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ABSTRACT. Let f be a newform of weight 2k and let x be an unramified imaginary quadratic Hecke
character of infinity type (2t,0), for some integer 0 < ¢t < k—1. We show that the central derivative
of the Rankin—Selberg L-function L(f,x,s) is, up to an explicit positive constant, equal to the
Beilinson—Bloch height of a generalized Heegner cycle. This generalizes the Gross—Zagier formula
(the case k = 1) and Zhang’s higher weight formula (the case t = 0).
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1. INTRODUCTION

1.1. Main result. Let 0 < t < k — 1 be integers, and let K be an imaginary quadratic field of
odd discriminant. We consider the Rankin—Selberg L-function L(f,,s) associated to a newform
f € Sok(To(N)) and an unramified Hecke character x of K of infinity type (2¢,0). This L-series
admits analytic continuation and a functional equation with global root number —ex (N), where
€x is the quadratic Dirichlet character associated to K. We further impose the Heegner hypothesis:

(1) p| N = p splits in K,
so that —ex(N) = —1 and L(f, x, s) vanishes to odd order at its center s = k + t.
Our main result (which is also Theorem 13.4) is the following formula for the central derivative in

terms of the Beilinson—Bloch height of a certain algebraic cycle Alx, £

Theorem 1.1. With the notations and assumptions as above, we have

4k+t7r2k(f7 f)Pet <A/ ’
(k —t — 1)!(k +t — 1)!hu2| D[F=t=1/2 17X ]

where h = #Clg, D = Disc(K), 2u = #0O%, and (f, f)pes is the Petersson inner product.

L'(f,x.k+1t) = )PP

)

The class A/x, s Is constructed from an algebraic cycle A, € CHM (X )c, of middle arithmetic

codimension on the generalized Kuga—Sato variety X = Woy_o x A?" defined over the Hilbert class
field H of K. Here, Wy,_o— X (N) is the Kuga-Sato variety realizing the motive of f [33] and A
is an elliptic curve over H with CM by Og. The cycles A, are weighted sums of the generalized
Heegner cycles defined by Bertolini-Darmon—Prasanna [3], and will be described in more detail
in Section 5.2. Roughly speaking, they are built out of graphs of isogenies living in CM fibers of
X— X (N), isogenies which “mix” the Kuga—Sato components with the constant components of
the fiber. Let CH!(X)o € CHY(X) denote the subgroup of homologically trivial algebraic cycles.
The conjectural Beilinson—Bloch height pairing [1, 7]

(, VBB CHM(X)g x CHFYY(X)g— R

is well-defined on a certain subgroup G ¢ CH***(X)g, and Ay € G®C. Let A} be the image of
Ay in the quotient of Span{T},A,: (m,N) = 1} by the kernel of the height pairing (extended to
a C-valued hermitian pairing). The cycle A} , in Theorem 1.1 is the f-isotypic component of A}
with respect to the Hecke action.

Theorem 1.1 generalizes the formula of Zhang [41] (the case ¢ = 0), which is itself a generalization
of the Gross—Zagier formula in the case k£ = 1 (and hence ¢ = 0) [22]. The second author proved a
p-adic version of Theorem 1.1 in [35], which was subsequently generalized by Disegni in [14].

As in [22] and [41], we deduce the following result about the analytic ranks

Tan(f ® X) = Ords:k+t L(f7 X 8)
of the complex L-functions L(f,x, s).

Corollary 1.2. For o € Galg, we have
Tan(f®@x) =1 <= ran(f7®@x7) = 1.

If the height pairing on generalized Heegner cycles is positive-definite, as is expected, then we also
deduce that L'(f, x,k +t) > 0, as is predicted by the Riemann hypothesis for L(f, x;, s).
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1.2. The Beilinson—Bloch and Bloch—Kato conjectures. Let Y be a smooth and proper
variety over a number field F. Taken together, the Beilinson—Bloch and Bloch—Kato conjectures
[6, 8] predict that for each integer ¢ > 0 and prime ¢, the higher Abel-Jacobi map

(2) AJy: CHY(Y)o ® Q — H(Galp, HY (Y, Qu(4)))

to the Bloch-Kato Selmer group is an isomorphism of Q-vector spaces, and moreover these spaces
have dimension ords—; L(H?*~(Y),s), where L(H?*~'(Y),s) is the L-function attached to the
associated system of /-adic Galp-representations.

In our setting, L(f, x, s) is a factor of L(H?***2~1(X),s), and so Theorem 1.1 yields the following
implication predicted by Beilinson—Bloch—Kato:

Corollary 1.3. With the notations and assumptions as above, we have
ran(f®x) =1 = dimg CH"™(X)y > 1.

The Beilinson—Bloch—Kato conjecture is compatible with algebraic correspondences: if M C h(X)
is a rational Chow submotive of X, determined by an idempotent correspondence ¢, then we expect
that ords—; L(H*~Y(M),s) = dimg CH'(M ) = dimg e CH'(X)o. Combining Theorem 1.1 with
work of Castella—Hsieh [13] and Elias [15] on Euler systems of generalized Heegner cycles, we
obtain the following conditional result for the motive h(f) ® h(x) C h(X):

Corollary 1.4. Suppose the map AJ’;}H (2) is injective. Then
ran(f ®X) =1 = dimg(y) €y, CH(X)o = 1.
Here, €, s is the idempotent defining the rational Chow motive h(f) ® h(x) inside h(X)."

Castella—Hsieh [13] proved an analogous result in analytic rank 0, under some technical hypotheses.
See [11, Rem. 1.2.2] for further applications of our results to the Tamagawa number conjecture.

As the Bloch—Kato Selmer group of a rational Chow motive M depends only on its ¢-adic realizations
My, we also deduce some applications to an a priori larger class of motives which should have useful
applications. Let Vy, , be the 4-dimensional /-adic representations of Galg attached to f ® x.

Corollary 1.5. Let M be a rational Chow motive over Q such that My ~ V. ¢ for all but finitely
many £. Suppose that AJ];H is injective. Then for primes £ 1 2(2k — 1)IN@(N) split in K, we have

ran(f ® x) =1 = dimg, H}(Galg, My(k +1t)) = 1.
The technical hypotheses on ¢ again come from [13].

Remark 1.6. If Y is a rigid Calabi-Yau (2k — 1)-fold and A2’ is a power of a CM elliptic curve,
then h(Y x A?!) contains a motive M such that M, ~ Vy, 4, by [18]. More elementary examples
come from abelian varieties J isogenous to E*~1 x A2 for some CM elliptic curve E. When J is
moreover a Jacobian, there is a canonical Ceresa-type cycle in codimension k+ ¢, which one expects
is typically non-zero in CHk+t(M ) and hence in the Bloch-Kato Selmer group as well. See [28] or
[5] for 3-dimensional examples of this type. Part of our interest in these examples is that they tend
to give extremal behavior: e.g., the Jacobian J of the modular curve X (8), which is the genus 5
curve with largest automorphism group. In these examples, CHkH(M ) is the 0-th graded piece of
the coniveau filtration on the Griffiths group Gr¥**(Z), where Z =Y x A% or Z = J. Note that
the Tate conjecture implies that M ~ h(f) ® h(x), but the Tate conjecture is open in these cases.

1Scholl constructs h(f) C h(Wak—2) in the category of Chow motives modulo homological equivalence [33], but in-
jectivity of (2) implies that h(f) has the desired properties even in the category of motives modulo rational equivalence.
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One can deduce p-adic variants of Corollary 1.5 from [14, 35] or [2] respectively, with hypothesis
that a certain p-adic L-function vanishes to order 1 (resp. 0), and where the conclusion requires
taking £ = p. These p-adic results are unconditional since Nekovai’s p-adic height factors through
the Abel-Jacobi map. Corollary 1.5 is the first complex result for motives of this type, but it seems
difficult to make it unconditional at the moment.

1.3. Strategy of proof. As in [22], the proof of Theorem 1.1 is divided into four steps.

First we compute the Fourier coefficients of a newform g =3, -, ag(m)q™ € Sa(I'o(IV)) satistying

3) ()= VPIDICR 22Uy b v e ssev(To(N)).

94k—1 2k

This step is carried out using Rankin’s method to arrive at an integral representation of L(f, x, s)
as the Petersson product of f with the product of ©, with a non-holomorphic Eisenstein series.
Using holomorphic projection, we compute the desired Fourier coefficients (Theorem 3.6).

The second and third steps are concerned with the calculation of the geometric g-expansion

Z<AX7 TmAX>Bqu'

m

Injectivity of AJ’;{'Hﬁ would imply that this g-expansion is a modular form as well, however this is
not known and is only deduced as a result of our proof.”? This means we must compute Fourier
coefficients even in cases where A, and T}, A, intersect in the generic fiber. For each m, the height
pairing admits a decomposition as a sum of local height pairings indexed by the places of H. The
second and third steps are the calculations of the archimedean and non-archimedean contributions,
respectively. Both steps are carried out using Brylinski’s pairing for local systems on curves [10].
The second step requires us to identify the Green’s kernel attached to the polarized variation of
Hodge structures W}, ; described below. This occupies a large part of the paper (Sections 6 — 8).
The third step can be extracted from local height calculations performed in [35], at least when
there is no intersection in the generic fiber. In both steps, the case of intersection in the generic
fiber uses Zhang’s work [41] on limits of local height pairings. The outcome of the second and third
steps is the equality

(4) <AX?TmAX>BB =k ag(m)a v (m7 N) =1,
where £ is an explicit non-zero constant independent of m (Theorem 13.1).

In the fourth and final step, we derive Theorem 1.1 from (3) and (4) using standard arguments.

1.4. Green’s kernels. Generalized Heegner cycles give rise to elements in fibers of the weight 0
polarized variation of Hodge structures

Wit := (Sym* 72 R\, Z) (k — 1) ® o H* (A% (C), Z) (1),

where 7: £ — Y(N) is the universal elliptic curve and kg, is the projector (26). In Lemma 8.2 we
show that the Green’s kernel associated to Wy, (defined for z = x + iy and 2’ = 2’/ 44y’ distinct in
the upper half-plane) is obtained by averaging the function

/2
AN ’z -z ’
Grt(2,2") = —Qpy <1 + 2yy,) )

Qpo(z) = /OO 22 dw
S —oo (z + V22 — Tcosh(w))k—t(x 4+ 1 4+ Va2 — 1lew)2t

2In the p-adic setting, the injectivity of AJ’;(H is not necessary to deduce modularity of the analogous g-expansion
of p-adic heights, which is one reason why this paper is technically more involved than [35].

where
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is a Jacobi function of the second kind. As a result, the archimedean contribution to the height
(A, TrnA,)BB is a linear combination of sums of the form

1 az’ +b
m AN = = / 2t
gk,t(z7 Z') = B g Gk t (z )(czz +dz —az' —b)*".

’ )
cz'+d
a,b,c,deZ T
ad—bc=m,N|c

Let A = {\p,}>1 be a relation for So(Io(N)), in the sense of [22, p. 316], so that:

i) A € Z, Ay, = 0 for all but finitely many m;
i) > s1 Amam =0 forall 3° <1 ang™ € Sa(To(N));
iii) Ay, = 0if (m, N) # 1 or 74, (m) # 0 for some A € Clg.

As a consequence of our local height and Fourier coefficient calculations, we show that for points z
and 2’ in the upper half-plane with complex multiplication by Ok, the value

Z m" NG (2, 7))

m>1
is an algebraic multiple of the logarithm of an algebraic number, conditional on the non-degeneracy
of the Beilinson—Bloch height pairing. See Theorems 14.1 and 14.2 for the precise statements. This
extends the algebraicity results [22, V (4.3)] and [41, Thm. 5.2.2] of Gross—Zagier and Zhang, which
were recently generalized in a different direction by Bruinier-Ehlen—Yang [9] and Li [27].

1.5. Assumptions. It would be desirable to relax some of the hypotheses in Theorem 1.1, espe-
cially in light of Remark 1.6. Among other things, this would entail re-doing Gross and Zagier’s
deformation theoretic computations on the modular curve Xo(N) in the presence of extra ramifi-
cation. As the computations in the “minimally ramified” case turned out to be quite long on their
own, we decided to focus in this paper on what is really new when x is no longer of finite order.

For the future, it would be worthwhile to prove analogous formulas for odd weight modular forms,
in which case x must be ramified as well, in order for L(f,x,s) to be critical and self-dual in the
sense of [3]. One could also try to allow modular forms f with “deeper” ramification, by combining
the method of [32] with our work. It would also be desirable to relax the Heegner hypothesis
(1), in which case one should work over a compact Shimura curve (corresponding to an indefinite
quaternion algebra) as in [40]. Generalized Heegner cycles over Shimura curves are well-studied
[24, 29], but there are obstacles to overcome in order to compute their Beilinson-Bloch heights (see
[38]). Finally, the case t > k (with global root number still —1) is quite mysterious. The arithmetic
Gan—Gross—Prasad program for SO(3) x SO(2) (and the results of Saito-Tunnel) suggest that one
should work over the Shimura variety corresponding to a definite quaternion algebra. But the
latter is O-dimensional, so this case seems to require a completely different construction of algebraic
cycles. One promising approach would be to relate L(f, x,s) to modified diagonal cycles, as in
[12], by generalizing the triple product formula of Yuan-Zhang-Zhang [39]. However, this type of
Gross—Zagier formula would necessarily involve other auxiliary L-values.

1.6. Notations and conventions. By default, Chow groups are with Q-coefficients. Given a Z-
module M and a group G, we write Gy for G ®7 M. Likewise, if E//F is an extension of fields and
Y is a variety defined over F, then we write Y for the base-change Y Xg,ec(r) Spec(E). We use a
similar notation for base-change of morphisms or algebraic cycles, though we sometimes suppress
the subscript when the meaning is unambiguous. Starting from Section 5, we adopt the following
conventions. In general, we will use the notation z for a point of A, while the notation 7 is reserved
for CM points. Points on X (M) will generally be denoted using the letter @), while points on Xo(V)
will be denoted using the letter P. The letters x and y will generally be used to denote real and
imaginary parts of complex numbers respectively.
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1.7. Outline. Section 2 contains preliminaries on Jacobi functions, which will turn out to compute
the relevant Green’s kernel for the height pairing. In Section 3, we carry out the L-function calcu-
lations. More precisely, we define the Rankin—Selberg convolution L-function, derive its functional
equation, and compute the Fourier coefficients of the cuspform g (Theorem 3.6). Section 4 recalls
generalities about height pairings on algebraic cycles. Section 5 introduces generalized Kuga—Sato
varieties and generalized Heegner cycles. Sections 6 and 7 contain preliminaries on variations of
Hodge structures and calculations of Laplacians, respectively. Section 8 is dedicated to construct-
ing the relevant Green’s kernel needed for the archimedean Brylinski pairing calculations that are
subsequently carried out in Section 9. Section 10 computes the cycle classes of generalized Heegner
cycles, paving the way to the calculation of the archimedean local heights of generalized Heegner
cycles in Section 11. Section 12 is concerned with the non-archimedean local height calculations.
Section 13 puts everything together, giving a proof of Theorem 1.1. Section 14 contains algebraicity
results for special values of Green’s kernels. Section 15 provides a proof of Corollary 1.4.

1.8. Acknowledgements. The authors thank Kartik Prasanna for suggesting this problem many
years ago, and Francesc Castella for helpful comments. Both authors were funded by the European
Research Council (ERC, CurveArithmetic, 101078157) and the Israel Science Foundation (grant
No. 2301/20). Some of the local computations in this paper appear in the last two chapters of
[34], which was written while AS was partially supported by National Science Foundation RTG
grant DMS-0943832. DTBGL was supported by an Emily Erskine Endowment Fund Post-Doctoral
Researcher Fellowship while at the Hebrew University of Jerusalem, and by an Edixhoven Post-
Doctoral Fellowship while at Leiden University.

2. JACOBI FUNCTIONS

We collect some standard results about Jacobi functions using [16, 36] as our main sources. We
then prove an asymptotic formula near 1 for Jacobi functions of the second kind.

2.1. Hypergeometric funtions. Given real numbers a, b, ¢, z with |z| < 1 and ¢ > 0, the associ-
ated hypergeometric function is defined by

(5) F(CL,b,C;.’E) ::Ziia

n=0 ’
with (a)g = 1 and (a), = '(a +n)/T'(a) = a(la+1)...(a +n — 1) being the rising Pochhammer
symbol. These functions satisfy Euler’s transformation law

(6) F(a,b,c;x) = (1 —2)“PF(c —a,c — b, c; x).

2.2. Jacobi polynomials. Let o and 8 be real numbers, and let n > 0 be an integer. The

corresponding Jacobi polynomial PT(LO"B ) is defined by the formula

(a+1),
n!

(7 P a) =

1—
F(—n,n—i—a—i—ﬁ—i—l,a—i—l; 236).

Explicitly, we have

a  Tta+l) K(n\T+a+B+j+1) (z—1)
(8) P! 5)(:B)_n!F(n+a+ﬁ+1)Z<j> Tlatj+1) ( 5 ) .

J=0

The following formula is known as Rodrigues’ formula [16, Vol. 1T 10.8.(10)]:

®) PiP(e) = 2nl(1 —(;Zl +x)f (eis) (3=a™ 0+ 277
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The Jacobi polynomials are solutions of the second order differential equation [16, Vol. II 10.8.(14)]
(10) (1—a2?)f"(x) + [B—a—(a+B+2)a]f'(z) + n(n+ a+ B+ 1)f(z) =0.

For 0 <t <k — 1, define the function

k+t—1
(11) Pk,t(l’) = Qk—t—l(k1+ — 1)' <dci.> [(;UZ — 1)k*t71(x i 1)2t]‘

Proposition 2.1. For 0 <t <k — 1, we have Py (z) = P,ig’?i)l (x).

Proof. Observe, using Rodrigues’s formula (9), that

0.2 _1)kHt-1 1+x 2t d k+t—1 B e 14+2 2t
P]§+t_f)(x) — (2k+1_1(kj_t_ 1))' % [(1 _x>k+t 1(1 —l—.%')k t 1] — ( 22,5) Pk,t(x)-

Thus, using (8) and Euler’s tranformation law (6), we see that

22t
Ppy(z) = 1o

1- 1-
F(—k—t+1,k—t,1;2x> _F<k+t,—k‘+t+1,1;2x> = P, (@),

0

Associated with the polynomials Pﬁf“’ﬁ ) are the Jacobi polynomials of the second kind®

1 p@B) \ _ plesh)
(12) WP () = / B @ =B (w1 4 )
—1

r—Uu

defined for all n € Z>1, all z € C, and «, 8 > —1. The function (12) is the degree n — 1 polynomial
solution of the inhomogeneous linear differential equation

(1 =) (@) + o= B+ o+ 6= 2al7'(w) + (0 + D(n +a+ ) f (@) = 2a+ 4 1) P (@),

2.3. Jacobi functions of the second kind. The Jacobi functions of the second kind are denoted
by Q%a’ﬁ ) and defined, for x in the complex plane cut along the segment [—1, 1], by the formula [36,
(4.61.1))]

(13) Q%Oé,ﬁ) (x) := g—n—1 /_1 (1-— u)n+a(1 + u)nJrﬁ

(x—D>(z+1)8 )4 (x —u)ntl

In the special case @« = § = 0, the function @Q,(z) := leo’o) () is the Legendre function of the
second kind. The function Q%a’ﬁ)(x) can be defined for —1 < z < 1 by the formula [36, (4.62.9)],
but this definition will not be needed here. The function Q%a’ﬂ ) () is a non-polynomial solution

of the differential equation (10), which is linearly independent of PT(La’ﬁ )(l‘) [36, Thm. 4.61.1].
According to [36, Thm. 4.61.2], the following representations hold for z in the complex plane cut
along the segment [—1,1]:

-1 1 (a,8) U
(1) Q@) = | w0

3We depart here from the notations of [16] where these polynomials are denoted qﬁf“ﬁ)(:c) [16, Vol. 1T 10.8.(24)].

Instead, we adopt the notations of [19, (9)], except that the polynomials therein are normalized by a factor of
I'(a+B+2)
20FBHIT (a+1)I(B+1)

which we choose to drop.
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and
(15)
2B (n + a+ 1)(n + B+ 1) 9
(@) F 1, 1,2 2 =
Q) = I2n+a+ B+2)(x —1)vtetl(z +1)8 (n—i— n+a+1,2n+a+ 5+ T

Observe, using (14) and (12), that for z in the complex plane cut along the segment [—1, 1] we have

QA () = (1 —w)*(1 +w)’du

r—Uu

9—1 /1 P,(La’ﬁ)(u) _ Péa’ﬁ)(x) +P7(La’5)($)
CES
_ 2P / (=wl+w?, Wl

T (x—1)(z+1)8 T —u C(z—1)(z+1)8

Using (13), we obtain

271w (x)
(a:—l) (:n+1)5’

(16) QA (z) = Pl (2)Q\™ () — Vo ¢ [-1,1].

Equation (16) is [16, Vol. II 10.8.(25)], given our notations and normalizations.
For all 0 <t < k — 1, we define the function

Queta) = [ 2w
T (z + V22 — 1cosh(w))F—t(z 4+ 1 + Va2 — 1ew)2

where z is in the complex plane cut along the segment [—1,1].

(17)

Proposition 2.2. For 0 <t <k —1, we have

Qi) = 202 ().

Proof. Replacing cosh(w) = (e?* +1)/(2¢%) in (17) and performing the change of variables v =

\/ﬁ e gives the formula

Qr t(l') _ ok+t /OO vty
’ 0 Qav+(z—-1Dv*+az+ 1) z+ 14+ (x—1)v)?

Rewriting 2zv+ (z —1)v?+2+1 = (v+1)(2(v+1)+1—v) and performing the change of variables

v = H‘—“ yields

1 k—t—1(7 _ , \k+t—1
th( ) —k+t+1 /_1 (1+u) (x _(Z)kf;g) du.

By comparing with (13), we observe that

22t+1

Qr,t(r) =

o m Qe @

Using the defining equation (15) leads to

_ ot L(E A DT(K — ) o2
Qr(w) =27 ORI F (k +t, kb, 2k; H) _
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Applying Euler’s transformation law (6) yields

D(k+t)0(k —t) 2 \ % 2
Quele) =2 gt (1= 12g) F(koekonm)

:2<2’C+t—1 Lk + 6L (k —7) ) F<k:—t,l<:—t,2k:; 2 ))

['(2k)(z — 1)k—t(z + 1) 1—z
0,2t)
= 20,77, (2),
where we used (15) in the last equality. O

Corollary 2.3. The function Q. .(z) is a solution of the second order differential equation

(1—a2?)f"(x) + [2t — (2t + 2)z]f'(z) + (k —t — 1)(k + t) f(z) = 0.
Proof. 1t follows from Proposition 2.2 and the fact that Q(a’ﬂ (x) is a solution of (10). O
2.4. Asymptotics for Jacobi functions.

Lemma 2.4. For 0 <t <k —1, we have

Qri(x) = O(x™F1), as T — 400.

Proof. By (15), and using the definition of the hypergeometric function (5), we have

(—1)ntigath-1 (n + j> I'n+a+j+1)I(n+B+1) < 2 >”+j+1
>0

(@8) () —
@n ($)_(x—1)a(x+1)5ji j F2n+a+pB+j+2)

1—=x

Thus, Q(a’ﬁ () = O(x~=*F=1) as # — +oo. In particular, using Proposition 2.2, we see that
Qri(x) = O(x~k=t=142641)) — O(z= (1) as 1 — +o0. O

Lemma 2.5. For 0 <t <k —1, we have

Qri(r) = log<x+1) <F,(k+t)—1;(1)+1;(k—t)—1;(1)>+o(1), asx — 17,

Proof. Let n:= k —t —1 in this proof. Using Proposition 2.2, (16), and (13), for all z € C\ [-1, 1]
we have

P7s072t) 1 1 2t W(%Zt)

T —u (z+1)2 "
By [19, (87)], for all x € C, we have®

—t—2 1(0,—2t) (0,2t)
(19) 2t + 1W(0’2t) (z) = 2t+1)(k+1) ztjz Pj (z )Pk t—9— J(x)
2t+1 "=l 2 = G+DE+ti-1-5)"
Thus,
W(o 2t)( kzt:Q kit - kzt:2< 1 . 1 ) - kzt:l 1 . ket
2 r G+D(k+t—1—7) = j+1 kE+t—-1—3 e e

i=0 1
G('“ ) ?,(1)> . (r'(kH) _ ?(1)) - (1;(2t+ 1) - ?(1)) .

4Beware of our normalizations that differ from the ones in [19].
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We now calculate the elementary integral in (18):

/_11 Lu)%du = (1+)*log (f:i) T jz::l (2;) s (@ +1)*[(z + 1) — (2~ 1)7].

T—u Ji

As z — 17, we thus obtain

Our(z) = log <:1: + i) N i <2]t> (—jl)j
I I I

— <F(l<: —t) — F(1)> <Fl(l~c+t) - 11(1)) + (F(2t+ 1) — F(1)) +o(1).

It is a standard fact about harmonic numbers that the formula

(20) 1; (2t + 1) Z Z <2t>

holds (an easy check using integral representatlons). This last observation concludes the proof. [

Remark 2.6. When t = 0, Lemma 2.5 recovers the asymptotic formula [22, p. 251] for Legendre
functions of the second kind (note that the O(1) should be o(1) therein).

3. L-FUNCTIONS

Let r = 2k > 2 and N > 3 be fixed integers. Let K denote an imaginary quadratic field of odd
discriminant D prime to N. Consider

f=3 apn)g" e S (To(N)),

n>1
and let x: Ax — C* be a Hecke character of K of infinity type (¢£,0), with 0 < £ < r —2. We
assume that the Dirichlet character X|ax " Nm~* is trivial, and hence x"x is an even power of the

norm, where Gal(K/Q) = (7). This forces ¢ to be even, so £ = 2t. We will also assume that x is
unramified. There are then at most # Clg characters y of type (¢,0), all differing by characters
which factor through Clg ~ Gal(H/K), where H is the Hilbert class field.

Associated to x is the theta series [2, Prop. 3.13]
Oy = > x(@)¢" € Sa1(To(ID)), ex)-
aﬁOK

Given an ideal class A € Clg, there are also partial theta series

Oux= > x( = rax(n)q" € Sa11(To(|D]), €x),
a0k n>1
[a]=A
where
rax(n) = x(a)
[a]=
N(a)=n

We have the relation
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3.1. Rankin—Selberg convolution L-functions. Let A4 € Clg be an ideal class, and consider
the Rankin—Selberg convolution L-function of f and the partial theta series © 4, defined by

La(f,x.s) =LM (ex,25 — 2k — 2t +1) Y " ap(n)ra(n)n~*,
n>1

where ex = €p is the quadratic character associated to K. It converges locally uniformly on
the right half-plane R(s) > k + t + 3/2 of the complex plane. The Rankin—Selberg convolution
L-function of f and ©, is then given by

L(fixo8) = > Lalfix:9)-
AeClg

Define the completed L-function

L% (f.x,s) == 2n) °N°D°T'(s)I'(s — 2t) L A(f, x, 5)-

Theorem 3.1. The L-function L*(f,x,s) admits an analytic continuation to the whole complex
plane and satisfies the functional equation

La(fix,s) = —ex (N)Ly(f, x; 2k + 2t — s).

Proof. The key is to use Rankin’s method to prove the equality

N*T(s + 2k — 1)

(21) (47T)S+2k71 L.A(fv X, S+ 2k — 1) = (fa (i)E)FO(N)v

where @, is a non-holomorphic modular form of weight 2k and level To(N) given by the trace of
the product of the theta function © 5, with a non-holomorphic Eisenstein family indexed by s:

(i)s = TT%D(ES) (NZ)QA,X(Z)%

where
1 ek (d) y®
EM(z) =Y .
s 2k—2t—1 25
2 e (cz+d) lcz + d|
Dic

By explicitly working out an expression for the trace, we obtain
b, = D_tgs(NZ)GA,X(ZﬂUWP

where

53(2) _ Z €D, (N)XD1'D2(A) E(Dl)(|D2|Z) _ Zes(n’y)e(nx)’

D1-Ds K(D1)| Dy [sH0=8/277 nez

with e(z) = €2™ (exactly the same Eisenstein series as in [22], except that k is replaced by k — t,
or equivalently 2k is replaced by ¢; = 2k — 2t). Formulas for the coefficients es(n,y) can be found
in [22, IV (3.2)] (after replacing 2k therein by ¢;). In the above formula, k(D) = 1 or i according
as D1 >0or D; <O.

Remark 3.2. The character xp,.p, appearing in the above formula is the genus character associ-
ated with the partition D = D;D5. Its value at a prime ideal p is

oo (p) = 4 L1 R), (N(), D1) =1
1-Da ep,(N(p)), (N(p),Ds) =1.
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If we let
ex(nyy) =7 °|D|I°T'(s + 2k — 2t — 1)es(n, y),

then the functional equation follows from the transformation property

es(n,y) = —ex(N)ez_gp 12 5(n,y)
proved in [22, IV §4]. O

3.2. Central derivative calculations. We assume that K satisfies the Heegner hypothesis (1),
namely that every prime dividing N splits in K. This implies in particular that the sign of the
functional equation of Theorem 3.1 is —1. Moreover, equation (21) implies that there exists a
non-holomorphic modular form ® of weight 2k and level T'g(N) such that the central value of the
derivative is given by

22k+2t+1 k+t+1
(k+t—1) \/]DDt Phro(n):

Ly(fx. k+t) =

In fact, the function is given by

5= VIl k19 s
(22 & = LN (D)oo
Proposition 3.3. The Fourier expansion 0f<i> s given by
o
~ 4rnNy
b= Y |- X e mipl - Ve ()
m=-0o0 0<n§%

+ %Dtrj’x(m) <log(y) + Ig(k —t) +log(N|D|) — log(m) + 25(1, 6K)>

L
4mn Ny _
_ZUA n)r 1, (m|D| +nN)qp—i— 1< D] )] y' g,

where

po—1(z) := ”Zl (y _ 1> (_.x)j and q-1(z) = /100 Me—wd%

|
=\ J!

and where the two first terms are zero whenever m < 0. Moreover,

) = 3 eatm,d)log ()

dn
d>0
and
oa(n) =Y ealn,d),
i
with
(. d) = 0 (d,n/d,D) # 1
AV ey (d)ep, (=Nn/d)xp,.p,(A)  (d,n/d, D) =1,

fO?” (d, D) = |D2’ and D1D2 =D.
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Remark 3.4. The fact that r;LX(O) = 0 is proper to the t > 0 case, as © 4, is a cusp form. This
is not the case when dealing with a class group character as in [22]. This simple observation leads
to several simplifications when applying holomorphic projection in the next section.

Proof. We have D'®,(z) = Es(Nz)© 4,(2)|up and the Fourier expansion of &£(z) is given by
Y nez €s(n,y)e(nz). Hence, the Fourier expansion of £(N2)0 g, (2) is

Es(N2)O 1,(2) = (Z es(n, Ny)e(nN:c)) Z TA’X(m)e_%mye(m:U)

ne”L m>0

= Z Z es (U ]_ijNy> TAX(m)e_Z”my e(vr)

VEZL m>0
v—m=0 (mod N)

=) Auye(va),

VEL

where we made the substitution v = nN 4+ m. Applying the operator U|p|, we deduce that

D'8.(5) = 3 Ay () o)

VEL

v|[Dl—m N _ y
- S (T ) s e
VEZL m>0

v—m=0 (mod N)

= Z e n& T (m)e_%mﬁ e 7HN+mx
"oy " o1 )

nez m>0
nN+m=0 (mod |D|)

where we used the substitution n = (v|D| —m)/N.

We are going to focus on the terms of the Fourier expansion where n = 0 (the cases where n > 0
or n < 0 are similar to what is done in [22]), namely

Ny —2rm L m Ny m
> (o) radme T Fe(Fa) = X e (050 rami®

m>0 m>0
m=0 (mod |D|) m=0 (mod |D|)

Ny ’ /
e (o, m) r i (m' D)™

m’>0
where we used the substitution m’ = m/|D|. We need to calculate

Zﬁe 0@
ds °\ " |D|

m>0

7 15 (m|D[)g™.
s=1—(k—t)
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But this was done already in [22, p. 283] (they work with the same Eisenstein series but with &
instead of k — t):

ﬁ _ 1—k+t E’ _ D%y E
8568 (0,y) e =2L(1,ex)(|D|y) T (k—t)+log p. + 2 7 (Lex) | -
We have
2 @ _ 1—k+t B’ . |D\N3/ E
8868 <O, \D|> e =2L(1,ex)(Ny) T (k—1t)+log - +2 T (1,ex)
F/ L/
= 2001, ex) (V)4 (log(y) + (k= )+ log (NID) ~ log(m) + 27 (1.cx) )

We conclude that the n = 0 term of the Fourier expansion of ®(z) is

Z \/?L(l, ex)r x,,(m| D) <log(y) + lg(k —t) +log (N|D|) — log(m) + le/:(l’ 6K)> YLkt gm,
m>0

The result follows from using the formula —”7‘TD|L(1, €x) = % [22, p. 249] and observing that

" ix(mID]) = Dr g, (m).
Note that
ra(m|D[) = rz(m) = ra(m|D|) = ra(m),
and [22] opted for the simpler expression 7 4(m) in their formula, making it easy to miss the factor
of D' in our formula (the factor of D' is in fact missing in [34, Prop. X.7]). O

3.3. Holomorphic projection. Let g4 = >, - am(A)g™ € S5"(I'o(IV)) represent the linear
functional on S5V (Ig(IN)) given by

(2k — 2)!\/|D| D!
f — 24k_17T2k L:4(faX7k+t)

Then g4 is obtained by applying holomorphic projection lemma [22, IV (5.1)] to the function d
defined by (22). More precisely, g4 is the holomorphic projection of

(2k — 2)!

Ty

Lemma 3.5. Assume that 0 < t < k — 1. The function ®(2) = S0 an(y)q™ satisfies
(®|ora)(2) = O(y~€) as y — oo for some € > 0 and every o € SLo(7Z).

Proof. We have the estimates p,_1(z) = O(z""!), q_1(z) = O(zV e @), Tﬁ,x(n) = O(nf+1/2),
o.4(n) = o(n®) and o’4(n) = O(n?) for all § > 0. Using these estimates, and the formulas for a,(y)
derived in Proposition 3.3, we obtain the following estimates. When ¢ < k — 1, we have

O(m‘5+k+1/2) (m > 0)
am(y) = { O(e~"D1Y) (m = 0)
O(’m|5+k_t—16_4”|m|y) (m < 0)‘
When t = k — 1, we have
O(mF=121og(y))  (m > 0)
am(y) = O(e_M%y) (m=0)
O(|m|e~*Imly)  (m < 0).
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In particular, for 0 < ¢t < k — 1, all terms in the Fourier expansion of ® are exponentially small as
y — 00. Similar estimates hold at the other cusps. O

Theorem 3.6. If0 <t <k — 1, then for all m > 1 such that (m,N) = 1, we have

i 2nN
am(A) — mkt=1 ] _ Z O-,/A(n)rﬂ,x(m|D| — nN)Pk,t (1 - ﬂ"L|D|>
0<n§%
h I’ I N|D| r
+aD T 45 (m) <F(k+t)+r(kt)+log <4W2m +2f(1,eK)

—nzlm(n)u,x(m!l?l +nN)Qpy (1 + %)] :

where Py, and Qg+ are the Jacobi functions defined by the formulas (11) and (17) respectively.

Proof. By Lemma 3.5, we may apply the holomorphic projection lemma [22, IV (5.1)] to get the
result. 0

Remark 3.7. We have Q () = O(z7*7*) as 2 — 400 by Lemma 2.4. In particular, the n'® term
of the infinite sum in Theorem 3.6 is O(ndTtH1/2=k=t) — O(pd=F+1/2) " Since k > 2, we see that
the n'" term is O(n?~3/2) and the sum converges. This is true even in the edge case t = k — 1, in
notable contrast with the situation in [22] where the parameters (k,t) = (1,0) lead to the infinite
sum being divergent.

4. HEIGHTS

Let Y be a smooth projective variety over a number field F' of dimension d = 2n — 1. Assume that
Y admits a regular model Y that is projective and flat over Spec Op. Let Z; and Z» be algebraic
cycles on Y of codimension n. Assume the following conditions:

(a) Zp has an integral model Z; in Y with the property that Z; has zero intersection with any
algebraic cycle of codimension n on Y supported on the special fibers.

(b) Z3 admits an integral model Zy in Y.
(¢) Z is null-homologous, i.e., its class in H**(Y(C),C) is zero.

Condition (¢) implies that there is a Green’s current g; on Y (C) such that ?T? g1 = 0z,, where 0z,
is the current associated to Z; which maps any real valued differential n € A™"(Yg) to |, 710

Under the above assumptions, the height pairing of Z; and Zs is defined as
(21, 22)PP i= (=1)"(Z1,91) - (22, 92),

where g2 is any Green’s current for Z5 ¢. The intersection on the right hand side is the arithmetic
intersection pairing of Gillet—Soulé

CH (Y)r x CH (Y)g— R,

defined for arithmetic cycles T, = (T, ), i = 1,2, that are irreducible and intersect properly, by

Ty Ty log(N(T - T2 O+ [ s [ oy
T2 c(C) Yc(C)
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where 1 = 1, — —al [17, (4.2.2.2)]. Because Y is regular, there is a moving lemma for arithmetic
Chow groups, and the arithmetic intersection pairing is defined for all Ti and T [41, p. 104].

4.1. Local height decomposition. The arithmetic intersection pairing admits a decomposition
into a sum of local intersections for all places v of F":

T -1 = Z(Tl,v - Tay)ew,
v
where €, = log ¢, with ¢, = |Op/p| if v is a non-archimedean place corresponding to a prime ideal
p, and €, = 2 if v is a complex archimedean place. It follows that the height pairing also admits a
decomposition into local components

<Z1, Z2>BB = Z<Zla Z2>v€v
v
These local intersections are only defined when Z; and Zy do not intersect in the generic fiber
Y = Yp, and they depend on the representatives of the cycles Z; and Zs.

4.2. Local heights in cases of improper intersection. For the explicit cycles that we work
with, we do not wish to use a moving lemma and it becomes crucial to define local heights even
when the cycles do intersect in the generic fiber. Below we give such a local decomposition when
Y is a compactification of an abelian scheme f: A — C of relative dimension 2n — 2 over a smooth
curve C, and when the cycles Z; and Zy are supported on sub-abelian varieties in fibers of f.% This
is done by combining a result of Zhang [41] with Brylinski’s formalism for heights on local systems
over curves [10].

Now suppose Z; and Zj are such cycles (of codimension n on A) supported on the fiber of f above
a single point x € C.

4.2.1. Archimedean local height. Let v be an archimedean place of F'. A choice of polarization
on A makes V = R*2f,Z(n — 1) a weight 0 polarized variation of Hodge structures (PVHS) on
C, = C x,C with associated vector bundle V (see Definition 6.3 for the precise definition). Brylinski
[10] attaches to such a PVHS a Green’s kernel and defines a local height pairing on Hodge classes.
Let us write C for the compactification of C. There is a canonical way to extend V to a vector
bundle V on C, due to Deligne (characterized by certain properties) [10, §1 p. 4]. Let us write Vor
for the C* vector bundle of sections of V which are real and of type (0,0). Also write pr; and pry
for the projections C' x C— C.

Proposition 4.1 (Proposition 2.9 [10]). If V' has no non-zero global section, there exists a unique
C*-section G of Hom(prl_1 VoR, p1r2_1 Vo,r) over the complement of the diagonal in C, x C,, such
that

(1) O2G = 0, where Og is the Laplacian associated with V in the second variable;
(2) G(z,y)—log|z(x)—2(y)| is bounded near any point (a,a) € Cyx Cy, if z is a local coordinate

on C, near a.

The C*°-section G, called the Green’s kernel attached to V', can be used to define the Brylinski
pairing. If 2 # y € C,(C) and v} and vg are type (0,0) classes supported in the fibers of V' above
x and y respectively, Brylinski defines [10, Prop. 2.11]

(23) (vpvg) = (G2, y)vg, v)y,

SWe prove this below under an additional technical assumption but we suspect the method works in general.
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where (, ), denotes the Hermitian pairing induced by the polarization on the fiber of V' above y.
This extends by linearity to a pairing on fibral classes supported on disjoints sets of fibers. If v}
and vg are cycle classes of homologically trivial cycles Z and Z’ supported on the fibers above x
and y (distinct points) respectively, then [10, Appendix]

(24) (vz,0y) " = (2, Z").

(See also [30] for various definitions of archimedean local height pairing and comparisons between
them.)

Recall that Z; and Z, are supported on the fiber of f above a single point x € C'. Their images,
denoted v. and v? respectively, under the cycle class map relative to the fiber f~!(x) (after base-
change to C via v) lie in the fiber of V' above z. Let n be a (n — 1,n — 1)-form on Y, (C) such that
for all points y close enough to x, the restriction 7, to the fiber above y satisfies dn, = 0 = 517y,
and moreover the restriction 7, recovers the cycle class of v2, thought of as a differential form. For
y € Cy(C) close to X, let v} € V, correspond to 17,.

Let ¢ be a uniformizer on C,(C) at z. We let

(25) (21, Zo)o = lim ((G(a, Y)(0g,09))y + (=1)"(Z1 - Z2)s log [t(y)]o) |

where (Z1 - Zs), is the usual (geometric) intersection pairing in the fiber f=1(z).

4.2.2. Non-archimedean local height. If v is a non-archimedean place of F', we define
(Z1,Z2)y = (Z1 - Za)y ord, dyt,

where ord, d,t is defined as in [41, p. 106].

4.2.3. Global conjecture.

Conjecture 4.2. Suppose Z1 and Zy are supported on a single common fiber of f. Then
(21, Z2)PP = Z(Zl, Za)u,

v

where the local pairings are defined as above.
For our purposes it will be enough to prove the following special case.

Theorem 4.3. With hypotheses and notation as above, suppose further that there exists a dense
set of points W C U such that the class v of (25) is the class of an algebraic cycle Z, in f~(y)
for ally € W. Then Conjecture 4.2 holds.

Proof. This follows from the results of Zhang and Brylinski mentioned earlier. Zhang’s [41, Con].
1.2.1 & Thm. 1.2.2] says that Conjecture 4.2 is true with archimedean local heights given by

(1" lim ( [ o+ -zt |t<y>|v> ,

where g; is the Green’s current for Z;. In the fiber above some y € W, the integral (—1)" [ 4, 911

is by definition the local Gillet-Soulé height (Z1, Z,),, which is in turn equal to (v}, y)Br by (24).
Applying (23), we obtain

(—1)”/ g1 = (G(z, Y vy, vi)y, Yy EW.

Y
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The left hand side and the right hand side can both be viewed as function on U \ {z}. As such,
they are continuous, and since they agree on a dense set they must be equal. We conclude that
Conjecture 4.2 is true with archimedean local heights given by (25). g

5. GENERALIZED HEEGNER CYCLES

Let K/Q be an imaginary quadratic field, and let H be its Hilbert class field. Let (A,:) be an
elliptic curve A/H with complex multiplication ¢: O < End(A) by Ok-.

5.1. Generalized Kuga—Sato varieties. For any M > 3, let X (M) be the modular curve (over
H) parameterizing pairs (E, (a, 8)), where E is an elliptic curve and («, ) is a basis for E[M].
Note that X (M) is geometrically disconnected since we impose no condition on the Weil pairing
(a, B). For k > 1, let Wop_o be the smooth and projective Kuga—Sato (2k — 1)-fold over X (M),
which is birational to the (2k — 2)-th fiber power £2¥~2) of the universal generalized elliptic curve
over X (M) [41, §2].

For ¢ > 0, we consider the variety

X = Xarpy = Wop—o x A,
which we view as fibered over X (M). It is smooth and projective over H, of dimension 2k + ¢ — 1,
birational to £ZF~2) x ;; AL

5.2. Cycles. Let F be a finite extension of H and @ € X (M)(F') a point corresponding to a full
level M-structure B = (o, 3) of A. Any isogeny ¢: Ap — A’ over F of degree prime to M gives
another point Q, := (A’, p(B)) of X (M)(F). The fiber of €— X (M) above Q,, is isomorphic to
A’. The fiber Xq, of X— X (M) over @, is isomorphic to (A’)%*~2 x A%.

For a homomorphism ¢ € Hom(A1, Az) between elliptic curves, we denote by I', C Ay x Ay its

graph, and by Fg C As x Ay the transpose of I',. We choose a square root VD € O and view
VD as an element of End(A) if no confusion can arise, e.g., in the notation I'yp CAxA

Assume from now on that £ = 2t is even and 0 <t < k — 1. For p: Ap — A’ as above, define

Y, =T 070 x (T)% C (A x AP0 (A x Ap)* > X, C XF.

For each ideal a <4 Ok coprime to M, we have an isogeny ¢4 : A— A/A[a] =: A*. We write
Q% := @y, and Y := Yy . When a = O, we recover the point Q = Q9% = (a,) € X(M)(F).
We write Y = Y{j if we want to emphasize the dependence on the initial choice of point Q.

Let Corr®(X, X)x be the ring of algebraic correspondences modulo rational equivalence on X with
coefficients in K, as in [4, p. 755]. We define the idempotent
€= ey ey € CorrO(X,X)K,

where ey is the Deligne-Scholl [33] projector on Wo_s (i.e., the Chow motive of weight 2k cusp
forms) and, for any m > 1, €, is the idempotent

L <x/f7+ m>®m ) ( 1-[-1] )m € Comd (4™ A

2v/D 2
Define also ©
_ m _— ®@m
Em 1= <\/T)2\/[T;/T)]> o (12[1]) € Corr?(A™, A™) g,
and

(26) K = €m + €m.
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Define

€= ey Qg € CorrO(X7 X))k,

€ = ew QR Kot € COI“I“O(X,X)Q.
For any Weil cohomology theory H*(—), we have [3, Prop. 2.4]

ewH* (Wap—z) = ew H* 1 (Way_s)

KIQtH*(A2t) — IigtHQt(A%),
and so € H*(X) = ¢ H?+2-1(X),
Lemma 5.1. For all B = (o, ) and ¢: Ap — A’ as above, the cycles €Y, and €Y, are null-
homologous. In other words,

€Y, € CH"(Xr)o.x and €Y, € CH"(XF)o x,

where CHY (X p)o i denotes the kernel of the cycle class map CH (X ) — H¥(X)(j) ® K.

Proof. This follows from the fact that € (and hence € and €) annihilates even degree cohomology. [

5.3. Generalized Heegner cycles. Let N be a divisor of M, and let mps n: X(M) — Xo(N) be
the natural morphism of curves over H given by (E,a, 8) — (E, (¥a)).

We assume from now on the Heegner hypothesis (1): every prime dividing N splits in K. This
guarantees that there exists an ideal n < Og such that Ox/n ~ Z/NZ, and hence A[N] ~
Aln] & A[n]. The pair (A, A[n]) corresponds to a Heegner point P, € Xo(N)(H) [20]. Let F/H be
a finite extension splitting the finite H-scheme W]T/[% ~N(Pa). For each a < Ok coprime to M, define

(27) A > VS € CH (X))o
Qe n (Pa)(F)

(28) 7% = > eY§ € CH (X))o
Qem !y (Pa)(F)

which a priori only live in CH*"*(X7) g, but clearly descend to CH*™(X)g k.

Let x be an unramified Hecke character of K of type (2¢,0). For each ideal class A = [a], we choose
a representative a of norm prime to M and define

Za=x(a)'Z% € CHkH(X)o,K(X),

ZA = X(a)_lzg S CHk—i_t(X)O,K(X).
Assuming the conjectural injectivity of Abel-Jacobi maps, the cycles Z4 and Z 4 do not depend on
the choice of representative ideal a € A (see [35, Prop. 4.6]). Finally, we define

(29) A, > (Za+ Zz) € CH (X))o c.

1
o A/ deg(WMJ\z) A

Remark 5.2. The cycle A, depends on the choice of n, but its Beilinson-Bloch height is indepen-
dent of this choice, since the Atkin-Lehner involutions on Xo(V) act transitively on the points P,.
Likewise the height of A, is independent of M due to the square root normalization factor.
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5.4. Integral models. In order to compute heights we must use integral models of generalized
Kuga—Sato variety and generalized Heegner cycles, as discussed in Section 4.

Suppose M is a multiple of N such that M = NjNy with (N1, N2) = 1 and N; > 3. We will
compute heights over a finite extension F'/H which is unramified at M and with the property that
A has everywhere good reduction over F'. These two conditions are compatible: since N is prime to
D = Disc(K), we can always choose A and M so that A has good reduction at all primes dividing
M, and we may then take F' to be the minimal number field over which A attains good reduction.
We may and do moreover assume that all primes dividing M split in K. We write X, X (M), et
cetera, instead of Xp, X(M)p, etc.

Let W — Op be the proper regular model for Wo,_o constructed in [41, §2.2], and let A be the
Néron model for A over Op. Since A/F has everywhere good reduction, A — Op is smooth and
we conclude:

Proposition 5.3. X :=W xqp, At is a proper reqular model for X over Op.

As in [41, 3.1], we may extend the cycles Z¢ and Z¢ to cycles on X so that the height pairing
(Ay, A, )BB is well-defined (i.e., conditions (a)-(c) of Section 4 are satisfied). Just as in [41], we
are implicitly making use of the fact that in characteristic p | M, generalized Heegner cycles live
in fibers above ordinary (and hence smooth!) points of X (M)g,, so that the Zariski closure of the
cycles in the generic fiber automatically satisfy condition (a).

5.5. Hecke operators. The usual Hecke operators on higher weight modular forms come from
Hecke correspondence on Wa_o, and these extend to W as in [41, 2.2]. We define correspondences
T, on X (and similarly X) by pullback from Wag_o (resp. W).

6. VARIATIONS OF HODGE STRUCTURES

In order to use Brylinski’s formalism to compute heights of generalized Heegner cycles, we need to
construct the Green’s kernel of Proposition 4.1 associated to a certain polarized variation of Hodge
structures (PVHS) over X (M). In this section we define the relevant PVHS, and in the next section
we compute the associated Laplacian.

6.1. Polarized variations of Hodge structures. Let T be a subring of R, and let H be a
T-Hodge structure of weight m.

Definition 6.1. A polarization on H is a (—1)™-symmetric pairing (, ): H x H— T, whose base-
change Hc x He— C satisfies (H{?, HZ'? ) = 0 unless (p/,¢') = (¢, p), as well as i*~%(v,v) > 0 for
all 0 # v e HZY.

Remark 6.2. The Hermitian form (v, w) := " %(v,w) on HZ? is positive-definite. Moreover, the
orthogonal complement of Fil”? H¢ with respect to (, ) is Fil™ P+ He.

Let X be a complex manifold and V' a local system of finitely generated T-modules over X. Let
Ve = V ®r C be the local system of finite dimensional complex vector spaces over X, and let
V := Ox ®c V¢ be the corresponding holomorphic vector bundle over X with integrable connection
Vi=0®1.

Definition 6.3. A T-PVHS with underlying local system V of weight m is the data of:%

6T[‘echnically speaking, the PVHS in Definition 6.3 is (V,Fil®* V), but in practice we will simply call V the PVHS,
when no confusion can arise.
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e a finite decreasing filtration by holomorphic subbundles Fil?*1V ¢ Fil? V, each locally a
direct factor in V;

e a flat bilinear pairing (, ): V x V—T(—m);
with the following properties:

(i) For each z € X, the induced filtration Fil? := Fil? V, on the fiber V, is the Hodge filtration
of a pure Hodge structure of weight m;

(ii) V(Fil* V) Cc Q4 ®p, FilP~'V (Griffiths transversality);

(iii) For each x € X, (2m)™(, )4 gives a polarization on V, in the sense of Definition 6.1.

Remark 6.4. Let V> := C§ ® V be the associated C'°°-bundle with integrable connection D :=
d ®id +id®V. The bilinear pairing (, ) of Definition 6.3 (2) induces an Ox ® Ox-linear pairing
(,): VX ®cg V>°— C¥. The flatness in Definition 6.3 (2) means that d(u,v) = (Du, ) + (u, Dv).

6.2. PVHS over modular curves. Let M > 3 be an integer. Let C = X (M)c denote the
compact modular curve of full level M structure, base-changed to C. The open modular curve
Y (M)c will be denoted by C, and we let 1 = 7g: E— C denote the corresponding universal
elliptic curve over C. Recall that C'(C) is the disjoint union of ¢(M) copies of I'(M)\H.

Consider the relative de Rham cohomology sheaf on C'
L :=R'm(0— Og— Q) — 0) = Hig(£/C).
It is a vector bundle of rank 2 over C, whose fibers are given by Lo = H (}R(Ez), where Q =
I'(M)z € C(C)and E, := n~1(2) = C/(1, 2). This vector bundle comes equipped with an integrable
connection
V:L—QteL
called the Gauss—Manin connection, as well as a canonical pairing
(,): LXL—Oc¢,
given on the fiber at Q = T'(M)z € C(C) by

(30) (,)e: Hig(E.) x Hig(E.)—C,  (wi,w2): = / wi A wa.
Remark 6.5. Together with the Hodge filtration given by the line bundle Fil' £ = w := W*Qé JC
the pairing (, )—1: £ X L— O¢(—1) given on the fiber at Q =T'(M)z € C(C) by
1
(31) (:)-10 Hig(E:) x Hig(B:)—C,  (wi,w2)-1 = 57 | wihw
E.

makes £ into a PVHS of weight 1 with underlying local system R'7,Z, in the sense of Definition
6.3.

Remark 6.6. The vector bundle £ admits a canonical extension to a vector bundle £ over C' (see
[3, p. 1043-1044] or [10, p. 4]). The Gauss—Manin connection extends to a connection with log
poles

V:L—Qp(log Z) ® L,
where Z denotes the cuspidal divisor C'\ C. The above pairing also admits an extension. Because
the cycles defined in Section 5 live in non-cuspidal fibers of Kuga—Sato varieties, we will not have
any need for the defining properties of these extensions.
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Given n > 1, we define vector bundles £,, := Sym" £ and write V,,: £,—> Qé@ﬁn for the induced
connections and

(s Jn: Ly X Ln— O,
for the induced pairing given by

1
('1:1 vy Y1 yn)n = m Z (xl)y(f(l)) ce (xn’yo'(n))
O'ESn

Remark 6.7. The normalized pairing
(y )en = 2mi)™"(, Jn: Ln X L— Oc(—n)

makes £, into a PVHS of weight n with underlying local system Sym” R'm,Z, in the sense of
Definition 6.3.

Furthermore, for m > 0, we define vector bundles
Lym =Ly & kmH™(AT),
with k,, defined by (26). We naturally get a connection
Vit Lom— QU @ Lom

and a pairing
( s )n,m: En,m X £n,m—> OCa
using the canonical pairing (30) on Hlg (Ac).

Remark 6.8. The normalized pairing
(Ve = @r0) Yt Lo % Lon—r Oc(=(n +m)
makes L, ., into a PVHS of weight n+m with underlying local system Sym” R'm.Z®&k,,, H (A™, Z).

Consider the local systems
L?:=R'mz, LP:=Sym"L?  LE =LEex,HFA™ Z),
with fibers at Q = I'(M)z € C(C) given respectively by the Betti cohomology groups
LP(Q) = H(E.,Z), LE(Q) := Sym" H(E., Z), LY, (Q) := Sym" H}(E.,Z) © rn H (A™, Z).
The associated complex local systems
L:=C®zL?,  L,=C®zLE, Lym:=CgzLE,

are the sheaves of horizontal sections of (£,V),(L,,Vy), and (Lpm, Vnm) over C(C) (in the
complex topology). In other words, we have

L= OC c ]L, En = OC’ Q¢ ]Lna En,m = OC Xc Ln,m .
Later, we will be interested in the case were n = 2k — 2 and m = 2¢, and we will consider the vector
bundle
(32) W = W]wg = Egk_gygt(k? +t— 1) = ,Cgk_g(k‘ — 1) ® KlthdQ%(A%t)(t).
The pairing
(e = (6 )ar),—ar: WX W— Oc
makes W into a PVHS of weight 0, in the sense of Definition 6.3, with underlying local system
W =W, := (Sym* 2 R\, Z) (k — 1) ® rot HE (A®, Z)(t).
In view of Remark 6.6, the PVHS W admits a canonical extension W to a vector bundle on C
equipped with a connection with log poles.
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6.3. PVHS over the upper-half plane. We use the following conventions (see also Section 1.6):
a point of the upper-half plane ‘H will be denoted by z = x + iy, while the notation 7 € H will be
reserved for imaginary quadratic points. The complex coordinate on the elliptic curve C/(1, z) will
be denoted by w, and the same goes for a CM elliptic curve C/(1,7).

Consider the projection map
pr: | |[H— | |T(M)\H =C(C),

with the disjoint union indexed by the primitive M roots of unity. Using this projection, we pull
all the previously defined structures back to obtain vector bundles and local systems over | | H:

Ly = pr*(ﬁn), Ly = pr*(Ln), etc...

Let W), o := Wap_a x5 C = (£)%72 and X© := X x5 C = ()%*2 x5y A% Denote by & := pr*(€)
the pull-back of the universal elliptic curve with I'(M)-level structure with its structural map
7: & — | |H. This is the universal elliptic curve over | |, or rather the disjoint union of (M)
copies of the universal elliptic curve over 7. The latter can be described as the quotient Z2\(Cx#H),
with (m,n) € Z? acting on (w,z) € C x H via the rule

(m,n) - (w,z) = (w+m+nz,z).
The fiber over z € H is clearly 7~ (z) = C/(1,z). Let ng_g = (£)%2 be the (2k — 2)-fold
fiber product of € over | JH. It can be described as the disjoint union of copies of the quotient
(22)(PE=2)\ (C?*=2 x ). We also define X' = (ng,Z x g A*)(C). We then have W, ,(C) =
F(M)\ng_Q and X°(C) = F(M)\)NCO, where I'(M) acts on &° via

a b ( )= w az+b
c d) ‘T cz+d cz+d)’

Taking n = 2k — 2 and m = 2t, we define the PVHS

(33) W =Wy = Lop—o(k — 1) @ ko HI5 (AZ)(2)
with polarization inducing pairing
(34) (e = )ap—1),—2e: W x W—s Oy

The underlying local system is
~ ~ B
W = LQk‘—Q,Qt(k + t— 1)

6.4. Connection with the formalism of Brylinski. Recall that w := a+1b denotes the complex
coordinate on E,(C) := #~1(z) = C/(1, z). Then w, is generated by dw and £(z) = H} (E.) admits
the (canonical but non-holomorphic) Hodge decomposition

H)x(E,) = Cdw ® Cdw,  H"Y(E,)=Cdw, H"(E,)= Cdw.
Using the Poincaré pairing (30), we see that

(35) (dw, dw), = / dw A dw = —2z‘/ dadb = —(z — 2).

Let p; and p, denote the elements of H;(E,(C),Z) corresponding to a closed path from 0 to 1 and
0 to z in E,(C) respectively. Write 17, and 7, for the elements in H'(E,(C),Q), which when viewed
in H)(E.) satisfy

(w,m)= :/ w, (w,n2)2 :/ w, Vw € Hix(E.),
p1 z
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with respect to the Poincaré pairing (30). Then (dw,n1), = 1, (dw,n,), = z, (dw,m), = 1, and
(dw,n,), = z. It follows from (35) that

(36) dw = zn1 —n, and dw = zn; —n,.
Define the skew-symmetric pairing
1 1
(,)-1: H'(E.(C),R) x H'(E.(C),R)— R(-1), (wi,wo)-1 = s (Wi, w2): = 5— [ wiAws.
27 21 J g,

Then with respect to the basis {11, —n.}, H'(E.(C),R) is a 2-dimensional real vector space with a
skew-symmetric bilinear pairing given by (1, —n,)-1 = —1/2mi.

Following Brylinski [10], we now consider the standard representation V = R? of G := GL2(R)*"
with basis {u1,us}. We denote the representation by p: G—s GL(V). In detail, welet g = (¢ 54) €
G act on v := (A1, A2) = Aug + Aoug € V via

a b\ [ aX1 + bA
g-e= p(g)(e) = <C d> <)\;> = (C/\11—|- d)\i) = (a)\l + b)\2)u1 + (C)‘l + d)\Q)u2'

The group G acts on the upper half-plane via

a b az+b
cz = sz = .
g c d cz+d
Let K C G denote the stabilizer of ¢ € H. Then K consists of matrices (fb 2) such that a®+b2 # 0,

hence is identified with C* by sending such a matrix to a + bi. The upper-half plane H is thus
identified with the quotient G/K. From this perspective, it is clear that

V=G x5V = (G xV)/l(gk,v) ~ (g, p(k)(©))]

is a G-equivariant vector bundle on H. It is trivialized via the (not G-equivariant) holomorphic
identification

P HX V"V, (g ) = [(g,0(9) (0)].
The C*-sections of V are the C*™-functions F': G— V satisfying F(gk) = p(k)"1(F(g)) for all
g € G, k € K. In particular, the functions

wi: G—V, g pl9) H(w), i=12
are global sections of V (note the slight abuse of notation). The holomorphic subbundle Fil' V is

generated by the nowhere vanishing holomorphic section zuj +us. Define a skew-symmetric bilinear
pairing (, ): V x V—R(—1) by (u1,u2) = —1/27mi. Then the map

(37) (Vo ()= (H @ (2),R), (, )-1), g, u} = {m, —n:}

is an isomorphism of real vector spaces endowed with bilinear forms.

The pairing (31) is a polarization in the sense of Definition 6.1. If we define (, ) on V, x V, by
(v,w) := P~ 912mi(v,w) for v € V'Y then we recover Brylinski’s [10] calculation that

(zuq + ug, zu1 + ug), = 2y
<Z’LL1 + ug, Zu1 + UQ>Z =0

<Z’LL1 + ug, Zu1 + UQ>Z = 2y.

We conclude that

1 1
{m(”“ ua) s *“2>}

is an orthonormal C*°-basis of the vector bundle V> = C37 ® V with respect to the Hermitian form
(,)[10, Lem. 3.1].
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Let p > 1 and consider the local system Sym?” (V') together with the pairing
(, )ap: Sym? (V) x Sym?(V)— R(~2p)
given by
1
(38) (V1 ... vp, W1 .. Wop)2p = 2 Z (V1, We (1)) - - - (Vap, Wo(2p))-
’ o€S2p

Together with this pairing, the associated vector bundle Sym?” (V) is a PVHS of weight 2p in the
sense of Definition 6.3. The associated positive-definite Hermitian pairing

(,): Sym™ (V)™ x Sym* (V)" — Oy,
as in Remark 6.2, is given by
<U1 ce e VU2p, WY e w2p>2p = Z'T_S(Qﬂ'i)zp(vl e Vop, WT .. .ﬂ)gp)gp

= W Z (v, U_Ig(l)) .. (vap, u_)a(zp))

O'ESQp

1
B @ Z <’U1,wo-(1)> ce <ng’ wo‘(?p))-

O'ES2p

We now consider the PVHS V, = Sym?(V)(p) of weight 0 with polarization inducing pairing
(s )gp: Vp x Vp— Oy defined by (38). Explicitly, we have
. | ) _ (2n)
((2mi)Pvr .. vap, (2m0)P w1 .. wap)g, = o)

Note that the twists make sense (the pairing (38) takes values in R(—2p)). The associated Hermitian
form (, >8p: Vp'~® x Vp' " ®— Oy of Definition 6.1 is

Z (V1, We(1)) - - - (V2p, We(2p))-

O'ESQp

((2mi)Por ... vgp, (273)Pwy .. .w2p>8p = (i) ((2mi)Pvy . . . vap, (20 Py . . . wzp)gp

o (2 2p _ _
=(-1) ((21?))! > (01, W) - - (V2ps Wo(2)
0'6521;

1
= @)l > (01, Wa1)) - - (V2 Woap))-

O’GSQ})

We then calculate

<(2m')P <\/127y(zu1 + uQ))n <\/127y(2u1 + uz))QH,

(gt (o)), ()"

It follows that the global sections
/2,4 .
(2;’) (2mi)P
(2y)P

for 0 < n < 2p, form an orthonormal C*°-basis of V;° := €3 ® V}, with respect to the positive-
definite Hermitian form (, ),, and each v, is pure of type (n — p,p — n).

Uy = (zuq 4 u2)" (Zuy + u2)2p_”,
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Let 79 := xg + tyo € H represent the fixed CM elliptic curve A. Observe that
K2tH§§{(A(%t) — H2t,0(A2t) e HO’Qt(AZt).
We realize the constant VHS ko H? (A%, Q)(t) of weight 0 as arising from the trivial representation

R? of G with basis {e1, e2}. Mimicking what was done above, an orthonormal basis of C*-sections
is suggestively written as

27i)t

Mo = EQyoit (?061 + 62)2t
2mi)t

Wt 1= EQyoit (7'061 + 62)2t.

These sections are of type (—t,t) and (¢, —t) respectively. For future use, we let ¢ := (27i)!/(2y0)*.

From now on we take p = k — 1. Then W = Wk,t = V;_1 ® R? is the PVHS defined in (33). The
(C"*°-sections

Wpj = Vp @ fbj, 0<n<2k—2, 7 =0,2t,
form an orthonormal basis of W™ := Cy ® W with respect to the Hermitian form associated to
the polarization. Each wy, ; is of pure type (n —k+1+j —t,k—1—n+t—j). In particular, the
(C*°-subbundle Wgo of sections of pure type (0,0) has rank 2 with orthonormal basis given by

{wk+t71,0, wkftfl,Qt}-

We have
2%—2\1/2 5 N\ kti-1
) (2m) 1, el o e
Wg4t-1,0 = (kH(Qly))kl(QyO)t (zu1 + U2)k+t Y(zug + Uz)k 1@ (Toer + e2)*
and
2k—2\1/2 N k+t—1
_ (oo 1) (2m) k—t—1/= ktt—1 2t
Wh—t—1,2t = 2y)F 1 (2y0)! (zu1 + ug) (Zu1 + u2) ® (Toe1 + e2)™".

Observe in particular that Wi —10 = wr—1—1,2¢-

Remark 6.9. The C*®-subbundle Wy of real (0,0)-vectors (considered in Proposition 4.1) has
rank 2 with basis given by w(+) := wpy,0 + wp—t,2¢ and w(—) := i(Wpy,0 — Wp—t,2¢). We prefer to
work in the C-vector space Wy r @ K, which has basis

(39) w+(z) = ytwk+t—1,0(2) and w™(z) = y_twk—t—l,zt(z),

for z = x + iy € H. In this basis, the Laplacian is represented by a diagonal matrix.

7. LAPLACIANS

We compute the Laplacian associated to the PVHS W defined in (33) on sections of type (0,0).
This will be used to identify the Green’s kernel associated to W in the next section.

7.1. Hodge star operators. For general background on Hodge operators, see [37, Ch. 5]. Let Cg°
denote the sheaf of real-valued smooth functions on H and let Oy denote the sheaf of holomorphic
functions on H. Let Tk denote the real tangent bundle of H and let Aj denote the sheaf of real-
valued differential 1-forms on #H. If z € H then by definition the dual vector space (T .)* is equal
to the fiber .Aﬂ&z of AL at z. Consider the Poincaré metric given for 2 = z + 14y € H on the tangent

space TRk . by
_(Yy o
9z = ( 0 1/y2) '
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This defines a Riemannian metric on the upper half-plane H. The linear map r : Tr , — .A%&z

defined by Y, + g.(-,Y;) is an isomorphism. If a, € AL _, then let off = r~1(a). We define an

inner product on .A]ﬁ’ . by
(az, B2)z = gz(afaﬁf)'
One checks that dz# = yQB% and dy? = y28% so that the inner product is given by the matrix

(%2 y02 ) Finally, we endow \? A]%& . with the inner product

(dx N dy,dz A dy), = det <y02 ;2) =yt

It follows that the volume form on H associated to the Poincaré metric is given by Vol, = %.

Suppose that a complex (C*°-bundle) B over H is endowed with a positive-definite Hermitian
form (, ). Let AP denote the sheaf of complex valued differential forms on H of type (p,q). It
is equipped with the Hermitian product induced by the Poincaré metric. The sheaf of B-valued
differential forms AP(B) := APY Q¢ B of type (p,q) is thus equipped with a positive-definite
Hermitian product. The Hodge star operator for B is an anti-linear isomorphism of sheaves

fp 1 APY(B)— AlPI=4(p7)

characterised by the following property: if S ®@n € AP4(B)(H), then for all z € H and all o, @ w €
AP4(B), we have

a, @wA Gw(Ben). = (a: ®w,B. @n), Vol .
From this, we deduce that
(40) sp(Ben) =B,
where n* € W* is the form n* = (—,n) and
(41) w1 AR AZTR k=0,1,2,

is the Hodge star operator on H with respect to the Poincaré metric. The latter is a linear bundle
isomorphism satisfying

(42) x1 = 7‘“”;2‘19 xdx A dy = y°.

One checks that [25, bottom of p. 168§]
(43) ;B* (o) iB = (—1)p+q
on AP4(B).

We apply this theory to the complex vector bundle W (33) endowed with the Hermitian pairing
given on fibers over z € H by

((271)Pvy . .. v2p @ (271) wr, (270)Pwy - . . wap ® (23) wa),
= ((2mi)Pv1 . . . vap, (28)Pwy . . . wap)9, . ((2mi) wr, (278) wa)y -

The associated Hodge star operator will be denoted by *)y := %,3,.. The one for the dual bundle
will similarly be denoted by .
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7.2. Gauss—Manin connections. The holomorphic complex vector bundle W = Oy @¢ We (33)
comes equipped with the Gauss—Manin connection
Vi=0®1: W—Q}, @0, W
satisfying Griffiths transversality
V(Fil?) ¢ 3, @ FilP~!.
Notation 7.1. In order to make the notation less cumbersome, we drop the tilde in the notations

for the bundles and connections in this subsection and the next, and remember that we are working
over | | H.

We consider the complex C*°-bundle W™ := CP ®c W and extend the Gauss-Manin connection
toD:=d®1: W*— Atlc ®cge W, With the description W™ = CP ®0,, W, we have

D=0®1+19V=0y+1®V.

(While the operator d ® 1 is not defined on the holomorphic vector bundle W, the operator Oy =
0 ® 1 is on the other hand well-defined.) The pairing (, ) = (, )g’t (34) inducing the structure of
PVHS is flat, or horizontal, in the sense of Remark 6.4:

(44) d(v,w) = (D(v),w) + (v, D(w)).

In other words, D is a Hermitian connection in the sense of [25, Def. 4.2.9]. It is important to note
here that if a ® s € AL(W™) and s’ € W™, then (a ® s,5") = a(s, s'). In Zucker’s notations [42,
p. 423], define the pairing ((v,w)) = (v,w). Then (44) becomes

(45) d((v,w)) = ((D(v),w)) + ((v, D(w))).
Let Cyy denote the Weil operator of W given by the direct sum of the scalar operators i?~¢ on
WP4. Then the associated Hermitian pairing can be expressed as

(v,0) = (Cwo,w)) = ((v, Cyw)).

On W™ = C3f @c Wc, we have D =0 ® 1 + 0 ® 1, and we observe by Griffiths transversality that
D(A™(FilP)) ¢ ATH5(FilP—1) & AW (FilP).
The complex C*-bundle A{. decomposes as A0 & A%, Similarly, the PVHS W> of weight 0
admits a Hodge decomposition W™ = @, W¥*~F_ Following [42, (1.8)], we have
DA™ (WERY) @ AT+HLs (Whk) @ Ar+Ls (h—Lmktl)y @ grstlphok) g grstlphtl—k-1)
and the Gauss—Manin connection D splits into 4 components:
By : AT (W) s AT+Ls (k)
5{/\}: Ar,s(Wk,—k)_>Ar,s—i—l(wk,—k)
Vi AT (WER) y AT+l (pph—L—h+1)
?{/V: Ar,s(Wk,fk)_>Ar,s+l (Wk+l,7k71).

Lemma 7.1. If a € A™ and s € WE=F then

Op(a®s) =0(a)®s+ (1) 5a A djy(s)
Iy(a®s)=0(a)@s+ (—1)"a A dy(s)

Vipla®s) = (=1)"a A Vi(s)

Vipla®s) = (=1)"a A Vi(s)



DERIVATIVES AND HEIGHTS 29

Proof. This follows from the fact that the connection is extended to D: A*(W)— A"TL(W) via
the Leibniz rule D(B® s) = dB ® s+ (—1)"B A D(s). O
The Hermitian metric on W induces an anti-linear isomorphism

(46) () : W= W, w—rw* = (—,w).

Since the basis {wy, ;, 0 <n < 2p, j = 0,2t} is orthonormal with respect to the Hermitian pairing,
the dual basis {w,, ;, 0 <n < 2p, j = 0,2t} satisfies w, ; = (—, wy,;) = w;; ;. We extend (46) to an

n?j’
anti-linear isomorphism

(47) () APIOW)—= ATP(W¥)
by declaring that if o € AP and s € A°(W), then
(a®s)" :=a®s".

The complex dual C*°-bundle C37 ®o,, W* has an integral connection Dy« defined by

Dw=(f)(s) = d(f(s)) — f(D(s)).
If D(s) = a®t e AH(W) with a € AL and t € A°(W), then f(D(s)) := af(t). As above, this
connection splits into four components 9., Ay, Viy, and Vi,,... We extend the connection to
Dy : AM(W*)— A"FL(W*) via the usual Leibniz rule Dy« (8 ®t) = dB @t + (—1)"3 A Dy« (t).

Lemma 7.2. For all A € AP (W) and B € A1(W*), the following Leibniz rule holds:
d(AN B) = Dw(A) A B+ (—1)? A A Dy+(B).

Proof. Writing A = a®s € AP(W) and B = f®t € A1(W*), we must prove the following equality:
(48) d((a®@s) AN (B@t) =Dwla®s)A(Bt)+ (-1)P(a®s) ADy-(B®t).
By definition, we have

Dy(a®s) =da® s+ (—=1)Pa A Dyw(s)
and

Dy« (B®@t) =dB @t + (—1)18 A Dy (t).
The proof then follows from an easy calculation using the Leibniz rule for the exterior derivative
and the definition of the connection Dyy«. O

Lemma 7.3. For all w € W, we have
Dy (w*) = (Cyy) Dy (Cryw))*.

Proof. For all w' € W, we have
Dy« (w*)(w') = d(w*(w')) — w*(Dw(w")) = d{w',w) — (Dw(w'), w)
= d((w', Oww)) = (Dw(w'), Cyw)) = ((w', Dw(Cww)))
= (W', CwCyy) Dw(Cww))) = (W', Cry} Dw(Cyw)) = (Cyy Dy (Cyw))* (w'),
where we used (45) in the fourth equality. O

Lemma 7.4. For all w € W, we have
O (W) = (C’;\}é{/\,(CWw))* and 5{4}* (w*) = (C;vla{/v((}’ww))*,
Vi (w*) = (C;VI?Q/V(CWw))* and Vi (w*) = (C’;VIVQ/V(CWw))*.

Proof. Immediate consequence of Lemma 7.3 after identifying the four components. O
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Let p = k — 1 and recall the sections
(49) w™(2) =y wpr2u(2)  and  w'(2) = yrwprio(2)

(with z =  + iy € H) introduced in Remark 6.9. For each 0 < n < 2p, define
-1
e ((? 2 2y
n — n 2p )

Eprrwt =y P (zun + u2)P (Zur 4+ u2)? Tt @ po

so that

and
£p,tw_ = y_p_t(zul + ug)p_t(Zul + U2)p+t X Hot.

In what follows, the calculations will mostly be carried out for w™. The ones for w™ can be verified
similarly. (We also implicitly work in the complex vector space Wy r ® K, as in Remark 6.9.)

Lemma 7.5. Given F € A"°(H), we have

Oy (Fw™) = <881; — 2tF_> dz@w™

Z—Z

= F
Oy (Fw™) = g—zdé QW™

_ p—t _ _ _
VW(FW ) = T, EFZ/ tfp—t—lﬁp_ltdz & Wp—t—1,2¢
= _ +t 1
VQ/V(FU) ) = 5_ ZFy tfp_t+1fp,1td2 & Wp—t+1,2t-

Proof. We will often use the identity 2ty = z — 2z, from which it follows that
oy 1 oy 1
9z 2 % 9r T o
Using D=d®1=0®14+0®1 on W>® = C3y ®c W, we begin by computing

oF
(0®1)(&p—tFw™) = gy_p_t(wl + ug)P ! (Zuy + u2)P 'z @ poy

t
- %Fyfpftfl(zul + u2)PH(Fuy 4 u2)P T dz @ puog

+ (p— O Fy P (zur 4+ u2)? 7 (Zug + up)P 2 ® puoy.
From (z — 2)u; = (zu1 + ua) — (Zu1 + u2), we obtain

oF  2tF

0z z—2

(0@ 1)(§—tFw™) = < > y*p*t(zul + uQ)p’t(im + ug)”tdz ® pot

—1
- (f = Fl/_p_t(zul + UQ)p_t_l(Zlu + uz)p+t+1dz ® lat-
Hence,
_ OF  2tF _ —t -
e hife) = <8z = 2) dzew = %Fy "p—t1&5 0z @ wp—i-1 21,

and we conclude by separating terms in A (W%9) and A0 (W1,
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On the other hand, we compute

_ oF
(0@ 1)(§p—tFw™) = gy_p_t(zm + ug)P ! (Zuy + up)P T dZ ® poy

bt e _
+pTFy P g 4 ug)P T (Zuy 4 ug)P T dE @ poy

+ (p+ )ur Fy P~ (zuq + u2)P " (Zur + )Pz @ oy
Using the fact that (z — 2)u; = (2u1 + u2) — (Zu1 + uz2), we obtain
OF

0@ 1)(§p-tFw™) = gy_p_t(wl + ug)P " (Zur + ug)P T dZ ® pige
+t ., _ _
+ f_ ng p t(zul + ug)? t“(iul + UQ)ert ldz @ Hat.
Hence,
_ _ oF _ +t . _ 1 -
(O 1)(Fw™) = Edz ®w + %Fy "p—t1165 4442 @ wp—pi1,01,
and we conclude by separating terms in A% (W%9) and A%L (WL 1), O

7.3. Computing Laplacians.

Definition 7.6. The Laplacian associated to the complex C*°-bundle W with connection D is
Op := DD* + D*D,

where
D* = —iw* (@] DW* o iW

denotes the formal adjoint operator with respect to the scalar product on A2 (W)

(0, B) 10 = /H o A B = /H {a, 8) Vol.

Remark 7.7. For the claim that D* is indeed the formal adjoint of D, see [25, Lem. 4.1.12].

Observe that on A%°(W) we have
Op = D*D,
simply because the adjoint operator on A%?(W) is trivial (as there are no forms of negative type).

Remark 7.8. Define D' := 9}, + V},, and D" := 0}, + V},,. Letting

(D/)* = —¥W* (@] D{/\}* o ;W and (D//)* = _¥W* o) D{;\}* o ;W

denote the formal adjoints of D’ and D" and defining Laplacians (s and Opr as in Definition 7.6,
we have [42, Thm. 2.7]

(50) Op = 200p = 20pn.

In practice, we will compute Op: = (D')*D’ on A®O(W).

Proposition 7.9. Let w" and w™ be the sections defined by (49). Given F € A%°(H), we have

0? 0
. ) = — 2 — ) R — 1t — . -
Op(F-w™) < 4y 5265 4zty82 +(k—t 1)(k+t)) F-w

and

0? 0
oY — [ 40,2 g _ _ ot
DD(F w )— < 4y . 2+4Zty 2+(l€+t 1)(k t)>F w'.
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Proof. During the course of this proof, we set p = k — 1. We begin by computing the (0,0)-
component of (D')*d;,,(Fw™), using Lemma 7.5:

o (32 )

F 2tF
:_*W*OD{/V*O*W<<862 Z_Z>dz®w >

8F 2tF

_ oOF  2tF
:—*W*O(G{/v*+vl*)<i((%+ )dz®< )

22—z

oF  2tF
:—*W*OOW*< <8‘ —I—Z_z>dz®( )>

Using Lemma 7.1 followed by Lemma 7.4, we have

Oy~ ( (gf + ft_Fz) dz @ (w™)* )
o(i(G+ 2 ) as) oy - (G + 25 ) d ncRlacwar)y

Zz—Z
[ O*F 2t OF 2F
<8zaz+z—zaz_(z—z)>d2:/\dz®( R

where in the last equality we used the equality 5{/\/(“’ ) = 0 which follows from Lemma 7.5.

We deduce that

0’F 2t OF 2tF
¥ of -\ _ . ey vves
(DY O(Fw™) = —%p o<(6282+2—282 (Z—Z))dZ/\dZ®( ))

— — | — ﬁ_i@_i 2'2 —
N "Noz02  2—z02 (z—22)""

_ L (OF 2t OF  2AF i
“"\0z 2-z0z (z-22) Y

2
<2 an + 2ity gFHF>
ya

Next, we compute the (0, 0)-component of (D')*V},(Fw™), using Lemma 7.5:

+t
(D) <§ Fy tfp t+1€p tdz@wp t+1 Zt)

p+t

_ / — —t
= —Xppx O DW* O *)p) (Z gp t+1€p tdZ ®wp t+1 2t)

t -
:_*W* ODW* ( p+
z —

e, t+18— Ldz ® (wp—111.90)" )

_ = p+
= —*W* [¢] (a{/\}* + Vg/v*) <Z]ZQ_

ZFy_tﬁprlf;_ltdZ ® (wpt+1,2t)*>

:—*W*Ov/ * < p+
Z —

Py~ 1€ Ldz ® (Wp—t41,2¢)" ) .
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Using Lemma 7.1 followed by Lemma 7.4, we have

- +t - _
vW* ( p_ tfp t+1§p tdZ@ (wp t+1, 2t)" )

p+t - _
= ( —Fy 416,24z A Vi (Wp—r41,20)" ))

z

+it - _
= ( 5 " Pyt 116, tdz/\(C 'V (Cowwp—t41.2t))* )

+ _ _ *

Z—Z

Pt e - _
z — z tfp ¢dz A (Cwlvg/\/(&P—t-‘rlwp—t—‘rl,Qt))*-
We have
Vin (Ep—tr1Wp—t+1.2t) = Vip(y P (zur + u2)P 7 (Zug 4+ u)PH1 @ pgy)
—t+1) _ L
- ‘(p_)y Pz +uz)’ ! (Fur + )z @ iz
—1 1
zZ—Zz
Thus,

= p+t - _ _ "
A\ (Zz —Fy p-t41& 1dz ® (Wp—r41,20) )

_ 1
= ipj;Fy_tfg_ltdz A <CW1 (—(Zﬁ_)y Ep—tdz @ w ))

z

*

0=t 5 e )
= R FdzNdz® (w™)*.

We conclude that

(D')*Vip(Fw™) = —Fpp» <z (p+t)(p—t+ 1)Fdz NdZ® (w_)*>

(2 — 2)?
:_(_(p+t)(p—t+1)Fw>
2
_ et
5 .

Putting everything together yields

’F F —t+1
Op (Fw™) = — (2y2§z82+2ity?)+tF> T+ (p+t)<]32 it )Fw_
0? 0 (p+t)p—t+1) _
J— 2 p—
<2y 8282+2Zty82+t 5 )Fw

1 0? 5, _
<4y o 8_+4zty8_—(p—t)(p+t+1)> Fuw™.

We conclude by using (50) and recalling that p = k — 1. A similar calculation yields the result for
w™T (replace —t by +t in all calculations). O
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8. GREEN’S KERNELS

Recall that C' = Y (M)c. In this section, we construct the Green’s kernel associated to the PVHS
W (Proposition 4.1). More precisely, we construct a harmonic C*°-section of the rank 4 vector
bundle Hom(prf Wy, pry Wy) over the complement of the diagonal in | |# x | |# that descends to
a section of the corresponding bundle over C' x C minus the diagonal and admits an extension to a
C>-section of Hom(pri Wy, pr3 W) over the complement of the diagonal in C' x C. We begin by
analyzing the action of SLy(Z) on sections of Hom(pri Wy, pri Wp).

8.1. SLy(Z)-invariant sections. Let G be a section of Hom(prf Wy, prs Wo) over | |[(H x H) \ A,
where we use Ay to denote the diagonal of H. At a point (2,2') € (H x H) \ Ay, G(z,7) is an
element in the fiber Hom(prj Wo, pr3 Wo) ..y = Hom((Wp)-,(Wo).r). The bundle Wy has rank
2 with basis {w™,w™} defined by (49), so all we need to do to specify a section G is to define
G(z,2")(w™(2)) and G(z, 2')(wT(2)) in terms of w™(z') and w*(2').

Throughout this section, we set p =k — 1. Let v = (25) € SLy(Z). We have w®(z) € W, =W =
Sym? (V) (p) @ R? and thus v acts (on the left) on w*(z) via the symmetric standard representation
of G = GLy(R)™ as follows:

(51) 7w (2) = £y P (az + Bun + (e + dyu) (a2 + bjus + (¢3 + dyualP™ & p.

In particular, we see that

(52) 7wt (2) = det(7)PT (v, 2) Hw (y2).

The left action of SLy(Z) x SLa(Z) on a section G of Hom(pri Wy, prs W) is defined by

(53) (1:7) - G)(z, ) w™(2)) =7 - Gy 2, (7)) (- wh(2).
In particular, the left diagonal SLo(Z)-action is given by

(54) (v G)(z,2)(w™(2)) =7 Gy 2,y ) (7w (2)).
We compute this diagonal action on the section Gg defined by Go(z, 2')(w*(2)) = w*(2'):

(- Go) (=, 2)(w™(2)) = 4 (v, 2) 2,y 1) P (2)).
With these formulas in hand, it is not difficult to create diagonal SLa(Z)-invariant sections, as we

will now explain.

Consider the function g = gi; on (H x H) \ Ay given by

2 = 27
(55> g(Z, Z/) = _Qk,t <1 + 2yy/ ;

where Q) +(x) is the Jacobi function of the second kind (17) which we recall is defined, for all z in
the complex plane cut along the segment [—1, 1], by

o0 22t dw
(56) On(@) = /_Oo ( + Va? — Leosh(w))FH(z + 1 + Va? — Tew)2t

Note that g is a function on (H x#H)\ Ay that only depends on the hyperbolic distance between z and
2. Tt follows easily that g is invariant under the diagonal action of SLy(Z), i.e., g(vz,v2") = g(z,2')
for all v € SLg(Z). Define the following functions on (H x H) \ Ay:

z—2z

2t = ) 2t
i (2,2) = g(z,2) < 2y > and  p, (z,2") = g(z,2) (z%yz ) .

A quick calculation reveals that

py (v2,72) = (v, 2) 725 (v, ) g (2, ).
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Lemma 8.1. The section G, of Hom(pri Wy, prs Wy) defined by
Gy(z,2)(w*(2)) = py (2, 2" )w* (2),

is invariant under the left diagonal action (54) of SLa(Z).

-1

Proof. An easy verification using the fact that for any 2’ € H we have j(y~ %, 2)j(y,y" 2 ) =1. O

8.2. The Green’s kernel. Now that we have an SLy(Z)-invariant section G4, we will use it to
define a section G pr of the bundle Hom(pri Wy, pri Wp) on (C x C) \ A¢, where W denotes the
bundle (32) on C' and A is the diagonal in C' x C.

By definition, we have a Cartesian diagram
w—2 Ly

l

LH —— C(C).

If 2 € H and Q = pr(z) = ['(M)z € C(C), then the fibers W, and W are canonically identified
since the diagram is Cartesian. Suppose that 2’ € H is another point such that pr(z’) = Q. TIEen

there exists v € I'(M) such that 2’ = z. The action of v on fibers then identifies v - W,, with W,.
In order to define a section Gy of Hom(pr{ Wy, prs Wo), it suffices to specify Gy v (Q, Q") €
Hom(Wg, Wg) for all @ # Q' in C(C). For this, it is in turn enough to specify Ggar(z,2') €
Hom((Wp)., (Wy).s) that are independent of choices of representatives z and 2z’ for Q = I'(M)z
and Q' = I'(M)z’. This last condition is equivalent to requiring that (v,7’) - Gg.m = Gg,ar for all
7,7 € T'(M), where the action is the one defined in (53).

Lemma 8.2. For all0 <t <k —1, the sum
G=Ggu:= Z (1,v 4G,
yeT(M)

converges uniformly on compact subsets of H*\ {(z,2') | z € T'(M)z'} and gives a well-defined
section of the bundle Hom(pri Wy, prs Wy) on (C x C) \ Ac.

Remark 8.3. Assuming the convergence of the sum (to be proved below), we explicitly have, for
Q=T(M)z#T(M)'=@q',
(57) Gy (@ Q) w* () = Y j(r, )T g (292 ) (2).
yeT(M)
Using the diagonal SLy(Z)-invariance of G4, we obtain
Gonr= Y (LY )-Go= > 1Ly h)-(1-G)= > (11)-Gy
yeT(M) yer(M) yeT(M)
which leads to the useful formula

(58) Gy (@ Q) w*(2) = Y iy 2) g (v, 2 )w™ ().

yeT (M)

Proof of Lemma 8.2. Assuming the convergence of the sum, the I'(M)-invariance is an easy verifi-
cation using the diagonal SLy(Z)-invariance of G4. We focus on the proof of convergence, inspired
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by the proof of [23, VI Prop. 6.2]. Let Q = I'(M)z # I'(M)z' = Q. In view of Remark 8.3, it
suffices to check that the sums

(59)  GM(z,2) = Y i(nA) Muf(92) and  GT(22) = D (r2) My (2, 2)

~EL(M) ~yel (M)

converge uniformly for (z,2') € Ey x E, where F1 and Fs are compact subsets of H. We have

7)== 5 (simian) (1 i)

veT(M)
i(v, 2) (2 — v2')\ % 2z —v2|?
__ ¥ <9(7 S )) Qk,t<1+’ Cﬂ,’).
iy 2yS(v2')

yeT (M)

Using Lemma 2.4, this is

o 3o (el (23603
v EREELR

yelr' (M)

—o| & 1j (v, 2) [z — 72 ( 2y (v2') )Ht
- N\t o /12
e ) |z =72/
—o| & <|Z—72/\2>t <2y%('yz/)>k“
- Cx / _ /|2
T J(v2') |z — 72|
_ 3(v2) \*
=0 2 <V—v%P
yeET(M)
B 3(v2) \"
=0| 2 (u+rww2 ’

yeT (M)

where the implicit constants depend on F; and Es. Similarly, it can be shown that

(60) oo ¥ (20

2
& AT+ e

Since k > 2, we may apply [23, VI Prop. 5.1], which says that for each £ € H, we have

368\
73%a<ﬂ+hﬂﬁ> = can,

where C'(k, M) is some positive constant that only depends on k and M. The uniform convergence
follows as in the proof of [23, VI Prop. 6.2]. O

We may use the basis {w™,w™} to trivialize Wy, but this does not extend to a C*°-trivialization
of Wy, because w® have singularities of type 4"~ near the cusp oo (hence singularities of type
J(y2)Ft1 near the cusp yoo). Recall from (59) the functions G* on H x H \ Ay. Using the
trivialization {w™,w™}, the section G is given by the matrix

(0 ¢)
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The remaining part of this section is dedicated to proving that G defined in Lemma 8.2 is the
Green’s kernel associated to the bundle W on C, i.e., that it satisfies the following properties (see
Proposition 4.1):

(i) G(Q,Q")—log|2(Q)—2(Q")| is bounded near any point (Q, Q) € Ag, if 2 is a local coordinate
on C near Q);

(ii) G is harmonic with respect to the Laplacian Op attached to W in the second variable;

(iii) As 2’ approaches the cusp oo, the functions (3(y2)*F1G (2, v2") (wt(2)), w* (v2')) are O
for 2/ in a neighborhood of oo, for all v € I'(M).

Proposition 8.4. G(Q, Q") —log|2(Q) — 2(Q")| is bounded near any point (Q,Q) € Ag, if z is a
local coordinate on C near Q.

Proof. After trivializing the bundle using w* and w™, it suffices to show that
ph(z,2) —loglz — 2|

is bounded as 2z’ — z in H. This follows from Lemma 2.5 and the fact that lim (z —2') = —2iy. O
2=z

Proposition 8.5. The section G is harmonic with respect to the Laplacian associated to VW in the
second variable.

Proof. Given (z,2') € (H x H) \ Ay, we define

s(z,2') =1+ |Z2_y;//|2
Then g(z,2') = —Qi(s(z,2")) and by (58), for Q =T'(M)z #T'(M)z' = @', we have
(61) GQ,QNw*(2)) = > (v, 2wy (vz, 2 )w* ().
yer(M)

We write [y for the Laplacian [lp associated to WV in the second variable. Then
D2(G(Q, QN w™ () = D §(v,2) Dy (v2, 2w (2)).
yer(M)
In order to prove the proposition, it therefore suffices to prove that
O (2 (2, 2/ Y (2)) = 0
for any z € H, z # 2.

Define
n2 0° L0
(62) A= —4(y) 5295 Ayy = A £ ity 95 and Ay =—(k£t—-1)(kF1).
By Proposition 7.9, it suffices to prove that
(63) Asi(py (2,2) = Aty (2,2),

In what follows, we will write s for s(z, 2’) to ease the notation. The following identities are quickly

verified:
0s 2 —2 s—-1 s—-12 -z 0s Z -z s—-1 s—-1z-7

(64) _, — + B = . —_ — = - - =
oz 2yy’ 24y’ 2" 2 —Z 0z 2yy’ 24y’

2iy 2 — 2’
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0%s 0s 0s
(65) Ay =25, 10 (55) (55) = -1

We now compute:

Ay () = (a2 2 iy 2 (et (B22)
—tWg 52 )= T e T Y Bz RS\ 20y
0 0s 7 \%
_ N2 o ’
0%s z— 2\ 0s 0
_ N2 / / 27 . !
- 4(y ) 9297 k,t(8> ( 2’Ly ) + <8Z/> <4(y ) o + 4Zty

z—2\*
(Q%,t(tﬂ( 2y ) )
z -2 \* ds\ (0 7 — 2
2500 (550 ) a7 (%) (55 ek (5
/ 0 / 0 z— 2\ % L 0 ’ 7 — 2\
/P (55) Gl g ((2y) >+4zty (5) @t (555)

= 2504,00) (°5; ) - 00k (5 )

29y 2uy

0s o (z— 2\ 0s 7 2\%
n2 [ 95 ! &t T '
/' (55) k,t<s>< 2 (52) ) e (g5) e (50)

z—2\* z—2\*
=250, (0) (555 ) + 6 - 0@kt (550

2t 0s 2iy [(z—2Z\* . Os z—2\*
0. 4 N2 T / 4 / et / ~ =
2y W) (az/) ’“t(s)z—z/< 2y > +dity <62’> ’“7t(3)< %y )

, z—2\* 9 " z—2\*
=250, (52) - nags (55

0s z— 2\ 24y’
o[ 95 /
s () @) () (1+525)

= (12 -t + (25 (35 (14 22) ) @t <z2_iyzf>2t.

Using (64), a quick calculation reveals that
0s 211/
2s+4ity' (= ) (1 = (2t +2)s — 2t.
s+ ity <62’> < +2z’> (2t +2)s
By plugging this into our previous calculation, we obtain

5 I\ 2
A_y(pg (2,2") = = [(1 = ) Q) 4(5) + (2t — (2t + 2)5) Q5 +(5)] (Z%y ) .

N————

~
&

By Corollary 2.3, we have
(1= 8")Qk () + (2t — (2t +2)5) Q4 (5) = A-eQup(s).
We deduce that

z— 2

2t
Acilty (21 ) = =A-iQuale) (T2 ) = oy (2.,

24y

The equality Ay4(pg (2, 2)) = Ay (2,2") can be verified similarly and is left to the reader. O
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In order to prove property (iii) above, it suffices to prove:

Proposition 8.6. As 2’ approaches the cusp oo, the functions
Sy )T w* (v2), wh (v2)) G5 (2,77)
are C* for 2’ in a neighborhood of oo, for all v € T'(M).

Proof. We proceed as in [23, VI §6]. We retain the notations established in (62). As in (63), we
have

(66) Ait(gi (2,2') = )\itgi(z, 2.

Begin by observing using (57) that for all v € I'(M), we have
G (z72) = j(7,2") %G (2,2).
In particular, letting Ay := (§ &) € T(M), we see that
G (2,2 + M) =G (2, An2') = j(An, 2)"2G 7 (2,2)) = G (2, 7).
Thus, when viewed as a function in the single variable 2’ = 2’ +13/, G~ is M-periodic and admits a

Fourier expansion. More precisely, for z € E C ‘H with E compact and v’ > Mg + 1 with Mg > 0
as in [23, Prop. 6.6], we have

G (2,7) = Z (2,4 )2
neL

As a function of 3/, the n'" Fourier coefficient

1 M o
(67 aley) =g [0 e b i) T
M Jo
satisfies the differential equation
2t orn\?  dmnt  (k—t—1)(k+1)
N N N N _
(63) /)= ) - | () + et B ) —o

This is readily verified by differentiating (67) under the sign of the integral, using the equality of
differential operators
® w0 1 ¢ it o
o2 yay () \aW)? "y o
coupled with the equality (66), and by integrating by parts. We identify the ordinary differential
equation (68) as being a confluent differential equation. In the notations of [16, 6.2 (13)], (68)
corresponds to the case

a:
b= -2t
2mn 2
oa=— [ 222
M
4mnt
T

For n # 0, we note that a? # 4a, and thus solutions of (68) are given by [16, 6.2 (14)]

1 4mn
(y/)tw <—t7 k — 53 M?J’) )
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where w(k, ;) is any solution of the Whittaker differential equation [16, 6.1 (4)]
1 1/4 — 2

Note that when ¢ = 0, (68) reduces to the differential equation
orn\?  k(k—1)
"ot &nry n _
(70) )= | () + S =0
This is compatible with [23, Prop. 4.10 (ii)], in which solutions are given by modified Bessel
functions. Indeed, the Whittaker differential equation (69) collapses in the case K = —t = 0 to

(@) + (—i + W) (z) = 0,

which can be transformed into a modified Bessel differential equation.

Upon noting that 2u 4+ 1 = 2k € Z, two linearly independent solutions of equation (69) are given
by the Whittaker functions

M, () := e %20t Y20 (1 — 1+ 1/2,2u + 1; 2),
Wy u(x) = e 22 (1 — K+ 1/2,20 + 15 ).

The functions ® and ¥ are the confluent hypergeometric functions of the first and second kind,
respectively: ® is Kummer’s function defined by

O(a,c;z) = Z (a),;:;!7

n>0

and ¥ is Tricomi’s function defined by the integral formula [16, 6.5 (3)].
We deduce that for n # 0, there exist functions a, and b, such that

Cn (2,) = an(2) () M_y -1 /2 (4]7\;” ) + b (2) (W) W1 o (?Q

Explicitly, we have

dmn , T ™ , k dmn
Mtk 1/2 ﬁy M Wy P k+t 2kﬁ ,

dmn _2mm e (dTn F 47m

When n =0, ¢, (z,y') satisfies the differential equation

2t (k—t—1)(k+1t)
71 ) — Sl () —
(71) (") ; (v )2
Thus, there exist functions ag and by such that
¢y (2,9) = ao(2)(y)" ™ + bo(2)(y) .

By the same arguments as in [23, Prop. 4.12], we see that a,(z) = 0 for all n # 0 because the
confluent hypergeometric function of the first kind ® becomes exponentially large at ¢y = oo, as
is clear from the integral representation [16, 6.5 (1)]. (Note that the integration condition in [23,
Prop. 4.12] holds in our case by (60).) Therefore, as in [23, (6.5)], we see that

_ 47Tn i !
G (2, #) = a0 ()W) + bo(2) W) 4 3 b2 ()W 1/2( y) B
n#0

u(y’) = 0.
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It follows that (y/)*='"1G~(z,2') is C*> for 2’ in a neighborhood of the cusp oo, and the result
follows for v = I upon noting that (y/)***~1(w=(2'),w™ (")) = (¢/)**~!. The case of the other
cusps can be deduced similarly, and is left to the reader. The proof for GT is obtained by replacing
all occurrences of —t in the above proof by +t. O

9. BRYLINSKI PAIRINGS

We continue to use the notation C' = Y (M)c. Having proved that the section G = Gy of
Lemma 8.2 is the Green’s kernel associated to the vector bundle W (33) on C, we are now ready to
compute archimedean Brylinski pairings (23) between what Brylinski calls “Hodge classes” of W.
These are sums of classes of type (0,0) in the fibers W, for z € C.

We will be interested in cycles Z71, Zo € CHk“(X(c) x which are homologically trivial and supported
in fibers above 21,29 € C. Their local height pairing depends only on the image of these classes
in W,, ® C by (24). We therefore work with C coefficients, and compute the pairing for the basic

sections w¥.

9.1. Brylinski’s pairing on C.

Theorem 9.1. Let zy = z1+iy; € H and zo = o+ 1iys € H with zy & T'(M)zy. Then the Brylinski
pairing is given by

_ _ . 1 _ .
(w™(21),w (22))7" = i) D g(z,72)(21 —722) % (7, 22)%,
Y1y2 er (M)
1 o
(wh(z1), wH(22))P = 2 D gl v22) (2 — 122) %5 (v, 22)™,
vel (M)

where

/2
! |Z_Z‘
9(2,2") = —Qry <1+2yy,>-

Moreover, we have

(W™ (21), W (22))" = (W (21), w7 (22))" = 0.

Proof. The Green’s kernel associated to the bundle W on C'is given by G = G}, ¢ pr of Lemma 8.2.
Let Q; = pr(z;) =T'(M)z; € C(C) for i = 1,2. By assumption, we have Q1 # Q2. By definition of
Brylinski’s pairing (23) in this case, if w1 € Wg, and wa € Wg,, then

<w17 w2>Br = <G(Q17 QQ)(wl), w2>Q27

where (, )g, is the Hermitian pairing (associated to the polarization) of W restricted to the fiber

at QQ.
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We then compute

(w™(21),w™ (22))P" = (G(Q1, Q2) (W™ (21)), w™ (22)) g,
= < > j(%Zz)ZtM;(Zl,’Yzz)w_(Zz)yw_(z2)>

yeT' (M)

Q2
7 — v\
= % gtara) (502 et ) 0 (e,
yET(M)
1 _ ) . .
— g 2 1) = 1)) ) w(2)
yeT (M)
1 . 2 ; 2t
= o o Z g(21,722) (21 — v22) 7§ (7, 22) 7,
(2iy192) LT
where in the fifth equality we used the formula (w™(22),w ™ (22))., = y5 >*. The calculation for w*

can be done similarly, using the equality (w*(z2), w"(22))., = y3'. The equalities
= (w

(W™ (21), w" (22)) %" = (w* (21), w7 (22)) %" = 0

are deduced in a similar way from the fact that wy_;—12:(2) and wyy—1,0(2) are orthogonal with
respect to the Hermitian pairing (, ). d

9.2. Working over Xy(N). So far we have worked with varieties fibered over C'= X (M), as well
as vector bundles over C'. Ultimately, we wish to compute the heights of generalized Heegner cycles
“over Xo(N)”.

Denote by marn: X(M)— Xo(N) the natural quotient map with Galois group
S = Sun = 2T(M)\Io(N).

Recall from (27) and (28) that we defined generalised Heegner cycles above the Heegner point
= (A, An]) € Xo(N)(H) as the sum of the generalized Heegner cycles over the pre-image
CM points @ € X (M)(C) of P, with respect to mys,n (similar to what is done in [41, §4.1]).

Given P =T((N)z € Xo(N)(C), define
(72) w(P) = Zs cwE(z) € Z Wq =: Wp,

s€S QE”K{%N(P)

the action being the one defined in (51).

Remark 9.2. We say a few words about the action of S on elements w*(T'(M)z) in fibers of the
bundle W. Let [y] = s € § = £I'(M)\I'o(IV) with v € FO(N). Then s - I'(M)z = I'(M)~=.
Consider now the variety m: X — C fibered over C. The fiber 7~1(I'(M)z) = (C/(1, 2))?=2 x A%
consists of points z = (I'(M)z,w1,. .., wak—2, P1,..., Py) with w; € C/(1,2z) and P; € A. The
action of [y] = s € S is given by

s-x:= (I(M)yz,w,...,wop_2, P1,..., Py) € m YT (M)yz).

Fixing a point To(N)z € Xo(N)(C), S acts simply transitively on the fibers 7—1(I'(M)z;) with
I'o(N)zi = I'g(IN)z. This action on X gives rise to a correspondence on X, hence an action on
Chow groups and cohomology groups. There is also an induced action on the bundle W, which we
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now address. Recall from the beginning of §8.2 that the fibers W, and W, are identified via the
action (51) of v on fibers for all a € I'(M). In other words, we have identifications of fibers

(73) Wrny: = W = W, for all a € T'(M).
Now, the action of [y] =s € S = £I'(M)\I'o(N) on a section w of W is given by
s-w('(M)z) =v-w(z).

The latter action is via (51) and we must interpret v-w(z) as lying in sz ~ Wrm)ye = Wsr ()2
This is well-defined because if a € I'(M), then

() - w(z) = a- (v w(2)) € Wars,
and under the identification (73) the latter element corresponds to v - w(2) € Ws.r(u)z-

Theorem 9.3. Let z1 = x1+iy1 € H and 20 = xo+iys € H with Py :=Tg(N)z1 # To(N)ze =: Ps.
Then the Brylinski pairing is given by

_ _ . S _ )
P (PP = G B S glaam)(a - )i ),
YL ero(w) 41
L e
(wt(Pr), wh (Py))P = (2|i)‘2t > glzmrz)(z —v22) Y, 2)Y,
vE€To(N)/+£1

where

|z — 2|
e = 1+ B2,
Moreover, we have
(w™ (Py),w* (P2))P" = (w*(P1),w™ (Py))”" = 0.

Proof. By definition of Brylinski’s pairing and (72), we have

Br
(w(Pr), w* (Py))®" = <ZS cw(z), Y8 wi(22)>

SES s'es

Br
= Z <s -wF(21), Z ssls' wi(z2)>

seS s'es

Br
= Z <wi(z1), Z sl wi(zz)>
seS s'eS

= |9 Z <wi(zl), s - wi(22)>Br,

seSs

where we used the invariance (o - w, o - w')B" = (w,w’)P" for any automorphism o of C' by func-
toriality. If we choose a lift 4/ € To(N) of s € S = £T'(M)\T'o(V), then I'(M)sze = T'(M)y' 2.
Moreover, we have I'(M)z; # T'(M)7'29 since otherwise I'o(N)z; = To(IN)y 22 = ['o(IV)z2, which
contradicts our assumptions. We may thus apply Theorem 9.1 and use (52) along with the fact
that the Brylinski pairing is Hermitian to obtain

(P, w (PP =S| 3w ()Y w ()
v €XL(M)\Io (V)

= [9| 3 i 29)?

: 2t
vesr(ro(n) 2¥192)*

> gle, ' 2) (B — v 22) (1,7 )™

€r(M)
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By noting that j(v/, 22)j (7,7 22) = j (77, 22), it follows that
- - ' S| _ ,
(w™ (Pr),w™ (Py)P" = T > > glz, %) (B — 1 22) () 22)*
v €L (M)\I'o(N) veT'(M)
S|

= Z 9(21,722) (21 — 722)*§ (7, 22)

2t
2 2t :
@iyl i@

The proof for wt is similar. O

9.3. Action of Hecke operators. As the vector bundles W and W are equipped with a GLy(R)™-
action, the Hecke operators T, act on sections such as w™ and w™. Let

Ry := (1\%2%)

and consider, for m € N,
N :=To(N) (§.5) To(N) = {y € Ry | det(y) = m} C GLy(Q)™.
The double coset R} naturally carries a left action of I'g(/V) by left multiplication.

Let z € H with P :=Tz(N)z. Given m > 1, we set
(74) Tnw*(P):= Y v wh(P),
€L (N)\RY
where the action is analogous to the one defined in (51), i.e.,
7w (P) = det(7)PF (7, 2) 7w (Do (N)y2),

where a representative of v in R’} has implicitly been chosen.

Proposition 9.4. Let 21,29 € H with P; = To(N)z;, i = 1,2, and let m > 1 with (m, N) = 1.
Assume that Py and T,,, Py are disjoint in Xo(N). Then

_ |Sjm~

(w™ (P1), Tnw™ (P2))P" = Qi) E > g(zv22) (B —v2)™ (7, 22) %,
Yy1y2 veRT/+1
. |S|mPt N2 o
(w (). T (Py)) P = <|2i)2t Y. gl yz)(a —v2)™i(y ).
YERR /%1
Proof. We compute
(w™ (Pr), Tnw™ (P))P" = Z mP iy, 22) 7w (To(N)21), w™ (To(N)y22)) ™"
yeLo(N\RF}
L S _ .
= Z mpﬂj(%@) 2t(2i§ls(|z))2t Z 9(21,7/722)(21 - ’7/722)%](7/7’722)%
YELO(N)\R YIS0 ero(vy/41
’S|mp_t . 2t / - / 2 (1 2t
= Gy ® > (v, 22)* (21,7 722) (21 = 7'722)* 5 (7, v22)
YIV2)™ L ero(N) /41 vero (N)\ R
S|mpr—t B )
= M Z 9(z1,7v22) (21 — V' 722)* 5 (V' 22)*
YIV2)™ o ero(N) /41 vero (N)\ R
S|mp—t B )
= W Z g(z1,7v22) (21 — ’YZ2)QtJ(’Y7Z2)2t,

YERT/*1
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where we used Theorem 9.3 in the second equality and the identity j(v, 2)j(v,vz) = j(v/7, 2) in
the fourth equality. The calculation for w™ is similar. O

9.4. Brylinski’s pairing over Heegner points on Xy(/N). We now specialize to the case where
Py =T(N)m and P, = I'g(N )7y are Heegner points on Xo(V) of conductor 1. In terms of moduli,
this means that these points represent isomorphism classes of cyclic N-isogenies between elliptic
curves with CM by the same order in an imaginary quadratic field (in our case the imaginary
quadratic field is K and the order is the maximal order Q). Concretely, following [22, §2],
Heegner points with CM by K are indexed by (A, n), where n is a cyclic N-ideal of Ok (whose
existence is guaranteed by the Heegner hypothesis) and A € Clg. Over C, the corresponding
point is (C/a—s C/an~1) for any [a] = A. If War, denotes the group of Atkin-Lehner involutions
of Xo(N), then Gal(H/K) x Way, acts simply transitively on the set of all Heegner points of
discriminant D, i.e., on all pairs (A, n). If 0 € Gal(H/K) corresponds to B € Clx under the Artin
map of class field theory, then o(A,n) = (AB~1 n).

Let 8 € Z/2NZ with 82 = D (mod 4N) such that n = (N, Z5Y2) et 7 = =BEVD ¢ 97 be the
solution to a quadratic equation of the form

AX?+BX+C=0, A>0, B*>-4AC=D, N|A, B=p3 (mod?2N)

and consider

_<A,B+2\/5>, an_1:<]<1[,B+2\/5>, Ngjgl@) =4,  [a] = A

Then the Heegner point associated to (A, n) is represented by —7 = (B ++v/D)/2A € H. Note that

_ a ~-B++VD
a 1:NK@(C1):<1,2A>:<1,T>,

1

whence the Heegner point associated to (LA™, n) is represented by 7 € H.S

Now, for i = 1,2, P; = T'o(N)7; is a Heegner point, hence (1,7;) = a; ' for some ideal a; C Ok.

Let A; > 0 and B; be the corresponding integers as above such that 7; = # = TA;n and

NK/Q<CLZ') = Ai.

Proposition 9.5. Let P = T'o(N)11 and Py = To(N)1e be two Heegner points of Xo(N) and
suppose that Py and T,, Py are disjoint in Xo(N). With notations as above, we have

(2 g w—<P2>>Bf _ L SpRrt

2t
o) ) BE )

x(ajaz) Z g(m1,ym2)a(y, 71, T2
YERR /%1

i

wh(P) o wh(Py) >Br (=1)!|S|22tme— 2
—, T - = x(ajaz) E g(m1, )y, 71, 72) %,
<y%tx(a1) " y2tx(az) |DJ? —
YERY /*1

where oy, T, T2) = cTiTe + dTy —aty — b for v = (gg)

"Beware of the following conflict of notation: A denotes our fixed CM elliptic curve, B a full level M-structure,
and C the modular curve Y (M). We trust that this slight abuse of notation will not cause any confusion.
8See the Appendix for a discussion of how our conventions for Heegner points differ slightly from the ones in [22].
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Proof. Observe that x(a;a;) = X(Ng/g(a:)) = x(4i) = A, In particular, x(a;)~' = x(a;)/A7".
Using the fact that the Brylinski pairing is skew-symmetric, we obtain

w (Py) w(Po) Br_ y(@a) , _ B .
< x(a1) T x(az) > 7(/11714112)%@” (P1)7me (P2)> .

Observe that y; = \/|D|/2A; and apply Proposition 9.4 to obtain

w(P) o w (P)\™  (=1)"[S[2%mP—
< e " X(aa) > EE

X@az) D glram) (7 — )iy, )™

YERY /%1

As (71 —y12)j(v,12) = (71 — y72)(cT2 + d) = cTiTo + dT1 — ate — b = a7, 71, 72), the first equality
follows. The calculation for w™ is similar. O

10. CYCLE CLASSES

The goal of this section is to compute the cycle classes of generalized Heegner cycles viewed as
cycles in CM fibers of X— C. While the cycles are null-homologous in X by Lemma 5.1, this is
not necessarily true when viewed as cycles in the fibers.

10.1. Preliminary cycle class calculations. For an elliptic curve E/C, we will view End(FE) as
a subring of C via End(E) — End(H"(E,Qg)) ~ C. In this subsection and the next, we view E
as a complex manifold and work exclusively with de Rham cohomology of complex manifolds.

Proposition 10.1. Suppose E = C/(1,z) for some z = x + iy € H with complex coordinate w.
For endomorphisms o, 8 € End(E), define To 5 = (a x 8)([E]) € CH'(E x E) and

Xop:=Tap— deg(B8)To1 — deg(a)T1o € CH'(E x E).
Then »
A(Xop5) = ;—y(aﬁdwl ® dws — Gfdwy ® divs) € Hin(E) ® Hig(E)

is the orthogonal projection of cl(Tag) to Hig(E) ® Hiz(E).

Proof. If Z C E x E is a divisor, then its de Rham cycle class wy € HCQIR(E x E) is characterized
by the property

/n:/ nAwz, for all n € Hig(E x E).
Z ExE
By Kiinneth, a basis of Hd2R(E x E) is given by

b1 := pri(dw A dw), bia := pri(dw) A pri(dw),

byg := pri(dw) A prj(dw), biy := pri(dw) A pri(dw),

biz := pri(dw) A pri(dw), by := pri(dw A dw).
Let

1= A1bi1 + Ai2biz + Ayabiz + Afabis + Aiabrz + Aazbys € Hig(E x E).
Begin by observing that
] 1

(75) CI(O X E) = @bli and Cl(E X O) = @bQQ
Indeed, on one hand we have

/ 7= / Nosbrs = Asp / dw A dib = —2iyAgs,
OxXFE OxFE E
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while on the other hand

i Aosi Aogi / \? —gpidy? ,
AN —bji=—— b11b9s = —— dwNd = —= " = —2iylos.
/E><En 2y T 2y g 2T 2y U 2y Wz
The case of ¥ x 0 is verified similarly.

On the one hand, we have

/ n= / Aiafdw A o dw 4+ A\jza”dw A [ dw + Ajgadw A fFdw + Az dw A B dw
Lap E

= —2iy(A10@ + A3 — Ma@fB + Ag3f35).
On the other hand, we have

Y > _ _
| (88t + By, — aBby; + aabyy)
EXE Y
1

5 (Mg28B + M2 — A1p@B + Aj1ad@)by1 A byg
Y JExE
= —2iy(M\ga B8 + A2aff — Appa8 + Mpaa).

We conclude that

7 - ~ _ _
c(Tap) = @(ﬁﬁbli + affbiy — aBbis + adbys).

Using the fact that aa = deg(a) and B = deg(B3) combined with (75), we obtain

Ty ) = deg(8) cl(0 x E) + deg(a) cl(E x 0) + —(afbry — afBbyy).

0

10.2. Cycle classes of generalized Heegner cycles. For the rest of the section, we view the
varieties C, X, A, etc. as being complex manifolds.

Definition 10.2. Given I'(M)z € C(C), let

cl.: CHF P H(EZ 2 x A% — W, = Wrin.
denote the ey @ kog-component of the cycle class map on the fiber E28=2 x A% of 7: X — C above
I(M)z. If P € Xo(N)(C), let

clp := Z cl,: Z

CHk‘i’t*l(Ezka % A2t)_>
D(M)zemy,  (P)

Z Wr -

F(M)ZGW;II,N(P)

T(M)zemy,! y (P)

: Wp.

Proposition 10.3. Let a an ideal of Ok and let T, = x4+ iyq € H such that A* = C/(1, 7). Then

—1\r2r=t. /1D -t -
() = C2VIDL e ) e,
(p2ft)

and

—1ypor—t /D" ot
Cl-,—a(EYa) — ( ) | ‘ Yo

0, ,+ A
(2p)1/2 ygtw (Ta) € Wr,.
p—t

47



48 DAVID T.-B. G. LILIENFELDT AND ARI SHNIDMAN

Proof. We recall that
Y= (D) % (T5,)% C (A% x AMP7 x (A% x A)*.
Replacing F[ VD] by X, (D) in this definition has no effect on €Y'* and €Y'* (the effect of Scholl’s

projector ey is precisely to project the cycle classes (in fibers) to Sym? HéR(A“) - HéR(Aa)®2p).
By Proposition 10.1 applied with (a, 3) = (1, [v/D]), we have

VID
(X, /p) = —QL‘(dwl ® dibs + dity ® dws) € Hi(A%) @ Hig (A%).
a

Projecting to the symmetric power, it follows that
D]
Ya

Observe that Fgu =Ty, = {(¢a(x),7) | . € A} C A" x A. After applying the relevant projectors,
only the orthogonal projection of the cycle class to Hig (A*) ® H}g (A) will contribute. We therefore

calculate the cycle class of

Xpo1 =T —0x A— 2. 4% 0e CH(A® x 4)°
Ya
by the same method as in the proof of Proposition 10.1 to obtain

dwydwy € Sym? Hig (A%).

Cl(Gle,\/ﬁ) = —

1

C]‘(X¢a71) - 2y
a

where wq is the complex coordinate on A® and w is the one on A. The effect of the projector ¢ is
to kill dw. Hence, we obtain

(ditg @ dw — dwg @ d) € Hig(A") @ Hig(A),

cl(eXy,1) = ﬁdma ®dw and  cl(€Xy,1) = —édwu ® dib.
a a

Recall from Section 6.4 that dw, corresponds to T,u1 +u2 and dw corresponds to 1pe; +eo. Putting
everything together, we conclude that

p—t oo\ 2t
v |D
clr, (eY?) = <—H> <2Z> (a1 + u2)?~ ! (Faur + u2)P ™ ® (0e1 + e9)*
Ya

Ya
and
VDN i
clr, (V") = (‘) <—> (a1 + u2)P T (Faur + ug)P " @ (Toer + eo)*.
Ya 2Yq
Now compare with the definitions of w™ and w™. O

Given an ideal class A € Clg represented by an integral ideal a of Ok coprime to M, we recall
from (27) and (28) the cycles

Za=x@)™" ) V5 e CH(X)g k),
QEW;;N(PH)

Za=x@™" ) &5 e CHM(X)g k(-
Qemy n(Pa)

Recall also the notation Z = Zjp, ] and 7 = Z[OK}.

9Recall that Yo = ~ ‘2D‘ and yq = Vz‘f‘ , whence 5—2 = A. We write 5—2 to avoid the clash of notations pointed out

in Footnote 7.
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Consider the Heegner points P, := (A— A/A[n]) and P} := (A"~ A%/A%n]) in Xo(N)(H). If
[a] = A, then the generalized Heegner cycles Z4 and Z 4 respectively lie in the fibers above the
latter point with respect to marn o m: X— X (M)— Xo(N). Remembering that D is odd, we
have O = (1,79) with 79 = %. We choose the embedding o: H — C and the ideal n such
that P, = ['o(N)7g, i.e., (A— A/A[n]) is isomorphic to (C/Ox— C/n~1) and n~! = (1/N, 7).
It is the Heegner point associated to ([Ok],n) and n = (IV, 1+§/5> corresponds to 5 =1 € Z/2NZ,
in the sense of Section 9.4.

By definition, we have A* = A/Afa]. We have O C a~!, Ala] = a™'/Ok, A* = C/a~! and
#%: A—> A® is the natural quotient isogeny C/Ox— C/a~!. The isogeny A®— A®/A%n] is iso-
morphic to C/a~t— C/a~'n~!. Thus, the Heegner point P® corresponds via the description of
Section 9.4 to (A7, n). Thus, a=! = (1,7,) with 7, := = 2?/5 € H a solution to a quadratic
equation

AX?+BX +C, A>0, B? —4AC =D, B=/ (mod2N), N | A.

If we write 74 = x4 + iyq and 19 = zg + iy, then
yo = YIDI_ 90
24 A
Moreover, Nk /g(a) = A and P} = ['o(N)7,.

Lemma 10.4. We have
(=1)P2r2/ID]" w= (Pg)

lpa(Z4) = 2 € Wpa
C Pn( .A) (2]))1/2 X(a) Pg
p—t
and ,
> (=1)r2r2\/ID|” w* (Fy)
lpa(Z4) = 22 € Whpa.
Clpg ( .A) ( % )1/2 ygtx(a) Py
p—t
Proof. This follows by applying Proposition 10.3 with yo = \/|D|/2 and using (72). O

11. ARCHIMEDEAN LOCAL HEIGHTS

In this section, we compute the archimedean local heights of generalized Heegner cycles using the
connection (24) with Brylinski’s archimedean pairing.

11.1. The case r4(m) = 0. We maintain the notations of Section 10.2.

Theorem 11.1. Let (m,N) = 1, A1 = [m], A2 = [a2] € Clg and assume that P? and T, P
are disjoint in Xo(N). Let v denote the infinite place of H corresponding to the fized embedding
o: H— C of Section 10.2. Then

S|(4m|D|)P—t
(Zar, TiZ ay ) = Wx(cucu) Y g(rym)aly, T, )Y,
(p—t) YERY /E1
and
_ _ S|(4m|D|)P~t _ -
(Za,, TmZas)o = H(Dt‘ngX(alCQ) Z g(ri,ym)a(y, 71, 72),
(p—t) YERY /E1

where T; := o, so that a; ' = (1,7;) and Py = To(N)7;, fori=1,2.
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Proof. By definition of the Brylinski pairing, and by compatibility of the actions of Hecke corre-
spondences on Chow groups with the action of Hecke operators on cohomology classes (74) (see
[33, Prop. 4.1.3]), we have

(Z.Al ) TmZA2>U = <C1P:1 (ZA1)) Tm CIP:Q (ZA2)>Br

The result follows by combining Lemma 10.4 and Proposition 9.5. (|

Let (, )BB = > wjoo{ » Jw€w be the sum of the local heights on X over all the infinite places of H.
Recall that we previously fixed a particular embedding o: H — C in Section 10.2 corresponding
to a place v. If Z;,Zy € CH*(X)g are two cycles for which the height pairing (7, Z5)5P is
defined (see Section 4), and which lie in distinct fibers of 7: X — C over Q1 and Q2 respectively,
then (Z1, Za)w = (clg,(Z1,w), clgy(Z2,w))E", where Z;,, is viewed as a cycle on the base-change
X=X %X, C.

Theorem 11.2. Let (m,N) =1, A € Clg and assume that r o(m) = 0. Then

[e.e]

2nN
QZUA TAXm|D|+nN)th<1+ |D|>

S 4m|D|)P~t
Dt(p

_ _ S|(4m|DY) 2nN
(2, TnZa) = ”(Dt(" QZUA rAXm\D|+nN>Qm<1+ ,D|)
p

and
(Z,TnZ )88 =0=(2,T,,Z4)58.

Proof. The set of infinite places of H is in bijection with the class group Clg of K. If w is an
infinite place corresponding to the ideal class B € Clg, then

(76) (Zays Zas)w = (ZBAys ZB A os

for all A;, Az € Clg. The proof of (76) is an adaption of [35, Lem. 4.7].

Using (76), we see that

(77 AL TnZAR =D (2 TnZa)w = Y (Z8,TmZea)e= > (Za,,TmZas)v.
w|oo BeClg A1, A2€Cl g
AT A=A

Let A; = [a;] with a; an ideal of Ok, i = 1,2. The condition rAflAQ(m) = 0 implies that P" and
T P22 are disjoint in Xo(N). We can therefore apply Theorem 11.1 to obtain

(Z,TnZa)s = [S|(am| D) o xl(@mar) Y g(mm)aly, ).

t
D (P t) A1, A2€Clk YERT/+£1
AT A=A

Recall that for v = (‘C’ g) € R}, we have a(v, 11, 7) = c¢Time + d71 —ame — b with 7; = 74, such that
(1,7;) = ai_l. In particular, 71 € ﬁl_l and (v, 71, 72) € (aaz)~!. Let a = ajas. This is an integral

ideal of Ok such that [a] = A and we have a(v,71,72) € a~!. For any positive integer j, we have

rax(i) = Z x(a).
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Every ideal o satisfying [a'] = A can be written as ' = xa for some z € K. The fact that o' is
an integral ideal translates into the requirement x € a=!. Note that N K/(a) = A1As. Thus, we
obtain

. 1 x(a
(79) =g Y =Xy
70k r€a~? #O0x r€a~!
Nijo(®)=774; Nio(®)=77";

We used the fact that x is a homomorphism Ijx— C* with the property x((a)) = a2 (

assumed to be unramified). In particular, x((za)) = o2 for any unit z € O%.

since x is

Recall that

|71 — 7ol
79 = — 1+ — .
(79) g(71,772) Qrt ( + 215(1m)
Define B(~, 71, 72) = a(v,T1,T2) = ¢T172 + d11 — ate — b and note that

71 — y7)? _ 241 A5 |B(v, 11, 72)|? _ 2A1A2Ng 0B, 11, 72))
2y1S(y72) |D| det(7) | D] det(7)

The elements «(v, 71, 72) and (v, 71, 72) are the same as the ones denoted « and § in [22, II (3.6)]
except that the roles of 71 and ™ are swapped. We have

a(f}/a TlaTQ) € (a1a2)71 = ail and B(Va 7-177—2) € (a1a2)71n7

and we set
A1As
N

This is an integer by the same calculation as in [22, II (3.5)] (the only difference being that the
roles of 71 and 79 are swapped there). Moreover, we have

n = Nk jo(B(7, 71, 72))-

m|D| 4+ nN
Nijgla(y,m,m2)) = T A,
as in [22, IT (3.9)]. With these notations, we have
2nN
80 = - 14+ —].
(50) ot = ~Que (14 203

Define
Py 4, (n) = F{y € R/ £ 1| A1 A2 Nk o(B(7, 11, 72)) = nN}.

According to [22, II (3.9)], the association v — (a(v,71,72),B(7,71,72)) gives a bijection from
{y € RY /:|: 1| AlAQNK/Q(,B(’y,Tl,Tg)) =nN} to the set

=y () 1= {w) € (0 x (maz) ')/ + 1| Nig/gla) =

Ngo(B) =

AlA ,A1Asar = A1 A (mod D)} .

Putting all this together yields

tOO
¢ b T (U= B VR C RN DR

A1, A2€Clg (,B)EE Ay, 4, (1)
A;lAz =A
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In view of (78) and the proof of [22, I (3.16)], we obtain

> xla) > o = u6(n) Ry gy (n)7 a5 (m|D| + nN).
A1, A2€Cl g (Oé,,B)EEAI,A2 (n)
AT A=A

Here, Ry z1y3(n) is the number of integral ideals of norm n in the genus of An, §(n) is 2¢((mD)

and u = |Og|/2. By (22, IV (4.6)], we have o 4(n) = 6(n) R 453 (7). We deduce the final formula

[e.e]

2nN
ZO‘A n)r Ay (m|D] +nN)Qpy <1+ |D|>

The calculation for (Z,T,,7 A>]o3<>B can be checked similarly. O

11.2. The case r4(m) # 0. In this section, we prove the following generalization of Theorem 11.2,
valid even in the case of improper intersection:

Theorem 11.3. Given A = [a] € Clg and (m,N) =1, we have

(2, T 24P = 'S'(‘””'D’)k_t_ll QZUA Dl +nN)Qu (1+ 28

D (5% 1Dl

/ / /

+huD'r 4\ (m) <11:(k +1)+ E(k —t) —2log(2m) + 2%(17 €x) + log(\D|))] ,

T
_ _ S|(4m|D]|)k—t-1 2nN
D' (55
T/ F/ L
+huD'r 5 (m) < (k+1t)+ f(k —t) — 2log(27m) + 23(1, €x) + log(!D|)>} ,
and

(Z, T ZA)P8 =0=(Z,T,,Z4)55.

We will give a detailed proof of the formula for (Z, T}, Z4)2B. The one for (Z,T,,Z4)52 can be
deduced similarly and is left to the reader.

11.2.1. Gross and Zagier’s modification. We begin by reviewing the modifications required in [22],
where the height pairing is between divisors of degree zero on Xo(N). Let a and b be two divisors of
degree zero with common support equal to a point z € X((N)(C). For every point y € Xo(NV)(C)
near = but not in the support of b, define a, to be the divisor obtained from a by replacing every
occurrence of x by y. In other words, if a =3, m.(2) + my(x), then ay = >°, , m.(2) +ma(y).
Then the local intersection (a, b), is well-defined and can be used to approximate (a,b),. More
precisely, let ¢ be a uniformizing parameter for x on Xo(NV), i.e., a function such that ord,(ty) = 1.
Then Gross defined in [21] the local archimedean height pairing

(81) (@, b)o = lim ({ay, b}y, — ordy(a) ordz(b) log |to(y)lv)

and showed that, with an appropriate definition of local non-archimedean height pairings, ", (a, b),
is independent of the choice of ¢y and equal to the global Néron-Tate height pairing (a, b))NT (which
is well-defined on linear equivalence classes of divisors even if there is common support since one
can use a moving lemma).
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If x is a Heegner point, ¢ = (z) — (00), d = (z) — (0), (m,N) =1, and 0 = 04 € Gal(H/K), then
ordy(T,,d?) = ra(m). Hence, when r4(m) # 0, the common support of ¢ and T,,d” is non-empty
and equal to x. Applying (81) yields

(e, Tmd? o = lim ({(y) = (00), Tmd?)v — 7.4(m) log to(y)lo).
The uniformizing parameter in [22] is chosen as follows: consider the differential

w=n"(2)— = 2min*(2)dz,

where 7(2) = ¢"/?*T[,,(1 — ¢") is the Dedekind eta function. The differential w is only well-defined
up to sixth roots of unity, but this does not affect the later calculations. Letting u(x) = | Aut(z)|/2,
we have

1
— 1,
u(z)
and w may be normalized such that in a neighborhood of x it takes the form

1
— (14 O(te))ti 4o,

ord,(w) =

This normalization ensures that for a complex place v, we have

(82) Lim (log [£o(y)]o — u(x)log |2min’ (2)(w — 2)|) = 0,

where © = I'o(N)z and y = T'o(N)w. Setting t; = t(l)/ u(@) yields a uniformizing parameter for
I'(M)z on X(M).

11.2.2. Archimedean self-intersections of generalized Heegner cycles over X (M). Let A = [a] € Clg
and let v denote our fixed archimedean place. The aim of this section is to compute (Z4, Z4),.

Define ot
4r—=t|D|p , o
Gi(2,7) = W Z i, 2) iy (v2,2),
p—t Yy ~el1(N)
which makes sense for any z, 2’ € H such that I'(M)z # I'(M)z'. We then have
G1(Tay, Tay) = <€Yal ) 6Ya2>v
by Theorem 9.1 and Proposition 10.3, whenever I'(M )7y, # I'(M ) 7q,.

Proposition 11.4. We have
(¥, er®), = lim (G (raw) + (~1) (Y™ ¥ )iy log 1 (w)], )

Proof. We apply Theorem 4.3 to X— C = X(M). Indeed, the set of Heegner points with CM
by orders O C Ok is dense in Xo(N), and the corresponding set of preimages of such points
under N : C— Xo(N) is dense. In the fiber of : X — C above each such point there is a
generalized Heegner cycle whose cycle class provides the desired cohomology class in Theorem 4.3
corresponding to cl., (€Y'*). When O = Ok, it follows from Lemma 10.4 that these Hodge classes
span the fiber of Wy ® C above that point. The general case follows via isogeny. 0

Remark 11.5. The self-intersection of €Y'® in the fiber above 7, is with respect to the intersection
form (, )r, on Hgﬁ“t*z(ﬂ_l(m)) defined by
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More precisely, we have
(Y ¥®) 1) = (eloy (V) el (V) 7, = (=) el (V) clpy (V)

Recalling that p = k — 1, we deduce that
Ar=24pp B . AP—2t| D|P
72| | (W™ (7a), w (1a))PF = (—1)PH = 1

(1) () a"

p—t p—t/7a
by Proposition 10.3. This agrees with the Hodge Index Theorem [37, Thm. 6.33], which implies

that the signature of (, )., restricted to a primitive class of type (p + t,p + t) is non-trivial of
signature (—1)P*t. See also Zhang’s remark [41, p. 123].

(€Y YY) a(ry) = (—1)P*?

Ta)

Putting everything together yields the formula
4k 2t— 1|D’k 1

— 2t
Ta — YW . 2t
g dm | 2 o) (Z) 0 — toglaa(w)l,

(Y eY?) =
)Y ~el (M) a

11.2.3. Archimedean self-intersections of generalized Heegner cycles over Xo(N). Let tg be a uni-
formizing parameter for Py = I'g(/N)7y on Xo(N), chosen with the same normalization as in [22].
Let ul = u(Pg).

Proposition 11.6. We have

S22k 4t2Dk1 ) T — YW 2t‘
72,70, = Pl ot r) (P 1) 0 og o
k—t—1)Ya * \qero(v)/+1 ¢

Proof. Write @; = I'(M)7; for the points of X (M) sitting above P7. Write Z; = €Y . Just as in
the proof of Theorem 9.3, we have

1517123, Z3) —<ZZZ,21> (Z1, Z0)0 + ) (Zi, Za)o

1#£1

L
Setting t; = t," gives a uniformizing parameter for Q1 on X (M). We then have
’Srl <Z§, Zt?>v = u}g{zl'l (g1(7—17w) + (_1)k+t(Z Z1)7r 1)U log ‘tl > + ;gl 7'177'1
i#1
= Jim (Z Gi(mi,w) + (1) (Z1 - Z1) 1) 10g\to(w)|v> :
(2
The formula then follows as in the proof of Theorem 9.3. ]

11.2.4. Archimedean local heights of generalized Heegner cycles. Given (m, N) = 1 and A € Clg
we ultimately wish to compute (Z, T;ZA)0 and (Z, T}, Z 4)so in the case 74(m) # 0. Let v be
our fixed archimedean place as chosen above. Let Ay, Ay € Clg such that AIIAQ = A and let
Pyt =To(N)7y,. For the sake of notation, we write 7; = 7, .

The following elementary observation will be useful in proving the next theorem.

Lemma 11.7. Let v = (‘cl Z) € Ry with det(y) = m. Assume that y7o = 11. Then

A D
)P =y = and la(nm )P = dmyuge = 0
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Proof. Since 15 = 71, we have in particular J(ym) = (), ie.,

my2

YT

The first equality follows since j(v,72) = cm2 + d. The second equality follows from the first after
noticing that

a(y,m,m) = (1 —y72)j (7, 72) = —2iy1j(y, 2),

since vy = 7. ]

The following result generalizes Theorem 11.1.

Theorem 11.8. Given Ay, Ay € Clg, we have

S|(4m|D|)k-t=1
<Z.A17TmZ.A2>'U = | |(_Dt |2k’—)2 X(alaQ) Z g<T17fy7-2)a<77 7—177-2)2t
(k—t—l) YERY /E1
YT2F#TL
. 2t 2t
+u}1_{21 Z oy, 1, 72)7 | g(T1,w) — Z a(y, 71, 72)7 [ log [to(w)lo
YERT /1 ~EL(N)\ R
YT2=T1 YT2=T1

Proof. We set p =k — 1. We compute

Br
<ZA1aTmZA2>v = <C1P,?1 (ZA1)7 Z v CIP:2 (ZA2)>
YETo(N)\RY

4p—2t|D‘p

Br
~ ) x(enx () <w_(P“m)’ 2 7'7“0_(13‘?2)>

p—t YeTo(N)\R};

Br
p—2t|D|p

S L <w<Pfl>, )3 mp+fj<m>2fw<vpﬁ2>>
(pft)X(al)X(CQ) YE£To(N)\RT

__|S|4r*|DPP
= 5 -
(p,t)X(al)X(GQ) "/GF(](N)\RK}
S|4P—2t| D|P mp—t
= 2’p | | |— > S gl A rm)a(yy, T, )

; 2t
(p2e)x(@)x(82) Qi)™ SR 41 e (g
YT2F#T1

Br

m (o, 72) 7 (w (), w7 (7))

1 N
a2 ) R 2,
XX S erov)\rg
YT2=T1
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Using Proposition 11.6, we then obtain

<ZA1 7TmZA2>U

|S|4p_2t|D|p mp! / / 2t
B (2%)x(a)x(az) | (2iy1y2)* Z Z g(11, 7' vm2) (v, 71, 72)
p—t 1 2 r)/el"o(N)/:ﬂ VGFO(N)\RK;
YT2FETL
2t
PG 7)) ey (202 w)
+ Z m .7(77 7—2) m Z 9(7'1,’}’11)) T
To(N)\R™ wW—rT1 (LTI /41 Zylxs(w)
A YeTo(N)/

o wmﬂ |

1

Next, we consider the term

/ 2t
. — — . a fy 7717 w
(83) > m iy m) T lim Y g(nyw) <2(Z. s(w))> :
YET (N)\RY A€o (N)/+1 u
YTa=T1

We begin by replacing the limit to 7 with a limit to 72 by replacing w by yw, yielding

/ 2t
p+t — \—2t 7 / a(fy ;T1, fyw)
Y R dim Y (i w) ( :

o Cx
+ELo(N\RY: 2 yero(N)/41 2iyiS(yw)
YT2=T1

By Lemma 11.7, we see that j(vy,72) ™" = j(y, 72)m 'y1y5 *, and we obtain

mP Ty . a(y,myw)\*
Y i) lim Y g,y w) (H :

2t = 211 S (yw
VLoV )\AE & T ery(N) 41 uSiw)
2=T1
This is in turn equal to
mpP~t . / / 2t - 2t
W 1}13;2 Z E 9(7'17 vy ’yw)oz(’y » Tl 'Yw) J(% 7'2) .
7' €00 (N)/+1vEDo(N)\RY
YT2=T1

Next, observe that

lim a(’ylv 71, ’}/w)j (77 7—2) = Oé(’y/, T1, ’77—2)]. (77 7—2) = (7:1 - 7/’77—2)]. (7/’ 77-2)].(77 7—2)

w—rT2
= (7 = Yym2)i (Y7, 72) = (", 71, 72).
We deduce that the desired limit (83) is equal to

mP~* 2 | 1
- T E a(y,T1,72) lim g(7y,w)
(2@3/1 yg) "/GRK}/:I:I w—rT1
YT2=T1

mpP~t

-
(2iy1y2)%

Z Z gl yr)a(y'y, 11, 2) .

7' €To(N)/£1vETo(N)\RY
y'Ti#T VT2
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It remains to prove the equality
4 li
CONS. DD

2
v€lg (N)\R}V”
YT2=T1

(y17 (7, 72))? log [to(yw)lo

mp~t E .
= 7o . \ot a(777-177—2) lim 10g|t( )‘
(2iy192) €T (N)\RR o
YT2=T1

We use the equality
Oé(’}/, T, 7:2) = (7—1 - 77_-2)].(77 7__2) = 21'3/1]'(% 7_-2)
in order to substitute (y1j(y,72)) % = (2i)%a(y,71,7) %, Using Lemma 11.7, we make the

substitution

— _\— — « 71,72
a(’777—177—2) ! :a(73717T2)‘a(77T1,7—2)| 2 = (,’y’ ’ )

4my1ys
We obtain,
ity = C A _ ol m )
(4my1y2)? (2imy1y2)*
Equation (84) easily follows. O

Theorem 11.9. Given A = [a] € Clg and (m, N) =1, and letting p = k — 1, we have

S|(4m|D|)k—t-1 2nN
(2, T Z)%% = '(Dt('%‘_)z) —uQZoA R m|D|+nN>@kt<1+ |D|>
k—t—1

+uD'ray(m) > lim (g(r,w) — log |2min® (11)(w — 71)]) | ,

wW—rT1

Aq,A2€Cl g
AT As=A

Proof. We set p = k — 1. We proceed as in the proof of Theorem (11.2): letting 5(vy, 71, 72) =
a(y,T1,m2) = (11 — y712)j (7, T2), We set
A Ay
N

which is a non-negative integer. We remark that n = 0 if and only if v75 = 7. In particular, when
vTo # 71, we have n > 0 and the exact same proof as for Theorem 11.2 shows that

S|(4m|D[)P~t
Z %X(amﬁ Z g(11,yr2) (v, 71, 72)*

N o(B(y, 1, 12)),

A1, A2€ClK (P*J YERR /£1
AT A=A Y2
]S|(4m]D| 2 ( 2nN)
= o 1(n)ra(m|D| +nN .

Next, we claim that

x(araz) Z a(y, 71, m2)*" = Dlur 4, (m).

YERY /*1
YTy
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Indeed, when y79 = 71 we have the simple expression

. VD
a(y,m,m2) = —2iyi(cre + d) = —A—lj(’y, T2).

Therefore, we have

X@az2) Y a(y,mi,m)* = Dix(@an) Y (A7N(v,m)*.

YERY /E1 YERY /*1
VYT2=T1 YT2=T1

Let a = ajaz. We claim that the assignment v ~ n(v) := A;5(v, 72) gives a bijection between
Si:={yeRY/ 1 |yr=n}
and
Sy:={n€a”'/£1| Nisg(n) =m/N(a)}.
Recall that a; = (A;, (B; + v/ D)/2) = A;(1,7) and a; ' = (1,7;). Because Y72 = 71, we then have
n(y) = At (v, ) = ATt a4+ 0) € AN agayt = (Araytag) 7 = (Grag) Tt =ah
Using Lemma 11.7, we see that

o). o A m m
Nijo(n(7)) = AT?i(v, 2)1> = AT m—

Ay A4y N(a)

We conclude that n(v) € So for all v € S;. Suppose that v, € Sy satisfy n(v) = n(y/). Then
j(v,m2) = j(v/,72). In particular, (¢ — )72 = d’ — d, which implies that (¢ — ¢’)y2 = 0, hence
¢ = ¢ and thus d = d’. We conclude that the assignment ~ — 7(y) is injective. There are ur4(m)
elements v € R}/ + 1 satistying ym» = 7 [22, p. 251]. Since

NTELa)} - #(29;(

#52 = 3 {n e o | Nigaln) = ra(m) = ura(m),

we deduce that S; and Sy are indeed in bijection.

We deduce that

x(a) Z afy, 1, 7)) = DtX(;) Z n*t = D'ur 4, (m),

YERR/£1 nca=!
2= N(n)=m/N(a)

where we used (78).

To finish the proof, we must argue that

x@ > aly,m,m)* = Diray(m).

YELo (N\RY
YT2=T1

Suppose that v € R} satisfies ym2 = 71 and that there exists 7/ € T'o(/N)/ £ 1 such that vy, = 7.
Then v'7; = 71 and

a(y'y,11,72) = =2iy1j (Y, 72) = a(y'y, 11, 72) = —2iy1i(v, 72)5(7, 71) = aly, 71, 72)5 (7, 7).
We have

Dhuray(m)=x(a) Y alymm)*=x@) >  alymm)* > i0@,m)*

YERY /E1 YETo(N)\RR} v €To(N)/+1
YT2=T1 VYT2=T1 Y r1="1
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The problem thus reduces to showing that

(85) > i )P =u
/€D (N) /%1
Y TI=T1
We have
oo = Y X))
/€T (N) /%1 /€T (N)/+1
y'mi="1 ¥'m=m

If w = 1, then only 7/ = 1 appears and j(7/,71) = 1 so that (85) is satisfied trivially. Assume now
that u > 1. The condition 7'7y = 71 implies that Ng/o(j(7/,71)) = 1. If j(v/,71) € O, then
J(,m) € OF so x(((7',m))) = 1 and we are done because the sum has size u. Note that

iy, ) =71 a1 +b).

We have ar; +0b € al_l, so if ’7'1_1 € a1, then j(v/,7) € O. Thus, it suffices to check that 71_1 € ay.
If wu =2, then K = Q(i) and I'o(N)m € Xo(N) is a lift of SLa(Z)i € Xo(1). We may thus assume
that 71 = i. If u = 3, then K = Q(p) where p = €2™/3 and we may assume 7, = p. In either case,
we have |71 = 1 and A; = 1, hence Tfl =7, € ap = A;1(1,71). This concludes the proof.

The logarithmic term is dealt with by using (82). O

We deal with the limit that appears in Theorem 11.9:

Proposition 11.10. We have

Z lim (g(1,w) — log |2min®(11)(w — 71)|»)

w—rT1
A1, A2€Clg
A1 A=A
I’ I’ L
=h <F(k +1t)+ ?(k: —t) — 2log(2m) + 22(17 €x) + log(\D])) .
Proof. The proof is the same as the proof of [22, IT (5.8)], except that we use Lemma 2.5. O

Combining Proposition 11.10 with Theorem 11.9 completes the proof of Theorem 11.3.

12. NON-ARCHIMEDEAN LOCAL HEIGHTS

In this section we compute the non-archimedean contribution to the height pairing of generalized
Heegner cycles. More precisely, we derive a formula for

(2, T ZA)Re =Y (Z,TmZa)veo.

vfoo
The analogous formula for (Z,T,,,Z4)E5 can be deduced by noting, as in [34, bottom p. 75], that

(86) (Z, T Za)ms = (Z,TnZ 1)fe.
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12.1. The case r4(m) = 0. Let v be a non-archimedean place above a prime ¢. Let m > 1 and
assume that r4(m) = 0. Let L = H,, denote the completion at v and let A be the ring of integers of
the maximal unramified extension L' of L, with residue field F = F,. Let X,(N)— Spec(Z) be
the Katz—Mazur integral model [26] and denote by X,(N)a— Spec(A) the pull-back with special
fiber X (N)p— Spec(F) = s and generic fiber Xo(N)puw—> Spec(L"™) = 7. Let ¢ denote the

inclusion Yp(N) xg F™ — X(N)a.

Choose a prime p that splits in K and that is distinct from q. Consider the following smooth
Qp-sheaf on Y (M):

W i= Sym™ 2 (Rlme ,Qp) (k — 1) @ ko H*' (A, @y (1)),

where mg: €— Y (M) is the universal elliptic curve. The cycle €Y € CH*(XF)ox is supported
in the fiber of mx: X— C' = X (M) over Q* € Y (M)(F), which is identified with (A%)%¢~2 x p A2
Its image under the p-adic cycle class map on W;(l(Q“) is denoted

b(YS) € eHZF72 (i (Q%) p, Qulk +t — 1)) = HY(Q%, W),

and in fact lies in H(Q®, W,)“F. This is the Tate vector associated with the cycle €Y. Taking the
p-adic cycle class map with respect to Tr;(l(Q“) of the cycle EYCS yields a Tate vector that we denote
by b(YQ“). These Tate vectors completely determine the p-adic Abel-Jacobi images of the respective
cycles with respect to the variety X. Recall the quotient map 7 =y n: Y (M)— Yo(N) =Y (M)/
S and let Wg = (mW,)°, a Qp-sheaf on Yo(N). Then a(Y*®) = > oqQen—1(py) 0(YG) and a(Y*®) =
>_Qer—1(Py) B(Yé‘) are Tate vectors with respect to the sheaf W9 defined over H.

Following [35], suppose ¢ and d are Tate vectors with respect to the sheaf Wg supported at points
Ye # Ya of Yo(IN)(L') of good reduction. Let y and y, be the Zariski closures of the points y.
and yg in Xo(N)a, and let ¢ and d be extensions of ¢ and d to HO(gC,L*Wg) and Ho(yd,L*WS)
respectively. If y and y, have common special fiber z € X,(N)p corresponding to an elliptic curve
E/F, then define

(C, d)v = (yc : yd)z : (Qzﬂiz)?

where (y_-y,)- is the usual intersection number at 2 on the arithmetic surface X(N)a and (c,, d.)

is the intersection pairing on the p-adic étale cohomology of E?¥=2 x A%t.

The assumption r4(m) = 0 guarantees that the Tate vectors a(Y) and T,,a(Y*®) have disjoint
supports. Moreover, we may assume that they are supported at points of good reduction (because
CM elliptic curves have potential good reduction). The number (a(Y'), Tna(Y?)), is thus defined.
The cycle Z§ sits above the Heegner point P® = T'o(N)1, € Yo(N)(H). Letting Pj denote the
Zariski closure of P! in Xj(N)ya, the cycle Z¢ admits an extension Z§ sitting in the fiber of Pj.
The intersection cycle Zy, - T,,Z% has a flat presentation over the common support |P,| N |1, Py
by [41, Lem. 3.3.2] and the fact that the cycles have presentations by abelian subvarieties. Thus,
following [41, (3.3.1)], we obtain

Zn - TwZiy = (=1)*(a(Y), Tna(Y"))s.
We conclude that
(87) (Zn; TmZg)vew = (a(Y), Tna(Y*"))y log N (v).
Remark 12.1. Under the assumption r4(m) = 0, the local Brylinski pairing at v of the vectors
a(Y) and T,,a(Y*) is defined and, according to [10, Appendix], we have
(Zn, T Z3)vew = {alY), Tna(Y®))y"

v
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where the local height on the left hand side is the one of Gillet—Soulé. Brylinski moreover gives an
explicit description of his local pairing under the assumption that H?(Y (N ), Wy (1)) = 0, namely

(a(Y), Tma(Y®))y" = (a(Y), Tma(Y"®))y log N(v).

The proof that H?(Yy(N)r, WJ(1)) = 0 can be found in [35, Proof of Prop. 5.1].

We have seen that the calculation of (Z,,T,,,Z¢)y€, boils down to calculating (a(Y), Tna(Y®))s,.
The latter has been calculated already in [35]:

Proposition 12.2. Let m > 1 such that (m,N) =1 and r4(m) = 0. Then
(@(Y), Tma(Y"))w

S
- |2‘mk—t—1 3 3 (e (x5t @ X282 o (X1 o X)),
nZ1 geHomy o (P3P, )m

Proof. This is [35, Prop. 5.2], except for the factor of |S| due to our normalizations. For future
use, we summarize the proof. In order to do this, we switch to the notations used in [35] and [31].

We let x = a(Y) and z% = a(Y*). These Tate vectors sit above the points y = P, and y° = P¢ in
Xo(N), where o € Gal(H/K) corresponds to [a] € Clg. We denote by z,z% y,y° the extensions
over A, and by z,, (2%)s,y,, (y7)s the corresponding special fibers.

Let ¢ be the prime below v and write m = mgq® with (mg, ¢) = 1. Following [22, IIT §5], we have

g __ (o4
Tmog = E Qg )
g€HomA (y7.,y7)m

and

Ty =D vy ()
J

The latter sum is indexed by certain integers between 0 and s, and the gg (j) are divisors over A

comprised of quasi-canonical liftings of level p? of their reductions (the notations are borrowed from
[22, TII (5.2)]).

By definition of the Hecke operators, we have

TmEa — Z Z mk—t—lig(j)’

geHoma (y7,y7)mg I

where Z%(j) is a Tate vector sitting above y(4). In the case where y and g‘; (7) intersect, the special
fiber of Z%(j) is represented by [35, p. 1150]

(88) @ ()5 =y, € b @ X)),

for any h € Homy /rn (gg,y)qs with n > 1. Note that this special fiber does not depend on j.
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We deduce that

S @ Tz = Y. Y mE T @z )
geHomA (Y7 y7)mg I
= mkt1 > D Wy EXEL @ X2 (XS @ XP)
g€Homy (y° ﬂ Ymg  J
=S (g Ty )EXE AT XS, (X e X)),

gE€Homy (y° ,g;’)

By [22, III (4.4)], we have

(- Tpy)) Z > 1.

TL>1 h/EHOmA/ﬂ.n (yg,g)qs

Injecting this into the above expression, we obtain

(EvaEa)v
_[S[mM ! (v ®k—t—1 ®2t k—t—1 ®2t
SRS YD DD DRt RS SR
EHomA(y 7y )"”O n>1 hEHomA/ﬂ- ( 7y)
|5\m B Z Z (F(XCE=t—1 g x 82y ¢(xk-t-1 g xB2Y)
9\/79 9Pa vD 1 ’
n>1geHomp /7n (y7,y)m
where the first equality holds because (88) is true for any h. O

The right hand side of the formula of Proposition 12.2 is 0 when the prime ¢ splits in K by [22
II (7.1)] (which shows that the double sum is empty). When g is non-split, Endy /-(P,) = R is an
order in the quaternion algebra B ramified at co and ¢. In this case, the double sum above can be
made more explicit. The reduction of endomorphisms induces an embedding K — B, which yields
a decomposition
B=B,®B_=K& Kj,

where j is an element in the non-trivial coset of Ngx (K*)/K*. The reduced norm on B is additive
with respect to this decomposition. Every b € B will be written as b = a + b_ = a + §j, and we
then have N(b) = N(a) + N(b-) = N(a) + N(Bj).

Proposition 12.3. Let m > 1 such that (m,N) =1 and r4(m) = 0. Then

AD)k—t-1 2N (b_
(@(¥), Tua(y), = sl 0L 5™ o, (1— T )>’
(k*tfl) b=a+b_€Ra/+1 ( )
N(b)=mN (a)

where
0 if q splits in K
Ub-) = 3(L+ordg(N(b-))) ifq is inert in K
ordy(|D|N(b-)) if q is ramified in K,
and Py, (x) is the Jacobi polynomial introduced in (11).

Proof. By the previous discussion, we may assume that ¢ is non-split in K. According to [22, III
(7.3)], we then have

Endyy /e (P,) = {b=a+b_ € R: [DIN(b_) =0 mod ¢(N(q))" "},
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and the association g + g¢q = b = a + b_ yields an identification between Homyy/ . (Py, P,) and
Endyy/rn (Py) - @ in B such that deg(g) = N(b)/N(a). Under this identification, we have [35, Prop.
5.3]10

. AD)F-t1 2N (b
(et o) e (g o) - (e (135657
k—t—1

Combining this with Proposition 12.2 yields

_ S| gy (4D)FE _o¢ 2N (b-)
(a(Y), Tna(Y)y = 5om (zkz)z > & e \ 1= N@®) )
k—t—1 n>1 b=a+b_€Ra
N(b)=mN (a)

[DIN(b-)=0 mod ¢(N(q))"~*
The result follows after interchanging the order of summation in the double sum and noting that
#{n>1:|DIN(b_) =0 mod g(N(q)" ")} = U(b-).
O

Let (, )BB = 2 viool » Ju€u be the sum of the local heights on X over all the finite places of H.

Proposition 12.4. Assume that (m, N) =1 and r4(m) = 0. Then

S|(4|D|m)k-t-1 nN
2 S1EDIm) oa(n)ray(m|D| —nN)Pg, (1—>-

(Z, TmZA>{li3B 2k—2
“ D7) D]

0<n< ™l

Proof. The only difference between the formula of Proposition 12.3 and the one of [31, II Prop.
4.15] is the fact that the sum is weighted by @?. The factor responsible for the appearance of
ra(m|D| —nN) in [31] is thus replaced by

DR

cCOgk
[(]=A"1
N(c)=m|D|—nN

where ¢ = (a)oa™! and @ € 97 ta. But this expression is equal to
a1y _ X(@) x(a)
> e ) = XD mip) - ax) = X8 i) vy,
«COg

[(]=A"1
N(c)=m|D|-nN

0

12.2. The case r4(m) # 0. Given points z; and z, of X,(N), reduction of homomorphisms
induces injections
Homy /rnt1(2q, 2o) < Homy jrn (24, 25), n>1
and we have
Hompuw(z1,22) = Hompy (2, 25) = ﬂ Homy /nn (21, 23)-
n>1
We define
Hom {7 (21, 5) := Homy /e (21, 25) \ Homyy (2, 25).

10The function Hg_¢14(z) in [35] is equal to the function Py (z) defined in (11).
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The integer 2ur 4(m) is the multiplicity with which P, occurs in T, P¢, i.e.,
| Homp (Py, Py)m| = 2ura(m).

Theorem 12.5. Assume that (m,N) = 1. Then

> 5] (4| D|m)k~t—1 2N
Z, T Z )88 = —u? oa(n)ray(m|D] —nN) Py (1 — —=
( m fi Dt (kzkt 21) Z X m|D|

0<n< Pl

|S| (4] DJm)k—t-1
(2)

Proof. We use the same notations as in the proof of Proposition 12.2. As in the proof of Proposition
12.2, we have
(89)

(2. T2 = ISImF =0 3T (g Ty EXER LT 0 X2, ((x b e XEH)),

N
hur 4, (m) log —

g&HomA (y7,y7)mg

where h is an arbitrary element of Homy /n (gg, Y)gs for some n > 1. Note that this element h can
be the reduction of an element of Homy (y‘;, Y)gs in the present case since r4(m) # 0.

We begin by assuming that v sits over a prime ¢ that is non-split in K. In particular, ¢ does not
divide N. By [22, III (8.5)], we have

o 1 Yq
TR IS >IN SIS I S
n>1 h’€Hom %% n(y ,y)qs h’EHomA(gg,g)qs

with vy = s or s/2 depending on whether ¢ is ramified or inert in K. Injecting this into the above
expression, we obtain

— |S|mF—t—1 Oh—t-1 o y @2 k—t—1 ®2t
a _
(%ng )v = 9 § § ( (X gvDg—1 ngaa) (Xf ®X1 ))
n>1 geHomRe/";n (Y, Y)m
|S|m*—t=1 Z Qk—t—1 ®2t k—t—1 ®2t
+'Uq 2 ( (X \/79 ®Xg¢u) (X\/ﬁ ®X1 ))7

g€HomA (Y7 ,y)m
where the equality holds because (88) is true for arbitrary h.

The quaternionic expression of Proposition 12.3 continues to hold for the first term if we impose
the additional constraint that b_ # 0 (always satisfied when r4(m) = 0):

|S|mF—t1 Qk—t—1 ®2t k—t—1 ®2t
BN ON g e X, (i e xe)

n>1 geHom3 1 (4% 4)im

A/w"
k—t—1
— ’S’mk‘—t—l (4D)_ § thU(b_)Pk’t <1 _ 2N(b_)) .

2k—2
(soi) b=a-+b_€cRa/+1 N ()
N(b)=mN(a)
b_#£0
It remains to handle the second term above, namely
; |S|m*— ! ST (Xl g XE) (xV g XPH)
1 2 \/79 9%a vD 1 '

g€Homa (¥7,y)m
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The result [35, Prop. 5.3] continues to hold in this case with b = 0 since g¢pg = b = a + b_ €
Endj(y) = Ok. Hence, we obtain

X(X)k t— 1 X®2t Xk: t—1 X®2t _ (4D)k_t_1 —QtP 1
( ( /D Dg— 9ba ) ( /D ® 1 )) - ( 2k—2 ) «Q k:t( )
k—t—1

But Py (1) =1, and we deduce that

|G|t k k
Y (X o X (XA @ X))

g€Hom (¥°,y)m
S|(4mD)k—t-1
| |( m ) 72t'

()

g€Homy (y7,y)m
gpa=a€Endn (y)

Recall that y = P, is represented by A = C/Ok, y° = P% is represented by A* = C/a~!, and
with these identifications the isogeny ¢, is the quotient isogeny C/Ox— C/a~!. In particular,
gda € End(C/Of) is given by multiplication by some o € O that must satisfy ca € O for all
a € a~!. In other words, we must have a € a. The norm of « is deg(g) deg(¢q) = mN(a). We have
shown that the assignment g — g¢4 gives a map

Homy (y7,y)m— {a € a: Nk g(a) = mN(a)}.

This map is injective and Homp (y”,y)m has size 2ur 4(m). On the other hand, the integral ideal

~1 € A~! has norm m and thus the right hand set has size |O%|r 4-1(m) = 2ur 4(m). We deduce
that the map is a bijection. We thus obtain

|S|mF—t=1 k 2 h—t—1 2
WIS gt X X
g€Hom (y7,y)m

|S|(4mD)*—*1 9t
Y Z a
(k:—t—l) aca
N g(e)=mN (a)
S|(4mD)k—t-1 B
:”q| ( Qk—)2 Z X(@)
2(k—t—1) aca
Nk jg(e)=mN(a)
S|(4mD)k—t=t . o
:Uq| |( Qk_)g X(ﬂ 1) 1 Z X(Oéa 1)
2(:55)

m k—t—1
= POV @ T k(0

(kz—t—l) ceA!
N(c)=
S|(4mD)—t-1
= o SEMDI T @yur g 5 (m)
(ei21)

m k—t—1
=, |S|(Zt 2153 ) x(@)ur g, (m).
k—t—1
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To summarize, when v sits over a non-split prime ¢, we have established that

k—t—1
(2, TnZ®)o = \Slmkhl% S MU Py <1 - 2N(b_>>

(k—t—l) b=a+b_€cRa/+1 N(b)
N(b)=mN(a)
b_#0
S|(dmD)—t=1  _
(k=-1)

Next, we deal with the case when v sits above a prime ¢ that splits in K, say ¢qOx = qq. Our
starting point is (89). In this case, by [22, IIT (8.5) 3) and III (8.6)], we have

_ Y
h’€Hom z (gg,g)qs
where
kq if v{ N, where kg > 0 and kq + kg = s
vg =10 ifv|n
—ordg(N) ifov|n.
Injecting this expression into (89) yields

—t—1
oy |SIm Rk—t—1 221 f—t—1 ®2t
(z, TT )v—vq# » 5( . (e(X oV Dg-1 ®Xg¢a) (X5  @X7)
geHomn (y°,y

m k—t—1
= v, ’SKZE 2]53 ) x(@)ur g, (m).
k—t—1

(This exact expression was calculated above.) Putting everything together, we deduce that

(ZuT Z.A>BB
S|(41Djm)—1 -
— 2 Di(2F2 Z oa(n)rax(m|D| —nN)Pj 17@
(k t— 1) 0<n <m\D\

keS| (AmD)*

+(-1) (%_2) ur A ( quZlogN

k—t—1

q vlg
S|4 D)~ -
= —u’ t( 2k—2 Z oA(n)ray(m|D| —nN)Pg, (11— D
D (k:—t—l) 0<n <m\D‘
k+t S| (4mD)k7t71
+(=1) 2%—2 ur Ay (m) Z hordy(m/N)logq + Z hord,(m)log q
(k—t—l) q split q non-split
SI(4]Dm)* .
= —u’ t( 2k—2 Z oA(n)ra(m|D| —nN)Pg, (11— I D
D (k—t—l) 0<n <m\D\
S|(4m|D|)k—t-1
‘ ‘( (kQ‘kt—Lf) hu?‘A’X (m) log(N/m)‘
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13. FINAL FORMULA
We recall from (27) and (28) that
Z4=x(a)t28 and Z4=x(a)"' 28
Define

A= (7+2).
deg(WM,N)
If A= [a] € Clg, then define
1 _
deg(WMJ\[)

Recall from (29) the cycle

L k—+t
Ay:= > Ay, €CH (X)o,k(\/aegtmarn)) 0"

AeClg

Recall that g4 = >, 51 am(A)g" € S5 (Io(IV)) represents the linear functional on Sy (I'o(N))

given by
(2k — 2)!\/|D|D?

Theorem 13.1. Assume that 0 <t <k —1. For all (m,N) =1, we have

41D k—t—1
(A, T )PP = 2hu? (D‘t(|2)k—2 ) Z am (A).
k—t—1 A

Proof. By Theorem 3.6, for any (m,N) = 1, we have
am(A) = ai' (A) + aps (A),

where
(90)

n i1 | R N 2nIN
agl (A) = mkt1 aDtrfo(m) log i Z a%(n)rﬂvx(m\D| —nN)Pyy (1 — m|D\>

0<n§%
(91)
h I I D r

0o o k—t=1 "t - - _ =1 -

aX(A)=m [UD T A (m) (I‘ (k+1t)+ T (k—1t)+1log (47r2> +2 7 (1,eK)>
> 2nN
(92) —;UA(H)TA’X(m‘D| + nN)kat <1 + W)] .
(93)
By Theorem 12.5, using also (86), we have
B B 41D k—t—1
(99) (2, T Z B8 = (2, T 2,20 = 2 SIADD
D' (55

By Theorem 11.3, we have

k—t—1
(05) (2T 20 = (2, T 22 = S oy
D5 5)
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Recall that |S| = deg(mar,n). We deduce that, for all (m, N = 1), we have

WA T ANPP = (AT Y - Au )PP
A
=(Z+Z,TnY (Za+ Zz)""
A
= (Z.TnZ)R + (2. TnZa)be + (2, T ZA)P + (2, TnZ 1)5P)
A

_ (D)t

D ()

A
4|D k—t—1
(D‘t('z)k_Q > an(A)

1) ‘R

> (24 (A) + 2ap5 (A))

= 242

Define W to be the subspace of generalized Heegner cycles generated by
{TmAy | (m,N) = 1}.

Let W' denote the quotient of W modulo the null space with respect to the Gillet—Soulé height
pairing on W x W.

Proposition 13.2. The module W' is isomorphic as a Hecke module to a subquotient of Sor(To(N)).

Proof. The argument is the same as [41, Prop. 5.1.2], but requires Lemma 13.3, which we prove
below. 0O

Lemma 13.3. For n and m coprime to N, we have

TTnAy = Y & 'TupA,.
d|(n,m)

Proof. We immediately reduce to the case where m and n are powers of a single prime p. Since
the action of Hecke operators on A, lies over the action of the Hecke operators on the modular
curve, the desired formula follows from the case £ = 1 and the formula f*A, = ka*QAX, where
f=[p]x1: Wop_gx A% — Woy_ox A", To verify this, we consider separately, in the definition of the
generalized Heegner cycle (see Section 5.2), the k—t—1 pure Kuga—Sato factors and the 2¢ “mixed”
factors. Let 7 be the projection onto H'(E,)®?, so that, e.g., nI'1 = 'y — B, x {0} — {0} x E,. On
the pure Kuga-Sato factors, the pullback of nI" 5 along [p] x [p]: Ey, x Eyy — Ey, x E is p?nl D 141,
2.4.2]. On the mixed factors the pullback of nI'y along [p] x [1]: Ey, x Ap — Ey x Ap is nI'y = pnl'y.
It follows that f*e€Y = p?k=2t=2p2teY = p?¢~2¢Y", and hence A = p%_QAX, as claimed. O

Given an element T € W, denote its image in W/ by T'. If f is a normalized newform, we may
consider the f-isotypic component of A}, which we denote by Al .

Theorem 13.4. Assume that 0 < t < k — 1. For any normalized newform f € Sop(Lo(N)), we

have
4EHTZ(f, f)

L'(f,x,k+t) = AL A
(/:x ) (k;—t—1)!(k+t—1)!hu2\/W|D|k—t—l< x> =f

>BB_
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Proof. We have
24k 12k

21 /DID! (f, ZQA

Extend {f} to a basis {f1 = f, f2,..., fa} of Sax(I'0(N)) consisting of the normalized newforms
together with a basis of the space of oldforms. We may then write

L(fxk+1) =Y La(fix.k+1) =
A

d

A;( = Z A;(vfi’
i=1
such that T, A = am(fi)Al 4, for all (m, N) = 1. We then have
(A, TnA )PP = (AL, TR AP = (A] (T, Zam Fi) (A g AL 1 )PP

2%
Using Theorem 13.1, we deduce that up to oldforms we have
2k—2
Z _ Dt(k t— 1) < ! A >BBf'
JA = Qu2h(4|D|)k—t-1 xofo Sxadil o Ji
i7j

The cycles A;( 5 have different eigenvalues with respect to the Hecke operators, which are self-dual
with respect to the height pairing. Thus, (A} ., Al ,)BB =0if i # j and
_ 2k—2
phogh DY)
(2k — 2)!\/|D[Dt 2u*h(4|D[)F -1

The result follows since { , YBB is Hermitian and in particular, any self-pairing is a real number. [J

L(f,x, k+1t) = (Al AP

14. ALGEBRAICITY

We prove generalizations of the algebraicity results of Gross—Zagier [22, V (4.3)] and Zhang [41
Thm. 5.2.2]. Define

Gt (2,72 )y, 2, 2')*

YERY /E1
V&' #2

|S|(4[D]F
(96> g]\"/},N,Ic,t7 (Z7Z/) = k—
! D! (%)

+ thT‘Al—lA%x(m) lim (gg (2, w) — log |2min* (2)(w — 2)],) |,

w—rz

where we recall that for v = (‘CL 2) € RY, we have a(y, z,2') = ¢z2/ +dz — a2’ — b, and
/12
A ’Z -z ’
Gri(2,2) = —Qpy <1 + 2yy’> )
with Q.+ the Jacobi function of the second type (17).

Let A € Clg with corresponding Galois element o € Gal(H/K). Let 9 = % € H such that
Lo(N)79 = Py, as in Section 10.2. Define the quantity

7ﬁ7N7k7t7X (A) = Z g‘[w\}7N7k7t7X (7—6” Topa) = Z g]mw7N7k7t7X (Tul ’ Ta2 ) '

peGal(H/K) A1, A2eClg
AT A=A
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By Theorem 11.9 and (95), we have

o S| (4| D))kt
(Z, TmZA>]§oB =mt 171\73,N,k,t,x(v4) = 2%
(e2e-1)

ap, (A),
where aS°(A) is given by (91). We deduce that
Dt( 2k—2 )

™ k—t—1 k—t—1_.m
(97) (lm(.A) - u2]S|(4\D])k_t_1 m 7M,N,k,t,x("4)

T %Dt""fl,x(m) log% — Z o'1(n)ray(m|D| —nN)Py, (1 — fﬁg)
o<n< Pl
Let A = {\}>1 be a relation for Sai(I'o(V)), in the sense of [22, p. 316, so that:
i) A € Z, Ay, = 0 for all but finitely many m;
ii) Zm21 Am@m = 0 for all Zmzl amq™ € Sor(To(N));
iii) A\p, = 0 for (m, N) # 1.
Define

VM N et A (A) 1= Z mkftfl)\m’Yﬁ,N,k,t,x(A) = Z gM,N,k,t,X,A(Tg,Tgo)-
m>1 p€Gal(H/K)

Then (97) implies the equality:

Theorem 14.1. For all0 <t < k—1, X a relation for Sor(To(N)), and A an ideal class of K, we
have

_ |81 D! keto1 oo N
(98) YNk exA(A) = u D (2T n;m A | = = D'ra(m)log —

Y yn)rax(m|D| —nN)Py, (1 _ 2N )]

0<TLST

The quantity a;{(n) appearing in the sum on the right hand side is a non-negative even integral
multiple of the logarithm of a prime (by the remark following [22, IV (4.6)]). Hence, Theorem 14.1
expresses Yar, N k,tx.A(A) as a Q(x)-rational linear combination of logarithms of primes, generalizing
[22, V (4.3)] to the case t > 0.

We also obtain the following result in support of a generalization of the algebraicity conjecture of
Gross—Zagier [22, V (4.4)]:

Theorem 14.2. Let 0 <t < k—1, X be a relation for Sop(I'0(N)), and o € Gal(H/K). Assume
that the height pairing on generalized Heegner cycles is non-degenerate. Then there exists a K(x)-
rational number ¢ and an element § € H ® K(x) such that

p_poy _ p
IEARLZIZY @) ?
GM Nkt A T0, T ) = clog |67],,

for all p € Gal(H/K), where v: H < C is the embedding fixed in Section 10.2.
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Proof. Let A be the ideal class corresponding to 0. By Theorem 11.8 and (76), we have

p POy _ k—t-1 p _po
GMN kAT TY ) = Z m )‘mgz\n},N,k,t,x(TOaTo )
m>1

- Z A'm <ZA17TmZ.A2>v

m>1

= A (Z, T Za),

m>1

= <Z AT 2, ZA> ,

m>1 w

where A; is the ideal class corresponding to p € Gal(H/K), Ay = A1 A, and w is the infinite
place corresponding to p. Thus, the individual terms QM,N7k7t,X7,\(T(’)) ,Téw) in the definition of
YM,N kA (A) are the local height pairings at archimedean places of the cycles > i A\pTinZ
and Z4. Using the non-degeneracy of the height pairing and Proposition 13.2, the fact that ) is
a relation for Soi(I'o(N)) implies that Y~ ATmZ = 0 € CHkH(X)O’K(X). Thus, there exist
subvarieties W; of X and functions f; in W; defined over H such that

> AnTmZ =cY_div(f;|Wi),
m>1 i
for some ¢ € K(x). It follows that
> A2, TmZa)y, =Y _log|fi(Za- Wi)|w

m>1 i

= clog

Hﬁ@¢m>

)

(Hﬁ@«mop

w

= clog

v

Theorem 14.2 generalizes [41, Thm. 5.2.2] to the case ¢t > 0.

15. COROLLARY

Proof of Corollary 1.4. Fix a prime £ { 2(2k — 1)!Np(N) split in K. Let x’ := x - Nm™!, a Hecke
character of infinity type (¢, —t). Consider the ¢-adic Galg-representation Vi, o = Viy(k) @ xj =
Vie(k) @ xe(t). The Rankin—Selberg L-function L(f,x,s) has global root number —1.

Let F'/Qg be a finite extension containing the Fourier coefficients of F' and the values of x’. Consider
the generalized Kuga-Sato variety X’ := Way,_o(T'1(N)) x A2*72 where Woy_o(T'1(NV)) is the Kuga—
Sato (2k — 1)-fold over the modular curve X;(N) with I'; (IV)-level structure, and A is a CM elliptic
curve as in [13, §4.1]. It contains the generalized Heegner cycle

Y = ew ® ea((Thy)?*?) € CH* 1 (XTy)o,
where the projectors ey and €4 are the ones defined in [3, (2.1.2), (1.4.4)]. Define a class zy,/ €
H}<K’ Vf7xlve) by

2 = otk (%o 1);

where zf,/1 € H'(H, V) is the xj-component of the image of AJ%?fl(T) in

H'(H,Vi(k) ® Sym®" 2 H} (A, Qq(1))).
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By [13, Thm. B], we have

(99) 2 0 => Hi(K, Vi) =F -z

Since we assume the injectivity of AJ’;(H, to prove Corollary 1.4 it suffices to prove that

ords—1 L(f, X, S) =1 = Zfx! 75 0.

Let X := Wa_o(I'1(N)) x A% and define the generalized Heegner cycles
Y =ew ®@ea((T p5) 7 x (TF)*) € CHM (X g ).
Define
2 = oy (2 1) € H (K, Vi o),

where Zjﬁx',l € H'(H,V},s ) is the x)-component of the image of of AJ’}(H(T’EOK]) in

H'(H, Vy(k) ® Sym® Hg (A, Qq(1))).

By [5, Prop. 4.1.1], there exists an algebraic correspondence mapping Y to an integral multiple of
T]EO]K' Thus, in order to prove that zy,, # 0, it suffices to prove that zﬁc Y # 0.

Recall the generalized KugafSatQ variety X = Woy_o x A% studied in this paper, along with the
generalized Heegner cycles Z 4,24 € CHk+t(XH)O7K(X). Define 2} v € HY(K, Vi) to be the
X'-component of

ot (ATFL(Z)) € HY(K, Vyo(k) @ e HZ (A, Qu(1))),
where AJ ])“(Jr]f denotes the composition

Agktt
0

CH**(X)o —% H(H, HZ 1 (X, Qu(k)) ® roc HZ (A, Qu(t)))—L HY (K, Vi o(k) @ koo H2L (A, Qu(1))).

Note that rosH?! (A, Qy(t)) is a quotient of e4H? (A, Qu(t)). In order to prove that z}’x, # 0, it
therefore suffices to prove that 2} » 7 0 (the different level structures have no effect since we are

projecting the cohomology classes to the cohomology of the representation V},, which can be cut
out from the cohomology of Way_o and/or Wa,_o(I'1(N))).

We have
= X A0 = A (X Za).
AeClg AeClg

Let 7 € Gal(H/,Q) be a lift of a generator of Gal(K/Q). Let (—1)¥v; be the sign of the functional
equation of L(f,s). By [35, Lem. 4.8], we have

(25 0) = (=D ey (n) AJH < > ZA>.
AeClg

In view of (29), we thus have

(100) 2o+ (D (R)7(2 ) = (/deg(man) AT (A p).
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Using Theorem 1.1, we see that

1.1
Ords:k-‘rt L(f> X 8) =1 (:Q (AX7f’ AX7f>BB 7& 0
— AX,f 75 0

100) 4
Zi 70
Zfx 70
dimp H{(K, Vi) =1

—~

E

!

99

—~

Aglj. dimK(X) €f.x CHk+t(X)0 =1.

APPENDIX: CONVENTIONS FOR HEEGNER POINTS

Following [20], any Heegner point on Xo(N) for K can be described as (A, n) := (C/a— C/an™1)
for any integral ideal a such that [a] = A. The identification of Y5(N) with I'o(N)\H is obtained
as follows. Given a point 7 € H, assign to it (C/(1,7),1/N + (1,7)). Conversely, given a cyclic
N-isogeny E— E', write E = C/L and E' = C/L’. Up to homothety, we may assume L C
L' and C/L— C/L’ is the identity map on covering spaces. We can then choose an oriented
basis L = (wg,w;) such that 7 = wj/wy € H and L' = (wa/N,wi). The point (E— E') of
Yo(N) then corresponds to I'g(N)7. The point corresponding to the Heegner point (A, n) will be
denoted by 24, € H. Since z4n € K and Nzy, € K, the point satisfies a quadratic equation
azi’n + bzgn + ¢ = 0 with ged(a,b,c) = 1, D = b? — 4ac, and N | a. We have Z4, = Zaq If
op € Gal(H/K) corresponds to B € Clk under the Artin map, then 2% = z45-1,. Letting p | N,
pOk = pp, n = pFm and n’ = p*m, we have wp(2an) = Z A[pk],w- These are the conventions used in
31, p. 663).

These conventions differ slightly from the ones in [22]. We begin by recalling that O = (1, %)
The ideal n is determined by some 3 € Z/2NZ such that 32 = D (mod 4N) and n = (N, BJ”/E).

2
We have N(n) = N and n~! =aN~! = (1, = ;N‘@). Consider a quadratic equation of the form
(101) AX?4+BX+C=0, A>0, B?>—4AC=D, N|A B=p (mod?2N),

and consider the integral ideal a = (A, B+2‘/5>. Observe that N(a) = A,a ! =ad~1 = (1, = ;:4\/5>

and an~! = <%, B+2\/5>. Gross and Zagier define 74, = (—B +v/D)/2A € H to be the solution to
(101) that lies in H#. Then a=! = (1,74,). Observe moreover that

i

- S 1
a*lﬁ*l — a*lnN*]- — (anfl)*lN*]- — an—lNA*lN*l — an—lA*l = <N7TA7H> .

We deduce that
Fo(N)TAm = Fo(N)Zﬂvﬁ = Fo(N)EA ne

In particular, we obtain
(102) ijn = Zj‘fﬁ = Zig-15 = TABn-

This is coherent with the statement [22, p. 235] that “Gal(H/K) ~ Clg acts by multiplication on
A”. Letting p | N, pOx = pp, n = p*m and n’ = p¥m, we have

(103) wp(TAm) = wp(zfl’ﬁ) = ZA[pk]mkﬁl = TA[ﬁk],ﬁ’“m = TA[ﬁk],n"
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Note that the cycles Z4 and Z4 sit above the Heegner point
P'=(C/a~'—C/a"tn7!) = Zin = TAg = (A"— A%/A%n]).

Equation (103) is consistent with the claim [22, p. 243] about Atkin-Lehner, but inconsistent with
the claim in [22, p. 236 i)]. It is moreover claimed in [22, top of p. 243] that 735 = 745-1,. This
contradicts (102) and is the reason that all sums in the archimedean calculation of [22] are over
ideal classes A; and Aj satisfying A A5 ' — A, when the sums should in fact be taken over ideal
classes A; and Ay satisfying A; ' Ay = A. This does not affect the results of [22] because there is
no infinite order Hecke character to deal with, but it does matter in our setting. In the same vein,
it seems that [41, 2nd equality bottom p. 142] should contain A~! instead of A. Once again, this
does not affect the results of [41], since there is no infinite order Hecke character.
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