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Canards are a new phenomenon in differential equa- 
tions, arising from the application of nons tandard  
analysis to perturbation theory. The origin of canards 
goes back to the time when, in Oran, we studied [2] 
the evolution of the amplitude of the periodic solution 
of the equation 

�9 X q- (X 2 - -  1)5c + x = a 

with respect to the value of the parameter a. From a 
first (elementary) study, we deduced that we could 
expect, on microcomputing these solutions, that the 
choice �9 = 0.01 for the constant �9 would make this 
amplitude change very fast for values of a near 1. But 
the results exceeded our expectations: At one critical 
value ~ = 0.9987404512 a change of 10 -10 of the pa- 
rameter's value (which was the smallest change that 
could be taken into account by our computer) pro- 
duced an amplitude drop of about 80%. It was as if 
the existence of medium size solutions would be a 
"canard ''1! 

Canard is now the name of a type of solution of a 
slow-fast differential  system, to which the above 
"missing" medium-size solutions belong, that had 
previously been ignored. These solutions are at one 

and the same time exceptional, and unavoidable in the 
bifurcations of slow-fast systems. As will be seen, the 
existence of canards permits an explanation of the 
roughness  of behaviour  changes in solutions,  that  
were traditionally felt to be discontinuities or "catas- 
trophes". In addition, it allows us to describe the sys- 
tem's behaviour during the change, as much from the 
qualitative point of view, as from the analytical one. 

A heuristic definition of canards is easy to under- 
stand with the help of some basic notions on slow- 
fast vector fields. By means of nonstandard analysis, 
it can immediately be turned into a rigorous one. It is 
then possible to state and prove the above mentioned 
properties, in words that can comfortably be inter- 
preted heuristically by those who are not familiar with 
this modern theory of infinitesimals. 

Slow-Fast  vector f ie lds  

A slow-fast system is, in a general way, a differential 
"problem", such as differential equation or a vector 
field. Its solutions behave in two alternative ways: 

1 C a n a r d  = fa lse  r epo r t ,  f r o m  t h e  o l d - F r e n c h  " v e n d r e  u n  c a n a r d  

m o i f i 6 "  Bu t  see  a l so  f i gu re  10 for  t he  t rue  o r ig in  of t he  n a m e .  

The non-standard duck-hunters, during 
one of their weekly brain-storming ses- 
sions (from the left to the right: I. P. van den 
Berg, E. Benoit, J-L. Callot, the author (on 
the floor), and F. Diener). 
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There are periods during which the solution moves 
slowly, but these periods are separated by small time 
intervals in which the solution " j u m p s "  from one 
value to another. The most famous slow-fast system 
is Van der Pol's equation 

EX q- (X 2 --  1)dc + x = 0, 

which, among other things, governs the flow of elec- 
tric current through triodes. More recently, slow-fast 
systems have been applied to mathematical modelling 

"of biological processes, such as the systole/diastole 
slow-fast behaviour of the cardiac muscle [17]. They 
have also been used in a theoretical approach to the 
phenomena of "strange attractors" [11], [7]. Slow-fast 
behaviour arises when some parameter takes relatively 
small values compared to other parameters  of the 
system--for example, the network's capacitance or the 
concentration of one chemical ion. This small constant 
will always be denoted by e. 

Locally, a slow-fast system can be written in the 
form of a slow-fast vector field 

= f i x , y )  

1 
= e g(x,y) e small and positive, 

where f and g are smooth functions, for the moment 
assumed to be standard (that is, not nonstandard!). 
For full generality, x and y should belong to RP and 
Rq, but we shall restrict ourselves to the case p = q = 
12 . One important feature for the understanding of the 
behaviour of the solutions of such a vector field is its 
slow-curve ~, defined by g(x,y) = 0: Except in its "very 
near vicinity" (defined below as the halo of ~), y varies 
rapidly. For, since e is small, y = g(x,y)/e is large: So 
the solution jumps almost vertically towards (the halo 
of) a point A on the slow curve, where g'(A) < 0. 
Such a point is therefore called "attracting "3 (see fig- 
ure 1). 

Rivers. This characteristic feature of slow-fast vector 
fields suggests a new way to apply them: namely, to 
describe, explain, and compute the "rivers" of (ordi- 

Figure 1. Attracting, repelling, and critical points of the 
slow-curve ~ of a slow-fast vector field. 

nary) vector fields. This is a phenomenon  that  is 
often observed on phase portraits of non-linear vector 
fields. It usual ly seems to be connected with the 
growth of the exponential function (see figure 2); it 
distinguishes those trajectories that grow in a more 
reasonable way. A river is clearly discernible in figure 
3a [4], which is the phase-portrait of dt + ~c 2 + x = 
0. One trajectory, here a parabola, canalizes the flow 
on the left side on the figure. By looking at such tra- 
jectories with a "macroscope", that is, by diminishing 
the units in a suitable way (here letting X = ex, Y = 
V~e~c) in order to see large pieces of trajectories, one 
observes the trajectories of the field associated with 
eX" + X '2 + X = 0 (see figure 3b). This slow-fast 
vector field gives a good caricature on the phenom- 
enon observed in the first field. At this scale, it can 

2 For the  case p = 2 as appl ied  to chaotic behaviour ,  see  [1] 
3 Trajectories m a y  enter  the  ha lo  of ~ (see w halos  a n d  galaxies) only  
close to po in t s  of ~ whe re  g'v ~ 0. Indeed ,  w h e n  en te r ing  hal(O, ga 

~_ 2 - ' 2 ' r , 2 decreases ,  t h u s  0 ~ d(g )/dt = 2gg = g(g'xf + gig~e) = 2gyg /~. The 
last equivalence  ho lds  for a solut ion,  as long as g �9 0. Thus ,  by 
Fehrele ' s  principle (see w p e r m a n e n c e  principles),  it carries over  to 
some  po in t  whe re  g = 0. In the  s ame  way,  trajectories m a y  leave 
hal(O only  close to po in t s  of ~ w h e r e  g~ /> 0. The  points  of ~ are 
called at t ract ing,  repelling, or critical, according as g~ is negat ive ,  
posit ive,  or  zero. 
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Figure 2. Pranks of the exponential function. Did you ever try to illustrate to somebody, with an exact diagram, that "the 
exponential function e x is positive and defined for all x"? Perhaps you first plot its graph, choosing the same unit of both 
axes (figure a). Sorry not to be able to plot, say, e 1~ (~22,000), you certainly will think of diminishing the units on the y- 
axis . . . which of course will just push your graph to the right! Now, who do you expect to believe that e ~ is non-zero for 
all x? Your problem will be the same if you want to illustrate, on the simplest possible ordinary linear differential equation, 
namely y' = y, that for any given (xo, yo) ~ R 2, there exists one and only one solution y(x) such that y(x o) = yo, and that it 
is defined for all x. Here, it is no use to try a unit-change on the y-axis: If you want to plot ten or a dozen well-spaced 
solutions, you will inevitably get the drawing (d). With such a plot before the eyes of your interlocutors, what answer can 
you expect to the question: "If plotted on a piece of rubber, picture (d) can be deformed in picture (e) or (f): which one? 
(after J. L. Callot, Thesis, Strasbourg, 1981). 

also be seen that  the " r iver"  is a canard, in a sense we 
can now make precise. 

Canards. Once a solution has reached a point  close 
to an attracting poin t  of the slow-curve ~, it necessarily 
stays inside the halo of ~. Here,  x may  vary  by an 
"appreciable"  a m o u n t  (i.e., nei ther  small, nor  large), 
in its slow mot ion  (since ~c = f(x,y)), and y must  vary 
in a way which  is bound to x, in the sense that g(x,y) 
has to stay small. 4 This mot ion along the slow-curve 
proceeds until  the  solution gets close to a critical point  
C of ~; that is, a poin t  where  g'y vanishes.  Then,  usu- 
ally, the solut ion leaves the halo of ~, and  jumps  to- 
wards a new attracting point  of ~ (see figure 4a). If on 

4 If f and g are regular enough, for example C 1, the speed of y also 
becomes and stays slow, so that not only g, but also dg/dt(=g~x + 
g~y) stays small. But otherwise, the solution may "sputter" ,  that is 
show small jerks [15]: if it does so, the motion is only "macroscop- 
ically" slow. 
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the con t ra ry ,  it con t inues  to fol low the s low-curve  
along its " repel l ing"  part  where  g'y > 0, we shall call 
it a canard at C (see figure 4b, c, d). So, the river of eX" 
+ X '2 + X = 0 really is a canard.  

Bifurcations, the Biotope of Canards. It follows from 
the defini t ion of canards,  that  if a vector field exhibits 
a c a n a r d  at C, t h e n  its s l o w - c u r v e  m u s t  be in a 
"canard-conf igura t ion"  at C. That  is, C must  be a crit- 
ical point  lying be tween  an attracting and a repell ing 
segment;  or, in case of a canard with a jump,  lying on 
a vertical line th rough  ano ther  critical point. Figure 4 
shows the three least degenera te  of these slow-curve 
configurations.  In spite of this, only the first one (fold- 
point) is robust.  Both of the other  cases can be de- 
s t royed by  a per turbat ion of g (see figure 5). And  for 
the fold-point,  it is easy to unde r s t and  that, in order  
to follow the slow-curve f rom one side of the critical 
point  to the other,  the x-motion has to reverse its di- 



Figure 3. River, and river under a macrosope. (a) Trajecto- 
ries of the (ordinary) vector field k = Y, Y = - x  _y2, as- 
sociated with R + ~(2 q_ X = 0. The parabolic trajectory y2 + 
x - 1/2 = 0 canalizes, in the left part  of the figure, the other 
trajectories (of equation y2 + x - 1/2 = e-2X). In its upper  
part, like a river, it drains the trajectories of the vector field's 
flow, that come and intermingle with it on the plot. On its 
lower part, the trajectories leave it again; the parabolic tra- 
jectory behaving there as an irrigation channel. The star- 
board-leaving trajectories flow into the attractive part  of the 
river, closing up and forming periodic solutions. (b) The 
same phase-porlrait ,  through the macroscope X = ex, Y = 
V"~y, where the vector field becomes X = Y, ~" ( - X  
y2)/~. Letting T = ~ t, and ' = d/dT, the original equation 
becomes the slow-fast eX" + X '2 + X = 0. 

Macroscope (or megaloscope): optical ins t rument  reducing 
an elephant to the size of a mouse (after Lewis Carrol, men- 
tioned by A. Troesch [14]). 

Figure 4. 
a) usual behavior 
b) canard at a fold-point 
c) canard at a Morse-point 
d) canard with jump 

rec t ion  close to the  critical point ,  a n d  t h u s  tiC) = O. 
r So w e  can  see t ha t  f, g, a n d  gy v a n i s h  at the  fo ld -po in t  

C. This  can  also (see f igure  6) b e  d e s t r o y e d  b y  a per -  
t u r b a t i o n !  Th i s  ( s t r u c t u r a l )  i n s t ab i l i t y  e x p l a i n s  w h y  
c a n a r d - c o n f i g u r a t i o n s  w e r e  o m i t t e d  f r o m  classical  the-  
ories of  s low- fas t  vec to r  f ields [9], [16]. 

But  on  the  o t h e r  h a n d ,  each  of t hese  t h r ee  s ingu la r  
s i tua t ions  is ( u n d e r  s o m e  trivial " t r a n s v e r s a l i t y "  con-  
di t ions)  of " c o d i m e n s i o n  o n e " .  For  each  of t h e m ,  the re  
ex is t s  a s i n g l e - p a r a m e t e r  f a m i l y  of  s l o w - f a s t  v e c t o r  
fields,  say  dc = F(x,y,a), f_/= G(x,y,a)/E w h i c h  " u n f o l d s "  
the  s ingular i ty .  Th is  m e a n s  tha t  for  a = 0 it is equa l  
to the  s ingu la r  conf igura t ion ;  a n d  it will  be  equ iva l en t  

Figure 5. 
a) deformation of a Morse-point canard configuration 
b) deformation of a canard with jump from fold-point to 

fold-point configuration 
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to any of the different ways that the field may  degen- 
erate locally, for some value of a near zero. Moreover, 
this family may~ itself be chosen to be stable; that is 
any family (F,G) near  to (F,G) will exhibit the same 
configurations as (F,G). In other words,  canard-config- 
urations have to be taken into account once one is 
interested in (one or more parameter) families of slow- 
fast vector fields. They form the intermediate (or bi- 
furcation) configurations between two stable one. 

Thus the importance of canard-solutions (and now, 
not  just  the necessary  "canard-conf igura t ions" )  re- 
sides in the following fact. Given any  parameter-de- 
pendent  family of slow-fast vector fields, which a = 0 
is equal to one of the above canard-configurations, and 
which unfolds it, there exists a "canard-value" of a 
close to 0. That is, a value of a for which the vector 
field exhibits a canard [5]. Thus canards are privileged 
observers of major changes in the solutions during a 
bifurcation of the vector field. 

A Trip Through Non-Standard Analysis 

In order to relate, in mathematically suitable words, 
what  we may  learn from these observers, a small lin- 
guistic journey will be useful, through a region which 
is still considered to be new, even though  it had been 
re-discovered dur ing the sixties [12]: non-standard anal- 
ysis. It will also allow us to acquire some attitudes of 
mind which are needed  there, and which give a per- 
fectly precise mean ing  to what  has been writ ten above. 
That exposition, which was made as heuristic as pos- 
sible, was conceived in order to permit  a precise and 
correct mathematical  interpretation once the adjective 
" sma l l "  had  been  def ined  (likewise " v e r y  near  vi- 
cinity", "near" ,  "close",  and "fol low" which can im- 
mediately be derived from it in a metric space). 

Small and Limited. The physicist or the chemist usu- 
ally has no t rouble  wi th  the adject ives  " s m a l l "  or 
"large".  Even if he wishes to use the means  that  math- 
ematics places at his disposal, he will usually be able 
to say whether  the mass of such and  such particle, or 
the concentration of such and such ion, may  be con- 
s idered  to be large or small  relat ive to some other  
quantity. To the mathematician,  on the other hand,  
the question of orders of magni tude is still a difficult 
one. The solution which is generally adopted  is to con- 
sider the small parameter  as a variable that  tends to 
zero. But to treat a quanti ty which is a constant  as 
variable cannot  be more than a makeshift ,  introducing 
very  u n f o r t u n a t e l y  one more  variable in p rob lems  
where  so m a n y  th ings  are a l ready  chang ing ,  and  
where fixed quantit ies are all the more welcome. 

Non-standard analysis deals with that  question by 
in t roducing  one n e w  predicate: the adjective "s tan-  
dard".  A set, a function, a number  may  be standard 

Figure 6. Perturbation of a slow-fast vector field with a 
canard at a fold-point: The fold-point is necessarily close to 
a rest-point in order to allow the canard to reverse its x- 
motion. 
Figure 7. The saddle-node bifurcation: It is the unique ge- 
neric slow-fast vector field bifurcation that does not happen 
via canards. 

or non-standard.  Every uniquely  defined object of clas- 
sical mathematics  will be standard.  A real number  will 
be said to be small (or to be an infinitesimal) if its ab- 
solute value is smaller than  any  positive s tandard real 
number .  

One postulates, among other things, that any  infi- 
ni te  s t a n d a r d  set con ta ins  n o n - s t a n d a r d  e lements .  
Doing so, will not introduce any  contradiction in math- 
ematics, nor  will this new postulate enable us to prove 
new s tandard  t h e o r e m s . . ,  from a purely logical point 
of view. Of course, it is quite different from the prac- 
tical point  of view! The postulate shows that there exist 
nons tandard  integers, which have to be "large",  that  
is larger than  any s tandard integer. By taking the in- 
verse of such large integers, one gets small, non-zero, 
real numbers .  A real number  is said to be limited if its 
absolute value is smaller than  some standard integer. 

Paradoxes, or External Sets. Beside the obvious ad- 
vantages that arise from a true infinitesimal calculus, 
non-s tandard  analysis provides a precious tool: the so- 
called external sets. One may  say that the paradoxes, 
pointed out  by G. Berkeley after Leibnitz had intro- 
duced his infinitesimal calculus, were built up of just 
these external sets. Take for example the set of all in- 
tegers n such that ne is small (e being some non-zero 
infinitesimal). Clearly 0 belongs to this set, and if n is 
in it, so is n + 1; however,  though  satisfying the in- 
duction principle, this set is not  N, for co = [l/e] + 1 
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does not belong to it. Other examples of external sets 
frequently arising are the "principal galaxy" G, set up 
of all limited real numbers, and the "halo of zero" ,2 
which collects together all infinitesimals. 5 

External sets are built up from standard sets such as 
N, R, or C(0,1), and from internal sets such as (0,00), 
C~(0,e), Z/~oZ with help of the new (or "external") pred- 
icate "standard",  or one of those derived from it, such 
as "small", "large", or "limited". They become para- 
doxical only when one trys to apply classical theorems 
to them. But of course these were proved only for sets 
which are "internal" to the classical theory, that is, 
built up by the classical rules: set of subsets, powerset, 
or subsets defined by using the "internal" relation E, 
or a relation derived from it, like c ,  <, ~<. A subset 
will be called external as soon as at least one classical 
theorem does not apply to it. So G and ,2 are external 
sets, and so is our example of a bounded subset of R 
with no least upper bound. 

Halos and Galaxies. Those external sets which ap- 
pear spontaneously when  studying slow-fast vector 
fields are of two kinds [3]. On the one hand we have 
"halos", which may be defined as the pre-image of m 
by an internal function. So for example, hal( t ) ,  the 
"halo of the slow-curve", consists of all (x,y)  such that 
g(x ,y )  is small. On the other hand there are "galaxies", 
which are the pre-image of G by an internal function. 
As is easily seen, the complement of a halo in an in- 
ternal set is a galaxy, and conversely. In the box we 
give some further useful halos and galaxies. 

Fehrele's Principle. From the definition, classical the- 
orems a priori do not apply to external sets. In order 
to make these sets be more than merely a convenient 
way of speaking, one must prove results about them: 
Among these theorems are the "permanence princi- 
ples", one being "Fehrele's principle". It states that no 
halo is a galaxy. In other words, if a halo contains a 
galaxy, it must overflow it. Here is an example about 
slow-fast vector fields. Consider some trajectory 
through some limited point (Xo,yo) which does not be- 
long to hal(t). Since dx/dy  ( = ef/g) is small, then as long 
as the trajectory stays inside the galaxy of limited 
points that are outside the halo of the slow-curve, it 
stays close to the vertical line through its "initial con- 
dition" (xo,yo). Now, by Fehrele's principle, this last 
property will still be true for the halo of one point of 
the slow-curve (or of large ordinate). This leads to one 
of the fundamental observations about slow-fast vector 
fields: "Any trajectory is almost vertical until it reaches 
some point in the halo of an (attracting or critical) point 

5,2 as " m o n a d " ,  according to Leibniz 's  te rminology.  Notice that  ,2 
is the  un ique  max imal  idea of the  r ing G. The quo t ien t  field GM is 
i somorphic  to the  external  set  of all s t anda rd  real n u m b e r s .  It can 
be s h o w n  [3], tha t  this  external  set is ne i ther  a halo,  nor  a galaxy. 

A of the slow-curve", which will be stated, for short, 
as "the trajectory reaches hal(t)  at A". Reversing time, 
we get a precise meaning for "the trajectory leaves 
hal(t)  at R". Let us just mention one more observation 
derived from Fehrele's prinicple: Once a (positive half-) 
trajectory has reached hal(O at A, it necessarily fol- 
lows t until some critical point, or rest point, or large 
point (that is a point with at least one large coordi- 
nate). 

Analytical Properties of Canards 

A good many of slow-fast vector field bifurcations are 
necessarily associated with the existence of canards. 
This results from the fact that, since e is non-zero, 
solutions must  depend continuously on the param- 
eter. As one may understand from figure 8, canards 
are the necessary intermediaries between the phase- 
portraits before and after the bifurcation. This will give 
us information on what happens when such a bifur- 
cation takes place, both from the qualitative and the 
quantitative point of v i ew- -wha t  we shall call "ana- 
lytical" properties. 

In order to make things precise, let us assume that 
is a near-standard canard-value of the parameter for 

the slow-fast vector field 

ir = F(x,y ,a) ,  y = G(x,y,a)/~,  

where F and G are smooth standard functions. Let ao 
be the standard part of ~, that is, the unique standard 
real number near to ~. Finally, let f (x ,y)  = F(x,y,ao) and 
g(x ,y )  = G(x,y,ao); then the slow-curve t has equation 
g(x ,y )  = O. 
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Figure 8. Various bifurcations associated with canards. (a) The Hell-and-Heaven bifurcation of a Morse-point. (b) The 
crossing of a fold-point by a node-rest-point: This produces also a Hopf bifurcation (see below); the magnifying glass Y = 
g(x, y)/e reduces (b) to (a). (c) A bifurcation associated with jumping-canards. (d) This bifurcation of "the kneeling down 
camel" gives an example of a "catastrophic" expansion of a cycle's size, without any topological change of the phase- 
portrait. 

The Way-In Way-Out Function. N o w  we have 
caught a canard that  follows the slow-curve from the 
attracting side of the critical point, say (0,0), to the 
other repelling side. It will enable us to determine the 
behaviour of all other trajectories that  reach hal(E) in 
the part that  contains the canard. And  it lets us know 
that there exists a relation, that can be computed,  be- 
tween the entering and the leaving point. As an ex- 
ample, here is the relation in the case of a (non-resting) 
Morse-point (see figure 9): The entering-point 's  and 
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the leaving-point 's  abscissa x and x+ will give the 
same value to the function 

qb(x) = (g~/f) (s,y(s)) ds 

where s t-~ y(s) is the function whose  graph is the slow- 
curve segment  followed by the canard. So, a canard 
tells us  to which leaving trajectory-segment any  en- 
tering one connects (see figure 10). 

This d isentanglement  of the trajectories' behav- 



d W  = ( s / / f )  w 

By ana logy  to the classical " equa t ion  of var ia t ion"  
which arises when  looking at any  solution of a stan- 
dard vector field through a "magnifying glass" Y = (y 

- yo)/e, I would  call this equation the "singular equa- 
tion of variations". Now,  this is what  happens  for a 
canard at Morse-point; but, as was pointed out in the 
caption to figure 8, a canard at a fold-point reduces to 
the Morse-point case. Thus one may also form a sin- 
gular equation of variation for this case, and get the 
way-in way-out  function for a canard at a fold point. 

Figure 9. The way-in way-out function and the singular 
equation of variation associated with a canard following 
between points with abscissas a and b. 
Figure 10. " . . .  a canard tells us to which leaving trajectory- 
segment a~y entering one is connected." 

iour inside hal(O can be obtained by a crafty "micro- 
scope",  W = (y - yo)[~] introduced in that problem by 
Benoit [2]. It straightens out the canard-trajectory y = 
yo(x) on the x-axis W = 0, and stretches out  hal(E) to 
the halo [a,b] x H, where  H = {~q[~], 1] ~ 0} (see figure 
9). I will not give here the complete argument ,  but  I 
just want  to point out that, if one knows a priori that 
some solution stays close to the canard, then  it is easy 
to see that through the microscope it will stay close to 
some solution of 

A Canard 's  Life is Short. Let us choose a value ~ of 
the p a r a m e t e r  such  tha t  the  vector  f ield has  the  
"longest  possible canard"  at C, that is a canard fol- 
lowing the sIow-curve on bo th  sides of the critical 
point C, until it meets a new critical point, or a rest 
point, or a point with large norm. By continuity ar- 
guments ,  such an ~ necessarily exists and  such a value 
may be considered as the midpoin t  of the process of 
change that accompanies the bifurcation. By a clever 
modif ica t ion [2] of the prev ious  microscope,  Callot 
succeeded in measuring how a change in the value of 
a reduces the size of the canard. It is thus possible to 
determine in particular the discrepancy between two 
canard-values. The resuIt is spectacular: This discrep- 
ancy is less than  e n for any  limited n; more precisely, 
the set of alI those discrepancies is equal to the e-mi- 
crogalaxy. The "catast rophe" accompanying the bifur- 
cation is much sharper than  one wouId expect: The 
effect of the smallness of e is "amplif ied" by the prop- 
erty of colossal growth of the exponential function (see 
figure 2). ~ 

On figure 11 are drawn,  as a function of a, the source 
and  attractors (rest-point or cycle) of the equation 

e ~ +  (x 2 -  1 ) 5 +  x = a  

(for e = 0.1, that is ten times as much as in the first 
instance above). Notice first that for a = 1, a Hopf  
bifurcation takes place: The cycle collapses and "swal- 
lows" the unstable rest-point, after which only a stable 
rest-point is left (top of picture). But before this, for a 
about  0.99875, a n o t h e r  p h e n o m e n o n  takes place,  
much  sharper, which is a rapid drop in the cycle's size. 
The cycles of med ium size are precisely the canards 
that necessarily appear in any Hopf  bifurcation [5]. 
Notice that,  even when  close together,  canards and 
Hopf  bifurcation are two distinct phenomena,  taking 
place for distinct values of the parameter. F. Diener 
has shown  [4] that, in analogy with the Hopf bifur- 
cation for which it is possible to compute the value for 
which the collapse takes place, it is possible to com- 
pute  an "e-shadow" expansion of canard-values. This 
characterizes the e-microhalo containing the e-micro- 

6 For compar ison the thickness (= duration) of the jump of the so- 
lutions in Van der  Pol 's equat ion is equal co the ~-galaxy [4], 
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Figure 11, Source (dot ted  line) a n d  attractor of ~ + (x 2 - 1) ~ + x = a, ~ = 0.1, as a func t ion  of a E [0.98, 1]. W h e n  a 
increases towards  1, the size of the cycle d imin i shes  first in a sharp  way,  the cycle becoming  a canard.  After  that,  it 
d imin ishes  as v T  - a a n d  vanishes  in a Hopf  bifurcation. Solut ions are d r a w n  in  the (x, y)-Li6nard-plane,  wi th  y = ~r - 
(x3/3 - x). 

Figure 12. (a) Solut ions  of ~ + (• + a) 2 + x = 0 for a = 0.000,001; (for a = 0, see figure 3a). All  the trajectories of the  
s t ippled region leave the river " together"  a long  the lower heavy  curve.  (b) Compar i son  b e t w e e n  the theoretical resul ts  
obta ined,  by  rescaling,  from the s tudy  pe r fo rmed  for ~ --- 0, and  the actual  result ,  for e --- 1. [4] 
Figure  13. Sources (dot ted l ine/small  cycle) a n d  attractors of e~ + (5x 4 - 3x 2 + 2x) ~c + x = a ,  ~ - -  0.1, as a func t ion  of 
aE [0, 0.043]. For a = 0, a small  u n s t a b l e  cycle appears  in  a Hopf  bifurcat ion,  and  grows as V~. After  that,  the big stable 
cycle decreases very  slowly,  and  the uns tab le  cycle grows up  in  a slow, quasi- l inear  way.  Sudden ly ,  for a ~ 0.042, stable 
and  uns tab le  cycles, becoming  canards  j u m p  toward  each other  and  the conf luence occurs. For a > 0.04218189615, on ly  the  
stable res t -point  (quasi-vertical  line) is left. Solut ions  are d r a w n  in  the (x, y)-Li6nard-plane,  in  which  y = ~c - (x s - x 3 + 
x2). 
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Figure 14. Scheme of classical-(topological) type of the be- 
haviour of the periodic solutions of edt + (5x 4 - 3x  2 + 2x)  a: 
+ x = a .  

Figure 15. " . . .  when the cycle has vanished, the canard is 
still there, and this ghost via the way-in way-out function, 
guides the solutions towards a new attractor." 

galaxy of the canard-values, for which the drop in size 
takes place. 

T h e  Curtain Effect. Recall that the way-in way-out 
function applies only along the part of the slow-curve 
that is followed by at least one canard. In figure 12 are 
drawn the trajectories of the equation 

d~ + (~c -- a) 2 + x = 0, 

for a = 10 -6 (and not a = 0 as on figure 3a): The canard 
follows the slow-curve only until the edge of the 
shaded region, thus reducing the domain of the way- 
in way-out function to that part of the slow-curve lying 
outside the shaded and stippled regions. Two things 
should be pointed out here. Though all trajectories 
spiral towards the rest-point for all a > 0, one notices 
that there is no discernible change in the behaviour of 
trajectories outside the shaded or stippled regions 
where the way-in way-out function still applies. This 
reflects the fact that this relation does not depend on 
the value of a (which only determines the domain of 
the function). If the relatively small value of a makes 
it easy to accept this first observation, it makes the 
second one all the more striking. All trajectories 
starting in the stippled region, after having followed 
the parabola, leave it "together" along the heavy curve 
bordering the shaded region. This is the neck of the 
funnel formed by the stippled region; and in a similar 
way, the heavy curve bordering the stippled region 
is the neck of the "inverted" funnel through which 
those trajectories which will fill up the shaded region 
enter. 

This example should make it easier to understand 
the effect on a solution's behaviour of encountering a 
bifurcation-value. Changing  the value of a is like 

slowly opening the curtain on a stage, gradually re- 
vealing the scene characterized by the way-in way- 
out function,  after which the curtain closes again. 
During the show, some players, such as cycles, pass 
from one side of the stage to the other . . . .  More pro- 
saically when a bifurcation-with-canards takes place, 
with long-canard at a = ~, then as a approaches ~, the 
vector field admits longer and longer canards, and this 
broadens  out gradually the domain of the way-in 
way-out function. Then, when a crosses ~ and moves 
away from it, the domain shrinks again. It is this "cur- 
tain effect", together with the expression for the way- 
in way-out function, that provides the analytical de- 
scription of the changes accompanying a bifurcation. 

A C o n c l u d i n g  Example. In figure 13 are drawn the 
source and attractors of the equation 

�9 ~ + (5x 4 + 3x 2 - 2x)dc + x = a, �9 = 0.1. 

For a increasing near 0, this equation shows succes- 
sively two bifurcations: a Hopf bifurcation for a = 0, 
from which an unstable cycle arises, and the conflu- 
ence of a stable and an unstable cycle, for a 
0.042181896. Classically, the confluence of a source- 
cycle and an attractor-cycle is perceived as a discon- 
tinuity: One limit behaviour vanishes and solutions 
have to attain their limiting equilibrium state else- 
where. But now it is possible to show that the cycle 
resulting from the confluence is necessarily a canard: 
It is at the same time stable and unstable; thus it is not 
surprising that it is at the same time attracting and 
repelling. Now, when  this cycle has vanished, the 
canard is still there, and this ghost, via the way-in 
way-out function, guides the solutions towards a new 
attractor. As the canards grow and decrease gradually, 
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Figure 16. Behavior of the solutions of eX + (5x 4 - 3 x  2 + 2x) k + x = a, for e = 0.1 and a near 0, in the (x, y)-Li6nard- 
plane. First column: The classical Hopf  bifurcation. Second and third column: The growing-up and shrinking-down of the 
canards and of the domain of the way-in way-out  function p ~ p'. Last column: The focus becomes a node. 
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they  al low us  to subst i tu te  the descr ip t ion of a swift 
bu t  con t inuous  p h e n o m e n o n  for the p rev ious  discon- 
t inuous one. Figure 16 shows  the comple te  drama.  

Microcomputation and plotting has been performed on an 
HP 9845 at the "Centre Universitaire de Sidi-Bel-Abbes", 
and an HP 9825 at the "Centre Universitaire de Tlemcen". 

Le texte en fran~ais de cet article peut ~tre obtenue aupr~s 
de l'auteur, au Ddpartement de Math~matiques de l'Univ- 
ersitd d'Oran, B.P. 1524 Es Senia (Oran), Algdrie. 

References 

1. E. Benoit, C. Lobry (1982) "Les canards de R 3'' C.R. 
Acad. Sci. Paris, S6rie I, 294, 483-488 

2. E. Benoit, J. L. Callot, F. Diener, M. Diener (1981) 
"Chasse au canard" Collect. Math. 32, 37-119 

3. I. van den Berg, M. Diener (1981) "Halos et galaxies, une 
extension du lemme de Robinson" C.R. Acad. Sc. Paris, 
S6rie I, 293, 385-388, (1981) "Diverses applications du 
lemme de Robinson" C.R. Acad. Sci. Paris, S6rie I, 293, 
501-504 

4. F. Diener (1980) Les canards de l'~quation ~ + (~c + a) 2 + 
x = 0, Strasbourg: Publications IRMA. (1981) Mdthode du 
plan d'observabilitd, Strasbourg: Th6se 

5. M. Diener (1981) "Etude g6n6rique des canards", Stras- 
bourg: Th6se 

6. M. Diener, T. Poston "On the perfect delay convention, 
or the revolt of the slaved variables" in: Chaos and order 
in nature (H. Haken, Ed.) Springer Series in Sinergetics 

7. R. Lozi (1982) "Sur un mod61e math6matique de suite de 
bifurcations de motif dans la r6action de Belusov-Zha- 

botinsky", C.R. Acad. Sci. Paris, S6rie I, 294, 21-26 
8. R. Lutz, M. Goze (1981) Non standard Analysis. A practical 

guide with applications, Springer Lecture Notes in Math., 
No. 881 Springer-Verlag 

9. L. S. Pontryagin (1961) "Asymptotic' behaviour of the 
solutions of the differential equations with small param- 
eter in the high derivatives", Amer. Math. Soc. Transl., 
Serie 2, 18, 295-319 

10. G. Reeb (1977) "S6ance d6bat sur l'analyse non stan- 
dard", Gazette des mathdmaticiens No. 8, 8-14 

11. D. Ruelle (f6vrier 1980) "Les attracteurs 6tranges", La 
Recherche, 108, 132-144 

12. A. Robinson (1966) Non Standard Analysis, Amsterdam: 
North Holland 

13. F. Takens (1976) "Implicit differential equations: some 
open problems" in: Singularit~s d" aplications diffdrentiables, 
Plan sur Bex 1975, Springer Lecture Notes in Math., No. 
535, 237-253 Springer-Verlag 

14. A. Troesch (1981) Etude qualitative de syst~mes diffdrentiels: 
une approche fondee sur l'analyse non standard, Strasbourg: 
Th~se 

15. E. Urlacher (1981) Oscillations de relaxation et analyse non 
standard, Strasbourg: Th6se 

16. W. Wasov (1965) Asymptotic expansions of ordinary differ- 
ential equations, New York: Wiley Interscience 

17. E. C. Zeeman (1973) "Differential equations for the 
heartbeat and nerve impulse", in: Dynamical systems (M. 
Peixoto, Ed.) New York: Academic Press, 683-748 

Departement de Mathematiques 
Universite d'Oran 
B.P. 1524 Es Senia (Oran) 
Algerie 

A Woman Ahead of Her Time. 
"Koblitz' biography...  

demystif[iesi the woman 
known in her lifetime as a 

"princess of science.' 
Characterizing Kovalevskaia 
as 'an extremely gifted but in 
some ways perfectly ordinary 

woman,' Koblitz presents a 
realistic, popular biography 

[which] ... succeeds in 
integrating Kovalevskaia's 

science, radical leanings, and 
literary writings... [and] is 

especially fine reading for 
those with a contemporary 

interest in women in science... 
--Science 

To order.. Photocopy this ad, 
and send with check, 

MasterCard or VISA number 
(include expiration date and 

signature) to: 

Birkhauser Boston, Inc. 
P.O. Box 3005  / Cambridge, 

MA 02139 

A Convergence of 
Lives 
Sofia Kovalevskaia: Scientist, 
Writer, Revolutionary 
by Ann Hibner Koblitz 

Mathematician, playwright, 
feminist, champion of radical 
political causes, Kovalevskaia 
was many years ahead of her 
time. Recent praise for Ann 
Hibner Koblitz' biography. 

"A Convergence of Lives is a 
biography worthy of its 
subject and respectful of its 
reader... Koblitz' 
understanding of Russian and 
European social, political and 
intellectual history 
permeates this enjoyable 
book, and her analyses and 
conclusions are particularly 
enl ightening..." 
-- Physics Today 

Dec. 1983 / Hardcover / 304  pages / $19 95 / ISBN 0-8176-3162-3  


