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Abstract. Let f be a newform of weight 2k and let χ be an unramified imaginary quadratic Hecke
character of infinity type (2t, 0), for some integer 0 < t ≤ k−1. We show that the central derivative
of the Rankin–Selberg L-function L(f, χ, s) is, up to an explicit positive constant, equal to the
Beilinson–Bloch height of a generalized Heegner cycle. This generalizes the Gross–Zagier formula
(the case k = 1) and Zhang’s higher weight formula (the case t = 0).
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1. Introduction

1.1. Main result. Let 0 < t ≤ k − 1 be integers, and let K be an imaginary quadratic field of
odd discriminant. We consider the Rankin–Selberg L-function L(f, χ, s) associated to a newform
f ∈ S2k(Γ0(N)) and an unramified Hecke character χ of K of infinity type (2t, 0). This L-series
admits analytic continuation and a functional equation with global root number −ϵK(N), where
ϵK is the quadratic Dirichlet character associated to K. We further impose the Heegner hypothesis:

(1) p | N =⇒ p splits in K,

so that −ϵK(N) = −1 and L(f, χ, s) vanishes to odd order at its center s = k + t.

Our main result (which is also Theorem 13.4) is the following formula for the central derivative in
terms of the Beilinson–Bloch height of a certain algebraic cycle ∆′

χ,f :

Theorem 1.1. With the notations and assumptions as above, we have

L′(f, χ, k + t) =
4k+tπ2k(f, f)Pet

(k − t− 1)!(k + t− 1)!hu2|D|k−t−1/2
⟨∆′

χ,f ,∆
′
χ,f ⟩BB,

where h = #ClK , D = Disc(K), 2u = #O×
K , and (f, f)Pet is the Petersson inner product.

The class ∆′
χ,f is constructed from an algebraic cycle ∆χ ∈ CHk+t(X)C, of middle arithmetic

codimension on the generalized Kuga–Sato variety X = W2k−2 ×A2t defined over the Hilbert class
field H of K. Here, W2k−2−→X(N) is the Kuga–Sato variety realizing the motive of f [33] and A
is an elliptic curve over H with CM by OK . The cycles ∆χ are weighted sums of the generalized
Heegner cycles defined by Bertolini–Darmon–Prasanna [3], and will be described in more detail
in Section 5.2. Roughly speaking, they are built out of graphs of isogenies living in CM fibers of
X−→X(N), isogenies which “mix” the Kuga–Sato components with the constant components of
the fiber. Let CHi(X)0 ⊂ CHi(X) denote the subgroup of homologically trivial algebraic cycles.
The conjectural Beilinson–Bloch height pairing [1, 7]

⟨ , ⟩BB : CHk+t(X)0 × CHk+t(X)0−→R

is well-defined on a certain subgroup G ⊂ CHk+t(X)0, and ∆χ ∈ G ⊗ C. Let ∆′
χ be the image of

∆χ in the quotient of Span{Tm∆χ : (m,N) = 1} by the kernel of the height pairing (extended to
a C-valued hermitian pairing). The cycle ∆′

χ,f in Theorem 1.1 is the f -isotypic component of ∆′
χ

with respect to the Hecke action.

Theorem 1.1 generalizes the formula of Zhang [41] (the case t = 0), which is itself a generalization
of the Gross–Zagier formula in the case k = 1 (and hence t = 0) [22]. The second author proved a
p-adic version of Theorem 1.1 in [35], which was subsequently generalized by Disegni in [14].

As in [22] and [41], we deduce the following result about the analytic ranks

ran(f ⊗ χ) := ords=k+t L(f, χ, s)

of the complex L-functions L(f, χ, s).

Corollary 1.2. For σ ∈ GalQ, we have

ran(f ⊗ χ) = 1 ⇐⇒ ran(f
σ ⊗ χσ) = 1.

If the height pairing on generalized Heegner cycles is positive-definite, as is expected, then we also
deduce that L′(f, χ, k + t) ≥ 0, as is predicted by the Riemann hypothesis for L(f, χ, s).
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1.2. The Beilinson–Bloch and Bloch–Kato conjectures. Let Y be a smooth and proper
variety over a number field F . Taken together, the Beilinson–Bloch and Bloch–Kato conjectures
[6, 8] predict that for each integer i ≥ 0 and prime ℓ, the higher Abel–Jacobi map

(2) AJiY : CHi(Y )0 ⊗Qℓ −→ H1
f (GalF , H

2i−1
et (Y ,Qℓ(i)))

to the Bloch–Kato Selmer group is an isomorphism of Qℓ-vector spaces, and moreover these spaces
have dimension ords=i L(H

2i−1(Y ), s), where L(H2i−1(Y ), s) is the L-function attached to the
associated system of ℓ-adic GalF -representations.

In our setting, L(f, χ, s) is a factor of L(H2k+2t−1(X), s), and so Theorem 1.1 yields the following
implication predicted by Beilinson–Bloch–Kato:

Corollary 1.3. With the notations and assumptions as above, we have

ran(f ⊗ χ) = 1 =⇒ dimQCHk+t(X)0 ≥ 1.

The Beilinson–Bloch–Kato conjecture is compatible with algebraic correspondences: if M ⊂ h(X)
is a rational Chow submotive of X, determined by an idempotent correspondence ϵ, then we expect
that ords=i L(H

2i−1(M), s) = dimQCHi(M)0 = dimQ ϵCHi(X)0. Combining Theorem 1.1 with
work of Castella–Hsieh [13] and Elias [15] on Euler systems of generalized Heegner cycles, we
obtain the following conditional result for the motive h(f)⊗ h(χ) ⊂ h(X):

Corollary 1.4. Suppose the map AJk+t
X (2) is injective. Then

ran(f ⊗ χ) = 1 =⇒ dimK(χ) ϵχ,f CH
k+t(X)0 = 1.

Here, ϵχ,f is the idempotent defining the rational Chow motive h(f)⊗ h(χ) inside h(X).1

Castella–Hsieh [13] proved an analogous result in analytic rank 0, under some technical hypotheses.
See [11, Rem. 1.2.2] for further applications of our results to the Tamagawa number conjecture.

As the Bloch–Kato Selmer group of a rational Chow motiveM depends only on its ℓ-adic realizations
Mℓ, we also deduce some applications to an a priori larger class of motives which should have useful
applications. Let Vf,χ,ℓ be the 4-dimensional ℓ-adic representations of GalQ attached to f ⊗ χ.

Corollary 1.5. Let M be a rational Chow motive over Q such that Mℓ ≃ Vf,χ,ℓ for all but finitely

many ℓ. Suppose that AJk+t
X is injective. Then for primes ℓ ∤ 2(2k− 1)!Nφ(N) split in K, we have

ran(f ⊗ χ) = 1 =⇒ dimQℓ
H1

f (GalQ,Mℓ(k + t)) = 1.

The technical hypotheses on ℓ again come from [13].

Remark 1.6. If Y is a rigid Calabi–Yau (2k − 1)-fold and A2t is a power of a CM elliptic curve,
then h(Y × A2t) contains a motive M such that Mℓ ≃ Vf,χ,ℓ, by [18]. More elementary examples

come from abelian varieties J isogenous to E2k−1 ×A2t, for some CM elliptic curve E. When J is
moreover a Jacobian, there is a canonical Ceresa-type cycle in codimension k+ t, which one expects
is typically non-zero in CHk+t(M) and hence in the Bloch–Kato Selmer group as well. See [28] or
[5] for 3-dimensional examples of this type. Part of our interest in these examples is that they tend
to give extremal behavior: e.g., the Jacobian J of the modular curve X(8), which is the genus 5
curve with largest automorphism group. In these examples, CHk+t(M) is the 0-th graded piece of
the coniveau filtration on the Griffiths group Grk+t(Z), where Z = Y × A2t or Z = J . Note that
the Tate conjecture implies that M ≃ h(f)⊗ h(χ), but the Tate conjecture is open in these cases.

1Scholl constructs h(f) ⊂ h(W2k−2) in the category of Chow motives modulo homological equivalence [33], but in-
jectivity of (2) implies that h(f) has the desired properties even in the category of motives modulo rational equivalence.
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One can deduce p-adic variants of Corollary 1.5 from [14, 35] or [2] respectively, with hypothesis
that a certain p-adic L-function vanishes to order 1 (resp. 0), and where the conclusion requires
taking ℓ = p. These p-adic results are unconditional since Nekovář’s p-adic height factors through
the Abel–Jacobi map. Corollary 1.5 is the first complex result for motives of this type, but it seems
difficult to make it unconditional at the moment.

1.3. Strategy of proof. As in [22], the proof of Theorem 1.1 is divided into four steps.

First we compute the Fourier coefficients of a newform g =
∑

m≥1 ag(m)qm ∈ S2k(Γ0(N)) satisfying

(3) (f, g) =

√
|D|Dt(2k − 2)!

24k−1π2k
L′(f, χ, k + t), ∀ f ∈ Snew

2k (Γ0(N)).

This step is carried out using Rankin’s method to arrive at an integral representation of L(f, χ, s)
as the Petersson product of f with the product of Θχ with a non-holomorphic Eisenstein series.
Using holomorphic projection, we compute the desired Fourier coefficients (Theorem 3.6).

The second and third steps are concerned with the calculation of the geometric q-expansion∑
m

⟨∆χ, Tm∆χ⟩BBqm.

Injectivity of AJk+t
X would imply that this q-expansion is a modular form as well, however this is

not known and is only deduced as a result of our proof.2 This means we must compute Fourier
coefficients even in cases where ∆χ and Tm∆χ intersect in the generic fiber. For each m, the height
pairing admits a decomposition as a sum of local height pairings indexed by the places of H. The
second and third steps are the calculations of the archimedean and non-archimedean contributions,
respectively. Both steps are carried out using Brylinski’s pairing for local systems on curves [10].
The second step requires us to identify the Green’s kernel attached to the polarized variation of
Hodge structures Wk,t described below. This occupies a large part of the paper (Sections 6 – 8).
The third step can be extracted from local height calculations performed in [35], at least when
there is no intersection in the generic fiber. In both steps, the case of intersection in the generic
fiber uses Zhang’s work [41] on limits of local height pairings. The outcome of the second and third
steps is the equality

(4) ⟨∆χ, Tm∆χ⟩BB = κ · ag(m), ∀ (m,N) = 1,

where κ is an explicit non-zero constant independent of m (Theorem 13.1).

In the fourth and final step, we derive Theorem 1.1 from (3) and (4) using standard arguments.

1.4. Green’s kernels. Generalized Heegner cycles give rise to elements in fibers of the weight 0
polarized variation of Hodge structures

Wk,t := (Sym2k−2R1π∗Z)(k − 1)⊗ κ2tH
2t(A2t(C),Z)(t),

where π : E → Y (N) is the universal elliptic curve and κ2t is the projector (26). In Lemma 8.2 we
show that the Green’s kernel associated to Wk,t (defined for z = x+ iy and z′ = x′ + iy′ distinct in
the upper half-plane) is obtained by averaging the function

gk,t(z, z
′) := −Qk,t

(
1 +

|z − z′|2

2yy′

)
,

where

Qk,t(x) :=

∫ ∞

−∞

22tdw

(x+
√
x2 − 1 cosh(w))k−t(x+ 1 +

√
x2 − 1ew)2t

2In the p-adic setting, the injectivity of AJk+t
X is not necessary to deduce modularity of the analogous q-expansion

of p-adic heights, which is one reason why this paper is technically more involved than [35].
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is a Jacobi function of the second kind. As a result, the archimedean contribution to the height
⟨∆χ, Tm∆χ⟩BB is a linear combination of sums of the form

Gm
k,t(z, z

′) :=
1

2

∑
a,b,c,d∈Z

ad−bc=m,N |c

gk,t

(
z,

az′ + b

cz′ + d

)
(cz̄z′ + dz̄ − az′ − b)2t.

Let λ = {λm}≥1 be a relation for S2k(Γ0(N)), in the sense of [22, p. 316], so that:

i) λm ∈ Z, λm = 0 for all but finitely many m;

ii)
∑

m≥1 λmam = 0 for all
∑

m≥1 amqm ∈ S2k(Γ0(N));

iii) λm = 0 if (m,N) ̸= 1 or rA,χ(m) ̸= 0 for some A ∈ ClK .

As a consequence of our local height and Fourier coefficient calculations, we show that for points z
and z′ in the upper half-plane with complex multiplication by OK , the value∑

m≥1

mk−t−1λmGm
k,t(z, z

′)

is an algebraic multiple of the logarithm of an algebraic number, conditional on the non-degeneracy
of the Beilinson–Bloch height pairing. See Theorems 14.1 and 14.2 for the precise statements. This
extends the algebraicity results [22, V (4.3)] and [41, Thm. 5.2.2] of Gross–Zagier and Zhang, which
were recently generalized in a different direction by Bruinier–Ehlen–Yang [9] and Li [27].

1.5. Assumptions. It would be desirable to relax some of the hypotheses in Theorem 1.1, espe-
cially in light of Remark 1.6. Among other things, this would entail re-doing Gross and Zagier’s
deformation theoretic computations on the modular curve X0(N) in the presence of extra ramifi-
cation. As the computations in the “minimally ramified” case turned out to be quite long on their
own, we decided to focus in this paper on what is really new when χ is no longer of finite order.

For the future, it would be worthwhile to prove analogous formulas for odd weight modular forms,
in which case χ must be ramified as well, in order for L(f, χ, s) to be critical and self-dual in the
sense of [3]. One could also try to allow modular forms f with “deeper” ramification, by combining
the method of [32] with our work. It would also be desirable to relax the Heegner hypothesis
(1), in which case one should work over a compact Shimura curve (corresponding to an indefinite
quaternion algebra) as in [40]. Generalized Heegner cycles over Shimura curves are well-studied
[24, 29], but there are obstacles to overcome in order to compute their Beilinson–Bloch heights (see
[38]). Finally, the case t ≥ k (with global root number still −1) is quite mysterious. The arithmetic
Gan–Gross–Prasad program for SO(3)×SO(2) (and the results of Saito–Tunnel) suggest that one
should work over the Shimura variety corresponding to a definite quaternion algebra. But the
latter is 0-dimensional, so this case seems to require a completely different construction of algebraic
cycles. One promising approach would be to relate L(f, χ, s) to modified diagonal cycles, as in
[12], by generalizing the triple product formula of Yuan–Zhang–Zhang [39]. However, this type of
Gross–Zagier formula would necessarily involve other auxiliary L-values.

1.6. Notations and conventions. By default, Chow groups are with Q-coefficients. Given a Z-
module M and a group G, we write GM for G⊗ZM . Likewise, if E/F is an extension of fields and
Y is a variety defined over F , then we write YE for the base-change Y ×Spec(F ) Spec(E). We use a
similar notation for base-change of morphisms or algebraic cycles, though we sometimes suppress
the subscript when the meaning is unambiguous. Starting from Section 5, we adopt the following
conventions. In general, we will use the notation z for a point of H, while the notation τ is reserved
for CM points. Points on X(M) will generally be denoted using the letter Q, while points on X0(N)
will be denoted using the letter P . The letters x and y will generally be used to denote real and
imaginary parts of complex numbers respectively.
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1.7. Outline. Section 2 contains preliminaries on Jacobi functions, which will turn out to compute
the relevant Green’s kernel for the height pairing. In Section 3, we carry out the L-function calcu-
lations. More precisely, we define the Rankin–Selberg convolution L-function, derive its functional
equation, and compute the Fourier coefficients of the cuspform g (Theorem 3.6). Section 4 recalls
generalities about height pairings on algebraic cycles. Section 5 introduces generalized Kuga–Sato
varieties and generalized Heegner cycles. Sections 6 and 7 contain preliminaries on variations of
Hodge structures and calculations of Laplacians, respectively. Section 8 is dedicated to construct-
ing the relevant Green’s kernel needed for the archimedean Brylinski pairing calculations that are
subsequently carried out in Section 9. Section 10 computes the cycle classes of generalized Heegner
cycles, paving the way to the calculation of the archimedean local heights of generalized Heegner
cycles in Section 11. Section 12 is concerned with the non-archimedean local height calculations.
Section 13 puts everything together, giving a proof of Theorem 1.1. Section 14 contains algebraicity
results for special values of Green’s kernels. Section 15 provides a proof of Corollary 1.4.

1.8. Acknowledgements. The authors thank Kartik Prasanna for suggesting this problem many
years ago, and Francesc Castella for helpful comments. Both authors were funded by the European
Research Council (ERC, CurveArithmetic, 101078157) and the Israel Science Foundation (grant
No. 2301/20). Some of the local computations in this paper appear in the last two chapters of
[34], which was written while AS was partially supported by National Science Foundation RTG
grant DMS-0943832. DTBGL was supported by an Emily Erskine Endowment Fund Post-Doctoral
Researcher Fellowship while at the Hebrew University of Jerusalem, and by an Edixhoven Post-
Doctoral Fellowship while at Leiden University.

2. Jacobi functions

We collect some standard results about Jacobi functions using [16, 36] as our main sources. We
then prove an asymptotic formula near 1 for Jacobi functions of the second kind.

2.1. Hypergeometric funtions. Given real numbers a, b, c, x with |x| < 1 and c > 0, the associ-
ated hypergeometric function is defined by

(5) F (a, b, c;x) :=
∞∑
n=0

(a)n(b)n
(c)n

xn

n!
,

with (a)0 = 1 and (a)n = Γ(a + n)/Γ(a) = a(a + 1) . . . (a + n − 1) being the rising Pochhammer
symbol. These functions satisfy Euler’s transformation law

(6) F (a, b, c;x) = (1− x)c−a−bF (c− a, c− b, c;x).

2.2. Jacobi polynomials. Let α and β be real numbers, and let n ≥ 0 be an integer. The

corresponding Jacobi polynomial P
(α,β)
n is defined by the formula

(7) P (α,β)
n (x) :=

(α+ 1)n
n!

F

(
−n, n+ α+ β + 1, α+ 1;

1− x

2

)
.

Explicitly, we have

(8) P (α,β)
n (x) =

Γ(n+ α+ 1)

n!Γ(n+ α+ β + 1)

n∑
j=0

(
n

j

)
Γ(n+ α+ β + j + 1)

Γ(α+ j + 1)

(
x− 1

2

)j

.

The following formula is known as Rodrigues’ formula [16, Vol. II 10.8.(10)]:

(9) P (α,β)
n (x) =

(−1)n

2nn!(1− x)α(1 + x)β

(
d

dx

)n

[(1− x)n+α(1 + x)n+β].
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The Jacobi polynomials are solutions of the second order differential equation [16, Vol. II 10.8.(14)]

(10) (1− x2)f ′′(x) + [β − α− (α+ β + 2)x]f ′(x) + n(n+ α+ β + 1)f(x) = 0.

For 0 ≤ t ≤ k − 1, define the function

(11) Pk,t(x) =
1

2k−t−1(k + t− 1)!

(
d

dx

)k+t−1

[(x2 − 1)k−t−1(x− 1)2t].

Proposition 2.1. For 0 ≤ t ≤ k − 1, we have Pk,t(x) = P
(0,2t)
k−t−1(x).

Proof. Observe, using Rodrigues’s formula (9), that

P
(0,−2t)
k+t−1 (x) =

(−1)k+t−1(1 + x)2t

2k+t−1(k + t− 1)!

(
d

dx

)k+t−1

[(1− x)k+t−1(1 + x)k−t−1] =
(1 + x)2t

22t
Pk,t(x).

Thus, using (8) and Euler’s tranformation law (6), we see that

Pk,t(x) =
22t

(1 + x)2t
F

(
−k − t+ 1, k − t, 1;

1− x

2

)
= F

(
k + t,−k + t+ 1, 1;

1− x

2

)
= P

(0,2t)
k−t−1(x).

□

Associated with the polynomials P
(α,β)
n are the Jacobi polynomials of the second kind3

(12) W
(α,β)
n−1 (x) :=

∫ 1

−1

P
(α,β)
n (x)− P

(α,β)
n (u)

x− u
(1− u)α(1 + u)βdu,

defined for all n ∈ Z≥1, all x ∈ C, and α, β > −1. The function (12) is the degree n− 1 polynomial
solution of the inhomogeneous linear differential equation

(1− x2)f ′′(x) + [α− β + (α+ β − 2)x]f ′(x) + (n+ 1)(n+ α+ β)f(x) = 2(α+ β + 1)
d

dx
P (α,β)
n (x).

2.3. Jacobi functions of the second kind. The Jacobi functions of the second kind are denoted
by Q

(α,β)
n and defined, for x in the complex plane cut along the segment [−1, 1], by the formula [36,

(4.61.1))]

(13) Q(α,β)
n (x) :=

2−n−1

(x− 1)α(x+ 1)β

∫ 1

−1

(1− u)n+α(1 + u)n+β

(x− u)n+1
du.

In the special case α = β = 0, the function Qn(x) := Q
(0,0)
n (x) is the Legendre function of the

second kind. The function Q
(α,β)
n (x) can be defined for −1 < x < 1 by the formula [36, (4.62.9)],

but this definition will not be needed here. The function Q
(α,β)
n (x) is a non-polynomial solution

of the differential equation (10), which is linearly independent of P
(α,β)
n (x) [36, Thm. 4.61.1].

According to [36, Thm. 4.61.2], the following representations hold for x in the complex plane cut
along the segment [−1, 1]:

(14) Q(α,β)
n (x) =

2−1

(x− 1)α(x+ 1)β

∫ 1

−1

P
(α,β)
n (u)

x− u
(1− u)α(1 + u)βdu,

3We depart here from the notations of [16] where these polynomials are denoted q
(α,β)
n (x) [16, Vol. II 10.8.(24)].

Instead, we adopt the notations of [19, (9)], except that the polynomials therein are normalized by a factor of
Γ(α+β+2)

2α+β+1Γ(α+1)Γ(β+1)
which we choose to drop.
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and
(15)

Q(α,β)
n (x) :=

2n+α+βΓ(n+ α+ 1)Γ(n+ β + 1)

Γ(2n+ α+ β + 2)(x− 1)n+α+1(x+ 1)β
F

(
n+ 1, n+ α+ 1, 2n+ α+ β + 2;

2

1− x

)
.

Observe, using (14) and (12), that for x in the complex plane cut along the segment [−1, 1] we have

Q(α,β)
n (x) =

2−1

(x− 1)α(x+ 1)β

∫ 1

−1

P
(α,β)
n (u)− P

(α,β)
n (x) + P

(α,β)
n (x)

x− u
(1− u)α(1 + u)βdu

=
2−1P

(α,β)
n (x)

(x− 1)α(x+ 1)β

∫ 1

−1

(1− u)α(1 + u)β

x− u
du−

2−1W
(α,β)
n−1 (x)

(x− 1)α(x+ 1)β
.

Using (13), we obtain

(16) Q(α,β)
n (x) = P (α,β)

n (x)Q
(α,β)
0 (x)−

2−1W
(α,β)
n−1 (x)

(x− 1)α(x+ 1)β
, ∀x ̸∈ [−1, 1].

Equation (16) is [16, Vol. II 10.8.(25)], given our notations and normalizations.

For all 0 ≤ t ≤ k − 1, we define the function

(17) Qk,t(x) =

∫ ∞

−∞

22tdw

(x+
√
x2 − 1 cosh(w))k−t(x+ 1 +

√
x2 − 1ew)2t

,

where x is in the complex plane cut along the segment [−1, 1].

Proposition 2.2. For 0 ≤ t ≤ k − 1, we have

Qk,t(x) = 2Q
(0,2t)
k−t−1(x).

Proof. Replacing cosh(w) = (e2w + 1)/(2ew) in (17) and performing the change of variables v =√
x+1
x−1e

w gives the formula

Qk,t(x) = 2k+t

∫ ∞

0

vk−t−1dv

(2xv + (x− 1)v2 + x+ 1)k−t(x+ 1 + (x− 1)v)2t
.

Rewriting 2xv+(x−1)v2+x+1 = (v+1)(x(v+1)+1−v) and performing the change of variables
v = 1+u

1−u yields

Qk,t(x) = 2−k+t+1

∫ 1

−1

(1 + u)k−t−1(1− u)k+t−1du

(x− u)k+t
.

By comparing with (13), we observe that

Qk,t(x) =
22t+1

(x+ 1)2t
Q

(0,−2t)
k+t−1 (x).

Using the defining equation (15) leads to

Qk,t(x) = 2k+tΓ(k + t)Γ(k − t)

Γ(2k)(x− 1)k+t
F

(
k + t, k + t, 2k;

2

1− x

)
.
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Applying Euler’s transformation law (6) yields

Qk,t(x) = 2k+tΓ(k + t)Γ(k − t)

Γ(2k)(x− 1)k+t

(
1− 2

1− x

)−2t

F

(
k − t, k − t, 2k;

2

1− x

)
= 2

(
2k+t−1 Γ(k + t)Γ(k − t)

Γ(2k)(x− 1)k−t(x+ 1)2t
F

(
k − t, k − t, 2k;

2

1− x

))
= 2Q

(0,2t)
k−t−1(x),

where we used (15) in the last equality. □

Corollary 2.3. The function Qk,t(x) is a solution of the second order differential equation

(1− x2)f ′′(x) + [2t− (2t+ 2)x]f ′(x) + (k − t− 1)(k + t)f(x) = 0.

Proof. It follows from Proposition 2.2 and the fact that Q
(α,β)
n (x) is a solution of (10). □

2.4. Asymptotics for Jacobi functions.

Lemma 2.4. For 0 ≤ t ≤ k − 1, we have

Qk,t(x) = O(x−k−t), as x → +∞.

Proof. By (15), and using the definition of the hypergeometric function (5), we have

Q(α,β)
n (x) =

(−1)n+12α+β−1

(x− 1)α(x+ 1)β

∑
j≥0

(
n+ j

j

)
Γ(n+ α+ j + 1)Γ(n+ β + 1)

Γ(2n+ α+ β + j + 2)

(
2

1− x

)n+j+1

.

Thus, Q
(α,β)
n (x) = O(x−n−α−β−1) as x → +∞. In particular, using Proposition 2.2, we see that

Qk,t(x) = O(x−(k−t−1+2t+1)) = O(x−(k+t)) as x → +∞. □

Lemma 2.5. For 0 ≤ t ≤ k − 1, we have

Qk,t(x) = log

(
x+ 1

x− 1

)
−
(
Γ′

Γ
(k + t)− Γ′

Γ
(1) +

Γ′

Γ
(k − t)− Γ′

Γ
(1)

)
+ o(1), as x → 1+.

Proof. Let n := k− t− 1 in this proof. Using Proposition 2.2, (16), and (13), for all x ∈ C \ [−1, 1]
we have

(18) Qk,t(x) =
P

(0,2t)
n (x)

(x+ 1)2t

∫ 1

−1

(1 + u)2t

x− u
du−

W
(0,2t)
n−1 (x)

(x+ 1)2t
.

By [19, (87)], for all x ∈ C, we have4

(19)
2t+ 1

22t+1
W

(0,2t)
n−1 (x) =

(2t+ 1)(k + t)

2

k−t−2∑
j=0

P
(0,−2t)
j (x)P

(0,2t)
k−t−2−j(x)

(j + 1)(k + t− 1− j)
.

Thus,

W
(0,2t)
n−1 (1)

22t
=

k−t−2∑
j=0

k + t

(j + 1)(k + t− 1− j)
=

k−t−2∑
j=0

(
1

j + 1
+

1

k + t− 1− j

)
=

k−t−1∑
j=1

1

j
+

k+t−1∑
j=2t+1

1

j

=

(
Γ′

Γ
(k − t)− Γ′

Γ
(1)

)
+

(
Γ′

Γ
(k + t)− Γ′

Γ
(1)

)
−
(
Γ′

Γ
(2t+ 1)− Γ′

Γ
(1)

)
.

4Beware of our normalizations that differ from the ones in [19].
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We now calculate the elementary integral in (18):∫ 1

−1

(1 + u)2t

x− u
du = (1 + x)2t log

(
x+ 1

x− 1

)
+

2t∑
j=1

(
2t

j

)
(−1)j

j
(x+ 1)2t−j [(x+ 1)j − (x− 1)j ].

As x → 1+, we thus obtain

Qk,t(x) = log

(
x+ 1

x− 1

)
+

2t∑
j=1

(
2t

j

)
(−1)j

j

−
(
Γ′

Γ
(k − t)− Γ′

Γ
(1)

)
−
(
Γ′

Γ
(k + t)− Γ′

Γ
(1)

)
+

(
Γ′

Γ
(2t+ 1)− Γ′

Γ
(1)

)
+ o(1).

It is a standard fact about harmonic numbers that the formula

(20)
Γ′

Γ
(2t+ 1)− Γ′

Γ
(1) =

2t∑
j=1

1

j
= −

2t∑
j=1

(
2t

j

)
(−1)j

j

holds (an easy check using integral representations). This last observation concludes the proof. □

Remark 2.6. When t = 0, Lemma 2.5 recovers the asymptotic formula [22, p. 251] for Legendre
functions of the second kind (note that the O(1) should be o(1) therein).

3. L-functions

Let r = 2k ≥ 2 and N ≥ 3 be fixed integers. Let K denote an imaginary quadratic field of odd
discriminant D prime to N . Consider

f =
∑
n≥1

af (n)q
n ∈ Snew

r (Γ0(N)),

and let χ : A×
K → C× be a Hecke character of K of infinity type (ℓ, 0), with 0 < ℓ ≤ r − 2. We

assume that the Dirichlet character χ|A×
Q
· Nm−ℓ is trivial, and hence χτχ is an even power of the

norm, where Gal(K/Q) = ⟨τ⟩. This forces ℓ to be even, so ℓ = 2t. We will also assume that χ is
unramified. There are then at most #ClK characters χ of type (ℓ, 0), all differing by characters
which factor through ClK ≃ Gal(H/K), where H is the Hilbert class field.

Associated to χ is the theta series [2, Prop. 3.13]

Θχ =
∑

a⊴OK

χ(a)qN(a) ∈ S2t+1(Γ0(|D|), ϵK).

Given an ideal class A ∈ ClK , there are also partial theta series

ΘA,χ =
∑

a⊴OK
[a]=A

χ(a)qN(a) =
∑
n≥1

rA,χ(n)q
n ∈ S2t+1(Γ0(|D|), ϵK),

where

rA,χ(n) =
∑
[a]=A
N(a)=n

χ(a).

We have the relation

Θχ =
∑

A∈ClK

ΘA,χ.
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3.1. Rankin–Selberg convolution L-functions. Let A ∈ ClK be an ideal class, and consider
the Rankin–Selberg convolution L-function of f and the partial theta series ΘA,χ defined by

LA(f, χ, s) := L(N)(ϵK , 2s− 2k − 2t+ 1)
∑
n≥1

af (n)rA,χ(n)n
−s,

where ϵK = ϵD is the quadratic character associated to K. It converges locally uniformly on
the right half-plane ℜ(s) > k + t + 3/2 of the complex plane. The Rankin–Selberg convolution
L-function of f and Θχ is then given by

L(f, χ, s) =
∑

A∈ClK

LA(f, χ, s).

Define the completed L-function

L∗
A(f, χ, s) := (2π)−sN sDsΓ(s)Γ(s− 2t)LA(f, χ, s).

Theorem 3.1. The L-function L∗
A(f, χ, s) admits an analytic continuation to the whole complex

plane and satisfies the functional equation

L∗
A(f, χ, s) = −ϵK(N)L∗

A(f, χ, 2k + 2t− s).

Proof. The key is to use Rankin’s method to prove the equality

(21)
N sΓ(s+ 2k − 1)

(4π)s+2k−1
LA(f, χ, s+ 2k − 1) = (f, Φ̃s̄)Γ0(N),

where Φ̃s is a non-holomorphic modular form of weight 2k and level Γ0(N) given by the trace of
the product of the theta function ΘĀ,χ with a non-holomorphic Eisenstein family indexed by s:

Φ̃s = TrND
N (E(1)

s (Nz)ΘĀ,χ(z)),

where

E(1)
s (z) =

1

2

∑
c,d∈Z
D|c

ϵK(d)

(cz + d)2k−2t−1

ys

|cz + d|2s
.

By explicitly working out an expression for the trace, we obtain

Φ̃s = D−tEs(Nz)ΘĀ,χ(z)|U|D| ,

where

Es(z) =
∑

D1·D2

ϵD1(N)χD1·D2(Ā)

κ(D1)|D1|s+ℓ1−3/2
E(D1)

s (|D2|z) =
∑
n∈Z

es(n, y)e(nx),

with e(x) = e2πix (exactly the same Eisenstein series as in [22], except that k is replaced by k − t,
or equivalently 2k is replaced by ℓ1 = 2k − 2t). Formulas for the coefficients es(n, y) can be found
in [22, IV (3.2)] (after replacing 2k therein by ℓ1). In the above formula, κ(D1) = 1 or i according
as D1 > 0 or D1 < 0.

Remark 3.2. The character χD1·D2 appearing in the above formula is the genus character associ-
ated with the partition D = D1D2. Its value at a prime ideal p is

χD1·D2(p) =

{
ϵD1(N(p)), (N(p), D1) = 1

ϵD2(N(p)), (N(p), D2) = 1.
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If we let

e∗s(n, y) := π−s|D|sΓ(s+ 2k − 2t− 1)es(n, y),

then the functional equation follows from the transformation property

e∗s(n, y) = −ϵK(N)e∗2−2k+2t−s(n, y)

proved in [22, IV §4]. □

3.2. Central derivative calculations. We assume that K satisfies the Heegner hypothesis (1),
namely that every prime dividing N splits in K. This implies in particular that the sign of the
functional equation of Theorem 3.1 is −1. Moreover, equation (21) implies that there exists a

non-holomorphic modular form Φ̃ of weight 2k and level Γ0(N) such that the central value of the
derivative is given by

L′
A(f, χ, k + t) =

22k+2t+1πk+t+1

(k + t− 1)!
√

|D|Dt
(f, Φ̃)Γ0(N).

In fact, the function is given by

(22) Φ̃ =

√
|D|
2π

Nk−t−1 ∂

∂s
(DtΦ̃s)|s=1−(k−t).

Proposition 3.3. The Fourier expansion of Φ̃ is given by

Φ̃(z) =
∞∑

m=−∞

− ∑
0<n≤m|D|

N

σ′
A(n)rĀ,χ(m|D| − nN)pk−t−1

(
4πnNy

|D|

)

+
h

u
DtrĀ,χ(m)

(
log(y) +

Γ′

Γ
(k − t) + log(N |D|)− log(π) + 2

L′

L
(1, ϵK)

)
−

∞∑
n=1

σA(n)rĀ,χ(m|D|+ nN)qk−t−1

(
4πnNy

|D|

)]
y1−k+tqm,

where

pν−1(x) :=
ν−1∑
j=0

(
ν − 1

j

)
(−x)j

j!
and qν−1(x) :=

∫ ∞

1

(y − 1)ν−1

yν
e−xydy,

and where the two first terms are zero whenever m ≤ 0. Moreover,

σ′
A(n) =

∑
d|n
d>0

ϵA(n, d) log
( n

d2

)

and

σA(n) =
∑
d|n
d>0

ϵA(n, d),

with

ϵA(n, d) =

{
0 (d, n/d,D) ̸= 1

ϵD1(d)ϵD2(−Nn/d)χD1·D2(A) (d, n/d,D) = 1,

for (d,D) = |D2| and D1D2 = D.
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Remark 3.4. The fact that rĀ,χ(0) = 0 is proper to the t > 0 case, as ΘA,χ is a cusp form. This
is not the case when dealing with a class group character as in [22]. This simple observation leads
to several simplifications when applying holomorphic projection in the next section.

Proof. We have DtΦ̃s(z) = Es(Nz)ΘĀ,χ(z)|U|D| and the Fourier expansion of Es(z) is given by∑
n∈Z es(n, y)e(nx). Hence, the Fourier expansion of Es(Nz)ΘĀ,χ(z) is

Es(Nz)ΘĀ,χ(z) =

(∑
n∈Z

es(n,Ny)e(nNx)

)∑
m≥0

rĀ,χ(m)e−2πmye(mx)



=
∑
v∈Z

 ∑
m≥0

v−m≡0 (mod N)

es

(
v −m

N
,Ny

)
rĀ,χ(m)e−2πmy

 e(vx)

=
∑
v∈Z

Av(y)e(vx),

where we made the substitution v = nN +m. Applying the operator U|D|, we deduce that

DtΦ̃s(z) =
∑
v∈Z

Av|D|

(
y

|D|

)
e(vx)

=
∑
v∈Z

 ∑
m≥0

v−m≡0 (mod N)

es

(
v|D| −m

N
,
Ny

|D|

)
rĀ,χ(m)e

−2πm y
|D|

 e(vx)

=
∑
n∈Z

 ∑
m≥0

nN+m≡0 (mod |D|)

es

(
n,

Ny

|D|

)
rĀ,χ(m)e

−2πm y
|D|

 e

(
nN +m

|D|
x

)
,

where we used the substitution n = (v|D| −m)/N .

We are going to focus on the terms of the Fourier expansion where n = 0 (the cases where n > 0
or n < 0 are similar to what is done in [22]), namely∑

m≥0
m≡0 (mod |D|)

es

(
0,

Ny

|D|

)
rĀ,χ(m)e

−2πm y
|D| e

(
m

|D|
x

)
=

∑
m≥0

m≡0 (mod |D|)

es

(
0,

Ny

|D|

)
rĀ,χ(m)q

m
|D|

=
∑
m′≥0

es

(
0,

Ny

|D|

)
rĀ,χ(m

′|D|)qm′
,

where we used the substitution m′ = m/|D|. We need to calculate∑
m≥0

∂

∂s
es

(
0,

Ny

|D|

)∣∣∣∣
s=1−(k−t)

rĀ,χ(m|D|)qm.
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But this was done already in [22, p. 283] (they work with the same Eisenstein series but with k
instead of k − t):

∂

∂s
es (0, y)

∣∣∣∣
s=1−(k−t)

= 2L(1, ϵK)(|D|y)1−k+t

(
Γ′

Γ
(k − t) + log

(
|D|2y
π

)
+ 2

L′

L
(1, ϵK)

)
.

We have

∂

∂s
es

(
0,

Ny

|D|

)∣∣∣∣
s=1−(k−t)

= 2L(1, ϵK)(Ny)1−k+t

(
Γ′

Γ
(k − t) + log

(
|D|Ny

π

)
+ 2

L′

L
(1, ϵK)

)
= 2L(1, ϵK)(Ny)1−k+t

(
log(y) +

Γ′

Γ
(k − t) + log (N |D|)− log(π) + 2

L′

L
(1, ϵK)

)
.

We conclude that the n = 0 term of the Fourier expansion of Φ̃(z) is∑
m≥0

√
|D|
π

L(1, ϵK)rĀ,χ(m|D|)
(
log(y) +

Γ′

Γ
(k − t) + log (N |D|)− log(π) + 2

L′

L
(1, ϵK)

)
y1−k+tqm.

The result follows from using the formula

√
|D|
π L(1, ϵK) = h

u [22, p. 249] and observing that

rĀ,χ(m|D|) = DtrĀ,χ(m).

Note that
rĀ(m|D|) = rĀ(m) = rA(m|D|) = rA(m),

and [22] opted for the simpler expression rA(m) in their formula, making it easy to miss the factor
of Dt in our formula (the factor of Dt is in fact missing in [34, Prop. X.7]). □

3.3. Holomorphic projection. Let gA =
∑

m≥1 am(A)qm ∈ Snew
2k (Γ0(N)) represent the linear

functional on Snew
2k (Γ0(N)) given by

f 7−→
(2k − 2)!

√
|D|Dt

24k−1π2k
L′
A(f, χ, k + t).

Then gA is obtained by applying holomorphic projection lemma [22, IV (5.1)] to the function Φ̃
defined by (22). More precisely, gA is the holomorphic projection of

(2k − 2)!

(k + t− 1)!
(4π)t−k+1Φ̃.

Lemma 3.5. Assume that 0 < t ≤ k − 1. The function Φ̃(z) =
∑∞

m=−∞ am(y)qm satisfies

(Φ̃|2kα)(z) = O(y−ϵ) as y → ∞ for some ϵ > 0 and every α ∈ SL2(Z).

Proof. We have the estimates pν−1(x) = O(xν−1), qν−1(x) = O(xν−1e−x), rĀ,χ(n) = O(nt+1/2),

σA(n) = o(nδ) and σ′
A(n) = O(nδ) for all δ > 0. Using these estimates, and the formulas for am(y)

derived in Proposition 3.3, we obtain the following estimates. When t < k − 1, we have

am(y) =


O(mδ+k+1/2) (m > 0)

O(e
−4π N

|D|y) (m = 0)

O(|m|δ+k−t−1e−4π|m|y) (m < 0).

When t = k − 1, we have

am(y) =


O(mk−1/2 log(y)) (m > 0)

O(e
−4π N

|D|y) (m = 0)

O(|m|δe−4π|m|y) (m < 0).
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In particular, for 0 < t ≤ k − 1, all terms in the Fourier expansion of Φ̃ are exponentially small as
y → ∞. Similar estimates hold at the other cusps. □

Theorem 3.6. If 0 < t ≤ k − 1, then for all m ≥ 1 such that (m,N) = 1, we have

am(A) = mk−t−1

− ∑
0<n≤m|D|

N

σ′
A(n)rĀ,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

)

+
h

u
DtrĀ,χ(m)

(
Γ′

Γ
(k + t) +

Γ′

Γ
(k − t) + log

(
N |D|
4π2m

)
+ 2

L′

L
(1, ϵK)

)
−

∞∑
n=1

σA(n)rĀ,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)]
,

where Pk,t and Qk,t are the Jacobi functions defined by the formulas (11) and (17) respectively.

Proof. By Lemma 3.5, we may apply the holomorphic projection lemma [22, IV (5.1)] to get the
result. □

Remark 3.7. We have Qk,t(x) = O(x−k−t) as x → +∞ by Lemma 2.4. In particular, the nth term

of the infinite sum in Theorem 3.6 is O(nδ+t+1/2−k−t) = O(nδ−k+1/2). Since k ≥ 2, we see that

the nth term is O(nδ−3/2) and the sum converges. This is true even in the edge case t = k − 1, in
notable contrast with the situation in [22] where the parameters (k, t) = (1, 0) lead to the infinite
sum being divergent.

4. Heights

Let Y be a smooth projective variety over a number field F of dimension d = 2n− 1. Assume that
Y admits a regular model Y that is projective and flat over SpecOF . Let Z1 and Z2 be algebraic
cycles on Y of codimension n. Assume the following conditions:

(a) Z1 has an integral model Z1 in Y with the property that Z1 has zero intersection with any
algebraic cycle of codimension n on Y supported on the special fibers.

(b) Z2 admits an integral model Z2 in Y.

(c) Z1 is null-homologous, i.e., its class in H2n(Y (C),C) is zero.

Condition (c) implies that there is a Green’s current g1 on Y (C) such that ∂∂̄
πi g1 = δZ1 , where δZ1

is the current associated to Z1 which maps any real valued differential η ∈ An,n(YR) to
∫
Z1,C(C) η.

Under the above assumptions, the height pairing of Z1 and Z2 is defined as

⟨Z1, Z2⟩BB := (−1)n(Z1, g1) · (Z2, g2),

where g2 is any Green’s current for Z2,C. The intersection on the right hand side is the arithmetic
intersection pairing of Gillet–Soulé

ĈH
n
(Y)R × ĈH

n
(Y)R−→R,

defined for arithmetic cycles T̂i = (Ti, αi), i = 1, 2, that are irreducible and intersect properly, by

T̂1 · T̂2 := log(|Γ(T1 ·T2,O)|) +
∫
T2,C(C)

α1 +

∫
YC(C)

α2β1,
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where β1 = δT1 − ∂∂̄
πi α1 [17, (4.2.2.2)]. Because Y is regular, there is a moving lemma for arithmetic

Chow groups, and the arithmetic intersection pairing is defined for all T̂1 and T̂2 [41, p. 104].

4.1. Local height decomposition. The arithmetic intersection pairing admits a decomposition
into a sum of local intersections for all places v of F :

T̂1 · T̂2 =
∑
v

(T1,v ·T2,v)ϵv,

where ϵv = log qv with qv = |OF /p| if v is a non-archimedean place corresponding to a prime ideal
p, and ϵv = 2 if v is a complex archimedean place. It follows that the height pairing also admits a
decomposition into local components

⟨Z1, Z2⟩BB =
∑
v

⟨Z1, Z2⟩vϵv.

These local intersections are only defined when Z1 and Z2 do not intersect in the generic fiber
Y = YF , and they depend on the representatives of the cycles Z1 and Z2.

4.2. Local heights in cases of improper intersection. For the explicit cycles that we work
with, we do not wish to use a moving lemma and it becomes crucial to define local heights even
when the cycles do intersect in the generic fiber. Below we give such a local decomposition when
Y is a compactification of an abelian scheme f : A → C of relative dimension 2n− 2 over a smooth
curve C, and when the cycles Z1 and Z2 are supported on sub-abelian varieties in fibers of f .5 This
is done by combining a result of Zhang [41] with Brylinski’s formalism for heights on local systems
over curves [10].

Now suppose Z1 and Z2 are such cycles (of codimension n on A) supported on the fiber of f above
a single point x ∈ C.

4.2.1. Archimedean local height. Let v be an archimedean place of F . A choice of polarization
on A makes V = R2n−2f∗Z(n − 1) a weight 0 polarized variation of Hodge structures (PVHS) on
Cv = C×vC with associated vector bundle V (see Definition 6.3 for the precise definition). Brylinski
[10] attaches to such a PVHS a Green’s kernel and defines a local height pairing on Hodge classes.
Let us write C̄ for the compactification of C. There is a canonical way to extend V to a vector
bundle V̄ on C̄v due to Deligne (characterized by certain properties) [10, §1 p. 4]. Let us write V̄0,R
for the C∞ vector bundle of sections of V̄ which are real and of type (0, 0). Also write pr1 and pr2
for the projections C̄ × C̄−→ C̄.

Proposition 4.1 (Proposition 2.9 [10]). If V has no non-zero global section, there exists a unique
C∞-section G of Hom(pr−1

1 V̄0,R,pr
−1
2 V̄0,R) over the complement of the diagonal in C̄v × C̄v, such

that

(1) □2G = 0, where □2 is the Laplacian associated with V in the second variable;

(2) G(x, y)−log |z(x)−z(y)| is bounded near any point (a, a) ∈ C̄v×C̄v, if z is a local coordinate
on C̄v near a.

The C∞-section G, called the Green’s kernel attached to V , can be used to define the Brylinski
pairing. If x ̸= y ∈ Cv(C) and v1x and v2y are type (0, 0) classes supported in the fibers of V above
x and y respectively, Brylinski defines [10, Prop. 2.11]

(23)
〈
v1x, v

2
y

〉Br
:= ⟨G(x, y)v1x, v

2
y⟩y,

5We prove this below under an additional technical assumption but we suspect the method works in general.
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where ⟨ , ⟩y denotes the Hermitian pairing induced by the polarization on the fiber of V above y.
This extends by linearity to a pairing on fibral classes supported on disjoints sets of fibers. If v1x
and v2y are cycle classes of homologically trivial cycles Z and Z ′ supported on the fibers above x
and y (distinct points) respectively, then [10, Appendix]

(24)
〈
v1x, v

2
y

〉Br
= ⟨Z,Z ′⟩v.

(See also [30] for various definitions of archimedean local height pairing and comparisons between
them.)

Recall that Z1 and Z2 are supported on the fiber of f above a single point x ∈ C. Their images,
denoted v1x and v2x respectively, under the cycle class map relative to the fiber f−1(x) (after base-
change to C via v) lie in the fiber of V above x. Let η be a (n− 1, n− 1)-form on Yv(C) such that
for all points y close enough to x, the restriction ηy to the fiber above y satisfies ∂ηy = 0 = ∂̄ηy,
and moreover the restriction ηx recovers the cycle class of v2x, thought of as a differential form. For
y ∈ Cv(C) close to X, let v2y ∈ Vy correspond to ηy.

Let t be a uniformizer on Cv(C) at x. We let

(25) ⟨Z1, Z2⟩v = lim
y→x

(
⟨G(x, y)(v1x, v

2
y)⟩y + (−1)n(Z1 · Z2)x log |t(y)|v

)
,

where (Z1 · Z2)x is the usual (geometric) intersection pairing in the fiber f−1(x).

4.2.2. Non-archimedean local height. If v is a non-archimedean place of F , we define

⟨Z1, Z2⟩v = (Z1 · Z2)x ordv dxt,

where ordv dxt is defined as in [41, p. 106].

4.2.3. Global conjecture.

Conjecture 4.2. Suppose Z1 and Z2 are supported on a single common fiber of f . Then

⟨Z1, Z2⟩BB =
∑
v

⟨Z1, Z2⟩v,

where the local pairings are defined as above.

For our purposes it will be enough to prove the following special case.

Theorem 4.3. With hypotheses and notation as above, suppose further that there exists a dense
set of points W ⊂ U such that the class v2y of (25) is the class of an algebraic cycle Zy in f−1(y)
for all y ∈ W . Then Conjecture 4.2 holds.

Proof. This follows from the results of Zhang and Brylinski mentioned earlier. Zhang’s [41, Conj.
1.2.1 & Thm. 1.2.2] says that Conjecture 4.2 is true with archimedean local heights given by

(−1)n lim
y→x

(∫
Ay

g1η + (Z1 · Z2)x log |t(y)|v

)
,

where g1 is the Green’s current for Z1. In the fiber above some y ∈ W , the integral (−1)n
∫
Ay

g1η

is by definition the local Gillet–Soulé height ⟨Z1, Zy⟩v, which is in turn equal to ⟨v1x, v2y⟩Br by (24).
Applying (23), we obtain

(−1)n
∫
Ay

g1η = ⟨G(x, y)v1x, v
2
y⟩y, ∀y ∈ W.
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The left hand side and the right hand side can both be viewed as function on U \ {x}. As such,
they are continuous, and since they agree on a dense set they must be equal. We conclude that
Conjecture 4.2 is true with archimedean local heights given by (25). □

5. Generalized Heegner cycles

Let K/Q be an imaginary quadratic field, and let H be its Hilbert class field. Let (A, ι) be an
elliptic curve A/H with complex multiplication ι : OK ↪→ End(A) by OK .

5.1. Generalized Kuga–Sato varieties. For any M ≥ 3, let X(M) be the modular curve (over
H) parameterizing pairs (E, (α, β)), where E is an elliptic curve and (α, β) is a basis for E[M ].
Note that X(M) is geometrically disconnected since we impose no condition on the Weil pairing
⟨α, β⟩. For k ≥ 1, let W2k−2 be the smooth and projective Kuga–Sato (2k − 1)-fold over X(M),

which is birational to the (2k − 2)-th fiber power Ē(2k−2) of the universal generalized elliptic curve
over X(M) [41, §2].

For ℓ ≥ 0, we consider the variety

X = XM,k,t := W2k−2 ×H Aℓ,

which we view as fibered over X(M). It is smooth and projective over H, of dimension 2k+ ℓ− 1,

birational to Ē(2k−2) ×H Aℓ.

5.2. Cycles. Let F be a finite extension of H and Q ∈ X(M)(F ) a point corresponding to a full
level M -structure B = (α, β) of A. Any isogeny φ : AF → A′ over F of degree prime to M gives
another point Qφ := (A′, φ(B)) of X(M)(F ). The fiber of Ē−→X(M) above Qφ is isomorphic to

A′. The fiber XQφ of X−→X(M) over Qφ is isomorphic to (A′)2k−2 ×Aℓ
F .

For a homomorphism φ ∈ Hom(A1, A2) between elliptic curves, we denote by Γφ ⊂ A1 × A2 its

graph, and by ΓT
φ ⊂ A2 × A1 the transpose of Γφ. We choose a square root

√
D ∈ OK and view√

D as an element of End(A) if no confusion can arise, e.g., in the notation Γ√
D ⊂ A×A.

Assume from now on that ℓ = 2t is even and 0 < t ≤ k − 1. For φ : AF → A′ as above, define

Yφ := Γk−1−t√
D

× (ΓT
φ)

2t ⊂ (A′ ×A′)k−1−t × (A′ ×AF )
2t ≃ XQφ ⊂ XF .

For each ideal a ⊴ OK coprime to M , we have an isogeny ϕa : A−→A/A[a] =: Aa. We write
Qa := Qϕa and Y a := Yϕa . When a = OK , we recover the point Q = QOK = (α, β) ∈ X(M)(F ).
We write Y a = Y a

Q if we want to emphasize the dependence on the initial choice of point Q.

Let Corr0(X,X)K be the ring of algebraic correspondences modulo rational equivalence on X with
coefficients in K, as in [4, p. 755]. We define the idempotent

ϵ := ϵW ⊗ ϵ2t ∈ Corr0(X,X)K ,

where ϵW is the Deligne–Scholl [33] projector on W2k−2 (i.e., the Chow motive of weight 2k cusp
forms) and, for any m ≥ 1, ϵm is the idempotent

ϵm :=

(√
D + [

√
D]

2
√
D

)⊗m

◦
(
1− [−1]

2

)⊗m

∈ Corr0(Am, Am)K .

Define also

ϵ̄m :=

(√
D − [

√
D]

2
√
D

)⊗m

◦
(
1− [−1]

2

)⊗m

∈ Corr0(Am, Am)K ,

and

(26) κm = ϵm + ϵ̄m.
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Define

ϵ̄ := ϵW ⊗ ϵ̄2t ∈ Corr0(X,X)K ,

ϵ′ = ϵW ⊗ κ2t ∈ Corr0(X,X)Q.

For any Weil cohomology theory H∗(−), we have [3, Prop. 2.4]

ϵWH∗(W2k−2) = ϵWH2k−1(W2k−2)

κ2tH
∗(A2t) = κ2tH

2t(A2t),

and so ϵ′H∗(X) = ϵ′H2k+2t−1(X).

Lemma 5.1. For all B = (α, β) and φ : AF → A′ as above, the cycles ϵYφ and ϵ̄Yφ are null-
homologous. In other words,

ϵYφ ∈ CHk+t(XF )0,K and ϵ̄Yφ ∈ CHk+t(XF )0,K ,

where CHj(XF )0,K denotes the kernel of the cycle class map CHj(XF )K → H2j(X)(j)⊗K.

Proof. This follows from the fact that ϵ′ (and hence ϵ and ϵ̄) annihilates even degree cohomology. □

5.3. Generalized Heegner cycles. Let N be a divisor of M , and let πM,N : X(M) → X0(N) be

the natural morphism of curves over H given by (E,α, β) 7→ (E, ⟨MN α⟩).

We assume from now on the Heegner hypothesis (1): every prime dividing N splits in K. This
guarantees that there exists an ideal n ⊴ OK such that OK/n ≃ Z/NZ, and hence A[N ] ≃
A[n]⊕ A[n]. The pair (A,A[n]) corresponds to a Heegner point Pn ∈ X0(N)(H) [20]. Let F/H be
a finite extension splitting the finite H-scheme π−1

M,N (Pn). For each a ⊴ OK coprime to M , define

(27) Za
n =

∑
Q∈π−1

M,N (Pn)(F )

ϵY a
Q ∈ CHk+t(X)0,K

(28) Z̄a
n =

∑
Q∈π−1

M,N (Pn)(F )

ϵ̄Y a
Q ∈ CHk+t(X)0,K ,

which a priori only live in CHk+t(XF )K , but clearly descend to CHk+t(X)0,K .

Let χ be an unramified Hecke character of K of type (2t, 0). For each ideal class A = [a], we choose
a representative a of norm prime to M and define

ZA := χ(a)−1Za
n ∈ CHk+t(X)0,K(χ),

Z̄A := χ(ā)−1Z̄a
n ∈ CHk+t(X)0,K(χ).

Assuming the conjectural injectivity of Abel–Jacobi maps, the cycles ZA and Z̄A do not depend on
the choice of representative ideal a ∈ A (see [35, Prop. 4.6]). Finally, we define

(29) ∆χ :=
1√

deg(πM,N )

∑
A

(ZA + Z̄Ā) ∈ CHk+t(X)0,C.

Remark 5.2. The cycle ∆χ depends on the choice of n, but its Beilinson–Bloch height is indepen-
dent of this choice, since the Atkin–Lehner involutions on X0(N) act transitively on the points Pn.
Likewise the height of ∆χ is independent of M due to the square root normalization factor.
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5.4. Integral models. In order to compute heights we must use integral models of generalized
Kuga–Sato variety and generalized Heegner cycles, as discussed in Section 4.

Suppose M is a multiple of N such that M = N1N2 with (N1, N2) = 1 and Ni ≥ 3. We will
compute heights over a finite extension F/H which is unramified at M and with the property that
A has everywhere good reduction over F . These two conditions are compatible: since N is prime to
D = Disc(K), we can always choose A and M so that A has good reduction at all primes dividing
M , and we may then take F to be the minimal number field over which A attains good reduction.
We may and do moreover assume that all primes dividing M split in K. We write X, X(M), et
cetera, instead of XF , X(M)F , etc.

Let W → OF be the proper regular model for W2k−2 constructed in [41, §2.2], and let A be the
Néron model for A over OF . Since A/F has everywhere good reduction, A → OF is smooth and
we conclude:

Proposition 5.3. X := W ×OF
Aℓ is a proper regular model for X over OF .

As in [41, 3.1], we may extend the cycles Za
n and Z̄a

n to cycles on X so that the height pairing
⟨∆χ,∆χ⟩BB

F is well-defined (i.e., conditions (a)-(c) of Section 4 are satisfied). Just as in [41], we
are implicitly making use of the fact that in characteristic p | M , generalized Heegner cycles live
in fibers above ordinary (and hence smooth!) points of X(M)Fp , so that the Zariski closure of the
cycles in the generic fiber automatically satisfy condition (a).

5.5. Hecke operators. The usual Hecke operators on higher weight modular forms come from
Hecke correspondence on W2k−2, and these extend to W as in [41, 2.2]. We define correspondences
Tm on X (and similarly X) by pullback from W2k−2 (resp. W).

6. Variations of Hodge structures

In order to use Brylinski’s formalism to compute heights of generalized Heegner cycles, we need to
construct the Green’s kernel of Proposition 4.1 associated to a certain polarized variation of Hodge
structures (PVHS) over X(M). In this section we define the relevant PVHS, and in the next section
we compute the associated Laplacian.

6.1. Polarized variations of Hodge structures. Let T be a subring of R, and let H be a
T -Hodge structure of weight m.

Definition 6.1. A polarization on H is a (−1)m-symmetric pairing ( , ) : H×H−→T , whose base-

change HC×HC−→C satisfies (Hp,q
C , Hp′,q′

C ) = 0 unless (p′, q′) = (q, p), as well as ip−q(v, v̄) > 0 for
all 0 ̸= v ∈ Hp,q

C .

Remark 6.2. The Hermitian form ⟨v, w⟩ := ip−q(v, w̄) on Hp,q
C is positive-definite. Moreover, the

orthogonal complement of FilpHC with respect to ( , ) is Film−p+1HC.

Let X be a complex manifold and V a local system of finitely generated T -modules over X. Let
VC = V ⊗T C be the local system of finite dimensional complex vector spaces over X, and let
V := OX ⊗CVC be the corresponding holomorphic vector bundle over X with integrable connection
∇ := ∂ ⊗ 1.

Definition 6.3. A T -PVHS with underlying local system V of weight m is the data of:6

6Technically speaking, the PVHS in Definition 6.3 is (V,Fil• V), but in practice we will simply call V the PVHS,
when no confusion can arise.
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• a finite decreasing filtration by holomorphic subbundles Filp+1 V ⊂ Filp V, each locally a
direct factor in V;

• a flat bilinear pairing ( , ) : V × V−→T (−m);

with the following properties:

(i) For each x ∈ X, the induced filtration Filpx := Filp Vx on the fiber Vx is the Hodge filtration
of a pure Hodge structure of weight m;

(ii) ∇(Filp V) ⊂ Ω1
X ⊗OX

Filp−1 V (Griffiths transversality);

(iii) For each x ∈ X, (2πi)m( , )x gives a polarization on Vx in the sense of Definition 6.1.

Remark 6.4. Let V∞ := C∞
X ⊗ V be the associated C∞-bundle with integrable connection D :=

d ⊗ id+ id⊗∇. The bilinear pairing ( , ) of Definition 6.3 (2) induces an OX ⊗ OX -linear pairing
( , ) : V∞⊗C∞

X
V∞−→C∞

X . The flatness in Definition 6.3 (2) means that d(u, v̄) = (Du, v)+ (u,Dv).

6.2. PVHS over modular curves. Let M ≥ 3 be an integer. Let C̄ = X(M)C denote the
compact modular curve of full level M structure, base-changed to C. The open modular curve
Y (M)C will be denoted by C, and we let π = πE : E−→C denote the corresponding universal
elliptic curve over C. Recall that C(C) is the disjoint union of φ(M) copies of Γ(M)\H.

Consider the relative de Rham cohomology sheaf on C

L := R1π∗(0−→OE−→Ω1
E/C−→ 0) = H1

dR(E/C).

It is a vector bundle of rank 2 over C, whose fibers are given by LQ = H1
dR(Ez), where Q =

Γ(M)z ∈ C(C) and Ez := π−1(z) = C/⟨1, z⟩. This vector bundle comes equipped with an integrable
connection

∇ : L−→Ω1
C ⊗ L

called the Gauss–Manin connection, as well as a canonical pairing

( , ) : L × L−→OC ,

given on the fiber at Q = Γ(M)z ∈ C(C) by

(30) ( , )z : H
1
dR(Ez)×H1

dR(Ez)−→C, (ω1, ω2)z =

∫
Ez

ω1 ∧ ω2.

Remark 6.5. Together with the Hodge filtration given by the line bundle Fil1 L = ω := π∗Ω
1
E/C ,

the pairing ( , )−1 : L × L−→OC(−1) given on the fiber at Q = Γ(M)z ∈ C(C) by

(31) ( , )−1,z : H
1
dR(Ez)×H1

dR(Ez)−→C, (ω1, ω2)−1,z =
1

2πi

∫
Ez

ω1 ∧ ω2

makes L into a PVHS of weight 1 with underlying local system R1π∗Z, in the sense of Definition
6.3.

Remark 6.6. The vector bundle L admits a canonical extension to a vector bundle L̄ over C̄ (see
[3, p. 1043-1044] or [10, p. 4]). The Gauss–Manin connection extends to a connection with log
poles

∇ : L̄−→Ω1
C̄(logZ)⊗ L̄,

where Z denotes the cuspidal divisor C̄ \C. The above pairing also admits an extension. Because
the cycles defined in Section 5 live in non-cuspidal fibers of Kuga–Sato varieties, we will not have
any need for the defining properties of these extensions.
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Given n ≥ 1, we define vector bundles Ln := Symn L and write ∇n : Ln−→Ω1
C⊗Ln for the induced

connections and
( , )n : Ln × Ln−→OC ,

for the induced pairing given by

(x1 . . . xn, y1 . . . yn)n :=
1

n!

∑
σ∈Sn

(x1, yσ(1)) . . . (xn, yσ(n)).

Remark 6.7. The normalized pairing

( , )−n := (2πi)−n( , )n : Ln × Ln−→OC(−n)

makes Ln into a PVHS of weight n with underlying local system SymnR1π∗Z, in the sense of
Definition 6.3.

Furthermore, for m ≥ 0, we define vector bundles

Ln,m := Ln ⊗ κmHm(Am
C ),

with κm defined by (26). We naturally get a connection

∇n,m : Ln,m−→Ω1
C ⊗ Ln,m

and a pairing
( , )n,m : Ln,m × Ln,m−→OC ,

using the canonical pairing (30) on H1
dR(AC).

Remark 6.8. The normalized pairing

( , )−n,−m := (2πi)−(n+m)( , )n,m : Ln,m × Ln,m−→OC(−(n+m))

makes Ln,m into a PVHS of weight n+m with underlying local system SymnR1π∗Z⊗κmHm
B (Am,Z).

Consider the local systems

LB := R1π∗Z, LB
n := Symn LB, LB

n,m := LB
n ⊗κmHm

B (Am,Z),
with fibers at Q = Γ(M)z ∈ C(C) given respectively by the Betti cohomology groups

LB(Q) := H1
B(Ez,Z), LB

n (Q) := SymnH1
B(Ez,Z), LB

n,m(Q) := SymnH1
B(Ez,Z)⊗ κmHm

B (Am,Z).
The associated complex local systems

L := C⊗Z LB, Ln = C⊗Z LB
n , Ln,m := C⊗Z LB

n,m

are the sheaves of horizontal sections of (L,∇), (Ln,∇n), and (Ln,m,∇n,m) over C(C) (in the
complex topology). In other words, we have

L = OC ⊗C L, Ln = OC ⊗C Ln, Ln,m = OC ⊗C Ln,m .

Later, we will be interested in the case were n = 2k−2 and m = 2t, and we will consider the vector
bundle

(32) W = Wk,t := L2k−2,2t(k + t− 1) = L2k−2(k − 1)⊗ κ2tH
2t
dR(A

2t
C )(t).

The pairing
( , )0k,t := ( , )−2(k−1),−2t : W ×W−→OC

makes W into a PVHS of weight 0, in the sense of Definition 6.3, with underlying local system

W = Wk,t := (Sym2k−2R1π∗Z)(k − 1)⊗ κ2tH
2t
B (A2t,Z)(t).

In view of Remark 6.6, the PVHS W admits a canonical extension W̄ to a vector bundle on C̄
equipped with a connection with log poles.
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6.3. PVHS over the upper-half plane. We use the following conventions (see also Section 1.6):
a point of the upper-half plane H will be denoted by z = x+ iy, while the notation τ ∈ H will be
reserved for imaginary quadratic points. The complex coordinate on the elliptic curve C/⟨1, z⟩ will
be denoted by w, and the same goes for a CM elliptic curve C/⟨1, τ⟩.

Consider the projection map

pr:
⊔

H−→
⊔

Γ(M)\H = C(C),

with the disjoint union indexed by the primitive M th roots of unity. Using this projection, we pull
all the previously defined structures back to obtain vector bundles and local systems over

⊔
H:

L̃n := pr∗(Ln), L̃n := pr∗(Ln), etc...

Let W 0
2k−2 := W2k−2×C̄ C = (E)2k−2 and X0 := X×C̄ C = (E)2k−2×H A2t. Denote by Ẽ := pr∗(E)

the pull-back of the universal elliptic curve with Γ(M)-level structure with its structural map

π̃ : Ẽ −→
⊔

H. This is the universal elliptic curve over
⊔
H, or rather the disjoint union of φ(M)

copies of the universal elliptic curve over H. The latter can be described as the quotient Z2\(C×H),
with (m,n) ∈ Z2 acting on (w, z) ∈ C×H via the rule

(m,n) · (w, z) := (w +m+ nz, z).

The fiber over z ∈ H is clearly π̃−1(z) = C/⟨1, z⟩. Let W̃
0
2k−2 := (Ẽ)2k−2 be the (2k − 2)-fold

fiber product of Ẽ over
⊔
H. It can be described as the disjoint union of copies of the quotient

(Z2)(2k−2)\(C2k−2 × H). We also define X̃
0
:= (W̃

0
2k−2×HA2t)(C). We then have W 0

2k−2(C) =

Γ(M)\ W̃0
2k−2 and X0(C) = Γ(M)\ X̃0

, where Γ(M) acts on Ẽ0
via(

a b
c d

)
· (w, z) =

(
w

cz + d
,
az + b

cz + d

)
.

Taking n = 2k − 2 and m = 2t, we define the PVHS

(33) W̃ = W̃k,t := L̃2k−2(k − 1)⊗ κ2tH
2t
dR(A

2t
C )(t)

with polarization inducing pairing

(34) ( , )0k,t := ( , )−2(k−1),−2t : W̃ × W̃−→OH.

The underlying local system is

W̃ = L̃B
2k−2,2t(k + t− 1).

6.4. Connection with the formalism of Brylinski. Recall that w := a+ib denotes the complex
coordinate on Ez(C) := π̃−1(z) = C/⟨1, z⟩. Then ωz is generated by dw and L̃(z) = H1

dR(Ez) admits
the (canonical but non-holomorphic) Hodge decomposition

H1
dR(Ez) = Cdw ⊕ Cdw̄, H1,0(Ez) = Cdw, H0,1(Ez) = Cdw̄.

Using the Poincaré pairing (30), we see that

(35) (dw, dw̄)z =

∫
Ez

dw ∧ dw̄ = −2i

∫
Ez

dadb = −(z − z̄).

Let p1 and pz denote the elements of H1(Ez(C),Z) corresponding to a closed path from 0 to 1 and
0 to z in Ez(C) respectively. Write η1 and ηz for the elements in H1(Ez(C),Q), which when viewed
in H1

dR(Ez) satisfy

(ω, η1)z =

∫
p1

ω, (ω, ηz)z =

∫
pz

ω, ∀ω ∈ H1
dR(Ez),
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with respect to the Poincaré pairing (30). Then (dw, η1)z = 1, (dw, ηz)z = z, (dw̄, η1)z = 1, and
(dw̄, ηz)z = z̄. It follows from (35) that

(36) dw = zη1 − ηz and dw̄ = z̄η1 − ηz.

Define the skew-symmetric pairing

( , )−1 : H
1(Ez(C),R)×H1(Ez(C),R)−→R(−1), (ω1, ω2)−1 :=

1

2πi
(ω1, ω2)z =

1

2πi

∫
Ez

ω1∧ω2.

Then with respect to the basis {η1,−ηz}, H1(Ez(C),R) is a 2-dimensional real vector space with a
skew-symmetric bilinear pairing given by (η1,−ηz)−1 = −1/2πi.

Following Brylinski [10], we now consider the standard representation V = R2 of G := GL2(R)+
with basis {u1, u2}. We denote the representation by ρ : G−→GL(V ). In detail, we let g =

(
a b
c d

)
∈

G act on v := (λ1, λ2) = λ1u1 + λ2u2 ∈ V via

g · e = ρ(g)(e) =

(
a b
c d

)(
λ1

λ2

)
=

(
aλ1 + bλ2

cλ1 + dλ2

)
= (aλ1 + bλ2)u1 + (cλ1 + dλ2)u2.

The group G acts on the upper half-plane via

g · z =

(
a b
c d

)
· z =

az + b

cz + d
.

Let K ⊂ G denote the stabilizer of i ∈ H. Then K consists of matrices
(

a b
−b a

)
such that a2+b2 ̸= 0,

hence is identified with C× by sending such a matrix to a + bi. The upper-half plane H is thus
identified with the quotient G/K. From this perspective, it is clear that

V := G×K V = (G× V )/[(gk, v) ∼ (g, ρ(k)(v))]

is a G-equivariant vector bundle on H. It is trivialized via the (not G-equivariant) holomorphic
identification

φ : H× V
∼−→V, (gK, v) 7→ [(g, ρ(g)−1(v))].

The C∞-sections of V are the C∞-functions F : G−→V satisfying F (gk) = ρ(k)−1(F (g)) for all
g ∈ G, k ∈ K. In particular, the functions

ui : G−→V, g 7→ ρ(g)−1(ui), i = 1, 2,

are global sections of V (note the slight abuse of notation). The holomorphic subbundle Fil1 V is
generated by the nowhere vanishing holomorphic section zu1+u2. Define a skew-symmetric bilinear
pairing ( , ) : V × V−→R(−1) by (u1, u2) = −1/2πi. Then the map

(37) (V, ( , ))
∼−→ (H1(π̃−1(z),R), ( , )−1), {u1, u2} 7→ {η1,−ηz}

is an isomorphism of real vector spaces endowed with bilinear forms.

The pairing (31) is a polarization in the sense of Definition 6.1. If we define ⟨ , ⟩ on Vz × Vz by
⟨v, w⟩ := ip−q2πi(v, w̄) for v ∈ Vp,q

z , then we recover Brylinski’s [10] calculation that

⟨zu1 + u2, zu1 + u2⟩z = 2y

⟨zu1 + u2, z̄u1 + u2⟩z = 0

⟨z̄u1 + u2, z̄u1 + u2⟩z = 2y.

We conclude that {
1√
2y

(zu1 + u2),
1√
2y

(z̄u1 + u2)

}
is an orthonormal C∞-basis of the vector bundle V∞ = C∞

H ⊗V with respect to the Hermitian form
⟨ , ⟩ [10, Lem. 3.1].
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Let p ≥ 1 and consider the local system Sym2p(V ) together with the pairing

( , )2p : Sym2p(V )× Sym2p(V )−→R(−2p)

given by

(38) (v1 . . . v2p, w1 . . . w2p)2p :=
1

(2p)!

∑
σ∈S2p

(v1, wσ(1)) . . . (v2p, wσ(2p)).

Together with this pairing, the associated vector bundle Sym2p(V) is a PVHS of weight 2p in the
sense of Definition 6.3. The associated positive-definite Hermitian pairing

⟨ , ⟩ : Sym2p(V)r,s × Sym2p(V)r,s−→OH,

as in Remark 6.2, is given by

⟨v1 . . . v2p, w1 . . . w2p⟩2p := ir−s(2πi)2p(v1 . . . v2p, w̄1 . . . w̄2p)2p

=
ir−s(2πi)2p

(2p)!

∑
σ∈S2p

(v1, w̄σ(1)) . . . (v2p, w̄σ(2p))

=
1

(2p)!

∑
σ∈S2p

⟨v1, wσ(1)⟩ . . . ⟨v2p, wσ(2p)⟩.

We now consider the PVHS Vp = Sym2p(V)(p) of weight 0 with polarization inducing pairing
( , )02p : Vp × Vp−→OH defined by (38). Explicitly, we have

((2πi)pv1 . . . v2p, (2πi)
pw1 . . . w2p)

0
2p :=

(2πi)2p

(2p)!

∑
σ∈S2p

(v1, wσ(1)) . . . (v2p, wσ(2p)).

Note that the twists make sense (the pairing (38) takes values in R(−2p)). The associated Hermitian

form ⟨ , ⟩02p : V
s,−s
p × Vs,−s

p −→OH of Definition 6.1 is

⟨(2πi)pv1 . . . v2p, (2πi)pw1 . . . w2p⟩02p := (i)2s((2πi)pv1 . . . v2p, (2πi)
pw̄1 . . . w̄2p)

0
2p

= (−1)s
(2πi)2p

(2p)!

∑
σ∈S2p

(v1, w̄σ(1)) . . . (v2p, w̄σ(2p))

=
1

(2p)!

∑
σ∈S2p

⟨v1, wσ(1)⟩ . . . ⟨v2p, wσ(2p)⟩.

We then calculate〈
(2πi)p

(
1√
2y

(zu1 + u2)

)n( 1√
2y

(z̄u1 + u2)

)2p−n

,

(2πi)p
(

1√
2y

(zu1 + u2)

)n( 1√
2y

(z̄u1 + u2)

)2p−n
〉0

2p

=

(
2p

n

)−1

.

It follows that the global sections

vn :=

(
2p
n

)1/2
(2πi)p

(2y)p
(zu1 + u2)

n(z̄u1 + u2)
2p−n,

for 0 ≤ n ≤ 2p, form an orthonormal C∞-basis of V∞
p := C∞

H ⊗ Vp with respect to the positive-
definite Hermitian form ⟨ , ⟩p, and each vn is pure of type (n− p, p− n).
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Let τ0 := x0 + iy0 ∈ H represent the fixed CM elliptic curve A. Observe that

κ2tH
2t
dR(A

2t
C ) = H2t,0(A2t)⊕H0,2t(A2t).

We realize the constant VHS κ2tH
2t(A2t,Q)(t) of weight 0 as arising from the trivial representation

R2 of G with basis {e1, e2}. Mimicking what was done above, an orthonormal basis of C∞-sections
is suggestively written as

µ0 :=
(2πi)t

(2y0)t
(τ̄0e1 + e2)

2t

µ2t :=
(2πi)t

(2y0)t
(τ0e1 + e2)

2t.

These sections are of type (−t, t) and (t,−t) respectively. For future use, we let c := (2πi)t/(2y0)
t.

From now on we take p = k − 1. Then W̃ = W̃k,t = Vk−1 ⊗ R2 is the PVHS defined in (33). The
C∞-sections

wn,j := vn ⊗ µj , 0 ≤ n ≤ 2k − 2, j = 0, 2t,

form an orthonormal basis of W̃∞ := C∞
H ⊗ W̃ with respect to the Hermitian form associated to

the polarization. Each wn,j is of pure type (n− k + 1+ j − t, k − 1− n+ t− j). In particular, the

C∞-subbundle W̃∞
0 of sections of pure type (0, 0) has rank 2 with orthonormal basis given by

{wk+t−1,0, wk−t−1,2t}.

We have

wk+t−1,0 =

(
2k−2
k+t−1

)1/2
(2πi)k+t−1

(2y)k−1(2y0)t
(zu1 + u2)

k+t−1(z̄u1 + u2)
k−t−1 ⊗ (τ̄0e1 + e2)

2t

and

wk−t−1,2t =

(
2k−2
k−t−1

)1/2
(2πi)k+t−1

(2y)k−1(2y0)t
(zu1 + u2)

k−t−1(z̄u1 + u2)
k+t−1 ⊗ (τ0e1 + e2)

2t.

Observe in particular that wk+t−1,0 = wk−t−1,2t.

Remark 6.9. The C∞-subbundle W̃0,R of real (0, 0)-vectors (considered in Proposition 4.1) has
rank 2 with basis given by w(+) := wp+t,0 + wp−t,2t and w(−) := i(wp+t,0 − wp−t,2t). We prefer to

work in the C-vector space W̃0,R ⊗K, which has basis

(39) w+(z) := ytwk+t−1,0(z) and w−(z) := y−twk−t−1,2t(z),

for z = x+ iy ∈ H. In this basis, the Laplacian is represented by a diagonal matrix.

7. Laplacians

We compute the Laplacian associated to the PVHS W̃ defined in (33) on sections of type (0, 0).
This will be used to identify the Green’s kernel associated to W in the next section.

7.1. Hodge star operators. For general background on Hodge operators, see [37, Ch. 5]. Let C∞
R

denote the sheaf of real-valued smooth functions on H and let OH denote the sheaf of holomorphic
functions on H. Let TR denote the real tangent bundle of H and let A1

R denote the sheaf of real-
valued differential 1-forms on H. If z ∈ H then by definition the dual vector space (TR,z)

∗ is equal
to the fiber A1

R,z of A1
R at z. Consider the Poincaré metric given for z = x+ iy ∈ H on the tangent

space TR,z by

gz =
(

1/y2 0

0 1/y2

)
.
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This defines a Riemannian metric on the upper half-plane H. The linear map r : TR,z −→ A1
R,z

defined by Yz 7→ gz( · , Yz) is an isomorphism. If αz ∈ A1
R,z, then let α#

z := r−1(αz). We define an

inner product on A1
R,z by

⟨αz, βz⟩z := gz(α
#
z , β

#
z ).

One checks that dx# = y2 ∂
∂x and dy# = y2 ∂

∂y so that the inner product is given by the matrix(
y2 0
0 y2

)
. Finally, we endow

∧2A1
R,z with the inner product

⟨dx ∧ dy, dx ∧ dy⟩z = det
(

y2 0
0 y2

)
= y4.

It follows that the volume form on H associated to the Poincaré metric is given by Volz =
dx∧dy
y2

.

Suppose that a complex (C∞-bundle) B over H is endowed with a positive-definite Hermitian
form ⟨ , ⟩. Let Ap,q denote the sheaf of complex valued differential forms on H of type (p, q). It
is equipped with the Hermitian product induced by the Poincaré metric. The sheaf of B-valued
differential forms Ap,q(B) := Ap,q ⊗C∞ B of type (p, q) is thus equipped with a positive-definite
Hermitian product. The Hodge star operator for B is an anti-linear isomorphism of sheaves

∗̄B : Ap,q(B)
∼−→A1−p,1−q(B∗)

characterised by the following property: if β⊗ η ∈ Ap,q(B)(H), then for all z ∈ H and all αz ⊗ω ∈
Ap,q(B)z we have

αz ⊗ ω ∧ (∗̄W(β ⊗ η))z = ⟨αz ⊗ ω, βz ⊗ η⟩z Volz .

From this, we deduce that

(40) ∗̄B(β ⊗ η) = ∗β ⊗ η∗,

where η∗ ∈ W∗ is the form η∗ = ⟨−, η⟩ and

(41) ∗ : Ak
R

∼−→A2−k
R , k = 0, 1, 2,

is the Hodge star operator on H with respect to the Poincaré metric. The latter is a linear bundle
isomorphism satisfying

(42)
∗dx = dy ∗dy = −dx

∗1 = dx∧dy
y2

∗dx ∧ dy = y2.

One checks that [25, bottom of p. 168]

(43) ∗̄B∗ ◦ ∗̄B = (−1)p+q

on Ap,q(B).

We apply this theory to the complex vector bundle W̃∞ (33) endowed with the Hermitian pairing
given on fibers over z ∈ H by

⟨(2πi)pv1 . . . v2p ⊗ (2πi)tω1, (2πi)
pw1 . . . w2p ⊗ (2πi)tω2⟩z

= ⟨(2πi)pv1 . . . v2p, (2πi)pw1 . . . w2p⟩02p,z⟨(2πi)tω1, (2πi)
tω2⟩02t,τ0 .

The associated Hodge star operator will be denoted by ∗̄W := ∗̄W̃∞ . The one for the dual bundle
will similarly be denoted by ∗̄W∗ .
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7.2. Gauss–Manin connections. The holomorphic complex vector bundle W̃ = OH⊗C W̃C (33)
comes equipped with the Gauss–Manin connection

∇̃ := ∂ ⊗ 1: W̃−→Ω1
H ⊗OH W̃

satisfying Griffiths transversality

∇̃(Filp) ⊂ Ω1
H ⊗ Filp−1 .

Notation 7.1. In order to make the notation less cumbersome, we drop the tilde in the notations
for the bundles and connections in this subsection and the next, and remember that we are working
over

⊔
H.

We consider the complex C∞-bundle W∞ := C∞
H ⊗C WC and extend the Gauss–Manin connection

to D := d⊗ 1: W∞−→A1
C ⊗C∞

H
W∞. With the description W∞ = C∞

H ⊗OH W, we have

D = ∂̄ ⊗ 1 + 1⊗∇ = ∂̄W + 1⊗∇.

(While the operator d⊗ 1 is not defined on the holomorphic vector bundle W, the operator ∂̄W :=
∂̄ ⊗ 1 is on the other hand well-defined.) The pairing ( , ) = ( , )0k,t (34) inducing the structure of
PVHS is flat, or horizontal, in the sense of Remark 6.4:

(44) d(v, w̄) = (D(v), w̄) + (v,D(w)).

In other words, D is a Hermitian connection in the sense of [25, Def. 4.2.9]. It is important to note
here that if α ⊗ s ∈ A1(W∞) and s′ ∈ W∞, then (α ⊗ s, s′) = α(s, s′). In Zucker’s notations [42,
p. 423], define the pairing ((v, w)) = (v, w̄). Then (44) becomes

(45) d((v, w)) = ((D(v), w)) + ((v,D(w))).

Let CW denote the Weil operator of W given by the direct sum of the scalar operators ip−q on
Wp,q. Then the associated Hermitian pairing can be expressed as

⟨v, w⟩ = ((CWv, w)) = ((v, CWw)).

On W∞ = C∞
H ⊗C WC, we have D = ∂ ⊗ 1 + ∂̄ ⊗ 1, and we observe by Griffiths transversality that

D(Ar,s(Filp)) ⊂ Ar+1,s(Filp−1)⊕Ar,s+1(Filp).

The complex C∞-bundle A1
C decomposes as A1,0 ⊕ A0,1. Similarly, the PVHS W∞ of weight 0

admits a Hodge decomposition W∞ = ⊕kWk,−k. Following [42, (1.8)], we have

D(Ar,s(Wk,−k)) ⊂ Ar+1,s(Wk,−k)⊕Ar+1,s(Wk−1,−k+1)⊕Ar,s+1(Wk,−k)⊕Ar,s+1(Wk+1,−k−1),

and the Gauss–Manin connection D splits into 4 components:

∂′
W : Ar,s(Wk,−k)−→Ar+1,s(Wk,−k)

∂̄′
W : Ar,s(Wk,−k)−→Ar,s+1(Wk,−k)

∇′
W : Ar,s(Wk,−k)−→Ar+1,s(Wk−1,−k+1)

∇̄′
W : Ar,s(Wk,−k)−→Ar,s+1(Wk+1,−k−1).

Lemma 7.1. If α ∈ Ar,s and s ∈ Wk,−k, then

∂′
W(α⊗ s) = ∂(α)⊗ s+ (−1)r+sα ∧ ∂′

W(s)

∂̄′
W(α⊗ s) = ∂̄(α)⊗ s+ (−1)r+sα ∧ ∂̄′

W(s)

∇′
W(α⊗ s) = (−1)r+sα ∧∇′

W(s)

∇̄′
W(α⊗ s) = (−1)r+sα ∧ ∇̄′

W(s).
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Proof. This follows from the fact that the connection is extended to D : An(W)−→An+1(W) via
the Leibniz rule D(β ⊗ s) = dβ ⊗ s+ (−1)nβ ∧D(s). □

The Hermitian metric on W induces an anti-linear isomorphism

(46) ( )∗ : W ∼−→W∗, w−→w∗ := ⟨−, w⟩.
Since the basis {wn,j , 0 ≤ n ≤ 2p, j = 0, 2t} is orthonormal with respect to the Hermitian pairing,
the dual basis {w∨

n,j , 0 ≤ n ≤ 2p, j = 0, 2t} satisfies w∨
n,j = ⟨−, wn,j⟩ = w∗

n,j . We extend (46) to an
anti-linear isomorphism

(47) ( )∗ : Ap,q(W)
∼−→Aq,p(W∗)

by declaring that if α ∈ Ap,q and s ∈ A0(W), then

(α⊗ s)∗ := ᾱ⊗ s∗.

The complex dual C∞-bundle C∞
H ⊗OH W∗ has an integral connection DW∗ defined by

DW∗(f)(s) = d(f(s))− f(D(s)).

If D(s) = α ⊗ t ∈ A1(W) with α ∈ A1
C and t ∈ A0(W), then f(D(s)) := αf(t). As above, this

connection splits into four components ∂′
W∗ , ∂̄′

W∗ ,∇′
W∗ , and ∇̄′

W∗ . We extend the connection to
DW∗ : An(W∗)−→An+1(W∗) via the usual Leibniz rule DW∗(β ⊗ t) = dβ ⊗ t+ (−1)nβ ∧DW∗(t).

Lemma 7.2. For all A ∈ Ap(W) and B ∈ Aq(W∗), the following Leibniz rule holds:

d(A ∧B) = DW(A) ∧B + (−1)pA ∧DW∗(B).

Proof. Writing A = α⊗s ∈ Ap(W) and B = β⊗ t ∈ Aq(W∗), we must prove the following equality:

(48) d((α⊗ s) ∧ (β ⊗ t)) = DW(α⊗ s) ∧ (β ⊗ t) + (−1)p(α⊗ s) ∧DW∗(β ⊗ t).

By definition, we have
DW(α⊗ s) = dα⊗ s+ (−1)pα ∧DW(s)

and
DW∗(β ⊗ t) = dβ ⊗ t+ (−1)qβ ∧DW∗(t).

The proof then follows from an easy calculation using the Leibniz rule for the exterior derivative
and the definition of the connection DW∗ . □

Lemma 7.3. For all w ∈ W, we have

DW∗(w∗) = (C−1
W DW(CWw))∗.

Proof. For all w′ ∈ W, we have

DW∗(w∗)(w′) = d(w∗(w′))− w∗(DW(w′)) = d⟨w′, w⟩ − ⟨DW(w′), w⟩
= d((w′, CWw))− ((DW(w′), CWw)) = ((w′, DW(CWw)))

= ((w′, CWC−1
W DW(CWw))) = ⟨w′, C−1

W DW(CWw)⟩ = (C−1
W DW(CWw))∗(w′),

where we used (45) in the fourth equality. □

Lemma 7.4. For all w ∈ W, we have

∂′
W∗(w∗) = (C−1

W ∂̄′
W(CWw))∗ and ∂̄′

W∗(w∗) = (C−1
W ∂′

W(CWw))∗,

∇′
W∗(w∗) = (C−1

W ∇̄′
W(CWw))∗ and ∇̄′

W∗(w∗) = (C−1
W ∇′

W(CWw))∗.

Proof. Immediate consequence of Lemma 7.3 after identifying the four components. □
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Let p = k − 1 and recall the sections

(49) w−(z) = y−twp−t,2t(z) and w+(z) = ytwp+t,0(z)

(with z = x+ iy ∈ H) introduced in Remark 6.9. For each 0 ≤ n ≤ 2p, define

ξn =

((
2p

n

)1/2 (2πi)p

2p

)−1

,

so that

ξp+tw
+ = yt−p(zu1 + u2)

p+t(z̄u1 + u2)
p−t ⊗ µ0

and

ξp−tw
− = y−p−t(zu1 + u2)

p−t(z̄u1 + u2)
p+t ⊗ µ2t.

In what follows, the calculations will mostly be carried out for w−. The ones for w+ can be verified
similarly. (We also implicitly work in the complex vector space W̃0,R ⊗K, as in Remark 6.9.)

Lemma 7.5. Given F ∈ A0,0(H), we have

∂′
W(Fw−) =

(
∂F

∂z
− 2tF

z − z̄

)
dz ⊗ w−

∂̄′
W(Fw−) =

∂F

∂z̄
dz̄ ⊗ w−

∇′
W(Fw−) = − p− t

z − z̄
Fy−tξp−t−1ξ

−1
p−tdz ⊗ wp−t−1,2t

∇̄′
W(Fw−) =

p+ t

z − z̄
Fy−tξp−t+1ξ

−1
p−tdz̄ ⊗ wp−t+1,2t.

Proof. We will often use the identity 2iy = z − z̄, from which it follows that

∂y

∂z
=

1

2i
and

∂y

∂z̄
= − 1

2i
.

Using D = d⊗ 1 = ∂ ⊗ 1 + ∂̄ ⊗ 1 on W∞ = C∞
H ⊗C WC, we begin by computing

(∂ ⊗ 1)(ξp−tFw−) =
∂F

∂z
y−p−t(zu1 + u2)

p−t(z̄u1 + u2)
p+tdz ⊗ µ2t

− p+ t

2i
Fy−p−t−1(zu1 + u2)

p−t(z̄u1 + u2)
p+tdz ⊗ µ2t

+ (p− t)u1Fy−p−t(zu1 + u2)
p−t−1(z̄u1 + u2)

p+tdz ⊗ µ2t.

From (z − z̄)u1 = (zu1 + u2)− (z̄u1 + u2), we obtain

(∂ ⊗ 1)(ξp−tFw−) =

(
∂F

∂z
− 2tF

z − z̄

)
y−p−t(zu1 + u2)

p−t(z̄u1 + u2)
p+tdz ⊗ µ2t

− p− t

(z − z̄)
Fy−p−t(zu1 + u2)

p−t−1(z̄u1 + u2)
p+t+1dz ⊗ µ2t.

Hence,

(∂ ⊗ 1)(Fw−) =

(
∂F

∂z
− 2tF

z − z̄

)
dz ⊗ w− − p− t

z − z̄
Fy−tξp−t−1ξ

−1
p−tdz ⊗ wp−t−1,2t,

and we conclude by separating terms in A1,0(W0,0) and A1,0(W−1,1).
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On the other hand, we compute

(∂̄ ⊗ 1)(ξp−tFw−) =
∂F

∂z̄
y−p−t(zu1 + u2)

p−t(z̄u1 + u2)
p+tdz̄ ⊗ µ2t

+
p+ t

2i
Fy−p−t−1(zu1 + u2)

p−t(z̄u1 + u2)
p+tdz̄ ⊗ µ2t

+ (p+ t)u1Fy−p−t(zu1 + u2)
p−t(z̄u1 + u2)

p+t−1dz̄ ⊗ µ2t.

Using the fact that (z − z̄)u1 = (zu1 + u2)− (z̄u1 + u2), we obtain

(∂̄ ⊗ 1)(ξp−tFw−) =
∂F

∂z̄
y−p−t(zu1 + u2)

p−t(z̄u1 + u2)
p+tdz̄ ⊗ µ2t

+
p+ t

z − z̄
Fy−p−t(zu1 + u2)

p−t+1(z̄u1 + u2)
p+t−1dz̄ ⊗ µ2t.

Hence,

(∂̄ ⊗ 1)(Fw−) =
∂F

∂z̄
dz̄ ⊗ w− +

p+ t

z − z̄
Fy−tξp−t+1ξ

−1
p−tdz̄ ⊗ wp−t+1,2t,

and we conclude by separating terms in A0,1(W0,0) and A0,1(W1,−1). □

7.3. Computing Laplacians.

Definition 7.6. The Laplacian associated to the complex C∞-bundle W∞ with connection D is

□D := DD∗ +D∗D,

where
D∗ := −∗̄W∗ ◦DW∗ ◦ ∗̄W

denotes the formal adjoint operator with respect to the scalar product on Ap,q
c (W)

(α, β)L2 :=

∫
H
α ∧ ∗̄Wβ =

∫
H
⟨α, β⟩Vol .

Remark 7.7. For the claim that D∗ is indeed the formal adjoint of D, see [25, Lem. 4.1.12].

Observe that on A0,0(W) we have
□D = D∗D,

simply because the adjoint operator on A0,0(W) is trivial (as there are no forms of negative type).

Remark 7.8. Define D′ := ∂′
W + ∇̄′

W and D′′ := ∂̄′
W +∇′

W . Letting

(D′)∗ = −∗̄W∗ ◦D′
W∗ ◦ ∗̄W and (D′′)∗ = −∗̄W∗ ◦D′′

W∗ ◦ ∗̄W
denote the formal adjoints of D′ and D′′ and defining Laplacians □D′ and □D′′ as in Definition 7.6,
we have [42, Thm. 2.7]

(50) □D = 2□D′ = 2□D′′ .

In practice, we will compute □D′ = (D′)∗D′ on A0,0(W).

Proposition 7.9. Let w+ and w− be the sections defined by (49). Given F ∈ A0,0(H), we have

□D(F · w−) =

(
−4y2

∂2

∂z∂z̄
− 4ity

∂

∂z̄
+ (k − t− 1)(k + t)

)
F · w−

and

□D(F · w+) =

(
−4y2

∂2

∂z∂z̄
+ 4ity

∂

∂z̄
+ (k + t− 1)(k − t)

)
F · w+.
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Proof. During the course of this proof, we set p = k − 1. We begin by computing the (0, 0)-
component of (D′)∗∂′

W(Fw−), using Lemma 7.5:

(D′)∗
((

∂F

∂z
− 2tF

z − z̄

)
dz ⊗ w−

)
= −∗̄W∗ ◦D′

W∗ ◦ ∗̄W
((

∂F

∂z
− 2tF

z − z̄

)
dz ⊗ w−

)
= −∗̄W∗ ◦D′

W∗

(
i

(
∂F̄

∂z̄
+

2tF̄

z − z̄

)
dz̄ ⊗ (w−)∗

)
= −∗̄W∗ ◦ (∂′

W∗ + ∇̄′
W∗)

(
i

(
∂F̄

∂z̄
+

2tF̄

z − z̄

)
dz̄ ⊗ (w−)∗

)
= −∗̄W∗ ◦ ∂′

W∗

(
i

(
∂F̄

∂z̄
+

2tF̄

z − z̄

)
dz̄ ⊗ (w−)∗

)
.

Using Lemma 7.1 followed by Lemma 7.4, we have

∂′
W∗

(
i

(
∂F̄

∂z̄
+

2tF̄

z − z̄

)
dz̄ ⊗ (w−)∗

)
= ∂

(
i

(
∂F̄

∂z̄
+

2tF̄

z − z̄

)
dz̄

)
⊗ (w−)∗ − i

(
∂F̄

∂z̄
+

2tF̄

z − z̄

)
dz̄ ∧ (C−1

W ∂̄′
W(CWw−))∗

= i

(
∂2F̄

∂z∂z̄
+

2t

z − z̄

∂F̄

∂z
− 2tF̄

(z − z̄)2

)
dz ∧ dz̄ ⊗ (w−)∗,

where in the last equality we used the equality ∂̄′
W(w−) = 0 which follows from Lemma 7.5.

We deduce that

(D′)∗∂′
W(Fw−) = −∗̄W∗ ◦

(
i

(
∂2F̄

∂z∂z̄
+

2t

z − z̄

∂F̄

∂z
− 2tF̄

(z − z̄)2

)
dz ∧ dz̄ ⊗ (w−)∗

)
= −

(
−i

(
∂2F

∂z∂z̄
− 2t

z − z̄

∂F

∂z̄
− 2tF

(z − z̄)2

)
2iy2w−

)
= i

(
∂2F

∂z∂z̄
− 2t

z − z̄

∂F

∂z̄
− 2tF

(z − z̄)2

)
2iy2w−

= −
(
2y2

∂2F

∂z∂z̄
+ 2ity

∂F

∂z̄
+ tF

)
w−.

Next, we compute the (0, 0)-component of (D′)∗∇̄′
W(Fw−), using Lemma 7.5:

(D′)∗
(
p+ t

z − z̄
Fy−tξp−t+1ξ

−1
p−tdz̄ ⊗ wp−t+1,2t

)
= −∗̄W∗ ◦D′

W∗ ◦ ∗̄W
(
p+ t

z − z̄
Fy−tξp−t+1ξ

−1
p−tdz̄ ⊗ wp−t+1,2t

)
= −∗̄W∗ ◦D′

W∗

(
i
p+ t

z − z̄
F̄ y−tξp−t+1ξ

−1
p−tdz ⊗ (wp−t+1,2t)

∗
)

= −∗̄W∗ ◦ (∂′
W∗ + ∇̄′

W∗)

(
i
p+ t

z − z̄
F̄ y−tξp−t+1ξ

−1
p−tdz ⊗ (wp−t+1,2t)

∗
)

= −∗̄W∗ ◦ ∇̄′
W∗

(
i
p+ t

z − z̄
F̄ y−tξp−t+1ξ

−1
p−tdz ⊗ (wp−t+1,2t)

∗
)
.
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Using Lemma 7.1 followed by Lemma 7.4, we have

∇̄′
W∗

(
i
p+ t

z − z̄
F̄ y−tξp−t+1ξ

−1
p−tdz ⊗ (wp−t+1,2t)

∗
)

= −
(
i
p+ t

z − z̄
F̄ y−tξp−t+1ξ

−1
p−tdz ∧ ∇̄′

W∗((wp−t+1,2t)
∗)

)
= −

(
i
p+ t

z − z̄
F̄ y−tξp−t+1ξ

−1
p−tdz ∧ (C−1

W ∇′
W(CWwp−t+1,2t))

∗
)

= −
(
i
p+ t

z − z̄
F̄ y−tξ−1

p−tdz ∧ (C−1
W ∇′

W(−ξp−t+1wp−t+1,2t))
∗
)

= i
p+ t

z − z̄
F̄ y−tξ−1

p−tdz ∧ (C−1
W ∇′

W(ξp−t+1wp−t+1,2t))
∗.

We have

∇′
W(ξp−t+1wp−t+1,2t) = ∇′

W(y−p(zu1 + u2)
p−t+1(z̄u1 + u2)

p+t−1 ⊗ µ2t)

= −(p− t+ 1)

z − z̄
y−p(zu1 + u2)

p−t(z̄u1 + u2)
p+tdz ⊗ µ2t

= −(p− t+ 1)

z − z̄
ytξp−tdz ⊗ w−.

Thus,

∇̄′
W∗

(
i
p+ t

z − z̄
F̄ y−tξp−t+1ξ

−1
p−tdz ⊗ (wp−t+1,2t)

∗
)

= i
p+ t

z − z̄
F̄ y−tξ−1

p−tdz ∧
(
C−1
W

(
−(p− t+ 1)

z − z̄
ytξp−tdz ⊗ w−

))∗

= i
(p+ t)(p− t+ 1)

(z − z̄)2
F̄ dz ∧ dz̄ ⊗ (w−)∗.

We conclude that

(D′)∗∇̄′
W(Fw−) = −∗̄W∗

(
i
(p+ t)(p− t+ 1)

(z − z̄)2
F̄ dz ∧ dz̄ ⊗ (w−)∗

)
= −

(
−(p+ t)(p− t+ 1)

2
Fw−

)
=

(p+ t)(p− t+ 1)

2
Fw−.

Putting everything together yields

□D′(Fw−) = −
(
2y2

∂2F

∂z∂z̄
+ 2ity

∂F

∂z̄
+ tF

)
w− +

(p+ t)(p− t+ 1)

2
Fw−

= −
(
2y2

∂2

∂z∂z̄
+ 2ity

∂

∂z̄
+ t− (p+ t)(p− t+ 1)

2

)
Fw−

= −1

2

(
4y2

∂2

∂z∂z̄
+ 4ity

∂

∂z̄
− (p− t)(p+ t+ 1)

)
Fw−.

We conclude by using (50) and recalling that p = k − 1. A similar calculation yields the result for
w+ (replace −t by +t in all calculations). □
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8. Green’s kernels

Recall that C = Y (M)C. In this section, we construct the Green’s kernel associated to the PVHS
W (Proposition 4.1). More precisely, we construct a harmonic C∞-section of the rank 4 vector

bundle Hom(pr∗1 W̃0, pr
∗
2 W̃0) over the complement of the diagonal in

⊔
H×

⊔
H that descends to

a section of the corresponding bundle over C ×C minus the diagonal and admits an extension to a
C∞-section of Hom(pr∗1 W̄0,pr

∗
2 W̄0) over the complement of the diagonal in C̄ × C̄. We begin by

analyzing the action of SL2(Z) on sections of Hom(pr∗1 W̃0, pr
∗
2 W̃0).

8.1. SL2(Z)-invariant sections. Let G be a section of Hom(pr∗1 W̃0, pr
∗
2 W̃0) over

⊔
(H×H)\∆H,

where we use ∆H to denote the diagonal of H. At a point (z, z′) ∈ (H × H) \∆H, G(z, z′) is an

element in the fiber Hom(pr∗1 W̃0, pr
∗
2 W̃0)(z,z′) = Hom((W̃0)z, (W̃0)z′). The bundle W̃0 has rank

2 with basis {w+, w−} defined by (49), so all we need to do to specify a section G is to define
G(z, z′)(w−(z)) and G(z, z′)(w+(z)) in terms of w−(z′) and w+(z′).

Throughout this section, we set p = k − 1. Let γ =
(
a b
c d

)
∈ SL2(Z). We have w±(z) ∈ W̃z = W̃ =

Sym2p(V )(p)⊗R2 and thus γ acts (on the left) on w±(z) via the symmetric standard representation
of G = GL2(R)+ as follows:

(51) γ · w±(z) := ξ−1
p±ty

−p±t((az + b)u1 + (cz + d)u2)
p±t((az̄ + b)u1 + (cz̄ + d)u2)

p∓t ⊗ µt∓t.

In particular, we see that

(52) γ · w±(z) = det(γ)p∓tj(γ, z)±2tw±(γz).

The left action of SL2(Z)× SL2(Z) on a section G of Hom(pr∗1 W̃0,pr
∗
2 W̃0) is defined by

(53) ((γ, γ′) ·G)(z, z′)(w±(z)) := γ′ ·G(γ−1z, (γ′)−1z′)(γ−1 · w±(z)).

In particular, the left diagonal SL2(Z)-action is given by

(54) (γ ·G)(z, z′)(w±(z)) := γ ·G(γ−1z, γ−1z′)(γ−1 · w±(z)).

We compute this diagonal action on the section G0 defined by G0(z, z
′)(w±(z)) = w±(z′):

(γ ·G0)(z, z
′)(w±(z)) = j(γ−1, z)±2tj(γ, γ−1z′)±2tw±(z′).

With these formulas in hand, it is not difficult to create diagonal SL2(Z)-invariant sections, as we
will now explain.

Consider the function g = gk,t on (H×H) \∆H given by

(55) g(z, z′) := −Qk,t

(
1 +

|z − z′|2

2yy′

)
,

where Qk,t(x) is the Jacobi function of the second kind (17) which we recall is defined, for all x in
the complex plane cut along the segment [−1, 1], by

(56) Qk,t(x) :=

∫ ∞

−∞

22tdw

(x+
√
x2 − 1 cosh(w))k−t(x+ 1 +

√
x2 − 1ew)2t

.

Note that g is a function on (H×H)\∆H that only depends on the hyperbolic distance between z and
z′. It follows easily that g is invariant under the diagonal action of SL2(Z), i.e., g(γz, γz′) = g(z, z′)
for all γ ∈ SL2(Z). Define the following functions on (H×H) \∆H:

µ+
g (z, z

′) := g(z, z′)

(
z − z̄′

2iy′

)2t

and µ−
g (z, z

′) := g(z, z′)

(
z̄ − z′

2iy

)2t

.

A quick calculation reveals that

µ±
g (γz, γz

′) = j(γ, z)∓2tj(γ, z′)±2tµ±
g (z, z

′).
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Lemma 8.1. The section Gg of Hom(pr∗1 W̃0,pr
∗
2 W̃0) defined by

Gg(z, z
′)(w±(z)) = µ±

g (z, z
′)w±(z′),

is invariant under the left diagonal action (54) of SL2(Z).

Proof. An easy verification using the fact that for any z′ ∈ H we have j(γ−1, z′)j(γ, γ−1z′) = 1. □

8.2. The Green’s kernel. Now that we have an SL2(Z)-invariant section Gg, we will use it to
define a section Gg,M of the bundle Hom(pr∗1W0, pr

∗
2W0) on (C × C) \∆C , where W denotes the

bundle (32) on C and ∆C is the diagonal in C × C.

By definition, we have a Cartesian diagram

W̃ W

⊔
H C(C).

pr

pr

If z ∈ H and Q = pr(z) = Γ(M)z ∈ C(C), then the fibers W̃z and WQ are canonically identified
since the diagram is Cartesian. Suppose that z′ ∈ H is another point such that pr(z′) = Q. Then

there exists γ ∈ Γ(M) such that γz′ = z. The action of γ on fibers then identifies γ · W̃z′ with W̃z.

In order to define a section Gg,M of Hom(pr∗1W0, pr
∗
2W0), it suffices to specify Gg,M (Q,Q′) ∈

Hom(WQ,WQ′) for all Q ̸= Q′ in C(C). For this, it is in turn enough to specify Gg,M (z, z′) ∈
Hom((W̃0)z, (W̃0)z′) that are independent of choices of representatives z and z′ for Q = Γ(M)z
and Q′ = Γ(M)z′. This last condition is equivalent to requiring that (γ, γ′) · Gg,M = Gg,M for all
γ, γ′ ∈ Γ(M), where the action is the one defined in (53).

Lemma 8.2. For all 0 < t ≤ k − 1, the sum

G = Gg,M :=
∑

γ∈Γ(M)

(1, γ−1) ·Gg

converges uniformly on compact subsets of H2 \ {(z, z′) | z ∈ Γ(M)z′} and gives a well-defined
section of the bundle Hom(pr∗1W0, pr

∗
2W0) on (C × C) \∆C .

Remark 8.3. Assuming the convergence of the sum (to be proved below), we explicitly have, for
Q = Γ(M)z ̸= Γ(M)z′ = Q′,

(57) Gg,M (Q,Q′)(w±(z)) =
∑

γ∈Γ(M)

j(γ, z′)∓2tµ±
g (z, γz

′)w±(z′).

Using the diagonal SL2(Z)-invariance of Gg, we obtain

Gg,M =
∑

γ∈Γ(M)

(1, γ−1) ·Gg =
∑

γ∈Γ(M)

(1, γ−1) · (γ ·Gg) =
∑

γ∈Γ(M)

(γ, 1) ·Gg,

which leads to the useful formula

(58) Gg,M (Q,Q′)(w±(z)) =
∑

γ∈Γ(M)

j(γ, z)±2tµ±
g (γz, z

′)w±(z′).

Proof of Lemma 8.2. Assuming the convergence of the sum, the Γ(M)-invariance is an easy verifi-
cation using the diagonal SL2(Z)-invariance of Gg. We focus on the proof of convergence, inspired
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by the proof of [23, VI Prop. 6.2]. Let Q = Γ(M)z ̸= Γ(M)z′ = Q′. In view of Remark 8.3, it
suffices to check that the sums

(59) G+(z, z′) :=
∑

γ∈Γ(M)

j(γ, z′)−2tµ+
g (z, γz

′) and G−(z, z′) :=
∑

γ∈Γ(M)

j(γ, z)−2tµ−
g (γz, z

′)

converge uniformly for (z, z′) ∈ E1 × E2, where E1 and E2 are compact subsets of H. We have

G+(z, z′) = −
∑

γ∈Γ(M)

(
(z − γz̄′)

j(γ, z′)2iℑ(γz′)

)2t

Qk,t

(
1 +

|z − γz′|2

2yℑ(γz′)

)

= −
∑

γ∈Γ(M)

(
j(γ, z̄′)(z − γz̄′)

2iy′

)2t

Qk,t

(
1 +

|z − γz′|2

2yℑ(γz′)

)
.

Using Lemma 2.4, this is

O

 ∑
γ∈Γ(M)

(
|j(γ, z′)||z − γz̄′|

y′

)2t( 2yℑ(γz′)
|z − γz′|2

)k+t


= O

 ∑
γ∈Γ(M)

|j(γ, z′)|2t|z − γz̄′|2t

(y′)t

(
2yℑ(γz′)
|z − γz′|2

)k+t


= O

 ∑
γ∈Γ(M)

(
|z − γz̄′|2

ℑ(γz′)

)t(
2yℑ(γz′)
|z − γz′|2

)k+t


= O

 ∑
γ∈Γ(M)

(
ℑ(γz′)

|z − γz′|2

)k


= O

 ∑
γ∈Γ(M)

(
ℑ(γz′)

(1 + |γz′|)2

)k
 ,

where the implicit constants depend on E1 and E2. Similarly, it can be shown that

(60) G−(z, z′) = O

 ∑
γ∈Γ(M)

(
ℑ(γz)

(1 + |γz|)2

)k
 .

Since k ≥ 2, we may apply [23, VI Prop. 5.1], which says that for each ξ ∈ H, we have∑
γ∈Γ(M)

(
ℑ(γξ)

(1 + |γξ|)2

)k

≤ C(k,M),

where C(k,M) is some positive constant that only depends on k and M . The uniform convergence
follows as in the proof of [23, VI Prop. 6.2]. □

We may use the basis {w+, w−} to trivialize W0, but this does not extend to a C∞-trivialization
of W̄0, because w± have singularities of type yk∓t−1 near the cusp ∞ (hence singularities of type
ℑ(γz)k∓t−1 near the cusp γ∞). Recall from (59) the functions G± on H × H \ ∆H. Using the
trivialization {w+, w−}, the section G is given by the matrix(

G+ 0
0 G−

)
.
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The remaining part of this section is dedicated to proving that G defined in Lemma 8.2 is the
Green’s kernel associated to the bundle W on C, i.e., that it satisfies the following properties (see
Proposition 4.1):

(i) G(Q,Q′)−log |z(Q)−z(Q′)| is bounded near any point (Q,Q) ∈ ∆C̄ , if z is a local coordinate
on C̄ near Q;

(ii) G is harmonic with respect to the Laplacian □D attached to W in the second variable;

(iii) As z′ approaches the cusp ∞, the functions ⟨ℑ(γz)k∓t−1G(z, γz′)(w±(z)), w±(γz′)⟩ are C∞

for z′ in a neighborhood of ∞, for all γ ∈ Γ(M).

Proposition 8.4. G(Q,Q′)− log |z(Q)− z(Q′)| is bounded near any point (Q,Q) ∈ ∆C̄ , if z is a
local coordinate on C̄ near Q.

Proof. After trivializing the bundle using w+ and w−, it suffices to show that

µ±(z, z′)− log |z − z′|2

is bounded as z′ → z in H. This follows from Lemma 2.5 and the fact that lim
z′→z

(z̄−z′) = −2iy. □

Proposition 8.5. The section G is harmonic with respect to the Laplacian associated to W in the
second variable.

Proof. Given (z, z′) ∈ (H×H) \∆H, we define

s(z, z′) := 1 +
|z − z′|2

2yy′
.

Then g(z, z′) = −Qk,t(s(z, z
′)) and by (58), for Q = Γ(M)z ̸= Γ(M)z′ = Q′, we have

(61) G(Q,Q′)(w±(z)) =
∑

γ∈Γ(M)

j(γ, z)±2tµ±
g (γz, z

′)w±(z′).

We write □2 for the Laplacian □D associated to W in the second variable. Then

□2(G(Q,Q′)(w±(z))) =
∑

γ∈Γ(M)

j(γ, z)±2t□2(µ
±
g (γz, z

′)w±(z′)).

In order to prove the proposition, it therefore suffices to prove that

□2(µ
±
g (z, z

′)w±(z′)) = 0

for any z ∈ H, z ̸= z′.

Define

(62) ∆ := −4(y′)2
∂2

∂z′∂z̄′
, ∆±t := ∆± 4ity′

∂

∂z̄′
and λ±t = −(k ± t− 1)(k ∓ t).

By Proposition 7.9, it suffices to prove that

(63) ∆±t(µ
±
g (z, z

′)) = λ±tµ
±
g (z, z

′).

In what follows, we will write s for s(z, z′) to ease the notation. The following identities are quickly
verified:

(64)
∂s

∂z̄′
=

z′ − z

2yy′
+

s− 1

2iy′
=

s− 1

2iy′
z′ − z̄

z̄′ − z̄
,

∂s

∂z′
=

z̄′ − z̄

2yy′
− s− 1

2iy′
=

s− 1

2iy′
z − z̄′

z′ − z
,
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(65) 4(y′)2
∂2s

∂z′∂z̄′
= 2s, 4(y′)2

(
∂s

∂z̄′

)(
∂s

∂z′

)
= s2 − 1.

We now compute:

∆−t(µ
−
g (z,z

′)) =

(
−4(y′)2

∂2

∂z′∂z̄′
− 4ity′

∂

∂z̄′

)(
−Qk,t(s)

(
z̄ − z′

2iy

)2t
)

=

(
4(y′)2

∂

∂z′
+ 4ity′

)((
∂s

∂z̄′

)
Q′

k,t(s)

(
z̄ − z′

2iy

)2t
)

= 4(y′)2
∂2s

∂z′∂z̄′
Q′

k,t(s)

(
z̄ − z′

2iy

)2t

+

(
∂s

∂z̄′

)(
4(y′)2

∂

∂z′
+ 4ity′

)(
Q′

k,t(s)

(
z̄ − z′

2iy

)2t
)

= 2sQ′
k,t(s)

(
z̄ − z′

2iy

)2t

+ 4(y′)2
(
∂s

∂z̄′

)(
∂s

∂z′

)
Q′′

k,t(s)

(
z̄ − z′

2iy

)2t

+ 4(y′)2
(
∂s

∂z̄′

)
Q′

k,t(s)
∂

∂z′

((
z̄ − z′

2iy

)2t
)

+ 4ity′
(
∂s

∂z̄′

)
Q′

k,t(s)

(
z̄ − z′

2iy

)2t

= 2sQ′
k,t(s)

(
z̄ − z′

2iy

)2t

+ (s2 − 1)Q′′
k,t(s)

(
z̄ − z′

2iy

)2t

+ 4(y′)2
(
∂s

∂z̄′

)
Q′

k,t(s)

(
− 2t

2iy

(
z̄ − z′

2iy

)2t−1
)

+ 4ity′
(
∂s

∂z̄′

)
Q′

k,t(s)

(
z̄ − z′

2iy

)2t

= 2sQ′
k,t(s)

(
z̄ − z′

2iy

)2t

+ (s2 − 1)Q′′
k,t(s)

(
z̄ − z′

2iy

)2t

− 2t

2iy
· 4(y′)2

(
∂s

∂z̄′

)
Q′

k,t(s)
2iy

z̄ − z′

(
z̄ − z′

2iy

)2t

+ 4ity′
(
∂s

∂z̄′

)
Q′

k,t(s)

(
z̄ − z′

2iy

)2t

= 2sQ′
k,t(s)

(
z̄ − z′

2iy

)2t

+ (s2 − 1)Q′′
k,t(s)

(
z̄ − z′

2iy

)2t

+ 4ity′
(
∂s

∂z̄′

)
Q′

k,t(s)

(
z̄ − z′

2iy

)2t(
1 +

2iy′

z̄ − z′

)
=

[
(s2 − 1)Q′′

k,t(s) +

(
2s+ 4ity′

(
∂s

∂z̄′

)(
1 +

2iy′

z̄ − z′

))
Q′

k,t(s)

](
z̄ − z′

2iy

)2t

.

Using (64), a quick calculation reveals that

2s+ 4ity′
(
∂s

∂z̄′

)(
1 +

2iy′

z̄ − z′

)
= (2t+ 2)s− 2t.

By plugging this into our previous calculation, we obtain

∆−t(µ
−
g (z, z

′)) = −
[
(1− s2)Q′′

k,t(s) + (2t− (2t+ 2)s)Q′
k,t(s)

]( z̄ − z′

2iy

)2t

.

By Corollary 2.3, we have

(1− s2)Q′′
k,t(s) + (2t− (2t+ 2)s)Q′

k,t(s) = λ−tQk,t(s).

We deduce that

∆−t(µ
−
g (z, z

′)) = −λ−tQk,t(s)

(
z̄ − z′

2iy

)2t

= λ−tµ
−
g (z, z

′).

The equality ∆+t(µ
+
g (z, z

′)) = λ+tµ
+
g (z, z

′) can be verified similarly and is left to the reader. □
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In order to prove property (iii) above, it suffices to prove:

Proposition 8.6. As z′ approaches the cusp ∞, the functions

ℑ(γz′)k∓t−1⟨w±(γz′), w±(γz′)⟩G±(z, γz′)

are C∞ for z′ in a neighborhood of ∞, for all γ ∈ Γ(M).

Proof. We proceed as in [23, VI §6]. We retain the notations established in (62). As in (63), we
have

(66) ∆±t(G±(z, z′)) = λ±tG±(z, z′).

Begin by observing using (57) that for all γ ∈ Γ(M), we have

G−(z, γz′) = j(γ, z′)−2tG−(z, z′).

In particular, letting AM :=
(
1 M
0 1

)
∈ Γ(M), we see that

G−(z, z′ +M) = G−(z,AMz′) = j(AM , z′)−2tG−(z, z′) = G−(z, z′).

Thus, when viewed as a function in the single variable z′ = x′+ iy′, G− is M -periodic and admits a
Fourier expansion. More precisely, for z ∈ E ⊂ H with E compact and y′ ≥ ME + 1 with ME > 0
as in [23, Prop. 6.6], we have

G−(z, z′) =
∑
n∈Z

c−n (z, y
′)e2πi

n
M

x′
.

As a function of y′, the nth Fourier coefficient

(67) c−n (z, y
′) =

1

M

∫ M

0
G−(z, x′ + iy′)e−2πi n

M
x′
dx′

satisfies the differential equation

(68) u′′(y′)− 2t

y′
u′(y′)−

[(
2πn

M

)2

+
4πnt

y′M
+

(k − t− 1)(k + t)

(y′)2

]
u(y′) = 0.

This is readily verified by differentiating (67) under the sign of the integral, using the equality of
differential operators

∂2

∂(y′)2
− 2t

y′
∂

∂y′
= − 1

(y′)2
∆−t −

(
∂2

∂(x′)2
+

2it

y′
∂

∂x′

)
coupled with the equality (66), and by integrating by parts. We identify the ordinary differential
equation (68) as being a confluent differential equation. In the notations of [16, 6.2 (13)], (68)
corresponds to the case

a = 0

b = −2t

α = −
(
2πn

M

)2

β = −4πnt

M
γ = λ−t = −(k − t− 1)(k + t).

For n ̸= 0, we note that a2 ̸= 4α, and thus solutions of (68) are given by [16, 6.2 (14)]

(y′)tw

(
−t, k − 1

2
;
4πn

M
y′
)
,
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where w(κ, µ;x) is any solution of the Whittaker differential equation [16, 6.1 (4)]

(69) z′′(x) +

(
−1

4
+

κ

x
+

1/4− µ2

x2

)
z(x) = 0.

Note that when t = 0, (68) reduces to the differential equation

(70) u′′(y′)−
[(

2πn

M

)2

+
k(k − 1)

(y′)2

]
u(y′) = 0.

This is compatible with [23, Prop. 4.10 (ii)], in which solutions are given by modified Bessel
functions. Indeed, the Whittaker differential equation (69) collapses in the case κ = −t = 0 to

z′′(x) +

(
−1

4
+

1/4− µ2

x2

)
z(x) = 0,

which can be transformed into a modified Bessel differential equation.

Upon noting that 2µ + 1 = 2k ∈ Z, two linearly independent solutions of equation (69) are given
by the Whittaker functions

Mκ,µ(x) := e−x/2xµ+1/2Φ(µ− κ+ 1/2, 2µ+ 1;x),

Wκ,µ(x) := e−x/2xµ+1/2Ψ(µ− κ+ 1/2, 2µ+ 1;x).

The functions Φ and Ψ are the confluent hypergeometric functions of the first and second kind,
respectively: Φ is Kummer’s function defined by

Φ(a, c;x) :=
∑
n≥0

(a)n
(cn)

xn

n!
,

and Ψ is Tricomi’s function defined by the integral formula [16, 6.5 (3)].

We deduce that for n ̸= 0, there exist functions an and bn such that

c−n (z, y
′) = an(z)(y

′)tM−t,k−1/2

(
4πn

M
y′
)
+ bn(z)(y

′)tW−t,k−1/2

(
4πn

M
y′
)
.

Explicitly, we have

M−t,k−1/2

(
4πn

M
y′
)

= e−
2πn
M

y′
(
4πn

M
y′
)k

Φ

(
k + t, 2k;

4πn

M
y′
)
,

W−t,k−1/2

(
4πn

M
y′
)

= e−
2πn
M

y′
(
4πn

M
y′
)k

Ψ

(
k + t, 2k;

4πn

M
y′
)
.

When n = 0, c−0 (z, y
′) satisfies the differential equation

(71) u′′(y′)− 2t

y′
u′(y′)− (k − t− 1)(k + t)

(y′)2
u(y′) = 0.

Thus, there exist functions a0 and b0 such that

c−0 (z, y
′) = a0(z)(y

′)k+t + b0(z)(y
′)t−k+1.

By the same arguments as in [23, Prop. 4.12], we see that an(z) = 0 for all n ̸= 0 because the
confluent hypergeometric function of the first kind Φ becomes exponentially large at y′ = ∞, as
is clear from the integral representation [16, 6.5 (1)]. (Note that the integration condition in [23,
Prop. 4.12] holds in our case by (60).) Therefore, as in [23, (6.5)], we see that

G−(z, z′) = a0(z)(y
′)k+t + b0(z)(y

′)t−k+1 +
∑
n ̸=0

bn(z)(y
′)tW−t,k−1/2

(
4πn

M
y′
)
e2πi

n
M

x′
.
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It follows that (y′)k−t−1G−(z, z′) is C∞ for z′ in a neighborhood of the cusp ∞, and the result
follows for γ = I2 upon noting that (y′)k+t−1⟨w−(z′), w−(z′)⟩ = (y′)k−t−1. The case of the other
cusps can be deduced similarly, and is left to the reader. The proof for G+ is obtained by replacing
all occurrences of −t in the above proof by +t. □

9. Brylinski pairings

We continue to use the notation C = Y (M)C. Having proved that the section G = Gk,t,M of
Lemma 8.2 is the Green’s kernel associated to the vector bundle W (33) on C, we are now ready to
compute archimedean Brylinski pairings (23) between what Brylinski calls “Hodge classes” of W.
These are sums of classes of type (0, 0) in the fibers Wz, for z ∈ C.

We will be interested in cycles Z1, Z2 ∈ CHk+t(XC)K which are homologically trivial and supported
in fibers above z1, z2 ∈ C. Their local height pairing depends only on the image of these classes
in Wzi ⊗ C by (24). We therefore work with C coefficients, and compute the pairing for the basic
sections w±.

9.1. Brylinski’s pairing on C.

Theorem 9.1. Let z1 = x1+ iy1 ∈ H and z2 = x2+ iy2 ∈ H with z1 ̸∈ Γ(M)z2. Then the Brylinski
pairing is given by

⟨w−(z1), w
−(z2)⟩Br =

1

(2iy1y2)2t

∑
γ∈Γ(M)

g(z1, γz2)(z̄1 − γz2)
2tj(γ, z2)

2t,

⟨w+(z1), w
+(z2)⟩Br =

1

(2i)2t

∑
γ∈Γ(M)

g(z1, γz2)(z1 − γz̄2)
2tj(γ, z̄2)

2t,

where

g(z, z′) = −Qk,t

(
1 +

|z − z′|2

2yy′

)
.

Moreover, we have

⟨w−(z1), w
+(z2)⟩Br = ⟨w+(z1), w

−(z2)⟩Br = 0.

Proof. The Green’s kernel associated to the bundle W on C is given by G = Gk,t,M of Lemma 8.2.
Let Qi = pr(zi) = Γ(M)zi ∈ C(C) for i = 1, 2. By assumption, we have Q1 ̸= Q2. By definition of
Brylinski’s pairing (23) in this case, if w1 ∈ WQ1 and w2 ∈ WQ2 , then

⟨w1, w2⟩Br := ⟨G(Q1, Q2)(w1), w2⟩Q2 ,

where ⟨ , ⟩Q2 is the Hermitian pairing (associated to the polarization) of W restricted to the fiber
at Q2.
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We then compute

⟨w−(z1), w
−(z2)⟩Br = ⟨G(Q1, Q2)(w

−(z1)), w
−(z2)⟩Q2

=

〈 ∑
γ∈Γ(M)

j(γ, z2)
2tµ−

g (z1, γz2)w
−(z2), w

−(z2)

〉
Q2

=
∑

γ∈Γ(M)

g(z1, γz2)

(
z̄1 − γz2
2iy1

)2t

j(γ, z2)
2t⟨w−(z2), w

−(z2)⟩Q2

=
1

(2iy1)2t

∑
γ∈Γ(M)

g(z1, γz2)(z̄1 − γz2)
2tj(γ, z2)

2t⟨w−(z2), w
−(z2)⟩z2

=
1

(2iy1y2)2t

∑
γ∈Γ(M)

g(z1, γz2)(z̄1 − γz2)
2tj(γ, z2)

2t,

where in the fifth equality we used the formula ⟨w−(z2), w
−(z2)⟩z2 = y−2t

2 . The calculation for w+

can be done similarly, using the equality ⟨w+(z2), w
+(z2)⟩z2 = y2t2 . The equalities

⟨w−(z1), w
+(z2)⟩Br = ⟨w+(z1), w

−(z2)⟩Br = 0

are deduced in a similar way from the fact that wk−t−1,2t(z) and wk+t−1,0(z) are orthogonal with
respect to the Hermitian pairing ⟨ , ⟩z. □

9.2. Working over X0(N). So far we have worked with varieties fibered over C̄ = X(M), as well
as vector bundles over C̄. Ultimately, we wish to compute the heights of generalized Heegner cycles
“over X0(N)”.

Denote by πM,N : X(M)−→X0(N) the natural quotient map with Galois group

S = SM,N := ±Γ(M)\Γ0(N).

Recall from (27) and (28) that we defined generalised Heegner cycles above the Heegner point
Pn = (A,A[n]) ∈ X0(N)(H) as the sum of the generalized Heegner cycles over the pre-image
CM-points Q ∈ X(M)(C) of Pn with respect to πM,N (similar to what is done in [41, §4.1]).

Given P = Γ0(N)z ∈ X0(N)(C), define

(72) w±(P ) :=
∑
s∈S

s · w±(z) ∈
∑

Q∈π−1
M,N (P )

WQ =: WP ,

the action being the one defined in (51).

Remark 9.2. We say a few words about the action of S on elements w±(Γ(M)z) in fibers of the
bundle W. Let [γ] = s ∈ S = ±Γ(M)\Γ0(N) with γ ∈ Γ0(N). Then s · Γ(M)z := Γ(M)γz.
Consider now the variety π : X−→ C̄ fibered over C̄. The fiber π−1(Γ(M)z) = (C/⟨1, z⟩)2k−2×A2t

consists of points x = (Γ(M)z, w1, . . . , w2k−2, P1, . . . , P2t) with wi ∈ C/⟨1, z⟩ and Pj ∈ A. The
action of [γ] = s ∈ S is given by

s · x := (Γ(M)γz, w1, . . . , w2k−2, P1, . . . , P2t) ∈ π−1(Γ(M)γz).

Fixing a point Γ0(N)z ∈ X0(N)(C), S acts simply transitively on the fibers π−1(Γ(M)zi) with
Γ0(N)zi = Γ0(N)z. This action on X gives rise to a correspondence on X, hence an action on
Chow groups and cohomology groups. There is also an induced action on the bundle W, which we
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now address. Recall from the beginning of §8.2 that the fibers W̃z and W̃αz are identified via the
action (51) of γ on fibers for all α ∈ Γ(M). In other words, we have identifications of fibers

(73) WΓ(M)z = W̃z
α·≃ W̃αz, for all α ∈ Γ(M).

Now, the action of [γ] = s ∈ S = ±Γ(M)\Γ0(N) on a section w of W is given by

s · w(Γ(M)z) = γ · w(z).
The latter action is via (51) and we must interpret γ ·w(z) as lying in W̃γz ≃ WΓ(M)γz = Ws·Γ(M)z.
This is well-defined because if α ∈ Γ(M), then

(αγ) · w(z) = α · (γ · w(z)) ∈ W̃αγz,

and under the identification (73) the latter element corresponds to γ · w(z) ∈ Ws·Γ(M)z.

Theorem 9.3. Let z1 = x1+ iy1 ∈ H and z2 = x2+ iy2 ∈ H with P1 := Γ0(N)z1 ̸= Γ0(N)z2 =: P2.
Then the Brylinski pairing is given by

⟨w−(P1), w
−(P2)⟩Br =

|S|
(2iy1y2)2t

∑
γ∈Γ0(N)/±1

g(z1, γz2)(z̄1 − γz2)
2tj(γ, z2)

2t,

⟨w+(P1), w
+(P2)⟩Br =

|S|
(2i)2t

∑
γ∈Γ0(N)/±1

g(z1, γz2)(z1 − γz̄2)
2tj(γ, z̄2)

2t,

where

g(z, z′) = −Qk,t

(
1 +

|z − z′|2

2yy′

)
.

Moreover, we have
⟨w−(P1), w

+(P2)⟩Br = ⟨w+(P1), w
−(P2)⟩Br = 0.

Proof. By definition of Brylinski’s pairing and (72), we have

⟨w±(P1), w
±(P2)⟩Br =

〈∑
s∈S

s · w±(z1),
∑
s′∈S

s′ · w±(z2)

〉Br

=
∑
s∈S

〈
s · w±(z1),

∑
s′∈S

ss−1s′ · w±(z2)

〉Br

=
∑
s∈S

〈
w±(z1),

∑
s′∈S

s−1s′ · w±(z2)

〉Br

= |S|
∑
s∈S

〈
w±(z1), s · w±(z2)

〉Br
,

where we used the invariance ⟨σ · w, σ · w′⟩Br = ⟨w,w′⟩Br for any automorphism σ of C̄ by func-
toriality. If we choose a lift γ′ ∈ Γ0(N) of s ∈ S = ±Γ(M)\Γ0(N), then Γ(M)sz2 = Γ(M)γ′z2.
Moreover, we have Γ(M)z1 ̸= Γ(M)γ′z2 since otherwise Γ0(N)z1 = Γ0(N)γ′z2 = Γ0(N)z2, which
contradicts our assumptions. We may thus apply Theorem 9.1 and use (52) along with the fact
that the Brylinski pairing is Hermitian to obtain

⟨w−(P1), w
−(P2)⟩Br = |S|

∑
γ′∈±Γ(M)\Γ0(N)

〈
w−(z1), γ

′ · w−(z2)
〉Br

= |S|
∑

γ′∈±Γ(M)\Γ0(N)

j(γ′, z2)
2t

(2iy1y2)2t

∑
γ∈Γ(M)

g(z1, γγ
′z2)(z̄1 − γγ′z2)

2tj(γ, γ′z2)
2t.
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By noting that j(γ′, z2)j(γ, γ
′z2) = j(γγ′, z2), it follows that

⟨w−(P1), w
−(P2)⟩Br =

|S|
(2iy1y2)2t

∑
γ′∈±Γ(M)\Γ0(N)

∑
γ∈Γ(M)

g(z1, γγ
′z2)(z̄1 − γγ′z2)

2tj(γγ′, z2)
2t

=
|S|

(2iy1y2)2t

∑
γ∈Γ0(N)/±1

g(z1, γz2)(z̄1 − γz2)
2tj(γ, z2)

2t.

The proof for w+ is similar. □

9.3. Action of Hecke operators. As the vector bundles W̃ and W are equipped with a GL2(R)+-
action, the Hecke operators Tm act on sections such as w+ and w−. Let

RN :=
( Z Z
NZ Z

)
and consider, for m ∈ N,

Rm
N := Γ0(N) ( 1 0

0 m ) Γ0(N) = {γ ∈ RN | det(γ) = m} ⊂ GL2(Q)+.

The double coset Rm
N naturally carries a left action of Γ0(N) by left multiplication.

Let z ∈ H with P := Γ0(N)z. Given m ≥ 1, we set

(74) Tmw±(P ) :=
∑

γ∈Γ0(N)\Rm
N

γ · w±(P ),

where the action is analogous to the one defined in (51), i.e.,

γ · w±(P ) := det(γ)p∓tj(γ, z)±2tw±(Γ0(N)γz),

where a representative of γ in Rm
N has implicitly been chosen.

Proposition 9.4. Let z1, z2 ∈ H with Pi = Γ0(N)zi, i = 1, 2, and let m ≥ 1 with (m,N) = 1.
Assume that P1 and TmP2 are disjoint in X0(N). Then

⟨w−(P1), Tmw−(P2)⟩Br =
|S|mp−t

(2iy1y2)2t

∑
γ∈Rm

N /±1

g(z1, γz2)(z̄1 − γz2)
2tj(γ, z2)

2t,

⟨w+(P1), Tmw+(P2)⟩Br =
|S|mp−t

(2i)2t

∑
γ∈Rm

N /±1

g(z1, γz2)(z1 − γz̄2)
2tj(γ, z̄2)

2t.

Proof. We compute

⟨w−(P1), Tmw−(P2)⟩Br =
∑

γ∈Γ0(N)\Rm
N

mp+tj(γ, z̄2)
−2t⟨w−(Γ0(N)z1), w

−(Γ0(N)γz2)⟩Br

=
∑

γ∈Γ0(N)\Rm
N

mp+tj(γ, z̄2)
−2t |S|

(2iy1ℑ(γz2))2t
∑

γ′∈Γ0(N)/±1

g(z1, γ
′γz2)(z̄1 − γ′γz2)

2tj(γ′, γz2)
2t

=
|S|mp−t

(2iy1y2)2t

∑
γ′∈Γ0(N)/±1

∑
γ∈Γ0(N)\Rm

N

j(γ, z2)
2tg(z1, γ

′γz2)(z̄1 − γ′γz2)
2tj(γ′, γz2)

2t

=
|S|mp−t

(2iy1y2)2t

∑
γ′∈Γ0(N)/±1

∑
γ∈Γ0(N)\Rm

N

g(z1, γ
′γz2)(z̄1 − γ′γz2)

2tj(γ′γ, z2)
2t

=
|S|mp−t

(2iy1y2)2t

∑
γ∈Rm

N /±1

g(z1, γz2)(z̄1 − γz2)
2tj(γ, z2)

2t,
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where we used Theorem 9.3 in the second equality and the identity j(γ, z)j(γ′, γz) = j(γ′γ, z) in
the fourth equality. The calculation for w+ is similar. □

9.4. Brylinski’s pairing over Heegner points on X0(N). We now specialize to the case where
P1 = Γ0(N)τ1 and P2 = Γ0(N)τ2 are Heegner points on X0(N) of conductor 1. In terms of moduli,
this means that these points represent isomorphism classes of cyclic N -isogenies between elliptic
curves with CM by the same order in an imaginary quadratic field (in our case the imaginary
quadratic field is K and the order is the maximal order OK). Concretely, following [22, §2],
Heegner points with CM by K are indexed by (A, n), where n is a cyclic N -ideal of OK (whose
existence is guaranteed by the Heegner hypothesis) and A ∈ ClK . Over C, the corresponding
point is (C/a−→C/an−1) for any [a] = A. If WAL denotes the group of Atkin–Lehner involutions
of X0(N), then Gal(H/K) × WAL acts simply transitively on the set of all Heegner points of
discriminant D, i.e., on all pairs (A, n). If σ ∈ Gal(H/K) corresponds to B ∈ ClK under the Artin
map of class field theory, then σ(A, n) = (AB−1, n).

Let β ∈ Z/2NZ with β2 ≡ D (mod 4N) such that n = ⟨N, β+
√
D

2 ⟩. Let τ = −B+
√
D

2A ∈ H7 be the
solution to a quadratic equation of the form

AX2 +BX + C = 0, A > 0, B2 − 4AC = D, N | A, B ≡ β (mod 2N)

and consider

a =

〈
A,

B +
√
D

2

〉
, an−1 =

〈
A

N
,
B +

√
D

2

〉
, NK/Q(a) = A, [a] = A.

Then the Heegner point associated to (A, n) is represented by −τ̄ = (B+
√
D)/2A ∈ H. Note that

a−1 =
ā

NK/Q(a)
=

〈
1,

−B +
√
D

2A

〉
= ⟨1, τ⟩,

whence the Heegner point associated to (A−1, n̄) is represented by τ ∈ H.8

Now, for i = 1, 2, Pi = Γ0(N)τi is a Heegner point, hence ⟨1, τi⟩ = a−1
i for some ideal ai ⊂ OK .

Let Ai > 0 and Bi be the corresponding integers as above such that τi =
−Bi+

√
D

2Ai
= τAi,ni and

NK/Q(ai) = Ai.

Proposition 9.5. Let P1 = Γ0(N)τ1 and P2 = Γ0(N)τ2 be two Heegner points of X0(N) and
suppose that P1 and TmP2 are disjoint in X0(N). With notations as above, we have〈

w−(P1)

χ(a1)
, Tm

w−(P2)

χ(a2)

〉Br

=
(−1)t|S|22tmp−t

|D|2t
χ(ā1a2)

∑
γ∈Rm

N /±1

g(τ1, γτ2)α(γ, τ1, τ2)
2t,

〈
w+(P1)

y2t1 χ(ā1)
, Tm

w+(P2)

y2t2 χ(ā2)

〉Br

=
(−1)t|S|22tmp−t

|D|2t
χ(a1ā2)

∑
γ∈Rm

N /±1

g(τ1, γτ2)α(γ, τ̄1, τ̄2)
2t,

where α(γ, τ1, τ2) = cτ̄1τ2 + dτ̄1 − aτ2 − b for γ =
(
a b
c d

)
.

7Beware of the following conflict of notation: A denotes our fixed CM elliptic curve, B a full level M -structure,
and C the modular curve Y (M). We trust that this slight abuse of notation will not cause any confusion.

8See the Appendix for a discussion of how our conventions for Heegner points differ slightly from the ones in [22].
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Proof. Observe that χ(aiāi) = χ(NK/Q(ai)) = χ(Ai) = A2t
i . In particular, χ(ai)

−1 = χ(āi)/A
2t
i .

Using the fact that the Brylinski pairing is skew-symmetric, we obtain〈
w−(P1)

χ(a1)
, Tm

w−(P2)

χ(a2)

〉Br

=
χ(ā1a2)

(A1A2)2t
〈
w−(P1), Tmw−(P2)

〉Br
.

Observe that yi =
√
|D|/2Ai and apply Proposition 9.4 to obtain〈

w−(P1)

χ(a1)
, Tm

w−(P2)

χ(a2)

〉Br

=
(−1)t|S|22tmp−t

|D|2t
χ(ā1a2)

∑
γ∈Rm

N /±1

g(τ1, γτ2)(τ̄1 − γτ2)
2tj(γ, τ2)

2t.

As (τ̄1 − γτ2)j(γ, τ2) = (τ̄1 − γτ2)(cτ2 + d) = cτ̄1τ2 + dτ̄1 − aτ2 − b = α(γ, τ1, τ2), the first equality
follows. The calculation for w+ is similar. □

10. Cycle classes

The goal of this section is to compute the cycle classes of generalized Heegner cycles viewed as
cycles in CM fibers of X−→ C̄. While the cycles are null-homologous in X by Lemma 5.1, this is
not necessarily true when viewed as cycles in the fibers.

10.1. Preliminary cycle class calculations. For an elliptic curve E/C, we will view End(E) as
a subring of C via End(E) ↪→ End(H0(E,ΩE)) ≃ C. In this subsection and the next, we view E
as a complex manifold and work exclusively with de Rham cohomology of complex manifolds.

Proposition 10.1. Suppose E = C/⟨1, z⟩ for some z = x + iy ∈ H with complex coordinate w.
For endomorphisms α, β ∈ End(E), define Γα,β = (α× β)∗([E]) ∈ CH1(E × E) and

Xα,β := Γα,β − deg(β)Γ0,1 − deg(α)Γ1,0 ∈ CH1(E × E).

Then

cl(Xα,β) =
i

2y
(αβ̄dw̄1 ⊗ dw2 − ᾱβdw1 ⊗ dw̄2) ∈ H1

dR(E)⊗H1
dR(E)

is the orthogonal projection of cl(Γα,β) to H1
dR(E)⊗H1

dR(E).

Proof. If Z ⊂ E × E is a divisor, then its de Rham cycle class ωZ ∈ H2
dR(E × E) is characterized

by the property ∫
Z
η =

∫
E×E

η ∧ ωZ , for all η ∈ H2
dR(E × E).

By Künneth, a basis of H2
dR(E × E) is given by

b11̄ := pr∗1(dw ∧ dw̄), b12 := pr∗1(dw) ∧ pr∗2(dw),
b12̄ := pr∗1(dw) ∧ pr∗2(dw̄), b1̄2 := pr∗1(dw̄) ∧ pr∗2(dw),
b1̄2̄ := pr∗1(dw̄) ∧ pr∗2(dw̄), b22̄ := pr∗2(dw ∧ dw̄).

Let

η = λ11̄b11̄ + λ12b12 + λ12̄b12̄ + λ1̄2b1̄2 + λ1̄2̄b1̄2̄ + λ22̄b22̄ ∈ H2
dR(E × E).

Begin by observing that

(75) cl(0× E) =
i

2y
b11̄ and cl(E × 0) =

i

2y
b22̄.

Indeed, on one hand we have∫
0×E

η =

∫
0×E

λ22̄b22̄ = λ22̄

∫
E
dw ∧ dw̄ = −2iyλ22̄,
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while on the other hand∫
E×E

η ∧ i

2y
b11̄ =

λ22̄i

2y

∫
E×E

b11̄b22̄ =
λ22̄i

2y

(∫
E
dw ∧ dw̄

)2

=
−λ22̄i4y

2

2y
= −2iyλ22̄.

The case of E × 0 is verified similarly.

On the one hand, we have∫
Γα,β

η =

∫
E
λ11̄α

∗dw ∧ α∗dw̄ + λ12̄α
∗dw ∧ β∗dw̄ + λ1̄2α

∗dw̄ ∧ β∗dw + λ22̄β
∗dw ∧ β∗dw̄

= −2iy(λ11̄αᾱ+ λ12̄αβ̄ − λ1̄2ᾱβ + λ22̄ββ̄).

On the other hand, we have∫
E×E

η∧ i

2y
(ββ̄b11̄ + αβ̄b1̄2 − ᾱβb12̄ + αᾱb22̄)

=
i

2y

∫
E×E

(λ22̄ββ̄ + λ12̄αβ̄ − λ1̄2ᾱβ + λ11̄αᾱ)b11̄ ∧ b22̄

= −2iy(λ22̄ββ̄ + λ12̄αβ̄ − λ1̄2ᾱβ + λ11̄αᾱ).

We conclude that

cl(Γα,β) =
i

2y
(ββ̄b11̄ + αβ̄b1̄2 − ᾱβb12̄ + αᾱb22̄).

Using the fact that αᾱ = deg(α) and ββ̄ = deg(β) combined with (75), we obtain

cl(Γα,β) = deg(β) cl(0× E) + deg(α) cl(E × 0) +
i

2y
(αβ̄b1̄2 − ᾱβb12̄).

□

10.2. Cycle classes of generalized Heegner cycles. For the rest of the section, we view the
varieties C, X, A, etc. as being complex manifolds.

Definition 10.2. Given Γ(M)z ∈ C(C), let

clz : CHk+t−1(E2k−2
z ×A2t)−→W̃z = WΓ(M)z

denote the ϵW ⊗κ2t-component of the cycle class map on the fiber E2k−2
z ×A2t of π : X−→ C̄ above

Γ(M)z. If P ∈ X0(N)(C), let

clP :=
∑

Γ(M)z∈π−1
M,N (P )

clz :
∑

Γ(M)z∈π−1
M,N (P )

CHk+t−1(E2k−2
z ×A2t)−→

∑
Γ(M)z∈π−1

M,N (P )

WΓ(M)z =: WP .

Proposition 10.3. Let a an ideal of OK and let τa = xa+ iya ∈ H such that Aa = C/⟨1, τa⟩. Then

clτa(ϵY
a) =

(−1)p2p−t
√

|D|p−t(
2p
p−t

)1/2 yt0w
−(τa) ∈ W̃τa

and

clτa(ϵ̄Y
a) =

(−1)p2p−t
√
|D|p−t(

2p
p−t

)1/2 yt0
y2ta

w+(τa) ∈ W̃τa .
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Proof. We recall that

Y a = (Γ[
√
D])

p−t × (ΓT
ϕa
)2t ⊂ (Aa ×Aa)p−t × (Aa ×A)2t.

Replacing Γ[
√
D] by X1,[

√
D] in this definition has no effect on ϵY a and ϵ̄Y a (the effect of Scholl’s

projector ϵW is precisely to project the cycle classes (in fibers) to Sym2pH1
dR(A

a) ⊂ H1
dR(A

a)⊗2p).

By Proposition 10.1 applied with (α, β) = (1, [
√
D]), we have

cl(X1,[
√
D]) = −

√
|D|
2ya

(dw1 ⊗ dw̄2 + dw̄1 ⊗ dw2) ∈ H1
dR(A

a)⊗H1
dR(A

a).

Projecting to the symmetric power, it follows that

cl(ϵ1X1,
√
D) = −

√
|D|
ya

dw1dw̄2 ∈ Sym2H1
dR(A

a).

Observe that ΓT
ϕa

= Γϕa,1 = {(ϕa(x), x) | x ∈ A} ⊂ Aa ×A. After applying the relevant projectors,

only the orthogonal projection of the cycle class to H1
dR(A

a)⊗H1
dR(A) will contribute. We therefore

calculate the cycle class of

Xϕa,1 := Γϕa,1 − 0×A− y0
ya

·Aa × 0 ∈ CH1(Aa ×A) 9

by the same method as in the proof of Proposition 10.1 to obtain

cl(Xϕa,1) =
i

2ya
(dw̄a ⊗ dw − dwa ⊗ dw̄) ∈ H1

dR(A
a)⊗H1

dR(A),

where wa is the complex coordinate on Aa and w is the one on A. The effect of the projector ϵ is
to kill dw̄. Hence, we obtain

cl(ϵXϕa,1) =
i

2ya
dw̄a ⊗ dw and cl(ϵ̄Xϕa,1) = − i

2ya
dwa ⊗ dw̄.

Recall from Section 6.4 that dwa corresponds to τau1+u2 and dw corresponds to τ0e1+e2. Putting
everything together, we conclude that

clτa(ϵY
a) =

(
−
√

|D|
ya

)p−t(
i

2ya

)2t

(τau1 + u2)
p−t(τ̄au1 + u2)

p+t ⊗ (τ0e1 + e0)
2t

and

clτa(ϵ̄Y
a) =

(
−
√
|D|
ya

)p−t(
− i

2ya

)2t

(τau1 + u2)
p+t(τ̄au1 + u2)

p−t ⊗ (τ̄0e1 + e0)
2t.

Now compare with the definitions of w− and w+. □

Given an ideal class A ∈ ClK represented by an integral ideal a of OK coprime to M , we recall
from (27) and (28) the cycles

ZA := χ(a)−1
∑

Q∈π−1
M,N (Pn)

ϵY a
Q ∈ CHk+t(X)0,K(χ),

Z̄A := χ̄(a)−1
∑

Q∈π−1
M,N (Pn)

ϵ̄Y a
Q ∈ CHk+t(X)0,K(χ).

Recall also the notation Z = Z[OK ] and Z̄ = Z̄[OK ].

9Recall that y0 =

√
|D|
2

and ya =

√
|D|

2A
, whence y0

ya
= A. We write y0

ya
to avoid the clash of notations pointed out

in Footnote 7.
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Consider the Heegner points Pn := (A−→A/A[n]) and P a
n := (Aa−→Aa/Aa[n]) in X0(N)(H). If

[a] = A, then the generalized Heegner cycles ZA and Z̄A respectively lie in the fibers above the
latter point with respect to πM,N ◦ π : X−→X(M)−→X0(N). Remembering that D is odd, we

have OK = ⟨1, τ0⟩ with τ0 = −1+
√
D

2 . We choose the embedding σ : H ↪→ C and the ideal n such

that Pn = Γ0(N)τ0, i.e., (A−→A/A[n]) is isomorphic to (C/OK−→C/n−1) and n−1 = ⟨1/N, τ0⟩.
It is the Heegner point associated to ([OK ], n) and n = ⟨N, 1+

√
D

2 ⟩ corresponds to β = 1 ∈ Z/2NZ,
in the sense of Section 9.4.

By definition, we have Aa = A/A[a]. We have OK ⊂ a−1, A[a] = a−1/OK , Aa = C/a−1 and
ϕa : A−→Aa is the natural quotient isogeny C/OK−→C/a−1. The isogeny Aa−→Aa/Aa[n] is iso-
morphic to C/a−1−→C/a−1n−1. Thus, the Heegner point P a

n corresponds via the description of

Section 9.4 to (A−1, n). Thus, a−1 = ⟨1, τa⟩ with τa := −B+
√
D

2A ∈ H a solution to a quadratic
equation

AX2 +BX + C, A > 0, B2 − 4AC = D, B ≡ β (mod 2N), N | A.

If we write τa = xa + iya and τ0 = x0 + iy0, then

ya =

√
|D|
2A

=
y0
A
.

Moreover, NK/Q(a) = A and P a
n = Γ0(N)τa.

Lemma 10.4. We have

clP a
n
(ZA) =

(−1)p2p−2t
√

|D|p(
2p
p−t

)1/2 w−(P a
n )

χ(a)
∈ WP a

n

and

clP a
n
(Z̄A) =

(−1)p2p−2t
√
|D|p(

2p
p−t

)1/2 w+(P a
n )

y2ta χ(ā)
∈ WP a

n
.

Proof. This follows by applying Proposition 10.3 with y0 =
√
|D|/2 and using (72). □

11. Archimedean local heights

In this section, we compute the archimedean local heights of generalized Heegner cycles using the
connection (24) with Brylinski’s archimedean pairing.

11.1. The case rA(m) = 0. We maintain the notations of Section 10.2.

Theorem 11.1. Let (m,N) = 1, A1 = [a1],A2 = [a2] ∈ ClK and assume that P a1
n and TmP a2

n

are disjoint in X0(N). Let v denote the infinite place of H corresponding to the fixed embedding
σ : H ↪→ C of Section 10.2. Then

⟨ZA1 , TmZA2⟩v =
|S|(4m|D|)p−t

Dt
(
2p
p−t

) χ(ā1a2)
∑

γ∈Rm
N /±1

g(τ1, γτ2)α(γ, τ1, τ2)
2t,

and

⟨Z̄A1 , TmZ̄A2⟩v =
|S|(4m|D|)p−t

Dt
(
2p
p−t

) χ(a1ā2)
∑

γ∈Rm
N /±1

g(τ1, γτ2)α(γ, τ̄1, τ̄2)
2t,

where τi := τai so that a−1
i = ⟨1, τi⟩ and P ai

n = Γ0(N)τi, for i = 1, 2.
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Proof. By definition of the Brylinski pairing, and by compatibility of the actions of Hecke corre-
spondences on Chow groups with the action of Hecke operators on cohomology classes (74) (see
[33, Prop. 4.1.3]), we have

⟨ZA1 , TmZA2⟩v = ⟨clP a1
n
(ZA1), Tm clP a2

n
(ZA2)⟩Br.

The result follows by combining Lemma 10.4 and Proposition 9.5. □

Let ⟨ , ⟩BB
∞ =

∑
w|∞⟨ , ⟩wϵw be the sum of the local heights on X over all the infinite places of H.

Recall that we previously fixed a particular embedding σ : H ↪→ C in Section 10.2 corresponding
to a place v. If Z1, Z2 ∈ CHk+t(X)0 are two cycles for which the height pairing ⟨Z1, Z2⟩BB

∞ is
defined (see Section 4), and which lie in distinct fibers of π : X−→ C̄ over Q1 and Q2 respectively,
then ⟨Z1, Z2⟩w = ⟨clQ1(Z1,w), clQ2(Z2,w)⟩Br, where Zj,w is viewed as a cycle on the base-change
Xw = X ×w C.

Theorem 11.2. Let (m,N) = 1, A ∈ ClK and assume that rA(m) = 0. Then

⟨Z, TmZA⟩BB
∞ = −|S|(4m|D|)p−t

Dt
(
2p
p−t

) u2
∞∑
n=1

σĀ(n)rA,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)
,

⟨Z̄, TmZ̄A⟩BB
∞ = −|S|(4m|D|)p−t

Dt
(
2p
p−t

) u2
∞∑
n=1

σA(n)rĀ,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)
,

and

⟨Z, TmZ̄A⟩BB
∞ = 0 = ⟨Z̄, TmZA⟩BB

∞ .

Proof. The set of infinite places of H is in bijection with the class group ClK of K. If w is an
infinite place corresponding to the ideal class B ∈ ClK , then

(76) ⟨ZA1 , ZA2⟩w = ⟨ZBA1 , ZBA2⟩v,

for all A1,A2 ∈ ClK . The proof of (76) is an adaption of [35, Lem. 4.7].

Using (76), we see that

(77) ⟨Z, TmZA⟩BB
∞ =

∑
w|∞

⟨Z, TmZA⟩w =
∑

B∈ClK

⟨ZB, TmZBA⟩v =
∑

A1,A2∈ClK
A−1

1 A2=A

⟨ZA1 , TmZA2⟩v.

Let Ai = [ai] with ai an ideal of OK , i = 1, 2. The condition rA−1
1 A2

(m) = 0 implies that P a1
n and

TmP a2
n are disjoint in X0(N). We can therefore apply Theorem 11.1 to obtain

⟨Z, TmZA⟩BB
∞ =

|S|(4m|D|)p−t

Dt
(
2p
p−t

) ∑
A1,A2∈ClK
A−1

1 A2=A

χ(ā1a2)
∑

γ∈Rm
N /±1

g(τ1, γτ2)α(γ, τ1, τ2)
2t.

Recall that for γ =
(
a b
c d

)
∈ Rm

N , we have α(γ, τ1, τ2) = cτ̄1τ2 + dτ̄1 − aτ2 − b with τi = τai such that

⟨1, τi⟩ = a−1
i . In particular, τ̄1 ∈ ā−1

1 and α(γ, τ1, τ2) ∈ (ā1a2)
−1. Let a = ā1a2. This is an integral

ideal of OK such that [a] = A and we have α(γ, τ1, τ2) ∈ a−1. For any positive integer j, we have

rA,χ(j) :=
∑

a′⊂OK ,[a′]=A
N(a′)=j

χ(a′).
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Every ideal a′ satisfying [a′] = A can be written as a′ = xa for some x ∈ K. The fact that a′ is
an integral ideal translates into the requirement x ∈ a−1. Note that NK/Q(a) = A1A2. Thus, we
obtain

(78) rA,χ(j) =
1

#O×
K

∑
x∈a−1

NK/Q(x)=
j

A1A2

χ(xa) =
χ(a)

#O×
K

∑
x∈a−1

NK/Q(x)=
j

A1A2

x2t.

We used the fact that χ is a homomorphism IK−→C× with the property χ((α)) = α2t (since χ is
assumed to be unramified). In particular, χ((xα)) = α2t for any unit x ∈ O×

K .

Recall that

(79) g(τ1, γτ2) = −Qk,t

(
1 +

|τ1 − γτ2|2

2y1ℑ(γτ2)

)
.

Define β(γ, τ1, τ2) = α(γ, τ̄1, τ2) = cτ1τ2 + dτ1 − aτ2 − b and note that

|τ1 − γτ2|2

2y1ℑ(γτ2)
=

2A1A2|β(γ, τ1, τ2)|2

|D|det(γ)
=

2A1A2NK/Q(β(γ, τ1, τ2))

|D|det(γ)
.

The elements α(γ, τ1, τ2) and β(γ, τ1, τ2) are the same as the ones denoted α and β in [22, II (3.6)]
except that the roles of τ1 and τ2 are swapped. We have

α(γ, τ1, τ2) ∈ (ā1a2)
−1 = a−1 and β(γ, τ1, τ2) ∈ (a1a2)

−1n,

and we set

n =
A1A2

N
NK/Q(β(γ, τ1, τ2)).

This is an integer by the same calculation as in [22, II (3.5)] (the only difference being that the
roles of τ1 and τ2 are swapped there). Moreover, we have

NK/Q(α(γ, τ1, τ2)) =
m|D|+ nN

A1A2
,

as in [22, II (3.9)]. With these notations, we have

(80) g(τ1, γτ2) = −Qk,t

(
1 +

2nN

m|D|

)
.

Define

ρmA1,A2
(n) := #{γ ∈ Rm

N/± 1 | A1A2NK/Q(β(γ, τ1, τ2)) = nN}.
According to [22, II (3.9)], the association γ 7→ (α(γ, τ1, τ2), β(γ, τ1, τ2)) gives a bijection from
{γ ∈ Rm

N/± 1 | A1A2NK/Q(β(γ, τ1, τ2)) = nN} to the set

ΞA1,A2(n) :=

{
(α, β) ∈ (a−1 × (a1a2)

−1n)/± 1 | NK/Q(α) =
m|D|+ nN

A1A2
,

NK/Q(β) =
nN

A1A2
, A1A2α ≡ A1A2β (mod d)

}
.

Putting all this together yields

⟨Z, TmZA⟩BB
∞ = −|S|(4m|D|)p−t

Dt
(
2p
p−t

) ∞∑
n=1

Qk,t

(
1 +

2nN

m|D|

) ∑
A1,A2∈ClK
A−1

1 A2=A

χ(a)
∑

(α,β)∈ΞA1,A2
(n)

α2t.



52 DAVID T.-B. G. LILIENFELDT AND ARI SHNIDMAN

In view of (78) and the proof of [22, II (3.16)], we obtain∑
A1,A2∈ClK
A−1

1 A2=A

χ(a)
∑

(α,β)∈ΞA1,A2
(n)

α2t = u2δ(n)R{Ā[n]}(n)rA,χ(m|D|+ nN).

Here, R{Ā[n]}(n) is the number of integral ideals of norm n in the genus of Ān, δ(n) is 2ω((n,D)),

and u = |O×
K |/2. By [22, IV (4.6)], we have σĀ(n) = δ(n)R{Ā[n]}(n). We deduce the final formula

⟨Z, TmZA⟩BB
∞ = −|S|(4m|D|)p−t

Dt
(
2p
p−t

) u2
∞∑
n=1

σĀ(n)rA,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)
.

The calculation for ⟨Z̄, TmZ̄A⟩BB
∞ can be checked similarly. □

11.2. The case rA(m) ̸= 0. In this section, we prove the following generalization of Theorem 11.2,
valid even in the case of improper intersection:

Theorem 11.3. Given A = [a] ∈ ClK and (m,N) = 1, we have

⟨Z, TmZA⟩BB
∞ =

|S|(4m|D|)k−t−1

Dt
(
2k−2
k−t−1

) [
−u2

∞∑
n=1

σĀ(n)rA,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)
+huDtrA,χ(m)

(
Γ′

Γ
(k + t) +

Γ′

Γ
(k − t)− 2 log(2π) + 2

L′

L
(1, ϵK) + log(|D|)

)]
,

⟨Z̄, TmZ̄A⟩BB
∞ =

|S|(4m|D|)k−t−1

Dt
(
2k−2
k−t−1

) [
−u2

∞∑
n=1

σA(n)rĀ,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)
+huDtrĀ,χ(m)

(
Γ′

Γ
(k + t) +

Γ′

Γ
(k − t)− 2 log(2π) + 2

L′

L
(1, ϵK) + log(|D|)

)]
,

and

⟨Z, TmZ̄A⟩BB
∞ = 0 = ⟨Z̄, TmZA⟩BB

∞ .

We will give a detailed proof of the formula for ⟨Z, TmZA⟩BB
∞ . The one for ⟨Z̄, TmZ̄A⟩BB

∞ can be
deduced similarly and is left to the reader.

11.2.1. Gross and Zagier’s modification. We begin by reviewing the modifications required in [22],
where the height pairing is between divisors of degree zero on X0(N). Let a and b be two divisors of
degree zero with common support equal to a point x ∈ X0(N)(C). For every point y ∈ X0(N)(C)
near x but not in the support of b, define ay to be the divisor obtained from a by replacing every
occurrence of x by y. In other words, if a =

∑
z ̸=xmz(z)+mx(x), then ay =

∑
z ̸=xmz(z)+mx(y).

Then the local intersection ⟨ay, b⟩v is well-defined and can be used to approximate ⟨a, b⟩v. More
precisely, let t0 be a uniformizing parameter for x on X0(N), i.e., a function such that ordx(t0) = 1.
Then Gross defined in [21] the local archimedean height pairing

(81) ⟨a, b⟩v := lim
y→x

(⟨ay, b⟩v − ordx(a) ordx(b) log |t0(y)|v)

and showed that, with an appropriate definition of local non-archimedean height pairings,
∑

v⟨a, b⟩v
is independent of the choice of t0 and equal to the global Néron–Tate height pairing ⟨a, b⟩NT (which
is well-defined on linear equivalence classes of divisors even if there is common support since one
can use a moving lemma).
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If x is a Heegner point, c = (x)− (∞), d = (x)− (0), (m,N) = 1, and σ = σA ∈ Gal(H/K), then
ordx(Tmdσ) = rA(m). Hence, when rA(m) ̸= 0, the common support of c and Tmdσ is non-empty
and equal to x. Applying (81) yields

⟨c, Tmdσ⟩v = lim
y→x

(⟨(y)− (∞), Tmdσ⟩v − rA(m) log |t0(y)|v).

The uniformizing parameter in [22] is chosen as follows: consider the differential

ω = η4(z)
dq

q
= 2πiη4(z)dz,

where η(z) = q1/24
∏

n(1− qn) is the Dedekind eta function. The differential ω is only well-defined
up to sixth roots of unity, but this does not affect the later calculations. Letting u(x) = |Aut(x)|/2,
we have

ordx(ω) =
1

u(x)
− 1,

and ω may be normalized such that in a neighborhood of x it takes the form

ω = (1 +O(t0))t
1

u(x)

0

dt0
t0

.

This normalization ensures that for a complex place v, we have

(82) lim
y→x

(log |t0(y)|v − u(x) log |2πiη4(z)(w − z)|v) = 0,

where x = Γ0(N)z and y = Γ0(N)w. Setting t1 = t
1/u(x)
0 yields a uniformizing parameter for

Γ(M)z on X(M).

11.2.2. Archimedean self-intersections of generalized Heegner cycles over X(M). LetA = [a] ∈ ClK
and let v denote our fixed archimedean place. The aim of this section is to compute ⟨ZA, ZA⟩v.

Define

G1(z, z
′) :=

4p−2t|D|p(
2p
p−t

)
(y′)2t

∑
γ∈Γ1(N)

j(γ, z)−2tµ−
g (γz, z

′),

which makes sense for any z, z′ ∈ H such that Γ(M)z ̸= Γ(M)z′. We then have

G1(τa1 , τa2) = ⟨ϵY a1 , ϵY a2⟩v
by Theorem 9.1 and Proposition 10.3, whenever Γ(M)τa1 ̸= Γ(M)τa2 .

Proposition 11.4. We have

⟨ϵY a, ϵY a⟩v = lim
w→τa

(
G1(τa, w) + (−1)k+t(ϵY a · ϵY a)π−1(τa) log |t1(w)|v

)
.

Proof. We apply Theorem 4.3 to X−→ C̄ = X(M). Indeed, the set of Heegner points with CM
by orders O ⊂ OK is dense in X0(N), and the corresponding set of preimages of such points
under πM,N : C̄−→X0(N) is dense. In the fiber of π : X−→ C̄ above each such point there is a
generalized Heegner cycle whose cycle class provides the desired cohomology class in Theorem 4.3
corresponding to clτa(ϵY

a). When O = OK , it follows from Lemma 10.4 that these Hodge classes
span the fiber of W0 ⊗ C above that point. The general case follows via isogeny. □

Remark 11.5. The self-intersection of ϵY a in the fiber above τa is with respect to the intersection
form ( , )τa on H2k+2t−2

dR (π−1(τa)) defined by

(α, β)τa =

∫
π−1(τa)

α ∧ β.
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More precisely, we have

(ϵY a · ϵY a)π−1(τa) = (clτa(ϵY
a), clτa(ϵY

a))τa = (−1)k+t−1⟨clτa(ϵY a), clτa(ϵY
a)⟩τa .

Recalling that p = k − 1, we deduce that

(ϵY a · ϵY a)π−1(τa) = (−1)p+t 4
p−2t|D|p(

2p
p−t

) ⟨w−(τa), w
−(τa)⟩Br = (−1)p+t 4

p−2t|D|p(
2p
p−t

)
y2ta

by Proposition 10.3. This agrees with the Hodge Index Theorem [37, Thm. 6.33], which implies
that the signature of ( , )τa restricted to a primitive class of type (p + t, p + t) is non-trivial of
signature (−1)p+t. See also Zhang’s remark [41, p. 123].

Putting everything together yields the formula

⟨ϵY a, ϵY a⟩v =
4k−2t−1|D|k−1(

2k−2
k−t−1

)
y2ta

lim
w→τa

 ∑
γ∈Γ(M)

g(τa, γw)

(
τ̄a − γw

2iya

)2t

j(γ,w)2t − log |t1(w)|v

 .

11.2.3. Archimedean self-intersections of generalized Heegner cycles over X0(N). Let t0 be a uni-
formizing parameter for P a

n = Γ0(N)τa on X0(N), chosen with the same normalization as in [22].
Let uan = u(P a

n ).

Proposition 11.6. We have

⟨Za
n , Z

a
n⟩v =

|S|22k−4t−2|D|k−1(
2k−2
k−t−1

)
y2ta

lim
w→τa

 ∑
γ∈Γ0(N)/±1

g(τa, γw)

(
τ̄a − γw

2iya

)2t

j(γ,w)2t − log |t0(w)|v

 .

Proof. Write Qi = Γ(M)τi for the points of X(M) sitting above P a
n . Write Zi = ϵY a

Qi
. Just as in

the proof of Theorem 9.3, we have

|S|−1 ⟨Za
n , Z

a
n⟩v =

〈∑
i

Zi, Z1

〉
v

= ⟨Z1, Z1⟩v +
∑
i ̸=1

⟨Zi, Z1⟩v.

Setting t1 = t
1
uan
0 gives a uniformizing parameter for Q1 on X(M). We then have

|S|−1 ⟨Za
n , Z

a
n⟩v = lim

w→τ1

(
G1(τ1, w) + (−1)k+t(Z1 · Z1)π−1(τ1)u

a
n log |t1(w)|v

)
+
∑
i ̸=1

G1(τi, τ1)

= lim
w→τ1

(∑
i

G1(τi, w) + (−1)k+t(Z1 · Z1)π−1(τ1) log |t0(w)|v

)
.

The formula then follows as in the proof of Theorem 9.3. □

11.2.4. Archimedean local heights of generalized Heegner cycles. Given (m,N) = 1 and A ∈ ClK
we ultimately wish to compute ⟨Z, TmZA⟩∞ and ⟨Z̄, TmZ̄A⟩∞ in the case rA(m) ̸= 0. Let v be
our fixed archimedean place as chosen above. Let A1,A2 ∈ ClK such that A−1

1 A2 = A and let
P ai
n = Γ0(N)τai . For the sake of notation, we write τi = τai .

The following elementary observation will be useful in proving the next theorem.

Lemma 11.7. Let γ =
(
a b
c d

)
∈ RN with det(γ) = m. Assume that γτ2 = τ1. Then

|j(γ, τ2)|2 = my2y
−1
1 = m

A1

A2
and |α(γ, τ1, τ2)|2 = 4my1y2 =

m|D|
A1A2

.
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Proof. Since γτ2 = τ1, we have in particular ℑ(γτ2) = ℑ(τ1), i.e.,

my2
|cτ2 + d|2

= y1.

The first equality follows since j(γ, τ2) = cτ2 + d. The second equality follows from the first after
noticing that

α(γ, τ1, τ2) = (τ̄1 − γτ2)j(γ, τ2) = −2iy1j(γ, τ2),

since γτ2 = τ1. □

The following result generalizes Theorem 11.1.

Theorem 11.8. Given A1,A2 ∈ ClK , we have

⟨ZA1 , TmZA2⟩v =
|S|(4m|D|)k−t−1

Dt
(
2k−2
k−t−1

) χ(ā1a2)

 ∑
γ∈Rm

N /±1
γτ2 ̸=τ1

g(τ1, γτ2)α(γ, τ1, τ2)
2t

+ lim
w→τ1


 ∑

γ∈Rm
N /±1

γτ2=τ1

α(γ, τ1, τ2)
2t

 g(τ1, w)−

 ∑
γ∈Γ0(N)\Rm

N
γτ2=τ1

α(γ, τ1, τ2)
2t

 log |t0(w)|v


 .

Proof. We set p = k − 1. We compute

⟨ZA1 ,TmZA2⟩v =

〈
clP a1

n
(ZA1),

∑
γ∈Γ0(N)\Rm

N

γ · clP a2
n
(ZA2)

〉Br

=
4p−2t|D|p(

2p
p−t

)
χ(a1)χ(ā2)

〈
w−(P a1

n ),
∑

γ∈Γ0(N)\Rm
N

γ · w−(P a2
n )

〉Br

=
4p−2t|D|p(

2p
p−t

)
χ(a1)χ(ā2)

〈
w−(P a1

n ),
∑

γ∈±Γ0(N)\Rm
N

mp+tj(γ, τ2)
−2tw−(γP a2

n )

〉Br

=
|S|4p−2t|D|p(
2p
p−t

)
χ(a1)χ(ā2)

∑
γ∈Γ0(N)\Rm

N

mp+tj(γ, τ̄2)
−2t
〈
w−(τ1), w

−(γτ2)
〉Br

=
|S|4p−2t|D|p(
2p
p−t

)
χ(a1)χ(ā2)

mp−t

(2iy1y2)2t

∑
γ′∈Γ0(N)/±1

∑
γ∈Γ0(N)\Rm

N
γτ2 ̸=τ1

g(τ1, γ
′γτ2)α(γ

′γ, τ1, τ2)
2t

+
1

χ(a1)χ(ā2)

∑
γ∈Γ0(N)\Rm

N
γτ2=τ1

mp+tj(γ, τ̄2)
−2t ⟨Za1

n , Za1
n ⟩v .
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Using Proposition 11.6, we then obtain

⟨ZA1 ,TmZA2⟩v

=
|S|4p−2t|D|p(
2p
p−t

)
χ(a1)χ(ā2)

 mp−t

(2iy1y2)2t

∑
γ′∈Γ0(N)/±1

∑
γ∈Γ0(N)\Rm

N
γτ2 ̸=τ1

g(τ1, γ
′γτ2)α(γ

′γ, τ1, τ2)
2t

+
∑

γ∈Γ0(N)\Rm
N

γτ2=τ1

mp+tj(γ, τ̄2)
−2t lim

w→τ1

 ∑
γ′∈Γ0(N)/±1

g(τ1, γ
′w)

(
α(γ′, τ1, w)

2iy1ℑ(w)

)2t

− 1

y2t1
log |t0(w)|v

)]
.

Next, we consider the term

(83)
∑

γ∈Γ0(N)\Rm
N

γτ2=τ1

mp+tj(γ, τ̄2)
−2t lim

w→τ1

∑
γ′∈Γ0(N)/±1

g(τ1, γ
′w)

(
α(γ′, τ1, w)

2iy1ℑ(w)

)2t

.

We begin by replacing the limit to τ1 with a limit to τ2 by replacing w by γw, yielding∑
γ∈Γ0(N)\Rm

N
γτ2=τ1

mp+tj(γ, τ̄2)
−2t lim

w→τ2

∑
γ′∈Γ0(N)/±1

g(τ1, γ
′γw)

(
α(γ′, τ1, γw)

2iy1ℑ(γw)

)2t

.

By Lemma 11.7, we see that j(γ, τ̄2)
−1 = j(γ, τ2)m

−1y1y
−1
2 , and we obtain∑

γ∈Γ0(N)\Rm
N

γτ2=τ1

mp−ty2t1
y2t2

j(γ, τ2)
2t lim

w→τ2

∑
γ′∈Γ0(N)/±1

g(τ1, γ
′γw)

(
α(γ′, τ1, γw)

2iy1ℑ(γw)

)2t

.

This is in turn equal to

mp−t

(2iy1y2)2t
lim
w→τ2

∑
γ′∈Γ0(N)/±1

∑
γ∈Γ0(N)\Rm

N
γτ2=τ1

g(τ1, γ
′γw)α(γ′, τ1, γw)

2tj(γ, τ2)
2t.

Next, observe that

lim
w→τ2

α(γ′, τ1, γw)j(γ, τ2) = α(γ′, τ1, γτ2)j(γ, τ2) = (τ̄1 − γ′γτ2)j(γ
′, γτ2)j(γ, τ2)

= (τ̄1 − γ′γτ2)j(γ
′γ, τ2) = α(γ′γ, τ1, τ2).

We deduce that the desired limit (83) is equal to

mp−t

(2iy1y2)2t

 ∑
γ∈Rm

N /±1
γτ2=τ1

α(γ, τ1, τ2)
2t

 lim
w→τ1

g(τ1, w)

+
mp−t

(2iy1y2)2t

∑
γ′∈Γ0(N)/±1

γ′τ1 ̸=τ1

∑
γ∈Γ0(N)\Rm

N
γτ2=τ1

g(τ1, γ
′γτ2)α(γ

′γ, τ1, τ2)
2t.
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It remains to prove the equality

(84) lim
w→τ2

∑
γ∈Γ0(N)\Rm

N
γτ2=τ1

mp+t

(y1j(γ, τ̄2))2t
log |t0(γw)|v

=
mp−t

(2iy1y2)2t

 ∑
γ∈Γ0(N)\Rm

N
γτ2=τ1

α(γ, τ1, τ2)
2t

 lim
w→τ1

log |t(w)|v.

We use the equality

α(γ, τ̄1, τ̄2) = (τ1 − γτ̄2)j(γ, τ̄2) = 2iy1j(γ, τ̄2)

in order to substitute (y1j(γ, τ̄2))
−2t = (2i)2tα(γ, τ̄1, τ̄2)

−2t. Using Lemma 11.7, we make the
substitution

α(γ, τ̄1, τ̄2)
−1 = α(γ, τ1, τ2)|α(γ, τ1, τ2)|−2 =

α(γ, τ1, τ2)

4my1y2
.

We obtain,

(y1j(γ, τ̄2))
−2t =

(2i)2tα(γ, τ1, τ2)
2t

(4my1y2)2t
=

α(γ, τ1, τ2)
2t

(2imy1y2)2t
.

Equation (84) easily follows. □

Theorem 11.9. Given A = [a] ∈ ClK and (m,N) = 1, and letting p = k − 1, we have

⟨Z, TmZA⟩BB
∞ =

|S|(4m|D|)k−t−1

Dt
(
2k−2
k−t−1

) [
−u2

∞∑
n=1

σĀ(n)rA,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)

+uDtrA,χ(m)
∑

A1,A2∈ClK
A−1A2=A

lim
w→τ1

(g(τ1, w)− log |2πiη4(τ1)(w − τ1)|v)

 ,

Proof. We set p = k − 1. We proceed as in the proof of Theorem (11.2): letting β(γ, τ1, τ2) =
α(γ, τ̄1, τ2) = (τ1 − γτ2)j(γ, τ2), we set

n :=
A1A2

N
NK/Q(β(γ, τ1, τ2)),

which is a non-negative integer. We remark that n = 0 if and only if γτ2 = τ1. In particular, when
γτ2 ̸= τ1, we have n > 0 and the exact same proof as for Theorem 11.2 shows that∑

A1,A2∈ClK
A−1

1 A2=A

|S|(4m|D|)p−t

Dt
(
2p
p−t

) χ(ā1a2)
∑

γ∈Rm
N /±1

γτ2 ̸=τ1

g(τ1, γτ2)α(γ, τ1, τ2)
2t

= −|S|(4m|D|)p−t

Dt
(
2p
p−t

) u2
∞∑
n=1

σĀ(n)rA,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)
.

Next, we claim that

χ(ā1a2)
∑

γ∈Rm
N /±1

γτ2=τ1

α(γ, τ1, τ2)
2t = DturA,χ(m).
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Indeed, when γτ2 = τ1 we have the simple expression

α(γ, τ1, τ2) = −2iy1(cτ2 + d) = −
√
D

A1
j(γ, τ2).

Therefore, we have

χ(ā1a2)
∑

γ∈Rm
N /±1

γτ2=τ1

α(γ, τ1, τ2)
2t = Dtχ(ā1a2)

∑
γ∈Rm

N /±1
γτ2=τ1

(A−1
1 j(γ, τ2))

2t.

Let a = ā1a2. We claim that the assignment γ 7→ η(γ) := A−1
1 j(γ, τ2) gives a bijection between

S1 := {γ ∈ Rm
N/± 1 | γτ2 = τ1}

and

S2 := {η ∈ a−1/± 1 | NK/Q(η) = m/N(a)}.

Recall that ai = ⟨Ai, (Bi +
√
D)/2⟩ = Ai⟨1, τ̄i⟩ and a−1

i = ⟨1, τi⟩. Because γτ2 = τ1, we then have

η(γ) = A−1
1 j(γ, τ2) = A−1

1 τ−1
1 (aτ2 + b) ∈ A−1

1 a1a
−1
2 = (A1a

−1
1 a2)

−1 = (ā1a2)
−1 = a−1.

Using Lemma 11.7, we see that

NK/Q(η(γ)) = A−2
1 |j(γ, τ2)|2 = A−2

1 m
A1

A2
=

m

A1A2
=

m

N(a)
.

We conclude that η(γ) ∈ S2 for all γ ∈ S1. Suppose that γ, γ′ ∈ S1 satisfy η(γ) = η(γ′). Then
j(γ, τ2) = j(γ′, τ2). In particular, (c − c′)τ2 = d′ − d, which implies that (c − c′)y2 = 0, hence
c = c′ and thus d = d′. We conclude that the assignment γ 7→ η(γ) is injective. There are urA(m)
elements γ ∈ Rm

N/± 1 satisfying γτ2 = τ1 [22, p. 251]. Since

#S2 =
1

2
#

{
η ∈ a−1 | NK/Q(η) =

m

N(a)

}
=

#O×
K

2
rA(m) = urA(m),

we deduce that S1 and S2 are indeed in bijection.

We deduce that

χ(a)
∑

γ∈Rm
N /±1

γτ2=τ1

α(γ, τ1, τ2)
2t = Dtχ(a)

2

∑
η∈a−1

N(η)=m/N(a)

η2t = DturA,χ(m),

where we used (78).

To finish the proof, we must argue that

χ(a)
∑

γ∈Γ0(N)\Rm
N

γτ2=τ1

α(γ, τ1, τ2)
2t = DtrA,χ(m).

Suppose that γ ∈ Rm
N satisfies γτ2 = τ1 and that there exists γ′ ∈ Γ0(N)/± 1 such that γ′γτ2 = τ1.

Then γ′τ1 = τ1 and

α(γ′γ, τ1, τ2) = −2iy1j(γ
′γ, τ2) = α(γ′γ, τ1, τ2) = −2iy1j(γ, τ2)j(γ

′, τ1) = α(γ, τ1, τ2)j(γ
′, τ1).

We have

DturA,χ(m) = χ(a)
∑

γ∈Rm
N /±1

γτ2=τ1

α(γ, τ1, τ2)
2t = χ(a)

∑
γ∈Γ0(N)\Rm

N
γτ2=τ1

α(γ, τ1, τ2)
2t

∑
γ′∈Γ0(N)/±1

γ′τ1=τ1

j(γ′, τ1)
2t.
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The problem thus reduces to showing that

(85)
∑

γ′∈Γ0(N)/±1
γ′τ1=τ1

j(γ′, τ1)
2t = u.

We have ∑
γ′∈Γ0(N)/±1

γ′τ1=τ1

j(γ′, τ1)
2t =

∑
γ′∈Γ0(N)/±1

γ′τ1=τ1

χ((j(γ′, τ1))).

If u = 1, then only γ′ = 1 appears and j(γ′, τ1) = 1 so that (85) is satisfied trivially. Assume now
that u > 1. The condition γ′τ1 = τ1 implies that NK/Q(j(γ

′, τ1)) = 1. If j(γ′, τ1) ∈ OK , then

j(γ′, τ1) ∈ O×
K so χ((j(γ′, τ1))) = 1 and we are done because the sum has size u. Note that

j(γ′, τ1) = τ−1
1 (aτ1 + b).

We have aτ1+ b ∈ a−1
1 , so if τ−1

1 ∈ a1, then j(γ′, τ1) ∈ OK . Thus, it suffices to check that τ−1
1 ∈ a1.

If u = 2, then K = Q(i) and Γ0(N)τ1 ∈ X0(N) is a lift of SL2(Z)i ∈ X0(1). We may thus assume

that τ1 = i. If u = 3, then K = Q(ρ) where ρ = e2πi/3 and we may assume τ1 = ρ. In either case,
we have |τ1|2 = 1 and A1 = 1, hence τ−1

1 = τ̄1 ∈ a1 = A1⟨1, τ̄1⟩. This concludes the proof.

The logarithmic term is dealt with by using (82). □

We deal with the limit that appears in Theorem 11.9:

Proposition 11.10. We have∑
A1,A2∈ClK
A−1A2=A

lim
w→τ1

(g(τ1, w)− log |2πiη4(τ1)(w − τ1)|v)

= h

(
Γ′

Γ
(k + t) +

Γ′

Γ
(k − t)− 2 log(2π) + 2

L′

L
(1, ϵK) + log(|D|)

)
.

Proof. The proof is the same as the proof of [22, II (5.8)], except that we use Lemma 2.5. □

Combining Proposition 11.10 with Theorem 11.9 completes the proof of Theorem 11.3.

12. Non-archimedean local heights

In this section we compute the non-archimedean contribution to the height pairing of generalized
Heegner cycles. More precisely, we derive a formula for

⟨Z, TmZ̄A⟩BB
fin :=

∑
v∤∞

⟨Z, TmZ̄A⟩vϵv.

The analogous formula for ⟨Z̄, TmZA⟩BB
fin can be deduced by noting, as in [34, bottom p. 75], that

(86) ⟨Z̄, TmZA⟩BB
fin = ⟨Z, TmZ̄Ā⟩BB

fin .
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12.1. The case rA(m) = 0. Let v be a non-archimedean place above a prime q. Let m ≥ 1 and
assume that rA(m) = 0. Let L = Hv denote the completion at v and let Λ be the ring of integers of
the maximal unramified extension Lur of L, with residue field F = F̄q. Let X0(N)−→ Spec(Z) be
the Katz–Mazur integral model [26] and denote by X0(N)Λ−→ Spec(Λ) the pull-back with special
fiber X0(N)F−→ Spec(F) = s and generic fiber X0(N)Lur−→ Spec(Lur) = η. Let ι denote the
inclusion Y0(N)×Q F ur ↪→ X0(N)Λ.

Choose a prime p that splits in K and that is distinct from q. Consider the following smooth
Qp-sheaf on Y (M):

Wp := Sym2k−2(R1πE,∗Qp)(k − 1)⊗ κ2tH
2t(Ā2t,Qp(t)),

where πE : E−→Y (M) is the universal elliptic curve. The cycle ϵY a
Q ∈ CHk+t(XF )0,K is supported

in the fiber of πX : X−→ C̄ = X(M) over Qa ∈ Y (M)(F ), which is identified with (Aa
F )

2k−2×F A2t
F .

Its image under the p-adic cycle class map on π−1
X (Qa) is denoted

b(Y a
Q) ∈ ϵH2k+2t−2

et

(
π−1
X (Qa)F̄ ,Qp(k + t− 1)

)
≃ H0(Qa,Wp),

and in fact lies in H0(Qa,Wp)
GF . This is the Tate vector associated with the cycle ϵY a

Q. Taking the

p-adic cycle class map with respect to π−1
X (Qa) of the cycle ϵ̄Y a

Q yields a Tate vector that we denote

by b̄(Y a
Q). These Tate vectors completely determine the p-adic Abel–Jacobi images of the respective

cycles with respect to the varietyX. Recall the quotient map π = πM,N : Y (M)−→Y0(N) = Y (M)/

S and let W0
p := (π∗Wp)

S , a Qp-sheaf on Y0(N). Then a(Y a) =
∑

Q∈π−1(Pn)
b(Y a

Q) and ā(Y a) =∑
Q∈π−1(Pn)

b̄(Y a
Q) are Tate vectors with respect to the sheaf W0

p defined over H.

Following [35], suppose c and d are Tate vectors with respect to the sheaf W0
p supported at points

yc ̸= yd of Y0(N)(Lur) of good reduction. Let y
c
and y

d
be the Zariski closures of the points yc

and yd in X0(N)Λ, and let c and d be extensions of c and d to H0(y
c
, ι∗W0

p ) and H0(y
d
, ι∗W0

p )

respectively. If y
c
and y

d
have common special fiber z ∈ X0(N)F corresponding to an elliptic curve

E/F, then define

(c, d)v := (y
c
· y

d
)z · (cz, dz),

where (y
c
·y

d
)z is the usual intersection number at z on the arithmetic surface X0(N)Λ and (cz, dz)

is the intersection pairing on the p-adic étale cohomology of E2k−2 ×A2t
F .

The assumption rA(m) = 0 guarantees that the Tate vectors a(Y ) and Tma(Y a) have disjoint
supports. Moreover, we may assume that they are supported at points of good reduction (because
CM elliptic curves have potential good reduction). The number (a(Y ), Tma(Y a))v is thus defined.
The cycle Za

n sits above the Heegner point P a
n = Γ0(N)τa ∈ Y0(N)(H). Letting P a

n denote the
Zariski closure of P a

n in X0(N)Λ, the cycle Za
n admits an extension Za

n sitting in the fiber of P a
n.

The intersection cycle Zn · TmZa
n has a flat presentation over the common support |P n| ∩ |TmP a

n|
by [41, Lem. 3.3.2] and the fact that the cycles have presentations by abelian subvarieties. Thus,
following [41, (3.3.1)], we obtain

Zn · TmZa
n = (−1)k+t(a(Y ), Tmā(Y a))v.

We conclude that

(87) ⟨Zn, TmZ̄a
n⟩vϵv = (a(Y ), Tmā(Y a))v logN(v).

Remark 12.1. Under the assumption rA(m) = 0, the local Brylinski pairing at v of the vectors
a(Y ) and Tmā(Y a) is defined and, according to [10, Appendix], we have

⟨Zn, TmZ̄a
n⟩vϵv = ⟨a(Y ), Tmā(Y a)⟩Br

v ,
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where the local height on the left hand side is the one of Gillet–Soulé. Brylinski moreover gives an
explicit description of his local pairing under the assumption that H2(Y 0(N)F,W0

p (1)) = 0, namely

⟨a(Y ), Tmā(Y a)⟩Br
v = (a(Y ), Tmā(Y a))v logN(v).

The proof that H2(Y 0(N)F,W0
p (1)) = 0 can be found in [35, Proof of Prop. 5.1].

We have seen that the calculation of ⟨Zn, TmZ̄a
n⟩vϵv boils down to calculating (a(Y ), Tmā(Y a))v.

The latter has been calculated already in [35]:

Proposition 12.2. Let m ≥ 1 such that (m,N) = 1 and rA(m) = 0. Then

(a(Y ), Tmā(Y a))v

=
|S|
2
mk−t−1

∑
n≥1

∑
g∈HomΛ/πn (P a

n,P n)m

(
ϵ̄
(
X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

)
, ϵ
(
X⊗k−t−1√

D
⊗X⊗2t

1

))
.

Proof. This is [35, Prop. 5.2], except for the factor of |S| due to our normalizations. For future
use, we summarize the proof. In order to do this, we switch to the notations used in [35] and [31].

We let x = a(Y ) and x̄a = ā(Y a). These Tate vectors sit above the points y = Pn and yσ = P a
n in

X0(N), where σ ∈ Gal(H/K) corresponds to [a] ∈ ClK . We denote by x, xa, y, yσ the extensions
over Λ, and by xs, (x

a)s, ys, (y
σ)s the corresponding special fibers.

Let q be the prime below v and write m = m0q
s with (m0, q) = 1. Following [22, III §5], we have

Tm0y
σ =

∑
g∈HomΛ(yσ ,yσg )m0

yσ
g
,

and

Tqsy
σ
g
=
∑
j

yσ
g
(j).

The latter sum is indexed by certain integers between 0 and s, and the yσ
g
(j) are divisors over Λ

comprised of quasi-canonical liftings of level pj of their reductions (the notations are borrowed from
[22, III (5.2)]).

By definition of the Hecke operators, we have

Tmxa =
∑

g∈HomΛ(yσ ,yσg )m0

∑
j

mk−t−1xag(j),

where xa(j) is a Tate vector sitting above ya(j). In the case where y and yσ
g
(j) intersect, the special

fiber of xa(j) is represented by [35, p. 1150]

(88) (xa(j))s = (y
s
, ϵ̄(X⊗k−t−1

hg
√
Dg−1h−1

⊗X⊗2t
hgϕa

)),

for any h ∈ HomΛ/πn(yσ
g
, y)qs with n ≥ 1. Note that this special fiber does not depend on j.
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We deduce that

|S|−1(x,Tmxa)v =
∑

g∈HomΛ(yσ ,yσg )m0

∑
j

mk−t−1(x, xag(j))

= mk−t−1
∑

g∈HomΛ(yσ ,yσg )m0

∑
j

(y · yσ
g
(j))(ϵ̄(X⊗k−t−1

hg
√
Dg−1h−1

⊗X⊗2t
hgϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 ))

= mk−t−1
∑

g∈HomΛ(yσ ,yσg )m0

(y · Tqsy
σ
g
)(ϵ̄(X⊗k−t−1

hg
√
Dg−1h−1

⊗X⊗2t
hgϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 )).

By [22, III (4.4)], we have

(y · Tqsy
σ
g
) =

1

2

∑
n≥1

∑
h′∈HomΛ/πn (yσ

g
,y)qs

1.

Injecting this into the above expression, we obtain

(x,Tmxa)v

=
|S|mk−t−1

2

∑
g∈HomΛ(yσ ,yσg )m0

∑
n≥1

∑
h∈HomΛ/πn (yσ

g
,y)qs

(ϵ̄(X⊗k−t−1

hg
√
Dg−1h−1

⊗X⊗2t
hgϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 ))

=
|S|mk−t−1

2

∑
n≥1

∑
g∈HomΛ/πn (yσ ,y)m

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 )),

where the first equality holds because (88) is true for any h. □

The right hand side of the formula of Proposition 12.2 is 0 when the prime q splits in K by [22,
III (7.1)] (which shows that the double sum is empty). When q is non-split, EndΛ/π(P n) = R is an
order in the quaternion algebra B ramified at ∞ and q. In this case, the double sum above can be
made more explicit. The reduction of endomorphisms induces an embedding K ↪→ B, which yields
a decomposition

B = B+ ⊕B− = K ⊕Kj,

where j is an element in the non-trivial coset of NB×(K×)/K×. The reduced norm on B is additive
with respect to this decomposition. Every b ∈ B will be written as b = α + b− = α + βj, and we
then have N(b) = N(α) +N(b−) = N(α) +N(βj).

Proposition 12.3. Let m ≥ 1 such that (m,N) = 1 and rA(m) = 0. Then

(a(Y ), Tmā(Y a))v = |S|mk−t−1 (4D)k−t−1(
2k−2
k−t−1

) ∑
b=α+b−∈Ra/±1
N(b)=mN(a)

ᾱ2tU(b−)Pk,t

(
1− 2N(b−)

N(b)

)
,

where

U(b−) =


0 if q splits in K
1
2(1 + ordq(N(b−))) if q is inert in K

ordq(|D|N(b−)) if q is ramified in K,

and Pk,t(x) is the Jacobi polynomial introduced in (11).

Proof. By the previous discussion, we may assume that q is non-split in K. According to [22, III
(7.3)], we then have

EndW/πn(P n) = {b = α+ b− ∈ R : |D|N(b−) ≡ 0 mod q(N(q))n−1},



DERIVATIVES AND HEIGHTS 63

and the association g 7→ gϕa = b = α + b− yields an identification between HomW/πn(P a
n, P n) and

EndW/πn(P n) · a in B such that deg(g) = N(b)/N(a). Under this identification, we have [35, Prop.

5.3]10 (
ϵ̄
(
X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

)
, ϵ
(
X⊗k−t−1√

D
⊗X⊗2t

1

))
=

(4D)k−t−1(
2k−2
k−t−1

) ᾱ2tPk,t

(
1− 2N(b−)

N(b)

)
.

Combining this with Proposition 12.2 yields

(a(Y ), Tmā(Y a))v =
|S|
2
mk−t−1 (4D)k−t−1(

2k−2
k−t−1

) ∑
n≥1

∑
b=α+b−∈Ra
N(b)=mN(a)

|D|N(b−)≡0 mod q(N(q))n−1

ᾱ2tPk,t

(
1− 2N(b−)

N(b)

)
.

The result follows after interchanging the order of summation in the double sum and noting that

#{n ≥ 1: |D|N(b−) ≡ 0 mod q(N(q)n−1)} = U(b−).

□

Let ⟨ , ⟩BB
fin =

∑
v∤∞⟨ , ⟩vϵv be the sum of the local heights on X over all the finite places of H.

Proposition 12.4. Assume that (m,N) = 1 and rA(m) = 0. Then

⟨Z, TmZ̄A⟩BB
fin = −u2

|S|(4|D|m)k−t−1

Dt
(
2k−2
k−t−1

) ∑
0<n<

m|D|
N

σA(n)rA,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

)
.

Proof. The only difference between the formula of Proposition 12.3 and the one of [31, II Prop.
4.15] is the fact that the sum is weighted by ᾱ2t. The factor responsible for the appearance of
rA(m|D| − nN) in [31] is thus replaced by ∑

c⊂OK

[c]=A−1

N(c)=m|D|−nN

ᾱ2t,

where c = (α)da−1 and α ∈ d−1a. But this expression is equal to∑
c⊂OK

[c]=A−1

N(c)=m|D|−nN

χ̄(cad−1) =
χ(ā)

Dt
rĀ,χ̄(m|D| − nN) =

χ(ā)

Dt
rA,χ(m|D| − nN).

□

12.2. The case rA(m) ̸= 0. Given points x1 and x2 of X0(N), reduction of homomorphisms
induces injections

HomΛ/πn+1(x1, x2) ↪→ HomΛ/πn(x1, x2), n ≥ 1

and we have

HomLur(x1, x2) = HomW (x1, x2) =
⋂
n≥1

HomΛ/πn(x1, x2).

We define

Homnew
Λ/πn(x1, x2) := HomΛ/πn(x1, x2) \HomW (x1, x2).

10The function Hk−t−1,t(x) in [35] is equal to the function Pk,t(x) defined in (11).



64 DAVID T.-B. G. LILIENFELDT AND ARI SHNIDMAN

The integer 2urA(m) is the multiplicity with which Pn occurs in TmP a
n , i.e.,

|HomΛ(P
a
n, P n)m| = 2urA(m).

Theorem 12.5. Assume that (m,N) = 1. Then

⟨Z, TmZ̄A⟩BB
fin = −u2

|S|(4|D|m)k−t−1

Dt
(
2k−2
k−t−1

) ∑
0<n<

m|D|
N

σA(n)rA,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

)

+
|S|(4|D|m)k−t−1(

2k−2
k−t−1

) hurA,χ(m) log
N

m
.

Proof. We use the same notations as in the proof of Proposition 12.2. As in the proof of Proposition
12.2, we have
(89)

(x, Tmxa)v = |S|mk−t−1
∑

g∈HomΛ(yσ ,yσg )m0

(y · Tqsy
σ
g
)(ϵ̄(X⊗k−t−1

hg
√
Dg−1h−1

⊗X⊗2t
hgϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 )),

where h is an arbitrary element of HomΛ/πn(yσ
g
, y)qs for some n ≥ 1. Note that this element h can

be the reduction of an element of HomΛ(y
σ
g
, y)qs in the present case since rA(m) ̸= 0.

We begin by assuming that v sits over a prime q that is non-split in K. In particular, q does not
divide N . By [22, III (8.5)], we have

(y · Tqsy
σ
g
) =

1

2

∑
n≥1

∑
h′∈Homnew

Λ/πn (yσg ,y)q
s

1 +
vq
2

∑
h′∈HomΛ(yσg ,y)q

s

1,

with vq = s or s/2 depending on whether q is ramified or inert in K. Injecting this into the above
expression, we obtain

(x, Tmxa)v =
|S|mk−t−1

2

∑
n≥1

∑
g∈Homnew

Λ/πn (yσ ,y)m

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 ))

+ vq
|S|mk−t−1

2

∑
g∈HomΛ(yσ ,y)m

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 )),

where the equality holds because (88) is true for arbitrary h.

The quaternionic expression of Proposition 12.3 continues to hold for the first term if we impose
the additional constraint that b− ̸= 0 (always satisfied when rA(m) = 0):

|S|mk−t−1

2

∑
n≥1

∑
g∈Homnew

Λ/πn (yσ ,y)m

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 ))

= |S|mk−t−1 (4D)k−t−1(
2k−2
k−t−1

) ∑
b=α+b−∈Ra/±1
N(b)=mN(a)

b− ̸=0

ᾱ2tU(b−)Pk,t

(
1− 2N(b−)

N(b)

)
.

It remains to handle the second term above, namely

vq
|S|mk−t−1

2

∑
g∈HomΛ(yσ ,y)m

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 )).
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The result [35, Prop. 5.3] continues to hold in this case with b− = 0 since gϕa = b = α + b− ∈
EndΛ(y) = OK . Hence, we obtain

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 )) =

(4D)k−t−1(
2k−2
k−t−1

) ᾱ2tPk,t(1).

But Pk,t(1) = 1, and we deduce that

vq
|S|mk−t−1

2

∑
g∈HomΛ(yσ ,y)m

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 ))

= vq
|S|(4mD)k−t−1

2
(
2k−2
k−t−1

) ∑
g∈HomΛ(y

σ ,y)m
gϕa=α∈EndΛ(y)

ᾱ2t.

Recall that y = Pn is represented by A = C/OK , yσ = P a
n is represented by Aa = C/a−1, and

with these identifications the isogeny ϕa is the quotient isogeny C/OK−→C/a−1. In particular,
gϕa ∈ End(C/OK) is given by multiplication by some α ∈ OK that must satisfy αa ∈ OK for all
a ∈ a−1. In other words, we must have α ∈ a. The norm of α is deg(g) deg(ϕa) = mN(a). We have
shown that the assignment g 7→ gϕa gives a map

HomΛ(y
σ, y)m−→{α ∈ a : NK/Q(α) = mN(a)}.

This map is injective and HomΛ(y
σ, y)m has size 2urA(m). On the other hand, the integral ideal

αa−1 ∈ A−1 has norm m and thus the right hand set has size |O×
K |rA−1(m) = 2urA(m). We deduce

that the map is a bijection. We thus obtain

vq
|S|mk−t−1

2

∑
g∈HomΛ(yσ ,y)m

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 ))

= vq
|S|(4mD)k−t−1

2
(
2k−2
k−t−1

) ∑
α∈a

NK/Q(α)=mN(a)

ᾱ2t

= vq
|S|(4mD)k−t−1

2
(
2k−2
k−t−1

) ∑
α∈a

NK/Q(α)=mN(a)

χ̄(α)

= vq
|S|(4mD)k−t−1

2
(
2k−2
k−t−1

) χ̄(a−1)−1
∑
α∈a

NK/Q(α)=mN(a)

χ̄(αa−1)

= vq
|S|(4mD)k−t−1(

2k−2
k−t−1

) χ(ā)u
∑

c∈A−1

N(c)=m

χ̄(c)

= vq
|S|(4mD)k−t−1(

2k−2
k−t−1

) χ(ā)urĀ,χ̄(m)

= vq
|S|(4mD)k−t−1(

2k−2
k−t−1

) χ(ā)urA,χ(m).



66 DAVID T.-B. G. LILIENFELDT AND ARI SHNIDMAN

To summarize, when v sits over a non-split prime q, we have established that

(x, Tmxa)v = |S|mk−t−1 (4D)k−t−1(
2k−2
k−t−1

) ∑
b=α+b−∈Ra/±1
N(b)=mN(a)

b− ̸=0

ᾱ2tU(b−)Pk,t

(
1− 2N(b−)

N(b)

)

+ vq
|S|(4mD)k−t−1(

2k−2
k−t−1

) χ(ā)urA,χ(m).

Next, we deal with the case when v sits above a prime q that splits in K, say qOK = qq̄. Our
starting point is (89). In this case, by [22, III (8.5) 3) and III (8.6)], we have

(y · Tqsy
σ
g
) =

vq
2

∑
h′∈HomΛ(yσg ,y)q

s

1,

where

vq =


kq if v ∤ N, where kq ≥ 0 and kq + kq̄ = s

0 if v | n
− ordq(N) if v | n̄.

Injecting this expression into (89) yields

(x, Tmxa)v = vq
|S|mk−t−1

2

∑
g∈HomΛ(yσ ,y)m

(ϵ̄(X⊗k−t−1

g
√
Dg−1

⊗X⊗2t
gϕa

), ϵ(Xk−t−1√
D

⊗X⊗2t
1 ))

= vq
|S|(4mD)k−t−1(

2k−2
k−t−1

) χ(ā)urA,χ(m).

(This exact expression was calculated above.) Putting everything together, we deduce that

⟨Z,TmZ̄A⟩BB
fin

= −u2
|S|(4|D|m)k−t−1

Dt
(
2k−2
k−t−1

) ∑
0<n<

m|D|
N

σA(n)rA,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

)

+ (−1)k+t |S|(4mD)k−t−1(
2k−2
k−t−1

) urA,χ(m)
∑
q

vq
∑
v|q

logN(v)

= −u2
|S|(4|D|m)k−t−1

Dt
(
2k−2
k−t−1

) ∑
0<n<

m|D|
N

σA(n)rA,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

)

+ (−1)k+t |S|(4mD)k−t−1(
2k−2
k−t−1

) urA,χ(m)

∑
q split

h ordq(m/N) log q +
∑

q non-split

h ordq(m) log q


= −u2

|S|(4|D|m)k−t−1

Dt
(
2k−2
k−t−1

) ∑
0<n<

m|D|
N

σA(n)rA,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

)

+
|S|(4m|D|)k−t−1(

2k−2
k−t−1

) hurA,χ(m) log(N/m).

□
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13. Final formula

We recall from (27) and (28) that

ZA = χ(a)−1Za
n and Z̄A = χ̄(a)−1Z̄a

n .

Define

∆ :=
1√

deg(πM,N )
(Z + Z̄).

If A = [a] ∈ ClK , then define

∆A,χ :=
1√

deg(πM,N )
(ZA + Z̄Ā).

Recall from (29) the cycle

∆χ :=
∑

A∈ClK

∆A,χ ∈ CHk+t(X)
0,K(

√
deg(πM,N ))(χ)

.

Recall that gA =
∑

n≥1 am(A)qn ∈ Snew
2k (Γ0(N)) represents the linear functional on Snew

2k (Γ0(N))
given by

f 7−→
(2k − 2)!

√
|D|Dt

24k−1π2k
L′
A(f, χ, k + t).

Theorem 13.1. Assume that 0 < t ≤ k − 1. For all (m,N) = 1, we have

⟨∆χ, Tm∆χ⟩BB = 2hu2
(4|D|)k−t−1

Dt
(
2k−2
k−t−1

) ∑
A

am(A).

Proof. By Theorem 3.6, for any (m,N) = 1, we have

am(A) = afinm (A) + a∞m (A),

where

afinm (A) = mk−t−1

h
u
DtrĀ,χ(m) log

N

m
−

∑
0<n≤m|D|

N

σ′
A(n)rĀ,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

)
(90)

a∞m (A) = mk−t−1

[
h

u
DtrĀ,χ(m)

(
Γ′

Γ
(k + t) +

Γ′

Γ
(k − t) + log

(
|D|
4π2

)
+ 2

L′

L
(1, ϵK)

)(91)

−
∞∑
n=1

σA(n)rĀ,χ(m|D|+ nN)Qk,t

(
1 +

2nN

m|D|

)]
.(92)

(93)

By Theorem 12.5, using also (86), we have

(94) ⟨Z̄, TmZA⟩BB
fin = ⟨Z, TmZ̄Ā⟩BB

fin = u2
|S|(4|D|)k−t−1

Dt
(
2k−2
k−t−1

) afinm (A).

By Theorem 11.3, we have

(95) ⟨Z, TmZA⟩BB
∞ = ⟨Z̄, TmZ̄Ā⟩BB

∞ = u2
|S|(4|D|)k−t−1

Dt
(
2k−2
k−t−1

) a∞m (Ā).
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Recall that |S| = deg(πM,N ). We deduce that, for all (m,N = 1), we have

h−1⟨∆χ, Tm∆χ⟩BB = ⟨∆, Tm

∑
A

∆A,χ⟩BB

= ⟨Z + Z̄, Tm

∑
A

(ZA + Z̄Ā)⟩BB

=
∑
A

(⟨Z, TmZ̄Ā⟩BB
fin + ⟨Z̄, TmZA⟩BB

fin + ⟨Z, TmZA⟩BB
∞ + ⟨Z̄, TmZ̄Ā⟩BB

∞ )

= u2
(4|D|)k−t−1

Dt
(
2k−2
k−t−1

) ∑
A

(2afinm (A) + 2a∞m (Ā))

= 2u2
(4|D|)k−t−1

Dt
(
2k−2
k−t−1

) ∑
A

am(A).

□

Define W to be the subspace of generalized Heegner cycles generated by

{Tm∆χ | (m,N) = 1}.

Let W ′ denote the quotient of W modulo the null space with respect to the Gillet–Soulé height
pairing on W ×W .

Proposition 13.2. The module W ′ is isomorphic as a Hecke module to a subquotient of S2k(Γ0(N)).

Proof. The argument is the same as [41, Prop. 5.1.2], but requires Lemma 13.3, which we prove
below. □

Lemma 13.3. For n and m coprime to N , we have

TnTm∆χ =
∑

d|(n,m)

d2k−1Tnm
d2

∆χ.

Proof. We immediately reduce to the case where m and n are powers of a single prime p. Since
the action of Hecke operators on ∆χ lies over the action of the Hecke operators on the modular

curve, the desired formula follows from the case k = 1 and the formula f∗∆χ = p2k−2∆χ, where
f = [p]×1: W2k−2×A2t → W2k−2×A2t. To verify this, we consider separately, in the definition of the
generalized Heegner cycle (see Section 5.2), the k−t−1 pure Kuga–Sato factors and the 2t “mixed”
factors. Let η be the projection onto H1(Ey)

⊗2, so that, e.g., ηΓ1 = Γ1 −Ey ×{0}− {0}×Ey. On
the pure Kuga–Sato factors, the pullback of ηΓ√

D along [p]× [p] : Ey×Ey → Ey×Ey is p2ηΓ√
D [41,

2.4.2]. On the mixed factors the pullback of ηΓ1 along [p]× [1] : Ey×AF → Ey×AF is ηΓp = pηΓ1.

It follows that f∗ϵY = p2k−2t−2p2tϵY = p2k−2ϵY , and hence f∗∆χ = p2k−2∆χ, as claimed. □

Given an element T ∈ W , denote its image in W ′ by T ′. If f is a normalized newform, we may
consider the f -isotypic component of ∆′

χ, which we denote by ∆′
χ,f .

Theorem 13.4. Assume that 0 < t ≤ k − 1. For any normalized newform f ∈ S2k(Γ0(N)), we
have

L′(f, χ, k + t) =
4k+tπ2k(f, f)

(k − t− 1)!(k + t− 1)!hu2
√
|D||D|k−t−1

⟨∆′
χ,f ,∆

′
χ,f ⟩BB.
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Proof. We have

L′(f, χ, k + t) =
∑
A

L′
A(f, χ, k + t) =

24k−1π2k

(2k − 2)!
√

|D|Dt
(f,
∑
A

gA).

Extend {f} to a basis {f1 = f, f2, . . . , fd} of S2k(Γ0(N)) consisting of the normalized newforms
together with a basis of the space of oldforms. We may then write

∆′
χ =

d∑
i=1

∆′
χ,fi

,

such that Tm∆′
χ,fi

= am(fi)∆
′
χ,fi

for all (m,N) = 1. We then have

⟨∆χ, Tm∆χ⟩BB = ⟨∆′
χ, Tm∆′

χ⟩BB =
∑
i,j

⟨∆′
χ,fi

, Tm∆′
χ,fj

⟩BB =
∑
i,j

am(fj)⟨∆′
χ,fi

,∆′
χ,fj

⟩BB.

Using Theorem 13.1, we deduce that up to oldforms we have∑
A

gA =
Dt
(
2k−2
k−t−1

)
2u2h(4|D|)k−t−1

∑
i,j

⟨∆′
χ,fi

,∆′
χ,fj

⟩BBfj .

The cycles ∆′
χ,fj

have different eigenvalues with respect to the Hecke operators, which are self-dual

with respect to the height pairing. Thus, ⟨∆′
χ,fi

,∆′
χ,fj

⟩BB = 0 if i ̸= j and

L′(f, χ, k + t) =
24k−1π2k

(2k − 2)!
√
|D|Dt

Dt
(
2k−2
k−t−1

)
2u2h(4|D|)k−t−1

⟨∆′
χ,f ,∆

′
χ,f ⟩BB.

The result follows since ⟨ , ⟩BB is Hermitian and in particular, any self-pairing is a real number. □

14. Algebraicity

We prove generalizations of the algebraicity results of Gross–Zagier [22, V (4.3)] and Zhang [41,
Thm. 5.2.2]. Define

(96) Gm
M,N,k,t,χ(z, z

′) :=
|S|(4|D|)k−t−1

Dt
(
2k−2
k−t−1

) [ ∑
γ∈Rm

N /±1
γz′ ̸=z

gk,t(z, γz
′)α(γ, z, z′)2t

+ uDtrA−1
1 A2,χ

(m) lim
w→z

(gk,t(z, w)− log |2πiη4(z)(w − z)|v)
]
,

where we recall that for γ =
(
a b
c d

)
∈ Rm

N , we have α(γ, z, z′) = cz̄z′ + dz̄ − az′ − b, and

gk,t(z, z
′) := −Qk,t

(
1 +

|z − z′|2

2yy′

)
,

with Qk,t the Jacobi function of the second type (17).

Let A ∈ ClK with corresponding Galois element σ ∈ Gal(H/K). Let τ0 = −1+
√
D

2 ∈ H such that
Γ0(N)τ0 = Pn, as in Section 10.2. Define the quantity

γmM,N,k,t,χ(A) :=
∑

ρ∈Gal(H/K)

Gm
M,N,k,t,χ(τ

ρ
0 , τ

ρσ
0 ) =

∑
A1,A2∈ClK
A−1

1 A2=A

Gm
M,N,k,t,χ(τa1 , τa2).
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By Theorem 11.9 and (95), we have

⟨Z, TmZA⟩BB
∞ = mk−t−1γmM,N,k,t,χ(A) = u2

|S|(4|D|)k−t−1

Dt
(
2k−2
k−t−1

) a∞m (Ā),

where a∞m (Ā) is given by (91). We deduce that

(97) am(Ā) =
Dt
(
2k−2
k−t−1

)
u2|S|(4|D|)k−t−1

mk−t−1γmM,N,k,t,χ(A)

+mk−t−1

h
u
DtrA,χ(m) log

N

m
−

∑
0<n≤m|D|

N

σ′
Ā(n)rA,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

) .

Let λ = {λm}≥1 be a relation for S2k(Γ0(N)), in the sense of [22, p. 316], so that:

i) λm ∈ Z, λm = 0 for all but finitely many m;

ii)
∑

m≥1 λmam = 0 for all
∑

m≥1 amqm ∈ S2k(Γ0(N));

iii) λm = 0 for (m,N) ̸= 1.

Define

γM,N,k,t,χ,λ(A) :=
∑
m≥1

mk−t−1λmγmM,N,k,t,χ(A) =
∑

ρ∈Gal(H/K)

GM,N,k,t,χ,λ(τ
ρ
0 , τ

ρσ
0 ).

Then (97) implies the equality:

Theorem 14.1. For all 0 < t ≤ k− 1, λ a relation for S2k(Γ0(N)), and A an ideal class of K, we
have

(98) γM,N,k,t,χ,λ(A) = u2
|S|(4|D|)k−t−1

Dt
(
2k−2
k−t−1

) ∑
m≥1

mk−t−1λm

[
− h

u
DtrA,χ(m) log

N

m

+
∑

0<n≤m|D|
N

σ′
Ā(n)rA,χ(m|D| − nN)Pk,t

(
1− 2nN

m|D|

)]
.

The quantity σ′
Ā(n) appearing in the sum on the right hand side is a non-negative even integral

multiple of the logarithm of a prime (by the remark following [22, IV (4.6)]). Hence, Theorem 14.1
expresses γM,N,k,t,χ,λ(A) as a Q(χ)-rational linear combination of logarithms of primes, generalizing
[22, V (4.3)] to the case t > 0.

We also obtain the following result in support of a generalization of the algebraicity conjecture of
Gross–Zagier [22, V (4.4)]:

Theorem 14.2. Let 0 < t ≤ k − 1, λ be a relation for S2k(Γ0(N)), and σ ∈ Gal(H/K). Assume
that the height pairing on generalized Heegner cycles is non-degenerate. Then there exists a K(χ)-
rational number c and an element δ ∈ H ⊗K(χ) such that

GM,N,k,t,χ,λ(τ
ρ
0 , τ

ρσ
0 ) = c log |δρ|v,

for all ρ ∈ Gal(H/K), where v : H ↪→ C is the embedding fixed in Section 10.2.
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Proof. Let A be the ideal class corresponding to σ. By Theorem 11.8 and (76), we have

GM,N,k,t,χ,λ(τ
ρ
0 , τ

ρσ
0 ) =

∑
m≥1

mk−t−1λmGm
M,N,k,t,χ(τ

ρ
0 , τ

ρσ
0 )

=
∑
m≥1

λm ⟨ZA1 , TmZA2⟩v

=
∑
m≥1

λm ⟨Z, TmZA⟩w

=

〈∑
m≥1

λmTmZ,ZA

〉
w

,

where A1 is the ideal class corresponding to ρ ∈ Gal(H/K), A2 = A1A, and w is the infinite
place corresponding to ρ. Thus, the individual terms GM,N,k,t,χ,λ(τ

ρ
0 , τ

ρσ
0 ) in the definition of

γM,N,k,t,χ,λ(A) are the local height pairings at archimedean places of the cycles
∑

m≥1 λmTmZ
and ZA. Using the non-degeneracy of the height pairing and Proposition 13.2, the fact that λ is
a relation for S2k(Γ0(N)) implies that

∑
m≥1 λmTmZ = 0 ∈ CHk+t(X)0,K(χ). Thus, there exist

subvarieties Wi of X and functions fi in Wi defined over H such that∑
m≥1

λmTmZ = c
∑
i

div(fi|Wi),

for some c ∈ K(χ). It follows that∑
m≥1

λm ⟨Z, TmZA⟩w = c
∑
i

log |fi(ZA ·Wi)|w

= c log

∣∣∣∣∏
i

fi(ZA ·Wi)

∣∣∣∣
w

= c log

∣∣∣∣(∏
i

fi(ZA ·Wi)

)ρ∣∣∣∣
v

.

□

Theorem 14.2 generalizes [41, Thm. 5.2.2] to the case t > 0.

15. Corollary

Proof of Corollary 1.4. Fix a prime ℓ ∤ 2(2k − 1)!Nφ(N) split in K. Let χ′ := χ · Nm−t, a Hecke
character of infinity type (t,−t). Consider the ℓ-adic GalK-representation Vf,χ′,ℓ = Vf,ℓ(k) ⊗ χ′

ℓ =
Vf,ℓ(k)⊗ χℓ(t). The Rankin–Selberg L-function L(f, χ, s) has global root number −1.

Let F/Qℓ be a finite extension containing the Fourier coefficients of F and the values of χ′. Consider
the generalized Kuga–Sato variety X ′ := W2k−2(Γ1(N))×A2k−2, where W2k−2(Γ1(N)) is the Kuga–
Sato (2k−1)-fold over the modular curve X1(N) with Γ1(N)-level structure, and A is a CM elliptic
curve as in [13, §4.1]. It contains the generalized Heegner cycle

Υ := ϵW ⊗ ϵA((Γ
T
id)

2k−2) ∈ CH2k−1(X ′
H)0,

where the projectors ϵW and ϵA are the ones defined in [3, (2.1.2), (1.4.4)]. Define a class zf,χ′ ∈
H1

f (K,Vf,χ′,ℓ) by

zf,χ′ = corH/K(zf,χ′,1),

where zf,χ′,1 ∈ H1(H,Vf,χ′,ℓ) is the χ′
ℓ-component of the image of AJ2k−1

X′ (Υ) in

H1(H,Vf,ℓ(k)⊗ Sym2k−2H1
et(Ā,Qℓ(1))).
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By [13, Thm. B], we have

(99) zf,χ′ ̸= 0 =⇒ H1
f (K,Vf,χ′,ℓ) = F · zf,χ′ .

Since we assume the injectivity of AJk+t
X , to prove Corollary 1.4 it suffices to prove that

ords=1 L(f, χ, s) = 1 =⇒ zf,χ′ ̸= 0.

Let X̃ := W2k−2(Γ1(N))×A2t and define the generalized Heegner cycles

Υt
A = ϵW ⊗ ϵA((Γ√

D)
k−t−1 × (ΓT

ϕa
)2t) ∈ CHk+t(X̃H)0.

Define

ztf,χ′ = corH/K(ztf,χ′,1) ∈ H1(K,Vf,χ′,ℓ),

where ztf,χ′,1 ∈ H1(H,Vf,χ′,ℓ) is the χ′
ℓ-component of the image of of AJk+t

X̃
(Υt

[OK ]) in

H1(H,Vf,ℓ(k)⊗ Sym2tH1
et(Ā,Qℓ(1))).

By [5, Prop. 4.1.1], there exists an algebraic correspondence mapping Υ to an integral multiple of
Υt

[O]K
. Thus, in order to prove that zf,χ′ ̸= 0, it suffices to prove that ztf,χ′ ̸= 0.

Recall the generalized Kuga–Sato variety X = W2k−2 × A2t studied in this paper, along with the
generalized Heegner cycles ZA, Z̄A ∈ CHk+t(XH)0,K(χ). Define z̃tf,χ′ ∈ H1(K,Vf,χ′,ℓ) to be the

χ′-component of

corH/K(AJk+t
X,f (Z)) ∈ H1(K,Vf,ℓ(k)⊗ κ2tH

2t
et (Ā,Qℓ(t))),

where AJk+t
X,f denotes the composition

CHk+t(X)0
AJk+t

X−→ H1(H,H2k−1
et (X̄,Qℓ(k))⊗ κ2tH

2t
et (Ā,Qℓ(t)))

ϵf−→H1(K,Vf,ℓ(k)⊗ κ2tH
2t
et (Ā,Qℓ(t))).

Note that κ2tH
2t(Ā,Qℓ(t)) is a quotient of ϵAH

2t(Ā,Qℓ(t)). In order to prove that ztf,χ′ ̸= 0, it

therefore suffices to prove that z̃tf,χ′ ̸= 0 (the different level structures have no effect since we are
projecting the cohomology classes to the cohomology of the representation Vf,ℓ, which can be cut
out from the cohomology of W2k−2 and/or W2k−2(Γ1(N))).

We have

z̃tf,χ′ =
∑

A∈ClK

AJk+t
X,f (ZA) = AJk+t

X,f

( ∑
A∈ClK

ZA

)
.

Let τ ∈ Gal(H/,Q) be a lift of a generator of Gal(K/Q). Let (−1)kνf be the sign of the functional
equation of L(f, s). By [35, Lem. 4.8], we have

τ(z̃tf,χ′) = (−1)k−t−1νfχ
′(n)AJk+t

X,f

( ∑
A∈ClK

Z̄A

)
.

In view of (29), we thus have

(100) z̃tf,χ′ + (−1)k−t−1νfχ
′(n̄)τ(z̃tf,χ′) =

√
deg(πM,N )AJk+t

X (∆χ,f ).
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Using Theorem 1.1, we see that

ords=k+t L(f, χ, s) = 1
(1.1)
=⇒ ⟨∆χ,f ,∆χ,f ⟩BB ̸= 0

=⇒ ∆χ,f ̸= 0

AJ inj.
=⇒ AJk+t

X (∆χ,f ) ̸= 0

(100)
=⇒ z̃tf,χ′ ̸= 0

=⇒ zf,χ′ ̸= 0

(99)
=⇒ dimF H1

f (K,Vf,χ′,ℓ) = 1

AJ inj.
=⇒ dimK(χ) ϵf,χCH

k+t(X)0 = 1.

□

Appendix: Conventions for Heegner points

Following [20], any Heegner point on X0(N) for K can be described as (A, n) := (C/a−→C/an−1)
for any integral ideal a such that [a] = A. The identification of Y0(N) with Γ0(N)\H is obtained
as follows. Given a point τ ∈ H, assign to it (C/⟨1, τ⟩, 1/N + ⟨1, τ⟩). Conversely, given a cyclic
N -isogeny E−→E′, write E = C/L and E′ = C/L′. Up to homothety, we may assume L ⊂
L′ and C/L−→C/L′ is the identity map on covering spaces. We can then choose an oriented
basis L = ⟨ω2, ω1⟩ such that τ = ω1/ω2 ∈ H and L′ = ⟨ω2/N, ω1⟩. The point (E−→E′) of
Y0(N) then corresponds to Γ0(N)τ . The point corresponding to the Heegner point (A, n) will be
denoted by zA,n ∈ H. Since zA,n ∈ K and NzA,n ∈ K, the point satisfies a quadratic equation
az2A,n + bzA,n + c = 0 with gcd(a, b, c) = 1, D = b2 − 4ac, and N | a. We have z̄A,n = zĀ,n̄. If

σB ∈ Gal(H/K) corresponds to B ∈ ClK under the Artin map, then zσB
A,n = zAB−1,n. Letting p | N ,

pOK = pp̄, n = pkm and n′ = p̄km, we have wp(zA,n) = zA[p̄k],n′ . These are the conventions used in

[31, p. 663].

These conventions differ slightly from the ones in [22]. We begin by recalling that OK = ⟨1, −1+
√
D

2 ⟩.
The ideal n is determined by some β ∈ Z/2NZ such that β2 ≡ D (mod 4N) and n = ⟨N, β+

√
D

2 ⟩.
We have N(n) = N and n−1 = n̄N−1 = ⟨1, −β+

√
D

2N ⟩. Consider a quadratic equation of the form

(101) AX2 +BX + C = 0, A > 0, B2 − 4AC = D, N | A, B ≡ β (mod 2N),

and consider the integral ideal a = ⟨A, B+
√
D

2 ⟩. Observe that N(a) = A, a−1 = āA−1 = ⟨1, −B+
√
D

2A ⟩,
and an−1 = ⟨AN , B+

√
D

2 ⟩. Gross and Zagier define τA,n = (−B +
√
D)/2A ∈ H to be the solution to

(101) that lies in H. Then a−1 = ⟨1, τA,n⟩. Observe moreover that

a−1n̄−1 = a−1nN−1 = (an−1)−1N−1 = an−1NA−1N−1 = an−1A−1 =

〈
1

N
, τA,n

〉
.

We deduce that

Γ0(N)τA,n = Γ0(N)zĀ,n̄ = Γ0(N)z̄A,n.

In particular, we obtain

(102) τσB
A,n = zσB

Ā,n̄
= zĀB−1,n̄ = τAB,n.

This is coherent with the statement [22, p. 235] that “Gal(H/K) ≃ ClK acts by multiplication on
A”. Letting p | N , pOK = pp̄, n = pkm and n′ = p̄km, we have

(103) wp(τA,n) = wp(zĀ,n̄) = zĀ[pk],pkm̄ = τA[p̄k],p̄km = τA[p̄k],n′ .
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Note that the cycles ZA and Z̄A sit above the Heegner point

P a
n = (C/a−1−→C/a−1n−1) = zĀ,n = τA,n̄ = (Aa−→Aa/Aa[n]).

Equation (103) is consistent with the claim [22, p. 243] about Atkin–Lehner, but inconsistent with
the claim in [22, p. 236 i)]. It is moreover claimed in [22, top of p. 243] that τσB

A,n = τAB−1,n. This

contradicts (102) and is the reason that all sums in the archimedean calculation of [22] are over
ideal classes A1 and A2 satisfying A1A−1

2 = A, when the sums should in fact be taken over ideal

classes A1 and A2 satisfying A−1
1 A2 = A. This does not affect the results of [22] because there is

no infinite order Hecke character to deal with, but it does matter in our setting. In the same vein,
it seems that [41, 2nd equality bottom p. 142] should contain A−1 instead of A. Once again, this
does not affect the results of [41], since there is no infinite order Hecke character.
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