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1. Introduction.

By a local field we mean a complete field with respect to a discrete valuation. In this
note we study ramification groups, the different and differentials for finite separable
extensions of local fields with inseparable residue class field extensions.

For the case that the residue class field extension is separable, which we will call
the classical case, there is a beautiful theory of ramification groups for which we refer
to Serre [11, ch. III, IV]. The classical results, such as Hilberts formula for the different
in terms of ramification groups, do not hold in general. In the classical case one has the
“upper numbering” of ramification groups [11, ch. IV, §3], which is preserved under
restriction to subextensions, but the examples in (3.7) below show that no such re-
numbering exists in our context.

Known results on the non-classical case include Kato’s class field theory for “n-
dimensional complete discrete valuation fields,” see [6] and [4]. In Zariski-Samuel [12,
vol. I, ch. V, §10] two intertwined filtrations with ramification groups are defined, and
some classical results on where the jumps can be, have been generalized to this double
filtration [2]. Krasner [7] focuses on the different, and some of the present results can
be inferred from his paper.

For any local field K we denote the prime ideal by px and the residue class field

by K. Let vg be the normalized valuation on K and let the valuation of a fractional
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ideal of K be the valuation of a generator, so that vk (px) = 1. In this introduction
the results will be formulated for Galois extensions L/K with Galois group G. With
the exception of section 5, all results will be shown for non-Galois extensions too.

In the classical case, the different Dp/4 can be expressed in terms of ramification
groups by the following formula that is due to Hilbert

oo

1) vr(Dpja) = Y _(#Gi —1).
i=0

Recall that the ramification groups G; are defined by G; = {0 € G : ig(o) > i+ 1}
where ig(0) = inf{vy(cx — z) : * € B}. Hilbert’s formula holds under the weaker
condition that B is monogenic over A, i.e., that B = A[a] for some a € B. For the
non-monogenic case we will show that one needs to add a term on the left hand side
of (1), namely the smallest integer n for which there is an o € B with p} C Afa]. We
call the ideal p} the monogenity conductor of B over A.

Suppose L’ is an intermediate field of the extension L/ K corresponding to a normal
subgroup H of G. In the classical case, the ramification numbers i/ (7) of L'/ K can

be computed from the ig (o) by the well-known formula

) io/m()= % 3 ialo),

ot
where €’ is the ramification index of L over L’. Again, the same formula holds if B
is monogenic over A. We can only give inequalities for the general case (see (3.6)),
and examples showing that they are optimal if one only wants to take the ramification
groups into account. It follows that the ramification groups of L' over K are not in
general determined by those of L over K.

Krasner [7] raises a question which in our terminology asks whether an extension
for which the monogenity conductor is multiplicative in towers, is necessarily mono-
genic. We give an example that shows that this is not the case (see (3.5) below).

In section 4 we look at the module Q5,4 of A-differentials of B. Using derivations
rather than differentials, Moriya [10] showed that the length of the B-module Qp/4 is
v (Dpya). Such a statement holds in the much more general ring theoretic context of
locally complete intersections [8, prop. 10.17]. We will give an alternative proof, and
we show that for any ring homomorphism A — A, there is a canonical short exact

sequence of B-modules:
0— QA/A X4 B — QB/A — QB/A — 0.

Like Moriya’s proof, our proof is a reduction to the monogenic case. The module 25,4

contains more information than the different, namely its structure as a B-module. We
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will show that the number of elements needed to generate Q234 as a B-module is
equal to the number of elements needed to generate B as an algebra over A if B is not
unramified over A.

One can hope that there is some relation between the correction terms needed in
(1) and (2) and the B-module structure of Qp,4. In section 5, we give such results
under the assumption that L is Galois over K of degree p?, where p is the residue

characteristic.

2. The different and the monogenity conductor.

Let L/K be a finite separable extension of local fields with valuation rings A C B.
We recall the definition and some basic properties of the different Dg,4 of B over A.
For any subset S of L its complementary set St is defined by St ={z € L: vy € S :
Trp,k(zy) € A}. The different D 4 of L over K is the inverse ideal of the fractional
ideal Bf. Let a € B with L = K(a). It is a well-known result due to Euler, that
Ala]t = f'(a)"' A[a], where f’ is the derivative of the minimal polynomial f of o over
K. We say that B is monogenic over A if there is an o with B = A[a]. The different
can then be computed easily, namely Dp,4 = f'(a)B.

In the classical case, i.e., if L is separable over K, then B is monogenic over A.
See [11, ch. III, §6, prop. 12] for a proof. Without the separability condition this need
not hold. However, we always have a monogenic extension of rings of integers if [L : K]
is prime, because then the ring-generator can be taken to be either a prime element or

a representative of a generator of the residue field extension.

(2.1) Notation. Fix a Galois extension M of K that contains L, and let C' be
the valuation ring of M. By a K-embedding we mean a K-algebra homomorphism
between extension fields of K. For any K-embedding o: L — M let ar (o) be the C-
ideal generated by the elements © — oz with © € B. If L/K is normal we may take
M = L and then ay (o) = pic(a). Thus the ideals ay, (o) provide an easy way to consider
“ramification numbers” for non-normal extensions (cf. Deligne [1]). The monogenity
conductor tp,4 of B over A is defined as the largest ideal of B that is contained in
Ala], for some a € B. Note that Ala] is open in L if L = K(«), so tg/a # 0.

(2.2) Theorem. We have

Dpjatpa-C =[] av(o),
o#1

where the product ranges over all K-embeddings of L in M that are not the inclusion.

3



The different and differentials for local fields with imperfect residue fields, Proc.
Edinburgh Math. Soc. 40 (1997), 353-365

Proof. Let a € B with L = K(«). Define the conductor t, of A[a] in B as the largest
ideal of B that is contained in Afa], so tq = {z € B : 2B C Ala]}. Asin [11, ch. III
§6], we show that v -Dgya = f'(a)B, where f is the minimal polynomial of o over K:

T €ty <= B C Ala] < f'(a)"'2B C Ao’

= Tryk(f'(@)"'2B) C A < f'(a) 'z € D),

Since tp/4 = t, for some «, one inclusion of the theorem now follows from

fl@)=[[(a-o(a) € [] arlo).

o#l o#1

To finish the proof, we need to show that there is an o € B for which the ideal on
the right is generated by f’(«), for it then follows from the inclusion that we showed

already, that t, = tp/4. Such an element « is provided by the following lemma.

(2.3) Lemma. There is an element o € B such that for all K-embeddings o: L — M

we have ar, (o) = (a — oa)C.

Proof. If B is monogenic, then we may take « to be a generator of the ring extension,
because for any C-ideal a the question whether ¢ and the inclusion induce the same
A-algebra homomorphism B — C/a, then depends only on the two images of a.

Now assume that B is not monogenic over A. Then K is imperfect and in particular
infinite, because the residue field extension must be inseparable. For each o: L — M
that is not the inclusion, the mapping from V = B/pg B to ar(o)/pamar(o) induced
by 1 — o is a non-zero K-linear map, and for each o € B the element (amod px B) lies
in the kernel V, of this map if and only if (1 —0)(B) ¢ (o« —oa)C. It follows from the
well-known fact that a vector space over an infinite field is not a finite union of strict
subspaces, that there always exists an element x € V' that is not contained in V,, for

any o. Any representative o of x in B satisfies our conditions. O

(2.4) Remark. For a Galois extension L/K with Galois group G the theorem says

v (Dpja) +n = Z ig(o) = Z(#Gi -1),
=0

o#1

where n is the smallest integer for which there is an o € B with p} C Ala].
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3. Ramification groups of subextensions.

Let K C L' C L be finite separable extensions of local fields with valuation rings
A C B’ C B. We fix a finite Galois extension M of K that contains L with valuation

ring C' and we use the notation ar (o) as in (2.1).
(3.1) Proposition. For all K-embeddings 7: L' — M we have
ap(7) | [ ac(o),
where the product ranges over all K-embeddings o: L — M with o|p, = T.

Proof. By (2.3) there exists an element o € B such that ar(0) = (o — oa)C for all o.
Let f € B’[X] be the minimal polynomial of o over L', and denote the polynomial that
one obtains from f by applying 7 to all its coefficients by 7f. Then f =[] (X — o)
with o ranging over all L’-embeddings of L in M, and 7f =[], (X — oa). Since
7f — f has coefficients in ar/(7), we deduce

[I oz0) = [[ (@ —0a)-C = (rf)(@)C = (rf = F)@)C C ap:(7). U

o—=T o—=T

For K-embeddings 7 of L’ in M that are not the inclusion, define the ideal d(7) of C
by d(7)ar (1) = [, ar(0).
(3.2) Proposition. We have

tB/B/tB/A H (1) =tgya-C,

T#1
with T ranging over all K-embeddings of L' in M that are not the inclusion.
Proof. We can group the factors ay, (o) in (2.2) according to the restriction o|/. Using
(2.2) for L/L" and K/K' and the definition of d(7) we get
DB/AtB/AC = tB/B’DB/B’tB’/ADB’/A H D(T).
T#1

Now use the transitivity of the different to cancel all three differents. O

(8.3) Corollary. We have tp,pitpi/a | tpja. If B is monogenic over A, then B’ is
monogenic over A, equality holds in (3.1), and d(7) = (1),

Proof. The first statement follows from the fact the ideals d(7) are integral. If B is
monogenic over A then tp/4 = (1), and as monogenity conductors are integral ideals
too, it then follows that all ideals on the left-hand side of (3.2) are all equal to (1). O
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(8.4) Corollary. If L' /K is unramified then equality holds in (3.1) and tp/4 = tp/p-

Proof. We can choose o € L' with minimal polynomial f € A[X] such that L' = K(«),
and f mod pg is separable. Let 7: L’ — M be a K-embedding which is not the inclusion.
Since the zeros of f in M are distinct in M, the map L’ — M induced by 7, is not the
inclusion. Therefore, ar/(7) is the unit ideal, and d(7) = (1). The valuation ring of L’

is monogenic over A, so it follows from (3.2) that tg/4 = tg,p. O

(8.5) A question of Krasner. Krasner [7] defines the “arithmetic different” dp,4
as the B-ideal generated by the elements f/ («), where o ranges over the elements of
B that generate L as a field extension of K, and f, is the minimal polynomial of «
over K. It follows from the proof of (2.2) that dp;4 = Dpsatp/a, and with (3.1) it
follows that dp,p:dp//a | /4 (cf. [7, thm. 9]). In Krasner’s terminology, the extension
L/K is said to be “Dedekindian” if dp/a = Dpja, and it is called “Hilbertian” if
dp/a = 0p/pdp:)a for all intermediate fields L'. Krasner asks the question whether
all “Hilbertian” extensions are “Dedekindian.” The answer is no, and to show this we
will construct a non-monogenic extension without intermediate fields.

Suppose k is a field of characteristic p > 0 with elements a,b € k such that
E(a'/P b/P) has degree p? over k. For instance, one may take k = F,(U,V) with
a=Uand b=V. Let K = k((t)) be the local field of Laurent series with valuation
v (D a;t?) = inf{i : a; # 0}, and valuation ring A = k[[t]]. Consider the separable
polynomial

FX)= X7 + " XP 7" X —Ph — oP € K[X]

and let L = K(«) where « is a zero of f in the separable closure K*°P of K. Then «
is integral and a? = amodpr. Put 8 = (o + tPa — a)/t, then P = t*~Pa + b, s0
that 3 is integral and B7 = bmodpy. It follows that L O k(a'/?,b*/?), so that f is
irreducible, and B is not monogenic over A.

To answer Krasner’s question we still need to show that there are no intermediate
fields of L/K. Let o/ be a zero in K*P with x = a — o’ # 0. Since f is an additive
polynomial, x is a zero of

XV XP P X = XX X g,

One first sees that v(z) > 0 and then deduces that v(z? =) = v(t?"), so that K (z)/K
is a totally ramified extension of degree p?> — 1. This implies that K(a,a’) = K(a, )
has degree p?(p? — 1) over K. If there was an intermediate field L' of L/K, then o
could be taken to be conjugate with a over L', and the degree of K(«, ') over K would

be at most p?(p — 1).
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(3.6) Inequalities. In addition to the bound on az/(7) in (3.1) one has an obvious
bound on the other side: choose an extension o of 7 to L, then ar (o) | ap/ (7).

We can reformulate this if L is Galois over K with group G and L’ corresponds
to a normal subgroup H of G. If ¢’ is the ramification index of L over L', then the
restriction of vy, to L' is e’vys, so (3.1) and the bound given above can be stated as

l, sup ig(o) <ig/u(r) < é Z ic(o).

€ g1 Pt

By (3.3) we have equality on the right in the monogenic case.

(3.7) Examples. To conclude this section, we give examples that show that these are
the best bounds possible if one only wants to consider the ideals ay, (). Furthermore,
we will show that contrary to the classical case, the ramification numbers of L/K do
not determine those of L'/ K.

Let k be an imperfect field of characteristic p, and let K be the field k((t)) of Laurent
series in ¢ with coefficients in k. Fix an integer s € {1,...,p} and let L' = K (7) where
7P —t5®=Dx =t Then L’ is a Galois extension of K of degree p, and the Galois group
is generated by the automorphism 7 of L’ over K defined by 7 — 7+ ¢°. Note that L’
is wildly ramified over K with prime element 7, so its valuation ring is B’ = A[x].

Suppose that a € k with a & kP, and define the local field L as L = L'(«), where

of — 2P Vg =g+ tP73(1 — P~ D1

Then L is a Galois extension of L’ of degree p, and the Galois group H of L over L'
is generated by the map ¢ : a +— a + 2. By construction, L = L/(@) is a purely
inseparable extension of L’ = K of degree p, and B = B’[a]. We can extend T to
L by a — « + t, which shows that L is normal over K, and that G = Gal(L/K) is
elementary abelian of order p? generated by o and 7. The filtration with ramification

groups is as follows:
G=Go="=Gp1#Gp=(0) =Gpp1 =" =Gap1 # Gz = {1}.

Note that the first trivial ramification group of L’ over K is (G/H )ps, so the ramification
groups of L' over K are not determined by those of L over K alone. With the given
definition of 7, the inequalities in (3.6) read p < ps < p?. In particular, we have
equality on the right if s = p (the monogenic case), and on the left if s = 1.

Using the fact that B’ = A[r] and B = B’[a] we see that

Dpja = Dp/pDprya = 200D p = ¢s+2-1 g,

By (2.2) we have tg,4 = t®=s)P=1) B We return to the case of Galois extensions of

degree p? in section 5.
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4. Differentials.

Let L/K be a finite separable extension of local fields with valuations rings A C B. In
this section we study the B-module Qp,4 of Kéhler differentials of B over A, and its
relation to the different and to questions about monogenity. See [9, ch. 9] for definitions
and fundamental properties of differentials.

The B-module Qp/4 is finitely generated, because B is a finitely generated A-
algebra. Since L is separable over K we have Qp /sy ®p L = Qp,x = 0, so the B-module
Qg4 has finite length.

(4.1) Theorem.
(1) The length of the B-module Qg4 is v,(Dpya)-
(2) For any ring homomorphism A — A there is an exact sequence of B-modules:

0— QA/A ®a B — QB/A — QB/A — 0.

Proof. For (2) we only need to show injectivity of the map Q4,4 ®4 B — Qp/a,
because exactness at the other places holds for arbitrary ring homomorphisms A —
A— B9, thm. 25.1].

Suppose A is generated as an A-algebra by a set S C A. We have a surjection of
the polynomial algebra A[X; : s € S| onto A sending a variable X, to s € A. Let R be
a set of ideal generators of its kernel. Denoting the free A-module on a set X by A,
we can describe 24,5 as the cokernel of the A-linear map AB) 5 A with matrix
(8T/aXs)r€R,s€S-

Let us assume first that B is monogenic over A, so that B = Ala] = A[X]/(f),
where f € A[X] is the minimal polynomial of o over K. Then the above argument for
B over A instead of A over A implies that Qg4 = B/f'(a) B. We already knew that
Dp/a = f'(a)B, so this shows (1). If we add the element a to S we find generators
for B over A, and one more relation given by lifting f to a polynomial in A[X][X]. It

follows that we have a diagram with exact rows and columns:

0 — B® — B(R)@B —

| |

0 — B®) — B®WgeB —

! I

Qaa®aB —  Qp

| |

0 0

T e—We—e—o
=
g

!
)
IS

O —
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Statement (2) now follows from the snake lemma. This proves the theorem for the
monogenic case.

We now show that the theorem is “transitive in towers”, i.e., we show that the
theorem holds for B over A, if it holds for B over A’ and for A’ over A, for some
intermediate complete discrete valuation ring A’. Since the different is multiplicative
in towers, statement (1) for B over A follows from (1) for each of the steps and (2) for
B over A" with A = A. Furthermore, if (2) holds for each of the steps, then the map
Qa/n ®a B’ — Qpiyy is injective, so after tensoring with the flat B’-algebra B we get
injections

Qajpn ®a B — Qpija @p B — Qpya,
which implies (2) for B over A. This proves “transitivity”.

It follows that (4.1) holds if L/K is a tower of monogenic extensions. Not all
extensions are of this type (cf. (3.5)), but Galois extensions L/K are. To see this, first
note that the tame part T/K is monogenic. Furthermore, L is Galois over T of prime
power degree. Every p-group has a chain of subgroups with steps of index p, and every
extension of local fields of degree p is monogenic. This shows (4.1) for Galois extensions
L/K.

For the general case, let M be a finite Galois extension of K containing L, and
let C' be its valuation ring. Then the theorem holds for C over A and for C over
B. To get statement (1) for B over A we apply (2) for C' over B by taking A = A
and using transitivity of the different. It remains to show (2) for B over A. Given a
ring-homomorphism A — A, we let NV be the kernel of the map Q4,4 ®4 B — Qp/a-
Since C' is flat over B, the C-module N ®p C is the kernel of the canonical map
Qu/a®aC — Qp/a @p C. We know that Q4,4 ®4 C and Qp/x ®p C both inject to
Qcyn, s0 N®@p C =0. But C is free over B, so we must have N = 0. O

The kernel T/4/4 of the map Q4,4 ®4 B — Qp/, is called the module of imperfec-
tion. Each of the reduction steps to the monogenic case in the above proof is an easy
consequence of the following result, which has been proved by Grothendieck [3, ch. 0,

(20.6.18)]: for any flat B-algebra C' there is a canonical exact sequence
0—Tp/an®sC — Tcjaa — Yeyp/a — Yoypja — 0.

Kéhler differentials are often used in commutative algebra to linearize ring theo-
retic problems. For instance, if the B-module Qp,4 of Kahler differentials is not cyclic,

then B is not monogenic over A. By the next proposition the converse holds too.

(4.2) Proposition. Suppose that L is not unramified over K. Then the smallest
number of elements generating Q5,4 as a B-module is equal to the smallest number of

elements that generate B as an A-algebra.
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Proof. One inequality is clear: if B = Alay, ..., a] then Qp 4 = >, Bda.

Now let n be the smallest number of elements that generate Qp,4 as a B-module.
We want to show that B is an A-algebra generated by n elements. The L-vector
space 2p/4 ®B L has dimension n by Nakayama’s lemma. It has a basis of the form
dag ®1,...,da, @1 for suitable a4, ..., a, € B, and the elements do; generate (g, 4.
Put S = A'[a1, as,...,a,), where A’ is the valuation ring of the inertia field K’ of L
over K. We first show that B = S. It follows from the exact sequence

Qs/4®s B — Qpja — Qs — 0

that Qp,5 = 0, so B has no derivations that are trivial on S. Since L is purely

inseparable over K’, and every inseparable extension of fields has a non-zero derivation,
it follows that the reduction map S — L is surjective. If S contains no prime element
of B, then SNypz C pZ, and we can construct a derivation of B over S by writing an
element z € Basx =r+y, withr € .S and y € pr, and mapping z to the class of y in
pr/p%. Solet m € S be a prime element of B and choose representatives z1,. ..,z in
S of a basis of L over K’. Then the elements z;77 of S with 1 <i< fand0<j<e
form a basis of B as an A’-module, and therefore B = S.

Since L/K is not unramified, n is at least 1. We may assume that K is imperfect
because otherwise B would be monogenic over A. We are done if we can find an element
B € A’ for which A’'[an] = Ao + 3], because we then have B = Alay + 5, ag, . . ., o).
By the primitive element theorem (see Jacobson [5, ch. I, §11]) we can find an element
B € A’ such that K’ = K(f) and K (a7 + 8) = K(ai,[). We then have A’ = A[f],
and in order to deduce that A’[a;] = A[ay + ], we still need to show that the ring
R = Ala; + ] contains the element 3.

The ring R is a local ring, because B is a local ring that is integral over R (see
[12, ch. V, §2, thm. 3]). Let m be the maximal ideal of R. The m-adic topology on R is
the same as the px-adic topology of the A-module R, and since R is a free A-module
of finite rank, it is complete. Therefore, Hensel’s lemma holds for R (see [12, ch. VIII,
§7]). Let h be the minimal polynomial of 8 over K, then the reduction of h mod px
has a simple zero 3 in R/m. By Hensel’s lemma, h has a zero in R whose residue class
is 3,s0 B € R. O

The following gives a generalization and an alternative proof for the fact from (3.3)

that a subextension of a monogenic extension is monogenic.

(4.3) Corollary. Let K C L C M be finite separable extensions of local fields, with
rings of integers A C B C C. Then the number of elements needed to generate B as

an algebra over A is at most the number of elements needed to generate C' over A.
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Proof. Assume that C' can be generated as an A-algebra by n elements. By (4.2) the
C-module Q¢/4 can be generated by n elements. By (4.1) we see that Qp/4 ® C is a
submodule. Looking at the pys-torsion, we deduce that the C-module Q5,4 ® C' can
also be generated by n elements, and then the same holds for the B-module Qp,4. If L
is unramified over K, then n < 1, and the statement is obvious. If L is not unramified

over K, then (4.2) implies that B can be generated as an A-algebra by n elements. [

5. Galois extensions of degree p°.

In this section we suppose that L/K is a Galois extension of degree p? with p = char K.
We will show that the defect in the classical formulas (1) and (2) in the introduction
can be expressed in terms of the module structure of Qp /4.

Put G = Gal(L/K), let L' be an intermediate field of degree p over K and let
B’ be the valuation ring of L’. Each of the steps in the extension A C B’ C B is

monogenic, so the outer two modules in the exact sequence
0— QB’/A ®Xp B — QB/A — QB/B’ —0

are cyclic. The B-module Qp/4 is therefore isomorphic to B/p¢ @ B/pl}J7 for unique
integers a,b with 0 < a < b. By (4.1) we have Dp 4 = p?’b.
In (2.1) the monogenity conductor tp/4 was defined. For 7 € Gal(L'/K) with

T # 1, the B-ideal d(7) was given in §3 by [[_ . _ar(o) = ap/(7) - 0(7).
(5.1) Theorem. We have d(7) = p¢ and tg/s = pi(pfl).

Proof. It is easy to check that 9(7) does not depend on the choice of 7 € Gal(L'/K),
as long as 7 # 1, and we will just write 9 for 9(7). Furthermore, we have tp /4 = ort
by (3.2), so the first statement implies the second. It also follows that ? does not
depend on the choice of the intermediate field L'.

First we give an explicit description of the A-algebra B in order to compute Q4.
We can write B’ = Ala], where either « is a prime element of L’ (if [L” : K| = 1), or
the image of o in L’ generates the residue class field extension (if [L’ : K| = p). Let
f € A[X] be the minimal polynomial of « over A. Now choose a generator § for B
over B’ in the same way, so that § is a prime element of B or 3 has degree p over L.
Let

g=YP +c, VPl 4.4 ¢y e B[Y)

be the minimal polynomial of 3 over L’. Then each coefficient ¢; can be written as

gi() for some polynomial g; € A[X] of degree less than p. It follows that the kernel of
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the surjective A-algebra homomorphism A[X,Y] — B that maps X to a and Y to 3, is
the ideal generated by f and YP? 4 g, 1YP~!1 4.+ go. Putting § = Zf:_ol gi(a) B, we
can now compute Q2,4 as the cokernel of the B-linear map B* — B? with the matrix

(s s):

The smallest invariant factor a of Q1,4 is the largest integer for which the image of

this map lies in p¢ - B2. In other words,
pi = ged(f'(@),0,9'(8)) = 0B + Dprja - B+ Dp/p:.

Since ? does not depend upon the choice of L', we may assume that H = Gal(L/L')
lies in the highest non-trivial ramification group of L over K (in other words, take L’
to be an intermediate field of degree p with v (Dp//4) minimal). In particular this
means that there is a B-ideal b such that ay(c) = b for all o ¢ H, and b | ar(o) for
oecH.

The theorem follows from the following three statements, which are proved below.

(1) D‘DB/B’ and D‘DB//A~B;
(i) o|0B;
(111) 0=0B or D:DB//A~B.

In order to show (i), note that for 7 € Gal(L'/K) with 7 # 1 we have

v=ap(r)" [] aro) | ap/(r)'ap/(r)” = Dpiya - B.

o—T

If o¢ is any lift of 7 to L, our choice of L’ implies that

o | ap(Mas(oo) o= [] arlo) | J] arlo) =Dpp

o#oq o#l

This proves statement (i). To prove (ii) we will use the following lemma.

(5.2) Lemma. Let h € A[X] be a polynomial of degree less than p and suppose that

L' is not unramified over K. Then h(a) — 7(h(a)) and h'(a)(a — 7)) have the same

valuation k in L', and they are congruent modulo pIZ,H.

Proof. First consider the case that h = X for some i € {1,2,...,p — 1}. From

al—rat = (a—r1a)(a t+ ot 2ra+ -+ 1al T,
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and from aB’ = TaB’, it is easy to infer that
o — 1o’ =ia" Ha —Ta)mod o' (a — Ta)?B'.

Ife(L//K) =1, then « € B and @ = Tamod py, (as L' is not unramified over K), and
the required congruence follows. Assume e(L’/K) = p, so that « is a prime element of
B’. We claim that o Z 0mod (o — 7). To see why this holds, note that the extension
is not tamely ramified. This means that the tame ramification group of L’ is the full
group Gal(L'/K) and therefore o — 7o € p2, = o?B’, This shows the claim, and the
lemma follows for h of the special form X with i < p.

For the general case, write b = > b; X* with b; € K. Our choice of a ensures that
v (W (a)) = inf; vp (ib;a’~1). The lemma now follows from the next lemma, whose

proof is left to the reader.

(5.3) Lemma. Fori = 1,2,...,n let a; and b; be elements of a local field F, such
that a; = bymod a;pp. Put a =3, a; and b=, b;. If vp(a) = inf; vp(a;), then we

have a = bmod app, and in particular vp(a) = vp(b). O

This proves (5.2). We return to the proof of (5.1). If L’ is unramified over K then
B is monogenic over A by (3.4), and (ii) and (iii) are trivial, so let us assume that L’
is not unramified over K. We have § = Zf;ol a;3* where a; = g/(a). By (5.2), we
have a;(a — 7)) = b; mod pr.b;, where the b; = g;(a) — 7(g;()) are the coefficients of
g — 7g. Our choice of 8 implies that vy (§) = inf; v (a;3%). We can now apply (5.3) to
get 0(a — 7a) B = €B, where € = Y b;3". We have (o — 7a) B = ay/(7), and repeating
the argument of the proof of (3.1) we get

dar(7) =eB = (19 — 9)(B)B = (19)(8)B
=1 B-0pBc [] arlo) =oar ().

In particular this gives ¢ € 9, which shows statement (ii).

Finally, we show (iii). If ar(0) = (8 — 0)B for all 0 € Gal(L/K) with o| =T,
then the inclusion above is an equality, and we have 6B = 0. Alternatively, suppose
ar (o) # (B — opB)B for some o € G with 0|, = 7. Since every element of B = Ala, ]
is an A-linear combination of elements of the form o’37 it follows by an argument
similar to the first paragraph of the proof of (2.3) that ar(0) = (o — o) B = ar/ (7).
By our choice of L', we then have aj(c) = ar/(7) for all 0 € G with o|r = 7. The
definition of ® and (2.2) now give ® = ap/(7)P~! = Dp/ 4 - B. This concludes the proof
of (iii) and of (5.1). O
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