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Abstract. This paper proposes a generalization of the existing geometric studies of resonance.
The Riccati equation associated with any second-order linear equation is extended to any C first-
order equation. The Morse-critical point is generalized to any "generic" critical point. The resonant
solution becomes a general canard solution. The paper explains how to find the regularizing blowup,
and shows how classical special functions become enlarged in rivers, i.e., some resurgent solutions
of polynomial differential equations. The paper shows a matching principle that connects the slow
solutions with these rivers. The method to show the existence of canards is applied for some Union-
Jack equations, i.e., equations with a critical point where three smooth curves intersect.
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Introduction. For the problem of turning points of singularly perturbed linear
second-order differential equations [21], one is indebted to Kopell [14] for a geometric
study of resonances, remarkable solutions, discovered by Ackerberg and O’Malley [1],
of some boundary value problems in the neighbourhood of the equation’s turning
points.

At the heart of the proof of the main theorem, Kopell introduces a crucial blowup
that turns the singular perturbation problem into a..regula.r one. The first approxi-
mation of that new equation is a Hermite equation U- XU + kU 0 depending on
the real parameter k. It is well known that this equation admits, for noninteger k,
a basis of solutions, generally denoted by Hk+ and H-, with polynomial growth at
+cx3 and -oc, respectively. When k becomes an integer, these two solutions become
equal to each other and turn into a polynomial: the Hermite polynomial. As observed
independently by Kopell and Callot [5], it is the "crossing" of these two special func-
tions that makes possible (and necessary) the existence of the resonant solutions. We
want to show here that the special functions (or more precisely the inverse of their
logarithmic derivatives) admit a generalization, the "rivers," that make it possible to
solve this kind of turning point problem for a much more general class of equations.

Let’s briefly sketch Callot’s approach. One first factors out the invariance of the
set of solutions of the second-order differential equation ii- f(x)it + g(x, a)u 0
by considering the new unknown y u/it. So, one considers the slow-fast Riccati
equation edy/dx -f(x)y + g(x, a)y2 + e whose slow curve {g(x, a)y2 f(x)y O}
is the union of the two smooth curves C1 {g(x, a)y f(x)} and C2 (u 0} (see
Fig. l(a)). In those variables, a resonant solution is a slow solution (i.e., infinitely
close to the slow curve) staying infinitely close to C1 on both sides of some "critical
point" x0, i.e., here, of a point such that f(xo) O, and such that, near x0, C1 is
attracting for x < x0 and repelling for x > x0. This is precisely what is usually called
a canard [3], [101.

Now comes the trick we want to consider here in a general set-up. In order to
determine the behaviour of the slow solutions when they come across the halo.1 of
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We use here the methods of nonstandard asymptotics. We recall in the appendix (4) most
nonstandard definitions and results involved here: we indicate by a star * the words defined there.
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(a) (b)

FIG. 1. Sketch of Callot’s proof of the existence of resonant solutions. (a) The slow curve of
the Riccati equation edy/dx f(x)y + g(x, a)y2 + e; (b) The rivers Y=(X) of the Riccati-germite

equation dY/dX -XY+ kY2 + 1 for k near to 1. For larger k, the river would have an analogous
behaviour at infinity, but would exhibit Int k- 1 simple poles.

the critical point (x0, 0) (and see how to choose the value of the parameter a in order
that such a solution is a canard), one introduces a microscope- u

that is regularizing, in the sense that it turns the singular perturbation of the Riccati
equation into a regular perturbation of the so-called Riccati-Hermite equation

dY/dX -XY + kY2 + 1,

where k k(a):-- g(x0, a)/f’(xo).
Let Y :- + +Hk/Hk The nation Yk+ and Yk- can clearly be perceived in

Fig. l(b): they are the only trajectories asymptotic to a (neither horizontal nor ver-

tical) straight line, here X kY. The striking fact about these solutions is that the
other nearby solutions depart from it in an "exponential way." This kind of behaviour
has been studied since that time for general polynomial differential equations, and
these solutions are now called rivers (see below).

Let U _C ]2 be a nonempty standard open set, e > 0 an infinitesimal, and f a
function defined on U, with regular e-shadow expansion*.

In this paper, we consider the general nonlinear singular perturbation problem
associated with equation

(I) edy/dx- f(x, y) (e > 0 infinitesimal),

where f(x, y) fo(x, y)+ef: (x, y)+. with (fn) a standard sequence of e functions
of (x, y) E V. One may think of f(x, y) F(x, y, e) for some standard smooth function
F, but it could as well be f(x, y) :--- G(x, y, e, ) with the sum to the smallest term
of some diverging series anen.

The purpose of this paper is first to show how to associate with any equation (1)
one, or if necessary several, regularizing microscopes in the neighbourhood of a critical
point of the slow curve fo(x, y) 0, one for each growth type of the branches of this
curve. This makes it possible to convert the singular perturbation into the regular
perturbation of one or more polynomial differential equation: the local models.
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We shall then see that the special functions of the above example are not a "mira-
cle": the local model indeed has rivers; the rivers are solutions that are transcendent,
but, as in the case of the special functions of physics such as the Airy function, they
have remarkable asymptotic behaviour that lead to efficient numerical approxima-
tions. We shall recall the definition and main properties of the rivers at 1.2.

The final problem is to relate the behaviour of the slow solutions of (1) when they
are infinitely close to the critical point with the rivers of the local model. This study
will lead to Theorem 3.1, a matching principle, which is the central result of this
paper. It shows how these rivers generalize the special functions Yk introduced in
the recalled study, and make it possible to specify the behaviour of the slow solutions
of (1) near the critical points.

In the introduction to 2, we shall give an example in which the critical point is the
intersection of three smooth curves. Using a transversality argument (the "crossing"
of two rivers) on the local model, we will show (Corollary 3.2) the existence of canards.

1. Slow-curve branches, Newton polygons, and rivers. The local models
near critical points of the slow curve depend strongly on the geometry of this slow
curve at that point. We give here some elementary tools that yield crucial information
about that geometry from a finite number of terms of the Taylor expansion that give
dominant balance near the critical point.

This first section will recall some definitions and define notation that we shall need
in the sequel concerning the branches of curves f(x, y) 0. Then it will introduce
our main tool, the rivers.

1.1. Branches of generic Co curves.
DEFINITIONS. Let f be a function defined in the neighbourhood of (x0, Y0). Let

be a continuous function, whose domain T() is a closed interval with nonempty
interior, and having xo as one of its ends.We call o a branch at (x0, Y0) of the curve
C of equation f(x,y) f(xo,yo) if o(x0) Y0 and f(x, (x)) f(xo, yo) for all
x E T(). One specifies that o is a positive or negative branch, according to the
sign of x x0 for x E T(o), x xo. Let k and r be real numbers, k 0 if r 0.
We say that is a branch of type (k, r) at(x0, yo) (or, for short, a (k, r)-branch) if
(x) yo klx xolr when x --. x0 in T)() in the case k 0, or (x) Yo(-- 0) in
the case k r 0.

We denote by the classical relation "is asymptotic to" in the neighbourhood
of x0 or +, according to the context. In nonstandard words this is equivalent, for
standard , x0, k - 0, and r, to (x) Yo + klx x01r(1 + i) with i

_
0 as soon as

x
__

x0 if xo R. If x0 +/-x), it means (x) kxr (1 + ) with i
_

0 as soon as x is
unlimited*, of the sign of +/- -1, +1}.

Puiseux’s theory [12], [15] shows that if f is analytic in the neighbourhood of
(x0, y0), the curve C is a union of (k, r)-branches with r rational (and possibly the
straight line x xo). The assumption that f is o is much too flabby to force an
analogous result, as (: could be any closed subset of R2. Nevertheless one recovers
an analogous result if f is not too degenerate; for that purpose, we introduce now
what we shall call the lower Newton polygon Af(f ;x0, Y0). Proposition 1.2 will show
how to determine the growth types of the various branches of f 0 using this lower
Newton polygon and the polynomial f0 that we shall now define (see also Fig. 2).

DEFINITION. Let f be a o function on a neighbourhood of (xo, Yo) R2. We
call the Taylor set of f at the point (x0, Y0) the set of couples of integers T(f; xo, Yo) :--

((re, n) : (0,0)l(+n)(x0 Y0) 0} if (x0 Y0) (0,0) we’ll just write T(f) for
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i,-exponent

x-exponent

FIG. 2. The curve f 0 and the lower Newton polygon at (0,0) associated with f(x,y)
(x 2y)(2y x2) - x3y2 cos(x y); here if(x, y) 2y(x 2y) and 2f(x, y) x(2y x2). The curve
shows two negative and two positive branches at (0, 0), of growth-type x/2 and x2/2 at (0, 0).

2(/;0, 0). Let (f; Xo, Yo) be the convex hull in ]Rmn of the union of all quadrants
m > and n > for all (,) E T(f; Xo, Yo).

The (lower) Newton polygon of f at the point (xo, Yo) is the union Af(f; xo, yo)
of all oblique segments that build the border of (f; xo, Y0). If (xo, Yo) (0, 0), we’ll
just write Af(f) for Af(f ;0, 0).

We call coslope of a nonhorizontal segment a the real number r such that (1, r)
is orthogonal to a. If r is the coslope of some segment a contained in Af(f; xo, yo)
we say that r is a coslope of JV’(f; xo, yo); r is then necessarily a positive rational (see
Fig. 2). If there is no point (m, n) e Af(f; xo, yo) such that n 0 (i.e., if (y- Yo) is a
factor of f(x, y)- f(xo, Yo), we shall say that r 0 is (also) a coslope of Af(f; xo, y0).

In 1.2 we shall define an upper Newton polygon for f any polynomial.
DEFINITION. We assume that T(f; xo, yo) q}. We define the r-valuation of f at

the point (x0, Yo) as the minimum #r(f; xo, Yo) of all m -rn for (m, n) T(f; xo, yo).
We’ll just write #r(f) when (xo, Y0) (0, 0). We denote by rf(X, Y) the polynomial,
sum of all monomials of the Taylor expansion of f at the point (xo, Yo) with r-valuation
equal to # := #(f; xo, Yo)"

m+rn--p

1
m !n !Jv (xo, yo)Xmyn.

Remark. The polynomial rf is r-homogeneous of r-degree=# := #(f; xo, Yo),
that is, rf()X, )Y) )rf(X, Y) for any > 0. For r - 0, its Taylor set is contained
in the segment a of Af(f; x0, yo) with coslope r if any and then Af(rf; x0, Y0) a, or
is just equal to one point of Af(f; xo, y0).

LEMMA 1.1. Let f be a standard function, such that f(0,0) 0 and
T(f) . Let > O, c

_
O, and r e R+ standard. Set # #r(f), x X, and

y Y. For all limited (X, Y), one has f(x, y) cd’(rf(X, Y)
Proof. As f and r are standard, so* is #. Let N be a standard integer,N >

Max {#, We write f as f TNf + RNf, where Tf is the Taylor polynomial
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of f at (0, 0) of degree N, and RNf is the rest of the Taylor expansion. For all
infinitesimal (x, y), one has RNf(X, y) (Max {Ixl, lyl})N+l ( denoting a generic
limited real number), and thus RNf(aX, ry) c as N + 1 >_ Max {#, #/r}.

Thus, it suffices to show the lemma in the case where f is a standard polynomial
TNf(x, y) this case is trivial.

PROPOSITION 1.2. Let f E C be any function defined on some neighbourhood
(0, 0), such that f(O, O) 0 and T(f) . Let k and r be nonzero numbers. If the
curve f 0 admits a negative (k, r)-branch at (0, 0), then r is a coslope olAf(f) and

=o.
Proof. By transfer*, we may assume that f and the branch are standard. Since

is standard, and as o(x) klxlr, the real numbers k and r are standard. Let
c > 0 be any infinitesimal. The hypothesis (x) klxl for x < 0 implies that
(-) k(r(1 -}-). Let # :- #(f ;0, 0). Lemma 1.1 implies that

f(-a, (-a)) f(-a, kar(1 + )) a(rf(-1, k(1 + )) +

with
_

0. Dividing by c the relation f(a, (c)) 0, one gets rf(-1, k(1 +)) - 0.
Since rf is a standard continuous function, one has

rf(-1, k) f((-1, k(1 + ))) (rf(-1, k(1 + ))) 0.

Thus rf(-1, k) 0 since k 0, the polynomial rf(X, Y) cannot be just equal to
one monomial; r is thus a coslope of N’(f).

Here is a somewhat more general result that we will not use here.
PROPOSITION 1.3. Let f e o be standard such that f(O, O)

Let (c,)
_

(0,0), c > 0, such that f(c,) O. Assume that (r with r
appreciable. Then some standard ko
k0cr(1 -}-; ro is a coslope of Af(f;xo,yo) and rof(1, k0)--0.

Proof. Let r0 := or ? 0, and # := #to(f), which is standard, as are f and r0.
Let N _> Max (#, #/r}. Using the factorization cr ar-roaro and reasoning as in
proof of Lemma 1.1, one checks that f(, ) a" (of(1, (-o) _}_ ). Sincef(a, )
0, dividing by , one sees that rof(1, cr-)

_
0. Since p(g) "= rof(1,g) is a

nonconstant standard polynomial, thus unlimited for any unlimited K, k c-has to be limited, thus near-standard in R. Let ko :-- k. One has 0 (rof(1, k))
rof(1,k) of(1, k0). We have to show that k0 0. If we set s :- 1/r and
g(x, y) :- f(y,x), as 8, the previous reasoning shows that l:-- 8-8 is near-
standard in R, and c =/8o with so := %. Thus kaTM kl8 klro, with
k and limited. Finally, 1 klTM and k

1.2. Rivers of polynomial differential equations. The polynomial differen-
tial equations that occur as local models for the behaviour of the slow solutions near
the critical points of the slow curve have a few remarkable solutions called "rivers"
that "organize" the qualitative behaviour of the other solutions. These solutions are
of polynomial growth and attract or repel exponentially the nearby solutions. These
rivers generalize the (logarithmic derivative) of the special functions, the distinguished
solutions of (the Riccati equations associated with) the second-order linear differential
equations occuring in mathematical physics. We recall here briefly the definition of
rivers of a polynomial differential equation and the effective methods to determine
the rivers using an upper Newton polygon and the polynomials rP associated with P
that we also define now. For more details see [11], [7], and [20].
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Let us consider the following differential equation:

dY
P(X, Y)(2)

dX

with P(X, Y) any polynomial with real coefficients.
DEFINITION (see [4]). Let Y be any solution of (2), and k and r two real numbers,

with k # 0 if r 0. We say that Y is a solution of type (k, r) of (2) at X
(respectively, X -oc) if there exists a real number X0 such that Y is defined on
IX0, +cx) (respectively, (-oc, X0]), and if

(X) klXIr at X +oc (respectively, X-

We say that is a river of type (k, r) of (2) at X +o (respectively, X -oc) if
is a solution of type (k, r) of (2) at X +cx3 (respectively, X -cx3) and if

lim X P{(X, V(X))

We shall use the expression "of growth type kXr at X +/-oo" as a synonym "of type
(k, r) at X +/-x."

This last hypothesis suffices to ensure the exponential attracting or repelling of
nearby solutions (see [4]). Here come two definitions introducing objects useful to
determine the rivers of a polynomial differential equation.

DEFINITION. Let P := Y amnXmyn, and let/) :D(P) be the convex hull in
R2 of the half-lines m < and n , for all (,) such that am-a 0. We call the+
upper Newton polygon of the polynomial P the union jI(P) of all oblique segments
of the border of T.

If a is a segment contained in JPl of coslope r, we say that r is a coslope of
If (Y k) is a factor of P for some k E R, we shall say that r 0 is (also) a coslope
of

DEFINITION. Let r E R and P(X, Y) a,,xmyn for any polynomial. We
define the r-degree of P to be the number OrP := Max {m + rn ainu # 0}. We set

P(X,Y) a,nxmyn.
m+rn--OrP

Remarks. As we already pointed out, for any smooth function f at (x0, Y0),
the polynomial f is r-homogeneous of r-degree=# := #r(f; x0, Y0), and, if r 0, its
Taylor set is contained in the segment a of Af(f;xo, yo) with coslope r if any and
then Af(f; x0, Yo) a, or is just equal to one point. Thus Af(f; x0, Yo) A4(f),
r(rf) =,.f =,.(,.f) and 0r(rf) Pr(f ;X0, Y0).

By construction of Af(rf; x0, Y0), any of its coslopes r are nonnegative; this was
done intentionally, for the sake of simplicity, choosing to define E as the convex hull of
a union of quadrants, indeed, a curve of type (k, r) at (x0, Y0) with r < 0 would tend
to infinity when x goes to x0; the problem would no longer be local so we would need
some rigidity on f, such as "f is a polynomial in y" (this is beyond the purpose of
this paper); nevertheless, in 3 we give an example on singular deformation to show
how curves of type (k, r) with r < 0 arise.

As we consider here a river solution of polynomial differential equations, it is no
longer necessary to exclude the case r < 0: this is why the upper Newton polygon
was introduced as the convex hull of horizontal half-lines instead of quadrants as in
the previous case. So AzI(P) may have some negative r as coslope.
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There is a result [11], [4] in which (a) and (b) are the analogs, for rivers, of
Proposition 1.2 for the branches of the slow curve at a critical point; condition (c)
is related to the behaviour of the other solutions with respect to the river: for X
unlimited (that is, for x := CX

_
0, where

_
0), the river behaves as a slow solution

of a (usually other) slow-fast differential equation. As rivers are concerned with the
behaviour of the equation at infinity, it .is the upper Newton polygon that is of interest
here. Proposition 2.1, Theorem 2.2, and finally the matching principle 3.1 will make
precise the relation between growth type of a branch at a critical point and rivers of
the related local model under the regularizing blowup.

PROPOSITION 1.4. /j’ (2) has a solution of type (k, r) at X =l=o, then (a) r
is a coslope of the upper Newton polygon 3d(P); (b) rp(:l= 1, k) O. Moreover, this
solution is a river at Z =l=cx if and only if (c) c(r) :- 1 r + OrB > O.

Conversly, if beyond properties (a), (b), and (c) above, one has

rP,(1, k) :/: O,

then the rivers-existence theorem [11] implies that (2) has indeed a river of type (k, r).
One of the interests of the river solutions lies in the fact that they admit, as most

special functions, a (diverging) asymptotic expansion of Gevrey type [7], and that they
are resurgent [13], [6] and, in particular, summable in the sense of the summation
of diverging series [17]. In practice, in the "good cases," i.e., if rP.(+l,k) 0
and for r p/q with p and q > 0 integers, any river has an asymptotic expansion
kxr n>0 anx-n/q for which it is easy to compute as many terms as desirable, with
help, for example, from programs such as Maple or Mathematica. The fact that the
expansion is of Gevrey type, that is, (an) grows no faster as n !, implies among other
things [19] that the error committed when truncating the sum is of order equal to
the first "neglected" term. So one may compute approximations of the rivers of order
of the smallest term anx-n/q ("summation up to the smallest term"), or excellent
approximation with few terms, as for the diverging expansions of special functions.
The fact that the expansion is resurgent is related to its "transasymptotic" expansion
(exponential corrections). So rivers lend themselves nicely to numerical computations.

2. Regularizing microscopes and local models.

Examples and definition. Let us consider the following example of slow-fast
differential equation (Fig. 3):

(3) edyldx (y ax)(y bx)(y cx) + p(x, y), with abc 7 0

with a < b < c three standard real numbers, and p a standard Co function with
T3(p) -= 0, i.e., zero Taylor polynomial of degree 3. The slow curve is the union of
three smooth curves passing through the origin, and tangent to the three straight
lines y ax, y bx, and y cx, respectively, that motivate the name, Union-Jack
equation, that we give to it; (0, 0) is a more degenerate critical point than in the case
of a Riccati equation. Let us perform the following change of variable:

(4) cX=x, Y=y, witha=el/3.

Since e --- 0, this operates as a microscope on the phase-space, and the image is
a blowup of this phase space. The behaviour of the solutions for (X, Y) limited
corresponds to the behaviour of solutions of (3) in the c-galaxy of (0, 0). Equation
(3) becomes

dY/dX (Y aX)(Y bX)(Y cX) + s-lp(X, Y).
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FIG. 3. Slow-curve of a Union-Jack equation 3 and its image under a regularizing blowup.

Since, by assumption, the Taylor polynomial of degree 3 of p is zero, we see that the
term e-lp(X, cY) is infinitesimal for (X, Y) limited. In other words, the blow up
(4) made it possible, in the vicinity (i.e., infinitesimal) of the critical point, to convert
the singular perturbed equation (3) into a regular one. The shadow of the solutions
of (5) are solutions of the standard differential equation

dY/dX (Y aX)(Y bX)(Y cX).

And this is now a polynomial differential equation. An easy study of its rivers shows
that this equation has three rivers at X +cx), and as many at X -cx), all being
asymptotic to kXr for some k a, b, c, and r 1. Theorem 3.1 will show that any
slow solution following {y bx} for x < 0 (attracting solution), or {y ax} or
{y cx} for x > 0 (repelling solution), is infinitely close to the corresponding river
at the scale of (X, Y).

In this study, we want to elucidate a double "miracle": how to associate with any
critical point of a large class such a desingularizing blowup, and how to approximate
the slow solutions in the very vicinity of the critical point by a river of some stan-
dard, polynomial, differential equation. As an example of possible application of that
method, we shall show how to deduce the existence of canards in a one-parameter
family of Union-Jack equations.

DEFINITION. Let qa(x) Yo + k(x x0)r be a positive (respectively, negative)
branch of the slow curve {f0 0} of (1) in the neighbourhood of (x0, Y0). We call this
the regularizing microscope of (1) in the neighbourhood of (x0, Y0) with respect to the
branch 99 any change of variable x xo+aX, y yo+/3Y, with a > 0, c

___
0 and any

/ > 0, that converts that equation into dY/dX F(X, Y), with F of class S, F O,
such that the standard equation dY/dX F(X, Y) admits a solution asymptotic to
kXr at X +oc (respectively, X -c). Equation dY/dX F(X, Y) will be called
a regularizing blowup of (1) (by the considered regularizing microscope).

Remark. For small enough c =/ it is always possible to get an infinitesimal
F, that is, a regular perturbation of the trivial equation dY/dX 0. This way to
"regularize" the singular perturbation is of course of low interest: it is just a way
to express the classical theorem of local straightening of locally Lipschitz differential
equations’ solutions. This is why we ask for F 0; as we shall see, this needs a more
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subtle choice of and/, neither too large nor too small.

2.1. Case J’ Jo: the simple equation. We first consider the case of the
simple equation

edy/dx- fo(x, y) (e > 0 infinitesimal),

i.e., the case where f is a standard function. It is easy to see that the microscope

(8) x xo + aX, y yo + aY,

centered at a standard point (x0, Y0) of the slow curve, yields the following blowup of
()"

dY/dX (al-r/)f(xo + aX, Yo + arY) (al-r+z/) (rf0(X, Y) + 5),

with # #r(f0 ;x0, Y0) and 5
___

0 for any limited (X, Y). In order to get a regularizing
microscope, one has to consider those choices of a such that al-r+z/ is appreciable,
for example, equal to 1, which means that a l/(1-r+z). The crucial point of
this study consists in observing that for some convenient choices of r the shadow of
the near-standard equation associated in that way is a polynomial equation exhibiting
rivers.

PROPOSITION 2.1 (case of the simple equation). Assume f is standard (i.e.,
f fo) and that (0, O) belongs to the slow curve {f0 -0}. Let r >_ 0 be any coslope
of the lower Newton polygon Af(fo), # #r(fo), and k be any root of (the algebraic)
equation r(fo)(+/-l,k) 0. Lets If(i-r+#). In that case s > O, a 8 is
infinitesimal, the microscope

(9) x sX, y sry

is regularizing for (7), and the resulting blowup is infinitely close to the polynomial
equation

(10) dY/dX fo(X, Y).

If (rf0) (+/-1, k) # O, this equation has a river of type kXr at X +/-oo.

Proof. One has 1/(1 r + #) > O: let (m, n) E Af(fo) be the point of the segment
a of the lower Newton polygon of fo of coslope r that has the largest ordinate n; one
has n > 1 and thus

1-r + #--1-r + #r(fo) l -r +m +rn-- (l +m) +r(n-1) >_ 1.

Thus 1 r + # is positive and is standard, whence a := l/(1--r+tt) 0.
The microscope is regularizing: Lemma 1.1 implies that

f(x, y) a(rf(X, Y) + 5),

with 5
_

0 for all limited (X, Y), whence

dY/dX a-rae- (rf0(X, Y) + ) o(X, Y) + --: F(X, Y),

and F fo. The short-shadow lemma* [9] implies that the shadows of the solutions
at this scale really are solutions of (10).
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Equation dY/dX F(X, Y) does have rivers: the polynomial rf0 is r-homoge-
neous (of r-degree # :-- #r(f0)), and its upper Newton polygon jr4 (rf0) is just equal
to the segment a. Since (rf0) (+/-1, k) 0, the rivers-existence theorem [11] implies
the existence of one river of type kXr at X +/-c. [:]

Examples. Case of a regular point of the slow curve. Assume f f0, i.e.,
f is standard, and that (0, 0) is a regular point of the slow curve of (1), that is,
f0(0, 0) 0 and f0f0(0,0) 0. The implicit-function theorem implies that the
slow curve (f0 0} is, in the neighbourhood of (0, 0), a standard smooth curve
tangent to the straight line {y kx}, with k -A/B, where A :- f0(0, 0) and
B :-- f0y(0, 0). So, it has two branches (one for x >_ 0 and one for x <_ 0), of type
(k, 1).

The microscope x eX, y eY is regularizing and turns (1) into a near-standard
equation, the shadows of the trajectories of which being solutions of

dY
=AX+BY.

dX

This equation has the explicit solution (X) :- -XA/B- A/B2, which is a river,
both at X +o and at X -oo, of the same type as the two branches of the slow
curve.

Case of a fold point. In [16], Mishchenko and Rosov study the behaviour of the
solutions of (1) near a fold point at (0,0), that is, in the case fo(0,0) 0 and
fo(0, 0) 0, but fo-(0, 0) 0: the slow curve looks like a horizontal parabola: it
has two branches (assumed to be negative) of type (k, 1/2).

Let so ; the microscope x e8X, y e8o/2y is regularizing at such a
fold-point. It turns (1) into a near-standard equation, the shadows of the trajectories
being solutions of

dY
AX + BY2

dX
1, ,,

(0, 0) It is a Liouville equation that exhibits [11]with A f0: (0, 0) and B joy-
two families of rivers (Fig. 4), one containing just one isolated river (asymptotic to
y +x/:-- on the figure, and that the authors call the "dividing solution," which
they are able, in that case, to express in terms of Bessel functions), and the other
containing an infinity of rivers, all asymptotic to each other (and to -/:-- on the
figure). The types of the two families of rivers are equal to those of the two branches
of slow curve.

2.2. Regular deformations. We now come back to the general case, where

f f0 + fl +"" that we shall consider in different ways, according to whether the
microscope (9) used to regularize the simple (or simplified) equation (7), obtained by
replacing f by f0, is still regularizing for the complete equation (1) or not.

Let us first consider the example of the following equation:

(11) edy/dx +/-(y x)(y x2) + e(a + bx), with a, b e .
The slow curve, with equation (y- x)(y- x2) 0, exhibits some branches at (0, 0) of
type x with r 1 and r 2. Let’s consider successively the cases r 1 and r 2.

For r 1, considering the simplified equation leads to selecting s 1/2, the
microscope x 1/2X, y 1/2y yields the blowup

(12) dY/dX +/-(Y X)(Y gl/2x2) -- a + I/2DX,
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FIG. 4. Slow-fast equation with slow curve exhibiting a fold point, and its image under a
regularizing microscope. This last equation has a unique river asymptotic to x/-:-, and an infinity
of rivers all asymptotic to -v/-:, and actually with the same asymptotic expansion: they are
exponentially close to each other.

which, for limited a and b, is infinitely close to a standard equation (i.e., is a regular
perturbation), namely, dY/dX :l:Y(Y- X) + %.

1.For r 2, considering the simplified equation suggests once more letting s ,
the microscope x l/2X, y eY transforms (11) into

(13) dY/dX q:X(Y X2) + el/2y(y X2) + as-1/2 + bX.

We notice here that if a is standard nonzero, the term as-1/2 is unlimited: the
microscope that is regularizing for the simplified equation associated with (11) is no
longer regularizing for the complete equation (11).

In terms of the following definition, the "deformation term" e(a + bx) is a regular
deformation for the growth-type x1, and a singular deformation for the growth-type
x2 (if a 0).

DEFINITION. We say that (1) is a regular deformation at the point (xo,Yo) of
the simple equation (7) for the growth type xr, if, for so 1/(1 -r + #r(f0; x0, y0)),
the microscope

(14) x xo + esX, Y Yo + esory

is regularizing for (1). If not, we call it a singular deformation at the point (zo, Yo) of
(7) for the growth type xr.

The purpose of the following theorem is first to show that only an explicit finite
number of terms of the expansion of f ell + 2f2 +--. may introduce a singular
deformation of the simple equation for a given branch-growth type. Then it establishes
a relation existing between the local model of the simple equation and that of the
complete equation, in case of regular deformation. This will make it possible to show
(Corollary 2.3) that these two models have essentially the "same kind" of rivers.

THEOREM 2.2. Let so 1/(1 r + #r(f0)). A necessary and sufficient condition
for (1) to be a regular deformation at the point (0, O) for the simplified equation for
the growth type xr is that, for all p such that 1 < p < 1 + so(r- 1), the following
inequality holds:

(15) p- 1 + s0(1 r + #(fp)) > 0.

If so, the blowup dY/dX F(X, Y) of equation (1) by the microscope (14) is infinitely
close to some standard polynomial differential equation

dY/dX P(X, Y), with P(X, Y) rfo,
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called the local model of (1) at the point (xo, yo) (0, O) for branches of growth type

Proof. Let p* > 1 + so(r- 1) be some fixed standard integer and denote #(fp)
just by #p. One has

f(x, y) go(x, y) + fl (x, y) +... + P* (fp. (x, y) + ),
for all (x, y)

___
(0, 0); thus, for M1 limited (X, Y)

F(X, Y) e-+s(-)f(eX, ersX)

Z --l+so(i--r)+p+sol (rfp(X y) + #)
p<p*

0) + #)

= Y) +
p<p*

So, the deformation is relar if and only if all the exponents of this later sum are
positive or zero, that is, if (15) holds for all p < 1 + so(r 1). If so, let H. := {p <
P* P + sop 1 + so(r- 1)} ;so, for any limited (X, Y),

F(X, Y) Y) =: p(x, Y).
pH.

Since this defines a standd polynomial P, one finally h F P.
Still in that ce, let p 1 p 1 + so(r- 1), d sume that fp brings

a noninitesimM contribution to F(X, Y), that is, sume -1 + s0(1 r) + p +
sor(fp) 0. By definition of so, we thus have p + sor(fp) 0 + Soar(f0), whence
r(f0) r(fp) p/So, which is strictly positive, since p 1 and So > 0 we saw
in Proposition 2.1. Thus r(f0) > r(fn), d P r(OF) rfo.

Example. If r 1, the condition 1 p < 1 + so(r- 1) is never satisfied, and
thus y deformation is automatically satisfied for the oh type xr" at a regul
,oi.t o t fold ,oit, o t Moe oit (I(0, 0) 0, J (I)(0, 0) (0, 0), but
hess (f)(0, 0) 0) any deformation is regul for all oh types of the brches that
reach such a point. This explains why all the existing studies of cands never came
across the problem of singular deformations.

COaOLLAaY 2.3 (regul deformations). Assume (xo, yo) (0, 0). Let r 0 be a
coslope of the lower Newton polygon (fo), and ko any root of the algebraic equation
fo(1, k). Let so 1/(1 r + (fo)). q (1) is, at the point (0, 0), a regular
defomation of the simplified equation (7) for the growth type xr, the microscope (14)
x soX, y ersoy is regulazing for (1), and the image of equation (1) by this
microscope (14) is infinitely close to the standard polynomial equation

(1) dWdX P(X, Y),

with rP(X, Y) rfo. If (rf0) (1, k0) 0, this equation has a ver of type koXr

at X .
Proof. The previous theorem implies that rp rf0, and the existence of rivers

of type (k,r) for dY/dX P(X,Y) depends only on that polynomial rp: so the
corollary follows immediately from Theorem 2.2.

We shall come back to the problem of singular deformations at the end of the
study of preresonant solutions.
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3. Preresonant trajectories.

3.1. Entrance in the halo of a critical point. The two previous sections
were dedicated to the geometric study of (1), that is, in some sense, to the formal
solutions of that equation. We can now come to the study of the behaviour of the
(slow) solutions of that equation, when x becomes infinitely close to a critical point.
Actually, to know that the solution is slow for x not infinitely close to the critical point
does not always give strong information about its behaviour when x becomes infinitely
close to that point. Indeed, consider, for example, the equation sdy/dx -2xy, which
has a critical point at (0, 0), and whose solutions are given, as a function of the initial
condition y_ -(x_), by

The hypothesis that the solution is equal to an infinitesimal y_ (x_) at some
"initial condition" x_ 0 does not suffice to give some control on y for x

_
0: for

example, for x_ -1 and x 0, y_ may be infinitesimal and (0) y_e1/ may take,
according to the value of y_, any infinitesimal value, and y(0) may even be appreciable
or illimited, for some convenient choice of y_

_
0. This comes, essentially, from the

fact that the slow curve y 0 is repelling for x < 0 (or attracting for x > 0). In the
general case, we can get a good precision on the behaviour of slow solutions in the
halo of the critical point (x0, Y0) and more precisely under a regularizing microscope,
only for solutions that follow an attracting curve for x < x0, or a repelling one for
x > x0. Such a solution, defined and satisfying that condition on both sides of x0 is a
canard [10], also called [18] "resonant in the sense of N. Kopell." This is why we shall
call any solution satisfying that condition on one side (at least) of the critical point
preresonant.

DEFINITION. Let T)() ---. R be a (k, r)-branch at the point (x0, Y0) of the
slow-curve fo(x,y) 0 of (1). We say that is a preresonant branch at (xo, Yo) if
and only if is standard, (f0)(x0, Y0) 0, and (fo)(x, (x)) is nonzero and of the
same sign as (x- x0) for all x E :D() not equal to x0 (i.e., if and only if (x0, Y0) is

critical, and for x x0, (x, (x)) is attracting if x < x0, or repelling if x > x0).
Let o be a (k, r)-branch at (x0, Y0) of the slow curve of (1) and a solution of

(1). We say that is a preresonant solution at (Xo, Yo) attached to if and only if
is preresonant, and for all x x0 in :D(), (x) is defined and (x)

_
(x).

Examples. For a Union-Jack equation (3) (with a < b < c) (Fig. 3), the slow-
curve at (0, 0) has one preresonant branch defined for x < 0 which is tangent to
y bx, and two preresonant branches defined for x > 0, tangent to y ax and
y cx, respectively.

At a fold point (Fig. 4), one of the branches of the slow curve is preresonant and
the other is not.

To each preresonant branch there corresponds, on the regularizing blowup, an
isolated river that is a shadow of the image by the microscope of any preresonant
solution infinitely close to that preresonant branch. Theorem 3.1 shows that this is a
general fact.

We shall consider in this main theorem the case of a preresonant branch defined
for x < x0, with x0 0; one has of course an analogous result for any standard x0,

and also for any preresonant branch defined for x > x0.
THEOREM 3.1 (matching principle). Let k O, r > O, x_ < 0 be standard, and

: Ix_, 0] ----, R be a preresonant (k,r)-branch at (0, O) of the slow curve of (1); Let
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so := 1/(1- r + #r(fo)) Assume that (,fo)’ (-1, k) O, and that (1) is a regulary

deformation .for the growth type of of the simplified equation

Let P(X, Y) be the polvnomial such that the shadow of the blowup of (1) bv the regu-
larizing microscope

(17) x esoX, y rsoy

is

dY
(lS)

dX
P(X, Y).

Let be any maximal solution of (1) such that (x_)
_

qo(x_). Then
(1) There exists some limited X+ < 0 such that is defined and preresonant,

attached to qo on [x_ x+ with x+ "= esoX+
___

O.
(2) For all x [x_,x+] such that x

_
O, if x/eso is unlimited, then y(x)

klxl (1 +
(3) Equation (18) has a unique river (-cx),a) IR of type (k, r) at X
yor any x near-standard in the image Y(X) of by the microscope

(17) is infinitely close to (X). So for x "= esx, (x) is defined and satisfies

?(x).

Proof. The proof uses a zoom technique introduced by Callot for the Riccati-
Hermite equation [5], and presented in a more general case by Benoit in [2]. It
consists of a three-step study, the middle step connecting the scales of the first and
the last step using a typically nonstandard technique.

Behaviour of for x << 0 and for x <_ xo - O. As the branch y qo(x) is negative
by assumption and thus attracting, as it is preresonant, the solution y is defined
and satisfies (x)

_
qo(x) for all x such that x_ < x << 0 and thus, by permanence

(Fehrele’s principle*), there exists x0 - 0, x0 < 0, such that this stays true for all

As qo is asymptotic (tangent) to klxlr at x 0 with k 0, there exists some
standard x

_
e [x_, 0) such that qo(x) 0 for all x

_
e Ix_, 0). As the result is local,

without loss of generality, we may assume that x_ x_.
As qo is standard, qo(x) is appreciable on Ix_, 0) for all x 0, and thus (x)

qo(x) + fl qo(x)(1 / f) if x 0. By Fehrele’s principle, there exists some infinites-
imal x _< x0 such that this stays true for all x <_ x. Possibly choosing a smaller
infinitesimal x, we may also assume that Xo/so is unlimited (negative). Without
loss of generality we now change x0 into x0 x.

Behaviour for x
_

0 outside the S-galaxy of O. We now assume that x0 <_ x < 0,
Ixl large enough for x/so to be unlimited. We both have to show that (x) is defined
and that (x) klxlr (1 + it).

Let :- (x)/Ixl, and choose k_ < k+ standard with the same sign such that
k_ < k < k+, and such that [k_, k+] contains no other root than k of the algebraic
equation rf0(-1, K) 0. We shall show that it is absurd to assume that (x) leaves
(k_, k+) on the external domain under consideration here. This will imply, on one
hand, that (x) stays defined, as the compact {(x,y)lxo <_ x <_ O,k_lxlr <_ (x) <_
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FIG. 5. The equation (1), its image by the microscope (19), and its image by the regularizing
microscope (21).

k+[xlr}(c hal (0, 0)) is contained in the domain of (1). On the other hand, this implies
also that a(x)

_
k as k_ and k+ are standard and can be chosen arbitrarily close to

k, and so assertion (3.1) will be shown.
So assume that a(x) leaves (k_,k+) at Xl _> x0, with xl/e8o unlimited, that is,

k_[xlr < y(x) < k+[x[r for all x e [xo, xl) and (xl) k+[x[. Let s(< so) be such
that x/esl -1, and consider the microscope

(19) x esl, y eTM r/.

Let be the image of by this microscope; () ers’(/e’) and thus k_lhl <
() < k+llr for all _< -1 limited, and (-1) k+.

This is absurd; indeed, the image of (1) by the microscope (19) is a slow-fast
differential equation

(20) e
ddy

with d :- 1- Sl(1-r+#r(f0)) > 0 and
the slow curve of which, for < 0, is the union of the branches y Klxlr for the
various roots K of f0(-1, K) 0. The differential equation is thus fast at the point
(-1, if(- 1)) (-1, k+), and oriented towards the branch klxl, as by asumption
(f0)y (-1, k) < 0, which contradicts that (,ff()) is contained in the crescent
[k_, k+] for _< -1.

Behaviour for x in the es-galaxy of O. We just showed that (x) is defined and
satifies the inequalities k_lxl < y(x) < k+lxl for all x E [x0, 0] such that x/es is
unlimited. Thus by Cauchy’s permanence principle* there exists some x+ < 0 such
that X+ x+/e is limited, and such that this internal property stays true for all
x [x0,x+], which implies, in particular, assertion (3.1).

In other words, the image Y of the solution y by the microscope

(21) x esX, y eTMY

keeps contained, for X <_ X+ limited, in the region k_lXIr <_ Y(X) <_ k+lXIr

(Fig. 6) as, for X <_ X+ limited, x := esoX >_ x0; (X) is thus limited for all limited
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k+lxlr

FIG. 6. The unique river of (22) which is contained in the crescent-shaped region X < X+,
k_lXl

_
Y

_
k+lXl for all (limited) X sucently negative.

X _< X+. By the short-shadow lemma, has thus a shadow ]Y, also contained in the
close, standard region k_lXIr <_ (x) <_ k+lXIr, which is necessarily a solution of the
shadow (22) of (1) by the regularizing microscope (21):

dY
(22)

dX P(X, Y).

But, by Corollary 2.3, one has rP(X, Y) rf0. As equation rP(-1, K) (= rf0(-1,
K)) 0 has a unique root, k, between k_ and k+, by Proposition 1.4, Y is asymptotic
to k[XIr at X -oc. As, moreover, (rp) (-1, k) < 0, by the rivers-existence
theorem [11], 1 is_necessarily t_he unique river of (22), that is, of type (k, r). As 17
is the shadow of Y, one has Y^(X)

_
Y(X) for all limited X. As k_ and k+ are

standard and of the same sign, Y(X) is appreciable for all limited X _< X+, and thus
(X) (X)(1 / ) for all limited X; hence assertion (3.1).

Here is, as an example of application, a corollary giving the existence of canards
for certain one-parameter famillies of Union-Jack equations. Such canards are not of
class S (i.e., the shadow of their image exhibits angles).

COROLLARY 3.2. Consider a continuous, one-parameter d E family of Union-
Jack equations

(23) xx (y ax)(y bx)(y cx) + p(x, y, d)

with a < b < c fixed standard numbers, p an internal function with regular e-shadow
expansion, p(x, y) po(x, y) + e(pl (x, y, d) +, on some standard neighbourhood
of ((0,0)} [A, C], with T3(po)(x,y) =- O, pl standard continuous such that a
p (0, O, A), and c p (0, O, C).

Then there exist values da (A, B) (respectively, de e (B, C)) of the parameter
d for which (23) has a canard, that is, more precisely, a slow solution, defined on the
halo of 0 (and further), following, .for x < O, the attracting branch of a slow-curve
tangent to y bx, and following, for x > O, the repelling branch tangent to y ax
(respectively, y cx).

Proof. As the Taylor polynomial of P0 of degree 3, T3 (P0) is zero, the slow curve of
(23) has, at (0, 0), three negative branches, qo, qo-, qo-, and three positive branches

+qoc, tangent, respectively, to the three straight lines y ix, y bx, and
y cx (fig. 7(a)); the three preresonant branches are qo-, qo+, and qoc+. We shall
show the existence of a value de (B, C) and of a canard, for d de, following qo-
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.....

(b) (c)

FIG. 7. (a) the six branches, at (0, O) of the (fixed) slow curve of the family (23); (b) and (c)
are some trajectories o] (24), image by the regularizing microscope o] (23) ]ord B and d C.

and c+. One would proceed analogously for the existence of a canard following Oa+
for some d da E (A, B).

Let x_ << 0 < x+ be such that x_ E T)(o-) and x+ T)(c+). Choose y_
b- (x_) and y+

_
c+(x+)," so, (x_, y_) and (x+,y+) are two "initial conditions"

belonging, respectively, to the halo of the two considered branches of slow curve:
let

_
and + be the maximal solutions of (23) passing through these two initial

conditions; as in (23),

_
and + are dependent continuously on the parameter d.

LEMMA 3.3. Let dY/dX F(X,Y,d) be a continuous one-parameter d
[D_,D+] family of locally Lipschitz dierential equations defined for all (X, Y)
[X_,X+] x R. For each d [D_, D+], let (X, d) -

_
and (X, d) + be the max-

imal solution through Y_ and Y+ for X X_ and X X+, respectively (Y+ may be
constant or may depend continuously on the parameter d). If there exist X and Xo+
in [X_,X+] such that Y_(X,D_) < Y+(X,D_) and Y_(Xo+,D+) > Y+(Xo+,D+),
then there exists dce [D_, D+] such that Y_(X, dc) Y+(X, dc) for all X e IX_, X+].

Proof. Consider the map " [D_, D+] ---. R "= Rt2{-oc, +oc} that to each value
of the parameter d associates the value of ]7_ (X+, d) if this value is defined, or
if ]7_ stops to be defined because it tends to +oo for some X0 < X+. By continuity
of F and Y_ with respect to d, o is continuous. By uniqueness o(D_) < Y+ and
o(D+) > Y+. Thus, by continuity with respect to d of o and Y+, there exists dc such
that (dc)= Y+. By uniqueness, for d dc, 1- +.

Here is the principle of the end of the proof.
Looking at the solutions

_
and y+ on the regularizing blowup, where, by The-

orem 3.1, these solutions are infinitely close to the isolated rivers Y_ and Y+, shows



REGULARIZING MICROSCOPES AND RIVERS 165

that for d B and d C, the solutions

_
and y+ are defined and slow until x 0,

that is, on Ix_, 0] and [0, x+], respectively, which for d- B, one has y_(0) < +(0),
and that for d C, these values at 0 of the solutions are in the inverse order. Thus by
Lemma 3.3 there exists some dc E (B, C) such that for this value of d,

_
=_ +" this

solution is the desired canard. Let us check the various facts stated in this reasoning.
Consider the following regularizing microscope

l/3x x, l/3y y

that we already used in example (11). The shadow of the corresponding blowup of
(23) is

(24)
dY
dX

(Y aX)(Y bX)(Y cX) / D, with D Pl (0, 0, d).

Let +(X) :- -1/3+(/3X) be the images of the solutions +(x). Theorem 3.1
implies that _(X) is defined and infinitely close to the unique river ]7_ asymptotic
to Y bX, if X is near-standard in the domain of ]Y_. Analogously+(X) is defined
and infinitely close to the unique river 17+ asymptotic to Y cX if X is near-standard
in the domain of

An elementary study of the two solutions 1+ of (24) shows that for D b and
D c, these solutions are well defined on an open interval containing (-oc, 0] and
[0, +c), respectively.

For D b, Y_ (X) =_ bX is an obvious solution, and 17+ (X) > bX =_

_
(X), for X

positive and large enough, thus for all X E T)Y+, by uniqueness of solutions (Fig. 7(b)).
Moreover, as for large values of Y > 0, dY/dX > 0, solutions of (24) "above" the
obvious solution Y_ have to be defined down to X -cx). So, in particular, +(0)
is defined and ]7+ (0) > ]Y_ (0). Now, still for D b, that is, d- B, using that Y+(0)
and ]7+ (0) are standard, one has

F_(o) ?_(o) << ?+(o) F+(o)

and thus y_ (0) < +(0).
One uses an analog way of reasoning for d C (Fig. 7(c)), that is,^D c,

observing here that Y+(X) =_ cX is now an obvious solution of (24), and that Y+ <
So, for d- C, y_ (0) > +(0), which shows the corollary, as explained above.

Remark. A consequence of Corollary 3.2 is that there exists, for (24) a value
D(= d) for which the unique river asymptotic to bX at X -cx, and the unique
river asymptotic, for example, to aX at X +cx), are equal. Figure 8 shows a
numerical computation of that value. We would be highly interested in an analytical
method to determine this value.

3.2. Exiting a critical point’s halo. In Theorem 3.1 we considered the ques-
tion of the image, on a convenient regularizing blowup of any preresonant slow so-
lution. The example considered in Corollary 3.2 can also be used to illustrate the
inverse problem, which will be solved below with Theorem 3.4: to the contrary of
the canard behaviour of a solution of (23), the "ordinary" behaviour of a preresonant
solution that enters, say, for x < 0 in the scope of the regularizing microscope, is
to stay infinitely close, on the blowup, to a repelling river (at X -x)). This river
solution may also be (see, for example, the left-hand side of Fig. 8) a river at X +x)

but attracting now, so belonging to a one-parameter family of rivers, all with same
asymptotic expansion at X +x). Such a slow solution crosses the halo of the critical
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FIG. 8. Numerical computation of the standard part of the canard value dc for equation (23), in
the case (a,b,c) (-1,-0.1, 1). The behaviour at X +cx) ("descending" or "ascending" arrow)
of the river at X -o of type (b, 1) "left-entering arrow") changes very quickly with the value of
d, displayed in the lower left corner.

point and then follows, for x > 0, an attracting branch 99+ [0,x+] ---. JR, of type
(k+, r+), where (k+, r+) is precisely the type of the considered river at X +cx.

Once more, we assume that (x0, Y0) (0, 0), but that 99 is defined on [0, x+] this
time, and is attracting (thus nonpreresonant). There is of course an analogous result
for any standard (x0, Y0), and also any repelling branch defined on some "left-interval"

THEOREM 3.4. Let k O, r > O, x+ > 0 be standard numbers, and 99 [0, x+] --]R be any attracting (k, r)-branch at (0, O) of the slow curve of equation (1); put so ::
1/(1-r+#r(fo)). Assume that (rf0)(-1, k) O, and that (1) is a regular deformation
for the growth-type of the branch 99 of the simplified equation

Denote by P(X, Y) the polynomial such that the shadow of the blowup of (1) by the
regularizing microscope

(25) x e8X, y eTMY

is equal to

dY
(26)

dX
P(X, Y).

Under these assumptions, (26) has an attracting river I7. (a, +cx3) of type (k, r)
atX=+.

Let be any maximal solution of (1), and let Y(X) "= e-,oy(e,oX) be its image
by the regularizing microscope (25). Let Xo >> a be limited, and define xo eXo.

(1) If 7(Xo) - (Xo), then for any X near-standard in ]a, +c[ and yor z :=
eX, (x) is defined and satisfies

-,o(,ox) (= y(x))
_
?(x).

(2) For all x e [O,x+] such that x O, if x/ is unlimited, then (x)
k( +

(3) For any appreciable x E]O,x+], (x)
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(b)

(e) (f) (g)

FIG. 9. The passage through the halo of the critical point of (27). (a) and (g): e 1, the
initial scale; (b): e

_
0 and e/e3s

_
0; (c): 83s e, one puts r/= 81/3; (c)-(e): the microscopes

of Theorem 3.1 in the case 0 > r (= -1); (e)-(g): the microscopes of Theorem 3.4 applied to the
positive branch y x.

Proof. By Corollary 2.3, we have rP(X, Y) rf0. By Proposition 1.2, we have
rP(1, k) rf0(1, k) 0, and, as the branch qo is attracting, (rf0)(1, k) < 0. Thus
by the rivers existence theorem, there exists an attracting river
of type (k, r). The short-shadow lemma implies that the solution Y of blowup of (1)
by theregulari^zing microscope (25) is defined for all X near-standard in ]a, +cx)[, and
that Y(X)

_
Y(X); hence assertion (3.4).

Assertions (2) and (3) are obtained by reasoning with the same microscopes as
in the proof of Theorem 3.1; the existence of the slow solution up to x+ follows from
the attractivity of the slow curve at each of these scales.

3.3. Singular deformations. We shall raise the question of equations with sin-
gular deformations for some branches of the slow curve on an example, and more pre-
cisely on the example of (11) which we already used to introduce that notion. This
will also give us the oportunity to sketch how to deal with slow curves at some x0 with
branches of type (k, r), with r < 0. For the sake of simplicity, we do not consider here
this question in the general case (that is, only relevant fo(x, y) that are polynomials
in ya).

Recall that (11) is equation

+ +

for which the term e(a + bx) is a singular deformation for the branch y x2 for any
standard a 0. This branch being preresonant for x < 0, we shall, more precisely,
be interested in the behaviour of any preresonant solution with initial condition
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(x_, y_) such that x_ is appreciable and negative and y_
___

x2_. The branch y x2

being attracting, (x) is defined and y(x)
___
x2 for all x such that x_ <_ x << 0, and

thus, by Fehrele’s principle, for some x
___

0. As soon as x
___

0, we study using the
"zoom" (microscope with strengh varying with s)

(28) X x, Y y.

Let Y8 be the image of by this microscope; thus it is a solution of equation

(29)
dY -1-8[3(y X2)(X sy) 4- (a 4- bX)]
dX

As long as s << 1/2, and more precisely as long as e/ea
_

0, (29) is slow-fast, with slow
curve X(Y- X), which is attracting for X < 0 (Fig. 9). Using the same reasoning
as in the proof of Theorem 3.1, we see that for all these values of s and all appreciable
X < O, Fs(X) X2 and thus -2(X) X2

Increasing the strengh of the zoom, that is, increasing s such that the ratio 38
becomes appreciable, say equal to 1, that is s 1/2, then 1/3 is a solution of

dY
X(Y X2) + a + l(bX Y(Y X2)),(30)

with / := 1/3; this is still a slow-fast equation, but a change occured in the slow
curve (Fig. 9(c)): it’s no longer a parabola, but the curve X(Y X2) + a 0, which,
as a # 0, is now only asymptotic to the parabola {Y X2} at X -; but at
X 0, it is asymptotic to Y -a/X. This part of the slow cuwe has to be seen as
a (negative) branch o of type (a,-1) at (0, 0), which means asymptotic to alXI, with

Notice that now the term lbX is a regular deformation term with respect to
the preresonant branch , of type (a,-1), for the simplified equation l(dY/dX)
X(Y X2) + a, for which the "microscope" (it is indeed a microscope with respect
to X, but it is a macroscope with respect to Y)

-1/2(31) /1/2X X, / Y=Y

changes (30) into a regular perturbation for the polynomial differential equation with
rivers

(32) dY _y2 4- XY + a,
dX

which exhibits in particular a river r_ of type -a/X at X -cx3. Observe now that
in Theorem 3.1, we assumed that r, the growth type of the branch, is positive; this
was done for the sake of simplicity, and also for the sake a generality with respect to
the equation (which was assumed to be C and not only a polynomial), a negative
growth type at x0 making no sense in the C case. One checks easily that we only
used that r # 0 (and thus kr # 0). So we come to the same conclusion here and see
that for limited X sufficiently negative,

(x) (x),

where Y1/3 denotes the image of the solution Y1/3 on the blowup using the microscope
(31).
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FIG. 10. The blowup of equation (27) by the regularizing microscope (31) for some negative
and some positive value of the parameter a.

It is easy to study the behaviour of the rivers of (32) (see Fig. 10). One shows in
particular that for a > 0, the river r_ at X -oo is also a river at X +oc, but
attracting and of type (1, 1) this time.

The time has come to express the microscope we obtained by the two successive
microscopes we applied, namely, x 1/3X, y 2/3y, and X 2/3X, Y -l/3y,
as r/- 1/3. Finally, we have

x e1/2X, y 1/2Y

we merely resulted in the regularizing microscope relative to the branch of type (1, 1)
(with respect to which the complete equation (27) is a regular deformation of the
simplified equation). So we can apply Theorem 3.4 for X > 0, and we get (Fig. 9(e)-
9(g)) that for a > 0 (standard), the solution stays slow for x > 0, and follows the
attracting curve y x.

Let us observe that for a < 0 (standard), Fig. 10(b) suggests what the behaviour
of y will be for x >> 0: when X increases, r_ decreases faster than any linear function
and thus, coming back to the initial scale, jumps towards y unlimited negative.So
we can deduce that will assume, for some a

___
0, intermediate behaviours, and

especially that for any limited b, there exists some a(b) such that a(b),b is a canard
of (27).

This example shows how to reduce a singular deformation problem: r being chosen
with respect to the preresonant branch qo followed by the considered solution, one
increases gradually the value of s in the zoom (28)" for small values of s > 0, at that
scale the solution follows the slow curve equal to the growth type of qa. For some
smallest standard value Sl(< so, unless the deformation would just be regular), one
or several terms in the deformation get the same size order as those of f0: Proposition
1.2 shows that such terms can only rise from those fp such that 1 < p < 1 + so(r- 1).
One gets a new slow-fast equation ("e" becomes "rf’), the standard part of which
being henceforth a polynomial, and the slow curve being an algebraic curve, which
may exhibit new critical points and which may once more be analysed in branches at
these critical points, but also branches at X +cx, or Y -t-x) (r < 0). Once the
critical points with finite abscissa have been found (this is the only difficult operation),
one can study theses branches with convenient Newton polygons. If the slow curve
at the initial scale exhibits a preresonant branch of type (k, r) for +(x x0) > 0, the
slow curve of the blowup will exhibit a branch of type (k, r) at X +x3 such that
the solution will follow up to some new critical point of finite abscissa and finite or
infinite ordinate: it suffices to reapply the same process; as already mentioned, the
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Theorems 3.1 and 3.4 apply in both cases, and this makes it possible to "follow" the
considered solution, at least when no canard situations occur, which would imply an
additional canard study. We do not doubt that this process will finally result (if no
nonzero occuring function is infinitely flat at some of the critical points, which will not
happen if the functions are assumed to be analytic) in a regularizing blowup, but it
would of course be interesting to solve this question in an effective manner (symbolic
machine computations). We will not consider here this purely algebraic question that
involves only the equation, our goal being to show the role played by rivers in the
behaviour of the slow solutions.

4. Appendix. Let us briefly sketch the nonstandard tools involved in this paper.
The vocabulary of infinitesimals had gradually been forsaken by most mathe-

maticians because of the contradictions that this terminology seemed to introduce.
To overcome these contradictions, logicians like LSwenheim and Skolem introduced so-
called "nonstandard models," mathematical constructions that would, for example,
add "infinitely large elements" to the integers. Abraham Robinson extended these
techniques in order to build efficient nonstandard models that contain all of what
is needed by mathematical analysis (Banach spaces, measure spaces, etc.) He also
pointed out that his construction should indicate how to use safely the infinitesimal
terminology within the usual mathematical sets, like R, the main idea being not to
apply blindly classical results to "external sets" like the set of standard integers. It
is Nelson that achieved this program, in his October 1977 paper in the Bulletin of
the American Mathematics Society that indicates what to do (and what not to do)
using that terminology. Actually, Nelson’s Internal Set Theory introduces just one
new word, standard, and gives the rules for correct use of it.

We use Nelson’s approach (and thus the usual real line, not some elaborate model);
here is how it works. Every classical object is standard or not" we just need tools to
determine which is which. Any uniquely defined object (possibly using other objects
that have already been shown to be standard) is standard. So , 0, 1, , sin, , 0()
are standard. An equivalent statement, called transfer, asserts that classical-type
theorems are true if and only if they are true for standard elements. Things become
more interesting with the theorem asserting that any infinite set contains nonstandard
elements (infinite means, as usual, in one-one correspondence with one of its proper
subsets). So N has nonstandard elements, and any nonstandard integer, say w, is
larger than any standard one. So we have an infinitely large number w. Taking its
inverse (in Q or ]), we get a nonzero infinitesimal l/w, i.e., I1 is smaller than 1/n
for all standard n > 0. A number is limited if its absolute value is smaller than some
standard number (one should keep the word "finite" for questions of cardinality: the
set (1,..., w} c N is finite, but its cardinal is infinitely large, or better: unlimited).
It is appreciable if it is neither infinitesimal nor unlimited. Here are two notations:
(pronounce zerobar) will always denote an infinitesimal and a limited number, but
two occurences of are not necessarily equal, and analogously for . Please notice
the difference between the empty-set symbol } and this symbol . We write x y if
and only if x-y is infinitesimal, and, to the contrary, x << y if and only if x-y is
not infinitesimal.

As ] is complete, any limited real number is infinitely close to a standard one,
called its standard part, and denoted by l. This extends easily to any standard
finite-dimensional Banach space B. For any standard C c_ B, if l E C, we say that

is near-standard in C. If " c_ B has all its limited points near-standard in C, it
is infinitely close to C. If - is a curve (think of a trajectory), we also say that
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follows C. If, moreover, C is standard and any of its standard points is infinitely
close to some point of 7, then C is called the shadow of % and we write 7 C
(actually, on any standard compact subset, it is a standard part for the Haussdorf
metric). A standard function f0 is the shadow of the function f if their graphs are
also. We use this terminology for differential equations, just identifying the equation
y’ f(x, y) with the function f. Given a differential equation y’ f(x, y) and its
shadow y f(x, y), both assumed to be locally Lipschitz, the short-shadow lemma [9,
Thm. 8.2.2] indicates the relationship existing between the shadow of some segments
of solution of the initial equation and a standard solution of the shadow equation.
The segment should be short in the sense that the difference between two elements in
its domain has to be limited. The lemma also gives existence results for solutions of
the initial equation from existence assumptions on the shadow equation.

To make it possible to assume that e > 0 is a fixed infinitesimal is a key point
in the use of nonstandard analysis to singular perturbation theory. For example,
dealing with the question of existence, the fact that solutions have their values in
a (finite-dimensional and thus) locally compact space, one can refer to the prolon-
gation theorem, which ensures that the maximal solution leaves any closed subset
of the domain of the equation; it might be more cumbersome to deal with an (ad
hoc) infinite-dimensional space (of R2-valued functions, defined for e E (0, s0)). A
still more important reason is that it makes it easier to let other parameters vary.
Expansions involving e may enter "by themselves" for a number a, as, for example,
for the necessary value a 1 e e2 + e2 of some parameter (for the existence
of canards [3]).

A number a has an s-shadow expansion, that we shall write a a,en, if
(an)n>o is a standard sequence of numbers and for any standard n, a ao-t-ale -...-t-
huen+en (this formal expansion usually does not converge for any nonzero value of
A function f has an s-shadow expansion, write f fnen, if (fn)n>o is a standard
sequence of functions on some domain D, and for any standard n, and any x near-
standard in D, f(x) fo(x) -t- fl (x)e +... + fn (x)en + en. The expansion is regular
if the functions fn are Coo, and for any standard p, f(P) f(np)en. For example, if
F is standard and (oo with respect to (x, e) and if e > 0 is some infinitesimal, then
Taylor’s theorem shows that for f(x) :-- F(x, e), one has .f F( (., e)en/n !. But
there exist useful examples which are not of that kind, for example, f(x) (x, e, a),
(I) E (:oo standard, and a is equal to the sum of the smallest term of some diverging
expansion, as for the canard values of the Van der Pol equation [3]. If f has a regular
s-shadow expansion, and y is a slow solution of ey f(x, y) that follows a branch
of the slow curve (f(x, y) 0} with no critical point, then has also an s-shadow
expansion, and this expansion is the same for all slow solutions following the same
branch [8].

It is possible to deal with external sets, provided one takes care not to apply
(blindly) classical theorems to them. We say that a set (i.e., a subcollection defined
using the extended language of some classical set) is external, if some classical result is
wrong for it. The set 8N of standard integers is external (it is bounded by w but has
no least upper-bound), and so is the principal galaxy o.fR, the set of all limited real
numbers (the previous example could be deduced from it just by intersecting it with
the standard set N), or the c-galaxy x0 +aG of any x0 for any ( 0. One has specific
results for external sets, which can be used as permanence principles (or overspill
principles). The most obvious one is the "Cauchy principle" (named after Cauchy’s
original statement on continuity of the limit of a sequence of continuous functions)
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that just states that an external set is not internal. So, an internal property cannot
hold only on an external set (otherwise this statement would define the external set,
and there would be a contradiction in classical mathematics) and the property must
overspill to other points. An external set is a halo if it is the intersection on all

1standard indices of an internal family of sets (think of hal (0) := [8N[--, ]), and
it is a galaxy if it is the union on all standard indices of such a family (think of
G "= JsN[-n, n]). So the external domain where a function is limited or appreciable
is a galaxy, and the external domain where it is infinitesimal or unlimited is a halo.
Fehrele’s principle states that no halo is a galaxy, so, for example, two functions
cannot be infinitely close to each other only on a galaxy. This is a generalization of
an easy but nice result called Robinson’s lemma. The typical use of this permanence
result is when it is necessary to overspill an "up to an infinitesimal" estimate from
all limited values of the variable up to some infinitely large ones: the domain where
this type of estimate holds is a halo, whereas the external set of limited numbers is a
galaxy; so the halo must be strictly larger than this galaxy.

We refer to [9] for proofs, further results, and bibliography.
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