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Abstract rate, T} is the carrier lifetime and/ and Jy;,,. are the

We study a semiconductor laser subject to filtered op- pump current and its value at solitary laser threshold.
tical feedback, where the filter is characterised by a The parametet measures the injected field strength.
mean frequency?,, and a filter widthA. In the limit A straightforward way to let a laser operate in a sin-
of a narrow filter A — 0) the laser equations re- gle longitudinal mode, is by filtering the feedback light.
duce under some conditions to the equations for a laserLight with certain frequencies can pass the filter, while
with optical injection, whereas they become the Lang- other frequencies are filtered. In the Lang-Kobayashi
Kobayashi equations in the limit of an unbounded filter equations (1.1) a delay terRE(t — 7)e~*°7 appears,
width (A — o0). We vary the parameteY and study modelling feedback from an external flat mirror. To in-
bifurcations of steady state solutions, to get insight in corporate the filter, this term is replaced by a terf,
the relation between the filter width and the number of where the filtered electric fielfl satisfies
possible steady states. In particular we obtain the un-
expected result, that there exist parameter regions in dF . _ —iwor
which the number of possible steady states decreases 9 (iwm = A)F = AB(t —T)em™ (1.2

when is increased.
andA is related to the filter width. Hence the full model

we analyse is
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y % = %(1+2a)£nE+’yF,
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1 Introduction T == Jur — 37 — (Lo +&n(t) | E(1)]?,
The laser with filtered external optical feedback is in 4E = AE(t — 7)e™ ™07 + (iwy, — A)F.
its simplest version modelled mathematically by three 1.3)

equations. The first two, for the (complex) electric See (Yousefi and Lenstra, 1999) and references therein
field £ and the (real) inversion with respect to the  for an explanation, a derivation and numerical studies

threshold inversion, are given by a rescaled version of the resulting system.

of the so-called Lang-Kobayashi equations (Lang and These first studies were followed by a series of nu-

Kobayashi, 1980; Krauskopf and Lenstra, 2000): merical and experimental studies (Fisckeal., 2000;
Yousefiet al,, 2001a; Yousefiet al, 2002; Yousefiet
4E = 11 +ia)én(t)E(t) + kE(t — 7)e~ 0T, al., 2003) in Which various types of pehaviour were
found and studied. However, analytically, even the
= ] — e — 2 — (Do + En(t))| B(t)|2. simplest behaviour of the laser with filtered feedback
(1.1 is still hardly understood. A first attempt towards an
Here timet is scaled withw, !, wherew, is the fre- analytical approach is to study limit cases of the prob-

quency of the relaxation oscillation, an intrinsic reso- lem. One case is the limit — oo, in which the prob-
nance of the laser. The parameteis the linewidth lem reduces to a laser with conventional optical feed-
enhancement factaf,is the differential gaingwy is the back, that is, a laser without filtering. In this limit the
solitary laser angular frequendy;, is the photon decay  equation forF' simply becomes the algebraic relation



F = E(t — 7)e” ™07, which means that the equations  We also find that fof < \ < 1 the laser can only op-
reduce to the Lang-Kobayashi equations (1.1). The sec-erateO(\) close to mean filter frequendy,,, if ,, is
ond limit case is the limitA — 0 of the small filter ~ chosen such that it lies in one of a number of bounded
width. We show that this small filter width limit of the  intervalsI{, . The number of such intervals varies de-
laser with filtered feedback is in fact a single optically pending on the parametess T', § and()g. One,[gm,
injected semiconductor laser. However, since the injec- is centered aroung,,, = 0 and exists for all parameter
tion is still obtained through feedback, the feedback de- choices.
lay appears to play a role in the selection of frequency Secondly, by comparing the limits — 0 and\ —
and phase shift of the electric field of the laser. oo, we find that there exist parameter regions in which
Although in experiments filters will satisfy neither of the injection limit A\ — 0 has three EFM solutions
these limits, analysis of the parameter regions< (steady states, named locked modes if they are stable),
A < 1and0 < & < 1 may help to understand the whereas the LK-limit\ — oo has only one such solu-
dynamics that are observed in other regions. The aimtion (named ECM — external cavity mode — for a laser
of this article is to try and understand how the filter with conventional feedback). This is somewhat surpris-
equations form a bridge between these two limits, and ing, since numerically, so far, only increments of the
thus between the standard single injection laser equa-number of EFMs to (1.5) have been observed for in-
tions and Lang-Kobayashi (LK-)equations. To do so, creasing\.
we rescale the system (1.3) to a set of dimensionless The last part of this work is a bifurcation analysis,
equations as is done more often in the literature. Defin- in which we analyse saddle-node (SN-)bifurcations of

ing new variables and dimensionless parameters by

N:fi’ E — %E, F %F,
0
ST: Wb T v ’= FOT’A (1.4)
P=5t(J—Jmr), T=5, A=gp,
Q=% and Q, = F=,

equations (1.3) can be rewritten in the following form

E' =(1+ia)NE+TF,
TN'=P—N —(1+2N)|EJ?
F' = \E(s — 0)e~ 0% 1 (Q,, — \)F.

(1.5)

Here prime means differentiation with respecttand
the filter width is represented by. Note thatw,, is in
fact the detuning of the mean filter frequency with re-
spect to the solitary laser frequengy; hence the cen-
ter frequency of the filter is denoted by = w,,, + wo
ordy = Q4+ Qo.

We restrict ourselves to the study of ‘fixed points’ or

so-called external filtered modes (EFMs) and the bifur-
cations associated to these states that occur when the

filter parameter\ (A) is varied. Although the equa-

tions for the fixed points have been written down many

EFMs that occur as\ is varied. We determine con-
ditions under which the bifurcation is creating of na-
ture (two EFMs appear a& is increased) or anni-
hilating of nature (two EFMs disappear asis in-
creased). We conclude that all bifurcations of EFMs
with frequencys) between 0 (solitary laser frequency)
and 2, (mean frequency of the filter) are creating
of nature, which corresponds to observations in nu-
merical studies (Yousefi and Lenstra, 1999; Youséfi
al., 200D; Yousefiet al, 2001a): the two ‘islands’ of
EFMs that have been observed for low values gfet
connected in a series of bifurcations, in which addi-
tional EFMs appear for increasingand no annihila-
tions occur in between.

2 Existence of EFMs

The basic solution of laser equations is the trivial so-
lution (E, N, F') = (0, P, 0) of (1.5). When this basic
solution is stable there is no lasing activity; the laser is
off. Increasing the value of the punipit becomes un-
stable at the laser threshaltl= 0: the laser starts las-
ing and so-called external filtered modes or EFMs are
formed. Such solutions have constant intensities and
inversion, and a phase that depends linearly on time:
E(s) = Re!¥+%0)  P(s) = Se'** andN(s) = N,

(2.1)

whereR, S, N, Q2 and¢, are constants. They are often
referred to as ‘fixed points’. Since the electrical fields

times before, they haven’t been analysed in a CONCISe 1 4 F are optically related, both have the same fre-

way yet. In this article, we assemble various pieces of

the EFM puzzle.
Firstly, we carefully analyse the EFMs in the limit

A — 0 and find that solutions either have a frequency

Q with |©Q — Q,,,| = O(A), or a frequency) = O(\).

In the first case, the laser synchronises with the filter,
as one wishes in this set-up. In the second case, only

a small portion of the electric fieldd passes the filter,
i.e, |F| = O(\) while |E| = O(1), and the laser oper-
ates close to its solitary laser frequency.

quency, possibly with a phase shiff. These solutions
are easiest studied in a polar coordinate setting, with
Qs defined as the linear part of the phaseof

E(s) =

id(s) — i(Qs+(s))
R(s)e = R(s)e 2.2)
F(s)=S

(s)ew}(s) _ S(S)ei(ﬁs—&-w(s)).

Note here, thaf) is the detuning of the frequencies
of £ andF with respect to the solitary laser frequency



Figure 1.
bifurcation. c. There are three EFMs.

Qo, i.e, the laser operates 8, = Q2 + Q.

Remark 2.1. In standard modelling of lasers with in-
jection, Q2 is defined as the detuning of thgected field
from the solitary laser frequency. Hefeis in fact the
injected field, and it is thus natural to pfis as the
full linear part of F’ rather than. This choice means
that(s) is purely nonlinear, and that(s) may con-

: /// »///\

Plot off andg as functions of as the parameteX is increased. a. Only one EFM exists b. Two EFMs are formed in a saddle-node

for A #£ 0, so (2.5) and (2.7) can be rewritten as

Q = —T cos(do — Qb — Q0) cos(gg) (tan(pg) + )
Q = Atan(¢o — Qb — Q0) + Q. (2.9

Although the equality> = cos(¢o — Q06 — Q) is not

tain constant terms. Note however, that in (Yousefi and necessarily satisfied in an EFM in the limit— 0, it
Lenstra, 1999) the opposite choice has been made inis useful to analyse the resulting equations (2.9) in this

the definition of the ‘fixed points’.
Using (2.2) forR, S # 0, we write (1.5) as

R' = NR+TScos(y) — o)
¢’ =aN +T'2sin(y — ¢) — Q
S" = AR(s — 0) cos(p(s — 0) — 1p(s) — Q0 — Q)

—-\S
o = M sin(@(s — 0) — v(s) — Qb — Q0)
+Q,—Q
TN'=P— N —(1+2N)R% (2.3)
EFMs (2.1) satisfyR' = ¢/ = §' = ¢’ = N’ = 0.

The resulting conditions can, for# 0, be written as

25, = N? 4 (0 — aN)? (2.4)

tan(gg) = =2 (2.5)

= vy (@26

tan(gg — Qo) — QF) = L=m (2.7)
R = 55 (2.8)

In the LK-limit, A — oo, equation (2.6) reduces to
S? = R? and hence (2.4) is an ellipse in thg, N)-
plane: it resembles the fixed point ellipse that is well-
known in the analysis of the LK-equations. The equa-
tion (2.8) is the relation betwedRand NV as also found
in the Lang-Kobayashi and injection laser equations.
Note that (2.8) implies that solutions with real ampli-
tude R, the physically relevant solutions, should sat-
isfy -2 < N < P, for P > —%. See (Rottscéfer and
Krauskopf, 2004).

limit. By elimination of ¢q, we derive from (2.9)

Q = —T cos(¢o — Qo — Q) (sin g + a cos ¢)
=-T COS(¢0 — Q()e — QQ) X

V' 1+ a?sin(¢g + arctan(a))

A2(14a?)

= —I'\/ s a—a.)z %

(2.10)
sin(Q00 + 20 + arctan (%) + arctan(«)),

which corresponds to the equations in (Yousefi and
Lenstra, 1999). They is only uniquely defined up to
mw-periodicity, butQ) is equal for allpy + km, k € Z.

Every solution of (2.10) corresponds to exactly one
EFM. Once such a value fa? is determined, the un-
knowns R, S, N and ¢, can be obtained. However,
equation (2.10) is transcendentalirand it can there-
fore not be solved explicitly.

The main question adressed in this article is, how the
number of EFMs varies with, i.e., when the set-up is
varied from an injection laser to a laser with external
feedback. In order to study the EFMs, we define the
functions

A2(1+a2)

sin(Q640 + arctan (%) + arctan(a)),
g(; M) = Q. (2.12)

Thus the solutions of (2.10) correspond to intersections
of f andg, and SN-bifurcations of EFMs occur when
both f = ¢ and fo = go. A combination of these
two requirements will lead to our bifurcation results.

From (2.3) one can also deduced that EFMs satisfy In figure 1, the functions’ and g are plotted as\ is

N = —I‘% cos(¢o) = =TI cos(pg— Q00 —Q0) cos(¢o)

increased.



3 Analysisinthe limit A — 0

In this section, we study system (1.5) in the limit
A — 0 and especially focus on the number of EFMs. If
Q,,, = O(1) and if the solution satisfied’| = O(1)
with respect to), the third equation in (1.5) resem-
bles, for0 < A <« 1, standard circular motion with
frequency(,, in first order. Indeed, fon = 0, the
equations in polar coordinates (2.3) yiedd = 0 and
Y = Q,, — Q, which, by the requirement that con-
tains only nonlinear terms ig, results inQ2 = Q,,, and

S = const., saF(s) = Se'=*. Substituting this into
the remaining equations of (1.5) yields

E' = (1+ia)NE + I'Seins,

@3.
TN' =P — N — (1+2N)|E]?,

1)

which are exactly the equations for a single injection
laser. Hence when = 0, the injected field strength
|F'| is fixed and the detuning frequen€yequals?,,,.

The 5-dimensional system (1.5) for the filtered laser re-
duces to the 3-dimensional system describing the sin-

Figure 2. Plotoff (y; 0) andg(y; 0) as functions ofj for a gen-
eral (negative) value df2g with cos D # 0, sin D # 0. When
Q,, is variedg moves up or down angf changes form, which leads
to bifurcation of intersection points gf andg, the EFMs.

does play a role as limiting equation. Equation (3.2)
can again be written ag(y; \) = g(y; A), with Q =
Q,, + Ay substituted into (2.11) and (2.12). Hence,
EFMs for zero or small can be studied as intersec-
tions of f andg. With C := T'6v/1 + o2, the classical
feedback strength) := (o + 2,,,)60 + arctan(c) and

A = 0 we write

gle injection laser. The consequence is, that the phase

space of a single injection laser serves as a skeleton for

the behaviour of the semiconductor laser with filtered
feedback, as long as the filter width is sufficiently small
O< Ak ).

However, one should be careful here. Equations (2.6),
(2.7), (2.10) suggest a singular perturbation analysis
and introduction of a new independent varialle=
(Q — Q.,)/A. Consideringy as anO(1) independent
variable corresponds well with the intuitive expecta-
tion that the laser will operate at a frequency close to
the filter mean:Q2 — Q,,, = O(A). In the sequel, we
analyse the fixed points, studying equation (2.10) for
Q= Q, + Ay, withy = O(1) andX < 1. When
Q —Q,, = O(1) however, we introduce = Q — Q,,
and study (2.10) fof2 = Q,,, + =, with x = O(1).

Remark 3.1. We assume thde,, = O(1) throughout
the analysis. The more particular cag, = O(\)

should be considered separately. We refer to (Hek and

Rottsclafer, 2005) for this analysis.

3.1 Thecasd) —Q,, = O())
ForQ — Q,, = O(\) we setQ = Q,,, + Ay so that
equation (2.10) becomes

Qo+ dy = —T'\/ 127 x
sin[(Qo + Qm + Ay)0 + arctan(y) + arctan(a)],

(3.2)
Although (2.10) is not necessarily satisfied in the EFMs
for A = 0, see section 2, the | 0 limit of (3.2)

Qm =

T 14+a?2

1+y?

sin[(Qo + Q,,)0+arctan(y) +arctan(a)].
(3.3)

C

f(y;0) = _9\/174-7 sin[arctan(y) + D]
_ —C(ycos D +sin D)
6(1 + y?) ’ (3:4)
9(y;0) = Q. (3.5)

The functionf(y;0) has, unlesgos D = 0, a single
zero aty = — tan D and two extreme values, see figure
2. Furthermoref satisfiedim,| . f(y;0) = 0.

We only treat the caseos D # 0 here; for the more
degenerate caseos D 0 we refer to (Hek and
Rottsclafer, 2005). Whemwos D # 0 the extrema are

—Ccos® D C .
TWe) = g5 —gsmp) ~ 2 TP <0
. —sinD +1
hy, = 2T .
wit Y+ cos D ) (3 6)
Ccos’D C
)= = — (1 —s] D
1) = ga2smp) ~ 20t 50 D) >0
with y_ = —sinD-1 (3.7)
cos D

See figure 2. Note thatf(y+)| # |f(y—)| unless
sin D = 0, in which case als¢(0;0) = 0 and f is
an odd function. Since(y;0) = Q,, for A = 0, itis
clear thatf (y; 0) = g(y;0) has two solutions whefl,,,
lies between the two extrema ¢f

—g(l +sinD) < Q,, < g(1 —sin D).

20 20 (3.8)

An equality on either side corresponds to a bifurcation
value: SN-bifurcations where two EFMs are formed or



disappear take place &, = i%(l Fsin D). Sub- r
stituting the expressions f@r' and D, we see that the
bifurcations occur for thosg,,, satisfying

— LV + o2(£1+sin((Qo+Qs,)+arctan a))) = Q.

(3.9
So depending on the parameters, there exist a number
of bounded intervals if,,-space in whichf = g has,
for A = 0, two solutions. The parametér,, can be
varied to enter or leave these intervals,, to gain or

. . . . O ™ 27
loose two EFMSs via a SN-bifurcation. See figure 2. 9%
Furthermore, the laser operates at a frequecy Figure 3. The curves (3.14) and the number of inter\@_jn for
Qp + Ay Hgnce the fact that the_re are only a number ) in (900, T)-parameter space fok — 0. When{2,,, in
of bounded intervals if,,,-space in whichf(y;0) = chosen in these intervals, there exist 3 EFMs.

9(y; 0) has two solutions, whilg (y;0) = g(y;0) has

no solutions for parameter valugs, outside these in-

tervals, says the following: given fixed parametars 2

I, # and, the laser can in the smalltegime only ~ OCccur when- —1 > 0, hence wherC' > 2. When
operate at frequencie® in a number of bounded in- C < 2, the number of?,,-intervals remains fixed to
tervals. If€2,,, is chosen in such interval, the laser will ©One that always exists: an interval arouid, = 0 of
(probably) operate at a frequency(\) close to this ~ Which the size decreases to zerdas- 0. The curves

vals, there are no EFMs with = Q,,, + \y. space where the number@f, -intervals is given in the

different regions.
We now study the?,,-intervals where two EFMs ex-
ist. Their number changes when both equation (3.9) From (3.9) and (3.14) we conclude the following
holds and the derivatives with respect(, at both
sides of this equation are equal. Differentiating (3.9)
with respect td2,,, yieldscos(2.,0+D1) = — 2, with
C as above an®; := Qy0 + arctan(a). Therefore,

Lemma 3.2. Let A\ — 0 and fix the parameters,
0o, T and 6 such thatcos D := cos(Qy + )0 +
arctan(a) # 0. If C = TOV1+a? < 2, there is
a single open intervargm around(?2,,, = 0 such that
there are two solution$) to (2.10), hence two EFMs,
Qmb + Dy = +arccos (— &) +2km, (3.10) with y = == = O(1) when(,, € I3 and none if

Sin(Q,,0 + Dy) = +4/1 — 2. (311 D &1,
For C = I'0v1 + o? > 2, there is a number of inter-

j . )
These two equations combined with (3.8) yield that an vals I, such there are two solutiorf$ to (2.10) with

) : o : 070, _ : j -
Q,.-interval is created or annihilated precisely when ¥ =~ = O(1) if O, € I, for somej and none
if Qn, ¢ ngm. The locus in parameter space of the

~lc [1 +. /1= % 4+ Dy =Q,0+ D creations of these regions is given by (3.14).

Hence, the number of EFMs witB=2= = O(1)
changes between zero and twofas is varied. Note
or —iC {1 +,/1— é} +D1+C =00+ D that, sincef is large in practice, the conditiofil > 2

) will be satisfied unless there is a very sm@ll5) cou-
= Farccos (—Z) + 2k, (3.13) pling strengthr".

The boundaries of the intervafélm are given by the
where the plus and minus signs correspond to each(transcendental) equation (3.9).
other. Rewriting these equations and substitutihg
we see that creation/annihilation of an interval is in 55 114 casg) - 0 — o)

(o, T, 0,80)-parameter space determined by o

= +arccos (—Z) + 2km (3.12)

To analyse the case — 2, = O(1), we introduce
Q = Q, + z with Q,, = O(1) andz = O(1), and
Qo6 = +arccos(—3) + 3C write the functionsf andg as functions of;:

iq/%z — 1 — arctan o + 2k,

00 = :tarccos(—%) - 1C (3.14) flz\) = —)\0\/% sin (20 + arctan (%) + D),
+ %2 — 1 — arctan o + 2k7. g(x;\) = 2+ Qs (3.15)

Note that these expressions do not depend on the pawhere agairC' = I'0v/1 + o2 andD = (Q+ Q)0+
rameterP, the pump, and that these equalities can only arctan «. The limit of f(x; A\) asA — 0is well-defined



for all |z|] > O(X) and satisfiesf(z;0) = 0 for ev-

ery |z| > O(M\). Forz = O(A) one should consider

x = Ay, and (3.2) would be obtained. The functign

in (3.15) has its zeroes whesiectan(§) + 20 + D =

km. As A — 0, arctan({) — 75 for z > 0 and

arctan(5) — —34 for z < 0, hence the zeroes of

f(z; \) at either side of: = 0 arer /0 apart as\ — 0.
For A = 0, the functionsf (z; 0) andg(x; 0) intersect

inx = —£,, sincef is identical zero. By the implicit

function theorem it follows that there exists a unique

intersection point off (x; A) andg(z; A) with (z; \) €
(R\[-X, X]) x [0, Xo), for someX = O()), as long

as ) is small enough. We approximate this intersection

point using that ita:-coordinate must lie close tef2,,,:

we setr = —Q,, + A\z. Thenf(z; ) = g(z; \) gives

in the limit A — 0, with C and D substituted

= —Lé*a? cos(Qof + arctan a). (3.16)

An expression fof) where f andg intersect, hence for
theQ-value of an EFM, can now be obtained by using
Q=Q,, +z = \z. We conclude

Lemma3.3. For A — 0 anda, Qo, 2, = O(1), T
andd fixed, there exists a solutidnto (2.10) withz =

Q2 —Q,, = O(1). This solution is constant up to and
including orderO()), and is approximated by

Q= —)\Lé:“z cos(200 + arctan ).

Remark 3.4. This solution withQ — Q,, = O(1),
corresponds to a solution witl2;, — | O(\)

in (Erneuxet al, 2004), whereas the solutions with
Q—Q, = O = Ay correspond to the limit
2L — Q[ = O(N).

Remark 3.5. The solution withQ2 — ©2,,, = O(1) must
by (2.6) necessarily satisfg = O(X). This corre-
sponds to the intuition that if the injected field strength

This means that the equations (1.3) reduce to the LK-
equations (1.1), and system (1.5) becomes the rescaled
form of the LK-equations as studied in (Rottaéér and
Krauskopf, 2004). With: = 1 it can be written as

E' =(1+ia)NE+TF,
TN'=P— N — (1+2N)|E?,
uF' = E(s — 0)e” ™% + (iuQ,, — 1)F.

(4.1)

By introducing rescaled time = ;5 andé = 0 we
obtain the equivalent system
E = u(1+ia)NE + ul'F,
TN = pP — uN — u(1+ 2N)|EJ?,
F = E(3—0)e™% + (iuQ,, — 1)F,

(4.2)

where the dot denotes differentiation with respeci.to
Setting = 0 (1 — 0), equations (4.2) reduce 6 =

N =0andF = E(5—0)e "0 — F = Fe~i%0 _ [,

as long as?,,, = O(1) and|F| = O(1) with respect

to 4. So, E and N are constant on the-time-scale.
For u 0 the last equation of system (4.1) yields
F(s) = E(s—0)e~*%% meaning that the dynamics of
(4.1) is only defined when this holds. The flow is then
prescribed by the first two equations of system (4.1),
the (rescaled) LK-equations,

E' = (1+ia)NE +TE(s — §)e 00

(4.3)
TN' =P — N —(1+2N)|E|.
Hence the EFMs of system (4.1) are the ECMs (exter-
nal cavity modes) of the LK-equation, with the addi-
tional restriction that they lie iI{F = Ee~ %%}, In
the coordinates (2.1), these fixed points therefore sat-

S is (too) small, the laser prefers to operate at its own isfy R = S andgy = Q6.

solitary laser frequenc§), instead of the frequency of
the injected light (with meaf2; = Q,,, + Q).

To conclude we combine Lemmas 3.2 and 3.3 that

together give a complete overview of the number of
EFMs (number of solutions of (2.10)) that exist in vari-

ous parameter regions. From Lemma 3.3 it follows that

for A — 0, there always exists one EFM. Combining
this with Lemma 3.2, where depending 8, zero or
two EFMs exist, we find that &3,,, is varied, the total
number of EFMs for (1.5) in the limik — 0 changes
between one and three, see figure 3.

4 Analysis in the limit A — oo

In this section, we study the system (1.5))as+ co.
Again, there are different cases to study for the two
orders of magnitude of?,,, of which we only treat
Q,, = O(1) here.

In the limit A\ — oo, with Q,, = O(1) the equa-
tion for F' in (1.5) simply reduces to the algebraic re-
lation F(s) = E(s — 0)e~*%% as long ag" = O(1).

Indeed, the relation for th&-values of the EFMs
(2.10) reduces in the limih — oo to the equation
f(§2,00) = g(§2, 00), or

Q= -Tv1+4+ a?sin(Qpb + Q0 +arctan(a)), (4.4)

which equals, after a rescaling of parameters, the
relation for ECMs in the LK-equations given in
(Rottsclafer and Krauskopf, 2004). Hence the results
from (Rottsckafer and Krauskopf, 2004) concerning
ECMs and their formation in SN-bifurcations imme-
diately apply. As concluded there, SN-bifurcations
should also satisfyf, = g¢gq, which together with
(4.4) yields the locus of SN-bifurcations (18206, T')-
parameter space:

1
Qob* = £[\/C2 — 1+arccos(——)

C

|—arctan a+2km.

(4.5)
Note that this condition does not depend on the param-
eterP, the pump.



5 Comparison between limitsA — 0 and A — oo

In this section, we compare the results we so far ob-
tained in the limits\ — 0 (injection limit) and\ — ~o
(LK-limit). By comparing the equations (4.4) and (3.3)
we conclude:

Lemma 5.1. The equation (3.3)A — 0 limit, has a
solutiony = 0 if and only ifQ2,,, is a solution for the
equation (4.4)\ — oo limit.

This means, that when the parameterd” andd are
chosen such that there is in the limit— 0 an EFM
with Q = Q,,, (the laser with filtered feedback acts ex-
actly as a laser with injected optical fieltiSei*?),
then the laser with conventional feedback (the limit
A — o0) has an EFM withQ2 = ,, for the same
choices of the parametens I andé.

For a laser operating at a fixed point determined by
(3.2), we have by (2.3)y = Q — Q,,, = A sin(¢ —
(Qo + Q. + Ay)0), from which the anglep, can be
solved. It follows that if it exists, so if the parameters
are chosen as in Lemma 5.1, an EFM wijtk- 0 satis-
fiespg = (Q + Q0)0 + k7, k € Z.

A second comparison between the LK-limit and injec-
tion limit can be made by looking at the curves where
EFMs are created/annihilated in both limits, hence, by
comparing (3.14) to (4.5). Recall that the curves (3.14)
for A — 0 separate regions in th{€, 0, I')-plane where
the number of2,,-intervals, changes, see figure 3.

When{?,, is chosen in an interveilém there are three
EFMs, of which two satisfy}Q — Q,,,| = O()\) and
one satisfies) = O(\). When(},, is chosen outside
any intervalry, , only the one EFM with2 = O())
exists. The curves (4.5) in the LK-limit on the other
hand separate regions in t{Qy0, T')-plane with dif-
ferent number of EFMs.

In Figure 4, we plotted the curves (3.14) and (4.5) in
the (200, T")-parameter space for &ny6 window of
length27. When a black (thinner) line is crossed, a
pair of EFMs is created or annihilated in the LK-limit
A — oo. When a blue (thicker) line is crossed, a region
Iglm , Where three EFMs exist, appears or disappears in
the injection limitA — 0. In the figure, the number of
EFMs for the LK-limit is given in the various regions
separated by the curves. For the- 0 limit, the num-
ber of Q2,,-intervals where three EFMs exist are given
(roman numerals).

We define the various regions (2,0, I')-parameter
space separated by the curves as follows:

Vi = {(Q06,T)| eq. (4.4) hag solutiong,
k=1,3,5,...
W = {(200,T)| ineq. (3.8) is satisfied ihregiong,
A N | O 1| I
(5.1)
The bifurcation curves in figure 4 do not depend on the
pump parameteP, so the figure is the same for any
value of P. Moreover, the cusp point of the LK-limit is

o 090

Figure 4. The SN-bifurcation curves (3.14) (blue thicker lines)
and the number of interval%m (roman numerals) ir(QOG, F)—
parameter space fok — 0. For A — 00, the SN-bifurcation
curves (4.5) (black thinner curves) and the number of EFMs are
given. The tiny region/; N Wyr is denoted by the arrow pointing
down to the Ill. See the text for further explanations.

found at(0$2, ') = (7 — arctana, Giﬁ) and the
cusp points of the. — 0 limitlies at(0Q,,T") = (+1+

2 .
T — arc_tan Q, W)’_ hen_ce _the arrangement of the_
curves is exactly as given in figure 4. Furthermore, it
can be shown that the first LK-curve lies ‘above’ the
curve forA — 0 for any choice of the parameters.

We thus conclude

Theorem 5.2. Leta, P > 0 be given. Then the sets
ViOWL VW and Vi nWipin (08, T')-parameter
space are all nonempty.

Theorem 5.2 and figure 4 can be explained as follows.
Regardless of)y0, the LK-limit, A — oo, has one
EFM in the limitT" | 0, and a second and third so-
lution appear whefl” is increased above the first bi-
furcation curve. Also regardless 6,6, the injection
limit, A — 0, has one window/}, ~such that in the
limit ' | 0 there is a single EFM whef,,, ¢ I3
and there are three EFMs(i,,, € Igm, see section 3.
The same is true for both limits in the whole (large)
regionV; N Wi, the shaded part of figure 4. For the in-
jection limit, a second?,,,-interval I}lm appears when

I is increased above the first bifurcation curve, so that
(©Q00,T) € V1 N Wy, the striped part of figure 4. Here
three EFMs exist fof),,, € I, U I{, and one EFM
otherwise. There is even a tiny regivn N Wy where

a third Q,,,-interval IS% appears. Hence in the sets of
Theorem 5.2, the LK-limit has only one EFM whereas
in the injection limit there ard?,,-values for which
three EFMs exist.

6 Bifurcation analysis for varying A

In this section we study bifurcations of EFMs as
varies from\ = 0 to A — co. As these states are char-
acterised by theif2-coordinates determined by =
g (2.11), (2.12), we study SN-bifurcations of EFMs
as solutions off (2; \) = ¢g(;A) and fo(hA) =
ga(2; ) (or the same characterisation in one of the al-



ternative independent variablesor y). Solutions of
this pair of equations are not easily found, so we alter-
natively use the following sufficient conditions to char-
acterise SN-bifurcations at which two EFMs ame-
atedas) is increased, here stated in theariable:

At a SN-bifurcation(y = yo; A = Ao) two EFMs are
createdas ) is increased, i¥5 > 0 small enough one
of the following two statements holds:

i) f(yoi M) = g(yoi Ao) >0

and f(yo; Ao +9) > g(yo; Ao +9),
ii) f(yo; Ao) = 9(Yo; Ao) <0

and f(yo; Ao + 9) < g(yo; Ao +0).

(6.1)

Moreover, for a SN-bifurcation taking place (g =
Yo; A = o), the equatiory, (yo; o) = gy (¥o; Ao) also
holds.
Two EFMs will vanish under these conditions with
F(yo; Mo +9) < g(yo; Ao + d) in casei) or f(yo; Ao +
8) > g(yo; Ao + d) in caseii). Note here, that a non-
degeneracy conditiofi,, # g,, = 0 should also hold
to assure a SN-bifurcation. With and D as before,
we have

f(ym Ao + 5)
= 9\/7 sin (Aoyof + dyob + arctanyy + D)

= f(yo; o) cos(dyol) +

yig D) (yOa Ao) sin(0yof).

(6.2)
This yields, by usingf (yo; Ao) = g(yo; M), the exact
expression

f(yo; Ao +6) — g(yo; Ao +6) = _
F(y0; Mo) [cos(8y00) — 1]+ 5 (yo; Ao) T — 6y,
(6.3)

which determines whether EFMs are created or annihi-
lated at(yo, \o). Ford < 1, the first term of (6.3) is

of orderO(4?) and the second of orde?(5). Hence
the righthand side of (6.3) i©(4) and the sign of
f(yo; Ao + 0) — g(yo; Ao + ¢) depends on the relation
betweendL (yo; Ao) andy, as is stated in

Lemma 6.1. If there exists a constaif’ > 0 such that
0o > SL(yoi No) > o + K, then f(yo; Ao + 8) —
9(yo; Ao + 6) > 0 for 6 > 0 sufficiently small. Anal-
ogouslyf(yo; Ao + 0) — g(yo; Ao + ) < 0ford > 0
sufficiently small, if there exists a constdtit> 0 such
that —oo < %(yo;)\o) <y — K.

We now compute aexactpolynomial expression for

g—{(yo; o), using the fact that in a bifurcation point

(05 Ao) both f(yo; Ao) = 9(vo; Ao) = Xoyo + 2 @nd
fy(yos Xo) = 9y(yo; Ao) = Ao hold. Substituting the
first into the second yields:

Ao = — iz Qoo + Q)

{)\o }cos (Moyof+ arctan yo+D) .

(6.4)

o112 3

This leads to
of . c
a(yo; Ao) = *yo\/T—yg cos (Aoyof+ arctan yo+D)
20(\ Q) —
S (Aoyo + 2im) — Yo 6.5)

/\oﬁ(yg + 1) +1

by substitution of (6.4). Thus, comparirf (yo; Ao)

to yo, as should be done in order to apply Lemma 6.1,
comes down to determining the sign of the second term
of (6.5). The result is stated in

Lemma 6. 2 In a bifurcation point (yo, o), the
derivative 5L (yo; \o) satisfies:

i) Vyo € (—00,y-)U(0,y4)3k >0
i) Yyo € (y—, 0) U (yy,00) 3k >0 : 5

with yy = — % Q2, + 4)\/9.

2]

e

(yo; Ao) =
75 Wos Ao) =

yo_ka
Yo+k,

\3\

Proof. Consider the second term of (6.5). Its denom-
inator is always greater than zero singg > 0, so
%(yo;)\o) is aC! function ofy, on R. The zeroes
of its nominatory?0(\y + Q,,) — y arey = 0 and
yr = —Lo £ L /Q2 1+ 4X/0, wherey_ < 0 < y,.
It is easily checked thag?0(\y + Q,,) —y < 0 for

y € (—00,y-) U (0,y4+) andy?0(\y + ) —y > 0
fory € (y—,0) U (y4,00), SO by continuity the claim
is proved. |

Recalling the statements (6.1), the above results, with
L, := (=%=,0) for @ > 0, I, == (0,—%=) for
Q,, <0,in

Theorem 6.3. Leta, T, 6, ©,,, and Qg be fixed and let
Yy = — 5 Q2+ 4)/0.

In a bifurcation point(yo, o) with Ao > 0, two EFMs
are created ifyy € (—oo,y_) U I, U (y4,00) wheni
is increased from\y. Two EFMs disappear at a bifur-
cation point(yo, \o) if yo € (y—,y4+) \ I, whenX is
increased from\.

Proof. The proof is by combining Lemmas 6.1 and 6.2
and the fact thaff (yo; \o) = g(yo; Xo) > 0 if yo >
—£= and vice versa. O

Although this theorem gives a characterisation of val-
ues ofy, 2, of SN-bifurcations for which the number of
EFMs increases or decreases, it is not clear yet whether
bifurcations can actually take place in each region of
y-values or not. To analyse whether annihilating bifur-
cations may occur or not, it is useful to observe that
the result in Theorem 6.3 is invariant under the trans-
formation{Q,, — —Qm,y0 — —yo}. Hence we take,
without loss of generality2,,, > 0 in the sequel.

In the following, we will narrow down the regions of
y where SN-bifurcations can occur by looking fats
a function ofy. The envelope of serves as upper and

HF_f(ﬁ% )—0\/7
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Figure 5. f andg as functions of2 as\ is increased. a\ = 0.001: there are three intersections fifandg so there exist three EFMs. b.
A = 0.5, with in c. a blowup of the\ = 0.5 plot. In this case only one EFM exists. The other parameter§'are 0.0064, 6 = 70,

a=5.0,Q =0.0414,Q,,, = 0.01.

SN-bifurcation poin{yg; Ao ), wheref = g, this yields
the requirement

< Ao¥o + Qi

¢ < (6.6)

An equality at either side gives after taking squares,

(Novo + n)2(1 4 42) = C . We therefore define

2

(Moo + ) * (L +55) — 7

k(yo) = (6.7)

and analyse its sign depending @n Note thatk(yo)

is again invariant undefQ,, — —Q,,,,y0 — —yo} SO
we only study?,,, > 0. The inequality (6.6) is only sat-
isfied if k(yo) < 0, which means that SN-bifurcations
can only occur for thosgy with k(yo) < 0. The func-
tion k(yo) satisfies

K (yo) = 0 for yo = — S
o Yo = Yp,m = 4)\0 —Qn /02, — 8M3],

(6. 8)
wherey, ,, only exist if Q2, > 8\, and —%= <
7' 0
Yp.m < 0if Q,, > 0. Moreover,

k(0) = 2, — & andk(— <0. (6.9)

Xo /T 62

Hencek(yo) always has a negative (local) minimum
iny, = —‘i—’;. Moreover, lim,, 4+ k(yo) = 00
so k has at least two zeror.a;g;t y, < y;. Turning

back to (6.6) we observe that there is a bounded region;s < 1, k(yy) > 0forall Q, > 0.

[yx - v ] outside which the mequallty is never satisfied,
and that\oy, + €, <0 and)\oy + Q,, > 0. This
region is split into two intervals when the local maxi-
mumy,, and minimumy,, exist and satisfy:(y,,) > 0
andk(y,) < 0, resulting in two more zeroesg » of k
with Y12 € Iy.

The relative positions of zeroes kfy,) and the points
Yo = 0, —%—g and y4, that form the boundaries

between creation and annihilation of EFMs in Theo-

annihilating nature are possible or not. We compute

k(ys) = L(Q £1/02, + B0)2 4 A] - &

(6.10)

from which can be deduced that
k(ys;Qm) = 0 iff Q,, = QF (6.11)
E(y—; Q) =01iff Q,, = Q.. (6.12)

HereQ: = %[%(02—1)—&)]. Thusk(y+) =0

is only possible if the remaining parameters satisfy

C=0I'vV1+a2>1

(recall thatC, 6 > 0), i.e,, while varying{2,, a zero
of k(yo) can only pass througly. if (6.13) holds. We
now have sufficient information to conclude

Lemma6.4.If C = 6'vV1 + a? < 1, thenany SN-
bifurcation withy, ¢ I, results in an annihilation of
two EFMs. Moreover, any SN-bifurcation with,, <
g andyp € I, or with Q,,, > S andy € [-5=, 4]
results in acreationof two EFMs.

(6.13)

Proof. ForC' < 1, theQ:f do not exist sdi(y+) has
the same sign for every,,,. We determine this sign by
observing that fof2,, =

> 0if A\g >
<0if N <

s - 1)

e (6.14)

k(y:t; Qm. - 0) {

From this and the fact that, > 0, it is clear that
Since
SN-bifurcations are only possible within the interval
e >y ] C [y—,y+], this, combined with Theorem 6.3,
implies that at any bifurcation witl§,, > 0 and
yo ¢ I, two EFMs are annihilated. The symmetry
yields the same conclusion féx,, < 0. O

In the caseC > 1, the zeroes of and the pointg/+
do change place a% andf2,, are varied. By a care-
ful analysis, see (Hek and Rottgdhr, 2005) for more

rem 6.3, determine whether bifurcations of creating or details, we conclude



Lemma 6.5. With C = 0T'v1 + o2 > 1, EFMs are
created in a SN-bifurcation for

Yo € [yp,y—]if 0 < Ao < 5(C?—1),
and if \p > $(C? — 1) with Q,,, > Q.. ,
yo € 1, if 0 < Qp, < &,
Yo € [_S};ay]j] if Qm > %7
Yo € [y+,y,j] if 0< X< %(02 -1
with0 < Q,, < Q.
Annihilation of EFMs occurs in a SN-bifurcation for
Yo € [y—7_%] if 0< >\O < %(CQ - 1)v
and if Ao > §(C? — 1) with Q,,, > Q,,,
Yo € [0,y 1if 0 < Xg < £(C?—1), QE < Q< &,
and if\g > £(C? — 1) with Q,, < &,
yo € [0,yT]if 0 < Ao < %(02 — 1), withQ,, < Q|
Yo € [y,;,—%”'} if Ao > $(C%—1)
with0 < Q,,, < Q..

In figure 5, plots of the functiong and g show an
example of an annihilating bifurcation.

Having thus characterised more precisely for which
parameters SN-bifurcations of creating or annihilating
nature can occur, it is useful to make to additional re-
marks about our results in relation to others.

Remark 6.6. Saddle-node bifurcations of EFMs with
yo € I, form a bifurcation sequence that, asis
increased fronD to oo, results in connection of the
two 'islands’ of fixed points mentioned in (Yousefi and
Lenstra, 1999). The — 0 limiting EFMs close to
Q = 0andQ = Q,, (if they exist) are the limiting
‘island’ configuration, and by Theorem 6.3 all bifurca-
tions in this sequence are of creating nature.

Remark 6.7. The two islands mentioned in remark 6.6
become connected whelly) and the envelope of(y)
are tangent in somg. € I, i.e, for A = X, such that

0 1C+y2 = Ae¥Ye + and;%(l_kyg)fs/z = A

See (Green and Krauskopf, 2005).

7 Conclusions
In the literature various versions of the equations for
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