STENCE OF STABILITY LOSS FOR DYNAMICAL BIFURCATIONS. II

A I. Neishtadt UDC 517.928.4

We consider differential-equation systems with fast and slow variables [1]. The system
fast variables, when the slow variables are fixed, has an equilibrium position. When -
low variables drift, there is a dynamical bifurcation: a pair of conjugate eigenvalues
equilibrium cross the imaginary axis from left to right and the remaining eigenvalues
n the left half-plane. If the system is analytic, then the stability loss persists:
oints remain near the unstable equilibrium position during a time period of length of
l/g,_where € is a small parameter characterizing the drift rate. Only then can there
Jss of equilibrium. We establish a lower bound for the persistence time, and obtain
mptotic properties of the break time in several cases.

e asymptotic behavior of the rupture time is obtained for a model system in [2], where
rium-loss persistence was first discussed. The result obtained in [2] was extended
4] to.some special classes of systems. It is proved in [5] that, in analytic systems
t.and slow motion, stability-loss persistence must be accompanied by dynamical bi-
ions in which there is a loss of stability of a nondegenerate equilibrium position or
idegenerate limit cycle. :

The results described here were announced in [6]. We use the method employed in [2],

- analytic continuation of solutions in the plane of a complex time. For motion along
in this plane, the system has an adiabatic invariant, and this inhibits departure from

juilibrium position.

1. The Original Equations. We investigate equation systems of the following form,
encountered in vibration theory [1]:

- Z=f(x, y, &), xER", » (Iﬁl)
y==eg(x, y, &), y€R™

c is a small parameter, (x, y)EDC:Rﬁ+M, and[él<:sr=const. Moreover x is the fast and y
he slow variable, and (1.1) is a fast—slow system.

‘The fast system is the eqﬁation for x in (1;1), with y = const and ¢ = 0. Suppose that,
all y in the projection of D on the y-space, the fast system has an equilibrium position
X(y) depending continuously on y. Let Ai(y); i=1, 2,...,nbe the eigenvalues of this

J=28(X(y), ,0), x=X(y).
ts solutions are called slow solutions. ,

We fix a slow solution y = Y (v), x=X(Y (1)), v===2t€[10, 1], e>0, and consider the behavior
he eigenvalues on it. Let M(Y (7)) be in the left half-plane for T<<7:€[7T0, 1] , and’eross
Mmaginary axis for 1 = Tx With a nonzero velocity, let M(Y(7.))5%0, and let Ap (Y (T4)) =

(7)) (a bar indicates a complex conjugate). Let A;(Y(t)), i = 3,...,n, be in the left
“Plane for all t. We assume that the right sides in (1.1) can be analytically continued
respect to x and y into a complex neighborhood of the point X(Y(tg)), independent of £,
Fhat Y(ty) is a smooth function of € in this neighborhood. Then (1.1) has stability-loss
Sistence [5].

2. A Result Concerning a Bound for the Stability-Loss Persistence Time. To formulate
theorem we use constructions” related to the analytic continuation of the solution X, Y.
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For definiteness let Imay (Y (7.)) <0, and for t6[to, 7] consider the complex phase QNT):=:JK

(9)Yd9 . For 1 = Tx the function Re V¥ has a minimum because at this point Re A; (Y(t
sign from negative to positive. On a sufficient short interval of the real axis,
of and adjacent to Tx, we define the function ,
time I(t-) > t% such that ReW(r-)=Re¥(II(t-)). The slow solution is analytically contj
into the neighborhood of the point 1y of the plane of the complex variable t. :
¥ is continued into the same neighborhood. In the upper half-plane the points 1. and II(
are joined by an arc It_. of the level curve Re¥(t) = const. If t_ is sufficiently cloge
Tx, then the domain K¢_ bounded by I't_ and its mirror reflection T¢_ in the real axis (¥
satisfies the following conditions: 1) the slow solution X, Y is analytic, and the right!
in (1.1) are analytic at points of the slow solution; 2) M, 2 (Y) 550; 3) Aq(Y) #As(Y) and Ai(Y.
Ai(Y), i=1, 23 j=3,...,n; 4)Red;(Y)<<0 , J=3,...,n, for real T3 the fast solution |
earized about the equilibrium position, along any curve Re¥(1) = const for Imt > 0, has
2 eigenvalues with negative real parts, corresponding to the eigenvalues Agseeesips 5)

tangents to the curves Re ¥(t) = const are not vertical. We write 1% for the lower boun

values of 1. for which conditions 1)-5) are satisfied in Kr_, and we use the notation
vr= sup II(v). '

T, <T<T,

) ) Chﬁn

to the
I(*) mapping a slow time t. < Ty into the

Let x(t), y(t) be the phase point for the fast—slow s
Yo = Y(14) for t, = t,/e. If To > Tx, then we write B,, v,
x(ty) — X(y,) onto the eigenvalue subspaces of the matrix of
the eigenvalues A1,z and AgseeesAps respectively. +

THEOREM. If t% < 7, and the initial point [x(t,),
equilibrium [X(y,), y,], then for To+Coe|ln &<t I (7o)
is in the C,e-neighborhood of the equilibrium [X(Y(et))

[vo]| <Cee, then for et=II(v)+Cre|lne| the phase point is
librium indicated.

ystem with initial condition
for the projection of the ve

(X(90), yo, 0)/0x, correspondi

¥ol is in a C7'-neighborhood of
—Csellne| the phase point [x(t),
s Y(et)]. - If, further, [Bo|>Cse
in the Cj'-neighborhood of the e

Here C; (and cj below) are sufficiently large positive constants, i.e., quantities
pendent of €. The appearance of C;

i and cj in a relation is equivalent to the statement
there are such constants for which this relation holds for sufficiently small € > 0.
i COROLLARY. If 1% > 1, and the initial point [x(ty), v,
equilibrium [X(y,), y,], then the phase point [x(t), y(t)] i
equilibrium [X(Y(et)), Y(et)] for ro%~Czs]h1e[séets;rj——ﬁ(sL

The theorem is proved in Sec. 4
©—C, is known ([71, p. 55).

I is in a C7'-neighborhood
s in the Cge-neighborhood o
where §(e) + 0 for € » 0.

. The part of the theorem concerning motion for 7,

Remark 1. Condition 5) can be weakened.
Kt_ be covered by a family of nonintersecting s
and transversal to the curves Re ¥ = const.

Remark 2.

It is sufficient to require that the dof
mooth curves, symmetric about the real .

The condition satisfied by Yo in the theorem can be weakened to <<Cj

3. Discussion and an Example. In the limit (for ¢ ~» 0), the attraction to the
rium position and the separation from it on the slow-

function on the interval (%, %) is t

sidered in [2-4], the input —output function is constant for 1 < 1%: if the collapse t
precedes T3, then the separation time is Ty

—————— e

tIf n = 2 then we formally put y, = 0.




We give a simple example illustrating the construction in Sec. 2 and the behavior of the
ﬁput’OUtPut function.

EgégElé; Consider the inhomogeneous linear system described in compiex form as follows:

= (y—i)z+teh(y), z=xitixs, g=-e. (3.1)

‘n(y) be analytic for [Imy|<2. The slow solution z = 0, y = t becomes suitable for t =
The eigenvalue A; = T — i vanishes for t = i. The level curve ReW=1/2(z—i)%+1/2==const
Sing'through the point i consists of two straight lines cutting the real axis at the points
-1 and t}f = 1. The level curve Re¥ = const joining the points (-1, 0) and (0, 1) is a
enent of a hyperbola (Fig. 2). If the phase point is attracted to the equilibrium near a

e 106(—1, 0), then the theorem implies that the separation occurs near the time II(v) =t

s this is easily established directly. It is sufficient to pass from the point 1, to the
nt |[1,| along the hyperbola joining them. For z we obtain a linear equation with a purely
aginary eigenvalue and smoothly varying parameters. On the path considered, |z| is an
iiabatic invariant ([9], p. 154): its variation is O(e). If z(to/e) ~ Ve, then z(|14|/e) ~

and separation occurs.near [t,|. If the phase point is attracted to the equilibrium near
time 1, < 71, then 2(—1/e)=0(s). We pass from the point —1 to the point 1 in the t-plane
he segments [~1, i] and [i, 1]. TFor z we again have a linear equation with a purely

inary eigenvalue which, however, vanishes for T = i. TFar from the point i, the quantity
varies by an amount O(e), The main variation of [z| takes place in the neighborhood of
point i, and is calculated by the stationary-phase method.' This yields [2(1/e) | = ¥ 2ne| x o
[4+0(e) . If h(i) # 0, then 5 = 1 is the separation time.

‘T [2] the system |
2= (y—i)ztetvyz|z|?, g=¢, (3.2)

nvestigated; this system differs from (3.1) for k = 1 by nonlinear termé, which do not

a strong influence on the motion near the equilibrium, and the input—output function -
as for (3.1).

For the systems (3.1) and (3.2), 1% and 1% are joined by an arc of the curve ReV¥ = const
hich %:(Y(7)) vanishes at t.; the equilibrium position of the fast system X(Y(t)) is ana-
ic at the point t.. There are generalizations of these examples in [3, 4, 10].+ This
iever is not the general case. If M(Y(t)) =0, then the matrix df (X(Y (%)), Y (1), 0)/0% is
ngular and the function X(Y(t)) has in general a branch of the type vt — t,. The question

¢ to construct the input —output function for t < T;, in this case and in general for

1¢ general case, remains open. It is plausible to suggest that this function is constant
or rather large system classes.

~ Our problem is related to "duck" theory [8]. 1In general cases the phase point of a
ast=slow system moves for a long period near an unstable equilibrium of the fast system.

M'duck" exists when particularly favorable circumstances prevail simultaneously: in a
tem depending on a supplementary parameter, a "duck" exists for an exponentially small
erval of parameter values. However stability-loss persistence is a common phenomenon for
lYtiC systems. On the other hand "ducks' also occur in systems with finite smoothness,
le stability-loss persistence occurs in general only for analytic systems [5].

Proof of the Theorem. 4.1. Preliminary Transformations. Fix T-6(T], To) , let T = ;E

let X = K¢_, and let E=(&, &2 ..., En) =x—X(Y). We consider the complex curve L={E, y:
Q‘y==Y(TL 6K}, and write |+| for the Hermitian norm. ‘

;mﬂéthgﬂé*l* In the cgl—neighborhood of L, the'real—analytic va?iable c@angg g,y;~ﬁ§,y, )
Bl iffers by O(e) with respect to £ from a linear transformation and is linear with re

€€t to y, transforms the rapid-slow system (1.1) into the following form (we omit the hats
T the new variables):

_ E=A(y, e)t+0([5]?) 40 (e?),
1 g=el'(y, ) +e0(|&[?)+0(e®), F=g(X(y), y, 0)+0(s).
The m?trix A is block-diagonal, has the eigenvalues Ai(y, e)=M(y)+0(e), i =1, 2,...,n, and
Ntains two blocks of dimension 2 x 2 and (n — 2) x (n — 2), respectively. The first block
of the fom L (Aths  i(hA))
; [(As—Ay) AHAs

(4.1)

2
¥ :
The Separation time is incorrectly calculated in {10].
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a similar substitution causes the fre.

term into O(e?). In tﬁé.resulting system,
term to become O(e?).

B. To within an error O(e?), we reduce the matrix in the right side of the equatig
£, linearized about £ = 0, to the form indicated in Lemma 1. 1In a sufficient]
small neighborhood of L in which M (y) =A2 (¥) and Milg)#=n0i(y) , i=1, 2, j=3,..
the matrix S£(y) is similar to a matrix A(y) of the required form.
similarity transformation, we can arrange that the linear change of the variap

& and the matrix A be real-analytic with respect to y. This change reduces th
equation for £ to a form in which the matrix of the linearized right side is 5
‘O(e). This matrix is similar to a matrix A (y, &) =A(y)+O0(e) of the required forp
and the linear change of the variable £ in the similarity transformation can be
chosen to be real-analytic and differing by O (e) from the identical transformat
In the new variables the matrix in the linearized right side is A (y, £)4-0(e2?).

a similar variable change for this matrix, we obtain A(y, &)4+0(¢®) as the matri
the linearized right side, where A(y, €) is of the form indicated in Lemma 1.

C: We annihilate, with accuracy O(e®), the terms in the equation for y linear in g,
this end we make the substitution §=y-+eM(y, e)E, where M is a matrix to be det
mined. The new variable y satisfies the following equation (we omit the hats):

y=eG(y) +eMAg+e0 (E) +0 (e?).

M can be selected to eliminate terms linear in £ of order
on in the resulting equation eliminates terms linear 'in

Since A ig nonsingular,
€. A similar substituti
and of order e2.

LEMMA 2. In the c¢;'-neighborhood of L, there is a real-analytic variable change %
O(lg|?) in the system (4.1), eliminating some of terms quadratic in £ so that, if the new
variables £; and £, (the hats are omitted) are replaced by the variables z2=f;4-if;. and w

if,, then the right sides of the equations for z and w contain no quadratic monomials in z
and w, respectively.

Proof. If Ay 20, 1 =1, 2,...,n, then the relevant quadratic terms are nonresonant
and can be eliminated by virtue of the Poincaré—Dulac theorem ([9],.p. 168).

4.2. Conditions Ensuring That the Imaginary Part Vanishes. Let g(t), y(t) be a sol
tion of the system obtained from (4.1) after the transformation in Lemma 2, and let the i
tial data g(t,) and y(t,) be real.

LEMMA 3. 1If, in the plane of the complex time t, a solution g(t), y(t) can be conti
ued analytically into a neighborhood U of a segment of the real axis, then it can be cont
analytically into U, and &(t) = e(t), y(¥) = y(£) for t6UUT ; a bar over a symbol indicat
the complex conjugate. .

The proof is obvious.

We introduce the notation Z=E+if and w=E&—if; . and rewrite the system in the varia
z W, =8, ..., & > and y. The foregoing implies that, for real-analytic solutions, we h
w(t) = z(t). This condition will be used instead of the differential equation for w. Hen

2=M(y)z+0(|E]2) 40 (e?),

N=B(y)n+0(|£]2)+0(e?),
g=eF (y)+e0(]&]2) +0(e?).




ity we omit the argument‘n + m in the right sides. TInstead of n + m ordinary dif-

al equations, we obtain n + m — 1 differential equations with time-lag for imaginary
of the argument. -

3. The Initial Part of the Motion. Let z(t), n(t), y(t) be a solution of the origi-
tem written in the variables z, n, and y of Sec. 4.2. Results in [7] (p. 55) imply

f the initial point is in the Cy’-neighborhood of equilibrium, then for some f=fto+0 -
"’ a solution is in an O (g) -neighborhood of equilibrium. Let the constant C; be arbi- ;
nd let Cs be such that, if |yo|<<Cee and |Bo| >Cse, then |z(fo)|>e. For these B, and Yo }
take t, to be the first time t > t, for which |z(t)]| = e. '

4. Preliminary Construction for the Main Part of the Motion. A. We write Ye(t) for
ution of the modified slow equation ¥ = ¢F(y) with the initial condition Y. (et;) =

. T
introduce the "phase" Wy(1)= iz&d)@(ﬁ))dﬁ » and consider arcs of level curves Re¥ =
, T B
the upper half-plane of the complex variable T with ends on the real axis. Let T
arc with left end et; and right end denoted by Il(gt) . Clearly II,(et;) =II(to)+O(e]lne]).

be the domain of the t-plane bounded by Tc and T, and let S(T) be the part (sector)
domain to the left of the line Ret = T.

In the right side of the equation for n in (4.3) we leave only the first term, and
Y(t), v€K, v=const. This yields a linear system for n depending on the parameter t.
11, the eigenvalues of the matrix of the system have negative real parts. In.this
follows from ([1], p. 272) that there is a quadratic Lyapunov function Vi(n, 1) whose
ive, calculated in accordance with the system, is —|n|2, and ¢;![n]2<<Vi(n, 7) <<cs|n|?,
/0t[=0(|n|?). If 1 is in the upper half-plane, then we change the independent variable
‘esulting linear system as follows: We consider the level curve ReVY = const passing
the point T, assume that the time t varies along this curve, and use the arc length
I"along this curve as the new variable. If t is in the lower half-plane we make a
variable change using the conjugate level curve. GCondition 4) in Sec. 2 implies that

ces of the systems obtained have eigenvalues with negative real parts. For these
‘there are Lyapunov function satisfying the same bounds as V,. '

+ The Principal Part of the Motion. By virtue of Sec. 4.3,|z(4) |+ n(t)]| <cue, and
theorem ([12], p. 23) implies that the solution z(t), n(t), y(t) can be continued

ally into some disk with center at t;, and so into a sector S(T) with the conserva-
the inequalities

|2(t) | <2ese, In(2) | <23 cee, [y(t)—Y,(et) | <e. (4.4)

te T, for the upper bound of values of T for which the solution can be analytically

d into the sector S(T) with conservation of the inequalities (4.4): S, = S(T,). Our
e is to prove that el =II,(et).

st estimate y(t). It follows from (4.3) and (4.4) that j=-=eF(y)+0(e®) for |y(¢);
o) | =0 (o) <12,

t: consider [n(t)|. Each point of the sector 5, can be reached from t, by passing
ong the real axis in the direction of increasing Ret, and then along an arc of the
tve Re¥. = const in the upper half-plane or along the conjugate arc. On the real
: (4.4), and the definition of V, imply that y,= —|n|2+0(|n|e?). Hence |n(#)]|<<
t.real t. On the arc:of the curve Re Y. = const or the conjugate curve, we can use

2,3 to prove similarly that |y(f)|, [n(f)|. By employing Vj we can also prove
O(#).whm1Ret>¢f+cﬂlneL

er [z(t)|. From (4.3), (4.4), and the bounds of [y(t)| and |[n(t)]| we conclude

2=A;(Ye(et))2+0(a), (4.5)

where a = g2 for Ret<<ti+cs|lneland o = e? for Re =t -+cs|ln¢].
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the interior of the domain defined by relati
the second conclusion of the theorem.
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T, be the maximum time for which relations

T iTNsu wsvicases as long'g
M\ iTerm. Hence |2(7) [ <C3/2 for £6S,. ‘

Hence, for @S, inequalities (4.4) hold with a margin of safety. If T <Ile(sty) , i
Cauchy's theorem implies that the solution z(t), n(t)

into a sector S(T), T > Ty, with inequalities (4.4) conserved. _

the definition of T,, and soe?}==[&(eh)==11(m)ﬁ—0(ﬁlhlSl). Using inequalities (4.4) 4

t and returning to the original variables, we obtain the first conclusion of the theora
4.6. The Separation Region. If [Bo|>Cse and [v0] <Cge,

that [2(#)) | =, Thus, by virtue of Sec. 4.5, for Ty=¢1I,
[Inel) >1/2, IZ(TJ)l=0(8))?’l(fi)l=0(82)
when |

then results in Sec. (4.3)
(et1) , we have [2(Th) |=]2(t) |40
» and ly(YH)“"Y(873)1==O(6)- It follows from (5.4)

[2I<e7, |z1=1/4e, [n|<cpyTa], l9—=Y (eT1) | <c5?
the following relations hold:
cﬁkp<ﬂ4ym<qq4{p%<fﬁkp

’ !/=O(E)
Hence, if the phase point is in the domain defin

ed by (4.7), then

120)[> - eexp (e (—7)/2), Vignen, &) <culz(f) |4

M) | <eanlz(f) ]2, y(2) =Y (eT1)+0(e) (t—T1+1).

Let c;3=max {2¢;, (2¢12¢8) 23}, For 2| <c} the inequality C12,212:<—$-C'EIV |z2] holds.

_ (4.7) and the inequality t6[7y, 7,] " hold whe
z2(f)|<cy. It follows from (4.9) that I:<T)+0(|Ine]) and, for t = T,, the phase point

ons (4.7). Hence [z(T5) |=c7!, and this pro

The author takes this opportunity to thank V. T, Arnol'd for suggesting this subje
is discussion of the work,
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