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Abstract

For the Ginzburg-Landau equation (GL), we establish the existence and local
uniqueness of two classes of multi-bump, self-similar, blowup solutions for all dimen-
sions 2 < d < 4 (under certain conditions on the coefficients in the equation). In
numerical simulation and via asymptotic analysis, one class of solutions was already
found; the second class of multi-bump solutions is new.

In the analysis, we treat the GL as a small perturbation of the cubic nonlinear
Schrodinger equation (NLS). The existence result given here is a major extension of
results established previously for the NLS, since for the NLS the construction only
holds for d close to the critical dimension d = 2.

The behaviour of the self-similar solutions is described by a nonlinear, nonau-
tonomous ordinary differential equation (ODE). After linearisation, this ODE ex-
hibits, hyperbolic behaviour near the origin and elliptic behaviour asymptotically.
We call the region where the type of behaviour changes, the midrange. All of the
bumps of the solutions we construct lie in the midrange.

For the construction, we track a manifold of solutions of the ODE that satisfy the
condition at the origin forward, and a manifold of solutions that satisfy the asymp-
totic conditions backward, to a common point in the midrange. Then, we show that
these manifolds intersect transversally. We study the dynamics in the midrange by
using geometric singular perturbation theory, adiabatic Melnikov theory, and the
Exchange Lemma.

1 Introduction

In various problems coming from physics, biology and chemistry the Ginzburg-Landau
equation (GL) is found as a model equation. It is derived in, for example, Rayleigh-Bénard
convection, Taylor-Couette flow, nonlinear optics, models of turbulence, superconductiv-
ity, superfluidity and reaction-diffusion systems, see [18, 3, 23, 8, 9] and the review article



[2]. The GL can be viewed as a normal form describing the leading order behaviour
of small perturbations in ‘marginally unstable’ systems of nonlinear partial differential
equations defined on unbounded domains, [16]. Thus, it is relevant for understanding the
dynamics of ‘instabilities’. The coefficients in the equation can be expressed in terms of
the coefficients of the underlying system of PDEs, therefore, we study the dynamics of
the GL for a wide range of parameters.

We study the GL written in the following form

iaa—(f+(1—ig)A<I>+(1+ib5)|<I>|2<I>:0, (1.1)
where z € R, &,b > 0 and ¢ > 0. The standard form of the GL as given in [16] can be
obtained by rescaling.

Numerical simulations show that there exist sets of initial data for the GL such that
the solutions become infinite in finite time for 2 < d < 4, see [6, 19]. Hence, a contraction
of the wave packet takes place, and simultaneously the amplitude grows and blows up.
In nonlinear optics this phenomenon is called self-focusing and it is related to an extreme
increase of the field amplitude. In plasma physics it is called wave collapse.

In this article we study blowup solutions to the GL as found in the numeric simulations
and asymptotic analysis in [6]. We assume ¢ < 1 such that equation (1.1) is a small
perturbation of the well known nonlinear Schrédinger equation (NLS). Note that, after
setting € = 0 in equation (1.1) the GL reduces to the NLS.

Blowup solutions of the NLS have already been studied extensively, see [24] for a
survey. The dimension d = 2 is the critical dimension for the NLS; it distinguishes
between integrable and blowup behaviour. In the numerical simulations of [5] and [4]
radially symmetric, self-similar, multi-bump blowup solutions for the NLS were found
for d > 2. Here, multi-bump is related to |®| having several maxima. An asymptotic
analysis was also given in [4]. The existence and local uniqueness of a radially symmetric,
monotone, self-similar blowup solution has been proved for d close to 2 in [15, 20]. And,
the multi-bump solutions have been shown to exist in [21] again for d close to 2.

Here, we extend and adjust the techniques of [15, 20, 21] to prove existence and local
uniqueness of the blowup solutions of the GL as found numerically in [6]. The solutions
found in [6] are radially symmetric and self-similar as in the case of the NLS. For the
NLS, they were studied using the method of dynamical rescaling, and we also use it here.
This method exploits the asymptotically self-similar behaviour of the solutions. Following
6], space, time, and ® are scaled by factors of a suitably chosen norm of the solutions,
denoted by L(t), which blows up at the singularity,
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The corresponding norm of the rescaled solution w remains constant in time, and as a
consequence, the rescaled problem is no longer singular. The rescaled solution u satisfies

goud + (1 ibe)|ul*u + ia()(Eu)e = 0,

iu, + (1 — Z'S)[U& +
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Figure 1: a. The k = 1 solution branch, the solutions with one maximum on (—oc, o),
and the k£ = 2 solution branch, the solutions with two maxima on (—oo, 00), plotted in
the (¢, a)-plane where d = 3 and b = 0. In b, the solutions corresponding to the *’s are
given. b. Final-time profiles where the amplitude |Q)| is plotted as a function of the spatial
variable £ for € = 0.1. The solutions correspond to the *’s in a. This is a reproduction of
the figures 1.1 and 1.2 in [6].
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Self-similar blowup behaviour, with L(¢) — 0, arises when a(7) is a positive constant and
u(é, 1) = ™7Q(€) for some positive w that depends on the solution. Scaling 7 with i
leads to the following equation for Q:

(d-1)
§

Here the parameter a plays the role of a nonlinear eigenvalue. In [19], the constant w is

left as an unknown; this does not affect the solutions since it can be scaled out.
Moreover, the initial and asymptotic conditions for ®, namely that ®(z,0) = ®¢(x)

and that |®| vanishes as |z| — oo, lead to the following initial and asymptotic conditions

for @)

a =

(1 —ie)[Qee + Q¢l — Q +ia(€Q)¢ + (1+1ibe)|QI*Q = 0. (1.3)

Q¢(0) = 0, ImQ(0) =0, (1.4)
Q)] — 0 as § — oo. (1.5)

Here we have exploited the phase invariance of the equation to define the phase of ® at
the origin. Alternatively, we could have kept w as an unknown in (1.3) and set Q(0) = 1,
as in [19].

In the numerics and asymptotics in [6], multi-bump solutions were found where |Q)|
has k£ maxima on the real line. For every 2 < d < 4, k-solution branches are found in the



(¢, a)-plane on which a solution with £ maxima on (—o0, 00) exists. In Figure la, which
is a reproduction of Figure 1.1 from [6], the branches for £ = 1 and k = 2 where b = 0 and
d = 3 are given. The branches correspond to symmetric solutions with one maximum on
the real line, £ = 1, at £ = 0, and with two maxima, k = 2, on the real line. The latter
solutions (k = 2) have a minimum at £ = 0. The norm |@| of the solutions as found on
the upper and lower part of both branches at ¢ = 0.1, the points indicated by the *’s, are
given in Figure 1b, which is a reproduction of Figure 1.2 from [6].

Every k-solution branch consists of two parts which coalesce. The solutions on the
upper part of the branch are smooth perturbations of the solutions found for the NLS.
Note that the intersection point of this part of the branch with the ¢ = 0-axis corresponds
exactly to the NLS solutions. However, solutions on the lower part of the branch are not
a simple perturbation of the solutions of the NLS.

There is a clear distinction between solutions for which k is even and for which it is
odd. When £ is odd the k-solution has a maximum at & = 0, on the other hand for even
k it does not.

In the numerical simulations, the maxima that lie away from £ = 0 are found for a
small in the range £ = O(%) and just to the left of & = %, which is the point where the
linearisation of (1.3) has a turning point. Thus, as a — 07, all these maxima are created
at |¢| = oco. Furthermore, for k£ odd and d — 2% the form of |@Q| close to & = 0 converges
to the ground state solution of

d—1 3
R§§+TR§—R+R =0. (1.6)

In this article, we focus mainly on the solutions as found on the lower part of the k-
solution branches. More specifically, we construct the solutions for £ even; the solutions
with a minimum at £ = 0. This is one of the main points in which the analysis of this
article differs from and extends the studies in [21, 20, 15] (apart from the fact that the
equation is different). There, solutions with a maximum at £ = 0 were constructed for the
NLS. So far, no analysis for the solutions with a minimum at £ = 0 has been performed.

For k even, we establish existence and local uniqueness of two classes of k-bump
solutions for 2 < d < 4 and with 0 < a < 1 as long as certain relations between a,d, b
and € hold. The second major extension of [21, 20, 15] is the fact that our proof holds
for every 2 < d < 4, whereas in the studies for the NLS [20, 21] the dimension d must be
taken algebraically close to d = 2: d — 2 = O(a') for some [ > 0. This extended result is
possible because we focus mainly on solutions on the lower part of the solution branches.
These solutions are no simple perturbations of the solutions for the NLS. Nevertheless,
for d algebraically close to 2 the analysis here also yields the solutions on the upper part
of the branches.

In the analysis, we find that the g maxima for & > 0 (recall that the solution is
symmetric) lie just to the left of £ = % and are O(log%) apart. These maxima lie in
the so-called midrange, the interval & € [&, &maz] Where & = Ky log% and & = 2-va,
The two types of solutions that are constructed differ from one another by the value of
|Q| at & = &nae- For solutions of type L, |Q] is exponentially small at & = £,,,, whereas

for solutions of type R, |Q|(Emas) is strictly O(as). The solutions of type L are those
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found in [6]. The solutions of type R have, to our knowledge, not been found in numerical
simulations or asymptotic analysis so far. Finally, the solutions of type L lie exponentially
close to each other as do the solutions of type R.

Solutions with a maximum at & = 0, where k is odd, can also be found for the GL by
combining the techniques from this article and section 4 of [21]. However, brief inspection
of that analysis learned us that the solutions as constructed here seem to be more difficult
to construct (for general d) than the ones with a maximum at £ = 0.

Remark 1.1 Choosing a non-integer dimension as done here is equivalent to taking d = 2
and the power of the nonlinear term equal to 20 for some positive o.

2 The main result and the strategy for its proof.

In this section, we state the main theorem and the strategy we take to prove it. The main
result of this paper is

Theorem 2.1 For each a > 0 sufficiently small, 2 < d < 4, and d,e,b and a related as
in expressions (2.1) and (2.2), there exists an ng(a) such that, if 2 < n < ng(a) and n
even, there exist 2n locally unique k = n solutions of the type studied here of the problem
given by equation (1.3) and the initial conditions (1.4) and boundary conditions (1.5).

These symmetric solutions consist of n maxima on the real line where § mazima are

found on 0 < & < &naw, With &nae = % These mazima are strictly O(log(%)) apart.
Of the 2n locally unique k = n solutions, n + 1 are characterized by the property that
|Q(&maz)| is exponentially small, and they are said to be of type L. The other n — 1, said
to be of type R, instead satisfy |Q(Emaz)| = ca®® — ¢a®®, for some positive constant c
and a positive function ¢ = ¢é(c) and, the last maximum occurs near &myq., where |Q| =

V2ai(1 - £\/a) + hot.

We now give the restrictions under which this Theorem holds. In the Melnikov analysis
in section 5.2, we find that ¢ must satisfy

3/ d—1

—_— << —. 2.1
4 c ak%(log%)Q (21)

Moreover, we assume when bounding ¢ in section 7 that there exist constants ¢y, co, ¢,
¢>0,c3and [ > % such that d, ¢, b and a satisfy

lcra(d — 2) — coe + czab| < caitle . (2.2)

For every solution, the constants ¢; can be determined, they differ as k is varied. Moreover,
restriction (2.2) can be made less strict (replacing the exponential small term by a term
of O(a')), yielding less solutions in the Theorem, see Remark 7.1. Although in this case,
for every even k a k-solution can still be constructed

Remark 2.1 It will be shown that ny(a) increases as a decreases.
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We aim for a balance between the terms containing the parameter €, representing the
perturbation away from the NLS giving the GL, and the terms containing the small
parameter a, and therefore, set

e = Ka,

where K = O(1). We study solutions of equation (1.3) with initial condition (1.4) and
boundary condition (1.5). As in [6] and the studies for the NLS, [21, 20, 15], we replace
the boundary condition (1.5) by a local asymptotic condition at £ — oo. For large &, it
follows from the boundary condition (1.5), |Q(§)| — 0, that the behaviour of the solutions
is described by the linear part of equation (1.3)

(d-1)
§

For this equation, there exists a pair of linearly independent solutions for large £ that are
given by

(1 —iaK)[Qee +

Q¢ — Q +ia(éQ)e = 0. (2.3)

. . 2 2 2

Qi~E e, Qo ff(dflfé)efm%Jr%
Solution Qs is rapidly varying as |£| — oo, and has unbounded H!-norm. The solutions
we are looking for, are slowly varying solutions, and hence, their limiting profile for large
¢ is a multiple of ). The asymptotic expressions for ()1 and its derivative imply that

(2.4)

6Qc+ (14 1)@ — 0 as € — oo (2.

must hold, see [6]. In the NLS-limit this corresponds to solutions with finite Hamiltonian.
From the fact that @)1 decays at oo, it follows that the boundary condition (1.5) is satisfied,
and hence, condition (1.5) can be omitted. Therefore, we from now on study equation
(1.3) with the conditions (1.4) and (2.5).

The analysis of (1.3) is carried out by decomposing () into amplitude and phase,

Q) = AQespli [ wix)da], BlE) = . (2:6)

Here, A is the amplitude, B its logarithmic derivative, and 1 is the gradient of the phase.
Then, (1.3) reduces to

A. = AB
By = W8 42— B2 4 (1 — a®bK?) A% + 1 + afp + a* K (1 + £B)]
Y = D 2yB - L1+ EB+ K((1+b0)A% — 1 — agy)],

‘ (2.7)
where (1.4) and (2.5) are given by
B(0) =0, ¥(0) =0, (2.8)
and ! !
Br—g Y —ogas oo (2.9)
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Figure 2: The different points and intervals on the £-axis. As explained in section 2,
solutions on the manifolds M> and M? are tracked to &4, from oo and 0, respectively,
and it is shown that these manifolds have two families of transverse intersection points at
Emaz- The multi-bump, self-similar, blowup solutions of Theorem 2.1 are found in these
transverse intersections.

This reduction from a 4-dimensional system to a 3-dimensional system is made possible
by the fact that equation (1.3) is invariant under phase-shifts.

We prove Theorem 2.1 by analysing the solutions of equation (2.7) that satisfy the
initial and asymptotic conditions (2.8) and (2.9). We start with those solutions that
satisfy (2.9). These form a three-dimensional manifold in the A — B — ¢ — & — d extended
phase space, and we denote this manifold by M, where the superscript co corresponds
to the fact that they satisfy (2.9); the condition at infinity. By tracking these solutions
from oo back to & = & = % (see Figure 2), we find that, at &,4., a segment of
the manifold M is nearly a horizontal line segment that stretches out at least over the
interval (0,a*®] in the A-coordinate with B = —a'/* to leading order, see Figure 3.

As a next step, we focus on the solutions of (2.7) that satisfy the initial condition
(2.8). These solutions also form a three-dimensional manifold, which we denote by M?°.
In two stages, we track the solutions on M? from & = 0 to & = Epax, see Figure 2. First,
in section 4, we pull M° forward to & = &, = kylog(%), for some k; > 0. Then, in sections
5 and 6, we track the solutions on M° further forward from & = &, to £ = &,,42; this is the
interval in which the bumps lie. We introduce a ‘slow’” independent variable n = a& and
the shifted phase variable ¢ = ¢ + % in (2.7). Under the assumption that |¢| < a? (this
strict inequality is proved in section 7), the leading order system becomes

A. = AB
Be = 1-% - B2~ A2+ aB({=2 + K7)) + hot (2.10)
’f]g = a.

The higher order terms in the equation for B contain the ¢>-term.

The global geometry of the invariant manifolds of (2.10) is studied in section 5. For
a = 0, the system (2.10) is a planar Hamiltonian system depending on a fixed parameter 7.
For every n € (0,2), it has a pair of saddle fixed points connected by a pair of heteroclinic
orbits that enclose a family of periodic orbits. For 0 < a < 1, it follows from geometric
singular perturbation theory [10, 12] that the manifolds persist. Using adiabatic Melnikov



function theory we determine the splitting distance between the invariant manifolds and
their intersection points.

This global geometric information is then used in section 6 to track solutions on M°
further forward to 7 = Npar = @&masz- It follows that, on the cross section 1 = 7,4, in
the A — B plane, M" exhibits a highly complex structure, see Figure 8. As an important
result, on the cross section 7 = Mpqe in the A — B plane, there are two families of
transverse intersection points of the manifolds MY and M. Hence, there exist two
families of solutions on M° and M such that for each member of these families the A
and B coordinates are the same at 7,,,, (values different for each member, of course).
The properties of these solutions are further specified in section 8. We note here that
one of the main properties is that the A-coordinates at &,,q, of the intersection points lie
exponentially close to zero for one family while they are O(a%) for the other family.

With the above analysis the proof of Theorem 2.1 is almost finished. The last step
concerns the ¢ coordinates. In general, the ¥ coordinates of the solutions just identified
need not coincide. In section 9, we show that the interval of values of the 1 coordinates
of the relevant points on M? overlaps the interval of values of the v/ coordinates of the
relevant points on M. Furthermore, we prove that the derivative of the 1 coordinate
with respect to d of points on M is much larger than that same derivative for points
on M see Figure 10 for a sketch of the manifolds in the d — ¢ plane. Therefore, we
can conclude that, for each member of the two families identified above and for each a
sufficiently small, there exists a unique d such that not only the A and B coordinates
of the solutions on both manifolds are the same but their ¢ coordinates are the same,
as well. Concluding, the above analysis shows that the three-dimensional manifolds A/°
and M have two families of transverse intersection points in the A — B — ¢ — & —d
five-dimensional phase space and, hence, that the locally unique, multi-bump solutions
stated in Theorem 2.1 exist.

Remark 2.2 In the proofs throughout this article, the letter ¢ is used to denote various
positive, O(1) constants. These constants are local.

3 Tracking M> backward to £ = V2

av/a’

The behaviour of solutions of the NLS on M for £ very large was already studied in
[15, 20, 21]. The results can be extended to the GL and are stated in the following
theorem:

Theorem 3.1 Assume that 2 < d < 4 is fired and that a s sufficiently small. Then for
every & > a—\/fa and Ay sufficiently small, there is a unique solution to (2.7) that satisfies

the boundary condition (2.9) and A(§) = A,.

The proof of this theorem is an application of the contraction mapping principle to a
rescaled form of system (2.7). It is a straightforward extension of Theorem 3.1 in [20],
therefore, we will not give it here, instead we refer to [20].

8
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Figure 3: A sketch of the manifold M in the A — B plane at £ = &,4.-

Theorem 3.1 gives us a solution satisfying the boundary condition (2.9) that is char-
acterised by its amplitude at & = a—‘\//% and the value of d. Hence, choosing A(&;) and d
gives a locally unique solution that is a function of £. Thus, the manifold M of solutions
that satisfy the boundary condition is of dimension 3 in (A, B, 1, &, d)-space.

3.1 Tracking M backward further to &,,,, = 2-va,

a

In this section, we analyse the behaviour of the solutions on M as they are integrated
backward further from & = */\} t0 &g = % We extend the method used in [21] for
the NLS to the GL. However, the extension of the results to the GL is not straightforward
and does lead to a different statement for ¢ at &,,4., therefore, we do give this analysis
here.

We denote the values of A, B, and ¢ at & = &nae by AY (Emaz), B (Emae), and
V5 (Emaz). We will show that B (&ae) lies close to —at in a C' manner (see Lemmas
3.2 and 3.5) and that ¥3°(&nas) lies close to =%z (see Lemma 3.2). Moreover, for these
solutions, the interval of values that A% (& 4x) can reach, stretches to include the interval
(0, a%]. In Figure 3, a sketch of the manifold M is given in the A — B plane.

In the same way as in [15, 20, 21], we introduce a rescaling of ) for which the linearised
equation (2.3) for Q becomes self-adjoint. Let Q(§) = X (&)W (&), where X is chosen so
that, after substitution in (1.3), the equation for W does not contain any first-order deriva-
tives (i.e., the linearised equation for W is self-adjoint). This gives X (¢) = e~ T¢°¢72"
and the following equation for W:

(1= iKa)Wee + l? - —(d 2) — 422@1 —1)(d—3)
+iKa (2 + % + 4—§2(d —1)(d— 3))] W+ (1 +ibKa)& W PW = 0. (3.1)

The linearised version of this equation reduces for 0 < a < 1 and £ > 1 to the parabolic
cylinder equation

4

At £ = 2 the type of equation (3.2) changes from elliptic for £ > 2 to hyperbolic for £ < 2
since the coefficient in front of the W-term vanishes there.

Wee + (E - 1) W =0. (3.2)



For ¢ > %, the two linearly independent solutions of (3.2) are given to leading order

by

W, = E%_%e%g and Wy = §1%d+ée_7m52.
The higher order terms are small as long as & > % and a < 1. Solution W5 does not
satisfy condition (2.5), hence, it is not the solution we are looking for (see section 2).
Instead, W, has the correct asymptotics at infinity, it does satisfy condition (2.5).

To determine approximations for B®({max) and ¥3°(§maz ), We study solutions of (3.2)
close to the turning point to obtain an estimate for the linearised equation (2.3). We
denote these approximations by Bg3;,(§maz) and 3%, (§maer). Then, we extend these
results to the full nonlinear equation (1.3) for @), see Lemma 3.2.

Lemma 3.1 Ford > 2 fixed and for a sufficiently small,

1
Bcﬁm(&max) = —ai + Z\/E—F hOt,

a'gmaw
2

i/fflm(émam) + 15 exponentially small.

This Lemma follows from the explicit expression for the leading order solution of (3.2)
and the relations between A, B, v, and W,

A = |Ql=¢7 W],

B = Re (%) + 12;§d, (3.3)

See Lemma 3.1 and Appendix A in [21] for a detailed proof.
Next, we extend these approximations to the solutions of the full equation (3.1), hence,
to equation (1.3).

Lemma 3.2 Ford > 2 fized and for a sufficiently small, there exist positive constants cq
and co such that
B (&maz) = —ai + civa and
a max —=
¢§O(§max) = = £2 + CQGJd é(1 + b)

Proof: We introduce amplitude and phase coordinates associated to W,

= exp|t ‘ r)dx|, =z _ Y%
W(E) = y(©expli [ olada], =(€) = *. (3.4)

These are analogous to the coordinates A, B, and 1 associated to (). Moreover, (3.3)
and (3.4) imply the following relations between B and z and between ¢ and ¢:

_ d-1
z = T_'_B’

5 &y (3.5)

10



Equation (3.1) may be written in the variables y, z, and ¢ as

ve = y2

= =20+ gu(d = 1)(d = 3) + e [1 = S (1 - @PK2) — (1= ba? K2y
o QQK(d_B)}

b = —202+ g [5(d - 2) + CIE + K(1 - 5F) - K9y (1+b)].

(3.6)
We will compare the solutions of system (3.6) to the solutions of the linear equation for
W obtained in Lemma 3.1. Let 2(&) = 2(€) — 2(¢) and  ¢(€) = ¢(&) — @(€), where 2(€)
and ¢(¢) are the solutions of the linearised version of equation (3.1). Note that in the
amplitude and phase coordinates linearisation corresponds to setting y = 0, so that the
linearised system depends only on z and ¢. The estimates for B and v in Lemma 3.1
imply that z = —qi+1 \/5 and ¢ is exponentially small to leadlng order at & = &,,4.. Here

we will show that |2 < a2 < \/a and that |@| < c3(1+b)a’"z for & > £,4s. Combining
these two results, we find approximations for z and ¢. Finally, via (3.5), this leads to the
desired approximations for B and .

The system (3.6) can be written in terms of y, 2, and ¢ as

ye = yrtyz .
(5) = (5 %)) (ngiey) o
b -20 =22 )\ ¢ ~20% — Ay

The z- and é—equations have been written in this way to show the structure of the 2x2-
matrix, Whose behaviour plays an 1mportant role in the analy51s

For £ > 2 we have that z ~ _T < 0 (because z = ReﬁWIV—| from the definition of
the polar coordmates (3.4) and because we evaluate along W;). We need that z < 0 for
every & > &ap- For € > 1 and a < 1, the solutions to (3.2) can be used to calculate the

sign of z. A solution to (3.2) can be written as

1 | & 1
W = KlW(g, \/5{) + %e_EW(aa _\/56)7

where the functions on the right hand side are Weber parabolic functions, see [1], and K,

is a constant. Computation of Z = Re d5| " shows that z < 0 at =2 (fora< 1), and z
decreases monotonically and algebralcally to 0 as £ increases, so that z <0 for & > &nae-

Define & < & = % by Z(&) = —2a. Such a &, exists because z ~ —a~1 at Emazs
Z increases monotonically for & > &4, and zZ ~ ( g’ \/C—l) a®? at &. It remains to show

that, for y(&1) in some appropriate range, |2| < v/a and |¢| < ca(1 + b)a"z for £ > & naa-
To show this, we need the following

Lemma 3.3 We denote by V the space of solutions to (3.7) that satisfy
a. (y,2, @) is exponentially small for £o < & < &,

b. |y| < 2a75, |2] < Va, and |@] < co(1 +b)a®"% for € > Emaa.
Then for y(&1) chosen appropriately, sufficiently small, the solutions remain in this space.
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The proof of this Lemma is given in Appendix A, and it is based on an argument that
uses continuous induction. The fact that solutions satisfy the first property of the space
can be proved by showing that the two following statements hold.

First, we show that if y() is exponentially small for £ > &, then Z and <;A5 are expo-
nentially small for & > &, provided that they are already this small at £ = &;. Vice versa,
we need to show that if 2 is exponentially small for £ > & and y is exponentially small
at &1, then for y(&;) chosen small y is also exponentially small for £ > &£. The same type
of argument can be used to show that the solutions also satisfy property b.

Applying this Lemma, we can finish the proof of Lemma 3.2. We choose y(&;) so that
Lemma 3.3 is satisfied. Then it follows immediately that |¢| < co(1+b)a’"2 and |2| < /a
for every & > &n4s-

In the following Lemma, we estimate A3 ({max)-

Lemma 3.4 For d > 2 fixed and for a sufficiently small, the range of A; = A(%) can
be chosen such that, as a function of Ay, AP (&max) is onto (0, as].

Proof: We use the relation A = ¢ %y, between y and A that follows from the relation
between ) and W. The proof of Lemma 3.2 shows that one may choose the range of

y(&1) such that y < 2475 for all € > &naz- In the proof of Lemma 3.2, we chose y(&;) in
an interval such that y(&,) is exponentially small. For the largest value of y(&;) we know

L 3 1-d
that y(fmax> > \/5&75. Thus A?(fmax) > a8 since ém%m > \/g- 0

We conclude this section with a Lemma extending the C closeness of B (&4z) to
—a'/* in the A — B plane to C* closeness. This result will then be used below in section
6 to establish the transversality of M° and M.

Lemma 3.5 For d > 2 fized, a sufficiently small, and for each Ay in the range of A;
values found in Lemma 3.4, the map

Al - (ASO (émama A1>7 Bso (émama Al))

has a slope that is less than cas in the A— B plane for some ¢ > 0.

Proof: Define 7 = and ¥ = ‘% . Then Z, Y, and W satisfy the variational

equations,

Y =

8A’ 8A’

Ye = (Z+23)Y +yZ,

< Z ) _ < -2z 2¢ ) < Z ) N 2(&‘1’ — 227 — 211+ba22;§22£1_de (3.8)
Ve —2¢ =2z J\ ¥ 207 — 220 — UK c1—dy,

1+a2K?

Since Y stays bounded away from 0, we may look at the quantities Z/Y and ¥/Y. These
satisfy the equations

( (Z]Y)e ) _ ( —37-3% 20+ 2¢ ) < Z/Y )_( Y(Z]Y)? + 2 ey ) |
(

(W/Y)e —20-26 —32-32 J\ VY |\ y(z/y)(¥)Y) + 20Kec1-a,

12



Integrating backward to &,,.. and using an appropriate integrating factor similar to that

in the proof of Lemma 3.3, we have that Z/Y can be estimated by ca’if 1=dy 11 +b;12 Ilfg (since
z dominates 2 and z ~ —a~1 and negative for & > &,4.) and ¥/Y by ca™ 451 dy%

Also, we know that y < 2a 5. Therefore, ( 02 )/(aAl) Z)Y < e lyai 11+b“2K2 , and

4d—-7
SO (gf )/(aAl) <ca iy Hb‘éf((g < ca™S < cad for some positive constant c. O

Remark 3.1 More generally, we can pull back M to a point £ = 2=, where a3 < b<

. The choice of b = \/a, used to obtain .., was made to simplify the analysis. Further
detaﬂs are given in Remark 6.1, after the necessary analysis of M, is presented.

4 The manifold M" satisfying the initial conditions.

In this section, we will study solutions of the system (2.7) that satisfy the initial conditions
(2.8). Moreover, we choose A(0) close to zero but positive. We construct a manifold M°
of such solutions and track it forward to £ = &,. We denote the values of A, B and v at
£ =& by AY(&), BY(&) and ¥9(&,). We show that BY(&,) lies in an interval where B = 1
to leading order. Also, we show that there exists an interval of initial conditions for A
such that A at & = &, overlaps the interval (0, ca]. Finally, we will prove that, at £ = &,
the image of the curve of these solutions lies horizontally in the (A, B)-plane.

The solutions we construct here lie close to the zero solution of (1.6). Therefore, we
first study the solutions to equation (1.6) and then we use the fact that the solutions of
system (2.7) lie close to equation (1.6).

4.1 The estimates on BY(&).

We want to study solutions that lie close to a solution of equation (1.6), therefore, we

analyse this equation first and write it as a first order system. We introduce 7" = % S0

R
that (1.6) becomes
{ Re = RT (4.1)

T, = HT-T"-R+1.

Note that this system is identical to (2.7) if we set a = 0 and ¥ = 0. For large &,
1 < € <&, (4.1) has a critical point located to leading order at R = 0, T'= 1. This
point is a saddle, and therefore solutions with initial conditions near the zero solution will
go towards and then diverge from this solution for large €.

From the asymptotics, it follows that a solution to (2.7) that satisfies the initial con-

ditions (2.8) has a 1-component that remains close to ¢ = —%5. Therefore, we introduce
o=+ %5 Note that this is the same ¢ as used in the previous section, however, the

13



ca

Figure 4: A sketch of the manifold M° in the A — B plane at £ = &,.

reason why it is used here is different. The system (2.7) then becomes

Ae = AB

Be = BB+ %5 4+ ¢% —afo+ gz {1— (1 - ba?K?) A2 + afp — 5 + > K(1+¢B)}
2¢2

g = 90— 20B+alB+ %+ g {—1 - B+ K[1+agp— 5 — (1+b)A%}.

(4.2)
In this section, we prove that solutions starting in B(0) = 0, ¢(0) = 0 and A(0) €
(0, c,a™], m, > 0, will evolve into a curve at £ = &, where 0 < A(&) < ca™, m > 0, and
B is close to 1, see Figure 4. We start by showing that the statement holds when setting
¢p=a=01in (4.2).
Hence, we first show that it is true for R and T in (4.1) and then extend this result
to the full (A, B, ¢)-system. For this second step, we prove that ¢ remains small for
0 < & < & and then use that (4.2) is a small perturbation of (4.1).

Lemma 4.1 There exist constants 0 < ks < ky < ky such that solutions that satisfy

R(0) € (0,c.a™], T(0) =0 evolve at & = &, into a curve with
d—1 d—1

- <T <l——

2k; log(1) &) 2k4log(1)

and 0 < R(&) < ca™ ™ = ca™ Moreover, for m, —ky, =m >0, T > 0 and R > 0 for
all 0 < § <&,

<1

The proof of this Lemma is given in Appendix B.

Now, we will extend the above results to A and B. For that we want to bound ¢ at
& = &. In order to establish such a bound, we need:

Lemma 4.2 A solution that satisfies the initial conditions B(0) = 0 and ¢(0) = 0, i.e.
¥(0) = 0, can be represented as

o) = $i@)+ 5
B azt™? T o g ld—2+2K +a*K?d
= /0 A%(y)y l

A2(2)(1 + a2K?) 2
—aK (b+ 1) A%(y) + a®Ky(o — 21) + a* Ky B(y) | dy

14



3K - . _ 212K
xa ar )/ 2(y )yt ldi‘ir (4.3)
0

21+ a@?K?) | 21+ K2 2
ra’K? azt~4
dy = + 1
2(1+a?K?)  A%(2)(1+a?K?)

—aK(b+1)A%(y) + a*Ky(6 — 7))

where -
1) = [ Ry A*()y" dy
and d—2+2K
Ry) = =5 = Kb+ DA(y) + Kay(6 — 7).

The proof of this Lemma is given in Appendix C. Using the explicit expression (4.4)
for ¢, we can now approximate ¢ at & = &, as follows:

Lemma 4.3 For B(§) > 0 (so that A¢ > 0) and A(§) < ¢ for £ < &, there exists a
constant C' > 0 such that |p(§)| < Ca? for every 0 < p <1 and 0 <& < &,

Proof: We will bound the expression [ in equation (4.4) by studying the different integrals
separately. Since A and 97! are both increasing functions on 0 < y < & < &, it follows

that
d

/ © A2(2)adw < A%(E) / Cptldy = 4205
0 0 d

and similarly
€d+2

d+2

/6 At (z)zdr < A4(§)éd and /6 A% (z)z T dr < A%(€)
0 d 0

The part in I which contains a term ¢ can be estimated by using continuous induction.
Assuming |¢(x)| < Ca® for 0 < x < &, we can bound the integral as follows

‘/05 A?(2)xpdx| < CaP /Og A?(z)ade < gl—fjgd“A?(g).
Hence
9 g |d—2+2K b+1 , Cia? a& 9/ or md
0] < a0 | T 4 K e + K (£ 4 )] < e

where for the second inequality we use the fact that a{ < a&, = aky log% < 1 together
with the assumption that A(§) < é.
Substituting this bound into (4.4), we find that

%
6O <

2K2
lQQ +C| < Cat < Ca?

for 0 < p < 1, since &, < a™P* for every p; > 0. a

As a last step we will show that the results as stated in Lemma 4.1 also hold for A
and B.
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Lemma 4.4 There exist constants ky, ko > 0 such that solutions with A(0) € (0, c,a™],
B(0) =0 and ¢(0) = 0 the following holds

d—1 d—1
—-——— < B <l——<1
2k, log(L) (&) 2ky log(L)
and 0 < A(&) < ¢.a™™* = c.a™. Furthermore, for m = m, —ky > 0, A¢ > 0, B¢ >0
for all 0 < & < &,

Proof: We use the fact that A and B lie close to R and T'. Using that B < 1, it follows
analogous to the estimate for R that 0 < A(&,) < c,a™ %, Since a and ¢ are small,
the equations for A and B are small perturbations of the equations for R and T'. Hence,
B(&,) also lies, in a similar way as T close to B = 1. Now, we prove that on the interval
at £ =&, , Be > 0. The extra terms that the equation for B in (4.2) contains compared
to the equation for T} are given by

a2 52
Ei=¢+ ——— |K*(1 +b)A* —aK”® K(1+¢B K?—1)> — K?|.
1 =0 T g |4 0)AT—aK 60 + K(1+88) + (a )
We know that af¢ < a2, and since & < &, a262 < a2, hence, B < @. Therefore,
this term is at £ = &, much smaller than the other terms which are of order @. Hence,
Be >0at £ =6, ’ O

Remark 4.1 In section 6 we need that A%(&,) stretches out up to ca. More specifically,
AY(&) must overlap the interval (0, ca] including exponentially small terms. Therefore,
we choose m < 1 which leads together with the fact that A > 0 for all 0 < £ < &, to the
required right boundary. It also follows from the fact that

A(&%) = A(O)efogb Budy < A(0)a~*

that if A(0) is exponentially small, this is also true for A(&,).

4.2 The slope in the (A, B)-plane

In this section, we show that, at £ = &, the image of the curve of initial conditions I lies
horizontally. We use the variational equations of system (4.2):

Ac = BA+AB
Be 4B — 2BB + 266 — a6 + gz (—2(1 — ba?K?)AA + aé + > KEB)
b = £ —20B — 2B+ atB + iz (B + Klagd — 2(1 + b)AA]),
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where A, B and gZA> are the tangent vectors. As in Lemma 3.5 we compute the slope of

the curve by using projectivised quantities. We define u = % and v = % The functions
u and v satisfy

(4.4)

a aS 2
{ ug = wu [T — 3B — Au + Haé(f@} +v [2@5— H(fg;;} — 1JragKg(l —ba’K*)A

v = U[——3B Au + “Kf] u[—2¢+ o’ K2 }—2 (DK 4

1+a2K? 1+a2K? 1+(12K2

The slope we are interested in is represented by the value of u at £ = &,. We will show
that u is small at & = &, so that the image of [ lies approximately horizontal in the
(A, B)-plane. This is stated in

Lemma 4.5 For a sufficiently small and d > 2, the image of the trajectories produced
in Lemma 4.4 has, in the (A, B)-plane, a slope that is less that ca' for some ¢ > 0 and
0<i<1.

The proof of this Lemma will be given in Appendix C.1. The results of this Lemma imply
that, in the (A, B)-plane, the slope of the graph is smaller than ca' where 0 < [ < 1 hence,
it lies approximately horizontal, see Figure 4.

5 Structure of the invariant manifolds of system (2.10).

In this section, we study the system (2.10) for n > 9, = a&,, and we establish an
asymptotic approximation for the position of My at 7 = Npae = @€ mae- Along the lines of
[21] we start by studying the geometry of system (2.10) for a = 0 and then apply Fenichel
theory to obtain the relevant information about the geometry for 0 < a < 1. Finally,
by introducing an adiabatic Melnikov function, we obtain a more detailed view of the
structure of the invariant manifolds of system (2.10) for 0 < a < 1.

5.1 Geometry of the system (2.10) with a = 0.

For a = 0, the geometry of the system (2.10) is the same as in the analysis of the NLS-
equation, see [21], here we summarise.
When a = 0, there exist three curves of fixed points,

| 772
F(i:{(A,B,T]NA:O,B::E 1_Z77]mm<77<77mam} (51)

2

Lo = {(A, By A =1 = 2. B = 0.1in <1 < e}, (5:2)

see Figure 5a. The curves 'Y, are normally hyperbolic manifolds, since they are the unions

of saddle fixed points (A, B) = (0,£y/1 — 1743) for every fixed 7, see Figure ba. These
saddles are connected by a heteroclinic orbit for every n € (Nmin, Nmaz ). For every fixed 7,
there exists a one-parameter family of periodic orbits in the domain inside the heteroclinic

and
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a
By
a \/50[914
—a
b.

Figure 5: a. A sketch of the three curves of critical points T’ and Ty in the A — B —
plane for a = 0. Here the positive B-axis points into the paper. b. The flow in the A — B

plane for ne (nmina nmax) ﬁxed, where o = A/ 1-— %

orbit. This family limits on the center fixed point (A, B) = (Auyr,0) = (/1 — %, 0), see
Figure 5b, and the curve I'y shown in Figure 5a is the union of these centers.
The leading part of system (2.10) can be written as the Duffing equation

2

Age = A1 - % - A?), (5.3)

and hence, explicit expressions can be given for the heteroclinic and periodic orbits, see
[11], for example. Note that the variable B used here is the logarithmic derivative of A,
see (2.6). For every nmin < 1 < Nmae, the heteroclinic orbit is given by

(A0(€), Bo(€)) = [V2asech(af), —a tanh(ag)] (5.4)

where o = /1 — %. We denote the manifold that consists of all these heteroclinic con-
nections with 7,in < 17 < Mmae By W. The periodic solutions are given by

AP = V2pdn(B¢ k), (5.5)
B ey _g2q500E k)en(GE, k)
BW(E) = —k°B A (5.6)

where § = \/2617 and 0 < k < 1. Here, k = 0 corresponds to the centre point (A, B) =

(1/1-— 343, 0) and k£ = 1 to the heteroclinic solution. The period of such a solution is given

by To(k) = 2%, where K (k) is the complete elliptic integral of the first kind.

18



Finally, for system (2.10) with a = 0, there exist two integrals:

1 1, 7 1
= —A*B? - (1 - )A% 4 - At 5.7
o= GAB - (1= At (57)
Ko = 1.

5.2 Persistence of the invariant manifolds for 0 < ¢ <€ 1 and
their transverse intersections.

Since the two curves of critical points I'%, are normally hyperbolic, we can apply Fenichel
theory [10, 12]. Therefore, we find that for 0 < a < 1 and 7 restricted to (Dmin, Tmaz ),
'Y persist as slow manifolds I'y and I'_, which lie O(a) close to I'} and I'?, respectively.
These manifolds must also still lie in the plane {A = 0}, since this remains an invariant
plane for a # 0. Furthermore, it follows from Fenichel theory that the manifolds I, and
I'_ have stable and unstable manifolds O(a) close to those of the unperturbed system.
The manifolds no longer coincide as they did for a = 0. We denote the component of the
unstable manifold of I'; that lies O(a) close to the manifold W for £ < 0 by W*(I'}),
and the component of the stable manifold of I'_ that lies O(a) close to the manifold W
for £ >0 by W*(I'_).

Now, we study the behaviour of the unstable manifold of I',., W*(I",), and the stable
manifold of I'_, W*(['_), for 0 < a < 1. The Melnikov method for slowly varying
systems, see [17, 22|, yields an expression for the distance between W*(I';) and W*(I'_)
as a function of 7. In fact, denoting the first intersection of W*(I';) with the set {B =
0,A > 0} by P(I'y), and similarly the first intersection of W#(I'_) with the same set by
P~YT_), we find the distance between P(I';) and P~(T"_).

Remark 5.1 The Fenichel and Melnikov theorems may be used directly to obtain the
desired results for all € (0,2). Here, we are also interested in the behaviour of W*(I';)
and W*('_) up to ez = 2 — /a and we note that after a suitable rescaling (the
eigenvalues are of size O(y/a) but the perturbation is of size O(a)) the Fenichel and
Melnikov theories can also be applied up to 9,4z-

To apply the Melnikov method, we transform system (2.10) by introducing C' = AB so
that it is explicitly divergence-free,

Ag - C
Ce = A(l—% — A% +aC (2 + Kn) + hot (5.8)
7]5 = a.

To leading order, system (5.8) is the Duffing equation and in this representation, the plane
B = 0 corresponds to the plane C' = 0.

Compared to the corresponding system that was obtained for the NLS-equation in [21],
this system contains an extra term aKnC. Along the same lines as in [21], we compute
the Melnikov function.
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For any 7o such that 7, < 70 < Mmaz, we define A and AS (which depend on 7))
as the intersection points of orbits on W*(I';) and W?*(I'_), respectively, with C' =0

on {n = no}. The solutions 7(§) = (AG(£), C(&),1z(§)) in W*(I'y) and 75(§) =
(A3(£),C2(€),m:(€)) in WH(I'_) for the perturbed system (5.8) are determined by the
initial condition 7*(€) = (A%(€),0,m0). And, 76(¢) = (Ao(€), Co(€),70) is the hetero-

clinic solution of the unperturbed system with ~,(0) = (\/2(1 — %), 0,10). Here Ay and
Cy are given explicitly by (5.4), where Cy = AygBy. We define the following £-dependent
distance function:

7 (Aa(6) — A3(€)) ) < Co(€) )}
A , — da z Z A 5 .
e ={( 2D 2D ) (o0 5 aer)
From this &é-dependent distance function, we derive the adiabatic Melnikov function in
the usual way for slowly-varying systems, see [22], as

£(0.m) :/_O:o{< Co(leO+ K7) ) i ( ﬂOAO ) gZ} : < A1 —Cﬂ% — A3) )dﬁ'

Here 8%(2—2) =1 and g—Z = 0 for £ = 0 and hence % = £. Computing the integrals using

(5.4) and Cy = AyBy, we find

The function A(0,7) measures the distance between P(I';) and P~*(T'_) to O(a). B
applying the Implicit Function Theorem, a simple zero n; of A(0,7) defines a transversal
intersection point of P(I'y) and P~1(T'_) at B = 0.

We analyse the zeros of the Melnikov function. Setting A(0,7) = 0 leads to

n=2or Kn*— (4K +d+2)n* +4(d — 1) = 0.

However, since A is not defined at n = 2, solutions of the fourth order equation are the
only possible candidates for a zero of the Melnikov function. Note that solutions have to
be positive and satisty 0 < 9 < 1 < Nmaz < 2. The solutions of this equation are given
by the positive solutions of

1
2
0= kg = 2K(4K+d+2i\/ AK 4+ d +2)2 — 16K (d — 1)).
For d < 4, the expression under the square-root is positive, leading to two possible
(positive) solutions. When d > 2, we find that x; < 0 for K < 0 and x, > 4 for K > 0,
and the extra restriction 0 < 7 < 2 can only be satisfied by n_ = /k_.

Further analysis shows that 0 < k_ < 4 is satisfied for all K. Moreover, x_ is not
defined for K = 0 and to leading order x_ = % —0as K —ocand k. =4+ % — 4
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as K — —oo to leading order. Using these asymptotic expansions, we find restrictions on
K since the zero n_ needs to lie between 1,,;, = aky log% and Npmee = 2 — y/a. This gives

the leading order restriction
3 d—1
<K< ——. 5.9

Hence, as long as —43% < K < 47L the two manifolds intersect transversely in a

min

point that is O(a) close to (1/2(1 — %), 0,7;) with n; = \/k_. We label the n-value of the
actual intersection point by 7 = 1,¢..., see Figure 6 c.

The adiabatic Melnikov function also gives the orientation of W*(I';) with respect to
Ws(T'_) at B =0. We find that A(0,7) > 0 for Nm < N < Naero; and, thus, W*(T'y) lies
‘outside’ W*(I'_), i.e., p1 > ps for points (p1,0,n) € P(I'}) and (p2,0,n) € P7HT_), see
Figure 6 a and b. Similarly, A(0,7) < 0 for 1,er0 < 7 < Nmae; and, therefore, W*(T"}) lies
‘inside’ W*(T'_), i.e., py < po for points (p1,0,n) € P(T'y) and (p2,0,n) € P~1(T_), see
Figure 6 d and e.

5.3 The locations of segments of W*(I',.) and W*(I'_) on constant
n slices.

In this section, we determine the locations of long segments of the manifolds W*(I'; ) and
W#(T'_) on n=constant planes for Ny, < 7 < Mmas, see Figure 6. Since the results of
the previous section are similar to the ones in [21], only the position of the intersection
point differs; the analysis of [21] can be adjusted and applied here. This analysis makes
use of the fact that the manifolds are smooth, and of the Exchange Lemma, [13, 14], from
geometric singular perturbation theory. We will only state the results here and refer for
details of the analysis to section 6 of [21].

In summary, we find that the manifolds W*(I';) and W*(I"_) behave as in Figure 6
when 7 is varied from 7, tO Mpmae- As 7 increases from the value corresponding to the
slice shown in Figure 6d to that corresponding to Figure 6e, this segment of W*(I'}) curls
up inside W#(I'_) in a tongue-like way, see Figure 6e.

Moreover, there is a segment of W*(I"_) that curls up inside W*(T'}) for 0y, < n <
N.ero I & tongue-like way, see Figure 6a. At n = 1y, W5(I'_) is curled up the most, and
as 7 is increased the tongue that is formed by W#*(I'_) inside W*(I",) starts to retract.
This continues up to 1 = 1.¢-,, Where the manifolds intersect at the B-axis, see Figure 6¢.

The extent to which W*(I'y) and W*(I'_) curl up inside themselves depends on the
magnitude of a. A smaller value of a results in longer tongue-structures of W#(I'_) at
1 = Nmin and of W¥(T',) at 7 = npae, respectively.

Detailed behaviour of W*(I'_) and W*(T") that is needed in the analysis in section 6
also can be concluded. Near 7,,4., the segment of W*(I'y) which is parallel to the B-axis
and closest to it, lies exponentially close to the B-axis. There, the width of the tongue
is O(a). And hence, the right boundary of the tongue is O(a) away from the B-axis.
Moreover, the segment of W*(I'_) that lies closest to the B-axis and that forms the left
boundary of the tongue there, is exponentially close to the B-axis at n = 1,,;,. Finally,
the right boundary of the tongue there is O(a) away from the B-axis.
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Figure 6: A sequence of sketches of the manifolds W*(I"y) (dotted curve) and W*(I'_)
(solid curve) in the A — B plane as 7 increases from 7, tO Mmae. Their positions are
determined in section 5. a. At 1 = 1y, W¥(I'-) is curled up inside W*(I';) and starts
to pull back as 7 increases. As long as Nmin < N < Nero, W*(I'4) lies ‘outside’ W*(I'_)
at B =0. (b.) The smaller the value of a, the more the tongue winds around the centre
point, and hence in the sketch we only show the tip of the tongue and not all the spirals
c. For n = n,er0, the two manifolds intersect at B = 0. Increasing »n further (d.), W*(I'y)
starts to curl up inside W*(I'_) up to Myqs (e.) where for 1,er0 <1 < Mmae, W*(['4) lies
‘inside’ W*(I'_) at B = 0.

6 Tracking M, from &, to &, (i.e., from 7,,, to N,..)
and the intersections of MY and M*> at 7,,4..

In this section, we track the manifold My from 7,,;, t0 Mnae. It Will be useful to define
n=constant slices of M. Following [21] we denote these by I,. The location of I, , was
already determined in section 4; I, . 1is a nearly horizontal line segment that stretches
out over the interval (0, ca™] in the A-coordinate and with B = 1 to leading order, as was
first shown in Figure 4 and as is shown again here — now with the manifolds — in Figure
7a.

In order to show that I,, . does indeed intersect with W*(I'_) as shown in Figure 7a,
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Secondly, we determine the value of B at the intersection point of W*(I') with the B-axis.

we first recall from Lemma 4.4 thaton [, . : B <1 — for some constant ky > 0.

For i = ynin = akylog L, this value of B is given by B = a = /1 — Zmin = 1 — 142k log” L
to leading order, using that 7,,;, < 1. Combining this with the fact that the tongues
are of O(a) width (section 5.3), we conclude that the value of B on W*(I'_) close to the
upper saddle point is to leading order given by B =1 — éa%g log? é —ca =1—ca. This

value of B is larger than the maximum value of B on [, . (which is B=1— %jlﬁ) SO

that the position of I, with respect to W*(I'_) is indeed as indicated in Figure 7a.

Moreover, combining the fact that the A-coordinate of I, , stretches out over the
interval (0,ca™] (it also contains exponentially small terms), see Remark 4.1, with the
fact that the tongue has O(a) width, we find that I, , intersects W*(I'_) at least in the
points pg and p; as shown in Figure 7a.

The points on I,, must respect the invariance properties of the manifolds W*(I'y) and
W#(I'_). First, points on I, that are also on the manifold W*(I'_), e.g., the points pg
and p; in Figure 7a, must remain on W*(I'_) for as long as it exists. And, orbits that do
not start on either W*(I'y.) or W#¥(I'_) will never intersect these manifolds. Also, if we
choose the left end point of I, . sufficiently close to the B-axis, it will remain close to
the B-axis when increasing 7 from 7,,i, t0 74 since it takes O(%)—time to pass along the
saddle point.

We distinguish two steps in pulling I, forward; step I from 7, to 1., and step
IT from 7.er0 t0 Mmae- In step I, the tongue-structure of the manifold W*(I'_) retracts
as illustrated in Figures 6a—c. As a result I, becomes a curve that rolls up inside itself
(Figure 7 d) during this step.

In step II, W*(T';) starts to curl up into itself like a tongue, as illustrated in Figure
6 e. Since the positions of all the points on I, with respect to W*(I'y) and W*(I'_)
have to remain the same, I, will also start to curl up into itself like a tongue, see Figure
7f. The curve I, .. has the important properties that there are segments that are C'!
exponentially close to the B—axis (namely segments containing the type L intersection
points — one segment for each such point), and that there are other segments that are C'*
close to W*(I',) (namely one segment for each of — and containing — the intersection points
of type R), see Figure 8. Hence, the intersections of I, with M> are all transverse.

The structure as sketched in Figure 8 is more complicated than the sketch of [,
given in Figure 7f. When constructing Figure 8, we took into account that both W*(I'_)
at Mmin and W*(I'y) at npee, for smaller values of a, wind around in the (A, B)-plane
more than is sketched in Figures 7a and 7f. The fact that at 7,,;,, W*(I'_) has made
more excursions around the centre point implies that there exist more intersection points
of W#(I'_) and I,,,,, than given in Figure 7a. Then, by carefully tracking I, as n increases
from 7,,;n, and also taking into account that W*(I';) winds around the centre point more
than is sketched in Figure 7f, leads to the sketch in Figure 8.

On MY at &, we have the following estimates of B and A, where we denote these

valties by B(&nae) and AY(€pnas):

Lemma 6.1 For points on the curve I, at & = &mag, the values of Bo(ﬁmax) are mapped

23



Figure 7: The transformation of I,, as 1 is increased from 7,3, t0 4. During this process
the point py remains on W*(I';.), and the point p; remains on W*(I'_). a. At n = i, 1,
is an interval approximately perpendicular to the B-axis. The smaller the value of a, the
more the tongue winds around the centre point, and hence in the sketch we only denote
the tip of the tongue and not all the spirals. b.-d. A — B planes at different values of
n in Step L. I, curls up as W*(I';) pulls back, where frame d. is a sketch for 7 = 7.ero.
e-f. In step II, W*(I'}) curls up in itself like a tongue. f. At 1 = 9,00, I, has formed a
tongue-structure as a result of the fact that W*(I') curls up.

: 1 301 3
onto the interval (—a® + §a7, a7 — $a7).

The proof of this Lemma uses the fact that the solutions lie O(a) close to the heteroclinic
orbit (5.4) of the unperturbed system where its B-value varies between —y/1 — "g’ﬁ% and
V31— ’7’2’}% = a1,/1— wa = ai — %a% + hot. See the proof of Lemma 7.1 in [21] for
details.

Combining this result with the estimate obtained in Lemma 3.2, stating B3 ({maz) =
—ait¢ V@, one finds that there are solutions on M° and M* such that the B-coordinates
of these solutions overlap at &,,4.-

We also have the following estimate for A%(&,,4.):
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Figure 8: A sketch of M* and I, at ) = e, in the A — B plane. At the points marked
by a cross, the mj}, and mb,, k = 2 solutions are formed for i = 1,2,3. At the points
marked by a dot, the m}; and mflj, k = 4 solutions occur for 7,7 = 1,2,3. The existence
of all of these intersection points is demonstrated in section 6. Note that only some of
the intersection points that form a k = 4 solution are sketched here, to maintain clarity
in this figure.

Lemma 6.2 The intersection points of the curve I,, and the line B3 (§max) = —ar +c1v/a
can be split into two groups. One group of points lies close to the heteroclinic orbit
(5.4) of the unperturbed problem, (2.10) with a = 0 and 1 = Npae. For these points,

241 .
A®(Enaz) = 2\/5(1% — 21\;% af + hot, and we label these as points of type R. For the other
intersection points, A°(Emae) s exponentially small, and we label them as points of type

L. Hence, the A-coordinates of all intersection points lie in the interval (0, Qﬁa%).

In the proof of this Lemma it is again used that solutions of type R lie close to the
heteroclinic orbit (5.4) of the unperturbed problem, (2.10) with a = 0 and 7 = Mmaa-
Details of the proof can be found in the proof of Lemma 7.2 in [21].

Hence, there are solutions on M and M for which the A coordinates coincide at 7,4z,
3
since we showed in Lemma 3.4 that A (&4.) is onto (0, a3] (including the exponentially
V2

small terms) as a function of A; = A(-5=).

Therefore, we find that there are solutions on M° and M for which the A and
B coordinates at ., are the same. Moreover, the manifolds M° and M intersect
transversely in the A — B plane at £ = &,,142-

The above results are almost enough to prove Theorem 2.1. There are three outstand-
ing issues. First, we need to show that the assumption on ¢ that we made above, namely
that |¢| < a? for ¢ < &naw, 1s satisfied. This is proven in section 7. Second, we need to ex-
tract some more quantitative information about the full solutions that lie in the transverse
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intersections of MY and M, such as locations of local maxima and distances between
them, as stated in the theorem. This is done in section 8. Third, while solutions can be
chosen so that the A and B coordinates are the same at £ = 4., it is not necessarily the
case that the ¢ coordinates of these solutions also agree. Therefore, in section 9, we anal-
yse the dynamics of the 1-coordinate. We show that for each of the distinct intersection
points found above there is a locally-unique d such that the v coordinates also coincide.
That completes the proof of the desired result that the three-dimensional manifolds M?°
and M have two families of transverse intersection points in the A — B — ¢ — & — d,
extended, five-dimensional phase space and, hence, that the locally unique, multi-bump
solutions claimed in Theorem 2.1 exist, with the properties stated there.

Remark 6.1 As was already noted in Remark 3.1, we can use a more general setting and
pull back M to a point £ = %b where a5 < b < a3. This can be done as follows: at
1n = 2 — b, the constant 7 slice of M, lies exponentially close to the heteroclinic orbit that
exists for a = 0. Thus, to make sure that M° and M intersect, we must have that the
projection of M™ at & = &4, lies within this heteroclinic orbit. This is satisfied when
B (&max) > —\/1 — "%ﬁ% and this leads to the condition b < a. The a3-boundary is
needed to insure that the higher order terms in B(n = 2 — b) are really of higher order. A
different choice of 7),,, would of course also influence other estimates, for example Lemma
6.2 concerning the estimates of A at £ = &4, in the multi-bump region.

7 The bound on ¢

In the foregoing tracking analysis, we assumed that |¢| < az for & < &nar SO that sys-
tem (2.10) indeed contains the leading order terms of (2.7). We now turn to prove this
statement. The explicit expression (4.4) for ¢ obtained in Lemma 4.2, enables us to
approximate ¢ for £ < &,,4, as follows:

Lemma 7.1 For the values of d, K, b such that there exist constants ¢ > 0 and [ > % with

1 5A2
A2<§b)| & (y) [

for every & < & < &max, there exists a positive constant ¢y such that

d—2+2K
2

Ka?y?

— K(b+1)A%(y) — dy| < ca” 1 (7.1)

6(6)] < cra < cra2

where 1y = min(2,1)

The proof of this Lemma is given in appendix D, and is based on continuous induction.

Now, we can finally choose the value of k;,. In Remark 4.1 and the proof of Lemma
7.1 we made the following assumptions on the relation between k;, and m,.:

3
§<m:mr—kb<1.
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In the remaining part of this article we do not need to assume anything else for ky,
therefore, we choose k;, and m, such that the above holds.

In Lemma 7.1, we assumed that the coefficients d, a, K and b satisfy the restriction
(7.1) where the solution still occurs in the expression. Here, we analyse restriction (7.1)
and study which relation between d,a, K and b has to be satisfied in order for (7.1) to
hold. We determine bounds of the integrals to obtain a relation between the coefficients
which leads to

Lemma 7.2 Assumption (7.1) in Lemma 7.1 holds as long as there exist constants
c1,C9,¢,¢ >0, c3, and [ > % such that

le1(d = 2) — oK + e3b| < ca”iHew, (7.2)

For b = 0 in the case of the £ = 2 solution, the above relation reduces to

d—2 5 c

|—2 — gK\ < ca1tlee. (7.3)
The proof of this Lemma is given in appendix E. We use the fact that the solutions

lie close to the heteroclinic orbit, in order to bound the integral in (7.1).

Remark 7.1 It is noted in the proof of this Lemma that several, but not all, of the
solutions of Theorem 2.1 still exist in case relation (7.2) does not hold, but when instead

lc1(d —2) — oK + e3b| < cal, (7.4)

where I; = min{3, =3 + [ + 2m,} and A(&,) = ¢,a™, is satisfied. Solutions for which
A(&p), and hence A(0), is exponentially small can no longer be constructed but the other
solutions for which A(,) = ¢,a™ can. Careful study of the construction of I,, at 1 = 74
implies that the solutions corresponding to the intersection points mb;, mb,, mbs, miy, mi,
and the solutions with k& > 6 (k even) that are formed from these solutions, no longer
exist. However, the other solutions still do. Hence, by changing condition (7.2) to (7.4)
only some of the solutions in Theorem 2.1 can be constructed. Although, not all of the
solutions in the Theorem are found, for every even k, there do still exist solutions with &
maxima.

8 The intersections of M° and M> and the multi-
bump solutions

In Lemma 6.2, we showed that the intersection points of M° and M> can be split into
two types, L and R. We labelled the intersection points mﬁj and m;;, where 7,7 € N,
corresponding to points of type L and R, respectively, with the superscript corresponding
to the type of the intersection point and with the index ¢ denoting the number of maxima

of the solution on the real line.
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Figure 9: A sketch of the different types of £k = 2 solutions. a. The solution of type
R created at mi,. b. The three solutions of type L, which are exponentially close to
each other and hence indistinguishable in this sketch, correspond to the three intersection
points ml%, 1=1,2,3.

hmam 77

The number of maxima of a solution is determined by the number of times I, winds
around the centre point in the A — B plane as 7 increases from 7,,;, t0 7me- Each time
that I, crosses the A-axis close to the heteroclinic orbit, an extra maximum is added.
Thus, by carefully keeping track of the number of these crossings, one can determine the
number of maxima of a solution corresponding to an intersection point. A k = n solution

n

consists of n maxima on the whole real line, hence § maxima for § > 0; the values of 7

where these maxima occur are all smaller than 7,,4,.

8.1 The k = 2 solutions.

We will start by describing the k& = 2 solutions that correspond to the four intersection
points labeled mj;, mb;, mby, mbs in Figure 8. We do this by keeping track of I, as n
increases from 7, t0 Mz -
There is a qualitative difference between the solution that is constructed at m?, and
the ones at the points m),. This difference comes from the type, R or L, of the solution,
e., the value of A(nna,) differs at the intersection of M® and M. Therefore, the
maximum of the solution will be reached at a different value of n for the two different
types of solutions. The maximum of the k£ = 2 solution corresponding to m21 is reached

for n close to Mpae; and at this maximum A, = 1/2( "”“” = 2ai 2a7(1 — 8[ a) to

leading order. Thus, the value of A at the maximum is given by A Az + c2a for some
constant co; see Figure 9 a for a sketch of this 2-bump. For the 2-bumps corresponding to
the points m;, i = 1,2, 3, the value of A at 1,4, is exponentially small. Thus, the second
maximum is reached well before 7 = 7., see Figure 9 b. Moreover, the points mb; all
lie exponentially close to each other for > 7...,; and, therefore, the three solutions of
type L lie exponentially close to each other.
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8.2 The construction of k¥ = n solutions for £k = 2 even and n > 4.

Following the method used above to construct the k£ = 2 solutions, we now show that
there exist solutions with n local maxima on the real line for each n > 4 and n even. The
number of k& = n solutions can be determined explicitly (for a sufficiently small), where
again a qualitative difference occurs between solutions of type R and of type L, as stated
in Theorem 2.1.

We continue the argument given in the previous section for k = 2 for more general n
(n even), starting with n = 4, by again studying the intersection of M° and M> at 4.
(for a sufficiently small). As a decreases, the stable and unstable manifolds W*(I';) and
W#(I'_) curl up more into themselves which implies that I, also curls up more into itself.
More precisely, comparing W#(I'_) for a = ag to a = a; where 0 < a1 < a9 < 1, it is
curled up more at 7 = ,;, for a; than for ag. A similar statement holds for W*(I';) at
1 = Nmaz- Therefore, when we follow I, as 1 increases from 7, t0 Npme, we find, using
the two steps distinguished in section 6, that there exist more intersection points of M°
and M at 7,4, besides the points leading to k = 2, see Figure 8. Also, the number of
times that one crosses the A-axis near A,,,, to reach such an intersection point increases
and therefore, the number of maxima of a solution increases. Note that one extra crossing
near A, in this construction leads to one extra maximum for & > 0, hence, to two extra
maxima on the real line (solutions are symmetric).

First, we focus on the k& = 4 solutions that are formed in a similar way as the k = 2
solutions. In step I of the transformation of I,, as it winds around the A — B plane,
a segment of I, has intersected with the A-axis twice at A,,q;, which results in the
construction of k = 4 solutions at the points m/; and m),, see Figure 8. In step II where
I, forms a tongue, this same part of I,, will again intersect with M this time exponentially
close to 0. These intersection points, m}, and m}; (see Figure 8), correspond to a pair
of k = 4 solutions of type L. So far, the solutions are all constructed in a similar way
as the k£ = 2 solutions. However, more k = 4 solutions are formed in step II. These are
constructed from the tongue-like branch on which the points mb, and mb, lie. This branch
winds around the A — B plane to intersect once again with the A-axis close to A, and,
therefore, when it intersects with M at m}, and m/, two extra k = 4 solutions of type R
are formed. These solutions have an extra maximum for £ > 0 compared to the solutions
at the points mb, and mb; and therefore form k = 4 solutions. As I, curls up further
(for a sufficiently small), this branch will again intersect with A exponentially close to
A =0 to give two extra k = 4 solutions of type L, these are not shown in Figure 8. Thus,
for a sufficiently small, there exist eight k = 4 solutions, three of which are of type R and
five are of type L. Finally, the points m}; all lie exponentially close to each other.

The number of k = 4 solutions follows easily from the number of £ = 2 solutions. One
k = 4 solution of type R and three k = 4 solutions of type L are formed in a similar way
as the &k = 2 solutions. Besides these, two extra k = 4 solutions of type R and two of
type L are formed on the branches where the k = 2 solutions occur. Thus, the number of
k = 4 solutions of type L increases by 2 with respect to the number of £ = 2 solutions of
type L, and the same holds for the number of k = 4 solutions of type R.

Inductively, the k = n 4 2 solutions can be formed from the & = n solutions, and the
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Figure 10: A sketch of the t-coordinates of the manifolds M? (solid curve) and M
(dashed curve) at & = &4, as a function of d.

number of n + 2 solutions also follows from the number of k = n solutions, as long as
n+2 < ng(a) for the given, sufficiently small, value of a. The number of solutions of both
types L and R increases by two as the number of maxima increases from n to n + 2.

9 Matching the y-coordinate.

So far, we showed that on the cross section £ = &, there exist two families of solutions
on M and M for which the A- and B-coordinates are the same (for a sufficiently small).
In order to complete the proof of Theorem 2.1, we will show that d can be chosen such
that the v-coordinate of M® and M is the same. The analysis of the 1)-coordinate
consists of two parts. First, we show that, at & = 4., the interval of possible values of
1 on MY overlaps the interval of possible values on M. In section 3.1 we showed that
the distance between 93°({mqs) and % is ca’"2, see Lemma 3.2. Therefore, to insure
that the intervals of the possible values of ¥ on M° and on M overlap, it is sufficient to
show that the distance between 19(&nqz) and ﬁ;ﬂ is larger than cad*%, for a range of
d values. Secondly, we show that the intersection is transversal so that d can be chosen
such that ¥3°(&naz) and ¥9(&a.) match, see Figure 10.

9.1 Overlap of the y-intervals.

First, we show that [})(Emas) + %29 is larger than ca?~2. We get a lower bound from
the expression (4.4).

Lemma 9.1 There exists a constant ¢ > 0 such that |¢(Emaz)| = [V (Emar) + L222| >

1
cad_ 2,

A proof of this Lemma is given in Appendix F.
This Lemma implies that, as we vary d, the interval of values of ¥9(&,,4.) overlaps the
interval of values of ¥3°(&max)-
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9.2 The transversal intersection.

Here, we show that there exists a locally unique value of d for which ¥2(&n4z) = ¥ (Emaz)-
Specifically, we prove that the intersection of ¥9(&,4z) and ¥ (&mae) as functions of d
is transversal by examining the derivatives of ¥ (&naz) and 19(Emez) With respect to
A=d-2.

From Lemma 3.2 we know that [¢)3°(Emar) + %222| = ca®"2, leading to

OV (§maz)

DA < ca® 7 log(a) < ca®" 1,

for some positive constant ¢. Now, we will show that the derivative of ©¥3(&naz) With
respect to A is larger than ca®™ 1. We do this in two steps. First, we determine an upper
bound for the derivative at £ = &, see Lemma 9.2. We need this upper bound to obtain,
in the second step, an estimate of a lower bound of the derivative at & = &,,4., Lemma
9.3.

Using expression (4.4), the derivative of ¢ with respect to A is

00(8) _ Ov(E) _  ag™ I (loggl 2dA> +A2(a§1d I

OA A A2(1+a2K?) AdA 1+ a2K?) dA
where
dI 3 2 dA ¢
= A2 d—1 1 e A2 d—1
A /0 y R(y)<ogy+A(y)dA> dy+/0 y*S(y)
= L+ 1
and
1 dA do 9 ay
S(y) = 5 — 2K (b + DATS + Kay o +hy (1—(b+1)A +ay(o - ))

with K = ki(d — 2) and where R(y) is as defined in Lemma 4.2.

Remark 9.1 It is unknown whether the constant K depends on d but we do expect
and assume this here. A relation between the parameters does follow in the asymptotic
construction in [6] and the assumption (2.2), and therefore, we assume that there is a

dependence. In case there is no relation, the expression of a:’;’—f) simplifies with setting
]{Zl - O

First, we obtain an upper bound for ag_gg) at £ =&,

0
Lemma 9.2 There exists a constant ¢y > 0 such that |%§)| = |aqg§§)| < ciai for every

0< €<
The proof of this Lemma follows by bounding the terms in %
given in Appendix G.

separately and is

. . awo(gmax)
Using the above result, we now obtain a upper bound for —====.
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)| > Ccoa.

0
Lemma 9.3 There exists a constant co > 0 such that |‘9¢’(§Zaz)| = |awdéi’”“
In order to prove this Lemma we derive an expression for %f) by differentiating the
expression for 1) we obtained in the proof of Lemma 9.1 with respect to A. Then, we
show that one of the terms in the expression for 8?_(5) is dominant by using the result of

Lemma 9.2. The proof is given in Appendix H.

0 oo
The above Lemma implies that wdéim”) > 2 a(im‘””), see Figure 10. Therefore, the

intersection of ¥9(&naz) and VP (Epmar) at € = Enae is transverse, which implies that there
exists a unique d such that ¥9(&mee) = V3 (Emaz)-
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A The proof of Lemma 3.3.

Here, we will prove Lemma 3.3 using the construction we explained in Section 3.1. First,
assume that y(§) is exponentially small for £ > &. Then, we can use an integrating factor
in (3.7) and show that Z and gzg stay exponentially small for & > &,.

The first equation of (3.7) can be written as ye = (2 + 2)y. If we assume that 2 is
exponentially small, the rate of growth of y, integrated backward from &;, is governed
by z. Then, if y(&;) is chosen sufficiently small, using an integrating factor shows that y
stays exponentially small for £ > &. We restrict to those solutions for which y(&;) is such
that y(&) stays exponentially small for £ > £,. Combining the above two statements, we
can conclude that the solutions satisfy the first property of the space V.

Next, we focus on property b. Rewrite the (Z, ngS)-system as one equation for the
complex scalar z + wAﬁ Again, z + zé can be estimated by the non-homogeneous term

1,—1¢r1-d, 21-a?bK?+iaK (14b) . . . i 1
—za 1§ Tl K2 , by using an integrating factor. Upon assuming |y| < 2a~3,

we find that |2 < /a and ¢ < c2a®"2(1 + b) for £ > Enas-
Finally, we assume that |Z| < /a. By ye = (Z + 2)y, the rate of expansion of y is

governed essentially by estimates on z. We know that z approaches —a¥ over a substan-
tial portion of the interval &,,,, < & < &. Therefore, we can choose a subinterval of the
parameter range for y(§) with y(&2) exponentially small so that, for each y(&;) in that
interval, we have y(€) < 2a78 for all € > &nee. This concludes the proof of the second
property of the space, and from this the statement in the Lemma follows. O
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B The proof of Lemma 4.1.

First, we study the linear equation for R and then the full nonlinear equation (1.6). Since
we are interested in a solution for which R is small, we can study the linearised equation

d—1
R§§+TR5_R:O'

By setting z = 26 and R = we™¢ this equation can be rewritten as the canonical Kummer
equation
1—d
zwzz+(d—1—z)wz+Tw:0.

For this Kummer equation, there exist two independent solutions and their long time
behaviour, corresponding to & > 1, so z = 26 > 1, is known. For z > 1, the asymptotlc
expanismns of a solution w is to leadln% order given by a linear comblnatlon of 2'7" and
ez 2 . Hence for & > 1, R;j,(§) = &2 [ale £ + bief], for some constants ay, by, is the
leading order of a solution of the linearised equation for R Then, we use that T = Rf to
determine T" at £ = &, which gives as T}, (&) = 1 + to leading order. Thus, T at

& =& lies close to 1 + 2k1
Now, we turn to the full nonlinear system (4.1). From R, = RT it follows, using 7" < 1
¢
for all 0 < £ < &, that R(€) = R(O)efo "W < R(0)ef. Then, with R(0) € (0, ¢,a™] we
find that R(&) < R(0)a™™ < c.a™ % = c,a™. Moreover, when R(0) is exponentially
small, at £ = &, R is still exponentially small.

Since R and T are both positive, R, > 0, hence, R increases for 0 < 5 < &,. Also,
the leading order approximation from the linear system gives that 1 — Wg() <T(&) <

1—m<1wi’ch0<k3<k4.

For finite time, T increases. Finally, at £ =&,

2k1 1

1-—-

I: = 3 (éb) T%(&) — R*(&%) +1
1—d d—1 d—1
1— (1= - 2 2 2m 1
> o U ahtegr) T T 2 Teg) T T
_ =1k — k) | (d—1)*(2ks — ky) (2q2m
= T + 5 &) >0
kykylog = 4kyki(log )
upon assuming that k4 < ky and m > 0 since (log %)’1 > aP' for every p; > 0. O

C The proof of Lemma 4.2.

We define

M(y) = Ay (b) + ).
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Then

T = 2= + D)+ AL+ D) A+ )+ A+ D)
aA?(y)y©t [d—2 a’K?d
1+ e [ ;. TRt

—K(b+1)A%(y) + aKy + a2K2yB(y)} .

For the second equality the equations for A, and 1, in system (2.7) were used. Integrat-
ing from 0 to x and substituting M gives the first part of the Lemma after using that
Y =¢— % and € = Ka. The second expression in the Lemma is obtained by integrating
the last term in the integral by parts. This can be done since A = AB. O

C.1 The proof of Lemma 4.5.

We want to show that u is small at &, the value of v is not relevant, but is needed in the
estimate for u. We will make an assumption on a bound of v and show that it is satisfied
for all 7 < ¢ < &,. The initial conditions are given by B(0) =0, ¢(0) = 0, and therefore,

A =0 at £ = 0, hence, it follows that lim¢_ov(§) = 0. This implies that there is a finite

K > 0 such that |v(7)| < K. We assume that |v| < 2K and show that it is satisfied for
T<E< G

In a similar way as in the proof of Lemma 4.4 we approximate (A,B) by (R,T). The
equation obtained for £ 7 s analogous to the first equation in (4.4) after setting ¢ = 0 and

a = 0. System (4.1) gives that L F can be made arbitrary small by taking 7 large enough.
From this it follows by using the facts that |¢| < Ca?, for some 0 < p < 1, a is small, and
|v| < 2K that for 7 large enough |u| < ¢ holds at £ = 7 for any fixed c.

On the trajectories we are following we have 0 < A < ¢éa™ so that [2Au| < ¢a™, and
|2u| < 1. We will use these properties to estimate u(&,). Integrating the first equation of
(4.4) from 7 to & (T < &) and using an integrating factor gives

& & & adrK? 1 —a?bK?
u(&) = u(r) exp[/T Cdu) —|—/T exp[/gg [dul) [(2(}5 — m)v — WA de,
where I'(z) = ¢ =3B — Au+ 1.5 ”;II((Q To estimate I, we use that =% < 0, |Au| < ca™

% < ¢a and the fact that 7 can be chosen such that B(§) > % for every 7 < ¢ < &,.

This yields I' < —1 for every 7 < € < &, which implies that exp[[* I'du] < exp[—(& —z)].
Hence,

alrK? 1 — a’bK?

@) < fu(r)lespl—(6 - )+ [ enl-(6 - )] 2ol + 1l + 2 e ]
&
< Qe +/T exp[—(& — )] [ca® + ¢a™] dx
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= Ce % + [ca? + éa™] (1 — 7 %)
< Cd + ca®? + ¢a™ < éd',

for a certain 0 < [ < 1.

So, there exist constants ¢ > 0 and 0 < [ < 1 such that u(&) < ca'.

Now we can proof that |v| < 2K holds for all 7 < £ < &, using continuous induction.
We integrate the second equation in system (4.4) and apply an integrating factor to obtain

0(&)] = lo(r) (1 1ol rdu]) b [ expl [ Tal [u<_2¢ e

& & &
< [o(@)I[L =1+ expl [ Tdull + [~ exp[ [ Tdu [|u|(2\¢\+m)+2a

acrK?

acrK?

(1+b)K
61,2K2
(1+b)K
1+

a
1+

alK?2

Now, we use that —1 4 exp[[* I'du] < 0, and that |u| < cd, |¢| < Ca? (0 < p < 1),
|A| < ¢,a™ and I'(z) < —1 which yields

[0(&)

IA

<

(7 !+/ SO (C1a"*T 4 Cya™ ) d,

| (7'>’ + Cl(ller + coa +1.

Thus v(&,) remains close to v(7) and, since |v(7)] < K, |v| < 2K holds for all

T<E< G

D The proof of Lemma 7.1

O

This estimate was already proved in Lemma 4.3 for 7 < £ < &,. Therefore, we now focus

on values of & where & < & < &z
Lemma 4.2. First, we bound the integral that we denote by I in (4.4).

We will use the expression (4.4) for ¢ given in
Assuming that

& < & < &nae, we can split the integral into two parts, one integrating from 0 up to &, and

the other from &, to €. For the part containing ¢, we use continuous induction, similar to

the way it was done in the proof of Lemma 4.3.
By using the estimate in Lemma 4.3, we obtain

£
< 4 A2(y)y" ' R(y)dy| + CA(&)EL.

Hence, for & < € < &nan

6(S)] < cra® +

First, we focus on the
factor that

1 [ A Ry + A%
Fearalf, AWy Ry b

( j-term. It follows from A = AB and the use of an integrating

A(€) = A(&) exp [ [ Bds]
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for every & < & < &nae- In order to determine the integral in the exponent, we use the
fact that B lies O(a) close to the periodic solution B*) (5.6) of the unperturbed system
where k — 1.
First, we determine in more detail how k£ depends on a. So far, it is only known that
k — 1 for the solutions we are studying. Substituting the expressions (5.5) and (5.6) for
the periodic solutions (A® (&), B®)(€)) of the unperturbed system into the integral #;
(5.7), we obtain
21
K1 = 044(2]{;_7]{2)2. (DQ)
The fact that the solution we constructed lies O(a) close to the heteroclinic solution then
implies that it crosses the A-axis at (A, B) = (v/2a — ca, 0) for some positive constant c.
Substituting this into expression (5.7) for 1, yields

k1 = —V2cad® + O(a?). (D.3)

Equating the two expressions (D.2) and (D.3) for k1 and assuming that k lies close to 1,

gives, to leading order,
ca

k=1———,
V2a
where ¢ > 0.

As a next step, we determine the amplitude A® at & = —%T O(k) for this value of k and

assume that it is larger than A(&,). Using the explicit expression for A®)gives
(k) (S (k) 3 3
AW(=2T") = V2Bdn(=J K (), k) = eaf,

to leading order. Choosing m = m,. — k; in Lemma 4.4 such that m > % then implies that
A(k)(—%Ték)) > A(&). Hence, the solution we tracked to £ = &, has not yet reached the
point (A® (=27 B0 (—3TMY).

Now, we study the integral in expression (D.1). Note that integrating the solution from
&, up to where it intersects with B = 0 for the first time, leads to a positive contribution
to the integral since B is positive just to the right of &,. We denote the second intersection
point of the solution with B = 0 by &;. Then, we can bound the integral of B by using
the above, combined with the fact that the integration of the periodic solution B®*) over
one whole period leads to no contribution in the integral. This yields

¢ & 375"
Bds > Bds > / . B (s)ds + O(a),
& & —2M

where To(k) is the period of B®) . This integral can be calculated, since we know an

explicit expression (5.6) for B*). Using relations between the Jacobi elliptic function, see
for example [7], we find that

375" 1 3

B¥(s)ds = log(dn(5 T, k) — log(dn(~< T, 1))

k
g
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= log(V1— k?) — log ca®

1 3
= éloga — log cas

1
= 3 log a + hot.

Here, the expression for To(k) from Section 5.1 and the expressions for k£, and @ = /1 — %,
where 1 > n,, were substituted. Note that this term is negative. Using (D.1), it follows
that, to leading order,

A(€) > A(&)aF + hot

for every &, < & < &az- Thus, we find that there exists a positive constant ¢; such that

1

< cla_% (D.4)

A2(&)

for fb S g S 5max~

Therefore,

45'1 d
A2(&)

a4§1 d 3
< od +CA2 = /A2 LR (y)dy| + Caaiéy

6(6)] < ca® +C y) A (y)y* R(y)dy| + Coatel o]

< CAQ(&))‘ . A*(y)R (y)dy|—i—02a4 o

d—2+2K

at Ka?y?
CAQ(fb)‘ & K ) [ 2

< — K(b+1)A%(y) -

1 d’y| + C’ga%’pl.

Here we use in the first and the second inequality that £1~¢ < &}~% and ai&, < ai ™' (since
& < a~P') where p; > 0 can still be chosen. For the last inequality we use continuous
induction on the part in R containing the ¢-term.

Upon assuming that for every &, < & < &az

0 S = Kb+ ) Ay) -

1
A2(&)

for some ¢ > 0, we indeed find that

d—2+4+2K Ka*y?
2( )[7+ a~y ]dy\ Sca—%-i-l

|6(6)] < ca”

where [; = min(% — p1,1). Upon choosing [ > % and p; = %, the statement of the Lemma
follows. O
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E The proof of Lemma 7.2.

We use the fact that for & < & < &4, the solutions lie at most ca away from the hetero-
clinic orbit (5.4) of the unperturbed system. As before we denote the second intersection
point of the solution with the B-axis by &. Since we integrate along the heteroclinic
orbit, it follows that the integral can only be obtained in one step when & < &. In case
that & > &, the integral can be bounded by splitting it into two parts. One integrating
from &, up to & and the other by integrating from &, to £. This second part can then be
bounded by integrating over one (or more) whole period. Note that this leads to different
expressions for the relation between d, K,b and a yielding different cq,cs and c3 in the
statement of the Lemma.

Note that A(&) < ca™ with 2 < m < 1, such that integrating from & = 0 instead of
¢ = & in the integral in (7.1) leads to a difference of at most cas. Hence, from now on,

we integrate from & = 0 onwards where we take the error of caf into account. Assuming
that £ < & and that £ corresponds to some y; € (—00, c0), we find

; d—2+2K Kn?
R R
& 2 2
¢ d—2+2K Kn?
=1 [ |2 ka0 - Byt o
d—2+2K Kn?
= | /yl 2a%sech? (o) [; — 2K (b + 1)a’sech?(ay) — TH] dy + ca%|
—2 2 2 inh
“ o0l | (422~ K+ 226 1)Ka?) (tanh(agy) + 1) — 2K (b+ 1)&5“13(70‘2’1) +call
2 3 3 cosh”(ay,)
d—2 2 , 4 s 3
<4l - K - SK(1-2b)a \+2—7K(b+1)\/§a + cat (E.1)

= ‘01(d—2) —CQK—FCgb-i—CCL%‘.

In the case that & > &, we can bound the integral by adding integrating of the
heteroclinic orbit over one or more whole periods to this expression. Hence, we must add

o0 d—24+2K Kn?
| / 2a”sech? (o) [% — 2K (b + 1)a’sech®(ay) — Tn dy|
d—2 2
= 4a|T - K — §K(1 — 2b)a?| (E.2)

or a (positive) integer multiple of this expression. This leads to different constants ¢; for

solutions with a different number of maxima. For an increase in the number of maxima

of the solution by two, expression (E.2) must be added once to (E.1), yielding different

¢;’s. Note that the constants ¢; can unfortunately not be explicitly determined in general.
In general, the restriction (7.1) leads to

ler(d —2) — oK + c3b+ ca%| < a_%’LlAQ({b).
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Now, there are two possibilities. Either A(&,) is exponentially small (and so is A(0)) or
A(&) = ca™ for some constants ¢, my, > 0. Assuming that

le1(d —2) — oK 4 ¢3b] < ca~ it a
gives the existence of all solutions in Theorem 2.1. However, changing the assumption to
ley(d —2) — e K + c3b| < ca®

where I; = min{3, =2 +142m,} and A(&) = c,a™, also gives the existence of to several,
but not all, of the solutions given in Theorem 2.1. See Remark 7.1 for details of the
solutions that are still found under this assumption.

A further calculation yields that for b = 0, the restriction reduces for the k£ = 2
solutions to

F The proof of Lemma 9.1

From the last equation in system (4.2), we derive an expression for ¢ by first integrating
this equation from &, up to some £ > &, and then finding an integrating factor. This
leads to

o6 = d@exnl | x(2)a

a 3 3 d—2 a’y?
— dz] | —= + K(1 — —=— — (1 + b)A?
e ool [ @ (52 KO- G )
+ a*K*(yB + g)) dy, (F.1)
where - Koo
— a’z
x(z) = . + ey o 2B(z).
And,

exl [ x(2)de] = €0y explgr ) <2 [ Blajas

We only need to prove the estimate in the Lemma for £ = &,,,,,, and this is the choice
we make from now on.

By using the fact that B lies close to the heteroclinic orbit we can estimate the integral
of B in a similar way as in the proof of Lemma 7.1. We find that

1 3 0 3
—loga < / Bdz < / B(()k)dz = ——loga.
8 & —3r{® 8
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hence,

3 € 1
a* <exp[—2 [ Bdz] <a 1.

&
Moreover, for all &, <y < &,
—loga = /2 ’ Bék)dz < / Bdz < / Bék)dz =—=loga
2 0 y —%To(k) 2

leading to
3
at> exp[—Q/ Bdz] > a
v

We now analyse the first term in (F.1) and show that it is much smaller than the
second term. After setting & = ,,4. and applying the above estimate, we find that the
first term in (F.1) can be estimated as

Ka*(&ae — &) Smas 11
max -9 B < p+d—1 d—1
‘ (gb)‘gmax p[ 2(1+CL2K2) A dZ] < ca 4£b

< cattiP < ca%

using that |¢(&)] < Ca?, for p < 1, (Lemma 4.3) and that & < ca™? for some p > 0.
Now we focus on the second term in expression (F.1). We can bound this integral by

using that |B| < 1 leading to [a®K?(yB + 3)| < ca?y < ca and hence the other terms in

the integral are dominant compared to this one. Also, using exp[%

& < y < &, and the bound on the integral of B we find that the second term in (F.1) can

(for & = &naz) be bounded from below by

] > 1 for every

gmaz J— 2
e [ et |15 - T )
b

gémcml d—2 4 K 1—d (¢#d+2 d+2
| d ( 2 + K) (émax gb) 2(d + 2) fma:r (£mam b )
Ema
—a?K(1 +b)&,.. /g Y A%dy|
( ~9) 2K

gmax
= | (1— =2) — 2K (1 + b)el? /5 Y LAZdy|.

b

d+2

Next, we show that the latter term in this expression is much smaller than the first.
The integral of A% can be estimated by using the fact that A lies close to the heteroclinic
orbit, hence

max

gmaz o0

flfd/ yitA%dy < ﬁl/ 2a2sech2(az)dz
3 —o0

= 2m[tanh(az)]™ = 4ma < 4m,

where m is a positive integer denoting the number of roundtrips that the solution makes
through the (A, B)-plane.
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We conclude that the second term in (F.1) is larger than C'a for some positive constant
C, and hence, it is much larger than the first term in (F.1). Moreover,

‘¢<£max>| >Ca> cad*%’

concluding the statement in the Lemma.

G The proof of Lemma 9.2

We will bound the terms in % separately. An estimate for the first term in %
follows from using the result in Lemma 4.3 where we showed that
1(6)] < CA*(g)¢!
for £ <&,
Also, the term %3—2 appears in the expression for —adA(i, and therefore, we must study
it. We will show in Appendix I that ijﬁ < ¢clog(&) as long as € < &,.
Hence,

0 1(6) (1 fy 2 dA>| < @

Fourer 5 T aga) = e
< callogé <« ca%,

for every £ < &.
Moreover,

2 dA
2, d-1 < 2, d—1
[y RS Sadnl < 2 [ ARG losyldy.

Using this bound, and then splitting the integral I; into two parts we find that

13
L] < C/O A’y R(y) log y|dy
1 13
= C/O Ade‘l\R(y)logy!derC/l A’y R(y) log y|dy

1 13
< —CAN) [y logydy + clogg [ A% R(y)ldy

< —0a) [Jutomy — o], +lomECiA e

= cA2(E)(1 + 1&g €),

where we use that |R(y)| < C for 0 < y < 1 and that logy < logé for 1 < y < &.
Concluding, we find that
al' |1
A(E) (1 +a?K?) —

< cal'"U 1+ c16%0g €) < cal,
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for every £ < &.

To obtain a bound for I, we use continuous induction to handle the part Which

o 99(8)
contains A

cA%logy < ca’logy < ca™, |8g(§)| < cal, and |p| < ca? we find that
(d—2)S5(y) = R(y),
to leading order. Hence, it follows that
[Io| < |1
Combining the above results we find that

|0@/)d( )
0A

| < ¢

for every & < &,.

H The proof of Lemma 9.3

. First, we study the functlon S. By using that for every £ < &, \A

| <

In this proof we use the expression for ©» we obtained in the proof of Lemma 9.1. Differ-

entiating (F.1) with respect to A we obtain

N IR

3 kia 2
rot@e] [ (] loge ™ +log+ 1@ - ) -2 [ T

a

13 3 kia
+m/ eXP[/y x(2)dz] [(logﬁl + logy + 1T 2K2<§ )

13 2,2
—2/ a—de> < 2L KO- % C (14542 4+ 2K2(yB + )

a2y2

+ k(1 — - - (14 b)A?) — 2K (1 + b)A% + 2Kkia?*(yB + g) + K?a*(

O0A
= T +Ty + 75,

where y is given in Appendix F.

oB
oA

We only need to bound S—K at & = &ae and this is the choice we make from now on.
In the following, we show that at & = &,,,4., T3 is dominant with respect to the other two
terms. Using the estimate for exp[—2 f&i B(z)dz] obtained in the proof of Lemma 9.1, we

find that exp[fE mer y(2)dz] < ca" 1P for some p > 0. Combining this with the fact that

|8¢ &) | < cal as given in Lemma 9.2 we get that

+ %)] dy



at & = &nae, since d > 2. In the above we can still choose p as long as it is positive,
therefore, we take take p = i.

We showed in Lemma 7.1 that |¢| < ca?, and hence,

|¢(§b)eXp[/; x(2)dz]| < ca® 5P

where p > 0 can still be chosen. Also, in Appendix I we show that —dlb; = O(a) for
caé < calpmaz .
e, 01 [/ S 1

Ileel()le al £_£mama
l < d A p I + C 6

using that log &4 < a™P* for some p; > 0, and choosing p; +p = %.

Now, we bound T3 by applying that logy > a?y? and logy >> ay for every y > &, > 1.
Also, we use [B] < 1, AR = O(a) and 2 = O(a) for & < £ < &nae, which gives that to
leading order

Ty = a/;exp[/jx(z)dz] [(logﬁl +10gy) (% + K(1— # —(1 +b)A2)> +%

2,2

+ k(1 — % — 1+ b)AQ)] dy

€ 3 d— ay?
= a/ exp[/ X(2)dz] <logf_1+logy+d12>< 22+K(1—Ty—(1+b)A2)> dy

&b y

In the proof of Lemma 9.1 we obtained that exp[—2 f; B] > ca, thus,

-9 2,2
d2 +E(1- %—(Hb)/ﬁ)) Idy.

3 1
Tl > o [ ¢y (logg ! + logy + - )(
& -2

Integrating and substituting & = &, yields to leading order

Emax ]_ d _ 2 a2y2
2 Lod,d=1 (1ope ] _ ) K(1 — d
a /gb Emazy (ogé gy~ - 5 T K )| dy
2a I (
2(d + 2)?

d+2)*42K((3d+2)| = Ca

where C' > 0.
Moreover,

gmaz 1
a’2 / grlnia(j:ydil (10g fmax - logy - —) (1 + b)AQdy
&b d—2

gmaw

< Ca*log & man /5 APdy

b

S Cla2 logémam S Cla%-
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using the estimate for the integral of A? obtained in the proof of Lemma 9.1.
Combining these bounds finally gives

|T3| Z Ca.
Hence, the terms T} and T are much smaller than T3 for & = &,,4., and

0t (Emac)

| IA | > Ca > cia® 2,

since d > % O

I Bounds for ¢ —A and dB

dA g dB

In this appendix, we derive the bounds on 2% a X as used in the proofs of Lemma 9.2

and 9.3.

For ¢ < &, we obtain an estimate for by using that A lies O(a) close to the solutions
R of (4.1). We know from the proof of Lemma 4.1 that for § > 1A= 5% [ale_§ + bret
to leading order. Moreover, A < ca™ for £ < &, hence, as long as £ < &,

dA
N cA(¢) log¢.
To determine an estimate on % and for & < € < &naw, We use the fact that the

constructed solution lies O(a) close to the heterochmc orbit of the unperturbed system,
(2.10) with @ = 0. Thus, A(¢) = AR (&) + O(a) and B(&) = B®(€) + O(a) for & < € <
Emaz, Where k — 1. Here, A®)(¢) and B®(¢) do not depend on the dimension d. Hence,
42 = O(a) and & = O(a) for & < & < Enas- O
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