The Canard Unchained or How Fast/Slow
Dynamical Systems Bifurcate

Dedicated to Professor Georges H. Reeb

Canards are a new phenomenon in differential equa-
tions, arising from the application of nonstandard
analysis to perturbation theory. The origin of canards
goes back to the time when, in Oran, we studied [2]
the evolution of the amplitude of the periodic solution
of the equation

e+ @ -Dk+x=a

with respect to the value of the parameter a. From a
first (elementary) study, we deduced that we could
expect, on microcomputing these solutions, that the
choice € = 0.01 for the constant € would make this
amplitude change very fast for values of 4 near 1. But
the results exceeded our expectations: At one critical
value 7 = 0.9987404512 a change of 10710 of the pa-
rameter’s value (which was the smallest change that
could be taken into account by our computer) pro-
duced an amplitude drop of about 80%. It was as if
the existence of medium size solutions would be a
“canard”’!!

Canard is now the name of a type of solution of a
slow-fast differential system, to which the above
“missing” medium-size solutions belong, that had
previously been ignored. These solutions are at one

The non-standard duck-hunters, during
one of their weekly brain-storming ses-
sions (from the left to the right: I. P. van den
Berg, E. Benoit, J-L. Callot, the author (on
the floor), and F. Diener).

Marc Diener

and the same time exceptional, and unavoidable in the
bifurcations of slow-fast systems. As will be seen, the
existence of canards permits an explanation of the
roughness of behaviour changes in solutions, that
were traditionally felt to be discontinuities or “catas-
trophes”. In addition, it allows us to describe the sys-
tem’s behaviour during the change, as much from the
qualitative point of view, as from the analytical one.

A heuristic definition of canards is easy to under-
stand with the help of some basic notions on slow-
fast vector fields. By means of nonstandard analysis,
it can immediately be turned into a rigorous one. It is
then possible to state and prove the above mentioned
properties, in words that can comfortably be inter-
preted heuristically by those who are not familiar with
this modern theory of infinitesimals.

Slow-Fast vector fields

A slow-fast system is, in a general way, a differential
“problem”, such as differential equation or a vector
field. Its solutions behave in two alternative ways:

1 Canard = false report, from the old-French “vendre un canard a
moitié” But see also figure 10 for the true origin of the name.
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There are periods during which the solution moves
slowly, but these periods are separated by small time
intervals in which the solution “jumps’’ from one
value to another. The most famous slow-fast system
is Van der Pol’s equation

e + (2 —-1Dx+x=0,

which, among other things, governs the flow of elec-
tric current through triodes. More recently, slow-fast
systems have been applied to mathematical modelling
“of biological processes, such as the systole/diastole
slow-fast behaviour of the cardiac muscle [17]. They
have also been used in a theoretical approach to the
phenomena of “‘strange attractors’”” [11], [7]. Slow-fast
behaviour arises when some parameter takes relatively
small values compared to other parameters of the
system—for example, the network’s capacitance or the
concentration of one chemical ion. This small constant
will always be denoted by e.
Locally, a slow-fast system can be written in the
form of a slow-fast vector field

x = flx,y)

e small and positive,

.1

y =8y
where f and g are smooth functions, for the moment
assumed to be standard (that is, not nonstandard!).
For full generality, x and y should belong to R? and
RY, but we shall restrict ourselves to the case p = g =
12. One important feature for the understanding of the
behaviour of the solutions of such a vector field is its
slow-curve {, defined by g(x,y) = 0: Except in its “very
near vicinity”” (defined below as the halo of {), y varies
rapidly. For, since € is small, = g(x,y)/e is large: So
the solution jumps almost vertically towards (the halo
of) a point A on the slow curve, where g'(4) < 0.
Such a point is therefore called “attracting”? (see fig-
ure 1).

Rivers. This characteristic feature of slow-fast vector
fields suggests a new way to apply them: namely, to
describe, explain, and compute the “rivers” of (ordi-

Figure 1. Attracting, repelling, and critical points of the
slow-curve { of a slow-fast vector field.

nary) vector fields. This is a phenomenon that is
often observed on phase portraits of non-linear vector
fields. It usually seems to be connected with the
growth of the exponential function (see figure 2); it
distinguishes those trajectories that grow in a more
reasonable way. A river is clearly discernible in figure
3a [4], which is the phase-portrait of ¥ + ¥* + x =
0. One trajectory, here a parabola, canalizes the flow
on the left side on the figure. By looking at such tra-
jectories with a “macroscope”, that is, by diminishing
the units in a suitable way (here letting X = ex, Y =
Vex) in order to see large pieces of trajectories, one
observes the trajectories of the field associated with
eX” + X2 + X = 0 (see figure 3b). This slow-fast
vector field gives a good caricature on the phenom-
enon observed in the first field. At this scale, it can

2 For the case p = 2 as applied to chaotic behaviour, see [1]

3 Trajectories may enter the halo of { (see § halos and galaxies) only
close to points of { where g, < 0. Indeed, when entering hal(f), &
decreases, thus 0 = d(g%)/dt = 2g¢ = 2g(gif + gigle) = 2gig%/e. The
last equivalence holds for a solution, as long as g = 0. Thus, by
Fehrele’s principle (see § permanence principles), it carries over to
some point where g = 0. In the same way, trajectories may leave
hal(¢) only close to points of { where g, = 0. The points of { are
called attracting, repelling, or critical, according as g, is negative,
positive, or zero.
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Figure 2. Pranks of the exponential function. Did you ever try to illustrate to somebody, with an exact diagram, that ““the
exponential function e*is positive and defined for all x"'? Perhaps you first plot its graph, choosing the same unit of both
axes (figure a). Sorry not to be able to plot, say, €' (=22,000), you certainly will think of diminishing the units on the y-
axis . . . which of course will just push your graph to the right! Now, who do you expect to believe that ¢* is non-zero for
all x? Your problem will be the same if you want to illustrate, on the simplest possible ordinary linear differential equation,
namely y* = y, that for any given (x°, y°) € R?, there exists one and only one solution y(x) such that y(x°) = ye°, and that it
is defined for all x. Here, it is no use to try a unit-change on the y-axis: If you want to plot ten or a dozen well-spaced
solutions, you will inevitably get the drawing (d). With such a plot before the eyes of your interlocutors, what answer can
you expect to the question: “If plotted on a piece of rubber, picture (d) can be deformed in picture (e) or (f): which one?

(after J. L. Callot, Thesis, Strasbourg, 1981).

also be seen that the ““river” is a canard, in a sense we
can now make precise.

Canards. Once a solution has reached a point close
to an attracting point of the slow-curve ¢, it necessarily
stays inside the halo of {. Here, x may vary by an
“appreciable” amount (i.e., neither small, nor large),
in its slow motion (since ¥ = f(x,y)), and y must vary
in a way which is bound to x, in the sense that g(x,y)
has to stay small.* This motion along the slow-curve
proceeds until the solution gets close to a critical point
C of {; that is, a point where g’y vanishes. Then, usu-
ally, the solution leaves the halo of {, and jumps to-
wards a new attracting point of { (see figure 4a). If on

*1If f and g are regular enough, for example C!, the speed of y also
becomes and stays slow, so that not only g, but also dg/dH{=glx +
g;y) stays small. But otherwise, the solution may “sputter”, that is
show small jerks [15]: if it does so, the motion is only ““macroscop-
ically” slow.
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the contrary, it continues to follow the slow-curve
along its “repelling” part where g', > 0, we shall call
it a canard at C (see figure 4b, c, d). So, the river of X"’
+ X'? + X = 0 really is a canard.

Bifurcations, the Biotope of Canards. It follows from
the definition of canards, that if a vector field exhibits
a canard at C, then its slow-curve must be in a
“canard-configuration” at C. That is, C must be a crit-
ical point lying between an attracting and a repelling
segment; or, in case of a canard with a jump, lying on
a vertical line through another critical point. Figure 4
shows the three least degenerate of these slow-curve
configurations. In spite of this, only the first one (fold-
point) is robust. Both of the other cases can be de-
stroyed by a perturbation of g (see figure 5). And for
the fold-point, it is easy to understand that, in order
to follow the slow-curve from one side of the critical
point to the other, the x-motion has to reverse its di-
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Figure 3. River, and river under a macrosope. (a) Trajecto-
ries of the (ordinary) vector field ¥ = ¥, ¥ = —x —3? as-
sociated with X + X + x = 0. The parabolic trajectory i +
x — 12 = 0 canalizes, in the left part of the figure, the other
trajectories (of equation ¥2 + x — 12 = ¢~%). In its upper
part, like a river, it drains the trajectories of the vector field's
flow, that come and intermingle with it on the plot. On its
lower part, the trajectories leave it again; the parabolic tra-
jectory behaving there as an irrigation channel. The star-
board-leaving trajectories flow into the attractive part of the
river, closing up and forming periodic solutions. (b) The
same phase-porirait, through the macroscope X = ex, Y =
\/Ey, where the vector field becomes X = Y, ¥ = (=X —
Y?)e. Letting T = Ve t, and ' = d/dT, the original equation
becomes the slow-fast eX” + X'2 + X = 0.

Macroscope (or megaloscope): optical instrument reducing
an elephant to the size of a mouse (after Lewis Carrol, men-
tioned by A. Troesch [14]).

rection close to the critical point, and thus f(C) = 0.
So we can see that f, g, and g, vanish at the fold-point
C. This can also (see figure 6) be destroyed by a per-
turbation! This (structural) instability explains why
canard-configurations were omitted from classical the-
ories of slow-fast vector fields [9], [16].

But on the other hand, each of these three singular
situations is (under some trivial “transversality”’ con-
ditions) of “codimension one”. For each of them, there
exists a single-parameter family of slow-fast vector
fields, say x = F(x,y,4), ¥ = G(x,y,a)/e which ““unfolds”
the singularity. This means that for a = 0 it is equal
to the singular configuration; and it will be equivalent

—_—

Figure 4.

a) usual behavior

b) canard at a fold-point
c) canard at a Morse-point
d) canard with jump

D& .

2

Figure 5.

a) deformation of a Morse-point canard configuration

b) deformation of a canard with jump from fold-point to
fold-point configuration
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to any of the different ways that the field may degen-
erate locally, for some value of a near zero. Moreover,
this family may itself be chosen to be stable; that is
any family (F,G) near to (F,G) will exhibit the same
configurations as (F,G). In other words, canard-config-
urations have to be taken into account once one is
interested in (one or more parameter) families of slow-
fast vector fields. They form the intermediate (or bi-
furcation) configurations between two stable one.

Thus the importance of canard-solutions (and now,
not just the necessary ““canard-configurations”) re-
sides in the following fact. Given any parameter-de-
pendent family of slow-fast vector fields, whicha = 0
is equal to one of the above canard-configurations, and
which unfolds it, there exists a ““canard-value” of a
close to 0. That is, a value of a for which the vector
field exhibits a canard [5]. Thus canards are privileged
observers of major changes in the solutions during a
bifurcation of the vector field.

A Trip Through Non-Standard Analysis

In order to relate, in mathematically suitable words,
what we may learn from these observers, a small lin-
guistic journey will be useful, through a region which
is still considered to be new, even though it had been
re-discovered during the sixties [12]: non-standard anal-
ysis. It will also allow us to acquire some attitudes of
mind which are needed there, and which give a per-
fectly precise meaning to what has been written above.
That exposition, which was made as heuristic as pos-
sible, was conceived in order to permit a precise and
correct mathematical interpretation once the adjective
“small’”” had been defined (likewise ‘‘very near vi-
cinity”, “near”, “close”’, and ““follow” which can im-
mediately be derived from it in a metric space).

Small and Limited. The physicist or the chemist usu-
ally has no trouble with the adjectives ‘“small’’ or
“large”. Even if he wishes to use the means that math-
ematics places at his disposal, he will usually be able
to say whether the mass of such and such particle, or
the concentration of such and such ion, may be con-
sidered to be large or small relative to some other
quantity. To the mathematician, on the other hand,
the question of orders of magnitude is still a difficult
one. The solution which is generally adopted is to con-
sider the small parameter as a variable that tends to
zero. But to treat a quantity which is a constant as
variable cannot be more than a makeshift, introducing
very unfortunately one more variable in problems
where so many things are already changing, and
where fixed quantities are all the more welcome.
Non-standard analysis deals with that question by
introducing one new predicate: the adjective “'stan-
dard”. A set, a function, a number may be standard
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Figure 6. Perturbation of a slow-fast vector field with a
canard at a fold-point: The fold-point is necessarily close to
a rest-point in order to allow the canard to reverse its x-
motion.

Figure 7. The saddle-node bifurcation: It is the unique ge-
neric slow-fast vector field bifurcation that does not happen
via canards.

or non-standard. Every uniquely defined object of clas-
sical mathematics will be standard. A real number will
be said to be small (or to be an infinitesimal) if its ab-
solute value is smaller than any positive standard real
number.

One postulates, among other things, that any infi-
nite standard set contains non-standard elements.
Doing so, will not introduce any contradiction in math-
ematics, nor will this new postulate enable us to prove
new standard theorems . . . from a purely logical point
of view. Of course, it is quite different from the prac-
tical point of view! The postulate shows that there exist
nonstandard integers, which have to be “large”, that
is larger than any standard integer. By taking the in-
verse of such large integers, one gets small, non-zero,
real numbers. A real number is said to be limited if its
absolute value is smaller than some standard integer.

Paradoxes, or External Sets. Beside the obvious ad-
vantages that arise from a true infinitesimal calculus,
non-standard analysis provides a precious tool: the so-
called external sets. One may say that the paradoxes,
pointed out by G. Berkeley after Leibnitz had intro-
duced his infinitesimal calculus, were built up of just
these external sets. Take for example the set of all in-
tegers n such that ne is small (e being some non-zero
infinitesimal). Cleéarly 0 belongs to this set, and if # is
in it, so is n + 1; however, though satisfying the in-
duction principle, this set is not N, for o = [1/e] + 1



does not belong to it. Other examples of external sets
frequently arising are the “principal galaxy” G, set up
of all limited real numbers, and the “halo of zero” =
which collects together all infinitesimals.>

External sets are built up from standard sets such as
N, R, or £%(0,1), and from internal sets such as (0,w),
Y(0,€), Z/wZ with help of the new (or “‘external”) pred-
icate ““standard”, or one of those derived from it, such
as “small”, “large”, or “limited”. They become para-
doxical only when one trys to apply classical theorems
to them. But of course these were proved only for sets
which are “internal” to the classical theory, that is,
built up by the classical rules: set of subsets, powerset,
or subsets defined by using the “internal” relation €,
or a relation derived from it, like C, <, <. A subset
will be called external as soon as at least one classical
theorem does not apply to it. So G and » are external
sets, and so is our example of a bounded subset of R
with no least upper bound.

Halos and Galaxies. Those external sets which ap-
pear spontaneously when studying slow-fast vector
fields are of two kinds [3]. On the one hand we have
“halos”, which may be defined as the pre-image of =
by an internal function. So for example, hal((), the
“halo of the slow-curve”, consists of all (x,y) such that
g(x,y) is small. On the other hand there are ““galaxies”,
which are the pre-image of G by an internal function.
As is easily seen, the complement of a halo in an in-
ternal set is a galaxy, and conversely. In the box we
give some further useful halos and galaxies.

Fehrele’s Principle. From the definition, classical the-
orems a priori do not apply to external sets. In order
to make these sets be more than merely a convenient
way of speaking, one must prove results about them:
Among these theorems are the ““permanence princi-
ples”, one being “Fehrele’s principle”. It states that no
halo is a galaxy. In other words, if a halo contains a
galaxy, it must overflow it. Here is an example about
slow-fast vector fields. Consider some trajectory
through some limited point (x.,y.) which does not be-
long to hal(L). Since dx/dy (= e€f/g) is small, then as long
as the trajectory stays inside the galaxy of limited
points that are outside the halo of the slow-curve, it
stays close to the vertical line through its “initial con-
dition” (x.,y-). Now, by Fehrele’s principle, this last
property will still be true for the halo of one point of
the slow-curve (or of large ordinate). This leads to one
of the fundamental observations about slow-fast vector
fields: ““Any trajectory is almost vertical until it reaches
some point in the halo of an (attracting or critical) point

5 » as “monad”, according to Leibniz’s terminology. Notice that =
is the unique maximal idea of the ring G. The quotient field G/= is
isomorphic to the external set of all standard real numbers. It can
be shown [3], that this external set is neither a halo, nor a galaxy.

Some Halos and Galaxies in R

® The galaxy N of all standard integers

® The galaxy G of all limited real numbers. It is also
called the “principal galaxy”.

® The halo  of all infinitesimals. It is also called the
halo of zero.

® The galaxy €G = {e x |[x€ G} and the halo e= =
{e x | x € m}. They are called the e-galaxy of zero
and the e-halo of zero.

® For any positive infinitesimal €, the e-microhalo,
which consists of all real numbers with absolute
value less than €" for any standard integer n.

® For any positive infinitesimal €, the e-microgal-
axy, which consists of all real numbers with ab-
solute value less than e for any large integer w.

Notice that all e-galaxies are homothetic to each
other, and so are the e-halos. On the other hand,
for any non-zero x in the e-microgalaxy, there ex-
ists x" also in it, such that x'/x is large. The same
is true for the e-microhalo.

A of the slow-curve”’, which will be stated, for short,
as “‘the trajectory reaches hal({) at A”. Reversing time,
we get a precise meaning for ‘‘the trajectory leaves
hal({) at R”. Let us just mention one more observation
derived from Fehrele’s prinicple: Once a (positive half-)
trajectory has reached hal({) at A, it necessarily fol-
lows { until some critical point, or rest point, or large
point (that is a point with at least one large coordi-
nate).

Analytical Properties of Canards

A good many of slow-fast vector field bifurcations are
necessarily associated with the existence of canards.
This results from the fact that, since € is non-zero,
solutions must depend continuously on the param-
eter. As one may understand from figure 8, canards
are the necessary intermediaries between the phase-
portraits before and after the bifurcation. This will give
us information on what happens when such a bifur-
cation takes place, both from the qualitative and the
quantitative point of view—what we shall call “ana-
lytical” properties.

In order to make things precise, let us assume that
7 is a near-standard canard-value of the parameter for
the slow-fast vector field

* = F(x,y.a), y = G(x,y.a)e,

where F and G are smooth standard functions. Let a.
be the standard part of @, that is, the unique standard
real number near to @. Finally, let f(x,y) = F(x,y,4-) and
g(x,y) = G(x,y,a.); then the slow-curve { has equation

gxy) = 0.
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Figure 8. Various bifurcations associated with canards. (a) The Hell-and-Heaven bifurcation of a Morse-point. (b) The
crossing of a fold-point by a node-rest-point: This produces also a Hopf bifurcation (see below); the magnifying glass Y =
8(x, y)/e reduces (b) to (a). (c) A bifurcation associated with jumping-canards. (d) This bifurcation of “the kneeling down
camel” gives an example of a “catastrophic” expansion of a cycle’s size, without any topological change of the phase-

portrait.

The Way-In Way-Out Function. Now we have
caught a canard that follows the slow-curve from the
attracting side of the critical point, say (0,0), to the
other repelling side. It will enable us to determine the
behaviour of all other trajectories that reach hal({) in
the part that contains the canard. And it lets us know
that there exists a relation, that can be computed, be-
tween the entering and the leaving point. As an ex-
ample, here is the relation in the case of a (non-resting)
Morse-point (see figure 9): The entering-point’s and
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the leaving-point’s abscissa x_ and x, will give the
same value to the function

o0 = [ gy sy ds
0

where s> y(s) is the function whose graph is the slow-
curve segment followed by the canard. So, a canard
tells us to which leaving trajectory-segment any en-
tering one connects (see figure 10).

This disentanglement of the trajectories’ behav-



Figure 9. The way-in way-out function and the singular
equation of variation associated with a canard following {
between points with abscissas 4 and b.

Figure 10. “ . . . a canard tells us to which leaving trajectory-
segment any entering one is connected.”

iour inside hal({) can be obtained by a crafty “‘micro-
scope”’, W = (y — y.)l introduced in that problem by
Benoit [2]. It straightens out the canard-trajectory y =
y(x} on the x-axis W = 0, and stretches out sal({) to
the halo [2,5] X H, where H = {nf¢, = 0} (see figure
9). T will not give here the complete argument, but I
just want to point out that, if one knows a priort that
some solution stays close to the canard, then it is easy
to see that through the microscope it will stay close to
some solution of

dW = (gy"'rf) (x,yo(x)) -W

By analogy to the classical “equation of variation”
which arises when looking at any solution of a stan-
dard vector field through a “magnifying glass” Y = (y
— y-)e, I would call this equation the “singular equa-
tion of variations”. Now, this is what happens for a
canard at Morse-point; but, as was pointed out in the
caption to figure 8, a canard at a fold-point reduces to
the Morse-point case. Thus one may also form a sin-
gular equation of variation for this case, and get the
way-in way-out function for a canard at a fold point.

A Canard'’s Life is Short. Let us choose a value @ of
the parameter such that the vector field has the
“longest possible canard” at C, that is a canard fol-
lowing the slow-curve on both sides of the critical
peint C, until it meets a new critical point, or a rest
peint, or a point with large norm. By continuity ar-
guments, such an @ necessarily exists and such a value
may be considered as the midpoint of the process of
change that accompanies the bifurcation. By a clever
modification [2] of the previous microscope, Callot
succeeded in measuring how a change in the value of
a reduces the size of the canard. It is thus possible to
determine in particular the discrepancy between two
canard-values. The result is spectacular: This discrep-
ancy is less than €” for any limited n; more precisely,
the set of all those discrepancies is equal to the e-mi-
crogalaxy. The “catastrophe” accompanying the bifur-
cation is much sharper than one would expect: The
effect of the smallness of € is “amplified” by the prop-
erty of colossal growth of the exponential function (see
figure 2).%

On figure 11 are drawn, as a function of 4, the source
and attractors (rest-point or cycle) of the equation

X+ (- Di+x=a

(for ¢ = 0.1, that is ten times as much as in the first
instance above). Notice first that for 2 = 1, a Hopf
bifurcation takes place: The cycle collapses and “swal-
lows” the unstable rest-point, after which only a stable
rest-point is left {top of picture). But before this, for a
about 0.99875, another phenomenon takes place,
much sharper, which is a rapid drop in the cycle’s size.
The cycles of medium size are precisely the canards
that necessarily appear in any Hopf bifurcation [5].
Notice that, even when <lose together, canards and
Hopf bifurcation are two distinct phenomena, taking
place for distinct values of the parameter. F. Diener
has shown [4] that, in analogy with the Hopf bifur-
cation for which it is possible to compute the value for
which the collapse takes place, it is possible to com-
pute an “e-shadow” expansion of canard-values. This
characterizes the e-microhalo containing the e-micro-

6 For comparison the thickness (= duration) of the jump of the so-
lutions in Van der Pol’s equation is equal to the e-galaxy [4].
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Figure 11. Source (dotted line) and attractor of ¥ + (x2 — 1) ¥ + x = 4, € = 0.1, as a function of a € [0.98, 1]. When
increases towards 1, the size of the cycle diminishes first in a sharp way, the cycle becoming a canard. After that, it
diminishes as V1 — a and vanishes in a Hopf bifurcation. Solutions are drawn in the (x, y)-Liénard-plane, withy = ¥ —
(13 — x).

Figure 12. (a) Solutions of # + (¥ + a)* + x = 0 for a = 0.000,001; (for # = 0, see figure 3a). All the trajectories of the
stippled region leave the river “together” along the lower heavy curve. (b) Comparison between the theoretical results
obtained, by rescaling, from the study performed for € = 0, and the actual result, for e = 1. [4]

Figure 13. Sources (dotted line/small cycle) and attractors of ex + (5x* — 3x> + 2x) ¥ + x = 4, € = 0.1, as a function of
a€ [0, 0.043]. For a = 0, a small unstable cycle appears in a Hopf bifurcation, and grows as Va. After that, the big stable
cycle decreases very slowly, and the unstable cycle grows up in a slow, quasi-linear way. Suddenly, for 4 = 0.042, stable
and unstable cycles, becoming canards jump toward each other and the confluence occurs. For a > 0.04218189615, only the
stable rest-point (quasi-vertical line) is left. Solutions are drawn in the (x, y)-Liénard-plane, in whichy = ek — (® — ¥® +

).
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Figure 14. Scheme of classical-(topological) type of the be-
haviour of the periodic solutions of €¥ + (5x* — 3x2 + 2x) ¥
+x = a

galaxy of the canard-values, for which the drop in size
takes place.

The Curtain Effect. Recall that the way-in way-out
function applies only along the part of the slow-curve
that is followed by at least one canard. In figure 12 are
drawn the trajectories of the equation

F+@E-a?+x=0,

fora = 107° (and nota = 0 as on figure 3a): The canard
follows the slow-curve only until the edge of the
shaded region, thus reducing the domain of the way-
in way-out function to that part of the slow-curve lying
outside the shaded and stippled regions. Two things
should be pointed out here. Though all trajectories
spiral towards the rest-point for all 2 > 0, one notices
that there is no discernible change in the behaviour of
trajectories outside the shaded or stippled regions
where the way-in way-out function still applies. This
reflects the fact that this relation does not depend on
the value of a (which only determines the domain of
the function). If the relatively small value of 2 makes
it easy to accept this first observation, it makes the
second one all the more striking. All trajectories
starting in the stippled region, after having followed
the parabola, leave it “together’” along the heavy curve
bordering the shaded region. This is the neck of the
funnel formed by the stippled region; and in a similar
way, the heavy curve bordering the stippled region
is the neck of the “inverted” funnel through which
those trajectories which will fill up the shaded region
enter.

This example should make it easier to understand
the effect on a solution’s behaviour of encountering a
bifurcation-value. Changing the value of a is like

Figure 15. . . . when the cycle has vanished, the canard is
still there, and this ghost via the way-in way-out function,
guides the solutions towards a new attractor.”

slowly opening the curtain on a stage, gradually re-
vealing the scene characterized by the way-in way-
out function, after which the curtain closes again.
During the show, some players, such as cycles, pass
from one side of the stage to the other. . . . More pro-
saically when a bifurcation-with-canards takes place,
with long-canard at a = 7, then as a2 approaches 7, the
vector field admits longer and longer canards, and this
broadens out gradually the domain of the way-in
way-out function. Then, when a crosses @ and moves
away from it, the domain shrinks again. It is this “cur-
tain effect’”, together with the expression for the way-
in way-out function, that provides the analytical de-
scription of the changes accompanying a bifurcation.

A Concluding Example. In figure 13 are drawn the
source and attractors of the equation

eX + 5x* + 3x2 — 20k + x =a, e = 0.1.

For a increasing near 0, this equation shows succes-
sively two bifurcations: a Hopf bifurcation for a = 0,
from which an unstable cycle arises, and the conflu-
ence of a stable and an unstable cycle, for a =
0.042181896. Classically, the confluence of a source-
cycle and an attractor-cycle is perceived as a discon-
tinuity: One limit behaviour vanishes and solutions
have to attain their limiting equilibrium state else-
where. But now it is possible to show that the cycle
resulting from the confluence is necessarily a canard:
It is at the same time stable and unstable; thus it is not
surprising that it is at the same time attracting and
repelling. Now, when this cycle has vanished, the
canard is still there, and this ghost, via the way-in
way-out function, guides the solutions towards a new
attractor. As the canards grow and decrease gradually,
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a = -2

source (node) + cycle

a = -85

source (focus) + cycle

Hopf bifurcation

G2

small cycle + cycle

a = 24217

canard-cycle

a = .@4218139

a = .B42191896

canard-cycles tend to each
other

with HP9845 it was unfor-
tunately not possible to
catch a more precise picture
of the confluence

a = .B42181897 a = .B423

no cycle, but a long canard

Figure 16. Behavior of the solutions of € + (5x* — 3x* + 2x) ¥ + x =
plane. First column: The classical Hopf bifurcation. Second and third column: The growing-up and shrinking-down of the
canards and of the domain of the way-in way-out function p — p’. Last column: The focus becomes a node.
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the canard shrinks down

a = .@43
sink (focus)

a = .4

sink (node)

a, for e = 0.1 and a near 0, in the (x, y)-Liénard-



they allow us to substitute the description of a swift
but continuous phenomenon for the previous discon-
tinuous one. Figure 16 shows the complete drama.

Microcomputation and plotting has been performed on an
HP 9845 at the “’Centre Universitaire de Sidi-Bel-Abbes”’,
and an HP 9825 at the “Centre Universitaire de Tlemcen” .

Le texte en frangais de cet article peut étre obtenue auprés
de l'auteur, au Département de Mathématiques de I'Univ-
ersité d’'Oran, B.P. 1524 Es Senia (Oran), Algérie.
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