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EXTENDING GEOMETRIC SINGULAR PERTURBATION THEORY
TO NONHYPERBOLIC POINTS—FOLD AND CANARD POINTS IN
TWO DIMENSIONS*

M. KRUPAT{ AND P. SZMOLYANT

Abstract. The geometric approach to singular perturbation problems is based on powerful
methods from dynamical systems theory. These techniques have been very successful in the case
of normally hyperbolic critical manifolds. However, at points where normal hyperbolicity fails, the
well-developed geometric theory does not apply. We present a method based on blow-up techniques,
which leads to a rigorous geometric analysis of these problems. A detailed analysis of the extension
of slow manifolds past fold points and canard points in planar systems is given. The efficient use of
various charts is emphasized.
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1. Introduction. We consider singularly perturbed ordinary differential equa-
tions (ODEs) in the standard form

ES('J f(x7ya8)7 SUG]R”7 yeRm7 I<exl,
Yy 9(%%5)7

(1.1)

where f, g are C*-functions with k& > 3. Properties of solutions of (1.1) can be studied
using geometric methods from dynamical systems theory. This approach, known as
geometric singular perturbation theory, has been very successful in many contexts, yet
has encountered difficulties in certain situations. In this article we show how some of
the limitations of geometric singular perturbation theory can be removed.

Before describing our results we present a brief survey of the existing theory. Let
7 denote the independent variable in (1.1). The variable 7 is referred to as the slow
time scale. By switching to the fast time scale ¢ := 7/¢ one obtains the equivalent
system

(1.2) ¥ = f($ay35)a

Yy eg(z,y,¢).

One tries to analyze the dynamics of (1.1) by suitably combining the dynamics of the
reduced problem

= f(xvyvo)y
y = g(l‘,y,O)

O

(1.3)
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and the dynamics of the layer problem

{E/ = f(xa Y, 0)7
(14) S
which are the limiting problems for ¢ = 0 on the slow and the fast time scales,
respectively.

The foundation of geometric singular perturbation theory was laid by Fenichel
[8]. The basic reasoning is as follows. The reduced problem (1.3) is a dynamical
system on the set S := {(z,y) € R"*™ : f(z,y,0) = 0}. In the following we refer
to S as the critical manifold. A normally hyperbolic invariant manifold of equilibria
So C S of the layer problem (1.4) persists as a locally invariant slow manifold S,
of (1.1) for e sufficiently small. The restriction of (1.1) to S is a small smooth
perturbation of the reduced problem (1.3). Moreover, there exist a stable and an
unstable invariant foliation with base S. with the dynamics along each foliation being
a small perturbation of the suitable restriction of the dynamics of (1.4). For an
excellent introduction to geometric singular perturbation theory and an overview of
applications, we refer the reader to the survey by Jones [11].

However, despite many efforts, points on the critical manifold S where normal
hyperbolicity breaks down remained a major obstacle to the geometric theory. This
was a definite shortcoming in view of the abundance of nonhyperbolic points in ap-
plications.

One cause for the breakdown of normal hyperbolicity of a critical manifold S are
bifurcation points due to a zero eigenvalue of the Jacobian %. The most common case
are folded critical manifolds. A well-known phenomenon in this context are relaxation
oscillations, i.e., solutions slowly moving towards a fold point, jumping from the fold
point to another stable branch of S, following the slow dynamics again until another
fold point is reached, jumping again, etc., thus, possibly forming periodic solutions
[9], [18], and [20].

Another delicate phenomenon occuring at folds are canard solutions which were
discovered and first analyzed by Benoit, Callot, Diener, and Diener [3]; see also [2].
A canard solution is a solution of a singularly perturbed system which is contained
in the intersection of an attracting slow manifold and a repelling slow manifold. The
existence of a canard solution can lead to canard explosion, i.e., a transition from
a small limit cycle to a relaxation oscillation through a sequence of canard cycles
[3], [6], [7]- For planar vector fields canards are nongeneric and occur persistently in
one-parameter families; yet in dimensions larger than two they can occur in generic
situations [2], [19], [23].

In this article we show how geometric singular perturbation theory can be ex-
tended to fold points and canard points in planar systems, i.e., we restrict our atten-
tion to the case n = m = 1. A fold point corresponds to the situation when the
critical manifold has a generic fold. Depending on the stability properties of the crit-
ical manifold and on the direction of the reduced flow, a number of cases are possible.
We analyze the so-called jump point, for which the reduced flow is directed towards
the fold. This is the situation which is relevant for relaxation oscillations. We show
how the slow manifolds (existing by the normally hyperbolic theory) extend in the
neighborhood of the singularity. The treatment of the fold point is a refinement of
the analysis in our earlier work [13]. A canard point is a fold point with an additional
degeneracy leading to a possibility of a canard solution. Again we analyze how slow
manifolds extend and show that a canard solution occurs along a codimension one
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curve in the parameter plane. In a complementary work [15] we carry out a similar
analysis for singularities of pitchfork and transcritical type.

Our approach relies on the blow-up method, which is a way of partially desin-
gularizing the vector field in the neighborhood of a singular point. After a blow-up
transformation, standard methods from dynamical systems theory can be applied.
Our proof of the existence of a canard solution is based on a variant of the Melnikov
method. The blow-up method was first applied to a singular perturbation problem
in the pioneering work of Dumortier and Roussarie [6], who analyzed the existence
of canard cycles in the van der Pol equation. One of the purposes of this work is to
build a bridge between the methods of [6] and geometric singular perturbation theory;
in particular, we use the blow-up method to answer the question of extending slow
manifolds near nonhyperbolic singularities.

The sequel of this article [14] is devoted to relaxation oscillations and canard
explosion. The methods and results of this paper are of central importance in our
analysis of these phenomena. Since the analysis of canard cycles is a more delicate
problem, we find it advantageous to treat these issues separately. In particular, we
prefer to use blow-up to obtain local results which in a second step can be used to
study global phenomena. We feel that this point of view is also useful in the analysis
of related problems. In this sense, our work is intended as a complement to the more
global approach in the work of Dumortier [5] and Dumortier and Roussarie [6].

In this article and in [14] we restrict our attention to the planar case. However,
the analysis carries over to higher-dimensional problems with one-dimensional critical
manifolds containing fold points. By means of a center-manifold reduction, all nor-
mally hyperbolic directions can be eliminated and one recovers the planar problems
considered here. A well-known problem where this is relevant is the traveling wave
problem for the FitzHugh-Nagumo equation [11]. For a similar approach to problems
with higher-dimensional critical manifolds, we refer the reader to [17] and [23].

The article is organized as follows. Section 2 contains the description and the
analysis of a generic fold. Here we give a detailed expository presentation of the
blow-up method. In section 3 we analyze a canard point.

2. Generic fold.

2.1. Assumptions and results. Consider the singularly perturbed ODE (1.2),
where (z,y) € R? and ¢ is a small real parameter. Suppose that (zg, o) is such that

(21) f(x07y070) = 07 %(m07y070) =0.

Our goal is to obtain a characterization of the dynamics in a neighborhood of (xg, yo)
for sufficiently small values of e. We make the following nondegeneracy assumptions:

2
(22) %(l‘O?yan) 7& 01 %(x()ay()ao) # 07 9(3307y0a0) 7& 0.

We assume, without loss of generality, that

*f of
= (0,0 —=(0,0,0) >0, — 0) <0
(anyO) ( B )a axz( s Uy )> 5 ay(xOvyOa )<
hold.
As before let S = {(z,y) : f(x,y,0) = 0} be the critical manifold. The nondegen-
eracy assumptions imply that there exists a neighborhood U of the origin such that
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Fic. 2.1. Critical manifold, slow manifolds, and sections for the fold point.

(0,0) is the only point in U NS, where % vanishes and that SNU is approximately a
parabola. Let S, (resp., S;) denote its left (resp., right) branch, so that S = S,US,
(see Figure 2.1). The assumption %(0, 0,0) > 0 implies that for y > 0 the branch S,
is attracting and the branch S, is repelling for the layer problem, which also explains
the notation. The origin is nonhyperbolic, weakly attracting from the left and weakly
repelling to the right (see Figure 2.1).

To determine the reduced dynamics we solve the equation f(x,y,0) = 0 for y as
a function of z, i.e., y = p(z). The reduced dynamics is then determined by

(2.3) ¢'(x)t = g(z, ¢(x),0),

which is singular at « = 0. Our assumptions on f and g imply that the direction
of the reduced flow is determined by the sign of ¢(0,0,0). We assume g(0,0,0) < 0.
This implies that the reduced flow on S, and S, is directed towards the fold point;
see Figure 2.1. Actually, orbits on S, and S, reach the fold point in finite time due
to the singularity at the fold point. The only possibility to continue from there in
the singular limit is along the (weakly) unstable fiber of the layer problem along the
positive z-axis. Thus, the curve S, U {(z,0),z > 0} is expected to be a zeroth order
approximation. This is the situation relevant to relaxation oscillations; we refer to
this case as jump point. The case g(0,0,0) > 0 can be analyzed similarly.

It follows from the standard theory [8] that outside an arbitrarily small neigh-
borhood V of (0,0), the manifolds S, and S, perturb smoothly to locally invariant
manifolds S, . and S, . for sufficiently small € # 0. We would like to point out that
Sae and S, . are actually very simple. They consist of single solutions. Note that
the slow manifolds are obtained as sections € = const. of two-dimensional, locally
invariant, center-like manifolds M, (resp., M,.) of the extended system

:'E/ - f(x7y7 6)7
(2.4) Y =eg(x,y,e),
=0

in the extended phase space R®. For this extended system S x {0} is a manifold of
equilibria. Outside of a neighborhood of the fold point (0,0,0) the linearization of
system (2.4) at points S, x {0} has a double zero eigenvalue and one uniformly hyper-
bolic (stable) eigenvalue. This allows us to conclude the existence of the attracting
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center-like manifold M,; the manifold M, is obtained in a similar way. At the fold
point (0,0,0) the linearization has a triple eigenvalue zero and the construction of
the slow manifolds breaks down. We focus our attention on S, and investigate how
Sa,e as well as nearby solutions behave as they pass near the fold point. We expect
that close to the fold point a transition from slow motion along S, . to a fast motion
almost parallel to the unstable fibers occurs. A similar analysis could be carried out
for Sy ..

Remark 2.1. It is known that the slow manifolds M, and M, and hence their
sections S, and S, . are not unique and are determined only up to O(e_c/ ¢), where
c is some positive constant. We make an arbitrary choice of M, and M, and indicate
at the end that our results are independent of this choice.

We now view the previously introduced neighborhood U as a neighborhood of
(0,0,0) in R®*. We pick U sufficiently small, so that g(z,y,e) # 0 for (z,y,¢) € U.
Before stating the main results we rewrite system (1.2) (resp., (2.4)) in a canonical
form. By rescaling x, y, €, and ¢t we obtain

o = —y+ 2% + h(z,y,e),
(2.5) Y = eg(z,y,¢),
=0

with h(z,y,¢) = O(e, zy,y?, 2%), g(x,y,€) = —1 + O(x,y, ), where the new function
g is related to the original one by the rescaling. This form of the equations will be
used throughout the forthcoming analysis.

For small p > 0 and a suitable interval J C R let

A" = {(x,p%),x € J}
be a section in U transverse to S, and let

A% ={(p,y),y € R}

be a section in U transverse to the fast fibers (see Figure 2.1). Note, that the same
constant p is used throughout this paper.

Let m : A™ — A° be the transition map for the flow of (1.2).

THEOREM 2.1. Under the assumptions made in this section there exists g > 0
such that the following assertions hold for e € (0,&0):

1. The manifold S, . passes through A°“' at a point (p,h(c)), where h(e) =
O(e2/3).

2. The transition map T is a contraction with contraction rate O(e~¢/¢), where
c s a positive constant.

In the context of matched asymptotic expansions assertion (1) of the theorem is
well known; see, e.g., [18]. A blow-up based derivation of the asymptotic expansion of
h(e) is given in [16]. Assertion (2) of the theorem explains why the nonuniqueness of
the slow manifold M, (resp., S, <) does not affect our results. Two different choices
of these manifolds are exponentially close at A and even more so at A°* due to the
exponential contraction during the passage.

2.2. Blow-up. In this section we define and describe the blow-up transforma-
tion. The basic observation is that the fold point (0,0,0) is a more degenerate equi-
librium point of system (2.5) than the other points of the critical manifold S. The
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linearization of system (2.5) at the origin has a triple zero eigenvalue while the lin-
earization at the other points of the critical manifold S has a double zero eigenvalue
and one negative (resp., positive) eigenvalue for x < 0 (resp., > 0).

The important insight in [6] is that blow-up techniques are the right tool to
analyze nilpotent equilibria like the fold point, viewed as a degenerate equilibrium
of the extended system (2.4). The blow-up method is essentially a clever coordinate
transformation by which the degenerate equilibrium is “blown-up” to a two-sphere. In
certain directions transverse to the sphere and even on the sphere, one gains enough
hyperbolicity to allow a complete analysis by standard techniques. The technique
is a generalization of the well known blow-up methods for degenerate equilibria of
planar vector fields [5]. In the simplest situations this corresponds to blowing-up
the degenerate equilibrium to the circle r = 0 by rewriting the vector field in polar
coordinates (r,9) € R x S*. The analysis is often simplified substantially by using a
quasi-homogeneous blow-up, i.e. by using different powers (weights) of r for different
variables in the defining transformation.

The blow-up transformation for system (2.5) is
(2.6) T =7E, y=7 c=7¢
with weights 1, 2, and 3. We define B = 5% x [0, p], where the constant p > 0 is
related to g by €9 = p>. We consider the blow-up transformation as a mapping

(2.7) ®:B—-R3

with (Z,9,8) € S%2. We choose p > 0 sufficiently small such that system (2.4) is
described by the canonical form (2.5) in the region ®(B). We will be interested only
in nonnegative values of € and 7, but everything that follows makes sense for negative
values as well, i.e., there are no technical problems at 0B.

Let X denote the vector field corresponding to (2.5). Since X vanishes at the point
(0,0,0), there exists a vector field X on B such that ®,X = X, where ®, is induced
by ®. It remains to study the vector field X on the manifold B. Note that this suffices,
since ®(B) is a full neighborhood of the origin. In principle one could use spherical
coordinates on S2; however, this would lead to rather lengthy computations. It is
natural and almost mandatory to use different charts for the manifold B to simplify
the analysis. One reason for this is that—as we will see later—the dynamics in the
individual charts is very different.

We will now introduce the charts used later in this paper. Loosely speaking, we
will define a chart K5, which describes a neighborhood of the upper half-sphere defined
by & > 0, and charts K; and K3 which describe neighborhoods of parts of the equator
of S? which are needed in the analysis. In problems where a neighborhood of the
whole equator needs to be analyzed, two further charts must be defined analogously.
The subscripts in K7, K2, and K3 denote the order in which the charts are used later.

The charts K3, Ko, and K3 are obtained by setting y = 1, £ = 1, and & = 1,
respectively, in the blow-up transformation (2.6). The blow-up transformation in the
charts K;, ¢ = 1,2,3 is given by

2 3
(2.8) r=rz, Yy=ri, E=Trie,

(2.9) T =Tolg, Y= 'ngg, €= rg’,
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(2.10) T =73, Y=T3Ys, €=T3es

with coordinates (x1,71,£1) € R3, (x2,y2,72) € R3, and (rs,ys,e3) € R®. The point
(0,0,0) is blown-up to the plane r; = 0, ¢ = 1,2,3. In our analysis we will need to
change coordinates between these charts on their overlap domains. A simple compu-
tation gives the following lemma.

LEMMA 2.2. Let k12 denote the change of coordinates from Ky to Ko. Then k1
is given by

(2.11) Lo = 115;1/37 Yo = 5;2/3, ro = 7“151/3 forep >0,
and K1y is given by

—1/2 2 —3/2
(2.12) T = Ty V2o = 7"295/ , €1 =Y 2 forys>0.

Let ko3 denote the change of coordinates from Ko to K3. Then ko3 is given by
(2.13) T3 =TaX2, Y3 = y2x52, €3 = x;g for xa > 0,

and kgy is given by

—~1/3 —2/3

(214) To = 53 3 Y2 = y353 ) To = T3€§/3

fores>0.
The above constructions make perfect sense if restricted to B. We introduce the
following notation: P denotes an object in the blow-up which corresponds to an
object P in the original problem. If P is described in one of the charts, then P
denotes the object in chart K;, ¢ = 1,2,3. This notation is used only when necessary,
mostly to denote various invariant manifolds.

Remark 2.2. In the work of Dumortier and Roussarie the chart K5 corresponding
to a directional blow-up in the direction of ¢ is called family rescaling, and charts used
near the equator are called phase directional rescaling.

2.3. Blow-up of (1.2) with € = 0. It is instructive to recall how the usual
blow-up method applies to the layer problem, i.e., system (2.5) with e = 0. Setting
€ =0 1in (2.6) defines a (planar, polar) blow-up of the degenerate equilibrium at the
origin. To see this, note that BN {z = 0} = S! x [0, p], where S* = {(z,¥,0) € S?}.
Due to the equation & = 0, the set S x [0, p] is invariant for X, which, restricted to
St % [0, p], is the blow-up of (1.2) with € = 0.

Let Xy = X|S1X[07p]. Figure 2.2 shows the phase portrait of Xy. We briefly
describe this phase portrait, referring the reader to the sections on charts K; and
K for technical details. On the invariant circle S', there are four equilibria: pg, pr,
Qins Qout- These equilibria are hyperbolic for the flow on S*, the points p, and gou:
are attracting, and p, and ¢;, are repelling. The points p, and p, are end points
of the blown-up critical manifolds S, and S,., which are lines of equilibria for Xj.
Hence the radial direction is nonhyperbolic at p, and p,. The points g;, and g, are
the intersection points of S' with the blow-up of the critical fiber. These points are
hyperbolic in the radial direction.

2.4. Dynamics in chart K5. The dynamics of the blown-up vector field X in
a neighborhood of the upper half-sphere is studied in chart K. The transformation
(2.9) is just a rescaling of (z,v), since ro = £'/3. By inserting (2.9) into system (2.5)

we obtain the vector field X in chart K5. Since r = 0, this blown-up system is still a
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Fi1G. 2.2. Phase portrait of the blown-up vector field for € = 0.

family of planar vector fields with parameter . We now desingularize the equations
by rescaling time t5 := rat, so that the factor o disappears. This desingularization is
necessary to obtain a nontrivial flow on the blown-up locus ro = 0. We obtain

xl2 = CL'% — Y2 + O(TQ)a
(2.15) ys = —1+ O(rs),
A

where ’ denotes differentiation with respect to ts.

Remark 2.3. The rescaled form (2.15) of the original problem plays a crucial
role in all approaches to the fold point by means of asymptotic expansions; e.g. [12],
[18], and [20]. In these investigations solutions of (2.15) are used as inner solutions
connecting (matching) solutions obtained as perturbations of the reduced problem to
solutions obtained as solutions of the layer problem.

We first consider the case ro = 0, which gives

(2.16) x
y

= I% - Y2,
- 1.

o~

N~

This is a Riccati equation whose solutions can be expressed in terms of special func-
tions. The relevant results can be found in [18, pp. 68-72]. Here we restate the
results needed in our analysis. For the sake of readability we omit the subscript 2 of
the variables.
PROPOSITION 2.3 (see [18]). The Riccati equation (2.16) has the following prop-
erties:
1. Ewvery orbit has a horizontal asymptote y = y.., where y, depends on the orbit
such that T — oo as y approaches y, from above.
2. There exists a unique orbit v2 which can be parametrized as (x,s(x)), x € R
and is asymptotic to the left branch of the parabola x*> —y = 0 for x — —oo.
The orbit y2 has a horizontal asymptote y = —g < 0 such that x — o0 as y
approaches —Qq from above.
3. The function s(x) has the asymptotic expansions

1 1
s(z)x2+2x+0(x4), x — —00,
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1 1
s(x):—Qo—i—x—f—O(xg), x — 00.

4. All orbits to the right of vo are backward asymptotic to the right branch of
the parabola x> —y = 0.
5. All orbits to the left of vo have a horizontal asymptote y = y; > y.., where y;
depends on the orbit, such that ©t — —oo as y approaches y; from below.
Remark 2.4. The constant €2y is the smallest positive zero of

J_1/3(22%/%/3) + Jy3(22°/%/3),

where J_y /3 (resp., Ji,3) are Bessel functions of the first kind [18].

Yo

Y2

F1a. 2.3. Solutions of the Riccati equation (2.16).

The assertions of Proposition 2.3 are illustrated in Figure 2.3. We will see that
the orbit 4 corresponding to the special solution 7, is backward asymptotic to the
equilibrium p, on the equator of S2. The importance of the orbit 7 is that it “leads”
the incoming attracting slow manifold across the upper half of the sphere S? to the
point guy¢ from where take-off in the direction of the fast flow occurs.

We need to describe the transition map for (2.15) within a bounded domain Ds.
Within such a domain we can deduce properties of the flow of (2.15) from Proposition
2.3 by using regular perturbation theory. A detailed study of the effect of the O(rs)
perturbations outside Do, i.e., close to infinity, will be carried out in the charts K;
and K3. For 6 > 0 we define the following sections:

S = {(v2,y2,72) : Y2 =623}, X9 = {(x9,ya, 1) : xg =6 3}

Let II; be the transition map of the flow (2.15) from %" to X$%“!. Let go = 72 N T5".
PROPOSITION 2.4. The transition map Ils has the following properties:
1.

a(qo) = (673, —Q¢ + 62 + 0(6),0).

2. A neighborhood of qy is mapped diffeomorphically onto a meighborhood of
>(go)-
Proof. The proof follows directly from Proposition 2.3 and regular perturbation
theory. 1]
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Fic. 2.4. Geometry and dynamics in chart K.

2.5. Dynamics in chart K;. Chart K is used to analyze the dynamics of the
blown-up vector field X in a neighborhood of the equator containing the equilibria
P and p,. By inserting (2.8) into system (2.5), we obtain the vector field X in chart
K. We desingularize the blown-up vector field X by dividing by ;. This gives

1
o= -1+ + 3101 + O(ry),
1
(2.17) r1 = grie(=1+0(r)),
3
€1 = 55%(1 +0(r1)),

where ’ denotes differentiation with respect to a rescaled time variable ¢;.

Remark 2.5. The equation for &) is obtained from the equation ¢’ = 0, which
implies the relation 3r?rie; + rie} = 0. Hence € = rje; is a constant of motion in
chart K. Nevertheless, we will see that it is useful to treat the blown-up system as a
three-dimensional problem. This seemingly artificial construction is actually crucial
for the whole approach.

Remark 2.6. For r1 > 0, system (2.17) has the same orbits as the blown-up vector
field X with the corresponding solutions having a different time parametrization.
Since we deal only with transition maps between sections, time parametrization of
solutions has no significance to our analysis.

System (2.17) has two invariant subspaces, namely, the plane r; = 0 and the
plane €1 = 0. Their intersection is the invariant line iy := {(21,0,0) : x; € R};
see Figure 2.4. The dynamics on I; is governed by )} = —1 + x2. There are two
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equilibria p, = (—1,0,0) and p, = (1,0,0). For the flow on the line /; both points are
hyperbolic, the relevant eigenvalue is —2 for p, and 2 for p,, i.e., p, is attracting and
py is repelling. The dynamics in the invariant plane 1 = 0 is governed by

(2.18) rh = —1+4+2% +0(r),

ry = 0.

This system has a normally hyperbolic curve S, ; of equilibria emanating from p,
and a curve S, ; of equilibria emanating from p,; see Figure 2.4. For r; small, this
follows from the implicit function theorem. Actually, S, and S, are precisely the
branches of the critical manifold S described in section 2.1; this also explains the
notation. Along the curve S, 1 the linearization of (2.18) has one zero eigenvalue, the
other eigenvalue is negative and close to —2 for r; small. Along S, ; the situation is
similar; however, the nonzero eigenvalue is positive and close to 2 for r; small.

Remark 2.7. Equation (2.18) is the directional (in the positive y-direction) blow-
up of the fold point (0,0) of the layer problem, i.e., system (1.2) with ¢ = 0. The
line {3 = 0 corresponds to the fold point. We have gained normal hyperbolicity of
the lines of equilibria S, 1 (resp., S;.1) at the points p, (resp., p,) due to the blow-up
(compare Figure 2.2).

The dynamics in the invariant plane r1 = 0 is governed by

1
(2.19) =142+ 3121,
3
/2.2

We recover the equilibria points p, and p,; however, there exists an additional zero
eigenvalue due to the second equation. The corresponding eigenvector is (—1,4) at
both equilibria. Hence, there exist one-dimensional center manifolds N, ; at p, and
N, at p, along which ¢; increases for €; > 0. Note that the branch of the attracting
center manifold N, ; at p, in the half space 1 > 0 is unique, while the repelling
center manifold IV, ; at p, in the half space €; > 0 is not unique; see Figure 2.4. We
collect the information we have obtained so far in the following lemma.

LEMMA 2.5. The linearization of system (2.17) at p;, j = a,r has the following
real eigenvalues: A\ = —2 at p, and A1 = 2 at p, with eigenvector (1,0,0) correspond-
ing to the flow on Iy, Ay = 0 with an eigenvector tangent to Sj1, and A3 = 0 with
an eigenvector (—1,0,4) corresponding to the center direction in the invariant plane
T = 0.

We restrict our attention to the set

D1 = {($1,7’1,€1)2 T GR,OSTl Sp, OSé‘l S(S},

where p > 0 is the constant defining the sections A™ and A°“ in section 2.1 and
§ > 0 is the constant defining the sections ¥ and $$“* in section 2.4. Note that all
objects defined later extend smoothly to negative values of r; and e1; i.e., there are
no problems due to the boundaries r; = 0 and 1 = 0. We have the following result.

PROPOSITION 2.6. For p, 6 sufficiently small the following assertions hold for
system (2.17):

1. There exists an attracting two-dimensional C*-center manifold M, 1 at p,
which contains the line of equilibria S, 1 and the center manifold Ng 1. In Dy
the manifold M, 1 is given as a graph 1 = ha(r1,€1). The branch of Ny 1 in
r1 =0, g1 > 0 is unique.
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2. There exists a repelling two-dimensional C*-center manifold M, at p, which
contains the line of equilibria S, 1 and the center manifold N, 1. In D; the
manifold M, is given as a graph x1 = hy(r1,e1). The branch of Ny in
r1 =0, g1 > 0 is not unique.

3. There exists a stable invariant foliation F° with base M, 1 and one-dimensional
fibers. For any ¢ > —2 there exists a choice of positive p and § such that the
contraction along F* during a time interval [0, T) is stronger than et

4. There exists an unstable invariant foliation F* with base M,; and one-
dimensional fibers. For any ¢ < 2 there exists a choice of positive p and
8 such that the expansion along F* during a time interval [0,T) is stronger
than eT.

5. The unique branch of Ny in 71 = 0, e1 > 0 is equal to v = ry5 (72),
wherever /<;1_21 is defined, i.e., along the part of 72 corresponding to ys > 0.

Proof. Assertions (1)—(4) follow from Lemma 2.5 and center manifold theory; see,
e.g., [4], [10]. Proposition 2.3 and the coordinate transformation (2.12) imply that
#15 (72) has the expansion

—1/2 —3/2
1 1 1 1

as r9 — —o0o. Expanding these terms in powers of x5 shows that /ifQI (72) converges
to p, tangent to the center-direction (—1,0,4) as o — —oo. This and the uniqueness
of the branch of N, ; in 7 =0, &1 > 0 imply assertion (5). O

Remark 2.8. Clearly, the center manifold M, ; in chart K; corresponds to a
locally invariant manifold M, of the blown-up vector field X. The importance of
assertion (5) in the above proposition is that it allows us to track the manifold M,
as it moves across the sphere S? guided by the special orbit 4 corresponding to the
solution -5 of the Riccati equation.

We now define the following sections:

len = {(ml,r1,£1) €Dy = p}, Eimt = {(1‘1,7‘1,81) €Dy g1 = (5}

Remark 2.9. Note that %{" maps under the blow-up transformation (2.8) to A™
and X¢“' maps under the coordinate transformation (2.11) to ¥i*. An important
part of our description of the flow near the fold is the description of the transition map
from %" to 94! near the center manifolds M, and M, ;. Since the neighborhood of
M,1 corresponds to the neighborhood of the attracting branch of the slow manifold
of (1.2), we are more interested in understanding the dynamics near M, 1. Yet the
analysis of the two cases is very similar, so we handle them simultaneously.

Let R; be the rectangle in Eﬁ” defined by |1+z1| < (1, and let Ry be the rectangle
in 9% defined by |1 — x| < 1 for sufficiently small 8; > 0. The constants p, §, and
B1 can be chosen such that M, ; N Eﬁ” C Ry and M, ;1 N Zi’“t C Ry. For0<&<$é
and 0 < 7 < p, let I,(€) be the line Ry N{e; = £} and I.(7) be the line Ry N {r; = 7}.

In the neighborhood of p;, j = a,r, the flow of (2.17) carries £i" to X¢“!. Let
I; : 3" — %94 be the transition map defined by the flow of (2.17). The map II;
is well defined on R;, at least for small enough values of p, §, and 3;. The map II;
is defined in a wedge-shaped set in E’i” around M, ; that shrinks to S, for e; — 0.
The reason for this difference is that M, ; is attracting and M, ; is repelling. We have
the following estimate of transition times.
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LEMMA 2.7. The transition time T of a solution of system (2.17) from a point
p = (w1,p,€1) € X" to the point 11, (p) € X¢“t satisfies

(2.20) r=2 (1 - ;) (14 0(p).

3 €1

Proof. The evolution of 1 determines the transition time of solutions from X" to
¥9ut. The relevant equation is

3
(2.21) gl = 5s§(1 —O(ry)) -
The result follows immediately by integrating (2.21). o

ProPOSITION 2.8. For p, 6, and (1 sufficiently small the transition map I1; :
nin — $9ut defined by the flow of system (2.17) has the following properties:
1. I, (Ry) is a wedge-like region in X%, TI; 1 (Ry) is a wedge-like region in X,
2. More precisely, for fixred ¢ < 2 there exists a constant K depending on the
constants c, p, 6, and (1 such that
(i) for e1 € (0,6] the map I11|I,(e1) s a contraction with contraction rate

,E(L,l)
bounded by Ke 1 8/,
(ii) for r1 € (0,p] the map T} *|1.(r1) is a contraction with contraction rate

bounded by Ke ~ \"1
Proof. The assertions follow from Proposition 2.6 and Lemma 2.7. The estimate
for the contraction rate of I} in the second assertion uses the identity ;0% = 673
for p = (z1,in, p,€1) and Iy (p) = (21,0ut,71,8) to express the transition time in terms
of ry. O
All our results concerning the dynamics in chart K; are illustrated in Figure 2.4.

=

2.6. Dynamics in chart K3. We use chart K3 to analyze the dynamics of the
blown-up vector field X in a neighborhood of the equator containing the point gous.
Applying transformation (2.10) to system (2.5) and desingularizing by dividing out
the factor r3, we obtain

ry = r3F(r3, ys, €3),
(2.22) vy =e3(—1+ O(r3)) — 2ysF(r3,y3,€3),
ey = —3e3F(r3,y3,€3),

where F(rs,ys,e3) :== 1 — y3 + O(r3). The planes e3 = 0 and r3 = 0 and the ys-axis
are invariant under the flow of (2.22).

LEMMA 2.9. The point qour = (0,0,0) is a hyperbolic equilibrium of system
(2.22) with eigenvalues: \y = 1 with eigenvector (1,0,0) corresponding to the flow in

ez = 0, Ao = —2 with eigenvector (0,1,0) corresponding to the flow on the ys-azis,
and A3 = —3 with eigenvector (0,1,1) corresponding to the flow in r3 = 0.
Proof. Computation. 1]

Now we transform the part of the special orbit v, (introduced in Proposition 2.3)
corresponding to x5 > 0 to chart K3; i.e., we define 3 := Ka3(72).

LEMMA 2.10. The orbit 3 lies in the plane r3 = 0, converges to qou: as €3 — 0,
and is tangent at qou: to the vector (0,1,0).

Proof. The coordinate transformation (2.13) and assertion (3) from Proposi-
tion 2.3 imply that the orbit 3 has the expansion (0, —Qosg/g +e3+ 0(53/3), €3) as
g3 — 0. The lemma follows. |
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Lemma 2.10 implies that parts of the manifold M, corresponding to ¥ > 0 come
close to the equilibrium ¢,,;. Hence, we need a precise description of the dynamics
of system (2.22) close to guy:. This is a somewhat delicate problem because of the
resonance A = A1 + A3, which implies that there exists no smooth transformation of
the nonlinear flow to the flow of the corresponding linearization. It turns out that,
due to the simple form of the equations, it is quite easy to work out the lowest order
approximation of the flow.

For the description of the flow in a neighborhood of q,,; we define sections 3"
and 33“* as follows:

Zgn = {(7”3793753) P T3 € [07@7 Y3 € [—537ﬁ3}7 €3 = 5}7
T3 = {(r3,ys,e3) : r3=p, Y3 € [—PBs. 5], €3 € [0,6]},

where p and § are the same constants as before, and G5 > 0 is sufficiently small; see
Figure 2.5.

Let II3 be the transition map from X5* to 3$%*. Our goal is to obtain a formula
for the map II3. Before stating the relevant result we need to discuss the structure of
(2.22) in more detail. We first divide (2.22) by the factor F'(rs,ys,3), which is close
to one near ¢,,:, and obtain

ry =3,
€
(2.23) Yy = —2y3 — 1 S 1 323G (r3, yss €3),
— Y3
gh = —3e3,

where G(r3,ys,e3) is a C*-function. Consider (2.23) with r3 = 0, namely,

A W €3
Y3 Y3 1 _ y37

(2.24) gh = —3e3.
By construction, system (2.24) is, up to rescaling of time, the Riccati equation (2.16)
transformed to K3. The corresponding linearization has eigenvalues Ao = —2 and
A3 = —3; hence, (2.16) can be linearized by a near identity transformation of the
form
(2.25) ys = Y(Js,€3),

where the function ¢ is C* smooth and ¥(73,e3) = 73 + O(3e3); see [22]. The
corresponding inverse transformation is denoted by g3 = ¥(ys,e3) = ys + O(yzes).
Under the transformation (2.25) system (2.23) becomes

(2.26a) Ty =73,
(2.26Db) Uy = =203 — €3 + r3e3H (13, U3, €3),
(2.26¢) €3 = —3es,

with a C*-function H. We have the following result.
PROPOSITION 2.11. The transition map I3 for system (2.22) has the form

p
Ms(rs, ys, 8) = | Ws2(r3,03.0)

()
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with M3a(r3,y3,06) given by
~ r 2
32(r3,y3,6) = (Y(y3,0) — 0) (;) + O(r Inrs).

Proof. In the following we suppress the subscript 3 in system (2.26). Fix (r;, 4;,06) €
Y and (p, §o,0) € XUt Consider a solution (r,§,¢)(t) of (2.26) and T' > 0 such
that r(0) = r;, 7(T) = p, §(0) = Gi, §(T') = Fo, €(0) =6, e(T') = €,. We will now com-
pute (T, 7o,€,) as a function of (r;,9;). Equations (2.26a) and (2.26¢) have explicit
solutions 7 = e’r;, ¢ = §e~3t. The requirement r(T") = p produces an expression for
T, namely,

(2.27) T=In <p> .

T

Let z be a new coordinate defined by § = e 2! (; —§+2z) +e~3t. We get the following
equation for z:

(228) Z/ - TiHZ(Z7Ti7giat)7

where H?(z,7,§i,t) = 6H (elry, e 21 (g; — 6 + 2z) + §e 3!, 8e3!). The transition time
T is still given by (2.27). Note that the function H* is uniformly bounded on the
relevant domain. Using (2.28) we obtain 2(T") = r,O(T) = O(r;In(£)). It follows
that

s - (3) (g (2)

Hence
s (s, y3, 8) = ((z;(yg, 8) — 6) (7;”) +O(r3nry), (;)3 5)
~ (O(ys,0)— 5) (p) + O nry)
and the result follows. 0

Remark 2.10. The following observation will be used later in this paper to obtain
the leading order asymptotics of the extended slow manifold S, .. The y3 coordinate
of the point where the special orbit 3 intersects the section L5 is y5 = 62/35(61/3)
(see the proof of Lemma 2.10). By comparing the asymptotics of 3 and the exact
solution of system (2.26) restricted to r3 = 0, i.e., the Riccati equation written in the
linearizing coordinates (js, €3), it follows that ¢(y3,8) — 6 = —Q62/3.

2.7. Phase portrait on the upper part of S2. The sphere S? is invariant
under the desingularization of the blown-up vector field X. The equator S* is invari-
ant. On S' there are four equilibria pe, pr, Gin, qout- These equilibria are hyperbolic
for the flow on S', the points p, and g, are attracting, and p, and g;, are repelling.
All orbits in §%7% are forward asymptotic to g,u;. The special orbit 7 is backward
asymptotic to p, and, as it arrives at guu:, it is tangent to S'. Besides 4 there exist
two families of trajectories: backward asymptotic to p,. or backward asymptotic to
¢in. The corresponding phase portrait of S? is shown in Figure 2.6.
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Il

b

F1a. 2.5. Geometry and dynamics of system (2.22) near the equilibrium gout.-

P B

Gin Qout

FIG. 2.6. Blow-up of a fold (jump) point restricted to S2.
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2.8. Proof of the main result. In this section we prove Theorem 2.1 by com-
bining the results obtained in the individual charts. The idea of the proof is to analyze
the evolution of the center manifold M, ; and the rectangle R; under the flow of the
blown-up vector field X. We denote the corresponding global invariant manifold by
M,. The intersection of M, with S?7 is the special orbit 4 connecting the equilibria
Pa and goue. It follows that a trajectory starting in or nearby M, will remain close to
7 until it reaches the vicinity of g,,;. There the trajectory follows the local dynamics
near ¢,,; and is repelled in the unstable direction of quq¢.

Proof of Theorem 2.1. We define the map I : Xi" — 394 by

HI:H30I{230H20FL120H1.

The map II is the transition map from %{" to 23%* for the flow induced by the blown-
up vector field X on B. We will analyze II(R; N M, 1) and then use the fact that, by
construction, the transition map = is given by 7 = ® o Ilo &~ for £ > 0.

It follows from Proposition 2.8 that II;(R; N My1) C X9“! is a smooth curve
transverse to the set {r;y = 0}. It follows that ki2(II1(R1 N M,1)) is a smooth
curve transverse to the plane {ro = 0}. Proposition 2.4 implies that the image of
this curve under II, has the form {(67/3 hg¥“*(ry),72) : 72 € [0,p6'/%]}, where
hgut . [0,p6'/%] — R is a smooth function. Under the transformation ko3, this
curve transforms to a smooth curve of the form {(rs, h§*(r3),8) : r3 € [0,p]} with
(0, R5(0),8) = Kaz(72NX%). Proposition 2.11 now implies that II(R1NM, 1) has the
form {(p, hg"(e3),e3) : e3 € [0, 6]}, where hg*(e3) = O(e2/®). This proves assertion
(1) of the theorem.

We now prove assertion (2). It follows from Proposition 2.8 that IT; (R;) is a
wedge-like region around TI(R; N M, 1) of width O(e~¢/¢1), where ¢ > 0 is some
constant. Since k12, Il and ko3 are diffeomorphisms restricted to 9%, 3347 and X34,
respectively, it follows that kez 0 Ily 0 k19 o I11 (Ry) is also a wedge-like region of width
O(e*C/El) around ko3 oIy 0 k1201141 (R1 N M,1). Finally, we apply Proposition 2.11 to
conclude that TI(R;) is a wedge-like region of width O(e~¢/¢1) around TI(R; N M, ;).
The evolution of Ry in the three charts is shown in Figure 2.7. Because ¢ = p3c; =
pie3 is a constant of motion for the flow of X, lines e; = ¢/p? in B¢" are mapped
to lines €3 = ¢/p? in X3*. Restricted to such lines the map II is a contraction with
contraction rate O(e~¢/¢1) for some ¢ > 0. Assertion (2) follows by applying the
appropriate blow-down transformations. 0

The dynamics of the blown-up vector field X, and in particular the center manifold
M,, are shown in Figure 2.7.

Remark 2.11. Remark 2.10 implies that the function h$“!(e3) has the asymptotic
expansion

hg"(es) = —Qoes” + o(e3/).
The corresponding expansion for the function h(e) in Theorem 2.1 is
he) = —Qoe*? + o(e¥/?).

This result is well known; see, e.g., [18], where it is also shown that the next term in
the expansion is O(elne). Our analysis, in particular the description of the map II3
in Proposition 2.11, shows that the occurrence of this term is due to the resonance
A2 = A1 + Az at the equilibrium g¢,,¢; see section 2.6.



EXTENDING GEOMETRIC SINGULAR PERTURBATION THEORY 303

E.EIII = E:'U[

Fic. 2.7. Geometry and dynamics of the blown-up vector field X.

3. Canard point.

3.1. Assumptions and results. In this section we consider a one parameter
family of ODEs similar to (1.2), namely,

x' = f(mvyv)‘yg)7
(31) yl = 59(1’7%)\75)-

We assume that (zo,y0) = (0,0) is a nondegenerate fold point of the critical manifold
f(z,y,\,0) =0 for Ay = 0. We assume further that ¢(0,0,0,0) = 0. This gives the
following set of defining conditions for the considered singularity:

of

(3.2) £(0,0,0,0) =0, %(0,0,0,0) =0, ¢(0,0,0,0)=0

with the nondegeneracy assumptions

>*f of
3.3 —5(0,0,0,0) #0, +=(0,0,0,0) # 0.
() 6x2(773)7é76y(777)7é
This implies that the critical manifold has a nondegenerate fold point for A in a
suitable interval. Without loss of generality we assume that the fold point is (0,0)
for all values of A. This can always be achieved by a A-dependent translation. The
remaining nondegeneracy assumptions defining a canard point are

dg

dg
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These conditions insure that the nullcline g(z,y, A,0) = 0 is transverse to the critical
manifold S and the intersection point of S and g(z,y, A,0) = 0 passes through the
fold point (0,0) with nonzero speed as X varies.

Let the critical manifold S, its left and right branches S, and S;., and the neigh-
borhoods U and V be defined as in section 2. The manifolds S, . and S, . exist
outside of V just as they did for a simple fold. Here we ask basically the same ques-
tion, namely, How can S, and S, be extended? The situation is, however, quite
different, since, for special choices of A and ¢, S, . extends to S, .. This is caused by
the special structure of the slow flow for A = 0.

As in the case of the fold point, the reduced dynamics is governed by the equation
55) o 9(w.9(2).0.0)

¢’ (z)

where o(z) is obtained by solving the equation f(x,y,0,0) for y as a function of x.
It follows from the above assumptions that the right-hand side of (3.5) is a smooth
function at the origin. Let z((¢) denote a maximal solution of (3.5) with the property
that 2¢(0) = 0. It follows that z((¢) exists and passes through the fold point (see
Figure 3.1a). If zy(t) connects S, to S, then, heuristically, one can expect a connection
from S, . to Sy.. In what follows we show that such a connection exists along a curve
in the (A, e)-plane.

Remark 3.1. The case when x((t) connects S, to S, can also be treated with the
methods of this article, but it is less interesting and will be omitted.

y y

TS VAN S /

AN E SN

@ (b)

F1G. 3.1. Reduced flow. (a) A=0, (b) X > 0.

It follows from assumptions (3.2) and (3.3) that using simple coordinate changes
(scaling and translations) one can transform (3.1) to the canonical form

I, = 7yh1(177y,)\7€) + SCZhQ(SC,y,)\,E) +€h3(l’,y,>\,€),
(36) y/ =€ (ixh4(x, Y, A,€) - /\h5($7?/7 >‘a 5) + yhﬁ(£7 Y, A78)) 3
where
h3(1‘7ya)‘7€) = O(l‘,y,A,E),
hj(x7y7)‘7€):1+O(‘r7y7A’€)’ j:17274a5'

We assume that the sign in front of the term wzhy4 is positive. In this case, zo(¢)
connects S, to S,. Clearly, the signs of the various terms in the above equation
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correspond to a certain choice of signs in the nondegeneracy conditions made earlier.
The parameter A has been rescaled such that the reduced flow has an equilibrium on
Sy for A > 0 (see Figure 3.1b).

We introduce the following notation:

a = %(0,0,0,0), ag = 8—};1(0,0,0,0), as = 8—};2(0,0,0,0),
ay = %(0,0,0,0), as = he(0,0,0,0),

and define

(3.7 A = —az + 3az — 2a4 — 2as.

The constant A will show up in various computations and results related to the
analysis of the dynamics near the canard point. In particular, we will need the
genericity condition A # 0 in the analysis of canard explosion in [14].

For j = a,r let A; = {(z,p?),x € I;} be a section of S; near the fold point with
p sufficiently small and suitable intervals I; (see Figure 3.1a). Define ¢; . = A; NS ..
Let 7 be the transition map for the flow of (3.1) from A, to A,. The following
theorem describes the behavior of S, . and S, . near the canard point.

THEOREM 3.1. Assume that system (3.1) satisfies the defining conditions (3.2)—
(3.4) of a canard point. Assume that the solution xo(t) of the reduced problem connects
Sa to S.. Then there exists eg > 0 and a smooth function \.(y/€) defined on [0, &)
such that for e € (0,e9] the following assertions hold:

1. 7(qa.c) = qre if and only if X = A.(V/E).
2. The function \. has the expansion

(3.8) Ae(VE) = — (“l ;“5 + ;A> e+ O(?).

3. The transition map 7 is defined only for X in an interval around \.(\/€) of
width O(e=¢/¢) for some ¢ > 0.
4.

0

7(77(%1,5) - QT,E)

N > 0.

Remark 3.2. For A = A.(v/€) the slow manifold S, . extends to the slow manifold
Sre, i.e., the slow manifold consists of a single canard solution. We use the term
canard solution only for solutions with this property. In other works all solutions
of system (1.1) which follow S, . for a time interval of order O(1) are called canard
solutions. The solution described in the above theorem is then called a maximal
canard solution.

For the special case of the van der Pol equation the above results are contained
in [6]. Here we treat the general case of a canard point and identify the important
parameter A. Also, besides using the same blow-up our proof of the existence of a
canard solution based on extending slow manifolds combined with a Melnikov-type
argument is new.
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3.2. Blow-up. The analysis in this section is, in many aspects, similar to that
in section 2. In particular we apply a blow-up transformation, yet the weights (powers
of r) must be different than in the case of simple fold. Furthermore, the parameter
A is now included in the blow-up. The blow-up transformation ® maps B = S? x
[—p, 1] % [0, p] to R* according to

(3.9) T =T, y=79y, €=T7%E N=FA\

The constants p and p are chosen small enough such that equations (3.6) are valid
in ®(B). Let X denote the corresponding blown up vector field. In section 2 we
used the charts K;, Ko, and K3 to obtain the dynamics of X. Here charts K;
and K are sufficient to describe the relevant phenomena. In chart K7, the blow-up
transformation (3.9) is

(3.10) T =7z, y:r%7 Eszsl, A=7r1)1,

where (x1,71,€1, A1) are the coordinates in R*. In chart K, the blow-up transforma-
tion (3.9) is

(3.11) T = Tola, y:rgyg, 5:7“%7 A =Ta)9,

where (z2,ys2,72, A2) are the coordinates in R*. A simple computation gives the fol-
lowing lemma.

LEMMA 3.2. Let k12 denote the change of coordinates from Ky to Ko. Then k12
is given by

(312) To = $1€1_1/2, Yo = 61_1, To = 7‘151/2, /\2 = 61_1/2)\1 fO?” g1 > 0.
Similarly, ko1 = /ile s given by
(3.13) =z = $2y;1/27 ry = 7‘23/;/2, e1=y;, A= Azygl/Q for y2 > 0.

3.3. Dynamics in chart Kso—preliminary analysis. After dividing out a
factor r5 in a manner analogous to that in section 2, the transformed equations (3.6)
have the form

ah = —y2 + x5 + r2G1 (2, y2) + O(r2(A2 + 12)),
(3.14) Yo = o — Ao + 12Ga(x2, y2) + O(r2(Ae + 12)),

where

| Gi(za,y2) \ [ a1z2 — asxays + azxy
G(1'27y2) - ( GQ(l‘g,yg) = a4x§ +(l5y2 .

Remark 3.3. It turns out that for ro = Ay = 0 the system (3.14) is integrable.
For this reason the O(ry) and O(Ag) terms are crucial for the analysis.

Setting r2 = Ay = 0 in (3.14) we obtain
(3.15) y

Equation (3.15) is integrable. More precisely, we have the following lemma.
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LEMMA 3.3. The function
1 —2y2 2
(3.16) H(zq,y2) = 3¢ Yo — x5+ =

is a constant of motion for (3.15).
Proof. A computation gives

oH
! — 2y2
Lo € 6y2 (:C27 yQ)a
OH
3.17 L= —e?V2 )
(3.17) Ys s (w2,92)

The result follows. O

Lemma 3.3 implies that the solutions of (3.15) are determined by the level curves
of H(x9,y2). Observe that (3.15) has an equilibrium at (0,0) of center type, sur-
rounded by a family of periodic orbits H (z2,y2) = h, h € (0,1/4). The sets H(x2,y2) =
h, h < 0, correspond to unbounded solutions. The locus of the solution determined
by h = 0 is the parabola 23 — y» = 1/2, and this solution is given by

1 1

1
alt) = (aeatahealte) = (3o - 5 )  mek

The special solution 7, is of central importance to the canard phenomenon. We will
see that 4. connects the endpoint p, of the critical manifold S, across the sphere 52
to the endpoint p, of the critical manifold S,. As in the analysis of the fold point,
the points p, and p, lie on the equator of S? and will be studied in chart K;. Our
goal is to investigate how this connection breaks under perturbation. The tool for this
investigation will be a variant of the Melnikov method in which again both charts K
and K5 will be used.

3.4. Dynamics in chart K;. We proceed in a manner analogous to that in
section 2.5 and obtain the following system of equations:

1
=14+ 22 +ri(a1e171 — asxy + azxd) — §€1$1F($1,T17€1a A1)
3.18a +O0(r1(r1 + A1),

!
T = §T1€1F(’I17T1,€1,>\1),

-

3.18b

3.18c) &) = —e?F(x1,71,61,\1),

~

~ o~ o~ o~

1
3.18d) X —§>\151F(x1,r1,617>\1),

~—

where
F(.Tl,Tl,El,)\l) =21 — A\ + T‘l(a4l‘% =+ (15) + 0(7‘1(7‘1 =+ )\1))

It suffices to consider A\; € (—u, ), where > 0 can be chosen small. Many features
of the dynamics in chart K7 are analogous to section 2.5; therefore, we provide fewer
details. The hyperplanes r; = 0, e = 0, and A\; = 0 are invariant, and the invariant
line l; := {(21,0,0,0) : x; € R} contains two equilibria p, = (—1,0,0,0) and p, =
(1,0,0,0) which are endpoints of lines of equilibria S, 1 and S, 1, respectively. For the
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flow on the line [, the equilibrium p, is attracting and p, is repelling. Considered as
equilibria of system (3.18), both equilibria have a triple eigenvalue zero.
In the invariant plane r; = A\; = 0 system (3.18) reduces to

1
/ 2 2
ry=—142]— 551931,

(3.19) ey = —elr;.

Consequently, the sign of €] is negative for initial conditions near p,, which implies
that the repelling center manifold NN, ; at p, in the half space £; > 0 is unique. The
attracting center manifold N, at p, in the half space £; > 0 is also unique, just as
in section 2.5. Let

Dy = {(z1,r,e1, 1)1 —2<21<2,0<7r; <p,0<¢e; <6, —p < A1 < pl,

where 6, p, and p will be chosen small.
PROPOSITION 3.4. Choose ¢1 < 2 < ca. The constants p, 6 and p can be chosen
sufficiently small such that the following assertions hold for system (3.18):

1. There exists an attracting three-dimensional C*-center manifold M,1 at pg
that contains the line of equilibria S, 1 and the center manifold N, 1. In Dy
the manifold Mg 1 is given as a graph 1 = hq(r1,€1, \1). The branch of Ng 1
inry =M =0, e1 > 0 is unique and equal to Ye1 = Ka1(7Ve,2), where Y2
is the part of the special trajectory introduced in section 3.3, corresponding to
To close to —oo.

2. There exists a repelling three-dimensional C*-center manifold M1 at p,
which contains the line of equilibria S, and the center manifold N,1. In
Dy the manifold M, ; is given as a graph x1 = hy(r1,€1,A\1). The branch of
Nypinry =AM =0, €1 > 0 is unique and equal to ka1(e2) for o close to
.

3. There exists a stable invariant foliation F° with base M, 1 and one-dimensional
fibers. There exist positive constants K, 1 and K, 2 such that the contraction
along F* in a time interval of length T can be estimated by Ko 2= T from
below and by Ka716*51T from above.

4. There exists an unstable invariant foliation F* with base M,; and one-
dimensional fibers. There exist positive constants K, 1 and K, such that
the expansion along F" in a time interval of length T can be estimated by
K17 from below and by K, 2e%T from above.

Proof. The proof is analogous to the proof of Proposition 3.4. ]
We now define the following sections:

EZLI = {(:1?1,7‘1,817)\1)61)1 I :p,‘1+$1|<6},
Egiﬁt = {(1’1,7"1,61,)\1)61)1 : 61:5,‘1+$1|<ﬂ},
S o= {(x1,71,61, M) € Dy s g1 = 6,1 — 2] < B,
Z?:Uit = {(33177'1,51,)\1)61)1 : T12p7|1—$1|<ﬁ},
where 3 > 0 is chosen small. For j = a,r, let II;; be the transition map defined by

the flow of (3.18a) from section Z;”l to ¥24". With these definitions, results analogous
to Lemma 2.7 and Proposition 2.8 hold for the canard point as well.
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3.5. Phase portrait on S§’+. Based on the analysis in charts K; and Ks, we
can now describe the dynamics of X restricted to Sg”L, ie., for 7 = X = 0. The
equator S! is invariant. On S! there are four equilibria: pg, Pr, Gin, Gous- These
equilibria are hyperbolic for the flow on S', the points p, and g¢..: are attracting,
and p, and g;, are repelling. The special trajectory 4. is a connecting orbit between
po and p,.. Besides 7., there are three types of orbits in $%%: a concentric family of
periodic orbits, an equilibrium of center type, and a family of orbits joining g¢;, to
Gout- The corresponding phase portrait is shown in Figure 3.2.

Pa Pr

Gin Cout

Fi1c. 3.2. Blow-up of a canard point restricted to Sg’Jr for X =0.

Remark 3.4. Tt turns out that the connection 7. from p, to p, breaks for A # 0.
Some important aspects of the dynamics near S§’+ leading to Theorem 3.1 can be
understood by investigating whether the intersection of the three-dimensional center
manifolds M, and M, at 7. is transverse. The relevant computation is carried out in
the next section. Bifurcations from the center equilibrium and the family of periodic
orbits and their relevance to canard explosion are studied in [14].

3.6. Melnikov computation of the separation between M, > and M, ,.
The analysis of the previous sections implies that M, o and M, 5 intersect along v, 2
for ro = Ay = 0. To prove Theorem 3.1 we compute the first order separation between
Mg 2 and M, o with respect to 7o and Ap. The splitting of the manifolds off the
sphere for A2 = 0 is shown in Figure 3.3. All functions defined below are considered
as functions of ro € [0,p] and Ay € (—p,u), for small p > 0 and g > 0, without
indicating this dependence explicitly. In the formulas below we drop the subscript of
the time variable t; from chart Ko, i.e., t = to.

Let 74,1 be the trajectory of system (3.18) contained in M, ; for which /g1 = 2.
Let v4,2(t) = (2a,2(), Ya,2(t)) be the continuation of v, 1 to chart Ks, i.e., 74,2 is a solu-
tion of (3.14), parametrized such that x, 2(0) = 0. Analogously, let v, 1 be the trajec-
tory of (3.18) contained in M, ; for which ri,/e1 = ro and let v, 2(t) = (2,2(t), yr2(t))
be the corresponding, backward continued solution of (3.14) parametrized such that
LCT’Q(O) =0.

With these definitions, measuring the separation of M, 2 and M, o corresponds
to measuring y, 2(0) — y,2(0), which is equivalent to estimating the distance function

(3.20) De(r2, A2) := H(0,yq,2(0)) — H(0, yr2(0)),
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D, (,0)

F1c. 3.3. Splitting of My and M, for X = 0.

since g—g(o,yg) # 0 for y2 < 0. We define

(321) do= [ radH(0a(t) - Glea(t)i
where G is the function defined in section 3.3. Similarly we define
(3.22) dy, = / gradH(vo(1)) - ( Y ) dt.

We will prove the following result.

PROPOSITION 3.5. For p and pu small enough, the distance function D.(ra, Aa) is
a C*-function and has the expansion

(323) DC(’I’Q, )\2) = dr21"2 + d)\2 )\2 + 0(2)

Proof. By construction D, is C* smooth and D.(0,0) = 0. Thus we have to
verify the expansion. We carry out the computation for ro. The result for Ay can be
obtained in a similar way. We set A2 = 0 and consider 7o € [0, p]. We will show that

(320 HOua(0) =rs [ gadH(ealt) - Gloua)dt +O03).

— 00

An analogous argument yields

(3.25) H(0,yr2(0)) = —r2 /000 gradH (1e2(t)) - G(ve2(t))dt + O(r3),
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which implies the proposition.
We define T'(r2,8) < 0 such that y, o(7T) = 61, where § is the constant from the
definition of ¥¢%. We write

0
H(0.002(0) = Haa(1),67) + [ 2 0a(0)at.

By standard methods [4]

0 0
A %(7&,2@))6& = T’Q/T gI‘adH(’yaQ(t)) . G('Ya,z(t))dt + O(r%)

It turns out to be very natural to compute H (x4 2(T), 6~ !) in chart K;. We begin by
parametrizing v,,1 by €1, i.e.,

2
_ T2 2
7@,1(61) - (ma,l(gl); \/555170) , €1€ [( p) 56‘| )

where p is the constant used in the definition of . Let H; = H o k12, i.e.
1 1 —2/ey (1 1 z3

3.26 H , =H|=, =)= L R S I

( ) 1(1’1 El) (,/81 81) € 4 + 261 261

We wish to estimate Hy(24,1(6),6). Note that Hy (xa’l((%z)2), (2)2) is exponentially
small in ro. Hence,

s
d
Hi(24,1(0),06) = /T ?H1($a,1(€1)751)d51 +0(r3).
(72)2 dex
From (3.26) we obtain

oOH, —e~ 2/ 1

8$1 61’

0H, o 1 (1 x? 1
3.27 = Jev — [ Zp2 2L 4 )
(3.27) Oeq € 2 (2961 €1 + €1

Note that ”gjll evaluated along a trajectory of (3.18) is given by

dH, _OH,z, OH,
dey  Oxy e} O’

where z} and £} are given by (3.18a) and (3.18¢c), respectively. By using (3.27),

expanding and using the relation r; = r2/,/€1 to eliminate 71, we obtain the following

dHy

formula for 71 evaluated along a trajectory of (3.18):

(3.28)
dH _ P 1-— SC2 1
—dgll (z1,61) = e~ 2/51¢] /2 {Tz(a1x1€1 — aymy + aza} + o *(aga] + a5)) + \/?TO(TQ

2

_ 1—=x
(3.29) n(xy1,e1) = 672/6161 /2 <a1x161 — apxy + asxh + . L (agz? + a5)> .
1
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It follows that

6 8

d

/ 7{,‘[ Hl(l‘a,l(é‘l),é'l)d{fl = T‘Q/ 7]($a71(€1),€1)d€1 + O(’I"%)7
(z2)2 dey ()2

where we have used that the integral of the error term in (3.28) is O(r2) because of the
exponentially small prefactor. To complete the computation, recall that (z.1(1),€1)
parametrizes Ng 1, and, by center manifold theory,

[2e1(e1) = Tan(e1)] = Ofry) = O (f) |

By using this estimate it follows that

)
Hy (201(8).8) = 2 / D(er(e1), e1)der + O(2),

where we have again used the exponentially small prefactor of the integrand to esti-
mate the error caused by first replacing x,,1 by x.1 and then changing the interval of
integration to [0,6]. By applying the change of variables formula, we transform this
integral to chart K5 and obtain

s T
| nteeaterender = [ gradea(n) - Glatt)at
The result follows. d

Remark 3.5. The formulas for the constants d,, and dy, are the usual Melnikov
integrals for the splitting of saddle-saddle connections for perturbations of planar
Hamiltonian vector fields. However, the situation considered above is not covered by
the usual Melnikov theory.

Proof of Theorem 3.1. It follows from the above results that for (2, A2) € [0, p) x
(—p, ) a connection from S, to S, . exists if and only if

(330) DC(T27>\2) =0.

We have shown that D.(re, A2) = dy,72 + dr, A2 + O(2). Hence, (3.30) can be solved
for Ay by the implicit function theorem provided that dy, # 0. The solution has the
expansion

dy,

(3.31) Ay = =27y 4+ O(r3).
dy,

By using the parametrization of 7. > and repeated integration by parts, we compute

o0
dr, = / 6_23’2(—(1190% + (ag —aq + %)x%yz + (ag — ag)xg — a5y§)dt

— 00

1 o0
(3.32) = —Z (a1 +as + 4A) / et 2t

and

o0 1 fo’e)
(333) d/\2 — _/ 56_2y2dt _ _g/ e_t2/2dt.

— 00
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This proves assertion (1). Property (2) follows by applying transformation (3.11)
to the the expansion (3.31). Assertion (3) follows from the above combined with
Proposition 3.4 because M, 2 must be exponentially close to M, » to reach the section
Eﬁf‘f. Finally, the inequality dy, < 0 implies that the intersection of the slow manifolds
breaks as described in assertion (4). a0

Remark 3.6. It is known that the function A, from Theorem 3.1 which describes
the canard curve actually has a power series in €; see [3], [7], [19]. It is interesting
to observe that this fact can be explained by a symmetry property of the blow-
up transformation. The form of the blow-up transformation (3.9) implies that the
transformation

(3.34) (Z,5,7,A) = (=2, 7, =T, —\)

is a time-reversal symmetry of the blown-up vector field X; i.e., it maps orbits to
orbits. Note that for prescribed slow manifolds outside V', the canard curve is uniquely
determined. Since the transformation (3.34) maps a canard curve to a canard curve,
it follows that —Ac2(r2) = Ac2(—r2) and consequently A.(r2) = Ac2(—r2). From
this we conclude that an asymptotic expansion of the canard curve is quadratic in 79
and hence is a power series in . If the original vector field is smooth and the slow
manifolds are chosen smooth, then, by a theorem of Schwartz [21], A; is a smooth
function of €.

The function A. depends on the choice of the slow manifolds. However all slow
manifolds are exponentially close and the corresponding functions A, differ only by
exponentially small terms and have the same asymptotic expansion.
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