(O'};‘7X7p) = a(opy,p) + dim VIP/(VIP Nker Npyp) = a(oryp)
= a(xp)\w;?’) + 3a(xp)\w;2) + Sa(XpAw;1> + a(xpA) = 8a(xp) = 8.

We conclude that ,
cond(F, x) = Hﬁ“(aﬂw) =pb.
[

Remark 4.4. By contrast, the same techniques applied to the untwisted case lead to the equalities

3(0p) = =P ON(@) = —p"ap(fi1)ap(f2)ap(f3)

and €(opp, ¥y, drpy) = 1. This in turn implies that W (F') = a,(f1)ap(f2)ap(f3), in agreement with

[6]. Moreover, the conductor in this case is cond(F) = p®.
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