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ADIABATIC INVARIANCE AND TRANSIENT RESONANCE IN VERY
SLOWLY VARYING OSCILLATORY HAMILTONIAN SYSTEMS*

D. L. BOSLEYTf AND J. KEVORKIANT

Abstract. Canonical averaging techniques are applied to very slowly varying oscillatory systems in
Hamiltonian standard form to very high orders, which are required for uniformly valid solutions. When
resonance is exhibited in these systems N —1 adiabatic invariants are found, reducing the original system
of 2N first-order differential equations to two differential equations that embody the resonance behavior.
Three examples exhibiting transient resonance are examined.

Transient resonance occurs when the leading-order frequency of the reduced system makes a slow
passage through zero. Depending on the rate of this slow passage, three distinguished cases are identified:
the subcritical, the critical, and the supercritical. For each case, asymptotic solutions are found illustrating
the nature of the resonance for certain classes of problems. In both the critical and superecritical cases, the
action (and correspondingly the energy) can undergo changes of O(1) or greater. Specific examples are
used to illustrate and numerically verify all results.

Key words. adiabatic invariants, averaging, Hamiltonian systems, near-identity transformations,
transient resonance

AMS(MOS) subject classification. 34E15

1. Introduction. This is a continuation of the work reported in Bosley and
Kevorkian [5] on very slowly varying oscillatory Hamiltonian systems; here we concen-
trate on the class of problems that exhibit transient resonance.

We consider the Hamiltonian system of 2N differential equations

dq, oh

(l.la) 7qt=apn = wn(pi’ t*)+8gn(pi’ qi’ t*; 8)7
dp, dh

(l'lb) __IZ—:_ =6fr|(Pi, qi, t*; 3)’ n=n=172"”’M
dt 34,

where the Hamiltonian h has the form
(1'2) h=h0(Pi7 t*)+€h*(P,, qi7 t*; E)'

The slow time is t* = £°¢, and ¢ is a small parameter, 0 < &£ < 1. Thus, w, =6ho/p,, g, =
oh*/dp,, f, = —0h*/3q,, and we assume that the functions f, and g, are periodic in
each of the g; with the same period 2.

Generally, any system (not necessarily Hamiltonian) of M equations in the form
(1.1a), and N equations in the form (1.1b) is said to be in standard form if the w, are
independent of the g;, and the f, and g, are 2z-periodic functions of each of the g;.
Although we do not consider the details here, our approach (as in the case discussed
in [12]) generalizes in a straightforward manner to non-Hamiltonian systems.

Periodicity with respect to the g; implies that h* may be expressed as a Fourier
series (either finite or infinite) of the form

o0

(13) h*= Y% --- X hE o (Dis 155 8) exp i(r g t 1o+ - -+ rngn).

ry=—00 rN=—00
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Consider a typical oscillatory term in this series, say,

a(p;, t*; €) exp i(rig, + rago+- - -+ rrqr),

where now we let r,, r,, - - -, rz be nonzero integers. Note, by a simple renumbering
of the variables, that any particular term in the series (1.3) can be redefined using only
the first R= N angle variables, ¢, ¢, - - -, qr- This term will lead to a resonance
between the variables q,, q,, - - -, qr if the associated frequency combination

(1.4) 05r1w1+r2w2+"‘+erR

vanishes at some critical time t* = 3.

As is well known (for example, see [12]) the usual approach for calculating a
solution by averaging near-identity transformations breaks down for times in some
neighborhood of ¥. If the condition o =0 persists for times t* — & = O(1) or longer,
the solution is said to be in sustained resonance, and this is discussed in [5]. Here we
focus on transient resonance, the case where o makes a single slow passage through zero.

The above problem for the case where h depends on the slow time 7 = et has been
thoroughly discussed in [12] and the references cited there. The basic idea is to isolate
the critical combination of angle variables

12 T,
(1.5) h=q+= gt + =g,
r ry

corresponding to the resonance (1.4), then remove the N — 1 remaining angle variables
from the Hamiltonian to any desired order by means of a near-identity averaging
transformation. As a result, the N —1 momenta, corresponding to the removed vari-
ables, are adiabatic invariants, and the transformed Hamiltonian depends only on the
g, angle variable. This defines a reduced problem of order two that embodies the
resonance behavior.

The generalization to a dependence on the slower time t* = £t is not trivial. The
principal difficulty is that expansions are required to very high orders to derive uniformly
valid results for the very long times (t = O(1/¢?)) considered. Also, in the case of
transient resonance the reduced problem often cannot be solved analytically. This was
pointed out in [10] and will be discussed fully in § 3 of this paper.

In some problems it is possible to have two or more frequency combinations of
the form (1.4) that vanish simultaneously. This feature is pointed out in [12] but is
not discussed in detail here. Because the reduced problem for such systems is of order
four or higher, chaotic behavior may occur, as discussed by Hoveijn and Verhulst [8]
for an example where the frequencies are constants. For a more general discussion of
averaging methods, see Sanders and Verhulst [15]. In particular, [15, Chap. 5] contains
a discussion of systems with slowly varying frequencies and passage through resonance,
and [15, Chap. 7] is a discussion of various fixed resonances for constant frequency
Hamiltonian systems. Additional results for transient resonance and a proof of the
validity of certain asymptotic solutions can be found in Sanders [14]. A discussion of
the rigorous background and mathematical theory for averaging methods can be found
in Lochak and Meunier [13] and the references cited there.

Numerical integration of rapidly oscillating functions over long times is very
difficult. For smaller values of &, numerical integration not only yields inaccurate results
but requires an impractical amount of time. On the other hand, due to the very large
number of terms, high-order asymptotic expansions often cannot be calculated by
hand. The solution technique presented here and in [5] relies on the use of symbolic
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manipulation programs, which not only keep track of these terms but can be program-
med to automatically execute a significant portion of the solution procedure. While
still containing a large number of terms, the resulting solution can nevertheless be
easily evaluated with the symbolic manipulator’s automatic generation of FORTRAN
code directly from the derived expressions.

In § 2, we review the averaging procedure basic to this work. This procedure is
discussed in [5] for a general Hamiltonian system in the absence of any resonances.
Section 2.1 summarizes the modifications necessary to this procedure when a single
resonance is present. As for the case where h depends on e¢t, the original problem
defined by a system of 2N first-order differential equations can be reduced by an
averaging procedure to a system of two first-order equations; this is accomplished with
the identification of N —1 adiabatic invariants that are valid through the resonance.
The reader is referred to [4] for more details. In § 2.2, we consider three examples to
further illustrate and numerically verify the procedure. The role of symbolic manipula-
tion is indicated throughout.

In § 3, we examine the reduced problem for transient resonance resulting from
the averaging procedure and examine several cases that correspond to different
behaviors for the leading-order frequency across the resonance region. Three cases are
distinguished: the subcritical, the critical, and the supercritical.

In the subcritical case, an asymptotic solution valid across the resonance for a
general class of problems is found. Also, we introduce an improved matching procedure
that results in a more accurate postresonance solution. This procedure has a wider
range of applicability than in the present context.

In both the critical and supercritical cases, the action undergoes changes of O(1)
across the resonance, which often creates difficulties associated with the interior layer
solution. For certain problems in the critical case, an interior layer solution is available
and can be matched to the solutions away from resonance. In the supercritical case,
even though solutions to the interior layer equations are available, these cannot be
matched to the solution away from resonance, prohibiting a valid solution in the
resonance and postresonance regions. These difficulties were not encountered for the
t = et case.

2. Averaging for very slowly varying oscillatory Hamiltonian systems. The procedure
for averaging the system of equations (1.1) is discussed in detail in Kevorkian [12, § 4]
for the case of slow variations depending on = et. In [5, § 2], Bosley and Kevorkian
extend the results for a general oscillatory Hamiltonian system to the necessary orders
for uniformly valid solutions for the case of very slow variations depending on t* = £°t.
Here, we focus on the case where a solution passes through a given resonance,
summarizing the results in [5, § 2.2] for reference purposes.

2.1. Adiabatic invariants and the reduced problem for a given resonance. As is well
known (e.g., see [12]), the ususal procedure for solving the system (1.1) by averaging
near-identity transformations breaks down in a neighborhood of the resonance. Reson-
ance is defined as the vanishing of o, the following critical combination of the O(1)
frequencies of (1.1):

(2.1) o(pi, t*)=row, +rw,+ -+ ryog,

where r, r,, - - -, rg are R nonzero integers. If the w, depend only on t* then (2.1)
is an a priori known function of t* and its vanishing corresponds to some critical time
t*=t¥. In the general case where the w, depend on the p;, (2.1) is evaluated along a
solution of (1.1).
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Singularities arise in the form of o-divisors in the solution derived by the ususal
averaging procedure. Therefore, when a resonance is present in (1.1) we first isolate
the critical combination of variables associated with this resonance into a single angle
variable before eliminating the rest of the g;. We define a time-independent canonical
transformation from the (p;, ;) to new variables (p;, §;) given by

_ r 'r
G=qt— g+ - -t+—gg, P1= D1,
r r

r

42, =qa, 132=P2__2P1a
r
. _ r

(2.2) : PR=PR_r_RP17
1

Pr+1= PR+15

qn, = 4N, PN =DPns

which isolates the resonance into a single variable, §,, allowing elimination of the rest
of the g; from the Hamiltonian. The new Hamiltonian is simply the old Hamiltonian
with the (p;, q;) expressed in terms of the (p;, q;). Because this transformation has
isolated the resonance variable, this new Hamiltonian can be written in the form

h(Bis @is %5 €) = ho( Bis t*)+ e[Bi( By %)+ B (Bis G1s 1)+ s (i, G, 1))
+&’[ho(Biy %)+ hoe(Bis Grs %)+ Bos(Bis @, %)+ O ().
The underbar represents the averaged part of the Hamiltonian, while the underhat
indicates a zero average over the §;. The critical terms, indicated by a subscript c,
contain all resonant behavior associated with g,, while the remainder of the oscillatory
part, indicated by a subscript s, contains all nonresonant terms.

The averaging procedure is based on finding the generating function F(P;, g;, t*; )
of a near-identity canonical transformation to new variables (P;, Q;) so that the
transformed Hamiltonian H(P;, Q;, t*; £) is independent of Q,, - - -, Qn. The generat-
ing function is assumed in the expanded form

(2.3)

N
(24) F(Pi, qiy t*; 8) = Z Eqi+3Fl(I)i7 qi’ t*)+82F2(})i, qiy t*)’
i=1

i=

and F,, F, are chosen to eliminate all nonresonant terms from the Hamiltonian (2.3)
to O(e?). The final Hamiltonin takes the form

H(P, Q, r €)= Hy(P, t*)+3[1_'11(1')i, t*)+I:Ilc(E, Q1 t*)]
(2.5a) +&’[Hy(P, t*)+ Hyo(P, Q, )]+ &’ Hy(P, t¥)
+IA_I3(R’ Qi7 t*)]+ 0(84)3

where

(2.5b) Ho(P;, t*) = ho(P,, t*),

(2.5¢) H\(P;, t*) = h(P;, t%),

(2.5d) Hi (P, Qy, t*)= (P, Q,, 1%),

(2.5¢) H,(P;, t*)= Ez(Pi, t*)+ Z,(P, 1),
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_ ol oF
(2'5f) I;IZC(R’ Ql, t*) = ch(I)iy Qla t*)+Z2c(R’ Qla t*)_ A_l __1-’
9q, 0P,
and
- dF,
(2.58) Hy(P;, 1%) = hs(P,, %) + Z3( P, 1) + 5= 0.

The functions Z, and Z; are defined in [5] and are not repeated here. The details of
these calculations, including the expressions for F, and F,, are given for three specific
examples later. The general formulas are found in [4].

Note that H,, given in (2.5f) contains reference to an arbitrary averaged function
F,. The choice of F, therefore is significant in two ways: in accounting for averaged
terms of O(&?), which become O(¢) over long times (t* of O(1)), and as a contribution
to the resonant terms in the O(e?) Hamiltonian.

Because Q,, Qs, - - -, Qn are removed from the Hamiltonian to O(&?), the associ-
ated conjugate momenta P,, P;, - - -, Py are constants to O(g”). In the case of reson-
ance, these are the N —1 adiabatic invariants that remain valid through the resonance;
they are constant to O(e?) for times t = T, with T = 0(1/¢7). By inverting the near-
identity and isolating transformations, we find the adiabatic invariants as functions of
the original variables (p;, q:),

I oF,  _ _
PnE&gn(pia qi, t*; 3)=Pn_r_P1_5 _I(Piy qdi, t*)
1

3G,
oF N 3’F, oF
(2.6) +82<" _2 (Pis Gis 1)+ X '__“l_ __1>
3G j=104.9P; 49,
=constant+ O(&?)

for n=2,3,---, N, where the evaluations of the partial derivatives at (p;, q;) are
replaced by the substitutions (2.2) (note that r, =0 for n> R). This function of the
original variables is a constant of the motion to O(&?) along solution trajectories. In
§ 2.2, we illustrate this feature for two different examples.

One notable advantage of this solution technique is its suitability for symbolic
manipulation programs. The entire procedure just outlined in §2.1 can be fully
automated on SMP. After entering the Hamiltonian in standard form, the programmed
steps include isolating the resonance, eliminating all nonresonant terms by solving for
the O(e) and O(e”) generating functions, solving for the averaged O(e”) terms to
determine F;, simplifying the final Hamiltonian, and inverting all the transformations
for an asymptotic solution of the adiabatic invariants in terms of the original variables.
On a VAXserver 3500 running Ultrix-32 v3.0 with 12 MB of RAM and 51 MB of virtual
memory, SMP version 1.5 took approximately 20 minutes of CPU time to execute this
procedure for the problem described in § 2.2.1. The peak amount of memory required
was approximately 12 MB. This procedure probably would have taken less time and
have required less memory if run on later versions of SMP or perhaps on another
symbolic manipulator such as MACSYMA or Mathematica; the factorization
algorithms (which are time and memory intensive operations) have been recently
improved.

In contrast, the CPU times for numerical solutions of the systems of equations
given in (2.2) vary according to the value of &. For £ =0.01, a numerical integration
takes on the order of one to two minutes to integrate to a value for t* of O(1); for
£ =0.001, the time required increases by a factor of 10%, i.e., approximately one to two
weeks.
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When a resonance is present we find N —1 adiabatic invariants (2.6), and the
system of differential equations (1.1) of order 2N is reduced to a system of order two,
for the variables P; and Q,,

dQl I:aI__Il ach ]
=o(P, t*)+ P, t*)+—==(P, r*
dt 0( i’ ) € 6P1( is ) aPl ( is Qla )
(2.7a) H H
8_2 a 2c
+e? | == (P, t*)+—==(P, ¥ 1+0(?
€ [aPl( is ) E)Pl ( is Ql,t ):| 0(8 )7
dP H H
(2.7b) T 0e(p g, ) -2 22 (P, Q,, )+ 0(e).

dt an an

This is the reduced problem we consider in § 3 for the case of transient resonance. The
same reduced problem is discussed in [4] and [5] for the case of sustained resonance.
All remaining P, are constants and the remaining Q,, n=2,3,----, N are found as
quadratures once the solution for the system (2.7) is known. All that remains is to find
uniformly valid solutions to the two coupled differential equations (2.7) throughout
the resonance when o(P;, t*)=0.

2.2. Numerical verification of adiabatic invariance. To illustrate the procedure
discussed in § 2.1 for a general Hamiltonian, we examine three examples. The analytical
results are summarized for each example; for the first two examples the original
action-angle systems are numerically integrated and the results substituted into (2.6)
to assess the accuracy of the derived adiabatic invariants.

2.2.1. Two quadratically coupled oscillators. We consider the two weakly coupled
oscillators of the form

d’x
dt21+w%(t*)xl = 5x§,
(2.8)
d’x, | 5 .
dt2 +w2(t )xZ=82XIX2.

These equations were studied in [10] for the case where the w; depend on 7= et, and
correspond to the standard form Hamiltonian

h(pi, gi, t*; €) = 0,(t*) p, + w2(1*) p>

P2

29 +
(2.9) % 0n

2p, . . . .
w—' [sin (g, —24,) +sin (g, +2¢,) —2 sin (¢,)]
1

dw, . dw, .
+32[2’% F*l sin (2q,) +2£;— F’: sin (2q2)] .
1 2

The angle variables, g;, and the corresponding actions, p;, are given by

(2.10a) q; = arctan (wij> ,
Xj

-2 2.2
=xj+wjxj

(2.10b) Dj

b

2(1)j
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and we see from (2.9) that the resonance o(1*) = w,(t*) —2w,(t*) =0 is present in the
Hamiltonian to O(e). We therefore isolate the resonance combination g, —2q, into a
single variable g, using the time-independent transformation

41=q,— 249, P1=p1,
4>=q>, P2=p2+2p;.

This is an exact canonical transformation, which gives us the new Hamiltonian

_ 2
B G 5 €)= 0n(1) = 200151 n(1%) ot e 22 2P\ [PP2sin )

8172_2]31
2(02

(2.11)

2Dy . _ . _
(2.12) + % [sin (g, t44G,) —2sin (g, +24,)]
1

pl dw 2P1 dwz .
€ [2 1d*sm(2q1+4qz)+ s dt* sin (24,) |.

Note that the first term in the O(e) Hamiltonian is the resonant term, which will not
be eliminated by the near-identity averaging transformation. Solving for the generating
function (2.4) for the averaging transformation, we find

—-2P /2P
Fl( qta t*) = 22 : :
Wy w,

. [cos (41+44>) 2 cos (§,+24)
w1+2w2 W

(2.13)

] +EI(P1, t*),

where F) is the undetermined function that will be chosen to eliminate all averaged
terms from the O(e*) Hamiltonian, and

(4Pi—P)) (P,—2P)’

Fy(P, g, t*) = in (24, +83,) +
2P, G;, t*) 5sin (24, +84,) 16,03 (@: +207)

B 16w,03(w, +2w,)
(P,=2P)P, . __
— 2g,+2
oo —wy " (24, +24,)
(2P1—P2)(2P1w2— Py(w,— w,))
dwiw3(w;+ w,)(w,+2w,)
_ (2P, — P,)(4P 0, — Py(w, +2w,))
4olwi(w,+2w,)
_ (2P, = P,)(P, (40, + 10w,) — P,(2w, +3w2))
4(01(02((01 +2w2)

sin (44,)

sin (24, +64,)

(2.14) sin (24, +44>)

in (24,)

P, dow, —2P, dw,
+—d— os(2q1+4q2)+ FRER

For this problem, the O(&*)-averaged Hamiltonian is zero; therefore we set F, equal

to zero, so that only oscillatory terms remain in the O(e®) Hamiltonian. The final
Hamiltonian, which has the Q, dependence removed to O(&?), is given by

P,-2P, [2P
H(P, Q,, t*;5)=0(1*)P1+w2(1*)Pz+8( 22 1) sin Q
W, w,

+e 2 (P2 2P1)(P1(6w1+ 16(1)2) P2(5w1+8w2))
8wiwi(w,+2w,)

—Z cos (242).

(2.15)

+0(&%),

where o(t*) = w,(t*) —2w,(t*). The elimination of Q, from the Hamiltonian to O(&?),
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indicates that P, is an adiabatic invariant to O(e?). The adiabatic invariant (2.6) in
terms of the original action-angle variables becomes

P,=oA(p;, q:, t*; €)

=2p,tp,+ 8@2 \ /gﬂ [Sin (9. +2g>) _Sin (ql)]
> W w,+2w, o,
+e [P2(4P1w1+p2(3w1+8w1w2+8w2))
2‘”1‘02(0)1+2w2)

p;
4w, 03w, +2w,)

2pip>

2.16
(2.16) olwkw+207)

cos (2g;) — cos (49,)

PP p2(4p1wr— prw,)
———5————c0s (29, —2q,) ———F—""T"=
oo —wn O T2 o F )

cos (2q,)

Ple(w —2w,)
- 2q,+2
T30y + ) (w1 + 20 08 G024

+£15 %—* sin (2q1)+2 > Zw*
Expressions (2.11) through (2.16) have all been generated by an automated procedure
programmed for use on SMP.

The function of the original variables, which is the adiabatic invariant (2.16),
should remain constant to O(e”) through the resonance. To verify this, a numerical
integration of the four first-order differential equations arising from the original
Hamiltonian (2.9) in the original variables (p,, q;, t*) was done using differential
equation subroutine DDRIV. The functions @; and w, were chosen to be

w0, =2—1r*

sin (2q2)] +0(e?.

(2.17)

11
w,=5+31%,

sothat w, —2w, =0at t* = 1. For Figs. 2.1 and 2.2, the other parameters include £ = 0.05,

1.2

10

0.8

0.6
T

P>

0.2

i L i !
0.4 0.6 0.8 1.0 1.2 1.4 1.6

t*

0.0
T

F1G. 2.1. Passage through resonance for quadratically coupled oscillators.
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FIG. 2.2. Adiabatic invariant for quadratically coupled oscillators.

initial conditions p,=0.25, p,=0.5, q,=0.0, ¢,=0.0, and integration range t*=
[0.0,2.0]. The numerical results of this integration were then substituted into the
algebraic formula (2.16) for the adiabatic invariant &/, and this function plotted with
the graphs for p,, p,, and the O(1) adiabatic invariant, 2p, + p, (see Fig. 2.1).

The function ( p;, g;, t*) proves remarkably constant through the resonance (see
Fig. 2.2(a), an enlargement of the top curve of Fig. 2.1) and in general for long times.
Other values of £ and other initial conditions have been used and the same qualitative
agreement has been found.

In Fig. 2.2(b) (an enlargement of the « curve in Fig. 2.2(a)), we see that the
adiabatic invariant has an oscillatory behavior of very small magnitude due to the fact
that oscillatory terms were not removed by the near-identity transformation from the
O(&’) Hamiltonian. Using several different values for ¢, we can find a rough approxima-
tion for the order of the error in the adiabatic invariant (which should be O(e?)) to
verify this as the cause. Assuming that the small oscillations in &/ are due to an error
of O(&*) and that [max &/ —min | is a linear measure of the error, we use the equation

(2.18) |max s —min of| = Ce*

to find the order K. We integrate the differential equations numerically over ¢t =[0, 40]
for £ =.05, .02, .01, .005, and .002 and use the computed values of & and the known
values of € to solve for C and K in a least squares log-log fit (see Fig. 2.3).

Using the same initial conditions as for Fig. 2.1, we find that K =3.0023 (with
C =29.30), in excellent agreement with the theoretical result of O(g®). The value of
C is large due to the great number of terms in the O(e®) Hamiltonian, even for this
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F1G. 2.3. Order of the error in the adiabatic invariant.

relatively simple problem. The substantial agreement between the numerical results
and the analytical asymptotic result give high confidence in this method for reducing
the set of differential equations.

From the final Hamiltonian, we obtain the reduced system of two coupled differen-
tial equations

dQl 3H * (&i—6P1) 1 .
2.190 ar ap, C e 2w.p, 0
1Ya
244 3w, +8w
+e? - 2 P]+O :
Ao n) o
dP oH A —2P, ,2P
(2.19b) d_t1= —5= —E% —w—ICOS Q,+0(&?),
1 2 1

where P, has been replaced by the constant adiabatic invariant &. This final system
is equivalent to the system of three equations with one constant found in Ablowitz,
Funk, and Newell [2, § 3].

2.2.2. Triad resonance for three oscillators. The present approach is the same for
any number of resonant combinations. To illustrate this, we study a second example
of a system of three coupled oscillators of the form

dy,
(2.20) —ZH 0Ny = ey,
where t*=¢’t; i,j, k=1,2,3; and the «; are positive O(1) constants. For this system
all three frequencies contribute to the possible resonances, given by

(2.21) w;tw;—w,=0.

This system has also been discussed in [2] and [7]. There has also been significant
study of the resonance structure of the system of three oscillators with a more general
quadratic coupling for constant frequency systems (e.g., see [15], [1], and [8]).
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By noting the simple transformation, x; = (k ij)'/ %y;, we set the constants k; = 1
without loss of generality; also, due to the symmetry in the problem, we will consider
only the resonance w, +w,— w; =0, as the oscillators can simply be renumbered. The
system (2.20) is changed to standard form using the same transformation (2.10) as for
the two coupled oscillators. The resulting Hamiltonian is

h(pi, qi, t*; €) = 0,(t*) p, + 0, (1*) p, + w3(1¥) p5

+e \/21’1’;‘03 [sin (¢:+¢>+5)
[OFYOPYORY

(2.22) —sin (q;+q,—q3)
—sin (g, — g, + ;) +sin (g, — g, —g5)]

3
pi dw; .
+g2 igl 2—‘01 F sin (2g;).

We summarize the results. To isolate the resonance, we define

G1=q+9,—qs, P1=D1,
(2.23) q2,=q2, 132=P2_P1a

ds,=qs, D3=p3tp;.
Then we use the near-identity averaging procedure of § 2.1 to find the final reduced
problem for Q; and P, corresponding to (2.7)
dQ, _oH " (BPI+2(sty— As) P — sArA;)
—=—=0(t")+¢ si
dt 4P 2V2w w05 P (s, + P)(sf;— P))

n Q,

A o
(2.24a) PRI [ 2 2
w,; —

4w 0,03 w,tw; o, tw,tw;

W+ 0+ 0;3)° — 4o
+P, (w, 2 3) 103

] +0(&?),

(wl - ‘02_‘03)(‘01 —w,+ w3)(w1 tw,+ ws)

dP, ﬁ—s \/Pl(&qz"'Pl)(&fs_Pl)

(2.24b) &0,

cos Q,+O(¢?),

2w 0,05

where the two adiabatic invariants corresponding to P, and P; have been used in (2.24)
and are given in terms of the original action-angle variables by the expressions

P,=sl,(pi, qi, t*; €)= p—

—E

2p1p2Ds [Sin (91— 92— q5) _Sin (g1— g+ ‘13)]

W W,W3 W, — Wy — Ws W — Wt w;

+g2 [ 1 {P1P2+P1P3_P2P3_P1P2_P1P3+P2P3}

40,00, (wl_wz_w3)2 (wl_w2+w3)2

1

20’1‘02&’3(‘01 —wy— w})(wl — 0+ w;)
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P1( P23+ p3w, — p3w,)

: {ps(pz—pl) cos (2g;) + ° cos (24;)
1
_Pz(P1w3_P3w1+P3w2) cos (2q2)}
(5]
(2.25)
PiPs
- cos [2(q,—q5)
40 0r0; {(‘01_‘03)(‘01_‘02_‘03) L (ql 4:)]
PiPs
cos [2(q,+
(w1+w3)(w1—w2+w3) [ n ‘13)]
Pa2Ps
cos [2(g,—
(0~ w3)(w; — W+ ws3) [2(g: q3)]
P2D3
cos [2(g.+ q5)]
(@t @3)(@; — 05— 3) T
2w3Pp1 P2
: cos [2(q, — )]}
(1= @) (@n — w2 — @) @r — st ay) S AT
pl da)l . pz dwz .
_2(0% FSID (2q1)+2_a)% ESln (2q2)] + 0(83)
and

Py = of(p;, qi, t*; )
_ 2pipaps | sin(gi—q.+¢q5) sin(qi+q,+qs)
=pstpi—¢ -
W WrW3 W, — W+ w; 0, +w,+ w;
2 1 P1P2—PiP3tPaPs  PiP2tpiPstpr ps
+e >+ >
4w,005 | (0;— w,+ w3) (0, + w,+ w;)

1

_2w1w2w3(w1 —wy+w3)(w,+ 0, + w;)

: {Pz(P1+P3) cos (242)+p3(p'w2_52w1 ) cos (24)
3
_pl(pzwl *paws ~ pyes) CcoSs (2‘11)}
W,
(2.26)
PP
_ 2 —
4w ,0,0; {(w1 —w,)(w; — w,+ w;5) cos [2(g: ~ q2)]
PP
+ 2(g, +
(@, + @) (0, + 0y + w3) cos [2(g,+¢2)]
P2Ds3
- cos [2(g.—g5)]
(03— w3)(w — W+ w3) [2(42—as
P2ps
2(gq,+
(s + @3) (@, + 0y + @3) cos [2(g>+g3)]

2w,p1 D3
(o, +w3)(w1 —w,tw;)(w, +wz+w3)
d d
Pr 291 i (2q,)+& £ Gin (2q3)] +0(&?).
w3

202 dt*

cos [2(q1+q3)]}
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We note from the above expressions that our results may have other potential
zero divisors; we have only removed the divisor o = w, + w,— w;. For given functions
w,;, w,, and w; of t*, these divisors may vanish at individual times, or two or more
may vanish simultaneously. Although it is possible to compute adiabatic invariants
that remain valid for two or more sequential or simultaneous resonances, we do not
discuss this procedure here. Some comments can be found in [11]. In the more general,
but constant frequency systems discussed in [15] and [8], it is the presence of simul-
taneous resonances that leads to nonintegrability of the systems and the presence of
chaos for certain frequency ratios.

To verify the formulas representing the adiabatic invariants, we numerically
integrate the six first-order equations resulting from the original Hamiltonian (2.22),
then substitute the results into &/, (2.25) and 5 (2.26). Using the frequencies

w; = %+%t*9
(2.27) w,=1+1r%,
w3 = 2+%t*,

and the initial conditions p, =0.75, p, = 0.5, p; =0.25, and q, = ¢, = q; =0, for the value
e =0.05, we integrate the interval t*=[0.0,2.0]. In Fig. 2.4 we show the interaction
between the three oscillators as the system passes through resonance at t* =1.

e L
0 12
2+
o
S P2
< L
=)
P3
N
=)
L
S | ' 1 L 1
0.0 0.5 1.0 1.5 2.0

t*

F1G. 2.4. Passage through triad resonance.

In Figs. 2.5 and 2.6, we illustrate the adiabatic invariants &, and &5, on plots of
p>—p: and ps+p,, respectively. Although the formulas describing the adiabatic
invariants have a significant number of terms, evaluation is not difficult as they were
derived on the symbolic manipulator SMP from which the FORTRAN code is directly
generated. Constancy of these functions to O(e”) is again excellent as indicated.

2.2.3. Resonantly forced oscillator. Passage through resonance for the linear oscil-
lator with slowly varying frequency and small harmonic forcing function has been
discussed by Kevorkian [10] for variations depending on the slow time t =¢t. In
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| P2 — P1
% L A,
T it
§ - 1]JHHI“HHW\HH’”” ‘l ”\w\‘”I\‘J.\‘\_‘Jm\w\'\ ”H\Mﬂhm i M‘m
co\: L
OI. _014 0i6 0(.8 1‘.0 11.2 11.4 1.6
t *
F1G. 2.5. Adiabatic invariant 1 for triad resonance.

) P3 + P

A
=) 1 1 ‘ mmrmn' i AR A
gL {l‘}m‘wl‘v‘“.'lblll"l’“‘”hll #l‘ﬂlt“‘”‘“{”lw’rlii}i |H|H|“|“Ib‘ll‘]“‘"" ‘HWMM”I e
s _0.14 0.|6 O.k8 1.|0 112 114 1|.6

t*

F1G. 2.6. Adiabatic invariant 11 for triad resonance.

addition, Kevorkian [9] discusses the solution to the resonantly forced oscillator, as
does Gautesen [6] when the forcing term is O(1). Here, we consider very slow passage
through resonance-for the oscillator

(2.28) i+(1+0a(t*))>x = —eA cos (t+6),
where we restrict A >0 without loss of generality.

To use the averaging technique of § 2.1 and find the reduced system, we augment
the equation by defining g, =t + 6, an additional angle variable, so that (2.28) follows
from the Hamiltonian
X+ (1+0)*x?

(2'29) H(x’ x" 92, D2, t*; 8) = 2

+p,+ exA cos q,.
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We use the usual action-angle transformation for x, X given by (2.10), where p, and
g, are the action and angle variables, respectively, associated with x(¢). The new
Hamiltonian, now in standard form, is

h(q;, pi, t*;8)=(1+0o(t*)) p,+p,

(2.30) +s)\\/m[sin (g1 —q2) +sin (g, + q2)]

&2 o'(t*) p,
21+ o (%))

Using the procedure outlined in § 2.1, we isolate the resonance into a single
variable and average the system using the near-identity transformation. The resulting
reduced problem corresponding to (2.7) is then

4, _ A 3
” _a(t*)+£2(2P1(1+a))1/2 sin Q; + O(¢°),

dP, [ P, ,
. ~1_ +
(2.31b) ar €A 21+0) cos Q;+O(¢g%),

where the dependence of P; and Q; on the original action-angle variables is

A 1
(2.32a) Q,=¢q,—(t+ 0)+£2(2+a-(t*)) \’2p1(1+a-(t*)) cos (g, +t+6)+0(e?),
_ A J 41 .
(2.32b) Pl—p1+82+0_(t*) \/2(1+0‘(t*)) sin (g, +t+ 6)+ O(&?).

In § 3.4, we discuss an exact solution of (2.31) if the terms of O(e?) are ignored.

sin (2q,).

(2.31a)

2.3. Discussion of averaging results. For a complete solution to the problems
mentioned in § 2.2, we must find uniformly valid solutions (though the resonance
region) to the reduced systems of equations (2.19), (2.24) and (2.31). It is important
to note that although we have only discussed weakly nonlinear examples here, the
results obtained from the averaging procedure of § 2.1 are more generally valid and
also apply to strongly nonlinear systems and to constant frequency systems, once they
have been transformed to the standard form (1.1). The resulting reduced system
embodies the different resonant behaviors that are indicated by the strong or weak
nonlinearity and the slowly varying or constant nature of the frequencies. We reiterate
that the above results are restricted to one specific resonance. The solution of the
reduced problem for the transient resonance exhibited here is addressed in the next
section. For a solution to the reduced system when sustained resonance is present (not
possible for weakly nonlinear systems), see Bosley and Kevorkian [5].

The solution of the resonance equations present significant difficulty since an O(1)
change in the action (and also in the energy) occurs across the resonance for many
problems. In the simpler case, where the slow time is {= et, the change in the action
is only O(v¢) and a matching can be accomplished (see [10] and [12]). This feature
is illustrated in Fig. 2.7, where we note the comparison between a numerical integration
of the same system of coupled oscillators (2.8) with O(e) quadratic coupling, having
identical parameters and initial conditions, except for the change in the slow time
variable from £ = et (Fig. 2.7(a)) to t* = £t (Fig. 2.7(b)). There is a significant qualita-
tive difference in the behavior across the resonance due to the fact that the oscillators
are closer to resonance for longer times (t=O(1/¢) as compared to t=O(1Ve));
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(a) (b)
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F1G. 2.7. Effect of the slow time on resonant energy transfer.

instead of a small energy transfer from one oscillator to the other, the transfer in energy
is almost total. The figures are plotted so that the resonance layers have the same
thickness.

3. The reduced problem and transient resonance. In this section we examine the
reduced problem resulting from the averaging procedure of § 2. The system (2.7) of
two coupled differential equations obtained is dependent on P,, Q,, t*, and the N —1
adiabatic invariants found by eliminating the remaining Q;. This system exhibits
resonance when the O(1) frequency o (P, t*) vanishes. Two qualitatively different
behaviors can result from this condition. The first, examined in this section, is that of
transient resonance where o makes a slow passage through zero vanishing at some
time 3. This type of resonance has several interesting features, most notably that the
action (and correspondingly the energy) can undergo changes of O(1) or greater across
the resonance.

The second phenomenon examined in [4] and [5] is sustained resonance, where
o oscillates aout zero for long times (¢* of O(1)). This can occur only when the
frequency is a function of the momentum P, indicating that sustained resonance is a
strictly nonlinear phenomenon; therefore the weakly nonlinear oscillators examined
in § 2.2 cannot exhibit sustained resonance.

Much study of resonance in Hamiltonian systems is done for the case of constant
frequencies w; (e.g., [15], [1], and [8]). Of course, in this case, any resonance is always
a sustained resonance. For constant frequencies, in the presence of a single resonance,
the averaging procedure in § 2 still reduces the system of 2N equations to two equations
embodying the resonance behavior. This reduced system does permit an asymptotic
solution, completing the solution for the constant frequency case. The reason for the
chaotic behavior observed by Hoveijn and Verhulst [8] is due to the presence of two
(or more) simultaneous resonances. For two simultaneous resonances, only N —2
adiabatic invariants result from the averaging procedure. Consequently, the reduced
system, which then consists of four equations, may admit chaotic behavior.

The reduced system of differential equations embodies the resonance behavior,
and although canonical averaging is no longer possible, the system is still Hamiltonian.



510 D. L. BOSLEY AND J. KEVORKIAN

The reduced problems resulting from the systems discussed in § 2.2 are all examples
derivable from a Hamiltonian of the form

(3.1) H(P, Q, t*; &) = Hy(P, t*)+ cA(P, t*) sin Q+ £>B(P, t*)+ O(¢&?),
where for transient resonance we assume that H, is linear in P
(3.2) Hy(P, t*) = (t*)P

so that the O(1) frequency is a function of ¢* alone. (Note that the subscript 1 has
been dropped.) The system of equations that results is

. dA dB
. Q=0(t*)+e— (P, t*)sin Q+&>— (P, t*
(3.3a) o(t*) saP(P,t)sm € aP( %),

(3.3b) P =—¢A(P, t*) cos Q,

where ¢ is a small parameter 0< £ < 1, t* = £°t, and o (¢*) vanishes at tF. System (3.3)
contains the minimal features necessary to examine transient resonance for standard-
form Hamiltonian systems.

Although transient resonance is possible for nonlinear problems when o depends
on P, the details are not discussed here. We merely note that there are qualitative
differences from the 7= &t case solved by Kevorkian in [12] and from the linear cases
discussed in the following sections.

3.1. Solution of the reduced problem away from the resonance. We assume that o
vanishes at some time t3, and therefore must consider the solution of this problem
both outside the resonance region (o # 0) and inside the resonance region (o =0). If
o(t*) is bounded away from zero, we can solve the system of two coupled ordinary
differential equations (3.3) by a multiple scales procedure, a direct generalization of
the procedure discussed in [12, § 6.1.1] for the case where the slow time is f=¢t. We
consider the solution to be a function of two independent timescales: a fast time 7,
defined by

3.49) %=0'(t*)+EV(t*)+€2;L(t*)+£31)(t*)+0(64),

where v(t*), u(t*), and n(t*) are to be determined by consistency conditions, and
the slow timescale t* = £°t. The time derivative is then

d 9 dr )
. —_——— 4 2__
(3.5) dt ot dt £ at*

We assume expansions for Q and P of the form
(3.6a) Q=1+eq""(r, t*)+*qP(r, t*)+- - -,
(3.6b) P=pOt*)+epV(r, t*)+ 2pP(r, t*)+- - -,

so that the O(1) differential equations are automatically satisfied. Suubstituting these
expansions into the differential equations (3.3), using the time derivative (3.5), and
Taylor expanding the right-hand side about 7 and p‘©, we find a sequence of differential
equations to be solved for the g’ and p". Since the multiple scales procedure is
straightforward, we summarize the solution to (3.3) away from the resonance region.
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The expansions valid to O(&?) are

Q(r,t*)=1-¢ a-(lt*) z;; (p@, t*) cos 7
(372) J 1 PA [0A)?
+e [m (AW_ (a_P> ) sin 27+ q(2>(t*)] +0(eY),
(3.7b) P(r, t*)=p®— s%:*’)t*) sin 7+ 2pP(1*) + O(¢?),
where
(3.7¢) 7=70+éJ”: o(s) ds+J": w(s) ds+0(&?).

c

The lower limit of integration ¢¥ is chosen to correspond to either the pre- or postreson-
ance expansion. In the case of the preresonance expansion, the constants p® and 7,
are found from initial conditions, whereas for the postresonance expansion these are
derived from matching with the interior layer solution. The constants of integration
for the higher-order terms in (3.6) are incorporated into the O(1) terms, and the
functions p® and ¢ are defined from the O(e*) equations and are not given. In

addition, consistency of the solution with respect to the t* behavior gives

(3.8a) v(t*)=0,

o _ 0B 1 dA\ oA
(3.8b) w9 =25 2a'(t*)<<3P) +AaP2)’
(3.8¢) n(t*)=0.

3.2. Interior layer scaling. In the resonance region itself, where t*= ¥, o(t3) =0,
we must rescale the time to get the correct O(1) equations. We assume that the
leading-order behavior at this zero is given by

(3.9) o(t*)~ai|t* — ¥

as t* approaches t§, where a >0 is a given constant, and o, are also constants for
t*> ¥ and t* <1, respectively, defined to make the passage “smooth.” From this
behavior, we can derive the new leading-order problem in the resonance region near
t* = t§ by rescaling the time

t* _ t* _ t*

(3.10) th=—7% 0 _ g2 8,__08
R >3 €

for some constant 6 >0, and considering P and Q to be functions of the new time ¢,.

These choices transform the differential equations (3.3) to

d A
(3.11a) 4Q_ g2 2o  + %! 94 (P, t*) sin Q +higher-order terms,
dp 5-1 :
(3.11b) P A(P, t*) cos Q +higher-order terms.
1

Two considerations are important in determining the new time scaling. First, we desire
the richest O(1) equations, leading us to choose, in accordance with (3.11), the greater
of §=1or § =2/(1+a). However, the leading-order behavior (3.9) also determines
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the interior layer thickness, t* — t¥ = O(¢'/®), because the asymptotic expansions (3.7)
break down when o (1*) becomes of O(¢). Therefore, matching cannot be accomplished
unless the interior layer solution extends to where the outer solution breaks down.
This condition requires that

(3.12) 6= l
a
For 0<a <1, called the subcritical case, the choice of § =2/(1+ a) is the greater
of the two values and satisfies the matching restriction (3.12). Thus, an asymptotic
solution and matching are possible (as will be shown in § 3.3).
The case where a = 1, where the leading-order behavior is

(3.13) o (t*) ~ o (t* — 1)

is the critical case: 8 =1 for both choices, and all the terms in (3.11) are of O(1). The
matching restriction is satisfied with equality; however, in this case the O(1) equations
are nonautonomous, nonlinearly coupled, and permit analytical solutions only for
certain problems. These special cases illustrate the difficulty with the general problem,
as both the action P and the phase constant 7, undergo O(1) changes across the
resonance layer. In § 3.5, we carry out the matching across the resonance using an
interior layer solution found for the problem described in § 3.4 for the critical case.
The supercritical (a >1) case leads to a choice of 8 =1, but this does not satisfy
the restriction (3.12). Hence, while the leading-order equations found in this case are
autonomous and have a solution, matching this solution with the expansions valid
away from the resonance is not possible—there is no overlap matching region. In this
case, the change in the action is also O(1) or greater. In § 3.6, we illustrate the change

Subcrnitical

Q
i
=

ot*)

Critical

o(t*)

N ~ Supercritical

ot*) =

¥

F1G. 3.1. Qualitative behavior of o(t*) across resonance.
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across the resonance for the reduced problem discussed in § 3.4, resulting from the
forced oscillator (2.28) and having an exact solution.

In Fig. 3.1, we illustrate the behavior of o across the resonance for each of the
three cases. Note that for the supercritical case there are two possible qualitative
behaviors with “smooth” passage through zero.

3.3. Subcritical interior layer solution. In the subcritical case, 0 <a <1, we rescale
the time by

t*— 13
(3.14) L =Gy
which gives the O(1) equations
Q_ .
(3.15a) @ oult]
and
dpP
3.15b —=0.
( ) ar,

All higher-order terms result from a remainder of the expansion of o(t*), A(P, t¥),
and B(P, t*) in t* about t¥. To be more explicit, we choose the value a« =1/2 and
find the O(1) solutions and first correction terms for P and Q (note forall o, 0 < a <1,
the problem has the same features as this particular case). We let o(t*) have the
expansion

(3.16) a(t*) =y, sgn (t* — )| t* — 4] 2+ o (t* = tE) +- - .
/

For a =1/2,

3.17 —=&"

(3.17) T

so that the differential equations become

d A
(3.183) —Q= 0'1/2 Sgn (t1)|t1 |1/2+ 31/3 5 (R t:)k) Sin Q+ 82/30'1t1+ 0(84/3),

dt,

(3.18b) gf-} —&'2A(P, t¥) cos Q+ O(&°?).
Letting

(3.19a) Q1) = Qo(t,) +&'2Qys(t) ++ - -,
(3.19b) P(t,) = Py(t;)+&">Pyjs(t) +- - -,

and expanding about Q, and P, gives a sequence of differential equations that are
easily integrated. As can be seen from the O(1) equations (3.15), P, remains constant
to O(1) and Q, is a simple quadrature of the O(1) frequency giving

20'1/2
3

(3.20b) Py(t,) = o,

(3.20a) Qo(t) = |62+ &,
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where & and 7, are constants of the integration. Using these results, the O(&'/?)
equations are

d A 20
(3.21a) —%=8—P(n0,t§f) sin( 1/2|t |3/2+§0),
dpP 20
(3.21b) = Ao, ) cos ( |,y fo)
which give the following integrals as solutions:
A o (20
(3.22a) Qu/3(t) =&1/3+— (no, 1) J sin ( L2 |7'|3/2+ fo) dr,
P 0 3
“t 20
(3.22b) Py 3(t) = n1/3— A(no, 13) J cos ( 31/2 |72+ fo) dr.
1]

Note that in this case an O(¢'/?) change can result in P across the resonance. This
value is found by computing the integral found in the expressions (3.22) for the limits
—o0 to +0. This solution then can be matched to the expansions in the pre- and
postresonance regions to determine the uniformly valid solution for all times.

We first note the value of the complex integral

+00 2 2/3 2 )
(3.23) Y=J exp [i(MhP/%go)]dri( 3 ) F(—)(1+is/§)e'§0
. 3 3\20,, 3

and recognize that both its real and imaginary parts occur in (3.22). Using (3.22b) we
find that

(3.24) Py 3(+00) = P, 5(—00) — A(mo, t§) Re (Y)

so that the change in the action across the resonance is

4 2/3 2
G258) ARG 6= Al ) (2] 1) oos (T481)
3 20'1/2 3 3

and the change in the phase constant is

23 19
(3.25b) ATO(U0,§0)=51/38 (10, t8) % ( ? ) I‘<§>sin<§+§o)-

20'1/2

The values &, and 7, are found by matching (3.20) and (3.22) with the outer solution
for t* <t given by (3.7). Using the ususal matching procedure to O(&'?), we find

1 (% 1

(3.26a) §0=§0=75+?J 0(t*)dt*+J w(t*) dr*,

0 0
(3.26b) Mo p<_°>,

2( 3\ (2 -

) ()

(3.26¢) &i3= (P , Lo 3\20,, r 3 sin 3 To )

2( 3\ (2 -
3.26d =—A(p9, 1} —( ) r(—) <—+‘>
( ) My/3 A(p= 0)3 20, 3 cos 3 To)>

where 7, and p'” are constants found from initial conditions for the outer solution
(3.7) in the preresonance region. Using the values of the constants in the interior layer,
we can determine the values of the constants in the outer solution for t*> (¥ by a
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similar matching procedure. The constants p’” and 7§ can be expressed in terms of
the constants of integration for t* < ¢f and the real and imaginary parts of the complex
integral Y across the resonance region

. dA 4 3\ 2\ . (7 .
(3.272) T;=fo+e‘“a—p<l"—°)"6'”3(201/2) 1(5) sn (5+5).
2/3
2
(3.27b) p$’>=p<_°>—e‘/3A(p<_°>,t6")i< : ) F(") °°S(z+’?°>'
3 20'1/2 3 3

This completes the solution to the reduced problem valid to O(&"?) throughout the
domain of interest.

We can check the validity of these results by numerically integrating the original
equations (3.3) using the test functions

(3.28a) A(P, t*) =‘1—t (5—-t*WP(1-2P),
P

(3.28b) B(P, t*) =3 (1+1%)?

and

(3.28¢) a(t*)=3ign (t*—1)|t*—1|"2

These functions are a slight modification of the two coupled oscillators discussed in
§ 2.2.1. Using a value of £=.05 and initial conditions Q(0)= 7 and P(0)=.35, we
calculate the change in the action and phase shift across the resonance from (3.27) to
find the constants for the postresonance asymptotic expansion. In Fig. 3.2 we compare
the asymptotic expansions for the outer solutions in both the pre- and postresonance
regions found from (3.7) with a numerical solution for P. The preresonance expansion
uses constants of integration in (3.7) derived from the initial conditions given above.
This expansion proves very accurate up to the resonance. The postresonance expansion
in Fig. 3.2 uses the constants computed from (3.27).

0.44
T

Pasympton’c ( postresonance)

0.42
T

P, asymptotic
( preresonance)

0.40
T

P,

numencal

036 0.38
T T

0.34
T

0.32

ud 1 1 1 1 1 1
0.85 0.90 0.95 1.00 1.05 1.10 1.15

t*

F1G. 3.2. Subcritical asymptotic solutions using usual matching procedure.
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Note that the solution in the postresonance region is considerably less accurate
than that of the preresonance solution. This error in expressions (3.27) is primarily
due to the use of the constants 7, and p'® in place of &, and 7,, approximating their
values by their O(1) behavior as t; > —00. In the interior layer problem, the actual
integration constants &, and 7, are the values for Q and P at time ¢, =0, so we expect
an improved calculation for the postresonance constants when the functions (3.25) for
AP and AT, are evaluated at the true Q(0) and P(0). We can better approximate these
true values by adding half of the expected change for the resonance layer to the —o©
values

(3.292) no=p P +3AP(p?, 7)),
(3.29b) &o=To+3A7(p?, 7).

We then substitute (3.29) into (3.25) to get an improved “centered” calculation of Ar,
and AP. This procedure is analogous to the modified Euler method for improving the
accuracy of the simple forward difference approximation of a derivative.

These substitutions do not affect the validity of the matching, as this procedure
is equivalent to specifying &, = 7,,3=0 and forcing the O(1) constants & and 7, to
contain the O(&'/?) contribution in the matching region. The results for this improved
matching give

dA 2( 3\ (2 7
w02 G meo)
(3.30a) &=1 ( , te 3\30,, r 3 sin 3 7,
23 (2 T
(3.30b) 10=p 2 —ePA(p©, t¥) = ( > F(—) cos(—+?0),
20'1/2 3 3
(3.30C) §1/3=03
(3.30d) MNy/3= 0.

The values (3.30) are equivalent to (3.26), and both matchings are valid as £-0;
however, we expect that use of (3.30) will give quantitatively better results for the
postresonance asymptotic solution. In Table 3.1 we show the values for A7, and AP
calculated from the usual matching procedure using the preresonance values (3.26),
from the improved approximation using the centered values (3.30), and the numerical
result. As expected, when we use (3.30a), (3.30b) in (3.25) substantial improvement is
gained for the asymptotic solution in the postresonance region.

TABLE 3.1
Comparison of asymptotic matching with numerical solution.

Original
Numerical matching Error % Error
AP 0.059 0.072 0.013 22%
A7, 0.137 0.092 -0.045 33%
Improved
Numerical matching Error % Error
AP 0.059 0.057 —0.002 3%

ATy 0.137 0.134 —-0.003 2%
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In Fig. 3.3 we compare the asymptotic expansions for the outer solution (3.7)
using the improved values, with the numerical solution for P and see the definite
improvement in the accuracy of the postresonance expansion. This agreement is quite
good given the large value of £ (i.e., £¢"/°=(.05)">=.368). In Fig. 3.4, we show the
difference between the numerical and the asymptotic solution for Q, using the improved
values, seeing that it remains near zero except in the resonance region. To find a
solution in the resonance region itself, we use the interior layer solutions (3.20) and
(3.22) (not shown in Figs. 3.2 through 3.4).

For general @, 0<a <1, if we assume the leading-order behavior of o(t*) as

(3.31) o (1*) ~ o, sgn (£*— )| t* — £§]*,

we can easily generalize the above solutions to find the change in the action across

0.44
T

P,

asymptotic
( preresonance)

0.42
T

0.40
T

P, numerical

0.38
T

P, asymptotic
( postresonance)

0.36
T

0.34
T

0.32

b I I I I | I
0.85 0.90 0.95 1.00 1.05 1.10 1.15

t*

F1G. 3.3. Subcritical asymptotic solutions using improved matching procedure.

0.05
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T
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F1G. 3.4. Subcritical phase error using improved matching procedure.
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the resonance to leading order

2A(no, 15) (1+a\ O+ 1 1 _
3.32) AP =—g(-a)/0+a) , r )
(3.32) (1+a) o, 7a) v e &

Note that as @ - 1, the critical value of a, the change in the action becomes O(1), as
does the change in the phase constant. Therefore the solution for the interior layer
(3.20) can no longer be considered valid and the case where a =1 must be addressed
separately.

3.4. A special case, which permits an exact solution. An important special case of
the reduced problem, which permits an exact solution independent of the nature of
a(t*), is specified by the function

(3.33) A(P, t*) = y(*)VP,
which gives the equations

(3.34a) ‘2? (%) +¢ ZE/_) sin Q,
(3.34b) Z—f =—gy(t*)V'P cos Q.

These equations are a minor extension of the reduced problem resulting from the
forced oscillator discussed in § 2.2.3. (A slightly more general system corresponding
to A(P, t*) = y(t*)v'a + P can be easily transformed to (3.34) by noting that a constant
shift in P does not alter the Hamiltonian nature of the differential equations.) The
reduced system (3.34) will be used to examine the behavior of solutions for both the
critical and supercritical cases in §§ 3.5 and 3.6.

Although the coupling of equations (3.34) is nonlinear and the equations are still
nonautonomous, we can solve (3.34) exactly using the transformation

(3.35) T(t) = y(t*)V'P exp (iQ),
which converts the system (3.34) of two first-order equations to a single linear complex
differential equation in T
2/ %k 1 4%
ey () | 2 7()
2 y(1*)

ar,
(3.36) — (0=io(tT

Equation (3.36) has the exact solution

(3.37) T(t)=7(t*)eXp< (€)>[C—ij v(s)exp(—z—(s—)) ]

2¢e Jo
where
t*
(3.38) 7(t*)= J o(s) ds,
0
t*=¢’t, and C is a complex constant of integration found from initial conditions
(3.39) C =+ P(0) exp (iQ(0)).
The solutions for P and Q are easily retrieved
TT
(3403) T2y
y(1%)

(3.40b) Q=arg(T),
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giving uniformly valid solutions to (3.34) over the entire domain of interest. The overbar
is used here to indicate the complex conjugate. Since the integral in the solution for
T(t) can be evaluated by the method of stationary phase, we can match the solutions
(3.40) with the outer solutions (3.7) in the pre- and postresonance regions to express
the solution outside the resonance region in a more useful form. The only stationary
point in the integral corresponds to the resonant time ¢, so in the preresonance region,
for t* < ¢}, the solution for T can be asymptotically expanded from (3.37) independent
of the nature of the stationary point as follows:

T(1)= () exp (i o ))[mv) exp (iQ(0)) +e 2’1((‘(’)))]
(3.41) o,
l‘y 3
2 ) +0(g).

In the postresonance region, t*> t¥ the order of the stationary point will modify the
asymptotics of the solution; the order, k — 1, indicates whether the resonance is critical
(order of one) or supercritical (greater than one). It holds that

(%) exp (i () — r(ta"))

2¢ek g2

-{r<l>(| ()("t )l)”kw:f)
[2 cos <2k) —p[1+(=1)Ji sin <2k)]
(3.42) pF(2)<'-%ﬁ)‘)2/k[l~(—l)k]i sin (’—kT)

. [Y(t:)k)_ k(k+l)7'(k)(t*) (342)

(1)

T(t)=—

)[\/—Pm) exp (iQ(0)) + e 270 ]

+y(t*)exp<i 20(0)

l'yz(t ) (6—Kk)/k
© 20 (%) +0(e )

where u =sgn (o*"V(t¥)). The higher-order terms in the stationary phase evaluation
are found in Bleistein and Handelsman [3]. In the next two sections we will examine
this solution for the critical and supercritical cases. In the Appendix we show that

the same solution can be found by a direct transformation from the forced oscillator
(2.28) to T(t).

3.5. Solutions for the critical case. In the critical case, the leading-order frequency
o has the Taylor series expansion about #§

(3.43) o(1¥)= o (1= )+ 2 (1~ 1)+

where o, # 0. In the interior layer, the appropriate rescaled time is given by

i i
(3.44) t1= =¢et——
€ £
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where ¢ is the interior layer thickness in t*. This case includes the richest O(1) equation
as both o and the O(e) coupling contribute. The leading-order equations for (3.11)
are then given by

d 9A )
(3.45a) *5;9=0'1t1+5*1;(1)0, t¥) sin Q,
dP,

(3.45b) E—9= —A(P,, t¥) cos Q,.
1

As mentioned, these O(1) equations for the resonance region (3.45) are nonlinearly
coupled, nonautonomous, and not always analytically solvable. This introduces prob-
lems not only in obtaining valid solutions during resonance but in matching the pre-
and postresonance expansions (3.7). Two possibilities for obtaining this matching are
(a) to match the asymptotic pre- and postresonance solutions to a numerical integration
of (3.45) in the resonance region, or (b) to find a connection formula that jumps the
interior layer, expressing the constants of integration in the postresonance region in
terms of the constants of integration in the preresonance region. The latter can be
done for certain problems (e.g., see § 3.4) but is difficult in general. The matching of
a numerical interior layer also provides little advantage; it makes more sense simply
to integrate the original reduced system of differential equations throughout the desired
interval, and then to determine the constants in the asymptotic expansions from that
numerical solution.

As discussed in § 3.4, when the function A is of the form (3.33), the differential
equations have an exact solution. Using the stationary phase results (3.41) and (3.42),
we evaluate P in both the pre- and postresonance regions. We then use these results
to compare with a solution obtained by matching an interior layer solution with the
pre- and postresonance outer solutions (3.7). In the preresonance region, we find from
(3.40a) and (3.41)

(3.46) P(t)—P(O)+s\/P(O)[y§O; n Q(0)— E‘; ("(:2) )]+0(52).

In the postresonance region, t*> ¥, we find the solution for P given by (3.40a) and
(3.42) using k =2 for the critical case where

2( %y o - £
P(r)=P(0)+72(l:1)’ ¥(£%) 2’;(?1) cos(T( )+ 0(0)+17 )

(0 (T(tf)k)+ﬂ77)

o
+ey(t3) 2|0_ | [
1

)™ 4
47 (1% (1) = 7(1%)
Y . T —T\lo) pT
+ (t*) sm( 2 — 2 )]

+eP01 | 29 in 00) -2 in (L1 0(0)) |+ 01,

where u =sgn (o,). Therefore from the exact solution given in § 3.4, the change in the
average value of the action across the resonance is

AP Vz(té")ﬂ_y(t?;) 2P(0)7Tcos (T(t°)+Q(0)+ )
2I0'1| |0'1|

[7 yOy(t§) . (r(1§)  pr ,
+e 2|0'1! #(0) sm( 22 +4)+O( ).

(3.48)
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This result can also be found by matching an interior layer solution with the outer
solutions in the pre- and postresonance regions (3.7). For the function A from (3.33),
the O(1) interior layer equations for Q, and P, corresponding to (3.45) are

on Yo .
(3.49a) —— =05, +—==sin Q,,
dt, 1h ) /——PO Qo
dP,
(3.49b) d—t" = —yoV' P, cos Q,
1

where v, = y(t¥). The transformation used to solve the problem of § 3.4 s still applicable
with slight modification, giving the interior layer solutions for Q, and P,

(3.50a) Py(t,) = TO(tl)ZO(tl) ,
(3.50b) Q1) =arg (To(1)),

where Ty(t,) is given by

(3.51) Ty(t) = exp( > )[Co—yjotlexp(—i%ﬁ) ds].

Since the Fresnel integral in the solution for Ty(#,) has straightforward asymptotic

expansions as t, > =00, we can easily match the solutions (3.50) with the outer solutions

(3.7) in the preresonance region to find the value of C,, then with the postresonance

expansions to find the final asymptotic solutions after resonance. The asymptotic results

give

(3.52) lim Py(1,) = (2)1r+COCO:F(1+,ui)C0+(1—;Li)C0 /L,
t;>%0 8’ 1| 4 |0' 1|

where u =sgn (o,). Defining the constants 6 and ™ by
2

(3.53) 8% exp (iy™)=CoF ( — i)

|1l

gives the asymptotic expression for Qo(¢,) from (3.50)

(3.54) Jim Qo(t) ==t 4y,

where

(3.55) y* —arg[ (1 i) I |]
o,

Matching these interior layer expansions with the outer solution (3.7) as t, » —c0 gives
the conditions

s CoCy (1+ui)Co+(1—pi)Cy [ o
3.56 © - Yo 4 Zoro, o o I
( ) P 8|0'1‘ ‘)’2 4 ‘0'1‘
(3.57) ro—arg[ (1 ui) o ‘]
1
where

1 (%
(3.58) To=To+— J o(t*) dr*.
£

0
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Note that u(t*)=0 from (3.8b) for this case. Equations (3.56) and (3.57) can be
simultaneously solved for C,

2
o . <A
(3.59) co=—% ‘/_Io | (1= i)+ v/ p© exp (i%y).
1

We can now find the connection formula for the O(1) change in the action across the
resonance in terms of the preresonance constants

2 0)
2ap?
(3.60) AP=p—p®= yoﬂ—yoyficos (7‘-0+,u7—7).
2’0'1‘ |0'1‘ 4
Similarly, we find the postresonance phase constant
o N .
(3.61) To = arg [—%(l—p,l) o |+y0v P exp (ito) |,
1

where the branch is easily determined.
By noting from initial conditions that

(3.62a) pP@=P00)+e Y(OVP0) sin Q(0)+ O(&?)
a(0)

and

(3.62b) 7o =Q(0)+e& 7(0) cos Q(0)+ O(&?),

2vP(0)o(0)

we find that the change in the average value of the action (3.60) found from matching
the interior layer solution (3.50) with the pre- and postresonance expansions is the
same to O(e) as AP given by the asymptotics of the exact solution (3.48), confirming
the matching result.

Since this reduced problem corresponds to the forced oscillator discussed in § 2.2.3,
we can verify the results by numerically integrating the differential equation (2.28) and
comparing to the solution obtained here. For the forced oscillator (2.28),

oy AL
(3.63) y(t*)=A T o)

In Fig. 3.5, we use the numerically obtained solutions for x and X to calculate the
action p,

x*+(1+0)*x?
(3.64) p= +o)

then plot this function with the asymptotic outer solution (3.7b) for P, using constants
found from the initial conditions P(0) = 1.0 and Q(0) = = for the preresonance solution,
and constants found from the connection formulas (3.60) and (3.61) for the postreson-
ance solution. Other parameters include £=0.05, A=1.5, ==, and o(t*)=
—3cos (m/2t%).

As seen, the asymptotic solution for the reduced problem corresponds very well
to the O(1) behavior of the action p, everywhere outside the interior resonance layer.
The presence of the smaller oscillations of O(¢) can be accounted for by inverting the
near-identity averaging transformation discussed in § 2.2.3. In Fig. 3.6, we compare
the numerically obtained action with the interior layer solution found from (3.50a).
Again we find excellent agreement in the interior layer.
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X2 + (1+0)2x2

P, asymptotic
( preresonance)

2(1+0)

P asymptotic
(postresonance)

|
0.5 1.0 1.5 2.0

t*

F1G. 3.5. Asymptotic outer solutions for the critical case.

12+ (1+0)*x2
2(1+0)

inner

1 | L A

0.5 1.0 1.5 2.0

t*

F1G. 3.6. Interior layer solution for the critical case.

For the general interior layer problem (3.45), similar behavior across the resonance
layer is encountered for a variety of functions A(P, t*), although interior layer solutions
and connection formulas are not available.

3.6. Supercritical case. The supercritical case, a > 1, is significant as it allows an
O(1) change in the action across the resonance; but, unlike the case where a =1,
which also allows an O(1) change, the supercritical case has an analytical solution to
the general O(1) interior layer equations since these are autonomous (see [10])

(3.65a)

(3.65b)

d A .
%zﬁ(POa t?)‘) sim QOa
dpP,

;t-l_: —A(P,, t¥) cos Q,.

This permits us to find asymptotic expansions for P and Q; however, these solutions
cannot be matched with the outer expansions. Although the details are not included
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here (see Bosley [4]), we note that an intermediate layer solution is necessary but not
available.

The exact solution found in § 3.4 can be used to examine the nature of the
supercritical solutions. As expected, since the frequency remains near zero for longer
times, the change in the action can be greater than O(1). If we assume the leading-order
frequency has an expansion near t§ given by

(3.66) o(14) =T (1 =P+ T (= a3+,

we can use the stationary phase evaluations to find the change in the action across the
resonance from (3.42). The result is

2/3 20 4% 2
sp (&) ubra
gloy| 12

1/3
_< 6 ) \/wv(ﬁf)l‘(lmc08<7(t§)+0(°)>
8[0'2! 3 €
2/3
+81/3#(|_06:|> ,/@r(z/s)

0'3')’(‘2?)] sin (T(t§)+Q(O)> + 0(82/3)‘
60, €

(3.67)

'[7'(t2’f)—

We can again verify this result by integrating the forced oscillator (2.28) for initial
conditions corresponding to Q(0) = /2 and P(0) =1, with the frequency

(3.68) a(z*)=(t*+1)[2+(2t*—1)2+ 5(%—1)4]

for the value £ =0.02. Other parameters used are A =1.5 and 6 = w/2. In Fig. 3.7, we
show the action computed from the numerical solution and (3.64), along with the
expected jump in the average value found from (3.67).

60

50
T

_x2+ (1+0)2x2
2(1+0)

40

AP stanonary phase

10
T

| I | | |
0.0 0.5 1.0 1.5 2.0

t*

F1G. 3.7. Change in the action for the supercritical case.
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An interesting consequence of supercritical resonance for this problem is that the
leading-order postresonance action is independent of initial conditions, as is the
leading-order phase

[ T(13)
13 Q(0)
- T(t*)“T(tg)_ Ela'zl)/ Sm( e N ) 2/3
(3.69) Q(t)=w+ = ( p 2v/3P(0) WEESYE) +0(e*?).

Thus, the amplitude and phase shift of the forcing function in (2.28) along with the
specified frequency o(t*) largely determine the postresonance behavior of x(t), and
the passage through resonance becomes much less sensitive to initial conditions than
in the critical case.

Although the jump in the action is greater than O(1) for the forced oscillator, the
other reduced problems found in §§ 2.2.1 and 2.2.2 can only have changes in the action
not exceeding O(1). Since the actions are strictly positive quantities, the numerical
values of the adiabatic invariants found from initial conditions put constraints on the
change in the action P across the resonance.

Appendix. Solution for a resonantly forced oscillator. The forced oscillator

(A.1) X+ (1+0(t*))’x = —¢eA cos (t+6)
discussed in § 2.2.3 and the resulting reduced problem
dQ A
A.2 —_—= t* +g—m—m8M8M8M8M———— H + 3
( a) dt 0-( ) 52(2P(1+0’))1/2 San O(E )a

dpP P
(A.2b) E=—6A\’2(1+U)cos Q+0(&?)

of which an extension is discussed in § 3.4 can be solved via the transformation

/ P .
(A.3) T(t)=A 21+0) exp (iQ).

However, by inverting the transformations used in § 2.2.3, it is also possible to find a
direct transformation from x, X, and ¢ to the complex quantity T

T(t)=Aexp (—i(t+9)) X—W
ir?
(A.4) +e exp (—i2(t+6)) A0+ o) 2+ o)
+e” exp (—i(t+0)) M’(t*;((?:;:;)(;a(t*))x)
to get the corresponding differential equation (3.36) for T
A? ,  o'(t®)

(A.5) Z—tT(t) =ic(t*)T(t)—¢ T(t)+ O(&?),

40+o(™) ° 20+a(t*)

which has the solution
_ 1 .7(t*)
o= (1)

A [ 1 .7(s)
. [C_Z; J:) ———ms—)exp(—l?) ds]+0(8),

(A.6)
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where 7(1*) is given by (3.38), t*=¢’t, and C is a complex constant of integration
found from initial conditions. The solution for x is easily retrieved from (A.4)

2
x(t) =3 [Trsin(t+60)+ T, cos (t+0)]
(A7)
Acos(t+6)
—&
2(1+o(t*))(2+a(t*))
where Tz and T; are the real and imaginary parts of T(t), respectively.
The transformation (A.4) has a natural extension to the same forced oscillator
with an O(1) forcing term
(A.8) i+(1+0(f))’x=—a cos(t+9),

where 7= et and « is no longer restricted as small. This is the problem discussed by
Kevorkian in [9]. The direct transformation is now given by

+ 0(&?),

T(t)=a exp (—i(t+0)) x-;(ii:.;a:g)))x
. ia?
A9) +exp (—i2(t+ 0))4(1+a(t~))(2+0(i))
+e exp (—i(1+6)) 2L f)s((lf: ((rl(::);(mX)

20’ (1)(12+ 180 (§) + 70%(T))
16(1+0(9))’Q+a(f)*

+¢ exp (—i2(t+6)) =

which gives the differential equation for T
2

4(1+a(1))

_a(i) io’a’(7)
o0 +a() T(t)_816(1+cr(f))3

— (t) =io(f)T(t)—
(A.10)
+0(&?)

and has solution
_ 1 .7({)
T(’)‘<1+a<f)>“2“p(’ e )

o (F 1 eio'(s) .7(s)
el e (o) oo () is] rote)

Inverting (A.9) to find the solution for x() to O(e) gives
acos(t+0)
2(1+o(9))(2+ 0 ()
T; sin (¢+60)— Tx cos (t+6)
2a(1+ o (D))?

(A.11)

x(t)=%[TR sin (t+80)+ T, cos (t+80)]—

(A.12) +eo'(1) [

a sin (t+ 0)(8+11a(t”)+402(t'))]
4(1+a(8))’2+a(i))
This solution is equivalent to that found in Gautesen [6]. The integral in the solution

for T(t) again can be evaluated by the method of stationary phase, to obtain a more
useful form to the desired order.
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