Differential Equations on the Sierpinski Gasket

Gl

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

EPFL - SMA BA4

David Lilienfeldt, Hadrien Espic

david.lilienfeldt@epfl.ch, hadrien.espic@epfl.ch

Résumé

A recent discover allows to define differ-
ential operators on topological spaces
that have a highly non classical struc-
ture. The aim is to introduce the
Laplace operator on the Sierpinski Tri-
angle and study some of its properties.
The approach will basically be the same
as in [1].

1. The graph of SG

We approximate the Sierpinski Gasket
(SG) with its graph that we shall de-
note I'. We let T, = (V},,, A;n) denote
the graph of level m. (Informally, I can
be viewed as a "hollow” version of SG).
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Figure 1: Graph of SG at level 5.

2. Measure and Energy on SG

In order to work towards the definition
of a Laplacian we need to introduce a
measure on SG. Any self-similar mea-
sure is suitable but to simplify the com-
putations we mostly work with the uni-
form measure. This is the measure that
assigns the weight of (1/3)™ to each
small triangle of SG at level m.

An important tool is the notion of graph
energy.

Definition 1 Suppose we have a func-

tion f : V,, — R, we define the graph

energy of f on I'), as the quantity
En(f) = %(f(ﬂf) — f(y))?
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where x ~ y stands for "(x,y) € A;"

We use a more suitable energy that we

define as
5)

m
En) = (3) Enlf)

where 3/5 is a renormalization factor.
If f has values at any level m, then we
set £(f) = lim &, (f) (when this limit
exists).

A key element of our project is the no-
tion of harmonic functions. We define
the harmonic extension of f (as above)
as the extension to level m + 1 that
minimizes the energy.

Figure 2: Graph of the harmonic ex-
tension of level 7 for initial values 0, 1,
8.

Definition 2 A function h : SG — R
is said to be harmonic if

E(h) < E(9),
for all g such that g|y, = hly,.

We say that a function f has finite en-
ergy if £(f) < oo. We shall use the
notation dom & for the set of functions
SG — R with finite energy.

3. Laplacian

By analogy with I = [0,1] we are
able to state a weak formulation of the
Laplacian on SG, that we will write A,
to denote its dependence on the chosen
measure.

Definition 3 Let u € dom £ and f be
a continuous function. Then u € dom
A, with Ayu = fif

E(u,v) = —/K fodu

for all v € dom & that vanishes on V.

It is said to be the weak definition be-
cause of the boundary condition that v
vanishes on V. In order to state a wider
formulation we need to get rid of this
condition. Thus we introduce the no-
tion of normal derivatives. This yields
the following theorem.

Theorem 1 Let uw € dom A, and v €
dom E. Then E(u,v) is equal to

— oo (Auuyodu + 2 v(@)3nulq)

A pointwise formula of the Laplacian
enables us to compute the Laplacian at
a given vertex x in the graph (but not
in V5). We give this formula for the
uniform measure :

Au(e) = ; Tim 5" A u(z).

4. Examples of differential

equations on SG

Let U be an open subset of R" with
some conditions on QU (smooth or
piecewise smooth).  The Dirichlet’s
problem is the following system:

—Au

L
Here f : U — R is a given func-
tion with some conditions. The the-
ory we have covered enables us to solve
this problem with the Green’s function.

More generally, it can be used to solve
diffusion problems.
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