Linear algebra 2: exercises for Chapter 6

Ex. 6.1. Define ¢;: R” — R by ¢;(x1,...,2,) =21+ 29+ -+x; fori =1,2,...n. Show
that ¢1,..., ¢, is a basis of (R™)*, and compute its dual basis of R".

Ex. 6.2. Let V be an n-dimensional vector space, let vq,...,v, € V and let ¢1,...,¢, €
V*. Show that det((¢i(v;)):;) is non-zero if and only if vy,...,v, is a basis of V' and
¢1,-..,0n, is a basis of V*.

Ex. 6.3. Let V be the 3-dimensional vector space of polynomial functions R — R of
degree at most 2. In each of the following cases, we define ¢; € V* for i = 0,1,2. In each
case, indicate whether ¢g, ¢1, @5 is a basis of V*, and if so, give the dual basis of V.

L ¢i(f) = f(i)

2. ¢i(f) = f9(0), i.e., the ith derivative of f evaluated at 0.
3. ¢i(f) = f9(1)

4 oi(f) = [, fla)da

Ex. 6.4. For each positive integer n show that there are constants ay, as, ..., a, so that

/01 f(z)e*de = gaif(i)

for all polynomial functions f: R — R of degree less than n.

Ex. 6.5. Suppose V is a finite dimensional vector space and W is a subspace. Let
f: V — V be a linear map so that f(w) = w for w € W. Show that f7(v*) —v* € W°
for all v* € V*.

Conversely, if you assume that f7(v*) —v* € W° for all v* € V*, can you show that
f(w) =w for w e W?

* Ex. 6.6. Let V be a finite-dimensional vector space and let U C V and W C V* be
subspaces. We identify V' and V** via ay (so W° C V). Show that

dim(U° N W) + dim U = dim(U N W*°) + dim W .

Ex. 6.7. Let ¢1,...,¢, € (R™)*. Prove that the solution set C' of the linear inequalities
¢1(z) > 0,...,¢n(x) > 0 has the following properties:

1



l.a,feC = a+peC.

2.0l teRsyy = taecC.

3. If ¢1,..., ¢, form a basis of (R™)*, then

where oy, . .

C:{tl()é1+...+tnanItiERzo,V’iE{l,...

., is the basis of R™ dual to ¢4, ..., ¢,.



