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Introduction

A fundamental tenet of Diophantine Geometry is that the geometric properties
of an algebraic variety should determine its basic arithmetic properties. This
is certainly true for curves, where the sign of the Euler characteristic of C deter-
mines whether the set of rational points on C is finite (x(C) <0), a finitely generat-
ed group (x(C)=0), or parametrizable (3 (C) > 0). For higher dimensional varieties
there are some precise conjectures due to Bombieri, Lang, and Vojta [15] which
predict when the rational points on a variety should be finite or degenerate
(i.e. not Zariski dense), and some conjectures of Manin et al. [2, 5] on the distri-
bution of rational points in those cases when they are Zariski dense. But except
for abelian varieties, their subvarieties, and some Fano varieties (varieties for
which the anticanonical bundle is ample), there are very few general theorems.

In this paper we will study the rational points on a certain class of K3
surfaces defined over a number field K. The moduli space of marked algebraic
K 3 surfaces is a countable union of 19 dimensional quasi-projective varieties.
We are going to look at the 18 dimensional family studied by Wehler [17].
Wehler’s family consists of K3 surfaces S whose automorphism group Aut(S)
contains a subgroup & isomorphic to the free product Z,*Z, of two cyclic
groups of order 2. We will use the geometric information provided by this infinite
automorphism group to study the K-rational points on S.

For any point PeS, we can look at the orbit of P under the action of

C=€(P)={¢P:ped].

We call such an orbit a chain. Then the study of the K-rational points on
S is divided into two parts: (i) Describe the points in a given chain € < S(K).
(ii) Describe the collection of chains in S(K).

The chains themselves naturally separate into two sorts, those with finitely
many elements and those with infinitely many elements. This is analogous to
the points on an abelian variety, which generate either finite or infinite sub-
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groups. Our first main result says that S(K) contains only finitely many finite
chains. (Just as an abelian variety contains only finitely many points of finite
order defined over any given number field.) Our second main result, which
we describe more precisely below, gives the counting function for the number
of points in a chain with height less than a given bound.

A basic tool in the study of Diophantine equations is the theory of height
functions. On abelian varieties Néron and Tate developed a theory of canonical
heights which have especially nice transformation properties. If 4 is an abelian
variety and if DePic(4) is a symmetric divisor class, then the canonical height
h,, interacts with the group law on A4 via the formula A,(nP)=n>h,(P). (See,
e.g [9].) In a similar way we will develop a theory of canonical heights on
our K3 surface S which transforms canonically relative to the automorphism
group &/ More precisely, we will prove the existence of two canonical heights
h* and i~ on S which satisfy the transformation formulas

R (@P)=@+)/3Y @ I (P)
and

R (¢P)=(2+)/3) " @ h 2 (p)

for every ¢pe.o Here £ (¢p)eZ and yx(¢)e{ + 1} are functions that we will precisely
describe in Sect. 2. The functions A* have many properties similar to those
enjoyed by canonical heights on abelian varieties. For example, A% (P)=0 for
all points PeS(K), and

At (P)=0<h" (P)=0<%(P)is finite.

In order to draw arithmetic conclusions, one ultimately must relate everything
to heights relative to a projective embedding. So we also show that the function

R=1(/3- 1) +h")

is a Weil height corresponding to a very ample divisor. These and other proper-
ties of the canonical heights #* and A~ are described in Theorem 1.1 in Sect. 1.

From the transformation formulas it is clear that the product A* A~ takes
the same value at P and at ¢ P for any automorphism ¢ e This allows us
to define a canonical height of a chain A (%) =Ah" (P) A~ (P) which can be calculat-
ed by choosing any point P in the chain. Notice that H(#)=0 if and only
if the chain € is finite; it is this observation which ultimately enables us to
prove that S(K) contains only finitely many finite chains. In the case that
H(%)>0, its value determines the arithmetic complexity of the chain. For exam-
ple, H(%) appears in the following counting formula which we will prove in
Sect. 4:

% {Pe%: h(P)<B}=xlog(B*/H(#)+0(1) as B—oo.

Here k=x(%)=0.3796... or 0.7593... depending on whether the chain ¥ is one
or two sided, and the big-O constant is absolute (it is even independent of
the surface S.)

The organization of this paper is as follows. We begin in Sect. 1 by setting
notation and stating our main results. We also raise several questions for our
K 3 surfaces which are analogous to theorems and conjectures on abelian varie-
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ties. Section 2 is devoted to geometry. We determine how the automorphisms
in &/ act on Pic(S), and use this information to draw various conclusions about
chains, ample and effective divisors, and curves of low genus. In Sect. 3 we
prove the existence and basic properties of the canonical height, and in Sect. 4
we apply our results to bound the number of finite chains and count the number
of points in infinite chains. To illustrate our general theory, we present a numeri-
cal example in Sect. 5, including a list of the first few points in a particular
infinite chain. This list has an unexpected arithmetic property. In the final section
we show how a strong form of Vojta’s conjecture [15] can be used to explain
this property.

1 Notation and the main theorems

In this section we will state our main results and raise a number of interesting

questions meriting further study. We begin by setting some notation which

will remain fixed throughout this paper.

K a number field.

S/K a smooth surface contained in P2 x IP? given by the intersection of
two effective divisors, one of type (1, 1) and one of type (2, 2). In other
words, S is the locus described by two equations of the form

3 3
Zaijxinz Z biji i Xy )1 =0

ij=1 ijul=1
pi,p:  the projections p;: S — IP? induced by the natural projections
p; P? xP* - P2

D,,D, €Pic(S), where D; is the divisor class of p¥H, where HePic(IP?) is
a hyperplane section.

61,0, €Aut(S), where o; is the involution of § induced by the double cover
py: S - P

R4 < Aut(S). The subgroup of Aut(S) generated by ¢, and o,.

o =24 1/5

E*,E~ ePic(S)®NRR, given by the formulas
E*=aD,~D,, E =-D,+uaD,.

The surface S is a K 3 surface. By varying the coefficients of the polynomials
defining S, one can produce an 18 dimensional family of such surfaces (up
to isomorphism over €). For basic facts about K3 surfaces, see [3, 6]. This
particular family of surfaces is studied by Wehler in [17]; he shows that the
general member of this family has automorphism group exactly equal to o/
For our purposes it is enough to have ./ as a subgroup of Aut(S), so we
will not need to worry about the fact that Wehler’s proof does not guarantee
the existence of even a single S/Q with Aut(S)=./ (This is a failing common
to all theorems in algebraic geometry which assert that the general member
of a family has a certain property. For example, the Noether-Lefschetz theorem
[7, 10] and the Dimension and Smoothness theorems in Brill-Noether theory
[1, p. 214] have this form. Note that the term “general” means except for counta-
bly many proper Zariski closed subsets of the relevant moduli space. Since
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@ itself is countable, there is nothing to prevent every @ point in the moduli
space from being deleted!).

Our first result says that there are height functions A* and A~ on S(K)
which transform “canonically” relative to the group of automorphisms /.

Theorem 1.1 There is a unique pair of functions
At R S(K) =R

satisfying the following two properties:

() Bt =hp. +0(1).
h*og,=a 1 h¥.
(i) htog,=a*1h*.

The functions k* and h™ have the following additional properties:
(iii) At o =a@Pp=x@  forall ped.

[Here y: of - {1} and ¢: of - Z are functions we will describe in Sect.2;
and h*? is an alternative notation for h*.)

(iv) Define h=h*+h.

Then h is a Weil height function for the ample divisor class (0 —1)(D, + D,).
(v) The function h* k™ is o -invariant. That is,

R (oPYh (¢ P)=h* (PP~ (P) forall peot andall PeS(K).
(vi) h*(P)=0  forall PeS(K).

(vii) Let PeS(K). Then
Rt (P)=0<h" (P)=0<>{¢ P: pc.of} is finite.

The automorphisms in &/ act on the points of S. We will call the orbit
of a point P a chain, since it can be pictured as

B6,0, P30, PEPB 6, PBo,0, PO 0,0, P
Of course, such a chain may loop back on itself.
Definition. A chain € = S{K) is a set of points of the form
CP)={pP: pe}

for some PeS{K). We will say that a chain 4 is K-rational if ¥ <S(K). We
define the (canonical) height of a chain € to be

H(@)=h*(P)h~(P) forany Pe%.

(Note that Theorem 1.1{v) says that A (%) is independent of the choice of Pe%.)
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Since S(K) is a disjoint union of chains, we can break up the study of
S(K) into two questions:

What do the points in a K-rational chain look like?

What does the set of K-rational chains look like?
We will be able to answer the first question quite well. For the second, we
will be able to limit the number of finite K-rational chains; but at present
we do not have any good description of the infinite K-rational chains. We
begin with our description of the finite chains.

Theorem 1.2 (a) % is finite<> H(%€)=0<>h(P)=0 for all Pc¥%.
(b) For any constant B, the set

{chains ¢ = S(K): H(%)< B}

is finite. In particular, there are only finitely many chains € < S(K) with %€ < 0.

Remark. We can actually prove something a little bit stronger concerning the
set of finite chains. For any PeS(K), let €(P) denote the chain containing P.
Then we can prove that

{PeS(K): #%(P)< o0}

is a set of bounded height. Thus this set contains only finitely many points
defined over fields of bounded degree.

Next we investigate the heights of the points in a given infinite chain. We
give an estimate for the point of smallest height and count the number of points
with height less than a given bound.

Theorem 1.3 Let € = S(K) be a chain with # % = 0.

(a)

2 ()<x;nnﬁ )<20)/H(%)

(b) Let
w(@)=#{oce:6Q =0}
be the order of the stabilizer of Q for any point Qe¥, so u(%) equals 1 or
2.If B2z 4 H(%), then
2

1
#{Pc%: E(P)§B}—Mlogaz—l%67) <4

(Note that from (a), if B2 <4 H(%), then no point P satisfies h(P)<B.)
(c) For any ample divisor DePic(S),
2

B
#{Pe%hb )<B}_ )loga%—i—O(l) as B— 0.

The O(1) constant depends only on D and the choice of Weil height function
hy.

Using Theorem 1.3, we can reduce the question of counting points in S(K)
to the question of counting rational chains.
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Theorem 1.4 Let
S(K)pin={PeS(K): A(P)=0} ={PeS(K): G (P)is finite},
and let u(€) be as in Theorem 3. Then

1 B?
#{PeS(K): h(P)S B} = #S(K)ia+ ¥  log, a4 (%
{ € ( )ﬁ( )E } S( )fm e {u(%l) 10g14H(%7) E(F)}a

0<4 H()<B?

where 3 S(K)y, is finite, and |e(6)1 <4 for all chains %.

We have defined a K-rational chain to be a chain whose points are all
defined over K. As the referee has pointed out, it is also natural to look at
those chains % which are Galois invariant. We can use the canonical height
to quickly give a very explicit description of all such chains.

Corollary 1.5 Let PeS (K) be a point whose chain € (P) is stable under the action
of Gal(K/K). Then P satisfies one of the following three conditions.

() PeS(K).(l.e. €(P)is K-rational.)
(1) PeSq,. (I.e. €(P) is finite.)
(i) [K(P): K]1=2. More precisely, there is a tes/ and a je{l,2} so that
pj(rP)e]Pz(K)‘ Further, in this case there are no non-trivial elements of < that
fix P.

The results stated above raise a number of interesting questions which are
very much analogous to problems which have been extensively studied on abe-
lian varieties.

Question 1 (K3 Analogue of Néron’s Theorem) Describe the counting function
for rational chains,
#{%<S(K): H#¥)< B},

as B — oo. Bogomolov and Mumford (cf. the appendix to [11]) have shown
that a K3 surface always contains (singular) curves of genus 0 and 1, so this
number will grow rapidly, at least if K is large enough. Batyrev and Manin
[2] have a precise conjecture which predicts that “most™ of the rational points
on S will lie on curves of genus 0. However, it is an easy consequence of a
result of Wehler [18] that a general surface of this type contains no smooth
curves of genus less than 2. (See Corollary 2.6.) It seems to be a difficult question
to determine all of the singular curves of genus 0 and 1. We define

S(K)*={PeS(K): P lies on no curve of genus 0 or 1 in S},
and ask for the order of growth of
#{€<=S(K)*: H(®)<B}.

(A bold conjecture of Bogomolov (cf. [2, p. 35]) asserts that S(K)*=0, which
would make the answer to our last question very easy!)

Question 2 (K3 Analogue of Torsion Conjecture) Is there a bound for S(K)ga
that depends only on K, independent of the choice of K 3 surface S/K < IP? x P27
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Question 3 (K3 Analogue of Raynaud’s Theorem) Let C< S be an irreducible
curve which is not fixed by any non-trivial element of o7 Is it true that Cn S,
is finite? (Here S, is an abreviation for S(K);;,, the set of all points of S having
finite chains.)

We observe that if C, and C, denote the branch loci of the projections
p, and p, respectively, then for any ¢e., every point in C,n¢C, will be
in Sg;.. Now varying ¢ will undoubtedly yield infinitely many points in C, N Sg,,.
This is why we must restrict ourselves to curves not fixed by elements of .o/

Question 4 (K3 Analogue of Lang Conjecture) Is there a positive lower bound
for A(P), independent of S, valid for points PeS(K)\S(K);,? More generally,
let #(S) be the height of the point in moduli space corresponding to S, where
we fix a projective embedding of the moduli space. Is there a constant ¢>0,
depending only on K, so that for all S/K,

R(P)zch(S) forall PeS(K), P¢S(K),?

Question 5 (K3 Analogue of Lehmer Conjecture) Are there constants ¢ =c¢(S)>0
and d =d(S) so that for all extension fields L/K,

hP)= for all PeS(L), P¢S(L),?

¢
[L:K]?
More precisely, can one take d =14, as is expected to be true for abelian surfaces?

Question 6 (K3 Analogue of Serre’s “Image of Galois” Theorem) Let
dp={ped: pP=P}
denote the stabilizer of a point PeS; and for any subgroup 4 < o, let
S[#]={PeS(K): ofp=2B}.

Thus if PeS[#], then there is a bijection of /B «> € (P).

Assume now that [/ : %] < c0. Then every element in S[#] n S(K) generates
a finite K-rational chain, so Theorem 1.2(b) implies that S[#] n S(K) is a finite
set. The question we pose is to describe the Galois group Gal(K(S[#])/K)
as a subgroup of the symmetric group of S[#]. In particular, is the index
of Gal(K(S[#])/K) in the symmetric group of S[#] bounded independently
of 4, subject always to the assumption that [o/:B]<0?

2 The geometry of the K 3 surface .S

Let S = IP? x IP? be a smooth surface as described in Sect. 1. Then the projections
p;: S — IP? each exhibit S as a double cover of IP? branched along a smooth
sextic curve. The subgroup . of Aut(S) generated by ¢, and o, is isomorphic
to the free product Z,*Z, of two groups of order 2. (See [17].) In this section
we are going to study the geometry of S. We begin with a simple geometric
calculation



354 J.H. Silverman

Lemma 2.1 (a)

afD =Dy, 61D,=4D,-D,,
03D,=~D,+4D,, o03D,=D,,

(b)
c¥EY=a"'E", o*E =aE",
6¥ET=aE", cfE =a 'E*.

Proof. (a) First, letting H be a generator of Pic(IP?), we find that
6¥D;=ctpFH=(p;0)*H=pf H=D,,

This proves two of the desired equalities.
Next, from the definition of g;, we see that

p}(p;P)=(P)+(o;P).
(This is an equality of zero-cycles.) Hence for any D e Pic(S),
pfppD=D+0.D=D+0o¥D.

(Since o; is an involution, we have o,=0%) Now we let H, =H xIP?> and H,
=IP? x H be a basis for Pic(IP? x IP?) and compute an intersection number:
(p2Dy)- H=(p2.pt H)-H
=(pf H)-(p3 H), by “push-pull” formula,
=S-H,-H,, intersectioninIP? x IP?,

=(H,+H,)-QH,+2H,)-H,-H,, since Sisthe
intersection of a (1, 1) form and a (2, 2) form,

=4,
Since Pic(P>)=Z H and H?>=1, we see that p,,D, =4 H. Substituting above

gives
63D, =p3psD,—D,=p3(4H)—D,=4D,—D,.

This is the third equality, and the fourth is proven similarly.
1

{b) These all follow from (a), the definition of E*, and the fact that 4—a=a"".
For example,

a*E* =df(aD,~D,)=aD,— (4D, —D,)=—a"'D,+D,=0""E".

The others are similar. [

It will actually be useful to have a complete description of how the
automorphisms in o/ act on E* and E~. To do this we need to describe two
maps. The first is the unique character

piod = {1}
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of order 2 on &/ This is most simply defined by
x(0;, 04, 04,...0, )=(=1)".

The kernel of y is the cyclic subgroup of .« generated by g, 0,.
The other function

(oA -4
is defined inductively by the rules:
£(e)=0, {lo¢)=—1-£(¢). Llo¢)=1-1(9).

The following brief table should make the definition clear, while the subsequent
lemma explains why it is natural to look at function 7.

¢ 0,06,0, 0,0, g, e 0, 0,0, 0,00,
£ () -3 -2 -1 0 1 2 3
x(P) -1 1 —1 1 -1 1 -1

Proposition 2.2 (a) The map ¢: of — Z is a bijection of sets.

(b)
C@Y)=L()+x(D) L) forall §, e

Thus ¢ represents a (non-trivial) element of the cohomology group H* (4, Z), where
we make Z into an s/-module via the action y: o — {11} = Aut(Z).

©

¢* Ef =qF/@ EZ$)

(Here E*' means the same thing as E*))

Proof. (a) This is clear from the table; or more rigorously, one can easily check

by induction that if i,, i,, ..., i, is an alternating sequence of 1’s and 2’s, then
n, if i;=2;
£(0;,04,...0; )= LT
(01, 5,04, {—n, if ij=1.

(b) This, too, is easily checked by induction. It is clearly true if ¢ =e. Assume
now it is true for ¢; we need to check it for ¢,¢ and g,¢. We will do the
former; the latter is done similarly.
(o, 0¥)=—1—¢(¢y), definition of ¢,
= —1—{£(¢)+ x(#)£(¥)}, induction hypothesis,
=£(c,¢)—x(P) (), definition of Z,
=£(0, ) +ylo P} £ (W), sincey(o)=—1

We have just verified the cocycle relation, so ¢ represents an element of
the cohomology group H* (s Z). To see it is non-trivial, we note that ker(y)=Z
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via the identification o,06, < 1, and that ker(y) acts trivially on Z. Hence under
the restriction map

H' (o, Z) - H (ker (y), Z)~ Hom(Z, Z) > Z,

the image of £ is £(6,0,)=2; s0 £ represents a non-trivial cohomology class.
(c) Again the proof is by induction. The desired result is clearly true for ¢g=e.
Assuming it is true for ¢, we must check it for o, ¢ and o, ¢. Thus

(0, 9)*E* =d*(c} EY)
=¢*(@"'E™), from Lemma 5.1(b),
=g WaFIPETX@)  induction hypothesis,

— g TN EF ()

=gt @O EEX@d)  definition of 7 and .

The verification for o, ¢ is done similarly. []

We are now going to describe several geometric properties of our surface
S. These results are relevant to our discussion in Sect. 1, and should prove
useful in further studying the arithmetic of S. However, they are not actually
needed for the construction and applications of the canonical height, so the
reader who is mainly interested in arithmetic results can skip directly to Sect. 3.

As a first geometric application of Prop. 2.2, we show that an infinite chain
is always Zariski dense in S.

Corollary 2.3 Let € <=S be a chain with € =o00. Then € is Zariski dense in
S.

Proof. Suppose that ¢ is not Zariski dense, and let I' be the one-dimensional
part of the Zariski closure of €. Since 4 % = oo, we know that I' +0. Write

as a union of irreducible curves C;=S. By construction, # (% " C;)= o for each
1<iZn;and the C/s are the only irreducible curves on S with this property.
For any ¢ €9/, we have ¢ € =%. Since ¢ is one-to-one, it follows that

0=#ENC)=#(PENC)=#(€ ¢ 'C).

Hence ¢~ C; is one of the C;’s. In other words, we get a map (clearly a homo-
morphism) from .o/ to the symmetric group %,

n:of » %, determined by ¢(C)=C,q

The kernel of 7 has finite index in &/ so we can find an integer k=1 such
that n((g,0,))=e.
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In particular, we see that (6,06,)*C, = C,. On the other hand, when we com-
pute intersection indices using Prop. 2.2, we find
E*.C,=E* (0,0,)'C,
=((g,0))*E*-C,

:aiZkEi 'C1~
Since k40 and oz=2+]/§, we conclude that E*-C, =E~-C, =0. Hence
0=C,+(E*+E7)=(a~1)(C, (D, +Dy)
But D; +D, is ample and C, is a curve, so this is a contradiction. Therefore

% is Zariski dense in S. [

Remark. We just proved that an infinite chain ¥ S is Zariski dense in S. If
€ < S(Q), it is natural to ask how ¥ is distributed in S(R). The map that takes
a point PeS(R) to its chain ¥(P)=S(R) is a (non-linear) dynamical system
which certainly merits further study. Preliminary computer calculations reveal
some interesting patterns, but at present we have nothing definitive to say.

It is an easy exercise to classify the subgroups of /; in particular, the sub-
groups of finite index are precisely the subgroups which contain (¢,0,)* for
some non-zero integer k. So a point PeS will generate a finite chain (i.e. in
our earlier notation, PeS;,,) if an only if it is fixed by some (6,0,)*. We can
use Prop. 2.2 to show that each (o,0,)* has only a finite number of fixed points.
More generally, we prove the following.

Corollary 2.4 For any e, let
Fy={PeS: ¢P=P}

be the set of fixed points of ¢. Also let C,=S be the ramification locus of p;:
S—P? fori=1,2.

(@) If p=10,17" for some tes, then F,=1C,.

1) If ¢=(0,0,) for some keZ, k=+0, then %, is finite.

Proof. (a) The definition of the 6;’s shows immediately that &, = C;. Hence
PeF 10,1 ' P=P<wo(t”'P)=t"'P
w1 'Pe#, =C«PerC,.

(b) Suppose #* %, =co. Since %, is a Zariski closed subset of S, it follows that
there is an irreducible curve Cc%,. Then @|; is the identity map on C, so
¢* C=C. Since ¢ has degree 1, it follows that for any divisor DeDiv(S),

C-D=¢*C-¢*D=C.$*D.
Taking D=E* and ¢ = (0, 6,), we observe that y(¢)=1, so
C-E* =C-¢*Ei =C,(ai5(¢)Eiz(¢))=C,(aif(d»)Ei)_

Hence
(1—at?¥N(C-E*)=0.
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Now ¢=(0,0,)*e, so £(¢)+0, which means that a*® 1. Therefore C-E*
=C-E~ =0. Now we obtain a contradiction by observing that C is effective
and that E¥ + E~ =(a— 1)(D, + D,) is in the ample cone of Pic(S)®IR. Therefore
%, contains no curves, so it is a finite set of points. [

Remark. For any subgroup #c.o, let S[#] be as in Question 6 of Sect. 1.
It follows immediately from Corollary 2.4 and the remarks preceding it that
if [of:#]< oo, then S[#] is finite, since S[#] will be contained in H, .
for some non-zero integer k. It is an interesting problem to try to determine
the order of $[#] for particular subgroups.

For example, let %, be the subgroup generated by o, and ta,7 " for some
teo/. Then one easily sees that S[#_] is contained in C, ntC,. We can compute
the intersection index C,-7C, as follows: Each p; is ramified over a smooth
curve of degree 6, so C,=6D; in Pic(S). Hence

43202
@-17

This certainly suggests that #S[%.]—o0 as |£(r)| > o0, but a rigorous proof
would need to take multiplicities into account, as well as the possibility that
some points in C,; N1 C, might have stabilizer strictly larger than 4,.

Next let £, be the (cyclic) subgroup of o/ generated by (g,0,) for some
integer k=+0. Alan Landman has sketched for me a proof that the Lefschetz
number of (o, 6,) is

C,-1Cy=1*(6D,)-(6D,)= (@O AOFDI2 | =@ -+ 112,

ka2,

which again suggests that #S[%,] — o0 as k - oco. We briefly indicate Landman’s
proof.

Consider the action of 5, on the Hodge diamond H* = H"J(S, (D) of S. Since
6, is an involution, very eigenvalue of 6; on H* is +1, say n* plus ones
and n~ minus ones. By the generalized Lefschetz fixed point formula,

n*—n~ =L(s,)=(Euler characteristic of fixed point set of g, ) = — 18,

since o, fixes the branch locus of p,, which is a smooth sextic curve in P2
On the other hand, n* +n~ =dim H*=24. Hence n* =3 and n~ =21. Now g,
acts as +1 on H°® and H% and it also acts as +1 on the subspace of H!'!
spanned by the image of D,, since ofD,=D,. Hence it acts as —1 on the
rest of H*. In particular, if we let ¥ be the image of Pic(S)®C in H'-! and
V! its orthogonal complement, then o, acts as —1 on V4, since it is diagonaliz-
able and all of it’s eigenvalues are —1. Further, ¢, acts as —1 on H*?=C
and H?°~(C. By a similar argument, the same holds for a,. Hence (0, 5,)"
acts as + 1 on all of H* except for V; in other words, H* = V@C?>? as a represen-
tation space for (o, ¢,)*. Using the basis V=CE*®CE", we find that

L6, 6,)%)=Trace(c, 6,y + Trace(6, 6, |gza = a2+~ 2k + 22,
which is Landman’s formula for the Lefschetz number of (6, 6,)~.

We can also describe the effective and ample divisors in Pic(S), or at least
in that part of Pic(S) spanned by D, and D,.
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Proposition 2.5 Let DePic(S) be a divisor which can be written in the form
D=nD,+n,D,.

Then the following are equivalent:

(i) D is effective.

(ii) D is ample.

(i) D-E*>0and D-E~ >0,

@iv) n, > —on, and ny > —an,.

In its entirety, this proposition only holds for divisors in Span{D, D,}; it may

not be true for all divisors in Pic(S). However, the following implications are
true for every DePic(S):

(ii) = (1)=>(iii)
Proof. Before starting the proof, we note that D3=D2=2 and D,-D,=4. So
using the definition of E* and a®* =4 — 1, one easily computes

E* E*=E 'E =0 and EY-E " =12u

We begin by showing that (i) implies (iii) for every divisor DePic(S). So
let D be any effective divisor on S. We write

D=t,E*+t,E” +T'ePic(S\®R
with
D-E™ D-E*

t, = = -Et=TI-E =0.
= t, TR and TI'"E"=I-E =0

Since E* and E~ span the same subspace of Pic(SY® R as D, and D,, we
note that I'-D,=I-D,=0.

For any integer k, let ¢, =(a,0,)* e Aut(S). Since D, + D, is very ample and
¢, 1s an automorphism, the divisor ¢} (D, + D,) is very ample. Hence its intersec-
tion with the effective divisor D is a positive integer. Thus

1<D- ¢¥(D,+D,), intersection of effective and very ample,
=(a—1)(D-pF(E* +E7)), definitionof E¥,
=(a—1)(t, E* +t,E7)-(«**E* +a 2*E™), from Prop. 2.2(c),
=(a—1) 12a(a” 2 t, +a?*¢t,).
This inequality holds for all keZ, which implies that ¢; >0 and ¢,>0. We con-
clude that D-E* >0 and D-E~ >0.

Next we show that (ii) implies (i), again for arbitrary divisors on S. We
will use the following general facts that hold on all K3 surfaces. (See, e.g.,

[3] or [6])
h? (05)=h°(2s)=p,(S)=1,

h' (O5)=q=b,(5)=0,
Pa(S)=h*(O9)—h'(Os)=1,

As=0, (Agthe canonicalclasson S.)
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Let DePic(S) be any divisor. The Riemann-Roch theorem [6, p. 472], [8, V.1.6]
for surfaces says that

ho(D)—h* (D) +h° (A5 — D)=4(D*— D H5)+ p(S)+ 1.
So for a K 3 surface we find that
D)+ h°(—D)=h"(D)+1iD*+p,(S)+1=1D?*+2.

By assumption, D is ample, so h°(—D)=0 and D?>0. Hence h°(D)>2, so
D is effective.
The proof that (iii) and (iv) are equivalent is immediate once one calculates

D.E+=2V§(n1+an2) and D-E7=2]/§(0”11+”2)-

We have now proven (ii)=-(i)=>(iti)<>(iv), so it remains to show that (iii)
implies (ii). We will use the Nakai-Moishezon criterion [8, V.1.10]. Write D
=t,E* +t,E~ with t;, t,€R as above. Note this is where we use the assumption
that D is a linear combination of D; and D,. Our assumption (iii) implies that
t;>0and t,>0. Hence

D?=240t,1,>0.

Next let C< S be any irreducible curve. Then C gives an effective divisor, so
from (i) implies (iii) we deduce that C-E* >0 and C-E~ >0. (Remember that
we proved (i)=>(iii) for every divisor in Pic(S).) Hence

C-D=t,(C-E*)+,(C-E7)>0.

By the Nakai-Moishezon criterion, D is ample. [

If Pic(S) has rank 2, we can also pick out the curves on S of small arithmetic
genus. Wehler’s generalization of the Noether-Lefschetz theorem [18, Theo-
rem 5.6] says that a general surface like S satisfies this rank 2 condition, although
it does not appear to be known how to find such surfaces defined over @
or over a number field. And even if one had such a surface, in order to describe
the rational points on S, one really needs to find the curves of geometric genus
0 and 1; this seems in general to be a difficult problem. (See also [14, §5]
for a computation of all curves of arithmetic genus 0 on a particular K 3 surface
having a very large Picard group, and a discussion of the problem of singular
curves of geometric genus 0.)

Corollary 2.6 Assume that Pic(S) has rank 2. Let C<S be an irreducible curve
on S. Then the arithmetic genus of C satisfies

P(C)22.
Further, if p,(C)=2, then there is an automorphism ¢ €./ such that

¢*C=D, or D, in Pic(S).
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Proof. Write C=n, D +n,D, in Pic(S), where n,, n,eZ. Then the adjunction
formula [8, V.1.5 and Ex. V.1.3] gives (note S has trivial canonical bundle)

P(O)=4(C*+C A9 +1

=nf+4n1n2+n§+Iz(l?lﬂ}_)?‘f_"_lif_@+l.

Since C is effective, Prop. 2.5 implies that oan, +n,>0 and n, +an, >0, so we
see that p,(C)>1 (strict inequality.) Further, p,(C) is an integer, from which
it follows that p,(C)= 2. This proves the first assertion.

For the second assertion, we observe that

p(C)=2<n?+4n,n,+ni=1.
As above, we factor the quadratic form as
l=n?+4nn,+ni=( +any)(n, +a" 'ny)

in the ring Z[a]:l[]/gj. Each factor is a unit, and the fundamental unit
in Z[a] is «, so there is an integer k such that

k —k

ny+an,=a* and ni+a"'n,=u«

Next we write C in terms of the basis {E™, E™} for Pic(S)®R.

C:(azl_l)((o‘”l‘*""Z)EJr +(n +any)E7)

1 _ N
:(az— ])(oc1 FET+okET).
Using Prop. 2.2, we can find an automorphism ¢ €./ such that /(¢)=k. Note
that ¢p* E* =o*/@ E* 2@ Hence

¢*C=< 21 1)(0(-0(“”"”¢*E+ +ac”"’)¢*E_)

a

:(azl_ 1)(“ E1(¢)+E*x(¢))

{Dl if x(¢)=1,
D, if yip)=—1. O

3 Existence of the canonical height

In this section we are going to prove that the canonical heights A* and A~
exist, are unique, and satisfy properties (i}{(vii) of Theorem 1.1. We start with
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uniqueness. Suppose that A* and g% satisfy (i) and (ii). Using (i) we see that
f*=h*—4%* is bounded, and then using (ii) repeatedly gives

[*(oy0)* " P)y=a>"] *(P).

The left-hand-side is bounded independently of n, so dividing by «2" and letting
n—»co shows that f*(P)=0. Hence h* =g*.

To show the At exist, we use Tate’s averaging method. From Prop. 2.1(b)
we have the divisor class relations

(6,6 )*E*=0’E", (0,0,)*E =a?E";
and these give the height relations
hgi (6,6, P)=0hy. (P)+0(1), hg-(0,6,P)=0ahy-(P)+0(1).
Now Tate’s method shows that the limits
A (P)=lim o~ "hy. (0,0 )" P)

n-w

and
A= (P)=tim o~ *"hy. ((6,0,)"P)

exist and satisfy

(i) A" =hg. +01), A =hg+0().

@iy A* (6,0, P)=a2h* (P), h™(o,0,P)=a?h~(P).

We briefly sketch the argument for A*. (See, e.g,, [12, VIIL9.1] or [9, Chap. 5]

for the analogous construction on abelian varieties.)
Thus let PeS(K). Then for any n=m we have

la™2"hg. ((0,0,)" P)—a" *"hy. ((620,)" P)]
= 2 0¥ hy (0,0, P)—a 2 2hg.((6,0,) ' P)

i=m+1

2 a&ZilhE*(O'zfﬂ Qi)“‘xzhE*(Qi)L where Qiz(‘fqu)i_lp,

i=m+1

IA

> a7k, where |hg.o(050,)— 02 hg. [SK=K(S),

i=m+1

IIA

o imy

a?—1"

Hence the sequence a~ 2"h;. ((6,0,)" P) is Cauchy, so the limit defining A" exists.
Further, taking m=0 and letting n — co in the above inequality shows that

K

| (P)=hy (P S
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We now have functions A satisfying (i); and in place of (ii) we have the
conditions we denoted above by (ii). Using (i) and Lemma 2.1 (b) we have
h* (0, P)=hy. (6, P)+ O(1)=heye. (P)+0(1)
=ahy (P)+0(1)=ah™ (P)+0(1).
Now replace P by (0, 0,)" P and use (i)' to get
a? it (02P)=§+ {(6,0)'0, P)
=h* {02(0,0,)"P)
=ah (0,0, P)+0(1)
=" A7 (P)+O(1).
Dividing by «?" and letting n —oo gives the equality A* (o, P)=ah (P). This
is one of the equations in (ii); the other three are proven similarly.

Next we verify (iii) by induction on ¢. It is clearly true for ¢p=e, so we
assume it is true for ¢ and verify it for ¢, ¢ and ¢, ¢. Thus

hto(o,p)=a ' h¥a¢p, from (ii),
=T 1F/@ [T induction hypothesis,

=gl fftxd) definition of £ and .

This proves (iii) for ¢, ¢, and o, ¢ is proven similarly.
Property (iv) follows immediately from (i) and the definition of E*:

A=h*+h" =hg +h-+0(1)
=hyp,-p, T h-p,sap, +O()=(a—1) hp . p,+O(1).
Similarly, property (v) is immediate from (iii):
B (@ PR (6 P =[x @ RO(B)) - (a~ D R~ (P)) = * (PR (P)

To prove property (vi), we use (iv}, which implies that the function h=h*t+h
is bounded below. (A Weil height corresponding to an ample divisor is always
bounded below.) Hence

ht=h—h—=—h=—0(1);
so for any point PeS(K) and any n=0,

h*(P)y=a"2"h* (0,0, P)
2“‘2"{—’? ((azal)"P)—O(l)}
—a " h™ (P)—O(a™2").

Letting n— oo gives £* (P)=0. A similar argument gives A~ (P)=0.
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It remains to prove property (vii). Suppose first that #* (P)=0. Then using
(iii) and (iv) we find that
h((o20,)'P)=h* (0,0, P)+h ((0,0,)"P)
=a?"h* (P)+a” "k~ (P)
=q"2"F(P).
Therefore {(6,0,)"P:n=1,2,...} is a set of bounded height for the height A.
Since A is a height relative to an ample divisor, it follows that this is a finite
set. Hence there is an integer n= 1 such that (o,0,)"P= P, and so
4
(0. o )nl
is a well-defined surjective map. Since the subgroup (o,0,)"% has finite index
in .o/ (precisely, it has index 2 n,) it follows that the set of ¢ P’s is finite.

Conversely, suppose that there are only finitely many ¢ P’s. Then A" (¢ P)
is bounded independently of ¢, so

>{pP:ped}, PP,

Rt (P)=a""R* (6,6,)" P) ——O0.

This completes the proof that
R (P)=0<{¢ P: pe#} isfinite.

The proof for 4~ is done similarly. [T

4 Applications of the canonical height

In this section we use canonical height functions to prove our main theorems
describing the rational points of S.

Proof of Theorem 1.2. (a) Since H(®)=h*(P)h™ (P) for any point Pe%, this
is just a restatement of Theorem 1.1 (vii).

Proof of Theorem 1.3. (a) Fix any Q€%. Then
min A(P)=min A(¢ Q)
Pe¥ pest
=min A* ($Q)+ A" (6 Q)
ped

=min e’ DI Q)+ o DL 2D (Q), from Theorem 1.1(iii),
peod

=min o *@(Q)+a "1 (Q).

neZ

Here we are writing y: Z— { 1} for y(n)=(—1)". We have also used the fact
that £: of — Z is surjective (Prop. 2.2(a)).
If we let

f)y=a" B (Q)+a™" A™X(Q),



Rational points on K 3 surfaces: A new canonical height 365

then we must find the minimum of f(n) over all neZ. The lower bound is
immediate:

mi;f(n)éiﬂnf{tw(@ﬂ"5‘(Q)}=2V5*(Q)5‘(Q)=2l/ H(®).
For the upper bound, we let

1 h- 1
’"‘2[ fog. ﬁ*%* ]

(Here [ -] denotes greatest integer.) Then m is even and

VEGera/ 8

min f(m) < f(m)=2a)/A* QA (Q)=2a)/H(#).

neZ

/\

SO

This completes the proof of Theorem 1.3(a). [J

Proof of Theorem 1.2. (b) Let € = S(K) be a chain with H(#%)< B. From Theorem
1.3(a), there is a point Pe% with A(P)<2a I/E Hence

+{#=S(K): H®) <B} < #{PeS(K): h(P)<2a)/B}.

But £ is a Weil height with respect to an ample divisor class (Theorem 1.1(iv)),
so this last set is finite. This proves the first half of Theorem 1.2(b); and the
second half follows from (a), which says that

{€<=S(K): $#6<w0}={6<=S(K): H®)=0}. O
Proof of Theorem 1.3. {b) Let
v(%,k; B)= % {Pe%: h(P)< B}

be the counting function of % relative to the canonical height . Fix any point
Qe%. Then the map

o >E, P90,
is surjective and u(%)-to-1, so
w@)v(&, h; B)= #{pes/: h(¢ Q)< B}
— #{gbe&{: azw)gz(@(g)_’_a*t(mh“xw)(g)éB}
= #{neZ: " ™ (Q)+a "h~*"(Q)< B}
= #{meZ: (*)"h* (Q)+(*) "h™ (Q)< B}
+ 4 {meZ: @ (@h* (Q)+(%) "~ 'hT(Q) < B).

To conclude the proof of Theorem 1.3(b), we will apply the following elementary
counting lemma to each of the last two terms.
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Lemma. Let a, b, B>0 and 1> 1 be constants, and let
Z(B)={meZ: \"a+ L "b<Bj.
If B*<4ab, then Z(B)=0. If B*=4ab, then

B’
—1=#2(B)—log, 4ab

<1+log;(4).

Proof. Notice that
meXZ(B)<al*"—~Bi"+b<0
2b B+|{BZ—4ab

—e——— "<
B+|/B*~4ab~ 2a

In particular, if B? <4 ab, then there are no values of m, so # X(B)=0.
Now we assume that B2>4ab. Then every me X (B) satisfies the inequality
b/B< A" < Bla, so

<>

IIA

#2(B)< # Z:1 £< <lo E <l+lo Ei
= me -031B=m= g’la = g}.ab'
Similarly, if 2b/B <A™ < B/2 a, then m will be in 2(B), so

2

2b B B
> : Z<m< > -
q%FZ(B):=+.J={meZ.log,1 3 =m=10g*2a}= 1+logl4ab

This concludes the proof of the Lemma.
Resuming the proofﬂof Theorem 1.3(b), we use the Lemma twice (and the
assumption that B2 =4 H(%)) to conclude that

—2=u(®)v(%, h; B)—2log,. <2+2log,.(4).

B?
4H®) ™
(Note that H(®)=h*(Q)A(Q) by definition.) Since 2log,.4 = log, 4~ 1.05, this
is stronger than the desired result.

(c) Since % and hy, are both Weil height functions with respect to ample divisors,
there is a constant ¢ >0 such that
¢ thy(P)Sh(P)Schy(P) forall PeS(K).
Hence continuing with the notation from (b), we have
v(€, hp; c ' B)<v(%, h; BYSv(%, hp; cB),
so (¢) follows immediately from (b). [J
Proof of Theorem 1.4. From Theorem 1.2(a), a point has canonical height 0
if and only if it is in S(K)g;,; and from Theorem 1.3(a), a chain € has no points
with canonical height less than 2]/ H(%). Hence using Theorem 1.3(b), we find
#{PeS(K): A(P)<B}=#S(K)n+ Y. yu

€ = S(K) _Pe%
0<4H(¥)<B2 MP)SB

1 B?

= # S{K)s, + { log, +s(‘6)}

(K %Zsm 1@ B TA®)
0<4FI(€€)§BZ

From Theorem 1.2(b), the set S(K)g, is finite; and from Theorem 1.3(b), the
error (%) satisfies | ()| <4. [
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Proof of Corollary 1.5 Let PeS(K) be a point whose chain €(P) is stable under
the action of Gal(K/K), and let

sdp={ped: pP=P}

be the stabilizer of P. We consider two cases, according to whether or not
p 18 trivial.

Suppose first that #./,> 1. If it contains an element of the form (o, 6,),

one-to-one

k=0, then .o/ has finite index inside ./ Since &/ /.ofp «————— € (P), this implies
that % (P) is finite, so (ii) holds. Otherwise 7, must contain an element of the
form 7o;77", since these are the only other elements in o/ Let y €< be such
an element of order 2, and notice that ()= —1.

Now if PeS(K), then P satisfies (1) and we’re done with this case; so we
may as well assume that there is some yeGal(K/K) with y P P. On the other
hand, we know that yPe%(P), say yP=¢ P for some ¢es Since Yy P=P, we
also have y P= ¢y P. Using the fact that y (¢ )=y (¢) x ()= — x(¢) and replac-
ing ¢ by ¢ if necessary, we may assume that

yP=¢P, x(¢)=1, and /£(¢)=+0.

(Note £(¢p)=0=>¢p =e=7y P =¢ P=P, contrary to our assumptions.)
We next observe that height functions are Galois invariant. (See, e.g., [12,
VIIL.5.10].) Hence

AT (P)=h"(yP)=h" (pP)=a'PR*(P), since y(¢)=1.

But a’®=+1 so we conclude that A*(P)=0, and from Theorem 1.1(vii) that
% (P) is finite. Thus P again satisfies (ii).

It remains to consider the case that .« is trivial. In this case, for every
yeGal(K/K) there is a unique ¢,/ such that yP=¢,P. We thus get a well-
defined homomorphism

Gal(K/K)— 4, y;—»qby,

whose kernel is precisely Gal{(K/K(P)). Hence K(P) is a Galois extension of
K, and its Galois group injects into o/ But the only finite subgroups of =/
are groups of order 1 or 2. Therefore either K(P)=K, which is condition (i);
or else [K(P): K]=2, which is the first part of condition (iii). It remains to
show that in this last case, the other parts of condition (iii) are true.

If we write Gal(K(P)/K)={e, y}, then we know that ¢, has order 2, so ¢,
=1"'g;7 for some 1. je{l, 2}. It follows that

P Py=1t(yP)=1¢,P=0,(tP), so
V(Pj(fP))=Pj(?(‘fP))'_—Pj(o'j(TP)):Pj(TP)'
Therefore p;(tP) is fixed by Gal(K(P)/K), hence p;(t P)elP*(K). This proves

the second part of condition (iii); and the third part is immediate, since we
are considering the case where # .9 =1. []
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5 A numerical example

In this section we will choose a particular K 3 surface and calculate the heights
of some of its rational points. By changing coordinates, we may as well asssume
that our bilinear form gives the usual flag manifold in P? x P2,
Lx,y)=x,y1+X3¥;+X3)3.
We intersect the flag manifold with a “randomly chosen” surface of type (2, 2)
given by the equation
QX Y)=xT i +3x X I+ X3 pT+4XT Y1 o +3 X2, 71 V2= 2X3 91 ),

=X} V32X Y3 —x; X3 Y3 4 Xy X3 Y5+ 5%, X391 Vs

—4x; X391 Y3+ TXF Y2 y3+4x3 v, 3+ 31 X, y3+3x3 535,
Then our surface is the locus in IP? x IP? given by the two equations

S:L(x,y)=0(x,y)=0.

A brief (5 hours on a Macintosh Ilcx) search reveals that there are twelve
rational points on S with multiplicative height less than or equal to 40.

{(0,1,11,f1, 1, = 11),([1, 0,01, [0, 0, 11), ([0, 1,01, [0,0, 1]),

([1,0, —1], [0, 1,0]), ([0, 0, 1], [0, 1, 0]), ([0, 0, 11, [1,0, 0]),

([3.1,3],[—3,3,21),([1,0,01, [0, 7, 11),([8, 6,91, [ -6, 5, 2]),

([1,0, 13,19, 1,91),([3,8, 111, [1, 1, —1]),([12, 1, —20], [2, —4, 1])}
These twelve points lie in six distinct chains, each of which is (undoubtedly)
infinite, although two of them are one sided. More precisely, ([0, 1, 0], [0, 0, 1])
is on the ramification locus of =, so is fixed by o,; and ([0,0, 1], [1, 0, 0])
is on the ramification locus of =,, so is fixed by o¢,. To illustrate the rapid
growth of points in a given chain, we will look at the chain generated by ([0, 1, 0],
[0, 0, 1]), which begins

P, %3([1,0,01,[0,0,17) 3([1,0,03,{0,7,1])

“3([1645, — 344, 24081, [0, 7, 1) .

In Table 1 we have listed the first few points in the chain generated by
P, . As expected, the coordinates grow extremely rapidly.

Table 1

¢ ¢P

e [(0, 1, 03, [0, 0, 1])

o2 ([1,0,0},[0,0,1D

6,0, ([1,0,0],[0,7,1])

0,0,0, ([1645, — 344, 24081, [0, 7, 1}

(6,0, ([1645, —344, 2408], [~ 1.3-10'3, 5.6-10'%,9.7-10*2])

6,(6,0,)° ([2.2-10%°, —3.0-10°,4.6-10*°], [—1.3-10'3, 5.6-10'2,9.7-10**])
(0,0,)° ([2.2-10%*°, —3.0-10%°, 4.6-10*°], [2.2-10%¢, 1.6-10785, 6.4 - 10184])

6,(0,0,)° ([—7.9-10%9%, 1.0-10°%¢, 1.5-105%%], [2.2-10%¢, 1.6-10"%¢, 6.4-10'**])
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Table 2

¢ £(¢) x(9) he (¢ P hg- (9 P) O‘Alhtsz “/ha‘*z
(¢(¢) 20} (7{$)=0)

e 0 1 0 0 0 0

Gy 1 —1 0 0 0

g0, -2 1 —1.94591 7.26224 0.5214

0,0,0, 3 —1 27.1139 —0.524316 0.5216

(6,0, —4 i —1.13758 104912 0.5408

o,(0,0,)° 5 -1 396.612 — 1.66497 0.5478

(6,6,)° —6 1 —2.22648 1486.82 0.5503

6,(0,6,)° 7 —1 5552.05 —1.44477 0.5506

For any point P =(x, yJeIP? x P, we normalize our height functions by tak-
ing the usual Weil height on P? and setiing

he (P)=oh(x)—h(y) and hg- (P)= —h(x)+ah(y).

In Table 2 we have computed the heights of the first few elements in the chain
generated by P, .
From Table 2 we see that

AT (P)~2.1 and A~ (P)=x0.55.
We are computing these values by the formula
R* (P)=a T DR P)=a ™Dy P+ O (@79,

In order to make the error term on the right-hand-side of this equation small,
we need to choose the plus/minus sign so that F/(¢) <0. So for each ¢, Table 2
provides an approximation only to #7(P,), not to A*(P,). However, since our
point P, satisfies o, (P,})=P,, it follows from the general theory that

h* (P1)=}I+ (Ulpl)zaﬁ_ (Py)-

This allows us to approximate both canonical heights from Table 2.

In order to compute A~ (P;) to d decimal places, we would need to choose
¢ so that a #1074 Taking ¢ =(c,0,)", this means that we would need
to compute (d,0,)"P, with n20.87d+0(1) in order to get d decimal places
of accuracy. This is completely infeasible for even moderate values of 4, since
(some of) the coordinates of {(¢,0,)"P, will have around «*"~10'-'*" digits.
It seems worthwhile to consider some other method of computing the canonical
heights A* and 4™, possibly by decomposing them into canonical local height
functions, as is done for abelian varieties. (See [9, Chap. 11] for the general
theory on abelian varieties, and [13] for the Silverman-Tate algorithm which
allows one to efficiently compute canonical heights on elliptic curves.) We will
consider this question of local decomposition and a computational algorithm
in a subsequent paper.
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6 Integral points and Vojta’s conjecture

A brief look at Table 1 in the previous section reveals a somewhat surprising
pattern. Suppose we agree to write points PeS(Q) in the normalized form

(*) Pz([xlaxZa-xS:I’[y1>y2:y3:|) WIth x13x25x3’y1’y2>y3ez
and ng(Xl,Xz,X3)=ng(y1,y2,y3)=1.

Then the larger points in Table 1 seem to satisfy
[x,|~]x:]=]|x3} and |y;[=]y,|=|y;].

This is similar to a phenomenon which occurs for elliptic curves. Thus suppose
we take an elliptic curve

E:y?z=4x>—g,xz>—g,7°

defined over @ and a sequence of distinct points F,=[x,, y,, z,]€ E(Q) written
as above in normalized form. Such a point is integral if |z,|=1. A famous
theorem of Siegel says that there are only finitely many integral points. But
Siegel actually proved the considerably stronger result that

lim logmm{|xn|,fyr:|a|zn|} =1.
n—o log max{|x,|,|y,l,]2.l}

(See [12, 1X.3.3])

The proof of Siegel’s theorem uses the Thue-Siegel-Roth theorem. The follow-
ing higher dimensional analogue of the Thue-Siegel-Roth theorem has been
conjectured by Paul Vojta.

Conjecture (Vojta, [15]) Let K be a number field, X a finite set of places of
K, V/K a smooth projective variety, AcDiv(V) an ample divisor, DeDiv(V) an
effective divisor with at worst normal crossings. There is a proper Zariski closed
subset Z=Z(V, D)=V so that for every £>0,

3 Ap(P,v)+hy, (P)Sehy(P)+O(1)  forall PeV(K), P¢Z.

velX

Here Ay is a canonical divisor on V, and Ap(-,v) is a local height function on
V for the divisor D and absolute value v. (Cf. [9, Chap. 10].) The O(1) constant
dependson K, X, V, A, D, ¢.

Remark. Vojta states his conjecture with Z=Z(K, X, V, A, D, ¢), and says that
the components of Z, other than individual points, can be chosen to depend
only on ¥V and D. We have merely adjusted the O(1) to accomodate the finitely
many isolated points in the original Z.

Taking the special case of Vojta’s conjecture applied to K3 surfaces, we
can prove the following result, which (conjecturally) explains the pattern in
Table 1.

Proposition 6.1 Let S/Q be a K3 surface as described in Sect. 1, and normalize
the coordinates of PeS(Q) as described above in (). Let h be a height function
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on S corresponding to any ample divisor. Assume that Vojta’s conjecture is true
for S. Then there is a finite union of curves Z < S so that

m log min {|x, (P)], | x5 (P}, |x3(P)[} _
pes@nz logmax{|x, (P)|, x,(P), |x;(P)|}

h{P)—x

A similar statement holds with x,, x,, x5 replaced by y, y,, ys.

Proof. Let fe@Q[X,, X,, X5] be a non-zero linear form, and let H={f =0} <IP?
be the corresponding hyperplane section. We observe that the local height of
a point t=[t,, t,, t;]€IP? relative to the divisor H is given by the simple formula
FOLOL1SOLS

(See [15, p. 8].) On the other hand, if teIP*(®) is normalized, then

)

Apz g(t, v)=log max{

3 3
v

hpo g =log max {|t|, 112} [t51} +O(1),

where the O(1) depends only on the linear form f defining H.
We are going to apply Vojta’s conjecture with

V=S, A=D,+D,, and D==ztH.
We observe first that
ahy, =hp, +hg. +O(1)=hp, +h* +0(1)=hy,+0(1) since h* 20.

(Note we could not conclude directly from general principles that hy > hp ,
since D, is not ample.) Hence if we write P =(x, y) normalized as above, then

hs, 4(P)=hs p, (P} hs p,(P)+O(1)
Z(a+1)hs p,(P)+0(1)
=4 hs‘n:H(P) +0(1), since D,~xn¥H,
=4 hp z(x)+O0(1)
=4logmax{| x|, |x;}, [x3]} +0().
Now we apply Vojta’s conjecture, using the field @ and the set consisting
of the archimedean absolute value {oo0}. The canonical bundle on a K3 surface

is trivial, so #;=0. Hence there is a proper Zariski closed subset Z<S so
that

hs,men(P, 0)Scehs 4(P)+0(1)  forall PES(@), P¢Z.

Now AS,,,THziPz,Hon] +0(1) by functoriality. So combining Vojta’s inequality

with the formula for Ap. j and the estimate for hg ,(P) derived above, we find
that

(1—4¢)log max {|x,],]x],1x;} Slog | f(x)|+O(D).
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This holds for all P=(x, y)¢ Z, where Z<S is fixed, and the O(1) depends on
S, f,and e.

Applying this result three times, taking successively f=X,, f=X,, and
f=X,, we conclude that

(1—4g)log max{|x;1,|x,1, [x3]}
élOgmin{lels|x2|7|x3|}+08(1)7 fOI' all PES(Q)’ P¢Z

Hence

1 10gmin{|x1|,{x2|,lx3|}
1—4e~0,|— )< <1, forall PeS(@Q), P¢Z.
(h(P)) logmax {|x,|,|x,1,1x3]} @, Pé

Now let A(P) — oo with PeS(@Q), P¢Z. This gives

{ —4¢< lim inf 10gmm{|x1|,|x2],lx3|}

pes@nz log max{|x, |, |x;1, x5}
B(P)~

<lim sup log min {}x,},}x,1, x5} <1
= pes@yz log max {|x;],1x,),|x51} =

h(P)— 0

Since this holds for every >0, the limit exists and equals 1. [J

Remark. A proof of Vojta’s conjecture, even for K3 surfaces, seems difficult,
although possibly not hopeless in view of the recent advances made by Vojta
[16] and Faltings [4]. A more tractable problem might be to show that on
the K 3 surfaces studied in this paper, if one fixes a chain & of rational points,
then the conclusion of Proposition 6.1 holds if the limit is taken over points
in €. Note that this does not reduce to Siegel’s theorem (i.e. integral points
on a curve), since we have shown that € is Zariski dense in S. But one might
hope to use the additional structure provided by the group of automorphisms
o acting on % and Pic(S), just as the group structure on an abelian variety
is exploited in the proofs of Faltings and Vojta.

Acknowledgements. 1 would like to thank Alan Landman, Yuri Manin, Gisbert Wiistholz,
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