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Summary. Slowly varying conservative one-degree of freedom Hamiltonian systems
are analyzed in the case of a saddle-center bifurcation. Away from unperturbed homo-
clinic orbits, strongly nonlinear oscillations are obtained using the method of averaging.
A long sequence of nearly homoclinic orbits is matched to the strongly nonlinear oscil-
lations before and after the slow passage. Usually solutions pass through the separatrix
associated with the double homoclinic orbit before the saddle-center bifurcation occurs.
For the case of slow passage through the special homoclinic orbit associated with a
saddle-center bifurcation, solutions consist of a large sequence of nearly saddle-center
homoclinic orbits connecting autonomous nonlinear saddle approaches, and the change
in the action is computed. However, if the energy at one specific saddle approach is
particularly small, then that one nonlinear saddle approach instead satisfies the nonau-
tonomous first Painlextfranscendent, in which case the solution usually either passes
through the saddle-center homoclinic orbit in nearly the same way or makes a transition
backwards in time to small oscillations around the stable center (though it is possible
that the solution approaches the unstable saddle).
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1. Introduction

Due to center manifold reduction, typical bifurcation theory (saddle-node, transcritical,
and pitchfork) is one-dimensional (see [10], [11], and [12]). Even the amplitude for
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Hopf bifurcation is one-dimensional. Lebovitz and Schaar analyzed one-dimensional
transcritical [18] and pitchfork bifurcations [19] with the parameters slowly varying
dynamically (in time). Haberman [13] showed how local first-order nonautonomous dif-
ferential equations provided the transition between various slowly varying solutions and
described circumstances under which a delayed bifurcation exists. Neishtadt [23], [24]
proved that the unstable equilibrium may persist for slowly varying Hopf bifurcations.
Haberman [13] also described slow bifurcations in conservative Hamiltonian systems,
including pitchfork and transcritical, more recently studied by M4&9]. In the case of

a saddle-center bifurcation, Haberman [13] showed how the first Paitriew$cendent
provides a transition between small oscillations around the center and strongly nonlinear
nearly homoclinic oscillations, which were then (1979) analyzed only in a preliminary
fashion.

Slowly varying and weakly perturbed strongly nonlinear oscillations are analyzed
by the method of averaging (see [1] and [26]), which has a long history. In partic-
ular it is known that action is an adiabatic invariant for Hamiltonian systems. The
method of averaging is known to fail near an unperturbed homoclinic orbit (sepa-
ratrix). For slowly varying Hamiltonian systems, Cary, Escande, and Tennyson [6]
and Neishtadt [22] determined th@(e In€) change in the action in the slow pas-
sage through a separatrix by considering a large sequence of nearly homoclinic or-
bits. Henrard [14] extensively analyzed the result of Cary, Escande, and Tennyson [6],
and described many physical examples. Bourland and Haberman [2], [3], [4] analyzed
the slow passage through a separatrix for systems with a small dissipative perturba-
tion, obtaining an asymptotically accurate formula for the boundaries of the basins of
attraction, generalizing Cary and Skodje [7]. Recently, Vainshtein, Vasiliev, and Neish-
tadt [25], [27] analyzed three-dimensional dynamical systems corresponding to station-
ary incompressible fluid flows with periodic solutions, calculating the small change
in the adiabatic invariant due to the slow passage through a two-dimensional separa-
trix.

In this paper, the slow passage through a saddle-center bifurcation is studied. In
Section 2 we review the method of averaging for strongly nonlinear oscillations that
is valid away from the separatrix. In Section 3 we analyze nearly homoclinic orbits
that are shown to be relevant before the saddle-center bifurcation has actually occurred,
and in Section 4 we show how to use the averaged equations to obtain the boundary
of the basin of repulsion. In Section 5, we analyze the strongly nonlinear saddle point
and the corresponding saddle-center homoclinic orbit. The slow passage of a saddle-
center homoclinic orbit is shown in Section 6 to consist of a large sequence of nearly
saddle-center homoclinic orbits that are matched to the strongly nonlinear oscillations
before and after passage. The sequence of times associated with the nonlinear saddle
approaches are determined using the analytic continuation of the generalized Riemann
zeta function (see the Appendix), which enables us to obtain in Section 7 the relatively
large O(¢%%) change in action in slowly crossing the saddle-center homoclinic orbit.

In Section 8 we allow the energy to be particularly small at an approach to the saddle
point so that the first Painlevtranscendent applies, in which case the solution usually
either passes through the saddle-center bifurcation or approaches the center, but it is
possible though unlikely that the solution approaches the saddle. An example is given
in Section 9.
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Fig. 1. Potential energy and phase portrait (fixed T) for saddle-center bifur-
cation.

2. Slowly Varying Strongly Nonlinear Oscillators

We analyze slowly varying conservative systems (a special case of slowly varying Hamil-
tonian systems)
d?x

9z = f(x,T), (2.1

whereT = ¢t is the slow time scale and the slowly varying potential satisfies T) =

— fxt(T) f (X, T) dx. Slowly varying equilibria (saddles and centers) are characterized by

f (Xo(T), T) = 0, which form the leading-order term in a unique asymptotic solution of
(2.1). Here, we analyze a bounded saddle-center bifurcation so that we assume a saddle
and center only exist fof < Tsc = 0 and coalesce there as is shown in Figure 1. In
addition, we assume there is a second center which persists and, to be specific, stays to the
right throughout the bifurcation. The corresponding bifurcation diagram corresponding
to a saddle-center bifurcation is shown in Figure 2. It is important that the potential be
defined relative to a slowly varying saddle point when there is a sa@idte Ts¢) so that

V1 (Xs, T) = 0. At T = Tscthere is a strongly nonlinear saddle point which we assume

is located ak = 0. ForT > T itis less important how the potential is measured so we
assume it is zero at = 0. The phase portraits with fixed (see Fig. 1) have periodic

and homoclinic orbits that only approximate solutions to (2.1).
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Fig. 2. Bifurcation diagram.

Away from the homoclinic orbits, solutions of (2.1) are slowly varying nonlinear
oscillators. We use the method of averaging [1], [3], [26] with energy-angle coordinates

1 /dx\?

E=3 (E) +V(x,T), (2.2)
14 X dx

= 9 2.3

@(ET) S V2[E - V(x, )2 23)

where theXmin andXmax are the minimum and maximum of an oscillation and depend on
E andT and where the frequency of a strongly nonlinear oscillator satisfiés T) =

Xmax d —1 . : . o
{2 fxmm W)&,T)}W} . After a near identity transformatidd = e+ €E; (e, ¢, T) +
---andy = ¢ + evi(e, ¢, T) + - - -, wheree and¢ represent the average energy and
phase, it can be shown that the leading-order averaged equations are particularly accurate

and may be used (with care) in describing the slow passage through homoclinic orbits

ﬁ — w(e. T)D, T) + O(e?), (2.4)
‘Z—f =w(e T)+ O(), (2.5)

whereD(e, T) = 01"” V1 (X, T)dt is the change in energy over one perig)dAction

(I = [ pdo) is an adiabatic invariantd% = 0 sincele = % andlty = —D), but we

prefer to use the energy. These averaged equations represent three different kinds of
nearly periodic solutions, those in the left (L) and right (R) wells and those solutions
outside (Out) the wells. The method of averaging is known to fail near the unperturbed

homoclinic orbits(e = 0).
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3. Nearly Homoclinic Orbits (T, < Ts) for Slowly Varying
Saddle-Center Bifurcation

Neishtadt [21] showed that it takes an intermediate time to cross the separatrix, a long
time (O(In¢)) in the fast time scalebut a short timgO (¢ In¢)) in the slow time scale

T. Specifically, the homoclinic orbit (separatrix) is crossed in a quasi-steady fashion with
the slow timeT nearly fixed afl;, whereT, is the time at which the averaged equations
(2.4) predict the averaged energy crosses the separatsix(). Near the unperturbed
homoclinic orbit, the solution consists of a large sequence of nearly homoclinic orbits.
The solution is approximated by a nearly homoclinic orbit between successive saddle
approaches. The energy chamge from one saddle approach to the next is known to be
accurately approximated by the corresponding homoclinic Melnikov (Pa@rgexold)
integrale ffooo Vr (X, T¢) dt, which depends on whether the solutiiin the integrand

is approximately a left or right homoclinic orbit, which in this slow variation case also
depends o,

eML(Te),

Mr(To). @D

AE = {
The Melnikov change in energy is known to equal the change in energy for periodic
solutions in the limit as the periodic solutions approach the homoclinic orbit, so that
D(0, T) equaldM (T), Mg(T), or M (T)+Mg(T), depending on whether the periodic
solution is approximated by the lefE(< 0), right (E < 0), or double homoclinic orbit
(E > 0).

In order to investigate the simplest dynamics (forwards and backwards in time) of a
saddle-center bifurcation, we will assume that each of the three Melnikov functions do
not change signs and that the dissipation function for periodic solubqiis T) also
maintain the same signs as their corresponding Melnikov functions. There are two cases
of interest corresponding to a saddle-center bifurcation:

[. My(Te) >0, Mg(Te) <0, M (Te) + Mgr(Te) < O, (3.2)
. ML(Te) > 0, Mr(Te) > 0, M (Te) + Mg(Te) > O. (3.3)

We study case | in this paper because case Il corresponds to the “usual” dissipation
(backwards in time). The basic reason thWat(T.) > 0 is that solutions initiall(T =
Tinitial < Tsc = 0) in the left well haveE < 0 and must pass through the homoclinic
orbit (E = 0) before the left well disappeaid. < Tsc = 0). Thus, energy must
increase for all of these solutions, and consequevitlyT.) > 0. Athird caseM (T;) >

0, Mg(Te) < 0, M| (Te) + Mg(T.) > 0 cannot occur (assuming no sign changes) since
the disappearance of the left well implies tht (T,) — 0 asT, — Tsc = 0. The
following more explicit demonstration dfl, (T;) > 0 may be of interest. The normal
form (rescaled for simplicity) of the saddle-center bifurcation near0, T = Tsc =0
(with the left well disappearing) i ~ x>+ T, with saddle ak ~ ++/—T (sincef, > 0
there) and center at~ —/—T (since fy < 0 there). The corresponding potential (set
to zero at the saddle point) 6 ~ —(X—; +Tx) — 2(-T)%. HereVy ~ —x + (-T2,

and thusVr < 0 for x > (=T)Y?andVy > 0 for x < (—T)Y2 This proves that
M_L(T) > OforT < Tsc = 0 (and small) since the left region only involvesmall,
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Fig. 3. Two branches of stable manifold (backwards in time) of saddle, boundaries of the basins of
repulsion, exit saddle approach, and repelled orbits (dashed) from left and outer régient;.
with Mg(Te) < 0, M| (Te) > 0, Mr(Te) + M (Te) < O.

but does not prove anything concernilig(T) since the right well is not restricted o
small.

Orbits that correspond to the slow passage through the unperturbed homoclinic orbit
for fixed T = T¢(with T, < Tsc = 0) are well-known and are shown in Figure 3. Since
M| (Te) > 0, Mgr(T) < 0, M_(T) + Mgr(Te) < O, all solutions are captured into the
right well. Solutions that start in the left welL§ and those solutions that start in the top
region (Out) outside the well form thin alternating bands. The energy at the exit saddle
approachEy(last saddle approach with negative energy) ranges &ia(T.) to 0:

eMgr(T.) < Eg < 0. (3.4
The boundaries of the basins of repulsion are the two branches of the unstable man-
ifolds of the saddle point, and their energids = ¢ Mg(T;) andEy = eMg(T¢) +
€M (T,) at the exit saddle approach can be computed using the Melnikov result (4.1).
Thus, if

eMR(T.) < Eg < eMR(To)+eM (Ty), (3.5)
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then solutions originated in the left well (L), and if
eMRg(Te) + €M (T) < Eg <O, (3.6)

then solutions originated outside the wells (Out). The probabilities of release (opposite
to capture) are discussed in Neishtadt [21]
Mg (Tc) + ML (Tc) —M_(Te)
P(Out) Ma(T) and P(L) Ma(Te)
These probabilities depend on the slow tifeat which the slow variation equations
predict the average energy is zero.

When solutions are near the unperturbed homaoclinic orbit, there is a well-known
large sequence of nearly homoclinic orbits, each surrounded by near saddle approaches
with energyE;. The change in energy from one saddle approach to another can be
approximated by the appropriate Melnikov function. Solutions that go from the left to
the right have the sequence LLLLLLRRRRRR, and the energy attheaddle approach
satisfies

(3.7

E = {E0+IEML(TC), 1 <0, (3.8)

E0+|€MR(Tc)s i >0.

Solutions which go from outside the double homoclinic orbit to the right have the se-
guence LRLRLRLRLRLRRRRRRRRR, and the energy atithesaddle approach is
similar to (3.8) but account of the even and odd saddle approaches must be made.

4. Use of the Averaged Equations in Separatrix Crossingl < Tsc)

In the slow crossing of a separatrix, energy term®aoé) are of particular importance.
The method of averaging fails as the separatrix is approached. To overcome this, Neish-
tadt [22] and Cary, Escande, and Tennyson [6] used the method of matched asymptotic
expansions to show that the sequence of nearly homoclinic orbits matches the method
of averaging before and after the slow passage through a separatrix. The difference be-
tween the energif and the average energys O(¢), and thus th€ (¢) correction to the
energy should be included. However, many authors including Bourland and Haberman
[2] showed that thi$D(¢) energy difference vanishes at the minima and maxima of the
orbits, and thus the averaged energy may be used directly at the minima and maxima.
Since all solutions that pass through the separatrix fall into the right well with negative
energies, we consider final (instead of initial) conditions in the right wéll at Ty with
given energye(T;) < 0 and phase & ¢(T;) < 1 far enough from the separatrix so
that the averaging equations are valid there. The method of averaging (2.4) predicts that
the average energy= 0 atT = T. = et. where (2.5) predicts the phase tode The
separatrix is crossed with fixed atT;, and near the separatrieg = 0) the averaged
equations can be approximated by quasi-steady equations

de
ﬁ ~ Cl)(e, TC)D(Ov TC)v (41)

dp _ w(e To)

Rk AP , 4.2
dT € (4.2)
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whereD (0, T;) is the relevant Melnikov integral evaluatedTgtpredicted by the slow
variation equations. Following Bourland and Haberman [3], [4], we note that near the
separatrix, the average energy equation behaves as an autonomous equation, and thus
the simple relationship follows:

de
— =¢eD(0, Ty). (4.3)
¢
Consequently, for two different phases along an orbit using the averaged equations near
the separatrix,

Ae=eD(0, T)A. (4.4)

The two phases we use ape= ¢., wheree = 0 and¢ = —n < 0 (it is important that
this is an integer) where= E = Eg. Since these calculations use averaging in the right
well, D(0, To) = Mg(T,), and it follows from (4.4) that

Eo = —eMr(Te)(N + ¢c). (4.5

Using (3.5) and (3.6), we show that the number of orbiggjuals the number predicted
by slow variation theoryn = [[—¢¢]], the integral part of-¢, and thus

Eo = e MRr(To)(—e)™? < 0, (4.6)

where(Q)™M°dis the modulus or fractional part €. Furthermore, it follows from (4.6)
using (3.5) and (3.6) that the specific repeller can be determined from initial conditions
using slow variation theory. If

Mgr(Tc) + M (Te)

0 < (—¢o)™ < , 4.7
(—¢c) Mr(To) 4.7)

then solutions originated outside the wells (Out), and if
MRg(Te) + ML (Te) < (_¢C)mod <1, (4.8)

Mgr(Te)

then solutions originated in the left well(L). The boundaries of the basins of repulsion
(unstable manifolds of the saddle point) correspong-tg.)™°? = 0 and(—¢¢)™° =
MalCt o) n addition, this explains the probabilities (3.7). To obtain connection
formulas for the averaged energy corresponding to slow passage (backwards in time)
through the separatrix, we must also use slow variation theory for the nearly periodic
solutions in the left wells and outside the wells.

For the left well, the slow variation theory will prediet= 0 atT = T, where
¢ = ¢L. We first determinep_ in a straightforward manner (Tis more difficult to
determine, and we will describe this later). Again, Neishtadt [21] showedTihad
near enough td. so that (4.1)—(4.5) again apply. In particular, we employ the averaged
equation (4.4) with the following two phases along the orbit near the sepagateixp
wheree = 0 and¢ = —n — 1 < 0 (again it is important that we choose this to be an
integer) where = E = Eq — M2l — MLobeMe(e) ysing the Melnikov idea for the




Slow Passage through a Saddle-Center Bifurcation 205

corresponding half orbits. Since these calculations are using averaging in the left well
hereD (0, T,) = M (T,), and thus from (4.4),

L Me(T) = ML) mod
- ¢L = ¢c 2 + ML(TC) [( ¢c) 1]’ (4‘9)

where (4.6) has been used. From (4.9) using (4.8), we can show-Haf][[ = [[ —¢c —

%]] with no restrictions on(—¢ )™°d as should be required. If the method of averaging
were valid throughoutp, would equaby., so that (4.9) shows that one effect of the slow
passage (from the right well to the left well) through a homoclinic orbit is to introduce
a phase jump:

Mr(Te) — ML(Te)

—e)™d — 1]. 4.10
M (T [(—¢0) ] (4.10)

1
¢jump = E -

A similar calculation can be applied to orbits that finish outside the wells. The method
of averaging predicte = 0 atT = Toyt Whereg = ¢oyt. As for the left well, Ty will
be near enough td. for (4.1)—(4.5) to be valid wittD (0, T.) = ML (Te) + Mg(To).
Equation (4.4) is used along the orbit near the separatrix gvith ¢o,: wheree = 0

and¢ — —n—-1<0 Where, agairE — E = EO _ EMRé(Tc) _ EML(TC);éMR(TC)' We
obtain
My (Te) mod 1
— dout = —pe — _ _z 411
Pout bc M. (To) + Ma(T) [( ¢c) > | (4.11)

where (4.6) has again been used. It follows from (4.11) using (4.7) that[t]] =

3ML(To) : : - :
[[—¢c + m]] with again no restrictions on its modulus. If the method of

averaging were valid throughoute,; would equakp.. Thus, from (4.11) one effect of
passing slowly through a separatrix from the right well to oscillations outside the well
is to introduce the phase jump:

Bromo = M (Te)
WP ML (To) + MR(To)

_ mod __ }
[( bc) 2}- (4.12)

The complete connection formulas also require the timieand T,: at which the
averaged energy is predicted to be zero by slow variation theory after the slow passage
through a homoclinic orbit. These times are comparatively difficult to calculate since they
involve matching the sequence of saddle times. We omit this here since these times have
been calculated in essentially equivalent situations by Cary, Escande, and Tennyson [6]
and Bourland and Haberman [2], [4]. However, in Section 6 we will calculate these times
by the same method for the related situation of the slow passage through a saddle-center
homoclinic orbit.

In the preceding analysis, we have assumed that the predicted separatrix crossing
time T, is less that the saddle-center bifurcation tifgeg in which case all the solutions
cross the separatrix before the saddle-center bifurcation has occurfed- [T, then
no separatrix crossing occurs, and the usual slow variation theory may be used without
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modification (for example action is conserved). An interesting situation ariesifTs.
(we will also consider what happensTif is nearTs).

5. Saddle-Center Homoclinic Orbit and a Strongly Nonlinear Saddle Point

At T = Tg, there is a one-branched homoclinic orbit connecting the strongly nonlinear
saddle point ak = 0 (where the energy is zero) to itself (see Fig. 1). The potential can
be approximated by a cubic at= T,

V (X, Tso) ~ —BX3, (5.1)

with 68 = —Vyxx(0, Tso) = fxx(0, Tso) > 0. The time-dependence of the “saddle-
center” homoclinic orbit is described by

X dx
=t =], (5.2)
Xmax \/é\/ _V(X7 TSC)

wheret* is the center (symmetry) time of this solitary pulse at whick: Xmax When
T = Tsc This solitary pulse corresponds to the energy being a constan®. However,
solutions take a long time to slowly pass through this kind of separatrix (as with the one
characterized by alinear saddle point). Thus, the solution will be approximated by a large
sequence of nearly solitary pulses of this kind which we parameterize by the symmetry
timet*. Although the energy is slowly varying, this homoclinic orbit will be sufficiently
accurate for our purposes, since higher order terms away from the saddle point will be
accounted for using the Melnikov integral for the change in the energy due to a slowly
varying potential. When the effect of the slow variation is included, the homaoclinic orbit
is broken, and orbits spiral inwards as we have assukhg.) < 0 as also indicated
in Figure 4.

To obtain the asymptotic expansion of this saddle-center homoclinic otbit gis—
+00, we add and subtract the singularity using (5.1) and obtain

2
X~ as t—t" — oo, (5.3
Bt —t*| —c)
_ 2 Xmax 1 _ 1 H
wherec = /—ﬁxmax + /o [ﬁJ—v<x,Tsc> \/2/37] dx. Note that the solitary pulse

associated with the saddle-center bifurcation decays algebraically toward the strongly
nonlinear saddle point, unlike the usual solitary pulses associated with linear saddle
points which decay exponentially.

Solutions pass near the strongly nonlinear saddle point many times, which we char-
acterize by the energy; and the time of closest approaghWe will define these more
precisely. Inthe neighborhood of the strongly nonlinear saddie Q), the leading-order
differential equation is a sufficiently accurate approximation for our purposes,

d2x
92 = 38x2, (5.4)
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Fig. 4. Stable and unstable manifolds of saddle at saddle-center bifurcdtioa: Ts. with
Mgr(Tse) < 0. The exit region is defined byMg(Tsc) < Eg < 0.

which satisfies conservation of energy

1 /dx\? 3
-(Z2) — = E .
with phase portrait as shown in Figure B. = 0 corresponds to exactly a stable or
unstable manifold of the nonlinear saddle point, and (5.5) yields the simple xesult

Fig. 5. Nonlinear saddle point at saddle-
center bifurcation.
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ﬁ(t—fk)z. Of greater interest to us will bE; # 0, in which case it is best to rescale (5.5)
(especially since we will later make assumptions concerning the sigg) of

13
X = ’% X, (5.6)
t—t = |Ep? ", (5.7)

wheret = t;(f = 0) corresponds to the “nearest” saddle approach (minimum where

% = 0) or symmetry time for (5.5). This scaling shows that there are two versions of

(5.5) depending on whether the energy at the nonlinear saddle approach is negative or

positive:
1/dx\*
== —x°=+£1, 5.8
(%) ©9
where the upper sign in (5.8) corresponds€sto> 0 and vice versa. We use this same
sign convention for many subsequent equations. The solution of (5.8) is

! / S S (5.9)

72 +1 (X3 + 1)1/2 =
Solutions of (5.5) develop a finite time singular{y — +o00) according to (5.9) at
oL A TRrE (L E <O, 5.10
T 2)a £ T /e |VB E >0 '

forwards and backwards in timefat t,. and aff = —t... The asymptotic expansion of

the singularity associated with the strongly nonlinear saddle point may be analyzed from
(5.9) but it is perhaps simpler to obtain the result directly from the differential equation
(5.4) or (5.5) once the singularity time is known (see (5.7) and (5.10)):

X ~ 72 - E('[ _tsing)4+"" (.11
,B(t - tsing)2 28
Note that this double-pole singularity Bit=tsing, Where|tsing — ti| = |Ej 82|t

will match to the algebraic decay (5.3) of the solitary pulse. By including the small
but necessar®(t — tsing)4 term at the singularity, the differential equation is able to
communicate the value of the energy as we will describe.

We use a notation (see Fig. 6) where the saddle-center homoclinic orbit centered at
t = t* is preceded by thith strongly nonlinear saddle approagland followed by the
i + 1st strongly nonlinear saddle approaggh;. By matching this solitary pulse to the
both strongly nonlinear saddles, we have to leading-order

-t = |58 P +c (5.12)

-1/6
ti—t = |Ei+1,32| tp +cC. (5.13
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Fig. 6. Consecutive saddle-points surrounding a nearly saddle-
center homoclinic orbit.

By adding (5.12) and (5.13), we obtain a difference equation for successive saddle times
—1/6
tisa—t = [EiB%| Tt + |Eipaf? T te + 2 (5.14)

If the energy were constant, thgn; —t; represents the energy-dependent period. Thus,
the asymptotic expansion of the peri®dE) of the periodic solution near the infinite
period homoclinic orbit for smalE is

—1/6

1 _
—— = P(E) ~2|ER?| Pt + 2, (5.15)
w(E)
sothat (5.14) represents the average of the two periods associated with a periodic solution
of energiesE; andE; 1. Here the energy is not constant, but can be determined by the
Melnikov energy for the right homoclinic orbit (in the limit as the saddle-node bifurcation

is approached):
Eir1 — B = eMgr(Tso). (5.16)

The exit region (see Fig. YMgr(Tsc) < Ep < 0 is defined by the unique unstable
manifold of the strongly nonlinear saddle (the unique stable branch is less important).
The sequence of energies is simple but important,

Ei = Eo + eMgr(Tsoll, (5.17)

which is valid for positive and negative integérsThe solution consists of a sequence
of nearly saddle-center homoclinic orbits satisfying (5.17) which matches to the outside
orbits (backwards in time) and the right orbits (forwards in time).

From (5.11), this change in energy (5.16) corresponds to the change @(the-
tsing)?) term of the asymptotic expansion of the strongly nonlinear saddle. To find the
change in energy without using the Melnikov result (5.16), one calculates e O(
perturbation to the solitary saddle-center homoclinic orbit and matches the resulting
outer solution to the leading-order solution in the neighborhood of the nonlinear saddle.
The O(e) outer solution must contribute a ek (|t — t*| — c)*. Thus,—"“’z—ESi =eA_

and—£51 = €A, so that

28 . -
Eii1— E = eMgr(Tso) = % change in theD((t — tsing)*) coefficient. (5.18)
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6. Slow Crossing of a Saddle-Center Homoclinic Orbit

Since the Melnikov function that accurately approximates the change in energy is the
same before and after the exit saddle approach, we show the method of averaging may
be used directly to minimums and maximums without a jump in phase. The method of
averaging (2.4) predicts the average eneggy 0 at T = T, where (2.5) is used to
calculate the corresponding average phaise ¢, and for the passage to involve the
saddle-center homoclinic orbit the condition again is That Ts. = 0. The sequence of
strongly nonlinear saddle approaches (5.16) are valid. We again use (4.3) for the averaged
energye(T), here withD (0, T.) = Mg(Tsco) so that (4.4) becomese = e Mg(Tso) A

both before and after passage through the saddle-center homoclinic orbit. After passage
we choosee = 0 wherep = ¢. < 0 ande = Ep where¢ = —n, so thatn = [[—¢c]]

and (4.6) follows:

Eo = €MRr(Tso) (—¢pe)™ < 0, (6.1)

so that we can determiri&, from final (or initial) conditions. Before passage, we choose
e = 0 at the unknownlT = Ty, where¢ = ¢t ande = Eg — e Mg(Tsc) Where
¢ = —n — 1, and we immediately obtain

$out = ¢, (6.2

so that the method of multiple scales does not need to be modified in passing through
a saddle-center homoclinic orbit. In slowly crossing the saddle-center homoclinic orbit,
the solution obtained by the method of averaging is valid at minimums and maximums
near the unperturbed homoclinic orbit, though a more accurate description consists of
the large sequence of nearly homoclinic orbits described by (5.14) and (5.16). These
should be matched using the method of matched asymptotic expansions because we will
show the time predicted by the method of averaging is incorrect.

The sequence of approximately saddle-center homoclinic orbits is matched forwards
and backwards in time to the solution obtained by averaging. Earlier, we have matched
the energies. Here we match the saddle times. The timafsthe saddle approaches
associated witf, = Tsc satisfy (5.14), which is a difference equation for the successive
saddle times

L t
tirs—t = |Eo+eMr(Tsoi| 1’6/3—33
. t
+|Eo + eMr(Tso) (i + 1) ™8 =2 + 2c, (6.3)

,31/3

after using (5.17). We obtain from (6.3) the asymptotic expansion (top sign corresponds
to E > 0 and vice versa) ds— Foo
6

ti ~ F2]eMr(Tso)| 0 L 50ty + 2¢i + ys, (6.4)

where the sizé (¢ ~1/%) of the constanty.. are important. These constants cannot be
determined from the form of the asymptotic expansion, but we will determine these
constants using an explicit solution of (6.3) involviyggand the generalized Riemann
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zeta function. The time-dependent averaged equa@én& w(e, T)D(e, T) may be
approxmated near the unperturbed saddle-center homoclinic orloi|&s?|~Y/t,. +
20) = MRg(Tse) using (5.15). Thus, at the saddle approaches,

Mr(Tso)(Ti — Tow), Ei >0,

+2
Mr(Tso(Ti — Te),  Ei <0,

|E|%%ty 4+ 2cE = { (6.5)

5ﬂ1/3
where we have replaceel by E; since the saddle approaches for the saddle-center
homoclinic orbit are minimums of the orbit. (Equation (6.5) explicitly shows the averaged
equations prediat = 0 in a finite time.) When (5.17) is substituted into (6.5), we see
that the saddle times given by (6.4) are compatible only if
2cEy 2cEg

and Tout = - 6.6
Mr out = €Y4 MR (6.6)

Te=Tsc=€y- —
The jump in fast time is large

tout — e =y — v, (6.7

so that the method of averaging makes large errors in time gireeD (¢ ~%6), but the
jump in slow time is small, confirming that the passage of a saddle-center homoclinic
orbit is done in a quasi-steady fashion.
The constants in (6.4), the asymptotic expansion as Foo of the saddle times
satisfying the difference equation (6.3), are obtained relatively easily M(a +
n)~Y6 ~ 8564 £ (1, a), which is derived in the appendix using the analytic continuation
of the generalized Riemann zeta functi@(%, a):

-2t - 1—-—) -t | — ,
1/6 + (6 eMgr eMgr
~1/6
2 1 B\ (B '
6 MR EMR
We recall that the energids; > 0 (corresponding to the first of (6.8)) for< 0 and
Ei < Ofori > 0 (corresponding to the second of (6.8)). To derive (6.8), we have utilized

some elementary ideas such(as- 1)%¢ ~ %8, shifting sums, and letting = —i for
i < 0. From (6.8), we have an explicit expression for the jump in the fast time

Y+ =1+ ‘GMR(TSC)IB ‘

tout —tc = y+—y-

1 E 1 E
= —2|eMr(Ts0B?| 1’6[ (6 MO>—H+§ (6’1_ﬁ)]’ (6.9)

where from (6.1),

Eo
0< ———— = (=)™ < 1. 6.10
Ma(Te) (—¢c) (6.10
In Section 8, we show (6.9) is not valid near the boundaries whgre= O (%) or

Eo — eMgr(Tso) = 0(66/5)-
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7. Change in Action for Slow Passage of a Saddle-Center Homoclinic Orbit

Action | (e(T), T) is an adiabatic invariant before and after the slow passage through a
saddle-center homoclinic orbit. Following Bourland and Haberman [4], the two different
constants can be expressed éXT), T) = 1 (0, To) andl (e(T), T) = | (0, Toyt). Since

Te = Tsc # Tout, but Toue — Te = O(€%9), the jump in action when slowly crossing a
saddle-center bifurcation 8 (¢%6) and is given by

Al =1(0, Tou) = 10, Te) ~ 17(0, Tso)(Tout — Te) = —Mr(Tsc)(Tout — To).  (7.1)

Using (6.9), we obtain

2 1 E 1 E
A|=:_Bﬂ?ﬁm|mRagmaﬁp_§(é,aﬁi)+¢+;<é,l—-aji>}v (7.2)

Whereg“(%, a) is the analytic continuation of the generalized Riemann zeta function and
where we note (6.10). This change in action is slightly larger tha®tfzen ¢) change

in action derived by Neishtadt [22] and Cary, Escande, and Tennyson [6] for the slow
passage through double-homoclinic orbits (with linear saddle points).

8. Nonautonomous Saddle-Point (the First Painlex Transcendent) and the Tran-
sitions to the Center and Saddle

For slowly varying conservative or Hamiltonian systems, the earlier parts of this paper
show that saddle-center bifurcations usually involve the connection of two strongly
nonlinear oscillations by a large sequence of nearly homaoclinic orbits. There is another
family of somewhat different solutions in which there is a transition between strongly
nonlinear oscillations near the saddle-center homoclinic orbit and solutions near the
center or saddle involved in the saddle-center bifurcation.

We have described the leading-order nonlinear saddle point by the autonomous dif-
ferential equation (5.4) Wit% fxx = 3B. However, a more accurate approximation to
the differential equation (2.1) near the nonlinear saddle powat0 atT = Tsc would
be the nonautonomous equation (Ince [15]) known as the first Paiti@v$cendent,

2

Cox = 2 fu (T~ T, ®.1)
whereT = et. Haberman [13] used the first Paindstranscendent to describe this kind

of transitional though he did not understand the details of the slow passage through a
separatrix at that time (1979). (If is nearTs. the unfolding would yield an equivalent
equation‘ff—t;‘ = 1 fxX? 4+ Ax+ fr(T — Tso) since it can be converted to (8.1) by shifting

x andT.) If T — Tsc <« x2 near the strongly nonlinear saddle, then the previous analysis
in the present paper for a saddle-center bifurcation is valid. Because the change of energy
due to Melnikov ideas i©(¢), we may assume in our earlier analysis that the enErgy

itself is O(¢). From (5.5)—(5.7), this implies that = O(¢3) andt — tsc = O(e %),

in which caseT — Tsc « X2 sincee®® « €*6. Thus, the strongly nonlinear saddle is the



Slow Passage through a Saddle-Center Bifurcation 213

leading-order equation almost all the time. Howevex i§ even smaller (closer to the
saddle), then it is possible for the first Pairdeg8.1) to be valid. The first Painle\8.1)
involves the balance of the three terms only if

X=0(@?® and t—tse= O . (8.2

Herex is smaller than the scaling associated with the nonlinear saddle p8n{ ¢1/%).

The first Painlee'with scaling (8.2) still occurs at an intermediate time scale (slow from
the point of view of the fast timé, but fast from the point of view of the slow time

T) sinceT — Tsc = O(e*®). The corresponding enerdy: defined by (5.5) igD (%),

much less than th@ (¢) energy associated with our previous sequence of nonlinear saddle
approaches. Since our sequence of saddle approaches will remain valid (backward in
time), this can only occur if one of the sequence of saddle approaches is near the boundary
of the basin of repulsion, i.e., either

Eo = O(%®) or  Eg— eMg(Tso) = O(%5). (8.3)

Philosophically, this can arise differently forward or backward in time. Forward in time,
as we will show, requires the transition to be near the coalescing saddle-center, while
backward in time puts constraints on the “final” energy such that the energy is almost
precisely zero at a saddle approach as described by (8.3).

Inanalyzing the passage through various kinds of bifurcations, Haberman [13] showed
that there are slowly varying solutions of (1.X), ~ Xo(T) + ezxt}l + ..., whose
leading-order behavior satisfies f (xo, T). To analyze solutions neara slowly varying
bifurcating center, we summarize Haberman [13] who used the method of multiple scales
with a slow timeT and the usual fast phase associated with linear Liouville-Green type
asymptotics. When weakly nonlinear effects were included, the following solution was
obtained near the slowly varying center but away from the bifurcation point:

T KY2dT
X ~ X (T) 4+ 2AeY?k Y4 cos| 22— 4+ ¢1(T) |, (8.4)
€
wherek = — fx(Xsy) = Vix(Xsy) andk¥? is nearly the linear circular frequency. The

phase shiftp; (T) was shown to satisffk¢1(T) = — 2 (3 fxxx+ 2 f2). At the saddle-
center bifurcatiorfy (0, Tsc) = 0, so thatf ~ % X2+ f1 (T — Tse), Where from now on

these derivatives are evaluated@tTs.), in which casef,x = 68; see (5.1). The center

of the center-saddle bifurcation satisfigs~ —(%)”%TSC— T)Y2s0 thatk ~ — fyxXo

as the saddle-center bifurcation is approached. In the case of the slowly varying center
of the saddle-center bifurcation (at= 0 atT = Tsc) asT — Tsg,

f 1/2
X ~ —(%) (Tee— T2+ -+

61/22Acos[—(1ZﬂfT)1/4‘“T%w + 5L N(Tee—T) +6]
[12,3 fT (Tsc - T)] e .

(8.5)

(The stable manifold of the slowly varying saddle point can be obtained in a similar
way.) This outer expansion (8.5) fails wh&g — T = O(e*®) with x = O(e?5) giving
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rise to the scalings (8.2) of the first PaindeVh particular we introduce the scaling of
the special nonautonomous nonlinear saddle point

2/5 f1?/5 8.6
X=c¢€ (3’6)3/511), (8.6)
1
_ 45
T — TSC = € WT, (87)
so that the normalized first Painkarises

d2

d—r"z’ —wlr. (8.8)

The asymptotic expansions of the first Paielewé well known [15]. Using a Boutroux
transformation, the asymptotic expansion backwards in time of the first Paindexally

either explodes or approaches the stable center, qualitatively similar to the phase portrait
of the left well in Figure 3. These solutions are separated by the stable manifold (back-
wards in time) of the saddle point. Solutions may oscillate around the center, approaching
the center backwards in time

A2/2
w~ —(—1)Y2 4 Ap(—r)l’gcos[4—“5/§(—r)5’4 - ;—{ In(—7) + ep}, (8.9)

ast — —oo. This clearly matches to the oscillations around the slowly varying center
given by (8.5). All solutions of the first Painlevdevelop a finite time singularity as
T — 1 forwards in time:

T 1
w ~ 6(t — 1p) 2 — 1—;’)(1 . s o)+ Cp(t — ) 4. (8.10)

A solution of (8.8) can also have finite time singularities forward and backwards in
time. The solutions of the first Painkeyrovide connections so théd,, 8,) should be
determined by the two parameters associated with the singulafity,) and vice versa.
Explicit connection formulas now exist by isomonodromy methods [9], [16], [17]. The
asymptotic expansion of the singularity of the first Paieleah be seen to be slightly
different than the singularity of the autonomous nonlinear saddle point (5.11).
Haberman [13] showed that the finite time singularity of the first Pamteatches
into a nearly solitary pulse associated with the saddle-center bifurcation that is followed
by a sequence of such nearly homoclinic orbits. The singularity of the first Painlev”
matches to the algebraic decay (5.3) of the first saddle-center homoclinic orbit centered
att = t§ (which we will determine in this way):

ts — tsc = (3Befr) o1, + c. (8.11)

It is most important that the order of magnitude of the time shifdig ~*/®) again an
intermediate time scale, this one associated with the nonautonomous nonlinear saddle
point. The shift of the center time is longer than ¢ /%) time associated with the



Slow Passage through a Saddle-Center Bifurcation 215

“usual” strongly nonlinear saddle point since the solution passes even closer to the saddle
point.

We may think of the coefficient att — tsing)* as equaling—%. Using (8.10) with
(8.6) and (8.7), we obtain

__28
S B

It is important that the energy is small(¢°) where the first Painlevis valid. The
energy is determined from the important coefficieptof the (z — 7)* term in the
singularity (8.10) of the first Painlev” The energy is not constant at a saddle approach
described by the first Painle\so that (8.12) only describes the correct coefficient of the
fourth power necessary to predict the energy at the next saddle approach,

Eo (e f1)®3(38) V3¢, (8.12)

28
E, = _E(é f1)%3(38)5cp 4 eMr(Tso), (8.13

which will not be approximately zero. Thus, this and all subsequent saddle points will
be described by the usual nonlinear saddle for saddle-center bifurcation (not the first
Painlew). In between these saddle approaches, the solution will be the nearly saddle-
center homoclinic orbit, so that the energies at the subsequent saddle approaches are
determined using Melnikov ideas,

__28
S

The times of the saddle approaches may be obtained as we did earlier from a sequence
of nearly saddle-center homoclinic orbits so that (5.14) may be used:

E; (ef1)®5(38) 5, + e MRr(Tso)i. (8.14)

-1/6 -1/6

tiva—t = [Ep%|  te+ |Eipap? T te+2c (8.15)
Equation (8.14) is used for the energy.

These solutions near the saddle-center homoclinic orbit will match (as before) to
strongly nonlinear oscillations obtained by the method of averaging. We can use our
previously derived energy result, (6.1), wiy given by (8.12):

Eo = —2’78 (ef1)¥3(38)°c, = eMr(Tso) (—)™? < . (8.16)

There is a thin band of solutions witl-¢¢)™°Y = O(¢'®) corresponding to the first
Painle¥ if c, > 0. If ¢, < 0, thenEg > 0, which means thak; is close to—e Mr(Tsc)
as allowed (andE;, not Ep, corresponds to the first Painkv'Equation (8.16) can be
used forward in time, giving matching conditions that the strongly nonlinear oscillation
must satisfy. It is perhaps more natural to interpret (8.16) backwards in time. We can
obtain the first Painlexonly for very special final conditions from which the energy is
predicted to be even smaller than usual; the energy needsQ6d5€) rather tharO ().

The saddle approach timgsare used to determine the singularity timefrom final
conditions. The sequence of saddle times satisfies (8.15) and starts fibowever, the



216 D. C. Diminnie and R. Haberman

energy is much closer to zero (and the resulting period much larger) only for the saddle
point that satisfies the first PainvThus, in computing the saddle approach times, it
will be a valid approximation to repladg, by 0 everywhere except= 0. In this case,
(8.15) simplifies and its asymptotic expansion is determined using (A.6). We compare
the asymptotic expansion to (6.4) and obtain
_ 1 1

y_ =t —2c+2|eMr(Ts0 82|t [; (é, 1) - 5} . (8.17)
It should be noted tha;t(%, 1) = g(%) is the usual Riemann zeta functign. is deter-
mined from final conditions (6.6), so that (8.17) shows hovg determined from final

conditions. Knowing; givest; from (5.13), so thaty is determined from (8.11) using
(5.13):

- 1
(3pefr) ™y + 2[eMr(Ts0 7 t-¢ (6,1) =to — tsc. (8.18)

Note thatt; — tsc is large whilee(tc — tsc) = Tc — Tsc is small. We would be justified
in keeping the smalle® (¢ ~'/6) term in (8.18) only if (5.13) and (8.17) are accurate to
0(671/5)_

As in Section 7, action is an adiabatic invariant before and after the slow passage
through the saddle-center bifurcation. When the solution, (8.4) and (8.9), is a linear
oscillation around the slowly varying equilibrium, the action is well-known to be ap-

proximated by #¢ A% = ”*Sf—gﬁe AZ. Thus, the change in action is

Al = 4geA? — 1 (0, Te) ~ dre A2 — 1 (0, Tso) — 17(0, Tso)(Te — Tso)
= 47T5A2 — 1 (0, Tse) — Mr(Tse)(Tsc — Te), (8-19)

wherel (0, Tso) is the constan© (1) action associated with the homoclinic orbit of the
saddle-center bifurcation. Using (8.18) we obtain

Al = 4re A’ —1(0, Tso) + €**Mr(Tso) 38 Fr) 1

- %65’6|MR(TSC)|5’GL§ (% 1) : (8.20)
Since the solution passes much closer to the saddle point when the first Pamlev”
valid, the change in action @ (*°) and larger than usual. TH&(¢) term will only be
asymptotically significant if the higher order corrections to the other terms are smaller.
A, is determined from connection formulas associated with the first Paingepiiring

7p andc, (given by (8.16)). Equation (8.19) may be preferable since it shows how the
change in action is determined by final conditioig) (

9. Summary of Crossing Saddle-Center Homoclinic Orbit and an Example
We describe the different kinds of solutions that can occur backwards in time in the case

in which the averaged energy is predicted to be zero at the saddle-center bifurcation
time (T. = Tso). Solutions consist of strongly nonlinear oscillations that become a large
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sequence of nearly saddle-center homoclinic orbits. After this large sequence,

I. Inmostcases, the solution passesthrough the saddle-center homoclinic orbit, reemerg-
ing as a strongly nonlinear oscillation resembling the saddle-center homoclinic orbits.
II. However, for a special class of final conditions in which the energy at a saddle
approach is predicted to be unusually small, one saddle approach is described by the

non-autonomous first Painlevfanscendent. This first Paineetranscendent has a

finite time singularity forward in time that matches to the first of a series of nearly

saddle-center homoclinic orbits. In this case, three things can occur backwards in
time depending on the solutions of the first Paielénanscendent:

a. Ifthe first Painleg’approaches the stable center (backwards in time), this involves
the transition to small oscillations around the newly created stable center.

b. If the first Painlee’approaches the unstable saddle point, this involves the highly
unlikely but still possible transition to the unstable saddle point (the two branches
of the stable manifold of the unstable saddle point).

c. The first Painlee’may also have a finite time singularity backward in time, in
which case the solution becomes another nearly saddle-center homoclinic orbit,
and the solution will be very similar to case I.

The small band of nearly linear oscillations described by Ila has probakiig}°)

occurring backwards in time. This band is bounded by IIb, the two branches of the

stable manifold of the saddle point, which separate Ila small oscillations from lic, nearly

saddle-center homoclinic orbit. One branch of the stable manifold of the saddle point

consists of a large sequence of nearly saddle-center homaoclinic orbits, while the other

branch is similar but preceded by a single passage around the slowly varying center.
As an example of a slowly varying saddle-center bifurcation, we briefly consider

d?x )
97 = —(X = 1+ €t)(X? + et). 9.1)
The leading-order slowly varying equilibria are= 1 — et andx? = —et so that a

saddle center bifurcation occurs Bt = etsc = 0, and the bifurcation diagram is as
shown in Figure 2. We choose = 107° so that there exists solutions very close to
the saddle-center homoclinic orbit, and we numerically integrate. We choose the final
energy such that, = Ts. = 0, and we vary the final phase. In Figure 7a, we show a
solution consisting of a sequence of nearly saddle-center homoclinic orbits having an
autonomous transition between positive and negative energies. Figure 7b shows a solution
that undergoes a nonautonomous (first Pag)lénansition between a sequence of nearly
saddle-center homoclinic orbits and small oscillations around the slowly varying center
x ~ —/—¢t for et < 0. In Figures 7a and 7b, we also illustrate the projection of the
solutions in the two-dimensiondk, %) phase space, verifying that the solutions are
nearly saddle-center homoclinic orbits.

Appendix: Analytic Continuation of the Generalized Riemann Zeta Function

The saddle timet for nearly saddle-center homoclinic orbi (= Tsc) can be obtained
by summing the difference equation (6.3). Since the sum is divergent, we are interested
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-3

x10° , x 10

dvdt g5 0 dJdt g5

Fig. 7. Autonomous (a) transition between sequences of nearly saddle-center homoclinic or-
bits with positive and negative energies. Nonautonomous (b) transition (first Rairidev”
tween small oscillations around the center and a sequence of nearly saddle-center homoclinic
orbits.

instead in the asymptotic expansion of the saddle timés-asfoo. Similar convergent
sums can be expressed in terms of the generalized Riemann zeta function. We will follow
the well-known [8] ideas of analytic continuation as first described by Riemann and apply
it to the generalized Riemann zeta function [5]. We will show that the regularization of
our divergent sum equals the analytic continuation of the corresponding generalized
Riemann zeta function. The particular divergent sum of interest to us follows from (6.3)

m—1
Rn(@ =) (@+mn° (A.1)
n=0

witha > 0. The leading-order term in the asymptotic expansion for largé(A.1) may

be obtained by elementary method®,(a) ~ §m5’6 + k, where we wish to determine

the more difficult constarit. An integral representation of the corresponding infinite
series is usually obtained by introducing an infinite geometric series with the gamma
functionT'(3) = (a+ M8 [;° x~5%e~@Mx dx requiringa + n > 0. Here, we must
instead use a finite geometric series

1 o0 . X75/6 i
F(é> Rm(a)zfO e 1_e_x(l—e )dx. (A.2)

The limit asm — oo of (A.2) does not exist because of the nonintegrable singularity
x> atx = 0, which we remove in the following way:()Rn(a) = [~ x 161 —
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e ™) dx+ [ (e X~ " x~116)(1 — e=™x) dx. The first integral can be easily eval-
uated by lettingy = mx and integrating by parts, while the second integral has a limit
asm — oo:

Ri(a) ~ —mP 4 f ( x50 11/6) dx. A3)
F( ) — '

We show that this regularized integral in (A.3) is related to the analytic continuation
of the generalized Riemann zeta function. We introduce the function of the complex
variablez, F(z) = r )( 2)V6[_¢2 Zz] analytic in the cut plane to be described,

where in the usual wag(—z)l’6 — e3100(-2 — 2|65 aU-2) \We integrate along Rie-
mann’s contour C, starting along the real positive adisom +oo, circling the originin
the positive (counterclockwise) direction, and returning-tso along the positive real
axis. In this way the contribution around the singula(i{yz)l"i‘l vanishes (since it is
less than a polej. F(2)dz = m(e‘”’6 e ) [ (e = P x~116) dx. Since

fc(—z)l’ez—l2 dz = 0, because its antiderivative vanishes at the endpoints at infinity, it
follows that

z2(1-e Z)

5/6 1 1 / —az (_2)1/6
Rm(@) ~ +F(%)én,6_e_m,6 e e U2 (A.4)

The analytic continuation of the generalized Riemann zeta function is defined [5]
by

1 1 5 ., (=2l
—,a|l=—I|= aZ__ — dz A.5
4(6 a) 27 (6> /Ce l—en ? (A-5)
From the reflection formula for gamma function¥(2)I'(1 — z2) = 4, we have
TR = gas - Thus,
Rn(@) ~ m5’6~|— ¢ ( ) . (A.6)

The generalized Riemann zeta function is usually defined [5] and [8] by a convergent
series and its equivalent integral representation. The analytic continuation is introduced
to define the generalized Riemann zeta function when neither the infinite series nor its
usual integral representation exists. Here, we have derived the important formula (A.6)
that the regularized sum (lim, .o Rn(a) — gm%) equals the analytic continuation of

the divergent sum.
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