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1. Exercise (Cf. Exercise 4.5 of Riemannian manifolds). Let ∇ be a linear con-
nection on M , Ei a local frame and φi its dual coframe.

(1) Show that there exists a uniquely determined matrix of 1-forms ωij such
that for all X ∈ X (M)

∇X(Ei) =
∑
j

ωijEj .

The ωij are called the connection 1-forms for the frame Ei.
(2) Let τ be the torsion tensor and τj the torsion 2-forms defined by

τ(X,Y ) =
∑
j

τj(X,Y )Ej .

Prove Cartan’s first structure equation:

dφj = τj +
∑
i

φi ∧ ωij .

2. Exercise (Cf. Exercise 5.1 of Riemannian manifolds). Let ∇ be a linear con-
nection on a Riemannian manifold (M, g). Show that ∇ is compatible with g if
and only if the connection 1-forms ωij with respect to a local frame Ei satisfy∑

k

gjkωki + gikωkj = dgij ,

where gij are the components of g with respect to the frame Ei. In particular the
matrix ωij with respect to any local frame is skew symmetric.
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