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Summary. We consider weakly unstable reaction–diffusion systems defined on domains
with one or more unbounded space-directions. In the systems which we have in mind, at
criticality, the most unstable eigenvalue belongs to the wave vector zero and possesses a
nonvanishing imaginary part. This instability leads to an almost spatially homogeneous
Hopf-bifurcation in time. A standard example is the Brusselator in certain parameter
ranges. Using multiple scaling analysis we derive a Ginzburg-Landau equation and
show that all small solutions develop in such a way that they can be approximated
after a certain time by the solutions of the Ginzburg-Landau equation. The proof differs
essentially from the case when the bifurcating pattern is oscillatory in space. Our proof
is based on normal form methods. As a consequence of the results, the global existence
in time of all small bifurcating solutions and the upper-semicontinuity of the original
system attractor towards the associated Ginzburg-Landau attractor follows.

1. Introduction

Classical bifurcation theory for partial differential equations is well established on do-
mains of finite size. A few decades ago the so-called slaving principle was introduced into
these problems, especially for problems in nonlinear physics (cf. [Ha87]): Consider the
nonlinear PDE as an infinite-dimensional dynamical system in an infinite-dimensional
phase space. Let{e1, e2, . . .} be an adequate chosen basis of our given phase space. Then
there exist finitely many modes{e1, . . . ,en} which are sufficient to describe the bifurca-
tion scenario. All other modes{en+1, . . .} are slaved. The equations which are fulfilled by
the coefficients of the modese1, . . . ,en are called the master equations. With this method
a priori infinite dimensional bifurcation problems are handled as finite-dimensional ones.

This idea can be made mathematically rigorous and manifests in the so-called center
manifold theorem which is now an important tool for exploiting the bifurcation scenario
near the threshold of instability (cf. [He81]). It says: There exists a finite-dimensional
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manifold which is invariant under the flow. It is tangential to the plane which is spanned
by the basis{e1, . . . ,en}. All small solutions are attracted by the center manifold ex-
ponentially fast. As already said, this theory is well established for partial differential
equations if the domain is of finite size.

But there are many bifurcation problems which are posed on very large domains or on
domains which are large compared with the internal size of the problem, in particular most
pattern formating problems (cf. [CH93]). If the range of applicability of center manifold
theory is measured by some bifurcation parameter, it will be narrowed down to zero as
the extension of the systems goes to infinity. On the other hand the same happened to the
influence of the boundaries on the dynamics in the interior of the considered domain (cf.
[Mi90], [Mi96]). Therefore, it is common to consider large extended systems as systems
on unbounded domains. This has the advantage that the eigenfunctions of the linearized
problem are given by the Fourier modes.

Following the above ideas in [NW69] for the Rayleigh-B´enard problem or in [SS71]
for the plane Poiseuille flow, some simpler partial differential equations are derived
which could be considered in the vocabulary of synergetics (cf. [Ha87]) as the master
equations of the full problem. These equations are usually called amplitude, envelope, or
modulation equations. In these papers the bifurcating pattern is oscillatory in space with
possible oscillations in time. This case is referred to in the following as case I. In [Ku84],
for instance, this method was applied to reaction-diffusion systems and to the case when
the bifurcating pattern is oscillatory in timewithout oscillations in space, our case II.
Both situations lead to so-called Ginzburg-Landau equations as derivable modulation
equations. In the last few years a mathematical justification was started in the case of a
bifurcating pattern which is oscillatory in space. Attractivity results [Eck93], [Sch95a],
[MS95] and approximation results [CE90], [vH91], [Sch94a], [Sch94b], [Sch97] are
shown. These results are described below. It is remarkable that case II, oscillations in
time without oscillations in space, is not covered by the proofs and theorems of case I
although in both cases a Ginzburg-Landau equation can be derived.

Therefore, it is the purpose of this paper to justify the Ginzburg-Landau equation as a
modulation equation of systems which lead to a case II instability, too. Before we explain
what is meant by the term “justification,” let us consider an example, the Brusselator.

The Brusselator is a two-component system whose simplest version takes the form

∂tξ = a− (b+ 1)ξ + ξ2η + d11ξ, ∂tη = bξ − ξ2η + d21η,

wherea, b, d1, d2 are nonnegative constants, and1 =∑p
j=1 ∂

2
xj

. We considerξ andη as
real–valued functions oft ≥ 0 andx ∈ Rp with p ∈ N. There exists a unique uniform
state(ξ0, η0) = (a, b/a). Introducing new coordinates(ξ, η) = (ξ0+ u1, η0+ u2) gives
the system

∂t u1 = (b− 1)u1+ a2u2+ d11u1+ f (u1, u2),

∂t u2 = −bu1− a2u2+ d21u2− f (u1, u2),
(1)

where

f (u1, u2) = (b/a)u2
1+ 2au1u2+ u2

1u2.

We fixa and takeb as a control parameter. The stability ofu1 = u2 = 0 is determined by
the linearization of (1). We find eigenfunctions(u1(k), u2(k))eik·x, where the associated
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eigenvaluesλ fulfill

λ2+ α(|k|)λ+ β(|k|) = 0,

with |k|2 =∑p
j=1 k2

j andk = (k1, . . . , kp) ∈ Rp. The constants are given by

α(q) = 1+ a2− b+ (d1+ d2)q2,

β(q) = a2+ (a2d1+ (1− b)d2)q2+ d1d2q4.

In [Ku84] it was pointed out that there are two possibilities how instability, i.e.,λ ≥ 0,
can occur. In the following, they are called type I and type II instabilities.

For type I instability we have a critical wave number|k|2c = a/
√

d1d2 6= 0 and a
critical valuebc = (1+ a

√
d1/d2)

2 for the control parameter. This instability leads for
p = 1 to the above-explained case I. In this paper we are not interested in this case.

In this paper we are interested in the type II instability which occurs at the critical wave
vectork = 0 and for a critical valuebc = 1+ a2 for the control parameter. Instability
of type II occurs first, if

√
d1/d2 > a−1(

√
1+ a2 − 1), in particular ford1 > d2. We

introduce the small bifurcation parameterε2 = (b − bc)/bc. Drawing the surfaces of
eigenvaluesλ± we obtain near|k|c = 0 the rotational symmetric Figure 1 on page 22.

Now we are interested in the bifurcation scenario near the threshold of instability,
i.e., 0< ε2 ¿ 1. Following the ideas of the above principle in [Ku84], the dynamics
of the whole system is expected to be described by the Fourier modes concentrated in
anO(ε)-neighborhood of the wave vectork = 0 for 0< ε2 ¿ 1. In the physical space
solutionsu = (u1, u2) for (1) of the form

ψBrusselator= εA(εx, ε2t)

(
1

−1+ ia−1

)
ei (Imλ+|k=0,ε=0)t + c.c.+O(ε2), (2)

correspond to these modes in Fourier space, where

(
1

−1+ ia−1

)
is the eigenvector

corresponding to the eigenvalueλ+ = ia for k = 0, ε = 0. Following the computations
of [Ku84] shows us that the amplitudeA should fulfill a Ginzburg-Landau equation,

∂T A = c1A+ c2

p∑
j=1

∂2
Xj

A− c3|A|2A, (3)

with T = ε2t , Xj = εxj , A(X, T) ∈ C, and the coefficients

c1 = (1+ a2)/2,

c2 = (d1+ d2− ia(d1− d2))/2,

c3 = 1

2

(
2+ a2

a2
+ i

4− 7a2+ 4a4

3a3

)
.

The solutions of (1) which are covered by the solutions of the Ginzburg-Landau equation
are slow modulations in time and in space of the spatially homogeneous temporally
oscillating stateu = (1,−1+ ia−1)eiat . In the case of a spatial periodicity assumption
for (1), the Ginzburg-Landau equation (3) degenerates, i.e.,c2 = 0, to a complex-valued
two-dimensional ordinary differential equation which is the lowest order approximation
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of the vector field on the associated two-dimensional center manifold. Since Rec3 > 0
we always have a supercritical Hopf bifurcation in the case of spatial periodicity.

It is the purpose of this paper to justify the Ginzburg–Landau equation as a modulation
equation in the above case II as mathematically rigorous. We will do this for the reaction-
diffusion systems which are considered in [Ku84], but we expect that our method is so
general that Navier-Stokes–type problems also can be considered in future work since
no special structure of the reaction-diffusion systems is used in our approach.

One essential point why one uses center manifold theory for bifurcation problems is
the attractivity of the center manifold. All small solutions converge towards the center
manifold. Hence, all interesting solutions are covered by the flow on the center manifold.
Thus, the first thing we should show in the case of an unbounded domain is the existence
of an attracting set in which the dynamics is described by the Ginzburg-Landau equation.
In the case of the Brusselator (1) we show (our Theorem 5.1):

(ATT). For each m∈ N, C̃ > 0 exist Cm, Tm, εm > 0 such that for allε ∈ (0, εm) the
solutions to small initial conditions(u1, u2) with ‖u‖C0

b
≤ C̃ε develop in such a way

that after the time t= Tm/ε2 they have entered the setM, i.e.,(u1, u2)|t=Tm/ε2 ∈Mwith

M = {(u1, u2)| There exists aw ∈ Cm
b (Rp,R2) with ‖w‖Cm

b
≤ Cm <∞

such that(u1, u2) = εw(εx)}. (4)

HereCm
b stands for the space ofm–times uniformly continuous differentiable functions.

This transfers the attractivity result from case I andp = 1 (cf. [Eck93], [Sch95a],
[MS95]) to case II. Thus, similar to the center manifold for bounded domains we have
found an attractive setM for the unbounded domain, too.

In very rare cases one can show that the exact vector fieldf on the center manifold
is homeomorphic to its approximationfl up to orderl . Usually one is glad if one can
show the persistence of special solutions (fixed points, periodic solutions, etc.) for the
approximated vector fieldfl under higher order perturbationsf − fl with the help of
the implicit function theorem, i.e., the existence forf . But nevertheless, the solutions
which we gain by the approximationsfl on the approximate center manifoldφl should
approximate solutions of the original system on sufficiently long time intervals. Here we
show that solutions inM can be approximated by the solutions of the Ginzburg–Landau
equation (our Theorem 6.2):

(APP). Fix m ∈ N. Let A∈ C([0, T0],Cm+1
b (Rp,C)) be a solution of the Ginzburg–

Landau equation(3). Then there exists anε0 > 0 such that for allε ∈ (0, ε0) there are
solutions u= (u1, u2) of (1) such that

sup
t∈[0,T0/ε2]

‖u− ψBrusselator‖Cm
b (Rp,R2) ≤ Cε2.

This means that the error of orderO(ε2) is small compared with the orderO(ε) of
the solutionu and of the approximationψBrusselator. For case I instabilities andp = 1
this is shown, for instance, in [CE90], [vH91], [Sch94a], [Sch94b], [Sch97]. A possible
application is the approximate description of spiral wave interactions in the original
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reaction-diffusion system by the well-known behavior for the Ginzburg-Landau equation
([BR94]).

As in center manifold theory for the rigorous existence proof of special solutions
in the setM, for instance of stationary solutions or of front solutions, one has to use
different methods (cf. [IMD89], [EW91]).

It is interesting that the proof of these two theorems, approximation property and
attractivity, differs a priori strongly from the case of a bifurcating spatially periodic
pattern. This is due to the fact that the essential point in the proofs for case I is not fulfilled
for case II: The convolution of the critical Fourier modes, i.e., modes with positive growth
rates, no longer gives noncritical Fourier modes. Therefore, we essentially have to make
use of the fact that the bifurcation is oscillatory in time and apply averaging or normal
form arguments.

Nevertheless, combining these two theorems with some global existence results for the
Ginzburg-Landau equation allows us to transfer all results which were obtained in case I
to case II: First, the global existence result for all small bifurcating solutions ([Sch94c]),
and secondly, the upper semicontinuity of the original system attractor towards the
Ginzburg-Landau attractor ([MS95]).

We will end the introduction with a remark about the time and space scales. In the
time interval of attractivity we have two different temporal and spatial scales. After this
time, if the approximation theorem is applied, we have only one spatial scale, but still
two time scales.

In the following we distinguish the parameterδ for the space variablesXj = δxj

from the bifurcation parameterε2. This has certain advantages, like the extension of
the Ginzburg-Landau formalism fromO(ε)-initial conditions toO(1)-initial conditions.
Except for the introduction, we writeui ( j ) for the j –th component of the variableui .
Let |k|2 = ∑p

j=1 k2
( j ), |k|1 =

∑p
j=1 |k( j )|, and writer1 ≥ r2 if r1( j ) ≥ r2( j ) for all j .

Throughout this paper many different constants are uniformly denoted byC, if they can
be chosen independently of the relevant parameters, especially independent ofε andδ.
Moreover, we assume 0< ε ¿ 1.

2. The Assumptions about Reaction–Diffusion Systems

In the following, we consider reaction-diffusion systems

∂t u = Du+ f (u, ε2) for x ∈ Rp, (5)

with u: Rp ×R+ → Rq, the diffusion matrixD = diag(d(1)1, . . . ,d(q)1), (d( j ) > 0),
1 = ∑p

j=1 ∂
2
x( j )

, and the reaction termsf ∈ Cm̄(Rq × [0, 1],Rq) for a m̄ ∈ N with
f (0, ·) = 0.

For this system we assume a case II instability, i.e., the linearization around the
stationary solutionu ≡ 0 fulfills the following:

(ASS). There existρ0, ε0 > 0, such that for0 < ε < ε0 and k ∈ Uρ0(0) = {k ∈
Rp| |k| < ρ0}, the following holds: The matrices̃3(k, ε2) = −diag(d(1)|k|2, . . . ,d(q)|k|2)
+ ∇ f |u=0 possess two rotational symmetric surfaces of eigenvaluesλ̃± ∈ C∞(Uρ0,C)
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with associated eigenfunctionsϕ̃± ∈ C∞(Uρ0,Cq). The surfaces of eigenvaluesλ̃± fulfill

λ̃±(k, ε2) = ±iω + ε2(λ0± i ν0)+ |k|2(λ2± i ν2)+O(ε3+ |k|3),

with constantsλ0 > 0, λ2 < 0, andω > 0. Denote with6−(k, ε2) all other eigen-
values of3̃(k, ε2). Then, there exists anε–independent constant̃σ0 > 0 such that
sup Re(

⋃
k6
−(k, ε2)) < −σ̃0.

We have the following picture:

Re

Im

Im

k

k

λ

O(     )

(k,       )Σ

ε

ε λ

λ+

+

2

ε 2

O(       )

ω

rotational

symmetric

all other eigenvalues  Re 

- 0σ

--

--

--

Fig. 1.The spectrum.

Since we are dealing with a rotational symmetric real problem there is a certain ne-
cessity in this picture; in particular, it follows that Reλ̃+(k) = Reλ̃−(k) and Im̃λ+(k) =
−Imλ̃−(k).

For p = 1 and more unstable curvesλ̃j for k = 0, a so-called mean-field coupled
system can be derived (cf. [Kn92], [Ve93], [PW95], [Sch97]). Such equations also appear
for the Brusselator in case I.

Remark. It is also possible to consider nonlinearitiesf = f (u, ux). In the derivation of
the Ginzburg-Landau equation theux–terms play no role, since they are of lower order.

3. Prerequisites

3.1. Functional Analytic Set–Up for Infinite Domains

Before we start we have to say a few words about the functional analytic devices which
we intend to use.

The spaceS of Schwartz functions consists of allC∞ functions for which all deriva-
tives vanish for|x| → ∞ in any polynomial order. It is well known that the Fourier
transform(Fu)(k) = 1

(2π)p

∫
u(x)e−ik·xdx is an isomorphism inS (cf. [Yo71]).
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We denote the space of functions withn uniformly continuous bounded derivatives
by Cn

b = Cn
b(Rp,Cq̃) for a q̃ ∈ N equipped with the norm

‖u‖Cn
b (Rp,Cq̃) =

n∑
| j |1=0

q̃∑
i=1

sup
x=(x(1),...,x(p))∈Rp

|∂ j
x u(i )|,

foru = (u(1), . . . ,u(q̃)), wherej = ( j(1), . . . , j(p)) is a multi-index, and∂ j
x = ∂ j(1)

x(1) · · · ∂ j(p)
x(p) .

To deal with the slow spatial scaleX = δx, we need a scaling operatorSδ defined by
(Sδu)(x) = u(δx). We define the spacesCn,δ

b by

u ∈ Cn,δ
b ⇔ S1/δu ∈ Cn

b with the norm ‖u‖Cn,δ
b

:= ‖S1/δu‖Cn
b
.

These spaces are Banach algebras, i.e., more precisely∃C > 0 ∀δ ∈ (0, 1) ∀u, v ∈
Cm,δ

b (Rp,C) : ‖uv‖Cm,δ
b
≤ C‖u‖Cm,δ

b
‖v‖Cm,δ

b
. In the following we work with convolution

operators. We show:

Lemma 3.1. The operator

M(v1, . . . , vl )(x) =
∫
· · ·
∫

GM(x − y1, . . . , x − yl )v1(y1) · · · vl (yl )dy1 · · ·dyl ,

(yj ∈ Rp),

with

GM(y1, . . . , yl ) = 1

(2π)pl

∫
ĜM(k1, . . . , kl )e

ik1·y1 · · ·eikl ·yl dk1 · · ·dkl , (kj ∈ Rp),

andĜM ∈ S(Rpl ,C) is a multilinear mapping from(C0
b(Rp,C))l into Cm

b (Rp,C) for
every m≥ 0. More precisely, for every m≥ 0 there exists a constant Cm > 0 with
‖M(u1, . . . ,ul )‖Cm

b
≤ Cm‖u1‖C0

b
· . . . · ‖ul‖C0

b
.

Proof. For notational simplicity we restrict ourselves to the casel = 1. The differen-
tiability follows from GM ∈ S. The norm can be estimated by

‖Mu‖Cm
b
≤

m∑
|r |1=0

sup
x∈Rp

∣∣∣∣∫ ∂r
xGM(x − ξ)u(ξ)dξ

∣∣∣∣ ≤
(

m∑
|r |1=0

‖∂r
xGM‖L1

)
‖u‖C0

b
.

SinceGM ∈ S, the result follows.

Linear operatorsM which are defined in this way are called “multipliers” since they
are given by multiplying the Fourier transformFu of a functionu in Fourier space
by ĜM .

Lemma 3.2. Let M be defined as above, letδ ∈ (0, 1), and set|r |(1) =
∑l

j=1 |r j |1.

Then M: (Cm,δ
b )l → Cn,δ

b is well defined and can be estimated with aδ-independent
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constant C by

‖M(u1, . . . ,ul )‖Cn,δ
b

≤ C
n−m∑
|r |(1)=0

∫
δ−|r |(1) |∂r1

x1
· · · ∂rl

xl
GM(x1, . . . , xl )|dx)‖u1‖Cm,δ

b
· · · · · ‖ul‖Cm,δ

b
.

Proof. Again, we restrict the proof to the casel = 1. Forx, y, ξ ∈ Rp and 0≤ r ′(r ) ≤ r
with |r ′|1 ≤ n−m and|r − r ′|1 ≤ m, we have

‖Mu‖Cn,δ
b
= ‖S1/δMu‖Cn

b

=
n∑

|r |1=0

sup
x

∣∣∣∣∂r
x

∫
GM(x/δ − ξ)u(ξ)dξ

∣∣∣∣
=

n∑
|r |1=0

sup
x

∣∣∣∣∂r
x

∫
GM((x − y)/δ)u(y/δ)dy/δ p

∣∣∣∣
=

n∑
|r |1=0

sup
x

∣∣∣∣∫ ∂r ′
x (GM((x − y)/δ))∂r−r ′

y (u(y/δ))dy/δ p

∣∣∣∣
≤ C

(
n−m∑
|r |1=0

∫
1

δ p
|∂r

x(GM(x/δ))|dx

)
· ‖u‖Cm,δ

b

≤ C

(
n−m∑
|r |1=0

∫
δ−|r |1|(∂r

xGM)(x)|dx

)
· ‖u‖Cm,δ

b
.

To generalize the relation∂x( j ) (u(εx)) = ε∂X( j )u(X) to convolution operators, we
need:

Lemma 3.3. Let M be defined as above, let|q|1 =
∑l

j=1 |qj |, and suppose additionally

|ĜM(k1, . . . , kl )| ≤ C|k1|q1 · · · |kl |ql for qj ∈ N. Then we have

‖M(u1, . . . ,ul )‖Cn,δ
b
≤ Cδmin(|q|1,m−n)‖u1‖Cm,δ

b
· · · · · ‖ul‖Cm,δ

b
,

with a δ-independent constant C> 0.

Proof. Again, we restrict ourselves to the casel = 1. We use the relation
∫

GM(x)x j dx =
(−i )| j |1∂ j

k ĜM(0), wherex j = 5p
i=1x

j(i )
(i ) . With( j−r )! = 5p

i=1( j(i )−r(i ))! and∂ j
k ĜM(0) =

0 for | j |1 ≤ q − 1 we obtain

‖Mu‖Cn,δ
b
= ‖S1/δMu‖Cn

b

=
n∑

|r |1=0

sup
x

∣∣∣∣∂r
x

∫
GM(x/δ − ξ)u(ξ)dξ

∣∣∣∣
=

n∑
|r |1=0

sup
x

∣∣∣∣∂r
x

∫
GM((x − y)/δ)u(y/δ)dy/δ

∣∣∣∣
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=
n∑

|r |1=0

sup
x

∣∣∣∣∫ 1

δ
GM((x − y)/δ)∂r

yu(y/δ)dy

∣∣∣∣
≤

n∑
|r |1=0

sup
x

∣∣∣∣∣1δ
∫

GM((x − y)/δ)[
m−1∑
j≥r

∂ j
x u(x/δ)(y− x) j−r /( j − r )!]dy

∣∣∣∣∣
+C‖u‖Cm,δ

b

(
n∑

|r |1=0

δm−|r |1
∫
|GM(x)||x|m−|r |1dx

)

≤ C‖u‖Cm,δ
b

(
n∑

|r |1=0

m∑
j≥r ;| j |1≥|r |1+min(q,m−n)

δ| j |1−|r |1
∫
|GM(x)||x|| j |1−|r |1dx

)
≤ C‖u‖Cm,δ

b
δmin(q,m−n).

3.2. Notations

In this section we introduce some linear operators which allow us, for instance, to separate
for fixed wave vectork the critical eigenvalues̃λ±(k, ε2) from the rest of the spectrum.
In order to do so, we use the Dunford integral

P̃±(k, ε2)u := 1

2π i

∫
0±
(3̃(k, ε2)− µI d.)−1udµ, (u ∈ Rq),

where0± is a closed curve surrounding the single eigenvalueλ̃±(0, 0) = ±iω. By the
assumption (ASS) the projections̃P± can be defined for wave vectors in a neighborhood
Uρ(0) for aρ < ρ0. We use an even cut-off function̂χ ∈ C∞0 to apply the above Lemma
3.1. It is defined by

χ̂(k) =
 1 for k ∈ [−1, 1],

0 for k 6∈ [−2, 2],
∈ [0, 1] otherwise.

According to Lemma 3.1 we associate toχ̂ an operatorχ and toχ̂(2|k|/ρ)P̃±(k)operators
E±c which extracts the critical Fourier modes belonging to the wave vectors inUρ(0).
In the rest of the paper we chooseρ ≤ ρ0/8 due to the assumption (ASS). Moreover,
we define complex-valued multipliersπ±c by (π̂±c u)ϕ̃± = Ê±c u. An explicit definition
of π̂±c is given by

π̂±c (k, ε
2)û(k) = χ̂(2|k|/ρ)ϕ̃∗±(k, ε2) · û(k), (6)

whereϕ̃∗±(k, ε
2) is the eigenvector of the adjoint operator3̃∗(k, ε2) to the eigenvalue

¯̃
λ±(k, ε2). All these operators are called mode filters since they are not projections.
Therefore, we need auxiliary operatorsE±ch defined byÊ±ch(k) = χ̂(|k|/ρ)P̃±(k). We
have for exampleE±c E±ch = E±c . Similarly, we defineπ±ch.

For the uncritical modes we defineEsu = u − E+c u − E−c u and an auxiliary mode
filter Esh by Êsh(k) = 1− χ̂(4|k|/ρ)(P̃+(k) + P̃−(k)). Thus, we haveEsEsh = Es.
Using Lemma 3.1 it is easily seen thatE±c u ∈ Cm

b for all m ∈ N if u ∈ C0
b.

For completeness we defineϕ± andλ± by ϕ̂±(k) = ϕ̃±(k)χ̂(2|k|/ρ) and λ̂±(k) =
λ̃±(k)χ̂(|k|/ρ).
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3.3. The Linear Semigroup

It is well known that the operatorD + ∇ f |u=0 : C2
b → C0

b can be extended to closed
operator3. See [He81] p. 32–33.

Lemma 3.4. The operator3 generates an analytic semigroup(Kt )t≥0 of bounded lin-
ear operators in the space C0b(Rp,Rq). Moreover, for all m, n ∈ N with m ≥ n, there
exist C, σ0, ε0 > 0 such that for allε ∈ (0, ε0), δ ∈ (0, 1) we have the following
estimates:

(a) ‖π±chKt u‖C0
b
≤ CeCε2t‖u‖C0

b
,

(b) ‖EshKt u‖C0
b
≤ Ce−σ0t /2‖u‖C0

b
,

(c) ‖π±chKt u‖Cm,δ
b
≤ C max(1, (δ2t)(n−m)/2)eCε2t‖u‖Cn,δ

b
,

(d) ‖EshKt u‖Cm,δ
b
≤ Cδ(n−m)e−σ0t /2‖u‖Cn,δ

b
.

Proof. The operator3 is sectorial due to [He81]. Thus,3 is the generator of an analytic
semigroupKt in C0

b.
Using the Lemmas 3.1 and 3.2, the semigroupKt can be represented by the multiplier

e3̃(k)t = e(−diag(d(1)|k|2,...,d(q)|k|2)+∇ f |u=0)t ,

for t > 0. Therefore, the semigroup commutes with the mode filtersEc, Ech, Es, and
Esh.

From the assumption (ASS) it follows that the spectrum ofEs3|Esh=I d. is left of the
line Reλ = −σ0 for a σ0 > 0. Therefore, we have the estimates (b) and (d) with anε

andδ-independent constantC.
The critical part of the semigroup can be represented by the multipliereλ̃±t χ̂(|k|/ρ).

In particular we have the estimate|eλ̃±t χ̂(|k|/ρ)| ≤ e−λ2|k|2t /2eλ0ε
2t . With the help of

Lemmas 3.1 and 3.2 it is sufficient to estimate∫ ∣∣∣∣∫ eλ̃+(k)t eikxχ̂

(
k

ρ

)(
k

δ

)r

dk

∣∣∣∣ dx

=
∫ ∣∣∣∣∫ eλ̃+

(
s√
t

)
t eisyχ̂

(
s

ρ
√

t

)(
s

δ
√

t

)r

ds

∣∣∣∣ dy

=
∫
|y|≤1

∣∣∣∣∫ eλ̃+
(

s√
t

)
t eisyχ̂

(
s

ρ
√

t

)(
s

δ
√

t

)r

ds

∣∣∣∣ dy

+
∫
|y|≥1

∣∣∣∣∣
∫

∂(2p)

∂s2
(1) · · · ∂s2

(p)

(
eλ̃+(

s√
t
)t
χ̂

(
s

ρ
√

t

)(
s

δ
√

t

)r) 1

5
p
j=1|y( j )|2

eisyds

∣∣∣∣∣ dy

≤ C(δ
√

t)−|r |1eε
2t ,

for t ≥ 1. Therefore, the assertions (a) and (c) follow.

In the following we use the abbreviationsK±t v± = (π±ch(Kt (v
±ϕ±))) for v±(x, t) ∈ C

andKs
t = Kt Esh. We have writtenv±ϕ± for ϕ±v±.
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4. The Normal Form Transform

In this section we transform (5) into a system in which the quadratic interaction of
the critical modes no longer gives critical modes. To do so we eliminate the quadratic
interaction of the critical terms by a normal-form transform. Therefore, the main point
in the proofs of the approximation property (APP) and of the attractivity (ATT) for the
case I instability (cf. [vH91], [Eck93], [Sch94a]), i.e., for a bifurcating spatially periodic
pattern, is also fulfilled for the case II instability which is considered in this paper. The
following transformation coincides for constants in space with the classical normal-
form transformation for a Hopf bifurcation in ordinary differential equations ([GH83]).
Normal-form transformations for partial differential equations are used for instance in
[Sh85] and [EEW93].

Theorem 4.1. For each m∈ {0, . . . , m̄} we have%, ε0,C > 0 such that for allε ∈
(0, ε0)andδ ∈ (0, 1) the following holds: There exists a smooth change of coordinatesφ:{

Cm,δ
b ∩ {‖u‖Cm,δ

b
≤ %} → Cm,δ

b ,

u 7→ φ(u),

such that(5) transforms into a system for which the following holds. A solutionv of the
transformed system can be written asv = v+ϕ+ + v−ϕ− +w, wherev+, v−, andw are
the solutions of a system

∂tv
+ = λ+v+ +

∫
G3(· − y1, · − y2, · − y3)v

+(y1)v
+(y2)v

−(y3)dy1dy2dy3

+ Q+(v±, w),
∂tv
− = λ−v− +

∫
G3(· − y1, · − y2, · − y3)v

−(y1)v
−(y2)v

+(y3)dy1dy2dy3

+ Q−(v±, w),
∂tw = 3w + Qs(v

±, w),

(7)

with

‖Q+(v±, w)‖Cm,δ
b
≤ C(‖v±‖4

Cm,δ
b

+ ‖v±‖2
Cm,δ

b

‖w‖Cm,δ
b
+ ‖w‖2

Cm,δ
b

),

‖Q−(v±, w)‖Cm,δ
b
≤ C(‖v±‖4

Cm,δ
b

+ ‖v±‖2
Cm,δ

b

‖w‖Cm,δ
b
+ ‖w‖2

Cm,δ
b

),

‖Qs(v
±, w)‖Cm,δ

b
≤ C(‖v±‖2

Cm,δ
b

+ ‖v±‖Cm,δ
b
‖w‖Cm,δ

b
+ ‖w‖2

Cm,δ
b

).

We havev+(x, t) = v−(x, t) ∈ C andw(x, t) ∈ Cq with Eshw = w. The complex-
valued function G3 ∈ S((Rp)3,C) is symmetric in its arguments and fulfillŝG3 ∈ C∞0 .
Moreover, we haveπ±chQ± = Q± and EshQs = Qs. The transformv = φ(u) fulfills
‖φ(u)− u‖Cm,δ

b
≤ C‖u‖2

Cm,δ
b

.

Proof. We split the right-hand side of (5) into the linear and into the nonlinear terms,
i.e.,

∂t u = 3u+ N(u), with N(u) = f (u)−∇ f |u=0u. (8)

In the following the nonlinearityN is written as the sum of the symmetric multilin-
ear mappingsNj , i.e., N(u) = N2(u, u) + N3(u, u, u) + · · · . We have, for instance,
(N2(u, v))( j1) =

∑q
j2, j3=1 n( j1 j2 j3)u( j2)v( j3) with n( j1 j2 j3) ∈ R.
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In a first step we make the normal form transformu0 = u1+ B2(u0, u0), whereB2 is
a symmetric bilinear mapping, to be specified later on. We obtain

∂t u1 = 3u1+ [3B2(u1, u1)− 2B2(u1,3u1)+ N2(u1, u1)] +O(‖u1‖3Cm,δ
b

).

Therefore, we can eliminate some of the quadratic terms, if we can find an adequate
bilinear mappingB2. Since we are only interested in the elimination of the quadratic
terms for wavenumbers inUρ(0) we introduce

B2(u, v)[x] =
∫

b2(x − y1, x − y2)u(y1)v(y2)dy1dy2, (x, yj ∈ Rp),

with b̂2 ∈ C∞0 (R2p,Rq×q×q). In Fourier space this is given by

B̂2(u, v)[k] =
∫

b̂2(k−m,m)û(k−m)v̂(m)dm.

Moreover, we notice that the restrictionχN2 of the nonlinear terms to wavenumbers
neark = 0 can be represented due to Lemma 3.2 by

χN2(u, v)[x] =
∫

n2(x − y1, x − y2)u(y1)v(y2)dy1dy2, (9)

with n̂2 ∈ C∞0 (R2p,Rq×q×q), supp n̂2 ⊂ (U4ρ(0))2, and (n̂2)( j1 j2 j3) = n( j1 j2 j3) in
(U2ρ(0))2 if either suppv̂ ⊂ Uρ(0) or suppû ⊂ Uρ(0).

Transferring the problem into Fourier space and diagonalizing3̃, or bringing3̃ in
Jordan form, respectively, gives the usual nonresonance condition for the eigenvalues

inf
k,m∈U4ρ (0)

|λ̃j1(k)− λ̃j2(k−m)− λ̃j3(m)| ≥ C > 0 (10)

as the solvability condition. Herẽλj1 stands for the eigenvalue corresponding to the
equation, and̃λj2 andλ̃j3 for the eigenvalues corresponding to the terms which we want
to eliminate in this equation. See for instance [GH83]. Suppose now that the system is
given for fixedk ∈ U8ρ in such a way that̃λ1(k) = λ̃+(k) andλ̃2(k) = λ̃−(k), i.e., for
k ∈ U8ρ(0) we have

3̃(k) =
λ̃1(k) 0 0

0 λ̃2(k) 0
0 0 3̃r (k)

,
where all eigenvalues of the matrices3̃r (k) have negative real parts. Such a form can
always be assumed; if not, we make for fixedk ∈ U8ρ(0) a coordinate transformT(k)
such that3̃(k) 7→ T−1(k)3̃(k)T(k). Due to the assumption (ASS) we can choose
(T − I d.), (T−1− I d.) ∈ C∞0 (Rp,Cq×q).

Therefore, let us assume this form, recognizing thatn̂2 also transforms smoothly.
Sinceλ̃±(k) ∼ ±iω 6= 0 for k ∈ U8ρ(0) we can eliminate all quadratic terms belonging
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to wavenumbersk, k−m,m ∈ Uρ(0) if at least one of the factors is given by(u1)(1) or
(u1)(2) in the equations for(u1)(1) or (u1)(2). Sincen̂2 andb̂2 given by

(b̂2(k−m,m))( j1 j2 j3) =


0, if (10) does not hold for j1, j2, j3,

or if (k,m) 6∈ (U4ρ(0))2,
(n̂2(k−m,m))( j1 j2 j3)/
(λ̃j1(k)− λ̃j2(k−m)− λ̃j3(m)), otherwise,

are inC∞0 , Lemmas 3.1 and 3.2 can be applied. Applying this transformation gives a
new nonlinearityÑ in (8) with symmetric multilinear mappings̃Nj .

In the next step we make a transformation of the formu1 = u2+B3(u1, u1, u1). After
this transformation the cubic terms can be written asÑ3(u2, u2, u2)+3B3(u2, u2, u2)−
3B(3u2, u2, u2). In Fourier space we obtain the nonresonance-condition,

inf
k,l ,m∈U4ρ

|λ̃j1(k)− λ̃j2(k−m)− λ̃j3(m− l )− λ̃j4(l )| ≥ C > 0

on the eigenvalues as the solvability condition. Againλ̃j1 stands for the eigenvalue cor-
responding to the equation, andλ̃j2, λ̃j3, and λ̃j4 for the eigenvalues corresponding to
the terms which we want to eliminate in this equation. Therefore, we can eliminate all
cubic combinations of(u2)(1) and(u2)(2) in the equations for(u2)(1) for wavenumbers
k, k−m,m− l , l ∈ Uρ(0), except for(Ñ3((u2)(1)e1, (u2)(1)e1, (u2)(2)e2))(1), and in the
equations for(u2)(2), except for(Ñ3((u2)(1)e1, (u2)(2)e2, (u2)(2)e2))(2), where(ej1)( j2) =
(δj1 j2)( j2). The assertions on the norm of the mappingφ follow immediately from
‖B2(u, v)‖Cm,δ

b
≤ C‖u‖Cm,δ

b
‖v‖Cm,δ

b
and‖B3(u, v, w)‖Cm,δ

b
≤ C‖u‖Cm,δ

b
‖v‖Cm,δ

b
‖w‖Cm,δ

b

with a δ and ε–independent constantC. The mappingφ is a homeomorphism since
u0 = u1 + B2(u0, u0) andu1 = u2 + B3(u1, u1, u1) can be resolved with respect tou0

andu1, respectively, with the help of the implicit function theorem foru1 andu2 small,
respectively. Therefore, we obtain a system with a nonlinearity which still contains only
bounded operators. Applying the mode filtersπ±c and Es on the transformed system
gives the system (7).

5. The Attractive Set of Solutions

In this section we show the attractivity of the setM in which the solutions can be
described by the Ginzburg-Landau equation. In order to do so, we have to show that all
small solutions develop in such a way that they depend on the scaled space variableX =
δx alone. The distinction of the spatial scale variableδ from the bifurcation parameter
ε2 allows us to use the Ginzburg-Landau approximation inO(1)-neighborhoods of the
origin for ε → 0. The proof uses a boot-strap method as it is used to show higher and
higher regularity of the solutions of parabolic differential equations.

Theorem 5.1. Fix C1 > 0 and m∈ N with m ≤ m̄. Then there exist T0,C2, δ0 > 0,
such that for all0 ≤ ε ≤ δ ≤ δ0 the following holds: Let u0 ∈ C0

b with ‖u0‖C0
b
< C1δ

for a δ > 0. Then the solution u of(5) with u|t=0 = u0 fulfills

‖π±c u|t=T0/δ2‖Cm,δ
b
≤ C2δ and ‖Esu|t=T0/δ2‖Cm,δ

b
≤ C2δ

2.
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Proof. Let us remark at the beginning of the proof that the local existence and uniqueness
of the following systems of partial differential equations is clear with the usual fixed point
argument applied on the variation of constant formula (cf. [He81]). Therefore, it remains
to estimate the solutions. We recall that we denote constants uniformly withC if they
can be chosen independently ofδ, ε, and other relevant parameters.

Since (5) can be transformed into (7) with the help of Theorem 4.1 it is sufficient to
consider the system (7).

(I) We introducev± = δv±0 andw = δw0. Hence, we have for the initial conditions
‖v±0 (0)‖C0

b
+ ‖w0(0)‖C0

b
≤ C0 = O(1) for δ → 0. Inserting this into (7) and applying

the variation of constant formula yields

v±0 (t) = K±t v±0 (0)+
∫ t

0 K
±
t−τ N±1 (v

±
0 (τ ), w0(τ ))dτ,

w0(t) = Ks
tw0(0)+

∫ t
0 Ks

t−τ N2(v
±
0 (τ ), w0(τ ))dτ,

(11)

with
‖N±1 (v±0 , w0)‖C0

b
≤ C(δ2‖v±0 ‖3C0

b
+ δ2‖v±0 ‖2C0

b
‖w0‖C0

b
+ δ‖w0‖2C0

b
),

‖N2(v
±
0 , w0)‖C0

b
≤ C(δ‖v±0 ‖2C0

b
+ δ‖v±0 ‖C0

b
‖w0‖C0

b
+ δ‖w0‖2C0

b
).

We show first:

(i) ∀C0 > 0 ∃δ0, D0 > 0 ∀0≤ ε ≤ δ ≤ δ0 :
‖v±0 (0)‖C0

b
+ ‖w0(0)‖C0

b
≤ C0⇒ supt∈[0,δ−1/2](‖v±0 (t)‖C0

b
+ ‖w0(t)‖C0

b
) ≤ D0.

Using Lemma 3.4 and choosingδ so small such that the inequalitiesCδ−1/2(δD2
0 +

δ2D3
0) ≤ CC0 andCδD2

0 ≤ CC0 are fulfilled, we have the estimates

sup
t∈[0,δ−1/2]

‖v±0 (t)‖C0
b
≤ CC0+ Cδ−1/2(δD2

0 + δ2D3
0) < 2CC0 =: D0,

sup
t∈[0,δ−1/2]

‖w0(t)‖C0
b
≤ CC0+ CδD2

0 < D0.

Therefore, we have established (i).
(ii) Moreover, we have, with Lemma 3.4,

‖w0|t=δ−1/2‖C0
b
≤ Ce−σ0δ

−1/2/2C0+ δC D2
0 = O(δ).

(II) The theorem is proved step by step, beginning withn = 0. Suppose now that the
theorem holds form = n. We show that we can conclude on the validity form =
n+ 1 ≤ m̄. We start (7) again, but now with the new variablesv± = δv±n , w = δ2wn,
and with‖v±n (0)‖Cn,δ

b
+ ‖wn(0)‖Cn,δ

b
≤ Cn = O(1) for δ→ 0. For simplicity we denote

the starting time again witht = 0. Inserting this into (7) and applying the variation of
constant formula gives

v±n (t) = K±t v±n (0)+
∫ t

0 K
±
t−τ N±3 (v

±
n (τ ), wn(τ ))dτ,

wn(t) = Ks
twn(0)+

∫ t
0 Ks

t−τ N4(v
±
n (τ ), wn(τ ))dτ,

(12)

with

‖N±3 (v±n , wn)‖Cn,δ
b
≤ C(δ2‖v±n ‖3Cn,δ

b

+ δ3‖v±n ‖2Cn,δ
b

‖wn‖Cn,δ
b
+ δ3‖wn‖2Cn,δ

b

),

‖N4(v
±
n , wn)‖Cn,δ

b
≤ C(‖v±n ‖2Cn,δ

b

+ δ‖v±n ‖Cn,δ
b
‖wn‖Cn,δ

b
+ δ2‖wn‖2Cn,δ

b

).
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We show first:

(i) ∀Cn > 0 ∃δn, D±n , Ds
n, Tn > 0 ∀0≤ ε ≤ δ ≤ δn :

‖v±n (0)‖Cn,δ
b
+ ‖wn(0)‖Cn,δ

b
≤ Cn ⇒

{
supt∈[0,Tn/δ2] ‖v±n (t)‖Cn,δ

b
≤ D±n ,

supt∈[0,Tn/δ2] ‖wn(t)‖Cn,δ
b
≤ Ds

n.

In order to do so, we define

S±(t) = sup
0≤τ≤t

‖v±n (τ )‖Cn,δ
b

and Ss(t) = sup
0≤τ≤t

‖wn(τ )‖Cn,δ
b
.

As long asS±(t) ≤ D±n andSs(t) ≤ Ds
n we have

S±(t) ≤ CCn + C
∫ t

0
δ2(D±n )

2S± + δ3(D±n )
2Ds

n + δ3(Ds
n)

2dτ

≤ C(Cn + 1)+ δ2

∫ t

0
C(D±n )

2S±dτ
(13)

for

δ(D±n )
2Ds

n + δ(Ds
n)

2 ≤ 1. (14)

If we setD±n := (CCn + 1)e2 we can find aTn > 0 sufficiently small, but independent
of δ andε, such thatC(D±n )

2Tn ≤ 2 is fulfilled. Thus, the application of Gronwall’s
inequality yields

S±(Tn/δ2) ≤ (CCn + 1)eC(D±n )2Tn ≤ (CCn + 1)e2 = D±n .

Then we obtain

Ss(Tn/δ2) ≤ CCn + C((D±n )
2+ δD±n Ds

n + δ2(Ds)2)

≤ CCn + C((D±n )
2+ 1) =: Ds

n

for

δD±n Ds
n + δ2(Ds

n)
2 < 1. (15)

Therefore, we have established (i), if we chooseδ so small, such that (14) and (15) are
fulfilled.

(ii) Moreover, we have

‖v±n |t=Tn/δ2‖Cn+1,δ
b
≤ CTn

−1/2Cn + (C(D±n )3+ 1)

(∫ Tn/δ2

0
δτ−1/2dτ

)
= O(1).

To conclude the assertions of the theorem it remains to show the same forwn. In order
to do so we start (7) again withv± = δv±n andw = δ2wn, but now for initial conditions
which fulfill ‖v±n (0)‖Cn+1,δ

b
+ ‖wn(0)‖Cn,δ

b
≤ Cn = O(1) for δ → 0. Inserting this into

(7) and applying the variation of constant formula gives

v±n (t) = K±t v±n (0)+
∫ t

0
K±t−τ [N±5 (v±n (τ ), wn(τ ))+ N±5r (v

±
n (τ ), wn(τ ))]dτ,

wn(t) = Ks
twn(0)+

∫ t

0
Ks

t−τ [N6(v
±
n (τ ), wn(τ ))+ N6r (v

±
n (τ ), wn(τ ))]dτ,

(16)
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with

‖N±5 (v±n , wn)‖Cn+1,δ
b
≤ Cδ2‖v±n ‖3Cn+1,δ

b

,

‖N±5r (v
±
n (τ ), wn(τ ))‖Cn,δ

b
≤ C(δ3‖v±n ‖2Cn,δ

b

‖wn‖Cn,δ
b
+ δ3‖wn‖2Cn,δ

b

),

‖N6(v
±
n , wn)‖Cn+1,δ

b
≤ C‖v±n ‖2Cn+1,δ

b

,

‖N6r (v
±
n (τ ), wn(τ ))‖Cn,δ

b
≤ C(δ‖v±n ‖Cn,δ

b
‖wn‖Cn,δ

b
+ δ2‖wn‖2Cn,δ

b

).

We show:

(iii ) ∀Cn > 0 ∃δn, D±n , Ds
n, Tn > 0 ∀0≤ ε ≤ δ ≤ δn :

‖v±n (0)‖Cn+1,δ
b
+ ‖wn(0)‖Cn,δ

b
≤ Cn ⇒

{
supt∈[0,Tn/δ2] ‖v±n (t)‖Cn+1,δ

b
≤ D±n ,

supt∈[0,Tn/δ2] ‖wn(t)‖Cn,δ
b
≤ Ds

n.

We define now

S±(t) = sup
0≤τ≤t

‖v±n (τ )‖Cn+1,δ
b

and Ss(t) = sup
0≤τ≤t

‖wn(τ )‖Cn,δ
b
.

Using Lemma 3.4 we obtain

S±(t) ≤ CCn +
∫ t

0
Cδ2(D±n )

2S±dτ

+ δ2

(∫ t

0
‖Kt−τ‖L(Cn,δ

b ,Cn+1,δ
b )dτ

)
(δ(D±n )

2Ds
n + δ(Ds

n)
2)

≤ C(Cn + 1)+ δ2
∫ t

0
C(D±1 )

2S±dτ

for

δ(D±n )
2Ds

n + δ(Ds
n)

2 ≤ 1.

Following exactly the remaining lines of the last step this part is established.
(iv) Moreover, we have

‖wn|t=Tn/δ2‖Cn+1,δ
b
≤ CCne−σ0Tn/(2δ2)/δ + C((D±)2+ D±Ds + δ(Ds)2) = O(1).

(III) Therefore, we can start the process again with step (II). We can iterate this process
until we have reachedn = m̄− 1.

6. The Approximation Theorem

In this section we derive the Ginzburg-Landau equation for (5). Then we show exact
estimates between the solutions of the original system (5) and the Ginzburg-Landau
approximations.

Since (5) can be transformed into (7) we consider in the following only the system (7).
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6.1. Derivation of the Modulation Equations

We define the residual Res= (Res±,Ress) by

Res+ = −∂tv
+ + λ+v+ +

∫
G3(· − y1, · − y2, · − y3)v

+(y1)v
+(y2)v−(y3)dy1dy2dy3

+Q+(v±, w),

Res− = −∂tv
− + λ−v− +

∫
G3(· − y1, · − y2, · − y3)v

−(y1)v
−(y2)v+(y3)dy1dy2dy3

+Q−(v±, w),
Ress = −∂tw +3w + Qs(v

±, w).

Inserting the ansatzψδ(A+) = (δψ±, δ2ψs) with

v± = δψ± = δχSδA±(δ2t)e±iωt ,

w = δ2ψs =
∑

j=0,±2

δ2SδBj (δ
2t)ei j ωt ,

(17)

into (7) gives formally, withX( j ) = δx( j ) andT = δ2t ,

Res+ = eiωtδ3Sδ

(
−∂T A+(T)+ ε

2

δ2
(λ0+ i ν0)A+(T)+ (λ2+ i ν2)

p∑
j=1

∂2
X( j )

A+(T)

+ Ĝ3(0, 0, 0)A+(T)|A+(T)|2
)

+ δ
[
λ+ − ε2(λ0+ i ν0)− (λ2+ i ν2)

p∑
j=1

∂2
x( j )

]
SδA+(T)eiωt

+ δ3

[∫
G3(x − y1, x − y2, x − y3)χA+(δy1, T)χA+(δy2, T)

× χA−(δy3, T)dy1dy2dy3− Ĝ3(0, 0, 0)A+(T)|A+(T)|2
]

eiωt

+ O(δ4),

Ress =
∑

j=0,±2

δ4(∂T SδBj (T))e
i j ωt

+ δ2[(3− 2iω)SδB2(T)+ EshN2(χSδA+(T)ϕ+, χSδA+(T)ϕ+)]e2iωt

+ δ2[(3)SδB0(T)+ 2EshN2(χSδA+(T)ϕ+, χSδA−(T)ϕ−)]
+ δ2[(3+ 2iω)SδB−2(T)+ EshN2(χSδA−(T)ϕ−, χSδA−(T)ϕ−)]e−2iωt

+ O(δ3),

whereN2 is a symmetric bilinear mapping and stands for the quadratic terms in (7). The
termsBj are not necessary for the derivation of the Ginzburg-Landau equation, but they
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are needed to make Ress small. We chooseA+ to be the solutions of the Ginzburg-Landau
equation

∂T A+ = ε2

δ2
(λ0+ i ν0)A+ + (λ2+ i ν2)

p∑
j=1

∂2
X( j )

A+ + Ĝ3(0, 0, 0)A+|A+|2, (18)

and additionallyB±2, B0 to be the solutions of

0 = (3− 2iω)SδB2+ EshN2(χSδA+ϕ+, χSδA+ϕ+), (19)

0 = (3)SδB0+ 2EshN2(χSδA+ϕ+, χSδA−ϕ−), (20)

0 = (3+ 2iω)SδB−2+ EshN2(χSδA−ϕ−, χSδA−ϕ−). (21)

Moreover, we setA− = Ā+. The equations (19)–(21) can be resolved with respect toBj

since the spectrum of̃3 for the appearing wave vectors is strictly negative. We have

Lemma 6.1. Let A ∈ C([0, T0],Cn
b) be a solution of the Ginzburg-Landau equation

(18)and let n≥ m. Then for l≥ 0 there exists a Cl > 0 such that for all0≤ ε ≤ δ the
residual fulfills

‖Res±‖Cm,δ
b
≤ Cδmax(t−l /2δn−m, δ3),

‖Ress‖Cm,δ
b
≤ Cδ2 max(t−l /2δn−m, δ).

Proof. Since the nonlinear evolution operator of the Ginzburg-Landau equation is
smoothing we have

‖A(T)‖Cn+l
b
≤ C max(1, T−l /2).

By construction we have‖Ress‖Cm,δ
b
= O(δ3) + ‖∑j=0,±2 δ

4(∂T SδBj (T))ei j ωt‖Cm,δ
b
.

Since∂T Bn can be expressed by∂T A and since Lemma 3.3 can be applied to the bounded
pseudodifferential operator [λ+−ε2(λ0+i ν0)−(λ2+i ν2)

∑p
j=1 ∂

2
x( j )

]χ and to the trilinear
terms (see (9)),∫

G3(x − y1, x − y2, x − y3)χA+(δy1, δ
2t)χA+(δy2, δ

2t)
× χA−(δy3, δ

2t)dy1dy2dy3− Ĝ3(0, 0, 0)χA+|χA+|2,
respectively, we have established the assertions. We refer to [Sch94a] Lemma 4 for the
estimate‖A+ − χA+‖Cm,δ

b
≤ Cδn−m‖A+‖Cn,δ

b
and to [Sch94a] Lemma 6 for a more

detailed analysis.

6.2. The Error Estimates

Theorem 6.2. For all R1, T1, d > 0 there exist C, δ0 > 0 such that for all0≤ ε ≤ δ ≤
δ0 the following holds: Let A be a solution of(18) with supT∈[0,T1] ‖A(T)‖Cn+1

b
≤ R1,

A|T=0 = A0, and u0 ∈ Cn,δ
b with ‖u0 − ψδ(A0)‖Cn,δ

b
≤ dδ2, then there exists a solution

u of (7) with u|t=0 = u0 and

sup
0≤t≤T1/δ2

‖u− ψδ(A)‖Cn,δ
b
≤ Cδ2. (22)
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Proof. We begin with two remarks. First, we have

sup
t∈[0,T0/δ2]

(‖ψ±‖Cn,δ
b
+ ‖ψs‖Cn,δ

b
) ≤ Cψ, (23)

where theψ± are defined in (17). Secondly, from Lemma 3.4 and 6.1 it follows that

sup
t∈[0,T1/δ2]

(‖δ−3
∫ t

0
Ks

t−τRessdτ‖Cn,δ
b
+ ‖δ−2

∫ t

0
K±t−τRes±dτ‖Cn,δ

b
)

≤ C + Cδ−2 sup
t∈[0,T1/δ2]

∫ t

0
‖K±t−τ‖L(Cn−1,δ

b ,Cn,δ
b )‖Res±‖Cn−1,δ

b
dτ

≤ C + Cδ−2
∫ T1/δ2

0
δ (T1− δ2τ)−1/2 δ2 τ−1/2dτ ≤ CRes= O(1). (24)

The following proof of Theorem 6.2 consists of two parts. In part I it is shown that after
a short time (we chooset = δ−1/2) the noncritical part of the error is of orderO(δ3)

instead of only being of orderO(δ2). This is needed to solve the equations for the error
on the long time interval [0, T1/δ2] in part II.

(I) Insertingv± = δψ± + δ2R± and w = δ2ψs + δ2Rs into (7) gives with the
variation of constant formula for the errorR= (R±, Rs),

R±(t) = K±t R±|t=0+
∫ t

0
K±t−τ N±7 (ψ(τ), R(τ ))dτ + δ−2

∫ t

0
K±t−τRes±dτ,

Rs(t) = Ks
t Rs|t=0+

∫ t

0
Ks

t−τ N8(ψ(τ), R(τ ))dτ + δ−2
∫ t

0
Ks

t−τRessdτ,

with

‖N±7 (ψ, R)‖Cn,δ
b
≤ C(δ2‖ψ±‖2

Cn,δ
b

‖R‖Cn,δ
b
+ δ2‖R‖2

Cn,δ
b

),

‖N8(ψ, R)‖Cn,δ
b
≤ C(δ‖ψ±‖Cn,δ

b
‖R‖Cn,δ

b
+ δ2‖R‖2

Cn,δ
b

),

and the estimate‖R|t=0‖Cn,δ
b
≤ d for the initial conditions. We show first:

(i) ∀d ∃δ0, D > 0 ∀0≤ ε ≤ δ ≤ δ0 : sup
t∈[0,δ−1/2]

‖R‖Cn,δ
b
≤ D.

Choosingδ so small such that the inequalities

Cδ−1/2(δ2CψD + δ2D2) < Cd and δCψD + δ2D2 < Cd

are fulfilled, we get from (23) and (24)

supt∈[0,δ−1/2] ‖R±(t)‖Cn,δ
b
≤ Cd+ Cδ−1/2(δ2C2

ψD

+ δ2D2)+ CRes< 2Cd+ CRes=: D,
supt∈[0,δ−1/2] ‖Rs(t)‖Cn,δ

b
≤ Cd+ C(δCψD + δ2D2)+ CResδ < D.

Therefore, we have established (i).
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(ii) Moreover, we have

‖Rs|t=δ−1/2‖C0
b
≤ Ce−σ0δ

−1/2/2d + δC(Cψ + D)D + δCRes= O(δ).
(II) Hence, after this time we choose the new scaling(δ2R±, δ3Rs) for the error and start
the system again. We obtain

R±(t) = K±t R±|t=0+
∫ t

0
K±t−τ N±9 (R(τ ))dτ + δ−2

∫ t

0
K±t−τRes±dτ,

Rs(t) = Ks
t Rs|t=0+

∫ t

0
Ks

t−τ N10(R(τ ))dτ + δ−3
∫ t

0
Ks

t−τRessdτ,

with

‖N±9 (R)‖Cn,δ
b
≤ C(δ2‖R±‖Cn,δ

b
+ δ3‖R‖Cn,δ

b
),

‖N10(R)‖Cn,δ
b
≤ C(‖R±‖Cn,δ

b
+ δ‖Rs‖Cn,δ

b
),

and max(‖R±|t=0‖Cn,δ
b
, ‖Rs|t=0‖Cn,δ

b
) ≤ D̃ = O(1) for the initial conditions.

We are done if we show:

(iii ) ∀D̃ ∃δ0, D±, Ds > 0 ∀0≤ ε ≤ δ ≤ δ0 :

{
supt∈[0,T0/δ2] ‖R±(t)‖Cn,δ

b
≤ D±,

supt∈[0,T0/δ2] ‖Rs(t)‖Cn,δ
b
≤ Ds.

In order to do so, we define

S±(t) = sup
0≤τ≤t

‖R±(τ )‖Cn,δ
b

and Ss(t) = sup
0≤τ≤t

‖Rs(τ )‖Cn,δ
b
.

We obtain

S±(t) ≤ CD̃ +
∫ t

0
Cδ2S±dτ + δC DR+ CRes

≤ (CD̃ + 1+ CRes)+
∫ t

0
Cδ2S±dτ,

with DR = max(D±, Ds) for

δC DR ≤ 1. (25)

The application of Gronwall’s inequality yields

S±(T1/δ2) ≤ (CD̃ + 1+ CRes)e
CT1 =: D±.

Then we obtain

Ss(T1/δ2) ≤ CD̃ + C(D± + δDs)+ CRes

≤ CD̃ + C(D± + 1)+ CRes=: Ds

for

δDs < 1. (26)

We are done, if we chooseδ so small such that (25) and (26) are fulfilled.

Remark. As in [Sch94c] we could additionally conclude that the partR± in (II) fulfills
‖R±(T1/δ2)‖Cn+1,δ

b
≤ C = O(1) for δ→ 0.
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7. Applications

In the following we draw some conclusions from the attractivity and the approximation
theorem. In order to do so we denote withGT : C0

b → C0
b the nonlinear evolution operator

of the Ginzburg-Landau equation (18) and withSεt : C0
b → C0

b the nonlinear evolution
operator of the reaction-diffusion system (5).

7.1. Global Existence Results

The global existence of the solutions for the Ginzburg-Landau equation can be used to
show the global existence in time of all small solutions for the original system. For case I
instabilities this is done in [Sch94c]. It is the purpose of this section to transfer this result
to case II instabilities. In case I the Ginzburg-Landau equation only has to be considered
in one space dimension. For our purposes we have to considerp-dimensional domains
for which the global existence of the solutions for the Ginzburg-Landau equation is less
clear.

By a coordinate transform every rotational symmetric Ginzburg-Landau equation (18)
with ReĜ3(0, 0, 0) < 0 can be brought into the form

∂T A = (1+ iα)1A+ A− (1+ iβ)|A|2A, (27)

with α, β ∈ R,1 =∑p
j=1 ∂

2
X( j )

, andX ∈ Rp. The global existence of solutions in time
depends heavily on the coefficientsα, β and the space dimensionp. For the unbounded
domain such results are shown in [Co94].

Lemma 7.1. Solutions of the Ginzburg-Landau equation(27) exist globally in time in
L∞ and are attracted exponentially fast into an absorbing ball in L∞ if one of the
following assumptions (i) or (ii) is fulfilled.

(i) We have the space dimension p= 1 or p = 2.
(ii) Let p be arbitrary, but the coefficients fulfillαβ > 0, or

√
1+ α2 < 2, or

√
1+ β2

< 2.

The variation of constant formula and the smoothing properties of the linear semi-
group allows us to conclude the existence of absorbing balls inCn

b for every n. See
[TBDvHT96].

For the original system (5) we can conclude:

Theorem 7.2. Suppose that either assumption (i) or assumption (ii) of Lemma 7.1 is
fulfilled. Then we have a R0 > 0 such that for all R> R0 there exist C, δ0 > 0 such that
for all 0 ≤ ε ≤ δ ≤ δ0 and all initial conditions u0 ∈ C0

b for (5) with ‖u0‖C0
b
≤ Rδ, the

following holds: The solution u of(5) with u|t=0 = u0 exists globally in time and fulfills
supt∈[0,∞) ‖u(t)‖C0

b
≤ Cδ. The setBδ =

⋃
t≥0St {u0 ∈ C0

b| ‖u0‖C0
b
≤ Rδ} is bounded

and positively invariant underSt .

Proof. The proof follows exactly as in [Sch94c], where Theorem 5.1 takes the role of
(ATT), Theorem 6.2 the role of (APP), and Lemma 7.1 the role of (GLOB). Let us denote
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the absorbing ball of the Ginzburg-Landau equation (18) withBabs. Then chooseC1 so
large thatψδ(Babs) ⊂ {u ∈ C0

b|‖u‖ ≤ C1δ/2}. We are done if we show that there exist
δ0 > 0 andT3 > 0 such thatSεT3/δ2 B0 ⊂ B0 = {u ∈ C0

b|‖u‖ ≤ C1δ} for all 0 ≤ ε ≤
δ ≤ δ0. In order to do so, take an arbitraryu ∈ B0 and fixm ≥ 1. From the attractivity
Theorem 5.1 follows the existence ofT0,C2, δ0 > 0 such that‖π+c SεT0/δ2u‖Cm,δ

b
≤ C2δ.

Therefore, we can apply the approximation theorem 6.2 withA0 = δ−1S1/δπ
+
c SεT0/δ2u

in C0
b. SinceBabs is an absorbing ball for the Ginzburg-Landau equation there exists

a T2 > 0 such thatGT2({A| ‖A‖Cm
b
≤ 2C2}) ⊂ Babs. Then forδ0 sufficiently small

SεT0/δ2 B0 ⊂ UCδ2(ψδ(Babs)) ⊂ B0, whereUδ(M) = {z ∈ C0
b| infy∈M ‖y− z‖C0

b
< δ}.

7.2. The Pseudo-Orbits

A second conclusion in [Sch94c] of the attractivity (Theorem 5.1), the approximation
property (Theorem 6.2 and the subsequent remark), and the global existence (Lemma 7.1)
in the Ginzburg-Landau equation is the method of pseudo-orbits. This means that a
solution of (5) can be shadowed by piecewise solutions of the Ginzburg-Landau equation
(18). Applying this method as in [MS95], where case I is handled, would give additionally

lim sup
t→∞

‖u(t)‖C0
b
= O(ε)

in Theorem 7.2. For details see [MS95] or [Sch94c].

7.3. Upper Semicontinuity to the Ginzburg-Landau Attractor

The application of the above principles also allows us to transfer the upper semicontinuity
of the original system attractor towards the Ginzburg–Landau attractor from [MS95] for
case I instabilities to case II instabilities, which are considered here.

To define attractors on unbounded domains we need the spacesCn
ρ equipped with the

norm ‖u‖Cn
ρ
= ‖u/ρ‖Cn

b
with ρ(x) = (1+ |x|2)p. Moreover letTy be the translation

operator inRp defined by(Tyu)(x) = u(x + y). Since all assumptions of Theorem
2.6 in [MS95] are fulfilled in a trivial way we can conclude for the Ginzburg-Landau
equation (18) and for the reaction-diffusion system (5) the existence of so-called(Cn

b ,C
n
ρ)

attractorsAG , resp.Aε. We now conclude:

Theorem 7.3. Suppose that either assumption (i) or assumption (ii) of Lemma 7.1 is
fulfilled and let n≤ m̄. Then there exists aδ0 > 0 such that for all0 ≤ ε ≤ δ ≤ δ0 the
following holds: We have unique nonempty closed bounded setsAG ⊂ Cn

b andAε ⊂ Cn
b

with the following properties:
(i) AG , resp.Aε is compact in Cnρ .
(ii) AG is time- and translation-invariant, i.e.,GT (AG) = TyAG = AG for all

T ≥ 0, y ∈ Rp.
(iii) Aε is time- and translation-invariant, i.e.,St (Aε) = TyAε = Aε for all t ≥

0, y ∈ Rp.
(iv) AG attracts bounded sets in Cnb with respect to the Cnρ–distance, i.e., for any
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bounded B⊂ Cn
b, we have

distCn
ρ
(GT (B),AG) = sup

b∈B
inf

a∈AG
‖GT (b)− a‖Cn

ρ
→ 0 for T →∞.

(v)Aε attracts sets inBδ ⊂ Cn
b with respect to the Cnρ–distance, i.e., for any B⊂ Bδ,

we have

distCn
ρ
(St (B),Aε) = sup

b∈B
inf

a∈Aε
‖St (b)− a‖Cn

ρ
→ 0 for t →∞,

whereBδ is the positively invariant set from Theorem 7.2.

Exactly as in [MS95], the upper-semicontinuity follows from Theorems 5.1 and 6.2.

Theorem 7.4. For everyσ > 0 there exist C, ε0 > 0 such that for allε ∈ (0, ε0] the
estimates

distCn
ρ
(ε−1S1/επ

+
c Aε,AG) ≤ σ and distCn

b
(EsAε, {0}) ≤ Cε2,

hold.

Proof. Fix n ∈ N and letv ∈ Aε. SinceAε is invariant under the flowSεt , there is a
u0 ∈ Aε such thatv = ST0/ε2(u0), whereT0 is chosen according to Theorem 5.1. Hence,
‖Esv‖Cn

b
≤ Cε2 with a constantC independent ofv.

From the attractivity in Theorem 5.1, we findR1 > 0 such thatε−1S1/επ
+
c Aε ⊂

BCn
b
(R1) = {A ∈ Cn

b |‖A‖Cn
b
≤ R1}. SinceAG is an attractor, there exists, for givenσ , a

time T2 > 0 such that

distCn
ρ
(GT2(BCn

b
(R1)),AG) ≤ σ /2.

Applying the approximation result (22) withT1 = T2, we find

distCn
b
(ε−1S1/επ

+
c Aε,GT2(BCn

b
(R1))) ≤ Cε.

Choosingε0 so small thatCε < σ /2 completes the proof, since

distCn
ρ
(ε−1S1/επ

+
c Aε,AG) ≤ distCn

b
(ε−1S1/επ

+
c Aε,GT2(BCn

b
(R1)))

+ distCn
ρ
(GT2(BCn

b
(R1)),AG) ≤ σ.
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[TBDvHT96] P. Takáč, P. Bollerman, A. Doelman, A.v. Harten, E.S. Titi. Analyticity of essentially



Hopf Bifurcation in Spatially Extended Reaction–Diffusion Systems 41

bounded solutions to semilinear parabolic systems and validity of the Ginzburg-
Landau equation.SIAM J. Math. Anal., 27 (1996) 424-448.

[vH91] A. van Harten. On the validity of Ginzburg-Landau’s equation.J. Nonlinear Science,
1 (1991) 397–422.

[Ve93] J.M. Vega. On the amplitude equations arising at the onset of the oscillatory insta-
bility. SIAM J. Math. Anal., 24 (1993) 603–617.

[Yo71] K. Yosida.Functional Analysis. New York, Springer, 1971.


