
Assignment-set 3 Introduction to Dynamical Systems 2013

Deadline to hand in: 28 November 2013, 11.15u

1.) The following two properties hold for all planar flows associated to two-dimensional
autonomous ODE’s:

(P1) If the flow has a periodic orbit, then there must be at least one critical point
of the flow inside this orbit.

(P2) The omega limit set of a bounded orbit either is a periodic orbit or it
contains at least one critical point.

These properties may be used without proof in the forthcoming exercise.

(a) Assume that ψ(t; a) indeed defines a planar flow with a closed orbit Γp and that
there is a critical point a∗ of saddle type in the interior of Γp. Show that there
must be another critical point in the interior of Γp.
Hint: Consider the alpha and omega limit sets of the stable and unstable manifolds
of a∗.

(b) The arguments used in exercise (a) seem to suggest that the number of critical
points in the interior of Γp must be odd. Is this correct? If you agree, give a proof;
if not, give a counter example.
Note: This part of the exercise may be answered using sketches of (realistic) phase
flows.

2.) Consider, for α, γ1, γ2 ∈ R, β > 0, and n ∈ N (including 0), the following linear
2π
β -periodic system,(
ẋ
ẏ

)
= A(t)

(
x
y

)
with A(t) =

(
α+ γ1 cosn+1 βt β − γ1 sinβt cosn βt

−β − γ2 sinn βt cosβt α+ γ2 sinn+1 βt

)
. (1)

Let λi,n = λi,n(α, β, γ1, γ2), i = 1, 2, denote the two Floquet exponents associated to
(1).

(a) Show that, (
x(t)
y(t)

)
=

(
sinβt
cosβt

)
eαt,

is a solution of system (1) for all α, γ1, γ2 ∈ R, β > 0, n ∈ N. What does this tell
you about λ1,n(α, β, γ1, γ2)?

(b) Take n = 0. Determine λi,0, i = 1, 2, and show that the critical point (x̄, ȳ) = (0, 0)
of (1) is stable if α < 0 and unstable if α > 0, independent of β, γ1, γ2.

(c) For which parameter combinations is (0, 0) stable if n = 1? And if n = 3?

(d) Show that (0, 0) is stable for α < 0 and unstable for α > 0 if n is even.

(e) Take n = 1 and γ1 = γ2 = γ. Define Λi(t) ∈ C, i = 1, 2, as the two (a priori
time-dependent) eigenvalues of the matrix A(t). Determine Λi(t), i = 1, 2 (and
note that they turn out to be constant, i.e. not time-dependent).



(f) Keep n = 1 and γ1 = γ2 = γ. A priori one could expect that (0, 0) is stable if
Re(Λi) < 0, i = 1, 2. For which parameters is this incorrect?

(g) Clearly |λi,1(α, β, γ, γ)− Re(Λi)| → 0 as γ → 0 (i = 1, 2): can you interpret this?

(h) As |γ| → ∞, it even follows that |λi,1(α, β, γ, γ) − Λi| → 0 (i = 1, 2). As in (g):
can you interpret this?

3.) Consider the complex differential equation

ż0 = z0 − (1 + i)z0|z0|2 met z0 : R→ C. (2)

(a) Write equation (2) as a real 2-dimensional system. So: introduce x0(t), y0(t) ∈ R
by setting z0 = x0 + iy0 and determine the equations for (ẋ0, ẏ0).

(b) Determine the periodic solution φr(t) = (xr(t), yr(t)) of this (real) system. For this
introduce polarcoordinates (r0(t), θ0(t)), sketch the phase portret and determine
an explicit expression for φr(t) = (xr(t), yr(t)).

(c) Explain why φr(t) is asymptotically stable (without using Floquet theory and/or
the assignments below).

(d) Determine the linearised system around φr(t) (hence: introduce (ξ0(t), η0(t)) as
x0 = xr + ξ0, y0 = yr + η0 and linearise).

(e) Show (by substitution) that φ̇r is a solution of the (ξ0, η0)-system.

(f) Determine the (two) characteristic Floquet exponents of the (ξ0, η0)-system. (You
should not use the assignments below).

In this case the characteristic Floquet exponents can also be determined in another
way: by working directly in the complex equation (2).

(g) Determine the complex periodic solution φc(t) : R → C that corresponds to
φr(t) ∈ R2.

(h) Linearise around φc by setting z0 = φc + ζ0.

(i) Define w0(t) by ζ0 = e−itw0. Show that w0 satisfies

ẇ0 = −(1 + i)w0 − (1 + i)w∗
0 where w∗

0 = the complex conjugate of w0, (3)

a (complex) linear equation with constant coefficients.

(j) Determine the stability of φc(t) using equation (3).

(k) Why are the eigenvalues belonging to (3) the same as the characteristic Floquet
exponents in part f)? Explain (in detail).


