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Introduction

In this paper we discuss two results in commutative algebra that are used in

A. Wiles’s proof that all semi-stable elliptic curves over Q are modular [11].
We first fix some notation that is used throughout this paper. Let O

be a complete Noetherian local ring with maximal ideal mp and residue

field k = O/me. Suppose that we have a commutative triangle of surjective

homomorphisms of complete Noetherian local O-algebras:

R X T
N\

0.

Assume that T is a finite flat O-algebra, i.e., that T is finitely generated
and free as an O-module. In the applications in Wiles’s proof O is a discrete
valuation ring, R is a deformation ring, T" is a Hecke algebra and 7 is the
homomorphism associated to a certain eigenform.

We show two distinct criteria, formulated as Criterion I and Crite-
rion IT below, which give sufficient conditions to conclude that ¢ is an
isomorphism and that R and 7' are complete intersections. We say that
a local O-algebra that is finitely generated as an O-module is a complete
intersection over O if it is of the form

Ol[X1s . Xall/(fro o\ Fu)y with f1,..., fu € O[[X1,..., Xn]].

We first state Criterion I. We put I = kerng and It = kernwp. The
congruence ideal of T is defined to be the O-ideal ny = mp Anng(I7).

Criterion I. Suppose that O is a complete discrete valuation ring and
that np # 0. Then

lengthy (I5/I%) > lengthy(O/nr).

Moreover, equality holds if and only if ¢ is an isomorphism between com-
plete intersections over O.

Wiles used a slightly weaker form of this criterion, where T' is assumed
to be Gorenstein, to show that certain “non-minimal” deformation rings
are isomorphic to Hecke algebras [7]. The present version, without the
Gorenstein condition, is due to H.W. Lenstra [5]. In Section 3 we give
an alternative argument for Criterion I that was found by the first and
the third author. Criterion I is an easy consequence of the following result,
which holds without any conditions on O or nr.
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Theorem. The map ¢ is an isomorphism between complete intersections
over O if and only if pFitg(Ig) ¢ moT.

Here Fit(Ir) denotes the R-Fitting ideal of Ig. Fitting ideals are instru-
mental in the proof of Criterion I. We recall their definition and basic
properties in Section 1.

A crucial special case of the theorem can already be found in a 1969
paper of H. Wiebe [10]; see also [1, Thm.2.3.16]. More precisely, Wiebe’s
result covers the case that O = k is a field, and ¢ is the identity on R =T
The statement is then that 7' is a complete intersection over k if and only
if the Fitting ideal of its maximal ideal is non-zero.

For the proof of Criterion 1 we need some properties of complete inter-
sections that go back to J.T. Tate [8]. In Section 2 we formulate Tate’s result
and prove it using Koszul complexes. These are discussed in Section 1. As a
consequence we find that complete intersections have the Gorenstein prop-
erty. The Gorenstein property does not occur in our proof of Criterion I,
but we briefly discuss its significance in our context at the end of Section 2.

In order to formulate Criterion II, assume that char(k) = p > 0, and
let n > 1. The ring O[[S1,..., S]] is filtered by the ideals J,,, with m >0
given by Jy, = (wm(S1), - ., wm(Sn)), where wy, (S) denotes the polynomial
(14 8)?" — 1. Note that Jo = (S1,...,Sn)-

Criterion II. Suppose that for every m > 0 there is a commutative dia-
gram of O-algebras

O[[Slv LN Sn” - Rm ﬂ’ Tm

L

R £

with the properties:

(i) there is a surjection of O-algebras O[[X1,...,X,]] — Rm;
(ii) the map py,: R, — T, is surjective;
(iii) the vertical arrows induce isomorphisms

Bp/JoRm =R and Ty /JoTo =5 T.

(iv) the quotient ring Ty, /Jy Ty, is finite flat over O[[S1, ..., Sp]]/Tm;
Then ¢: R — T is an isomorphism between complete intersections over O.

Criterion II, with the additional condition that k be a finite field, first
appeared in the paper by R. Taylor and A. Wiles [9] with an improvement
due to G. Faltings. It is used by Wiles for the “minimal” deformation
problem [2]. In section 4 we present a proof due to the second author.
It does not depend on the previous sections of the paper. Our approach
avoids the original non-canonical limiting process and works for arbitrary
complete Noetherian local rings O.
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1. Preliminaries.

In this section we first recall the definition and basic properties of Fitting
ideals. Then we do the same for Koszul complexes following [3]. For more
details see [4, Sections XIX.2, XXL.4].

Fitting ideals. Let A be a ring and let M be a finitely generated A-
module with generators myq,...,m,. Let f: A" — M be the surjective
A-homomorphism defined by f(e;) = m; for i = 1,...,n. Here e; de-
notes the ith standard basis vector of A™. The Fitting ideal Fit 5(M) of M
is the ideal generated by det(vi,...,v,) with vy,...,v, € ker f. Clearly,
Fit4(M) is already generated by the elements det(vy,...,v,) where the
vectors vy, ..., v, range over a fixed set of A-module generators for ker f.

The Fitting ideal does not depend on the choice of the generators m;.
To see this, let my4+; = Ef:n a;m; with a; € A be an additional gener-
ator of M. The kernel of the surjective homomorphism ¢: A™*! —s M
given by (e;) = m; for i = 1,...,m,m + 1, is generated by the vector
(a1, ..., aq4,—1) and vectors (v;,0) where the v; range over a set of genera-
tors for ker f. It follows at once that the Fitting ideal does not change when
we replace the generators my,...,m, by mi,...,my, my4+1. Inductively,
this implies that any two generating sets my, ..., m, and mj,...,m}, give
rise to the same Fitting ideal as their union my,...,m,,m},...,m,,.

The following proposition contains the properties of the Fitting ideal
that we will use.

Proposition 1.1. Let A be a ring and let M be a finitely generated A-
module. Then
(i) we have Fit4(M) C Anny(M);
(ii) for any A-algebra B we have Fitg(M ®4 B) = Fita(M) - B;
(iii) for any ideal a C A we have Fit4(A/a) = a;
(iv) for every A-module N we have Fito(M x N) = Fito(M)Fit4(N).

Proof. We sketch the proof. If vy,...,v, are in the kernel of A™ 4, M,
then the matrix o with columns vy, ..., v, has the property that the com-
posite map A" 25 A" f, M is equal to zero. By multiplying first with the
adjoint matrix of o, we see that det(o) - A™ C ker f. Since f is surjective,
this implies that det(o) € Anna (M), and (i) follows. Part (ii) follows from
the fact that taking the tensor product with B is right exact. Part (iii) is
immediate from the definition if we take n = 1. We leave part (iv) to the
reader.

If A is a principal ideal domain, then, by the theory of elementary
divisors, every finitely generated A-module M is of the form M =~ A/ay x
...x A/a, for certain ideals a; C A. By (iii) and (iv), we see that Fit4 (M) =
ap - --as. If A is a discrete valuation ring with maximal ideal my4, then we
see that

Fit g (M) = m's"ea (),
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with the convention that m% = 0.

Example. Let A = O[[Xy,...,X,]]/J with J = (f1,..., ;) an ideal
contained in I = (X1,...,X,), and put I4 = I/J. Suppose that g;; €
O[[X1, ..., X,]| satisfy

f’i:ZgUXj fori=1,...,r.
j=1

Then the Fitting ideal Fit4(/4) contains the determinants of the n x n
submatrices of the matrix (g;;) modulo J. Actually, one can show that
these determinants generate Fit4(/4) by applying Proposition 1.3 to the
sequence X1, ..., X, in O[[X1,...,X,]]. This will not be used in the sequel.

Koszul complexes. Let A be aring, let V.= A" and let f = (f1,..., fa) €
V. For any A-module M we set

K (f, M) =Homu (A V, M), for m > 0;

and for p € K, (f, M) we define dp € Kp,—1(f, M) by dp(z) = ¢(f A ).
Since d*> = 0, we obtain a complex K,(f, M), which we call the Koszul
complex of f on M:
Ko(f, M) :

0 — Ku(f,M) -5 L K M) -5 Ko(f,M) — 0.

Note that Ko(f,M) = K.(f,A) ®4 M and that K,,(f, A) is a free A-
module of rank (). The m-th homology group of K,(f, M) is denoted by
Ho(f, M),

We have Ho(f,M) = M/IM, where I is the A-ideal generated by
the f1

Lemma 1.2. The homology groups H,,(f, M) are annihilated by I.

Proof. Let ¢ € K,,(f, M) with dp = 0. For each generator f; of I we
must show that there is ) € Kp,11(f, M) with dp = fip. To see this, write
V = Ae; x V' where e; is the ith standard basis vector of V over A, and V'
is generated by the other standard basis vectors. Then every x € /\erl 1%
can be written as = = e; Az’ +" for unique 2’ € A™ V’ and 2" € A" V.
Now define ¢ € Kp,11(f, M) by ¥(z) = p(z). From dp = 0 one deduces
that dy = fip, as required.

We say that a sequence of elements pi,...,p, in A is M-regular, if for
¢ =1,...,n the multiplication by p; on M/(p1,...,pi—1)M is an injective
map. The following proposition can also be found in [1, Thm.1.6.16].

Proposition 1.3. Let f = (fi,..., fn) € A" and let M be an A-module.

If the A-ideal I generated by fi,..., f, contains an M-regular sequence of
length n, then H;(f, M) =0 fori > 1.



pp. 343-355 in: Modular Forms and Fermat’s Last Theorem,
Cornell, Silverman, Stevens (eds.), Springer-Verlag 1997.

B. pE Smit, K. RuBIN, R. SCHOOF 347

Proof. Let pi,...,p, € A be an M-regular sequence in I. For any integer
j with 0 < j < n we prove inductively that H;(f, M/(p1,...,p;)M) =0
for all ¢ > j + 1. For j = n this is trivial, and for j = 0 this is the content
of the proposition.

Assume that this statement is true for some j > 0, and let M’ =
M/(p1,...,pj—1)M. Since the sequence py, . . .,p, is M-regular, there is an
exact sequence
Pj
Pi,

0o — M M — J\I’/pjl\l/ — 0.
For each m we apply the exact functor Hom4(A™ V, —). This gives us a
short exact sequence of complexes

0 — K.(f,M) LK (f,M) — KJf,M/p;M') — 0.

By Lemma 1.2 the homology groups of K4(f, M’) are annihilated by I and
therefore by p;. This implies that the long exact homology sequence breaks
up into short exact sequences. For every ¢ = 1,...,n we obtain an exact
sequence

0 — Hi(f,M') — Hi(f,M /p;M') — H;_1(f,M") — 0.

The induction hypothesis implies that the middle group is zero for ¢ > j+1.
This implies that H;(f, M') = 0 for i > j, which is the statement for j — 1.

2. Complete intersections.

This section is devoted to the proof of the following result, which goes back
to Tate [8].

Proposition 2.1. Let O be a complete Noetherian local ring. Let A be
a finite flat O-algebra of the form A = O[[Xq,...,X,]]/(f1,..., fn) with
(fry- oy fn) C(X1,...,Xy). Write f; = Z?:l 9ij X, let d be the image of
det(g;;) in A, and let I4 be the A-ideal Iy = (X1,...,Xp)/(f1,---, fn)-
Then we have

(1) FitA(IA) = AI]HA(IA) = (d)

(ii) the A-ideal (d) is a direct O-summand of A of O-rank 1.

Proof. Let P = O[[X4,...,X,]]. We write f for the vector (f1,...,fr) €
P". Multiplication with the matrix g;; gives an P-linear map P" — P"
sending the vector X = (X1,..., X,,) to f. It induces a morphism of Koszul

complexes
Ko(f,P) — KX, P).

The sequence Xi,..., X, is P-regular. Since A is finitely generated as an
O-module, there is for every i a monic polynomial p;(X;) € (f1,..., fn)-
The sequence py,...,py is O[X1,..., X,]-regular and by exactness of com-

pletion it is also P-regular. By Prop.1.3 the homology groups of both Koszul
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complexes vanish and we obtain the following commutative diagram with
exact rows

0 p Yof) pn 0 pn ) p g g

S A R

0 — p X pn o pr By
Here w4 is the O-algebra map A — O with kernel 74. We now tensor
the whole diagram on the right with the P-module A. Since the rows are
P-free resolutions of A and O, the homology groups of the rows become
Torf(A, A) and Torf(O, A) respectively. Hence, we obtain a commutative
diagram with exact rows:

0 — Torf(4,4) — A L 4an

Wl

0 — Tol(0,4) — 4 Xz gn

Tt follows that Tor’ (O, A) = Anna (). In order to determine this Tor-
group and the image of m4,, we tensor the P-resolution K4 (f, P) of A on
the left with the P-module map s: A — . This gives a map between two
complexes with homology groups Tor]-A(A, A) and Tor]A((’), A) respectively.
Since one can compute Tor-functors using resolutions of either argument
[4, Chap. XX, Prop. 8.2’], the same map 74, then makes the following
diagram with exact rows commute:

0 — Tof(4,4) — A L an

- g

0 — Toal0,4) — o0 L on

In particular we see that 74, is surjective, so that (d) = Anna(Z4) and (d)
is free of rank 1 as an @-module. On the other hand,

(d) C FitA(IA) C AIlIlA(IA)7

and therefore we have equality everywhere. By applying what we have
already proved to the complete intersection A ®p k over k we see that
d®1 #0in A®p k, so that d ¢ mpA. By Nakayama’s lemma we can
therefore make the element d part of an O-basis of A, so that the inclusion
(d) C A splits as an O-linear map. This proves the proposition.

Corollary 2.2. If in the situation of Proposition 2.1 the ring O is a field,
then (d) is the unique minimal non-zero ideal of A.
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Proof. Proposition 2.1 says that (d) has dimension 1 over O = k, so (d)
contains no smaller non-zero ideals. On the other hand, every minimal ideal
a is annihilated by the maximal ideal I4 of A, and by Proposition 2.1 we
have Anny(14) = (d), so a C (d).

Corollary 2.3. Let A be a finite flat O-algebra with a section ma :
A — O and let Iy = kermy. If A is a complete intersection over O,
then Fita(I4) = Anna (1), and this ideal is a non-zero direct O-summand
of A.

Proof. Suppose A = O[[Xy,..., X,]]/(f1,---, fa). Since O is complete,
a linear change of variables that replaces X; by X; — ma(X;) gives that
(fiy---sfn) C(X1,...,X,). The result now follows from Proposition 2.1.

We conclude this section with some remarks that will not be used in the
rest of this paper.

The Gorenstein condition. Let A be a finite flat O-algebra. Then the
O-linear dual AY = Homp(A, O) of A has an A-module structure given
by (af)(z) = f(az) for f € AV and a,x € A. The algebra A is called
Gorenstein over O if AV is a free A-module of rank 1.

It follows from Proposition 2.1 (ii) that for A of the form

O[[Xla fee 7Xn”/(f17-~ -afn)

with (f1,...,fn) C (X1,...,X,,), there exists an O-linear map t: A — O
with ¢(d) = 1. This homomorphism ¢ generates A" as an A-module, so
that A is Gorenstein over O. To see this when O is a field, one notes that
(d) ¢ Annx(t), so that Anny(t) = 0 by Corollary 2.2. With Nakayama’s
lemma the general case then follows as well.

In general, suppose that A is Gorenstein, so there is an A-module
isomorphism s: AY —~» A. Assume in addition that there exists a section
ma: A — O, and put T4 = ker 74. Then the image of the composite map
[ IV
— A — A

s

0 = oY

is Anng(14). To see this, one notes that the image of 77,\3 is

O-ma={f€AV: f(I4) =0},
and that
fIa)=0 < I4-f=0 < s(f) € Anna(la).

Applying 74, we see that the congruence ideal 4 = 74 Anna(Z4) is equal
to the O-ideal generated by 74 o s o7y(1). It is this property that Wiles
uses to define the congruence ideal in the Gorenstein case.

More general complete intersections. The statement that finite com-
plete intersection algebras are Gorenstein holds over much more general
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base rings, and it also holds if there is no section A — O. Moreover, one
can omit the flatness condition on A in Proposition 2.1, because it follows
from the other assumptions. More precisely, if O is any ring and the ring
A=0[X1,...,X,]/(f1,.-., fn) is finitely generated as an O-module, then
one can show with Koszul complexes that A is projective as an O-module
[3]. An argument of Tate [6, appendix] then implies that AY is free of
rank 1 over A. For Noetherian O the class of finite O-algebras of the form
O[[X1,...,Xu]l/(f1,-.., fn) is a subclass of the class of finite algebras of
the form O[X1,...,X,]/(f1,-.., fn); see [3]. In particular, these algebras
are also projective and Gorenstein over O.

3. Proof of Criterion I

In this section we first prove the theorem in the introduction and then
show Criterion I. Using Nakayama’s lemma we first show that the question
whether ¢ is an isomorphism reduces to the case that O is a field.

Lemma 3.1. Let f: A — B be a surjective homomorphism of Noethe-
rian local O-algebras for which B is finite flat over O. Suppose that the
induced map f: A®p k — B ®¢ k is an isomorphism. Then f is an
isomorphism.

Proof. By applying Nakayama’s lemma to B as an O-module we see that f
is surjective. Since B is O-free, (ker f)®o k is the kernel of f, which is zero.
The ring A is Noetherian, so ker f is finitely generated as an A-module.
Since mp is contained in the maximal ideal of A we can apply Nakayama’s
lemma to the A-module ker f and conclude that ker f = 0.

Now we give the proof of the theorem stated in the introduction. Re-
call that we have a commutative triangle of surjective homomorphisms of
complete Noetherian local O-algebras with 7" finite and flat over O:

R 5 T
TR \, /WT
0.

We let Ig = ker g and Iy = ker mp.

Theorem. The map ¢ is an isomorphism between complete intersections
over O if and only if pFitg(Ig) ¢ moT.

Proof. In order to show “only if’, we note that by Corollary 2.3, Fity(Ir)
is a non-zero direct O-summand of 7' and in particular ¢ Fitgp(Ig) =
Fitr(Ir) ¢ moT.

To show “if”, suppose first that O = k is a field. Since R is com-
plete and Noetherian, we can write R = k[[X1,...,X,]]/Jr where Jg is
a k[[X1,...,X,]]-ideal. Since T is a finite dimensional k-vector space, we
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can do this in such a way that the elements ¢(X; mod Jg) generate It as
a k-vector space. The kernel Jr of the composite map

KXy, X)) — R T

is contained in the ideal I = (Xq,...,X,). We assume that pFitp(/r) #
0, which means that there are polynomials g;; € k[[X1,...,X,]] so that
>2;9ijX; € Jpfori=1,....,n and det(gi;) & Jr.

Since the elements X; generate I/Jr as a k-vector space, the mono-
mials X;X; generate I 2/IJr as a k-vector space. This implies that every
element of the quotient ring k[[X1, ..., X,]]/IJr is represented by a poly-
nomial of total degree at most 2. Therefore, we can, for i = 1,...,n, find
polynomials p; and ¢; of total degree at most 2, so that

pi = Zginj (mod I.Jy),
J
¢ = X} (mod IJr).

‘We now let the polynomials f1,..., f, be
fi=X}—q+pi fori=1,...,n.

Note first that f; € IJp + Jg C Jr and that f; = >, Gi; X; with Gi; =
YGij mod JT.

The k-algebra B = k[X1,...,X,]/(f1,-.., fa) has finite dimension as
a k-vector space, because every element in B is represented by a poly-
nomial of degree at most 2 in each variable. Therefore, B is Artinian
and it is a finite product of local Artinian rings. Hence, the completion
B=k[[X1,...,Xu]]/(f1,- .., fa) of Bat (X1,...,X,) is a factor of B, so
it is also finite dimensional over k. By Corollary 2.2 the B-ideal generated
by det(Gj;) is the unique minimal non-zero ideal of B. Since det(Gyj) =
det(g;;) #Z 0 (mod Jr), this minimal ideal does not map to 0 in 7". It follows
that the map B —Tisan isomorphism. Thus, T is a complete intersec-
tion over k, and Jr = (f1,..., fn) C IJr + Jg. By Nakayama’s lemma we
must have Jp = Jg so that ¢ is an isomorphism. This completes the proof
in the case that O = k.

We now prove the “if” part for general O. The map 7g: R — O is
an O-split surjection, so the induced map R®p k — k has kernel Ir®0 k.
Since Fity (/g ®p k) is the image in R ®o k of Fitg(Ig), the case that we
proved already implies that the map R®p k — T ®e k is an isomorphism
between complete intersections over k. Lemma 3.1 implies that ¢ is an
isomorphism. Moreover, we can lift any k-algebra isomorphism

k“le-an]]/(fl!"an)LT@U k.
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to a surjective O-algebra homomorphism ¢: O[[Xy,. .., X,]| — T. The
kernel of v contains lifts f; of the elements f;, and by Lemma 3.1 the
induced map

OlX1, o, Xull/(frs s fu) — T
is an isomorphism. This proves the theorem.

Proof of Criterion I. First we show the inequality. By Prop.1.1 (i) we
have Fitg(Ig) C Anng(Ig). Since the map I —- Iy is surjective, we have
@ Anng(Ir) C Anny(I7). Hence we see that

mrFit(Ir) = mreFitp(lr) C mp Annp(Ir) =y = mg 8o (@),
Viewing O as an R-algebra via mg: R — O we have Igr ®r O = I /I%.
By Prop.1.1 (ii) this implies that

7 Fitp(Ig) = Fito(I;/13) = misetho (Te/ 7).

and it follows that lengthy (Ip/I%) > lengthy(O/nr). Moreover, if ¢ is
an isomorphism between complete intersections, then by Corollary 2.3 we
have ¢ Fitg(Ir) = Annp(Ir), and therefore the two lengths are equal.

To show the converse, assume that the two lengths are equal, i.e., we
have that 7 Fitg(Ig) = mp Annp(I7). We first show that IpNAnngy(I7) =
0. Since np # 0 there is an element y € Anny(Ir) for which 7r(y) #
0. For any element 2 € Ir N Anngp(Ir) we clearly have zy = 0 and
z(y — mr(y)) = 0. But then mp(y)z = 0, and since T is free as a mod-
ule over the discrete valuation ring O this implies that = 0. This shows
that I N Anny(I7) = 0.

It follows that the map m7: Anng(I7) — nr is an isomorphism. Since

mroFitr(Ir) = Tr Fitr(Ir) = mr Anng(I7),

we conclude that ¢ Fitg(Ig) = Anngp(Ir). This non-zero O-submodule of
T cannot be contained in mpT because T'/ Anny (Ir) injects canonically to
Ende(Ir), which is torsion free as an O-module. By the theorem this can
only happen if ¢ is an isomorphism of complete intersections. This proves
Criterion I.

Remark. If T' is Gorenstein over O (see the end of Section 2), or if O is a
complete discrete valuation ring, then it is not hard to show that Anng(I7)
is a non-zero direct O-summand of T. By Corollary 2.3 the condition
¢Fitr(Ir) ¢ moT in the theorem can then be replaced by ¢ Fitr(Ig) =
Annp(Ir). This may fail for other rings O. For instance, let k be a field, and
let O = k[e] with 2 = 0. The ring T = O[[X, Y])/(X2,Y?, XY —eX —cY),
with I = (X,Y), is a finite flat O-algebra with Fitr(I7) = Anng(Ir) =
(eX,€Y), but T is not a complete intersection over O.
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4. Proof of Criterion II
In this section we prove Criterion II. Just as in Section 3, we first give the
argument over a field, and then apply Nakayama’s lemma.

Lemma 4.1. Let k be a field and let n > 1. Suppose we have k-algebra
homomorphisms

K([S1,... Sall — KXo, X)) L A

with f surjective, and suppose that the k-algebra A/(Sh, ..., Sy)A has finite
dimension d as a vector space over k. Assume that for some N > n"~'d",
the induced map

KISt Sull /(ST 8Y) = A/(ST,...,80)A

is injective. Then f induces an isomorphism of k-algebras
k[ X1, X0))/(S1,---,8,) —=  A/(S1,...,Sn)A.

Proof. The ring k[[X7,...,X,]] is a local ring with maximal ideal I =
(X1,...,Xy). Since A/(Si,...,5,)A has length d as a module over the
ring k[[X1, ..., X,]], it is annihilated by I?. Writing J = ker f, this means
that

I ¢ J4(S1,...,5),

where (Si,...,S5,) denotes the ideal of k[[X1,...,X,]] generated by the
S;. We will show that J € I%t! by assuming that we can find o € J with
a ¢ I and deriving a contradiction. Consider the multiplication by «
map:
0 — ker — K[[Xy,...,X,])/ "N
2 k[[Xy, . XY — cok — 0.
Since k[[X1,...,Xn]]/I" has finite dimension over k, it follows that

dimy (ker) = dimy(cok). We give estimates for these two dimensions. We
have inclusions of k[[X1, ..., X,]]-ideals

N (T4 (Shye S )™ T (S, S,
so the cokernel cok = k[[X1, ..., X,]]/(I"N +(a)) now maps surjectively to
the quotient ring k[[X1, ..., X,]]/(J+(SN,...,SN)) = A/(SV,...,SV)A.

Since g is injective this gives

dimy A/(SY,...,SMA
dimy, k[[S1, ..., Su]l/(SY, ..., SN) = N™.

dimy cok >
>
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On the other hand, since o ¢ Il we have ker C ["@N—d/[mdN o
that the dimy(ker) is at most the number of monomials of degree ¢ with
ndN —d < § < ndN. Therefore

ndN—-1
) -1
dimy ker < Z ( tn

d=ndN—d

) < d(ndN)*.

n—1

Combining the two estimates we see that N™ < d(ndN)"~!, which contra-
dicts the assumption that N > n™~'d™. This proves that J C T+
To finish the proof of the lemma, consider the inclusions

I J+(S1,...,8) C I 4(81,...,8,).
By Nakayama’s lemma we see that 1% C (Si,...,S,), so that
ker f =J c I C (S4,...,5,).

Since f induces an isomorphism k[[X1,..., X,]]/J — A, the lemma fol-
lows.

We now return to the setting in which Criterion II is formulated: we let
O be a complete Noetherian local ring and suppose that its residue field
k has characteristic p > 0. Let n > 1 and for m > 0 let J,, be the
O[[S1, ..., Sp]l-ideal (W, (S1),- - ., wm(Sn)), where wy, (S) denotes the poly-
nomial (1 + S)”m —1.

Corollary 4.2. Suppose we have O-algebra homomorphisms

O[IS1, ..., 8] — O[[X4,..., Xa]] -1

with f surjective, and A/(Si,...,Sn)A free of rank d > 0 over O. If, for
some m with p™ > n"~1d" the quotient ring A/J,, A is free as a module
over O[[S1,...,Sn]]/Jm, then the induced map

h: O[[X1,..., Xu]l/(S1,....80) —  AJ(S1,...,Sn)A

is an isomorphism between complete intersections over O.

Proof. Taking everything modulo me we see that for the k-algebra A=
A®ok, the quotient ring A/(SY,...,S?™)A is a non-zero free module over
kS, .., Sn]]/(Sfm7 ..., 52™). By Lemma 4.1 we see that h is an isomor-
phism modulo mp, and Lemma 3.1 then implies that A is an isomorphism.
In particular we see that O[[Xq, ..., X,]]/(S1,...,S,) is finitely generated
as an O-module, so that it is a complete intersection. This shows 4.2.

Proof of Criterion II. Let d denote the O-rank of T, and let m be so
large that p™ > n"~'d". By property (i) there is a surjection

Ol[X1,. .., Xp]] — Rom.
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We now lift the homomorphism O[[S1, ..., S,]] — Ry, to an O-algebra ho-
momorphisms O[[S1,...,S,]] — O[[Xi,..., X,]] and we apply Corollary
4.2 with A = T,,,. We conclude that the composite map

O[[Xlr"')Xn]]/(slv"')sn) - Rm/(sl,...,sn)Rm
I Tm/(slw--aSn)Tm

is an isomorphism between complete intersections. It follows from property
(iii) that ¢ is an isomorphism between complete intersections as well.
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