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0 Preliminaries

In this section, we review some basic facts from Kansrekening en Statistiek 1 and from Analyse 1,2, and
we introduce some notation.

0.1 Spaces of outcomes, events, and random variables

Consider a set 2 of possible outcomes of a random experiment. Subsets of € are called events.

(For technical reasons, sometimes not all subsets of Q2 are called events. We ignore this fact in this lecture.)

A map X : Q — R is called a random variable. More generally: a map X : Q — R" is called a
(vector-valued) random variable or a random vector.

We use frequently abbreviations for events as in the following examples:

{X<Tti={we : X(w)<T}, (1)
{X>2Y}:={weN : X(w)>2Y(w)}, (2)

i.e. we drop the argument w.

0.2 Probability distributions

A probability measure (synonym: a probability distribution) on € is a map P which assigns a number
P[A] € [0,1] to every event A C £, such that the following properties hold:

Kolmogorov’s axioms

1. P[A] >0,
2. P[Q] =1,
3. If Ay, Ay, As, ... is a sequence of pairwise disjoint events, i.e. A; N A; =0 for all ¢ # j, then
one has
P 4| = PlAl. (3)
i=1 i=1
Here are two consequences:
Pl0] =0, (4)
P[AU B] = P[A]+ P[B] — P[ANn B]. (5)

The above mentioned abbreviation for events is frequently applied for probabilities, too. For example,

PX <7 :=P{weQ : X(w)<T}. (6)

1This preliminary version of a statistics script is distributed in the hope that it will be useful, but without any warranty.



0.3 Independence and conditional probabilities

Two events A and B are called independent if
P[AN B] = P[A]P[B]. (7)
More generally, a family (A;);cr of events is called independent, if

N4

icJ

P =174 ®)

ieJ

holds for all finite subsets J C I. A family (X;);es of random variables is called independent, if for all
families (B;);er of intervals, the events ({X; € B;});cs are independent. If A, B are events with P[B] > 0,
then PIANB
N
PlAn B (9)
P[B]

is called the conditional probability of A conditional on B. Then A and B are independent if and only if
P[A|B] = P[A]. The map

P[A|B] =

A P[A|B] (10)

is a probability distribution, too. It is called the conditional distribution of P conditional on B.

0.4 Distribution of random variables and of random vectors

If X :Q — R"is a random variable (or a random vector), then its distribution with respect to P is
following probability measure on R"™:

B+~ P[X € B] for events B C R™. (11)

We write X ~ @ if X has the distribution . The probability distribution of a (R-valued) random
variable X can be specified by its cumulative distribution function Fx,

Fx(t):=P[X <t, teR (12)

Fx is monotonically increasing, continuous from the right, and satisfies

tlim Fx[t] =1, (13)
\ lim Fx[t] =0. (14)
A random variable X, or more generally a random vector X = (X7,...,X,,), has the density fx if
P[X € B] :/ fx(t)dt (15)
B

holds for all events B C R™. (If n > 1, this integral means of course a multi-dimensional integral.)
(Precisely speaking, densities are only specified up to sets of volume 0. Usually, we ignore this fact in this lecture.)
Densities are nonnegative functions, i.e. fx > 0, which are normalized:

s Fx(t)dt = 1. (16)

If (15) holds, we also say that the distribution of X has the density fx.



0.5 Product of distributions and densities

If X4,...,X, are independent random variables with distributions Pi,..., P,, respectively, then the
distribution of the random vector (Xi,...,X,) (i.e. the joint distribution) is called the product of
P,...,P,. It is denoted by P ® ... ® P,. As a special case, if P, = ... = P, = P, we write

P®...9P,=P" and we call Xy,..., X, i.i.d. random variables (independent, identically distributed.)
A random vector X = (X3,...,X,,) with the (joint) density fx has independent components if and
only if its density can be written as

fX(xl,...,:cn):le(acl)-...-an(acn), (17)

where fx, denotes the density of X;.

0.6 Expectation, variance, and covariance
To random variables X :  — R (or R™), one can assign an expected value (synonym: expectation)
E[X] = Ep[X] with respect to P. If Q is discrete, it is given by
E[X] =) X(w)P{w}]=) aP[X =a]. (18)
weN x
If X has a density fx, then
E[X] :/ zfx(z)de. (19)

More generally, if X is a function X = ¢g(Y) of a random variable (or a R™-valued random vector) YV
with a density fy, then

E[X] = / 9() fy (y) dy. (20)

The expectation might fail to exist if the integral or sum is not well defined. The expectation is linear:
E[X +Y]=E[X]+ E[Y], (21)
ElaX] = aE[X] (22)

for a € R. No independence assumption is required for this. The variance of a random variable is
Var[X] = E[(X — E[X])?] = E[X?] - E[X]* > 0. (23)
Its square root is called standard deviation. The variance is homogenous of degree 2:
Var[aX] = a® Var[X], a€R. (24)

One has
Var[X + Y] = Var[X]| + Var[Y] if X and Y are independent. (25)

More generally, the covariance between two random variables X and Y is

Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[XY] — E[X]E[Y]. (26)
One has
Var[X + Y] = Var[X] + 2 Cov(X,Y) + Var[Y]. (27)
More generally, the covariance matriz of a random vector (Xi,...,X,) is the matrix ¥ with entries
Cov(X;, X;), 4,5 =1,...,n. It is always positive semidefinite, i.e. aXa’ > 0foralla = (a1,...,an) € R™
Indeed, one has
0 < Varjamy X1 + ... +a,X,] =aXa’. (28)



0.7 Some special distributions

The Bernoulli distribution Bernoulli(p) is the distribution P, on {0, 1} with

Bl{1Y = 1- R0} =p. (29)

It describes e.g. random tossing of a (unfair) coin.

The binomial distribution binomial(n,p) is the distribution of X7 + ...+ X,,, where (X1,...,X,) ~
Bernoulli(p)™. The binomial distribution has expectation np and variance np(1 — p).

More generally, consider a (possibly unfair) die with m sides, labeled by the numbers 1, ..., m. Assume
it is rolled n times, giving independent random results X7, ..., X,, with values in {1,...,m}. Let p; =
P[X; = i] denote the probability to get the result ¢ in the j-th experiment; it is supposed not to depend
on j. The sum

N; = Z ix; =iy (30)
j=1

W
(3

denotes the (random) number of results in the random experiment. The multinomial distribution
multinomial(n, pi, ..., pm) is defined to be the distribution of the random vector (Ny,..., Np,).
The Poisson distribution Poisson(A) with parameter A > 0 is the distribution on Ny specified by the

probabilities
An
oA

Pn = (31)

n!’
It appears as the limit of binomial(n, p) distributions as n — oo and p — 0 with np — A. The Poisson
distribution with parameter A has expectation and variance .

The normal distribution normal(u, 0?) with parameters ;1 € R and 02 > 0 has the density

flr) = e (3)
€T) = e 20
V2mo?
It has the expectation p and the variance o2. In the special case u = 0, 0> = 1, one obtains the
standard-normal distribution. It has the density
1 o2
flx) = —==e"7. (33)

More generally, the multidimensional normal distribution normal(u, ) with expectation vector p €
R™ and covariance matrix 3 € R™*"™ has the following density on R"™:

F(x) = (2m)/2(det )"/ 2e 2 (@) BT @), (34)

0.8 Jacobi matrices, chain rule, and transformation of densities

Let g : R — R™,

X1 91($1,5€27---,$n)
X2 92(5017:027'--,51771)

x = — (35)
Tn gm(zl,fEQ,---,xn)

be a differentiable map. Then the Jacobi matriz of g at x is defined to be the matrix

g—gi(ac) gzii(x)
Dy(z) = : - : : (36)
S (z) ... G2 ()



For the composition of differentiable maps h(z) = f(g(x)), one has the chain rule

Dh(x) = Df(g(x)) - Dg(x), (37)

where means matrix multiplication. If n = m, then the determinant det Dg(z) is called Jacobi
determinant of g at z. In particular, one has for h(z) = f(g(z)):

W

det Dh(z) = det D f(g(z)) - det Dg(x). (38)

If a random vector X : 2 — range(X) C R™ has the density fx, and if g : range(X) — range(g(X)) C R"™
is differentiable with a differentiable inverse g=!, then Y = g(X) has a density fg(x), too. It can be
expressed as follows:

fox) W) = fx (g7 (y))|det Dg(g~ ()|~ = fx (97" ()| det Dg~*(y)|. (39)

Here is a mnemomic aid to keep this formula in mind:

dy

frwdy=fx(@)dz = fr(y) = fx(z) .

1 Introduction

Probability theory and statistics both deal with random phenomena. However, their points of view differ:

Statistics
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typical problems probabilities of interesting
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unknown distribution.

events

One could phrase it like this:

Statistics is concerned with inverse problems of probability theory:
One wants to recover information about unknown probability distributions from observed data.
The data is interpreted as an observed value of a random variable.

Example 1: A (possibly biased) coin is tossed randomly 100 times. We observe that it shows w = 63
times “head”.

e Choice of a probabilistic frame model. We make some general assumptions for this random
experiment. Natural assumptions could be:



— The 100 repetitions are done independently of each other;

— For each of the 100 repetitions, the (unknown) probability p of “head” to occur is the same.
e From these assumptions we conclude:

Formalization of the frame model. (We ignore the observed value at this moment.) The
random outcome w of the number of observed “heads” is binomially(100,p)-distributed with an
unkown parameter p € [0,1]. This means: If P, describes the underlying probability measure with
a fixed, but unknown parameter p, then

100
Pylw=k] = ( L >pk(1 — p)lo0=F 0 < k < 100.

e Typical problems:

— Estimate the unknown parameter p.
— Is it plausible that the coin might be unbiased, i.e. p = 0.57

— Find an interval of “plausible” values of p.

Example 2: A sample of radioactive uranium 238 is observed during one minute with a Geiger counter.
One observes w = 2173 a-particles during this time interval.

e Frame model: Natural assumptions on this random experiment could be: The random sample
consists of extremely many radioactive nuclei (order of magnitude: 10?4 nuclei), each of which has
an extremely small probability to decay and gives rise to an observed a-particle in the observation
interval, independently of all other nuclei. Thus, approximating a binomial(n, p) distribution with
extremely large (unknown) n and extremely low (unknown) p by a Poisson distribution, it is natural
to assume that w has a Poisson distribution P, with an unknown parameter A > 0. For fixed, but
unknown A, this means

P,\[w:k]:ef)‘— k € Np.

e Typical problems:
— Is it plausible that A = 20007

— Find an interval of plausible values for A.

— Estimate A.

Example 3: 30 patients suffering from the same disease were randomly divided into 2 groups. Group A
(20 members) then was treaed with drug A, group B (10 members) with drug B. After 1 week, N4 = 19
patients from group A were healthy, while only Np = 7 people from group B were healthy. We would
like to know: Is there a difference in the efficiency of the two drugs?

e Frame model: We assume: The reaction of the patients is independent of each other, with the
same distribution for all people in group A, and (maybe) another distribution for all people in group
B.

Thus we assume:
w = (N4, Np) ~ binomial(20, p4) ® binomial(10, pp),

with unknown parameters p4 and pg. This means that the common distribution of N4 and Np is a
product of two different binomial distributions. P ® @ denotes a two-dimensional joint distribution
of independent random variables with marginals P and Q.

e Typical problem: Is py = pp plausible?



General abstract setup:
A frame model is described by

e a set 2 of possible results, and
e a family P of probability measures P € P on ).

The observed result is encoded in a single w € ). Interesting properties of w are frequently encoded
in the value X (w) of a random variable X : Q — R.

Remarks:

e Recall that a probability measure on €2 is a map P that assigns a probability P[A] € [0, 1] to every
event A C €, such that Kolmogorov’s axioms hold.

e In principle, one should develop the frame model before one takes note of the observed data w € 2.

e In Example 1 above, we may choose Q = {0,1,...,100}, and let P denote the set of all binomial(100,p)
distributions, where p € [0, 1].

e In Example 2 above, we choose Q2 = Ny = {0,1,2,...}, and P is chosen to be the set of all Poisson
distributions.

Remember:

e The observed known data w € § is interpreted as the random value of some random experi-
ment.

e The underlying probability measure P € P is treated as fixed, nonrandom, but unknown.

Parametric and nonparametric models

A frame model (Q, P) is called parametric if the elements of P are indexed by a parameter (vector)
0 € © with some parameter domain © C R™:

P:{Pg : 96@}

Otherwise it is called nonparametric.

e The frame models in the examples 1, 2, and 3 above are parametric with the parameters p € © =
[0,1], A € © = [0,00], and (pa,pn) € © = [0, 1]?, respectively.

e The set of all possible joint distributions of two independent real-valued random variables (X,Y")
yields a nonparametric model over R2.



Definition 1.1 Let P = {Py : 6 € ©} describe a parametric model on €.

e discrete case: If (2 is discrete, then the likelihood function is defined to be the map

piQxO R, pwld) = Pol{w}]

e continuous case: If  is a subset of R" for some n and if all Py have a density, then the
likelihood function is a function p : Q@ x © — R, (w,0) — p(w|f) such that for all § € ©,
w +— p(w|d) is a density of Py.

Thus the likelihood function encodes all probability distributions in P in a single function.

2 Testing Hypotheses

Recall Example 1: A (possibly biased) coin is tossed randomly 100 times. We observe that it shows 63
times “head”. Is it reasonable to assume that the coin might be unbiased? Is the true distribution P € P
binomial(100,1/2)?

Definition: A hypothesis is formalized to be a subset H of the family of probability measures P
within a frame model. If H = {P} is a singleton, the hypothesis H is called simple, else it is called
composite.

When testing hypotheses, we want to decide between two alternatives:

e a null hypothesis Hy C P, and

e an alternative hypothesis Ha C P, being disjoint from Hy.

Hypotheses are frequently described informally, like “p = 0.5” in example 1, “A = 2000” in example 2,
and “py = pp” in example 3. The last hypothesis is composite, since the values of p4 and pp are still
not determined, even if the “true” distribution P € P fulfills ps = pp. The other two hypotheses are
simple.

Although the roles of the null hypothesis and of the alternative hypothesis here appear to be completely
exchangeable, in applications they are not:

e The null hypothesis frequently encodes some “simple explanation”, like the absence of a bias, of
a physical effect, of a difference in the efficiency of two drugs. In order to gain evidence for the
existence of an effect, one would like to reject such simple explanations.

e The alternative hypothesis frequently is used only to measure the sensitivity of a test.

Definition:
A statistical test for the hypotheses Hy, H 4 is given by a rejection region R C €.
Its complement Q \ R is called the acceptance region.

Depending on the observed value, we take our decision:
e If we observe w € R, we decide to reject the null hypothesis Hy.

o If we observe w € 2\ R, we decide to accept the null hypothesis Hy.




If either Hy or H4 describes the true distribution, then there are 2 types of correct decisions and 2 types
of errors:

|| Hy accepted | Hy rejected

Hjy holds || correct decision | type I error
H 4 holds || type II error correct decision

Just like with the design of a frame model, one should develop a statistical test before one takes note of
the observed data w € (.

In example 1, Q = {0,1,2,...,100}, Hy = {binomial(100,50%)}, we could choose the simple alternative
H,s = {binomial(100,70%)} and the rejection region R = {60,61,62,63,...,100}. Since we observed
w =63 € R, we decide to reject Hy in this test. If Hy is true, this will be a type I error.

2.1 Goals for the design of a good test
We would like to develop tests for which both, type I errors and type II errors, do not occur too often.
e On the one hand, we would like to have for all Py € Hy the type I risk Py[R] as small as possible.

e On the other hand, we would like to have for all P4 € H4 the type II risk P4[Q\ R] as small as
possible, too.

However, this problem is ill-posed, since the two requirements contradict each other: If we choose the
rejection region R to become smaller, then type I risks decrease, but type II risks increase at the same
time. In order to make the problem well-posed, we search for a compromise. Here is a measure for the
type I risks and type II risks:

For a test with rejection region R, the significance level is defined by

a:= sup P[RR
PyeHo

For a given P4 € H 4, the power 1 — 3 of the test for the alternative P4 is defined by

1— 3:= Pa[R].

Example (continued):
In the above example, we have Py = binomial(100,0.5), P4 = binomial(100,0.7), and R = {60,61,...,100};
thus the test has the significance level

100 (100)
a=PRy[R] = % = 2.84%
and the power
100 100
1—B=PalR] =) ( . )0.7’€o.3100—’€ = 98.75%.
k=60

Thus, the type II risk is 8 = 1.25%. (The numerical values are rounded.)



Given an upper bound a* for the significance level that we are willing to tolerate and a fixed P4 € H 4,
the following problem is well-posed:

Mazximize the power 1 — 3 among all tests with significance level a < o*.

Remarks:

e Since we do not want too large type I risks, the bound o* for the significance level should be chosen
rather small: Typical values for values for a* are 5%, 1%, or even 10™*%.

e There is an asymmetry between rejection and acceptance in a test decision:

— if we reject, the null hypothesis is very unplausible: If some Py € Hj is the true model, then
the probability to reject cannot be larger than the very small value o*.

— On the other hand, if we accept, it resembles more an abstention: We still cannot be sure
whether the null hypothesis is valid, but we did not find a significant deviation.

Recall that the null hypothesis often represents the absence of an effect or a simple explanation. If
we decide to reject, we can rule out the absence of an effect or a simple explanation with a high
degree of plausibility; it still does not tell us what the cause of the effect was.

e This interpretation is consistent with Popper’s philosophical ideas about scientific reasoning: Ac-
cording to him, in science, we can never verify hypotheses. All we can do is trying to falsify them.
Hypotheses that could not be falsified in a long list of trials finally are called “laws of nature”.

2.2 Design of optimal tests for simple hypotheses

We take a simple null hypothesis Hy = {Py} and a simple alternative hypothesis Hy = {Pa}. How can
we decide whether a test has the maximal power among all tests with the same or a lower significance
level «, and how can we find such an optimal test?

In order to intuitively illustrate the principle, let us introduce an analogy: We would like to pack a
knapsack such that it is not heavier than what we can carry, but the value of its contents should be
maximal. Here is a table for the translation in this analogy:

statistical tests | analogy: packing a knapsack

set of possible results 2 set of goods at our disposal

rejection region R goods that we pack into the knapsack
significance level Py[R] total mass of the goods R C ()

power P4[R] total value of the goods R C

bound a* for the significance level | maximal mass that we are able to carry
likelihood ratio I;f)‘[[f:’i] value per unit mass of the good w €

Example: Suppose we have the following goods at our disposal:

good || value | mass | value per unit mass
Gold 1000 Euro | 0.1kg 10000520

Silver | 500 Euro | 1kg 500520

Iron 100 Euro | 10kg 1050

Stones || 200 Euro | 10000 kg 0.02%ro

Every child would proceed as follows: Pack as much of the gold as possible to your knapsack. If you can
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carry even more, take the silver. If you can carry even more, take the iron. If you are still not overloaded,
take some of the stones.

Thus, a child knows: If you can carry 11.1 kilograms, take all the gold, all the silver, and all the iron,
but no stones. Then the content of your knapsack will be worth 1600 Euros. If you pack it in a different
way without exceeding the 11.1 kilograms that you can carry, it will be worth less. Better do not replace
gold by stones!

Let us transfer this analogy to the design of statistical tests:

Neyman-Pearson Lemma; discrete version.

Suppose Q = {w1,...,wn}. Let the null hypothesis Hy = {Py} and the alternative hypothesis
Ha = {Pa} be described by the probabilities

po(w) = Py[{w}] >0 and pa(w) = Pa[{w}] >0, (we).

Assume that the elements w € ) are ordered in decreasing order according to their likelihood ratio
pa(w)/po(w):

pa(wi) > pa(wz) > > pA(Wn)'
po(w1) — po(w2) po(wn)
For 1 < k < n, consider the test T with rejection region R = {w1,...,wg}.

Then every other test 77 with a rejection region R’ C 2 and a smaller or equal significance level
B[R] < Ry[R]

has a smaller or equal power
P4[R'] < Pa[R].

Thus T is optimal (in the sense that it has maximal power) among all tests 77 with the same or a
smaller significance level.

Although the lemma is intuitively clear by the analogy to packing a knapsack, we will prove a more
general version of the Neyman-Pearson lemma below.

Example 2.1 A (possibly biased) coin is tossed n times. It shows w times “head”. Given fixed numbers
0 < ma < mo < 1, we want to design optimal tests for testing the null hypothesis Hy = {Py} =
{binomial(n, m)} versus the alternative hypothesis H4 = {Pa} = {binomial(n,74)}. We calculate the
likelihood ratio for w € @ = {0,1,...,n}:

pal)  (Omga—m)n (W) (1_)

po(w) (Z)ﬂg’(lfﬂo)”*‘” N 7T_0 1—7a

Since we assumed 0 < m4 < 7y < 1, we know

and




thus the likelihood ratio

_ pa(@)

po(w)
is monotonically decreasing. Hence the Neyman-Pearson lemma tells us that the tests with rejection
region R, = {0,1,2,...,k} C Q, 0 < k < n, are all optimal in the following sense: For all other tests
(rejection region R’) with a lower or equal significance level

niRI= () —mr= < nimg = 32 (3 )0 -m—
the power is lower or at most equal, too:
k
P4[R] = w;? <Z) T4 (1 —mA)"% < Pa[Ry] = ; (Z) (1 — )"

Note that for a given my, the test with rejection region Ry is optimal for all m4 < mp; we say that it is
uniformly most powerful for the composite alternative hypothesis

H, = {binomial(n,74) : 0 <74 < mo}.

On the other hand, if we assume 0 < 7y < 4 < 1, we know

L
o
and 1
1—my
in this case the likelihood ratio
pa(w)
w =
po(w)

is monotonically increasing. This time, we reverse the order of the elements of ), i.e. we arrange them
according to their likelihood ratio dP4/dPy in decreasing order. Now the Neyman-Pearson lemma tells
us that the tests with rejection region Ry = {n,n—1,...,k} € Q, 0 < k < n, are all optimal in the
following sense: For all other tests (rejection region R’) with a lower or equal significance level

Ro[R'] < Po[Ry],
the power is lower or at most equal, too:

PA[R/] < PA[Rk].

General likelihood ratios. We would like to generalize the Neyman-Pearson lemma to cover contin-
uous distributions, too. In order to do this, we generalize the notion of “likelihood ratio”:

Let Py and P4 be two probability measures on €2; their expectation operators are denoted by Ey and F 4,
respectively. The indicator function of an event B C € is denoted by 15 : Q — {0,1}:

1p(w) = 1 forw € B,
BWI= 0 for w ¢ B.
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P, is called absolutely continuous with respect to Py, if there is a random variable L : Q@ — [0, oo
such that for all events B C Q2 we have

PA[B] = Eo[L15]. (41)

L is called the likelihood ratio between P4 and Py or the Radon-Nikodym derivative of P4 with

respect to Py, and we write
dPa

L=""4
dPy
More generally than (41),

EA[X] = Eq [Xd—PO] (42)

holds for every random variable X for which at least one of the two sides is well defined.

The likelihood ratio is just a ratio of likelihood functions, as we will see now:

For discrete spaces Q = {wy, w2, ws, ...}, Po[{w}] = po(w) > 0, Pa[{w}] = pa(w) this notion of likelihood
ratios just coincides with the previous one, as the following calculation shows:

=D X@palw) =) Xw) :j o(w) = EO[X%} (43)

weN weN

This shows that (42) indeed holds for the likelihood ratio

dPA (UJ) _ pA(UJ)
dFy po(w)

(44)

On the other hand, if P4 and P, are both continuous probability distributions over 2 = R™ with
densities f4 and fy > 0, respectively, then the likelihood ratio is just the ratio of the densities:
dPy fa(w)

7 = o) (@)

Recall that a probablity measure Py on {2 = R” is said to have the density fy if

Bl = [ hwd

Eo[X] = | X(z)fo(z)dx

R

holds for all events B C R™. In this case,

holds for every random variable X : Q — R for which the expectation exists.

To prove (45), we do a little calculation similar to (43):

X = [ X de = [ x@ 2D fyyas - g [x22]. (46)

Jo(x) fo

We have prepared all tools to phrase a more general version of the Neyman-Pearson lemma:

13



Neyman-Pearson Lemma; general version.

Given a null hypothesis Hy = {P} and an alternative hypothesis H4 = {P4}, assume that the
likelihood ratio dPa/dPy exists. Let T be a test with rejection region R such that there is ¢ > 0
with

0

Y L A S LW @)

Then T is optimal in the following sense: For every other test T” (rejection region R’ C Q) with a
lower or equal significance level
Py[R'] < B[R],

the power is lower or at most equal, too:

PA[R/] < PA[R]

Recall that {% > c} is a short notation for {w € : ”CIII;S‘ (w) > c}.

Proof of the Neyman-Pearson lemma:
Given another rejection region R’ with Py[R’] < Py[R], we conclude:
Po[R\ R — Bo[R'\ R] = Py[R] — P,[R'] > 0. (48)

Using that dP4/dPy > ¢ holds on the event R\ R’, and that dP4/dPy < ¢ holds on the event R’ \ R, we
obtain

Eo [11—{\3/ flil;ﬂ > By [1p\rrc] = cP[R\ R']
and

Eo [mm%} < Fy [Lpnre] = cPo[R'\ R,
thus

PA[R] — P4[R] = P4[R\ R'] — PA[R'\ R]

dPy dPy
= EO |:1R\R’ dPO:| — L |:1R/\Rd—PO:|

> cPy[R\ R'| — cRh[R'\ R] > 0.

We used (48); recall that ¢ > 0. Hence we get
P4[R] > Pa[R/],

which proves the Neyman-Pearson lemma.

As a consequence of the Neyman-Pearson lemma, we obtain:

Likelihood ratio tests.

The tests with rejection region

dPa dPy 1
== =< — . 4
R {dP0>C} {dPA<C (49)
have maximal power among all tests with lower or equal significance level.
This test, described by (49), is called likelihood ratio test.
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Of course, the right hand side in (49) only makes sense if dPy/dP, exists, too.

Example 2.2 Assume that X has a normal distribution with unknown parameters x and o2; we observe
a single value of X. We want to find likelihood ratio tests at a given significance level « for the simple
null hypothesis

Hy = {Py} = {normal(pp = 0,05 = 1)} = {standard-normal}

versus various simple alternative hypotheses
Hp = {Ps} = {normal(p, c*)}.
Recall that the normal distribution with parameters u and o2 has the density

1 (z—m)?
fa) =~ T

V2mo?

Thus we get the likelihood ratio

1 a2
dPO(CE): Vot Uexp{(xu)2:c_2}
dPx 21 26_% 202 2
V 2To

Let us consider some special cases:

o If £ >0 and 02 = 1, then

is monotonically decreasing in z. Thus the level sets {dPy/dPs < ¢!} are intervals of the form
Jt, 00[. Choosing the unique intervals among these with probability o with respect to the standard
normal distribution, we obtain the rejection region

R :]q)_l(l - a)a OO[,

where
1/t 22
O(t) = Py [m e” 2 dx

denotes the cumulative distribution function of the standard normal distribution.

e If y < 0 and 02 = 1, then (50) is monotonically increasing in z. This time we get the rejection
region

R=]—o00,® ' (a)[.
o If x =0 and 02 > 1, then

%(m):aexp{(a_Q—l)gg}, (51)

which is monotonically decreasing in |z|. This time, the level sets {dPy/dP4 < ¢!} are unions of

intervals of the form | — oo, —t[U]¢, oo[. Choosing the unique one among these sets with probability
a with respect to the standard normal distribution, we obtain the rejection region

] e (3) o] (1 2).oe ]
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e Finally, if 4 = 0 and 02 < 1, then (51) is monotonically increasing in |z|. Now we get the rejection

region
1l «o 1 «
— (1)71 - = (1)71 - bt )

This shows how the rejection region depends on the choice of the alternative hypothesis.

Example 2.3 Let X7, Xo,..., X, beiid. (independent identically distributed) normal random variables
with an unknown expectation p and variance 02 = 1. Formally speaking, we use the frame model with
the sample space 2 = R™ and the family of probability measures

P = {normal(u,0* =1)" : p € R}.

(P™ denotes the joint distribution of n independent random variables with all marginal distributions
equal to P.) We are going to develop a likelihood ratio test at significance level « for the null hypothesis

Hy = {Py} = {standard-normal” } = {normal(0,1)"}
versus the alternative hypothesis

Hy ={P,} = {normal(x,1)"}

for a given p # 0. Using the abbreviation x = (x1,x2, ..., xy), we recall that Py and P, have the densities
n 7m2/2 1 n
e 7
z|0) = = (27) " ?exp{ —= x?
fal0) = [T 5 = 2m) ™ 2exp § —5 33

and

respectively. Thus their likelihood ratio equals

db, f(xlp) 12 2 ny? -
d—PO(x): Flo) ~ P 5;(%‘—(%‘—/0 )(=expq 5 +M;%‘
Note that we do not need to know the whole data = (z1,...,2,) to determine this likelihood ratio;

knowing the sum Y7, 2; suffices.
Let us determine the level sets P
R=<FL>ch,
{ dPy }
which are the rejection regions for likelihood ratio tests.

We distinguish two cases:

o If >0, then s — exp{—nu?/2 + us} is a monotonically increasing function, thus
dp, =

where we choose ¢ = exp{—nu?/2 + ps}. In order to get the significance level a, we choose s such
that

Py ZXj > s =a.
j=1
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o If 4 < 0, then s — exp{—nu?/2 + us} is a monotonically decreasing function, thus

dpP, -
R{d—PO>C} ;Xj<8 R

where we choose ¢ as above. In order to get again the significance level «, we choose s this time
such that

Py ZXj <s| =a.
=1

By the following theorem, we know the distribution of Z?:1 X; with respect to the null distribution Fy:

Theorem 2.4 (Convolution of normal distributions) If X1,...,X,, are independent normal
random variables with expectations yi1, . . ., ji, and variances o%,...,02, then 2?21 X; is a normal

random variable with the expectation 2?21 W and the variance 2?21 O‘JQ».

We will prove a more general statement later in this lecture.

With respect to the null distribution Py, the X; are ii.d. standard normal random variables. Thus,
according to the theorem, 2?21 X is a normal(u = 0,02 = n) distributed random variable with respect
to Py; thus

T = % ; X; (52)
is again a standard normal random variable with respect to Py (see section 2.3, Proposition A, in the
textbook).

Thus
e In the case p > 0:
a =P, ;ij — P, {T>%] 1@(%);

recall that ® denotes the cumulative distribution function of the standard normal distribution.
Thus, the likelihood ratio test at significance level o has the rejection region

R={T>d®'(1-a)}

e In the case p < 0:

Py zn:Xj<s PO[T<%]<I)<%>.

j=1

Thus, the likelihood ratio test at significance level @ has the rejection region

R={T <o '(a)}.

In this example, we only need to know 7" in order to determine the test decision at any given significance
level a.
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A random variable T : 2 — R which determines the rejection region R, for every choice of the
significance level «,

Ro ={T € R,}
for some region Ro C R, is called test statistic. The region R, C R is called rejection region for

the test statistic, too.

More generally, a random variable X : Q@ — R, which assigns a real number X (w) to the observed
data w € (), is also called a statistic.

For example, the likelihood ratio dP4/dFy is a test statistic for likelihood ratio tests with null hypothesis
Hy = {Py} and alternative hypothesis Hy = {Pa}.
2.3 Varying the significance level: p-values.

In the last examples, we constructed not only one test, but a whole family of tests with varying significance
levels. Given a fixed null hypothesis Hy and a fixed alternative hypothesis H 4, we consider a family of
tests with varying significance levels.

Speaking very roughly, the p-value is the smallest significance level at which the null hypothesis is rejected.

More precisely, we proceed as follows: We specify the family of tests by a family of rejection regions R,
every R € R being an event R C 2. Assume that R is linearly ordered by inclusion, i.e.

R,R' € R implies RC R’ or R’ C R.

As a typical example, one could think of R being the set of all events {T' < ¢} for some given test statistic
T, where ¢ € R.

Definition 2.5 Given R as above and observed data w € €2, we define the p-value for w by

p:p(w):inf{ sup B[R] : ReR, weR}. (53)

PoeHo

Thus the p-value is the infimum of the significance levels of all tests in the given family for which
the null hypothesis is rejected for the observed data w.

In particular, we can phrase the test decision in terms of the p-value: Take a test with rejection region
R € R having the significance level o = supp ¢z, Po[R].

e When p < a, we reject the null hypothesis at significance level a.

e When p > «a, we do not reject the null hypothesis at significance level a.

In the borderline case p = «, this criterion does not decide whether or not to reject the null hypothesis.

e Indeed, when p < a, then there is ' € R with w € R’ and supp ¢y, Po[R] < a. Since
Supp, e, FPo[R] = a, we conclude R O R, since R is linearly ordered. Thus w € R holds, too.
Thus the null hypothesis is rejected for the test with rejection region R.

e On the other hand, when p > a, we conclude w ¢ R. Indeed, supp, ¢, Po[RR] = a and p > « imply
that R cannot be one of the rejection regions in (53) over which the infimum in (53) is taken. Thus
the null hypothesis is not rejected in this case for the test with rejection region R.
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Suppose the rejection regions are given by
R={T < ¢}

for some test statistic T : Q — R, where ¢ € R. Assume we have observed the data w € . Then the

p-value equals
p= inf sup P[T <.
e>T(w) PyeHo

In almost all practical situations,

inf sup Py[T <] = sup P[T <T(w)].
C>T(W) PoEHyp PoEHyp

In particular, this holds automatically whenever Hy is simple, or, more generally, when the distribution
of the test statistic T is the same with respect to all Py € Hy. In this case we have:

For the rejection domains R = {T < ¢}, ¢ € R, we have the following p-value
at the observed data w € {2

p= Psgg BT < T(w)]. (54)

Similarly one obtains:

For the rejection domains R = {T > ¢}, ¢ € R, we have the following p-value
at the observed data w € {2

p= Psgg BT > T(w)]. (55)

Examples:

e In example 2.3 above, the test statistic T" follows a standard normal distribution with respect to
the null hypothesis. We get:

— In the case p > 0, the rejection domains are R = {T > ¢}, ¢ € R, thus the p-value for given

data w € Q) equals
p=R[I=>Tw)]=1-2(T(w)).

— In the case pu < 0, the rejection domains are R = {T < ¢}, ¢ € R, thus the p-value for data

w € 2 equals
p=h[T<T(w)]=e(T(w).

e In example 2.1 above, the p-value in the case m4 < m for the observed number w of heads equals
w n ) »
p=) ( -)Wé(l —m)" 7.
=0 M
2.4 Varying the alternative distribution P,: Uniformly most powerful tests

We have seen in example 2.2 above that the rejection region for optimal tests may strongly depend on the
choice of the alternative hypothesis H4 = {P4}. However, in some important cases it does not depend
on this choice:
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Lemma 2.6 (Uniformly most powerful tests for classes with monotone likelihood ratios)
Consider a one-parametric frame model

P:{Pg : 96@},

with some parameter domain © C R. Assume that there is a statistic 7' : £ — R such that for all 5 < 04
in © the likelihood ratio dPy, /dPy, is a monotonically increasing function of T, i.e.

Py,
dPp,

= f90,9A (T)

for some monotonically increasing function fg, 6, : R — R.
Given 0y € O, consider the null hypothesis
Hy = {P90}

versus the alternative hypothesis
Hy = {PQA 204> 90}

and a test with rejection region
R=A{T > c}.

Then for all Py, € H 4, this test has maximal power among all tests with the same or a lower significance
level. This means: For all other events R’ C Q:

If Py,[R'] < Py,[R], then Py, [R'] < Py, [R].

We say that the test given by R = {T > ¢} is a uniformly most powerful test for testing Hy: 6 = 6
versus Ha: 0 > 6

Of course, a similar version of the lemma for testing Hy: 68 = 0y versus H4: 0 < 6y exists, too. Phrasing
this version explicitly is left as an exercise.

Proof: The lemma is an immediate consequence of the Neyman-Pearson Lemma: Let ¢ := fp,,0,(c) and
PQA € Hy. Then

R={T> ¢} € Ungaa() 2 fonoa(@)) = { G2 = 0}

and
Q\R={T < c} C{f00,04(T) < fop,04(c)} = {% < q} .

The Neyman-Pearson lemma yields immediately the claim of the lemma.

Examples:

e Reconsidering example 2.1 of tossing a coin n times, (w times “head” observed with a binomial(n, p)
distribution; p unknown), we see that the lemma applies for Hy: p = mp versus Ha: p > my with
the test statistic T' = id : w — w, and, with appropriately reversed orders, it applies to H4: p < 7y,
too.

e Reconsidering example 2.3, we see that the lemma applies for Hy: = 0, 02 = 1 versus Ha: pu > 0,
o? = 1 with the test statistic T =n"1/23"" | X;.
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2.5 Exponential classes

An important class, to which Lemma 2.6 applies, are one-parameter exponential classes. They are defined
in terms of their likelihood functions. Recall that the likelihood function just encodes the probability
distribution for a parametric model P = {Py : 6§ € O} as follows: p(w|f) = Py[{w}] in the discrete case,
and w — p(w|0) is the density of Py in the continuous case.

Definition 2.7 One-parametric exponential classes with natural parameter 6 are classes with
likelihood functions of the following form:

_ 9w)

p(elh) = Z

exp{0T (w)}

for some statistics T: Q@ — R, g : Q@ — R, and some normalizing constant Z(f) > 0,0 € © CR. T
is also called “natural statistics” for the exponential class.

More generally, n-parametric exponential classes with natural parameters 8 are classes with likeli-
hood functions of the form
(w)

pl6) = Zg5 e { 0 Ti()

for some statistics 7 : @ — R, g : Q@ — R, and some normalizing constant Z(¢) > 0, § =
(01,...,0,) € ©® CR".

We calculate the likelihood ratio dPy, /dPy, for Py,, Py, in a one-parametric exponential class:

g(w)
APy, | _ Z(oa) exp{0aT(w)}  Z(6,) o B .
dPHO( )* qug,)) eXp{GOT(w)} - Z(GA) p{(oA GO)T( )}a

0
which is a monotonically increasing function of T'(w) for 64 > 6y. We conclude:

For a one-parametric exponential class (Py : 6 € ©) with natural statistics 7', the following holds:

e The tests with rejection region R = {T > ¢}, ¢ € R, are uniformly most powerful for testing
Hy: 0 = 0g versus Hy: 0 > 0.

e The tests with rejection region R = {T < ¢}, ¢ € R, are uniformly most powerful for testing
Hy: 0 = 0g versus Hy: 0 < 0.

Exponential classes appear very frequently in statistics, as the following important examples illustrate:

Example 2.8

e Binomial distributions. Writing

n _ n
(w)p‘”(l -p)" = (w) (1—p)"exp{(logp —log(1 —p))w},
we see that the binomial distributions binomial(n, p) for fixed n form a one-parameter exponential
class with the natural parameter § = logp — log(1 — p).

e Normal distributions. Since

1 2 2 1 2 2 1
—(x—p)"/(20%) _ —u*/(20%) 2
5 e =5 e exp { 2T~ 527 } ,




the normal(u, 02) distributions form a 2-parameter exponential class with natural parameters ¢; =
p/o? and 3 = —1/(202) and the natural statistics Ty (z) = x and Ty(x) = 2.

Poisson distributions. Writing

w -
A —A € ewlog/\

¢ T )
w: w:

we see that the Poisson distributions on Ny form a one-parameter exponential class with natural
parameter log \.

Exponential distributions. The life time T for the decay of a radioactive nucleus follows an
exponential distribution. It is characterized by the property that for every ¢ > 0, the remaining
lifetime T' — ¢ after time ¢ of the nucleus, conditioned on not being decayed up to time ¢, has the
same probablity law as the total lifetime 7. (This is why the exponential distribution is called
“memory less”.) Similarly, the law for the time of the first decay in a sample of radioactive material
is exponentially distributed. The exponential distribution Exponential(A) has the density

fzI\) = e, A >0,
thus it is obviously an exponential family.

Geometric distributions. This is a discrete variant of the exponential distribution. The geomet-
ric distribution is supported on Ny, it has the probability function

p(n,q) = (1—q)q"

for n € Ny, where 0 < ¢ < 1. It has a similar “memory less” property as the exponential distri-
butions, only continuous times ¢t > 0 are replaced by discrete times n € Ny. For example , assume
that a (possibly biased) coin is tossed repeatedly, but independently. Let X denote the time of the
first appearance of “head”. Then X has a geometric distribution, where 1 — ¢ be the probability for
“head” at a fixed time. Obviously, the geometric distributions are a exponential class with natural
parameter log q.

Gamma distributions. Given a sample of extremely many radioactive nuclei, each of which has a
very low probability to decay in a given time interval, a good approximation for the waiting time for
the n-th decay of a particle is the convolution of n exponential distributions with some parameter
A. We call this the Gamma(n, A) distribution. Written formally:

Exponential(\) *. .. * Exponential(A) = Gamma(n, \)

n factors

More generally, the Gamma(s, \) distribution with s, A\ € RT is defined to have the following density
on R*:

)\S
flzls, \) = e ATl x>0

T'(s)

where -
I'(s) = / e " da
0

denotes the Gamma function. From its definition, we see that the Gamma(s, \) distributions form
a two-parameter exponential family with natural parameters —\ and s — 1. Here are two important
facts about Gamma distributions:
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— Convolution property:

‘ Gamma(s, \) * Gamma(t, \) = Gammal(s + ¢, \)

If X ~ Gamma(s, A\) and Y ~ Gamma(¢, ) are independent, then X +Y ~ Gamma(s +t, A).
To see this, we explicitly determine the convolution of the densities of X and Y: Recall
that if X and Y are independent random variables with the probability densities fx and fy,
respectively, then X + Y has the convolution of fx and fy as its density, given by

Convolution of probability densities

Frav(z) = (fx * fr)(z) = / fx (@) fy (= — 2) de

For Gamma distributions, we get for z > 0:
ASAE
[(s)I'(t)
AN /Z -1 t—1
=————e V[ 2 (z—2a)" dx

[(s)I'(t) 0

AN Az s+t 1/1 5—1 t—1
= ———e 277 w1 —u)' du,
[(s)I'(t) 0

fxtv(z) = /R1{z>0}€_m$s_11{z—x>0}€_k(z_z)(z — )t da (56)

thus fx1y(2) is proportional to e=*?z5+*=1 which is proportional to the density of a Gamma(s+

t, A) distribution. Since we know that the convolution is normalized,

/ fov(z)dz =1,
R

we identify the normalizing constant as the same appearing in the density of Gamma(s + ¢, \)

AS\E 1 L A\Stt
s=1r _ t—1 du = .
T(s)T() /0 W wT e = ey

As a side result, we have shown

— Scaling property: Let a > 0.

‘ X ~ Gamma(s, \) implies aX ~ Gamma(s, A\/a). ‘

We note the special case

‘ Exponential(\) = Gamma(1, A). ‘

e Chi-Square distributions. Let Xi,...,X, be ii.d. standard normal random variables. The
x*-distribution with n degrees of freedom is defined to be the distribution of 37 | X7. Tt is often

denoted by x2. We have

2 = Gamma (%, %)
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To prove this, we first look at the case n = 1: The x? distribution has the cumulative distribution
function

- o0, = <= / /2 gy (57)

\/j/ e~ T/2 o
™ Jo

t
o—5/25=1/2 ds,

1
N V2T /0
which is the cumulative distribution function of the Gamma(1/2,1/2) distribution. This shows

1 2

Gamma(— 5 2) Xi-

As a side remark, note that we have no choice for the normalizing constant when comparing
Gamma(1/2,1/2) with 3, since both are probability distributions. Thus we have proven as a
side result:

1B
2 T(D)
P() = V.

We use the convolution property:

L 1\™ n 1
Gamma, (5, 5) = Gamma (5, 5) y

(the exponent meaning n-fold convolution). The statement

2\*n

ng = (x7)

follows immediately from the definition of x2. Thus we get the claim:

1 1\™ n 1
2 _ (2
X5 = (x1)"" = Gamma (2 2) = Gamma (2 2)

As a special case of Gamma distributions, the x2 distributions form a one-parameter exponential
class, too.

Example 2.9 Energy and temperature in statistical mechanics. In statistical mechanics, one
considers systems of many atoms, e.g. 10?2 atoms, interacting with each other: Consider n particles of
mass m in a box B. In classical mechanics, the particles are described by their positions g1, ..., g3, (3
space coordinates for every particle) and their momenta (= mass x velocity) p1,...,p3n. A typical form
of the total energy of the system is a sum of the kinetic and the potential energy

B 2
E(( 22—] Vg, -, qsn) (58)

With appropriate choices of the potential energy V', this is a reasonable model for matter. The positions
and momenta typically are not known in detail; we choose a random distribution. A resonable choice for
the probability density for matter in thermal equilibrium is the Boltzmann—Gibbs probability density

f((g), (py)|B) = exp {=BE((q;), (pj))} - (59)

1
Z(B)
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Here 1
- 60
-7 (60)
is a parameter, kg = 1.38...-10723 Joule / Kelvin is Boltzmann’s constant, 7' is the absolute temperature,
and

Z(B) = /Rﬁn exp {—BE((qj), (pj))} dq1 ... dgsn dps .. .dpan (61)

is a normalizing constant, traditionally called “partition sum”. The corresponding distribution is tradi-
tionally called “canonical ensemble” in statistical mechanics. (For a physical justification of this ansatz
we refer to courses in statistical mechanics; here we just mention that the distribution is invariant when
the particles move according to Newton’s dynamics.)

Obviously, the canonical ensemble is an one-parameter exponential family with the energy F as a natural
statistics and the inverse (scaled) temperature 3 as a natural parameter.

Here are a few consequences of the ansatz (58) and (59) for matter in thermal equilibrium:

e The momenta (p;) are stochastically independent of the positions (g;), since the energy is the sum
of a kinetic term, depending only on the momenta, and the potential term, depending only on the
positions.

e The momenta p; are i.i.d. normal(u = 0,0% = mkgT) random variables. Thus the kinetic energy
> p3/(2m) is kgT'/2 times a x* distributed random variable with 3n degrees of freedom. The
kinetic energy of a single particle is kg7 /2 times a x? distributed random variable with 3 degrees
of freedom, i.e. a Gamma(%, kBLT) distribution. This is the famous Mazwell distribution for the

thermal energy of atoms.

To give a specific example, let us consider an ideal gas in an one sided infinite cylinder [0,1]? x RT with
a vertical constant gravitational field. At height x, an atom has the potential energy mgx, where g is the
acceleration by the earth’s gravitation. Thus we set in this example:

n
Vigr, .. qsn) = > mgags;.
j=1

For this example, the joint probability density for the particles’ momenta and positions is

n

3n

1 2/ (2m N

7 I I e/ (meT) I I (1[0,1](%3‘—2) ~Lo,1)(g35-1) - € gq“’”/(kBT))-
j=1

j=1

with some normalizing constant Z. Thus the height coordinates gs;, j = 1,...,n arei.i.d. Exponential(mg/(ksT'))

distributed random variables. This is the famous barometric law for the density of a gas in a gravitational
field.

Suppose we have independent observations ws,...,w, from an unknown distribution in an exponential
class. Then the compound sample w = (w1, ...,wy,) is described by an exponential class, too:
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If

P = {Pg : 0e @}
is an k-parameter exponential class with natural parameters 6 = (61,. .., 6;) and natural statistics
T=(T,...,Tx) : Q — R* then

"={Py : €O}

is a k-parameter exponential class, too, with natural parameters § = (61,...,0;) and natural
statistics
n
(wj)j=1,m = | D Tilw;) ; (62)
J=1 1=1,...k
Q" — RE.

To prove this, assume that Py has the likelihood function

k
p(w|f) = %((Lg exp {Z Hsz(w)} :
=1

Then, by independence of the components w1, . ..,wn, P4 has the likelihood function

exp{ZGlTl W })znjzlig ZG;ZT; w;)

p(wi,...,wy|0) = H (

This proves the claim.

To give an example, consider n i.i.d. normal random variables X7, ..., X, with unknown expectation
p and unknown variance 0. Thus our frame model consists of all distributions normal(u, o?)"™ on R™.
Using our previous example of the one-dimensional normal distribution, we conclude that this is a 2-

parametric exponential class with natural parameters §; = p/o? and 62 = —1/(20?) and the natural

statistics N .
Ty=> X; and Th=)» X7
j=1 j=1

2.6 Two-sided tests

Example 2.2 illustrates that the choice of an optimal rejection region for simple hypotheses { Py}, {Pa}
may strongly depend on P4. What to do if the null hypothesis and the alternative hypothesis are both
composite, if there are no uniformly most powerful tests? There are heuristic procedures to still define
good tests in this situation, even if there are no optimal ones.

Example: A coin is tossed n times. We would like to test the null hypothesis Hy = {binomial(n, 50%)}
versus the alternative hypothesis H4 = {binomial(n,p) : p # 50%}. For each of the alternative
hypotheses “p < 50%” and “p > 50%” we know uniformly most powerful tests, but there is none for H 4:
Acp 7& 50%77.

More generally, consider a one-parameter frame model {Py : 6 € ©} on Q.
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Testing the null hypothesis Hg: “0 = 0y” versus the alternative H4: “0 # 0y” is called a two-sided
testing problem.

On the other hand, testing the null hypothesis Hy: “0 = 6y (or Hp: “6 < 6y”) versus the
alternative Hy: “0 > 0y” is called a one-sided testing problem.

Similarly, testing the null hypothesis Hy: “6 = 6" (or Hy: “0 > 6y”) versus the alternative Hy:
“0 < 0y is called a one-sided testing problem, too.

In many practically relevant cases, one has uniformly most powerful tests for one-sided testing problems,
due to monotone likelihood ratios. However, uniformly most powerful tests for two-sided testing problems
hardly ever exist. What to do in this case?

Heuristically, one can proceed as follows for two-sided problems:

Given a bound o™ for the significance level, construct a most powerful test for testing Hy : 0 = 0y versus
H'y : 0 > 6y at the significance level < a*/2, and another most powerful test for testing Hy : 0 = 6
versus H'} : 0 < 0 at the significance level < a*/2. One gets two rejection regions, say R’ and R". Set
R:=R UR".

Since . .
Po[R] < Po[R + Ro[R') < - + & = ",

the test has a significance level < o*.
Given P4 € Hy, the power of the test with rejection region R is at least as large as the power for any
other test at a significance level < a*/2 by the choice of R and R’. To see this, note that

P4[R] > max{Pa[R'], P4[R"]}.

If the rejection regions are defined in terms of a test statistic T, say R’ = {T > ¢’} and R = {T < "},
then we get
R={T>c or T</}

as the rejection region for the two-sided test, where ¢’ is chosen minimal and ¢” is chosen maximal with
the constraints

R[T > < % and Py[T < '] < %.

In testing a coin by throwing it n times; Hg: “The coin is unbiased” versus H4: “The coin is biased”,
we get the rejection domain
R={0,...,k}U{n—Fk,... k},

where k is chosen as large as possible with respect to the constraint
k

1 n 1 & n a*
=2(0)-7 2 ()%

Jj=0
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2.7 Generalized likelihood ratio tests for composite hypotheses

Consider a parametric model P = {Py : 6 € ©} with likelihood function (w,6) — p(w|f). Given
composite hypotheses Hy = {Py : 0 € Og}, Ha ={FPy : 6 € O4}, we know that in general no uniformly
most powerful test exists. Here is a heuristic procedure what to do in this case: Suppose we have observed
data w € (.

e First, determine the “most likely” parameter 6 € Oy U © 4 (if it exists), in the sense that the
likelihood function should be maximal:

pwlf) = max p(wl6).

In the case ©4 = ©\ O, i.e. OgU O, = O, the random parameter 0 is called the mazimum
likelihood estimator for the true parameter 6 € ©; we will examine it in more detail in the section
on parameter estimation, below.

e Second, determine the “most likely” parameter 0y € O in the restricted class O defining the null
hypothesis, in the sense

p(wl|bo) = enéégggp(wm

e Then use the likelihood ratio at the estimated parameters

as a test statistic. Obviously, 7" < 1 holds, since the maximum in the numerator is taken over a
smaller class than the maximum in the denominator.

e Choose a critical value ¢ and define the rejection region
R={T <c}.

Thus one rejects the null hypothesis if the likelihood for the estimated parameter 0y in the class
restricted by the null hypothesis is small compared to the likelihood for the estimated parameter 6
without restriction.

Definition 2.10 Tests having the rejection region

sup p(w|f)

[ASISH)
— < c

sup  p(wlf)
6O UO 4

R=<weQ:

with some critical value ¢ € [0, 1] are called generalized likelihood ratio tests.

Generalized likelihood ratio tests remind us to the likelihood ratio tests for simple hypotheses; the differ-
ence being that given, nonrandom parameters are replaced by estimated, random ones. However, using
“estimated” parameters instead of the “true” ones, the Neyman-Pearson lemma is not anymore applica-
ble: Generalized likelihood ratio tests are not guaranteed to have mazimal power. However, in practice,
they do reasonably well.

Example 2.11 Assume that Xi,..., X, are i.i.d. normal random wvectors with values in R*, unknown
expectation vector g = (pi1, ..., ux) € RF, and covariance matrix oI, (o2 times the k x k identity matrix)
with known 2. In particular, every X;, 1 < j < n, consists of k real-valued components. Let m < k and
V C R* be a m-dimensional linear subspace. We design a generalized likelihood ratio test for testing the
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null hypothesis Hy: “p € V” versus Hy: “pu ¢ V7.

To have a specific example in mind, one could think of Hy: “p; = ps = ... = ug”, which describes a
1-dimensional subspace of RF

Formally, we take = (R*)" P = {normal(u,0c?I;)" : u € R*}, Hy = {normal(u,0?I})" : p € V},
and HA =P \ Ho.

Below, we use the following notation: For u = (u;)i=1.._x,v = (v1)i=1,..x € R* we set |Ju|? = Zle u?
for the squared euclidean norm, (u,v) = Z;;l ujv; for the euclidean scalar product. Finally we write
Z=n"! Z?:l x; for the sample average, where z1,...,2, € R¥ are n vectors in R¥. The likelihood
function in this example at x1,...,x, is

Y 1 &
f(@1,. . anlp) = (270%) 7"/ 2 exp fT‘QZH:cruIIQ
j=1

_ 1 1 < _
= (2mo®) "/ % exp f@nl\xwlltQUQZerwHQ ;
j=1

to see this, note that z; — u = (z — p) + (x; — ) implies

n n n n n
D g —ul? =Y 17— pl® +2 <Z(%‘ —-I),% - u> + D Ny =z = nllz = pl* + D =y — 2|
j=1 j=1 =1 =1

j=1

The maximum

iré%f(m,---,wnlu)

is obtained for setting u equal to Z, while the maximum

ﬁl€a‘i{f(zl, < 7$H|M)

is obtained for setting i equal to the orthogonal projection Il Z of  on the linear subspace V. We obtain
the generalized likelihood ratio

_ maxcy flay, .o xnlp)
max,cgr f(21,...,2n|1)

(2702) /2 exp { —ghan |7 — Ty a2 — 5 X7, |1z — 3} v
— = P —QHH:C*H\/SCH .

(2n02) /2 exp { —sLonlla - 3l1? = o2 Sy lloy — 712}

Let us determine null distributions of T', i.e. the distribution of T' with respect to Py :_normal(,u, o’I)" €

Hy: Since the X7,..., X, are i.i.d. normal(u, 0%1}) random vectors, their average X = n~! Zj X isa

normal(p, n~to?1};) distributed random vector. Introducing the normalized random vector

we see that Y ~ normal(0, I;,). However, using Py € Hp, we know p = Iy p € V; thus
n = — n - _
Y-IvY =/ (X —p-Iv(X - p) = | 5 (X ~ Iy X);
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recall that Iy, denotes the orthogonal projection onto V. We obtain
1 _ _
Y — Iy Y| = —nlIX - Iy X ||
Let d =dimV and let Y = (Y1,...,Y%) In the special case

V:{(ul,...,ud,o,...,o)GR’“ : ul,...,udER},

Y -1yY =(0,...,0,Y441,...,Y%), and the Ygqq,...,Y}, are i.i.d. standard normal random variables.
Thus [|Y — IIyY||? is a x7_-distributed random variable with respect to P for our special choice of V.
Hovever, ||Y —II/Y || has the same distribution x7 _, for every choice of a d-dimensional linear subspace
V', as the following consideration shows: Choose a k x k orthogonal matrix U that transforms a given
d-dimensional linear subspace V' C R" to the “standard” subspace

UV ={Uv :veV}={(u,...,ug0,...,0) €RF : wuy,...,uqs € R}.

We use:

Rotational invariance of the multidimensional standard normal distribution.

Let U be a orthogonal k x k£ matrix. If Y is a k-dimensional random vector with i.i.d. standard
normal components, i.e. Y ~ normal(0, It), then UY is a k-dimensional random vector with i.i.d.
standard normal components, too.

Indeed, since the Y has the probability density
Fly) = (2m) R/ 2eIvl*/2,
and since |det U| = 1, UY has the same probability density
F(z) = (2m)*2e~ IV =12 qet U1 = (2m) F/2e 171772,

(Recall the transformation formula for multidimensional integrals: If G : B — B’ is a differentiable function
between two open subsets B, B’ of R™ with a differentiable inverse, then

| £(G@) 1de DG@)da = [ 1) (63)

where det DG denotes the Jacobi determinant of GG. In particular, if a random vector Y has the density f, then
G7Y(Y) has the density = +— f(G(z))| det DG(z)|. Furthermore, recall that det(AB) = (det A)(det B).)

We conclude that
—2logT = |Y — Ty Y|]* = |UY — vy UY|?

has a xi_, distribution, too.
Summarizing, we have identified the null distribution for the generalized likelihood ratio 7"

In this example, —2logT follows a x? distribution with k — dimV degrees of freedom with respect to all
P, € Hy, independently of the value of o2.

Remark: The example is not as special as it might seem: Consider a k-parametric model of n i.i.d.
observations

P={P; : 0 €06}
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with a k-dimensional open parameter set © C R*. Consider a null hypothesis Hy: “0 € ©¢” parametrized
by a d-dimensional submanifold g of ©. Typically, such a submanifold is described by k—d (independent)
equations for the parameter 6. In general the null distribution of the generalized likelihood ratio T depends
on Py € Hy. However, asymptotically as n — oo, this dependence typically disappears: Under rather
weak smoothness and regularity assumptions for the likelihood function and with respect to all 8 € ©g
(null distribution P} € Hy), the statistic —2logT converges in distribution to a xi_, distribution as
n — oo, i.e. as the sample size grows to infinity. We do not rigorously describe or even prove this
statement here, but the above example shows the flavor of this general statement in a simple case.

2.8 Varying the null hypothesis: Confidence regions.

Confidence intervals play a similar role in statistics as error bounds play numerical mathematics. In
numerical mathematics, an interesting number is often known only up to a certain precision; one then
describes intervals containing the true, unknown value. Similarly, in statistics, one would like to describe
intervals containing an unknown parameter 6, based on the random observation w. In contrast to de-
terministic error bounds in numerical mathematics, confidence intervals are random intervals. They do
not contain the unknown parameter for sure. They only contain it with a prescribed probability (chosen
close to 1), uniformly, whatever the true unknown parameter might be.

Just like the p-value encodes the test decision for many tests with varying significance level, confidence
regions encode the test decision for many tests with varying null hypotheses.

Consider a parametric model
P = {Pg NS @}

on the set of results 2. Suppose that for every 8 € ©, we have a test specified by its rejection Ry for
testing the null hypothesis Hy(0) = {Ps}. (We do not specify an alternative hypothesis for our present
purpose, although the actual construction of Ry certainly depends on it. A standard choice among many
other possibilities could be Ha(0) = P\ {Ps}.) Suppose that all tests have significance level «, i.e.

for all § € ©: Py[Ry] = «.

(In the case of discrete models, this is usually a too strong requirement, since there are only discrete
possibilities for the significance level. In these cases, we just suppose

for all 0 € ©: Py[Ry] < a

but then we try to get Ry as large as possible in order to have large powers of the test.)

Definition 2.12 Suppose we have a family tests for testing the varying null hypotheses
Ho(0) ={P}, fe€o.
Let the tests be specified by a family of rejection domains (Ry)geco with significance levels
Py[Ry] < «

for all 8 € ©.

Given observed data w € Q, the corresponding (1 —«)-confidence region for the unknown parameter
is defined by
Cl_a(w) = {9 €0 :w §§ RQ}

For one-parametric models, confidence regions usually are intervals. In this case, they are called
confidence intervals.
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Note that confidence regions are random regions, since they depend on the random, but known observation
w € 1, while the parameter 6 € © is treated as non-random, but unknown.

According to the definition, every (1 — «)-confidence region is also a (1 — a’)-confidence region whenever
o’ > a. However, one would like to have the confidence regions as small as possible, since confidence
intervals are a probabilistic analogue of error bounds for an unknown value. The requirement to find
small confidence intervals is usually implicitly imposed.

Indeed, confidence regions encode the test decision for many tests with varying null hypothesis for the
given observation w:

Duality between tests and confidence regions.
Given a parameter § € © and data w € (2, the following statements are equivalent:

e w ¢ Ry, i.e. the null hypothesis Hyp(6): “the true parameter is 6” is not rejected at the
significance levels < a;

e 0 € (C1_q(w), ie. the parameter 6 is contained in the (1 — a)-confidence region C;_, (w) for
the observed data w.

This is obvious by the definition of confidence regions.
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A observed data € Q

_-- rejection region Ry for Hy = { Py} ~~-_

theoretical parameters € ©

confidence interval C; _, (w)

Intuitively and roughly speaking, a confidence region describes the set of “plausible” parameters, which
are “consistent” with the observed data. The closer to 1 one chooses 1 — «, the larger the confidence
regions get.

Lemma 2.13 (Confidence regions contain the true parameter [at least] with the spec-
ified probability.)
For all 0 € ©,

P9[0 € Cl_a(w)] >1—a.

Thus the random (1 — a)-confidence region contains the true non-random, but unknown parameter
0 (at least) with probability 1 — «, uniformly for all parameters 6 € ©.

Proof: Let 0 € ©. Then

P9[0 S Cl_a(w)] = Pg[w ¢ Rg] =1 —Pe[w IS Re] >1—a.

33



Lemma 2.14 (Recovering tests from confidence regions.)
Let random regions C(w), w € ), be given such that for all § € ©,

Pl e Cw)]>1-a.

This means that we assume that the random region C'(w) contains the parameter 6 (at least) with
probability 1 — «, uniformly for all parameters 6 € ©.
Then for all 8 € ©, the test with rejection region

Ry={weQ :0¢Cw)}
for testing the null hypothesis Hy = {Py} has the significance level

Pg [Rg] S .

The C(w) are (1 — a)-confidence intervals derived from the family of rejection domains (Rg)sco-

Proof:
PQ[RQ] = P9[9 ¢ C(w)] =1- P9[9 S C(w)] < a.

Furthermore, 0 ¢ C(w) is equivalent to w € Ry; thus the random regions w — C(w) are indeed confidence
intervals.

O

Example 2.15 A Geiger counter detects N a-particles during one second measuring time. Assuming
that N ~ Poisson(A) with an unknown parameter A, we derive a (two-sided) 95% confidence interval for
A

Using the frame model = Ny, P = {Poisson(\) : A > 0}, we derive two-sided tests for testing
Hy(M\) = {Poisson(\)} versus Ha(A) = P\ Ho(\) on the 5% level: The rejection regions are

Ry={neNyg:n<ni(A) or n>na(N\},

where n1()\) is taken maximal with the constraint
Poisson(A\)[{0,...,n1(N)}] < 2.5%,

and na(\) is taken minimal with the constraint

Poisson(A)[{n2(A),n2(A) +1,...}] < 2.5%.
The two-sided 95%-confidence interval is then

Coss(N) ={A >0 : n1(A\) < N <nz2(N)}.
The condition n1(A\) < N < nz2(A) is equivalent to
iv:e)‘/j\fj > 2.5%
=0

and
o

2\
Z 67/\7 > 2.5%.
J:

J=N

The first sum is monotonically decreasing in A, and the second sum is monotonically increasing in .

34



(Here is one possibility to show this: Let A < X, and take two independent random variables X ~
Poisson(A) and Y ~ Poisson(\ — A). Then X +Y ~ Poisson(\'), and X < X +Y implies

PIX <n]>PIX+Y <n)

and
P[X >n]<P[X+Y >n].

This is just the claim, written in a different notation.)

Thus we get the confidence interval
Cos% (N) =]A1, Az,

where A1 and A\ are determined implicitly by the equations

N

)\j
Z e M2 = 25%
5 4!
j=0
and
N—-1 )\j 00 )\j
1— Z 67)\1% = Z 67/\1,—'1 = 2.5%.
=0 =T

Given observed values for N, these transcendental equations can be solved numerically. For example,
for the observation N = 2, one gets the following two-sided 95%-confidence interval for the unknown
parameter A (rounded numerical values):

Cosg (N = 2) =]0.242, 7.225].

”

Thus, for example, the null hypothesis “\ = i is not rejected on the 5% level by a two-sided test, since
1 € Cos%(N = 2). On the other hand, the null hypothesis “A\ = 8” is rejected on the 5% level, since
8 ¢ Cos9,(N = 2). Similarly, one finds the 99%-confidence interval (rounded numerical values):

Cogo (N = 2) =]0.103,9.274[;

of course it is larger than the 95%-confidence interval.

Confidence regions for non-parametric models. Here is a generalisation of Definition 2.12, which
also applies to the non-parametric case:

Consider a (maybe non-parametric) frame model P over 2 and a parameter A : P — A onto some set A.
In contrast to parametric models, A need not be one-to-one.

Definition 2.16 Let (Rp)gea be the rejection regions for a family of tests with the null hypotheses
Hy(0) ={PeP : \(P) =0}, 0eA

with significance levels supp. \(py—g P[lg] < a for all € A. Given observed data w € 2, the
corresponding (1 — «)-confidence region is defined by

Ci_aw)={0€A : w¢ Ry}

In particular,

for all P € P: PAP) € C1_qw)] > 1—a.
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Example 2.17 In this example, we derive confidence intervals for the median of an unknown distribution.

Definition 2.18 The median of a random variable X (synonym: the 50% quantile) is a number
mediany € R such that

P[X < mediany] < = < P[X < medianx].

N | =

This condition might not determine the median uniquely. In order to have a single definite value,
we take the middle of all possible choices:

1 1 1
mediany = 3 (min{m : P[IX <m]> 5} + max{m : P[X >m]> 5}) .

Similarly, the median of a probability distribution P is the median of X, where X has the law P.

Roughly speaking, half of the probability mass lies to the left of the median, and half of the probability
mass lies to the right of the median. For example, the median of a normal(u,0?) distributed random
variable equals its expectation. If X has a continuous distribution, we simply get

P[X < medianx]| = 50%.
Let X1,..., X, beii.d. random variables with an unknown continuous distribution P.
Recall: “P is a continuous distribution” means that the cumulative distribution function
F:t— P[] —oo,t]]
is continuous. Equivalently, it means that P[{t}] = 0 holds for all ¢ € R, i.e. the probability to hit a

single given point is 0.

We want to derive a two-sided (1 — «r)-confidence interval for the median of P. We use the nonparametric
frame model Q = R",
P ={P" : P is a continuous distribution on R}.

Let m € R. We develop a test for the null hypothesis Ho(m): “median(P) = m” versus H4(m):
“median(P) # m”. We use the test statistic

T = |{] € [1,7’L] : Xj Sm}')

i.e. the number of observations less than or equal to m. Note that the distribution of 7}, with respect
to all null distributions Py € Hy(m) is the same. This is a main reason for choosing this test statistic.
More precisely, with respect to all Py € Ho(m),

T, ~ binomial(n, 50%).

To see this, note that every X; has the probability 50% to lie to the left of the median of its distribution.
Furthermore, the X; are independent.

We reject Ho(m) for large values of |T,, — n/2|, taking the rejection region
R, = {|Tsn — n/2| > cn}
for some critical value ¢,,. Thus this test has the significance level

a =1 — binomial(n, 50%)[[; — Cn, g + cnl]-
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We get the following 1 — « confidence interval for the unknown median:

lea(Xla .. ;Xn) = {m €eR : |Tm - TL/2| < Cn} = [X(n/Q—cn)vX(n/Q-i-cn-l—l)[

where

X=X s s Xm
are the data Xi,..., X, rearranged in increasing order. (X(y),...,X(n)) is called the order statistic of
X1,...,X,. Let us examine which confidence level 1 — a we get for large n: By the de Moivre — Laplace

theorem (= central limit theorem for binomial random variables) and with respect to the null distribution,
T —1n/2
Vn/2

converges in distribution to a standard normal distribution as n — oo. Thus, choosing a sequence (cy,)
with

Cn n—oo
N

for some ¢ > 0, the confidence levels 1 — a converge to

standard-normal[[—c¢, c|]] = 2®(c) — 1

as n — 00, where ® denotes again the distribution function of the standard normal distribution. Roughly
speaking, this means:

If one wants to have a fixed confidence level 1 — a for large n, one should roughly choose

N a
n~ —O07 (1 — —).
e 5@ (1= 5)

2.9 Linear transformation of normal distributions

Here is an important transformation property of multidimensional normal distributions:

Lemma 2.19 (Linear transformation of multidimensional normal distributions) Let
X ~ normal(y, )

be a random vector with values in R™, expectation vector y € R™, and covariance matrix ¥ €
R™>X™m Tet n <m and A € R"™™ be a n X m-matrix of rank n and b € R". Then

AX + b~ normal(Au + b, ALAT).

(Here AT denotes the transposed matrix of A:

all e A1m all e an1
A= implies AT =
an1 e Anm A1m e Anm
Recall that the covariance of two random variables Y and Z is defined by Cov(Y, Z) = E[(Y — E[Y])(Z — E[Z])],

and that the covariance matrix of a random vector (Xi,...,Xn) is a n X n-martix with entries Cov(Xj, Xj),
1<i,j<n)
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Proof. X has the (joint) probability density

) = @0 @) e { - Ja - TS e -}

(Recall: a random vector X = (Xi,...,Xy) is said to have the density f, if for all events B C R™ one has
P[X € B] = [, f(z) dz; here the integral is n-dimensional.)

We prove the lemma first for the case m = n. In this case, we use the transformation rule for probability
densities to find the following density g of AX + b:

g(y) = (27r)*m/2(det 2)71/2 exp {%(Al(y —b)— )TN A N (y —b) — /L)} |det A|7!
= (2m)""/?(det(ATAT)) "/ ? exp {—%(y — Ap—b)T(AZAT) My — Ap — b)} :

which is the density of the normal(Au + b, ALAT) distribution. We used that the Jacobi determinant of
the map x — Ax + b is det A and that det(ATXA) = (det A)? det .

(Recall the transformation formula (63) for multidimensional integrals, and recall that det(AB) = (det A)(det B).)

In the case n < m we examine first the most simple example: Assume that X has i.i.d. standard normal
components, i.e. X ~ normal(0, I,,). Furthermore, let x — IIz, R™ — R™ denote the projection on the
first m components, i.e.

1 0 0 0 0
o1 ... 00 ... 0

=1 . . SRR = (1o | Onx(m—n) )
o0 ....10 ... 0

with the n x n identity matrix [, and the n x (m — n) null matrix 0, (m—n), then 11X has has i.i.d.
standard normal components, too, i.e. X ~ normal(0, I,). Since I11,,IIT = I,,, this proves the lemma for
this particularly simple example.

We reduce the general case to the two cases we treated so far:

We decompose A in a composition of several matrices. First, since the covariance matrix X is positive
definite, we obtain MEM T = I,,, for some invertible m x m matrix M.

(Recall that a symmetric m x m-matrix X is called positive definite, if 2"z > 0 holds for all vectors x € R™
with = # 0. Furthermore, recall that symmetric matrices can be diagonalized: ¥ = TDT ™' = TDT" with some
orthogonal matrix T, T~! = T, and some diagonal matrix D. For positive definite matrices &, the diagonal entries
of D will be positive. Let v/D denote a diagonal matrix with the square root of the entries of D as diagonal entries.
We set M = (Tv/D)~%; then MSM" = (TvVD) " {(TDTH(TVD) ™" =vD 'T'TDT*TVD ' = 1In.)

For n x m-matrices S, let
Null(S) = {z € R™ : Sz =0}

denote the null space of S. Let U be a orthogonal matrix that transforms the m — n-dimensional space
Null(AM 1) onto the m — n-dimensional space Null(IT). We get Null(IIU) = Null(AM ~1); hence

Null(TIUM ) = Null(A).

As a consequence, A can be written as
A=CIUM

for some invertible n x n-matrix C'. We conclude:
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M (X — ) is normal(0, MX M T)=normal(0, ,,,) distributed;

thus UM (X — p) is normal(0, I,,,) distributed, too;

thus IIUM (X — p) is normal(0, I,,) distributed,;
e thus A(X — p) = CTIUM (X — p) is normal(0, CCT) distributed;
e thus AX + b is normal(Ap + b, CCT) distributed.
We calculate:
cCT=ctun'ct=cruuv™I'c’ = CIUMYMTUTIITCT = AXAT;

hence we get our claim:
AX + b~ normal(Au + b, ALAT).

As a consequence, we obtain a proof of Theorem 2.4:

If X1,..., X, are independent normal random variables with expectations i1, . . . , pn, and variances o3, . . .,

then 2?21 X is a normal random variable with the expectation Z?:1 w; and the variance 2?21 a2.

Indeed, we just apply the lemma to the special case A = (1,1,...,1) € R™ and b = 0:
X =(X1,...,X)" ~normal((1,..., )", diag(c?,...,02))
implies
Zj X; = AX ~normal(A(pu1,...,pun)", Adiag(o?,...,02)AT) = normal(zj i, Zj sz).

Example 2.20 (Linear approximation for error propagation) As an application, consider impre-
cisely measured physical quantities Xi,...,X,,. A frequently used assumption is that the data are
normally distributed, with a small covariance matrix.

Assume that (X1,...,X,,) ~ normal(y, €2%)) with a small value ¢ > 0. Consider a smooth, but
possibly nonlinear transformation

f:(Xla"'aXm)HYZ(Ylv"WYm)'

As e — 0,

(Y — f(n))
converges in distribution to a normal(0, J£J7) distribution. Here J = Df (1) denotes the Jacobi
matrix of f at u.

Indeed, by Taylor’s formula, )
V= f(p) + J(X = p) + O(IX = "),

thus
MY = f(w) = J(eHX = ) + e O(|X = pll?).

The error term in the last expression is of the order €; thus it converges in distribution to 0 as € — 0. It
only remains the linear transformation X + e~ 1J(X — p); thus the lemma yields the claim.

Roughly speaking:
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If we neglect nonlinear terms, the covariance matriz of the transformed quantities Y is roughly
Covy ~ J Covx JT7

where J denotes the Jacobi matriz of the transformation.

This formula for error propagation is extensively used in applied sciences.

As a specific example, assume that the polar coordinates (r, ¢) of a point in the plane are measured only
with a certain (very small) standard deviation Ar, A¢, independently of each other. We derive a linear
approximation for the covariance matrix of the cartesian coordinates

T = 1rCcosQ,
Yy = 7sin ¢.
We get the Jacobi matrix
oz Oz :
J=|[ o a5 | _ [ cos ¢ —rsing
%:{ % sing rcoso

and thus

C _( cos¢p —rsing Ar? 0 cos ¢ sin ¢
Yoy =\ sing  rcos¢ 0 Ag? —rsing rcosg
[ Ar?cos? ¢+ Ag?risin® ¢ (Ar? — r2A¢?) cos psin ¢
T\ (A2 —r2A¢?) cospsing  Ar?sin® ¢ 4+ A¢*ricosio )

This formula gets asymptotically precise in the limit as Ar, A¢ — 0. Note that x and y may be correlated,
even if r and ¢ are independent.

What happens when we linearly transform a m-dimensional normal(u, ) random vector X by a n x m
matrix A of rank less than n? Then the image is supported in a linear subspace of R™; thus the
components of AX are linearly dependent: Some of the components of AX then are redundant. The
covariance matrix of AX still equals AXAT, but this matrix is not positive definite, but only positive
semidefinite. We call the distribution of AX + b again the normal(Ap + b, AL AT) distribution, even if
AY AT is only semidefinite.

2.10 The y? test for simple hypotheses.

Example 2.21 The elections in some country in the last year gave the following result:

party| A B C D
votes | 39.6% 31.5% 21.7% 7.2%

Now, one year later, 1000 people were asked again which party they would vote for at present. Here is
the result:

party | A B cC D
number of votes | 375 326 209 90

Does this result reflect a change in the opinions, or could it be just explained as a random effect, caused
by using only a small sample? In this section, we develop a statistical test for this problem and more
general “goodness of fit” problems.

Let us first develop a frame model: The reply of the j-th voter in the sample (j = 1,...,n) is modeled
by a random variable Y; € {A, B, C,D}. More generally, if there are d possible answers, we take random
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variables Y; € Q@ = {A;,...,A;}. Let us assume that the Y; are independent identically distributed with
an unknown distribution P. Thus we use the frame model with result space Q™ and

P = {P" : P is a probability distribution on Q}. (64)
The unknown distribution P can be described in terms of the d probabilities

Of course, these probabilties sum up to 1: One has p; > 0 with the constraint

d
i=1
The number of votes for party A; is
n
Ni=) lgv=ay:
j=1

(Recall that 1py,—4,3 =1 for Y; = A, but 1y, —a,; =0 for V; # A;.)

Definition 2.22 (Multinomial distribution) The multinomial(n,p,...,pq) distribution is de-
fined to be the joint distribution of

Ni=> liy,—a, i=1,...,d,
j=1

where Y1,...,Y, are i.i.d. random variables with distribution P, where p; = P[{A;}]. One has

Explicitly, we have for ny,...,ng € Ng withni +...+nqg =n:

d
n!
P"[Ni=mn; for i=1...d=——][]p}" (65)
[Tizi et i

Note that N; just follows a binomial(n, p;) distribution.

We take
Xj = (1{Yj:A1}a 1{Yj:A2}7 ey 1{Yj:Ad})T7 j = 1, e,y

note that
n
(Ni,...,Ng)" = Z X, ~ multinomial(n, p1, ..., Ppqd)- (66)
j=1
Let us calculate the expectation vector p and the covariance matrix > of X;. We write E" for the
expectation with respect to P".

p=E"[X;] = (E"[l{v,2an))i=t1..a = (P"[Y; = A])im1..a = (p1, ..., pa)" (67)

and
Cov(lyy;=ap Lyys=a,1) = E" [Liv;=aiy L vy=a,1] = pipv (68)
= P"[Y; = Ai = Ay] — pipir = pidisr — Dipir- (69)
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(Recall the formula
Cov(U,V) = E[UV] — E[U]E[V].

5 — 1fori=71
W= 0fori#d

We use the Kronecker’s delta:

which describes the entries of the identity matrix.)
Thus we get the following covariance matrix of the random vector Xj;:

Y= dlag(ph 'apd) - (p17'- 'apd)T(pla' -'7pd)-

Recall that X1, ..., X, are i.i.d. random vectors. Using (66), we get

Lemma 2.23 (Expectation and covariance matrix of the multinomial distribution)
The multinomial(n, p1, .. .,pq) distribution has the expectation

E[(Ny,...,Ng)] = (np1,...,npq)

and the covariances

vy i —p}) fori=1,
Cov(Ni, Nir) = { —npipy fori#i'.

In matrix notation, this means:

(Cov(N;, Nir))iir=1,....a = n3 = ndiag(p1, . .., pa) — n(p1, - - ,pd)T(pl, ey Dd)-

In order to understand the asymptotic behaviour of NN, for large n, we use the multidimensional central
limit theorem:

Central limit theorem — multidimensional version. Let X1,..., X, be i.i.d. random vectors
with expectation vector E[X;] = u € R? and covariance matrix ¥ € R¥*?. Then as n — oo,

1

(X5 — )

3

n
Jj=

converges in distribution to a normal(0, ) distribution.

This theorem is proved in the same way as the one-dimensional version.

(In our case, where we have a continuous distribution as limit, “convergence in distribution to a normal distribu-
tion” just means:

1 n
lim P |— X; —p) € S| =normal(0, X)[S
IR 0,28

n—oo

for all open (or closed) sets S C R%.)

Roughly speaking, the central limit theorem states that the normal(nu,nX) distribution is a good ap-
proximation for the distribution of 2?21 X; as n gets larger and larger.
We apply the central limit theorem to the multinomial distribution. We get

%(Nl—npl,...,Nd—npd)T:%;(Xj—u) (70)

converges in distribution to a normal(0, ¥) distribution as n — oco.
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The matrix X is not positive definite; it is only positive semidefinite. This is not astonishing, since
(N1 —np1,...,Ng—npg)" takes values in the d — 1 dimensional subspace {(z1,...,z4)" € R? : z; +
...+ x4 =0} of R as a consequence of the constraint

d

d d
Z(Ni_npi) ZZNi—ani =n—-n=0.
i=1 i=1

i=1

In order to get a simpler geometrical structure, it is convenient to scale (70) by 1/,/p;:

Definition 2.24 (X? test statistic) We define the scaled difference vector X of the observed
values N1, ..., Ng from their expectation:

X = (M) , (71)
npPi /)i-1..4

Its squared euclidean norm is called the X? test statistic:

4N i)
x2 = x| =y e (72)

no:
i=1 pi

Roughly speaking, the X? test statistic measures, how far the observed counts Ny, ..., Ny are from their
expectation np1, . ..,npq. If X2 is large, then one has observed considerable deviations from the expected
values.

Since X is just a linear transformation of n_1/2(N1 —np1,...,Ng —npg)T, it converges in distribution
to some multidimensional (degenerate) normal distribution, too.
Let us calculate the covariance matrix Cov(X) of X:

1 1 ) 1 1
ﬁ,...,\/—p_d)Zdlag(ﬁ,...,ﬁ) (73)
— Lo — (VBT s VPD) (VB - - /P):

We interpret Cov(X) geometrically: v = (,/p1,...,/pd)’ is a unit vector, since

d
lol* =) pi=1.
i=1

Thus vo' is the orthogonal projection onto the one-dimensional space spanned by v.

Cov(X) = diag (

(Indeed: If a € R? is proportional to v, say a = Av, then vv'a = Mvv'v = \v|[v||* = a. On the other hand, if

T

a € R? is orthogonal to v, i.e. vTa = 0, then vv'a = 0.)

As a consequence, Cov(X) = I; —vv" is the orthogonal projection to the (d — 1)-dimensional orthogonal
complement
vt ={aeR?:vTa =0}

of the one-dimensional space spanned by v. Thus we get:

Lemma 2.25 Asn — oo, the scaled difference vector X converges in distribution to a normal(0, I;—vvT)
distribution. The covariance matriz I — vv' is the orthogonal projection to the orthogonal complement
vt of v, which has d — 1 dimensions.
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The X2 statistic globally measures the deviations of (N1, ..., Ny) from the expectation vector (np1, . .
This motivates the following test:

., MPg)-

x? test for simple hypotheses.

Suppose we have n i.i.d. observations Y7,...,Y;, with values in a finite set Q = {A1,...,Aq} and
an unknown distribution Y; ~ P. For ¢ = 1...d, let N; denote the number of occurrences of the
value A; among Y7,...,Yy,; thus (NVy,..., Ny) follows a multinomial distribution with unknown
parameters.

Given a probability distribution Py over 2, Py[{A;}] = p; > 0, consider the null hypothesis
HO : “P= P()”

versus the alternative hypothesis
Hy: “P#P.

With respect to Hy,
(N1, ..., Ng) ~ multinomial(n, p1, ..., pd)-

The 2 test with critical value ¢ has the rejection region

R={X?> ¢},

where the test statistic X2 is defined by (72).

Given a significance level «, the following theorem helps to choose critical values ¢ for the y2-test. Also,

it helps us to approximately determine the p-value for the x? test.

Theorem 2.26 (Pearson’s theorem for simple hypotheses)
Asymptotics of the X? test statistics.

Assume that (N1, ..., Ng) ~ multinomial(n, p1,...,pq). As the number n of observations tends to
00, the X? test statistic
d
x2=% (Vi — npi)?
i=1 "pi

converges in distribution to a x? distribution with d — 1 degrees of freedom.

Roughly speaking, this means that the critical value c for a x? test at significance level « is approximately

the (1 — a)-quantile of the x3_, distribution (d — 1 degrees of freedom), at least for large values

of n.

But what is a “large value”? For reasonable approximations, one may apply the following rule of thumb

(due to F. Hampel, ETH Zurich):

For about 4/5 of all categories A;, the expected number np; has to be > 4, and for all other categories it

has to be > 1.

Proof of Theorem 2.26. We know already:

x -4 normal(0, IT)

d e e
as n — 00, where “~—” means “convergence in distribution”, and II = I; — vv" denotes the orthogonal

projection onto the (d — 1)-dimensional space v. On the other hand, if Z ~ normal(0, I), i.e. if
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a d-dimensional standard normal vector, then I1Z ~ normal(0, I1/4I1T) = normal(0, IT), i.e. [IZ has the
same distribution as X in the limit as n — oo. Thus X?2 converges in distribution to the distribution of
|T1Z||?, which is the x2_; distribution.

(Recall that x3_; was defined to be the distribution of ||Y||?, where Y ~ normal(0, I;—;). By rotational invariance
of the d-dimensional standard normal distribution, it is the same as the distribution of ||TIZ||?>, where Z ~
normal(0, I4), for every orthogonal projection II to some (d — 1)-dimensional space. This is most obvious for the
standard projection (z1,...,zq) — (21,...,Z4-1,0), and then, by applying an orthogonal transformation, for any
orthogonal projection IT of rank d — 1.)

U

Here is another rule of thumb for the 95% quantile of the x2-distribution:

The 95% quantile of the x?2 distribution is approximately v + 2+/2v. Thus the rejection region for the x>
test with v degrees of freedom on the 5% significance level is approximately

Rsy, ~ {X? > v +2V20}. (rough rule of thumb)

(To justify this rule of thumb, note that the X2 distribution has the expectation v, which is n times the expectation
of x%, and the variance 2v, which is v times the variance of x2. Let X2 denote a x2 distributed random variable.
By the central limit theorem, (X2 — v)/v/2v converges to a standard normal distribution as v — co. The 95%
quantile of the standard normal distribution is ®~*(0.95) = 1.64485 (rounded). Thus for large degrees of freedom
v, Rsy, =~ {X? > v + 1.64485v/2v}. Replacing ®~1(0.95) by 2 makes the rule worse for large values of v, but
better and easier to use for moderate values of v.)

Example 2.21 (continued)

Recall the data from the introductory example: n = 1000,

party A B C D
elections (p;) | 39.6% 31.5% 21.7% 7.2%
survey (N;) 375 326 209 90

We calculate the X? test statistic (rounded result):

375 — 396)2 326 — 315)? 209 — 217)? 90 — 72)2
( 2 2 2 (90-12)

X? =
396 315 217 72

= 6.293.

With respect to Hp: (N7, Na, N3, Ny) ~ multinomial(1000, 39.6%, 31.5%, 21.7%, 7.2%); the X? statistic
is approximately distributed according to a x? distribution with 4 — 1 = 3 degrees of freedom. Using this
approximation, we get the approximate p-value

2—3/2

2 _ a2 821
p = x35[[6.293, 0[] = —/ e T dz = 9.82%.
1029500 = T573)

(Recall that the x3 distribution has the probability density

272 s a1
I'(d/2) ’

fa(z) =

since x4 = Gamma(d/2,1/2).)

On significance levels smaller than 9.82%, we cannot reject Hy. This number is not extremely small; we
better do not reject Hy unless we are willing to tolerate a type I error in roughly 10% of all cases when
Hy is true. We interpret this as follows: Either there is really no change in the opinion of the people, or
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our sample size is too small to significantly (e.g. on the 5% level) give evidence for the change of opinions.

(The rule of thumb leads to the same conclusion: Rgy = {X? > 3 + 26} =~ {X? > 7.9}; thus we do not reject
the null hypothesis on the 5% level, according to the rule of thumb. One may compare this with the true 95%
quantile of the x3 distribution: x3[[7.81472. .., 00[] = 5%.)

The x? test (and its more general version, treated below) can also be applied for i.i.d. random variables
with values in any result space (2, possibly infinite: one just splits €2 in “cells”:

Choosing cells. Let Yi,...,Y, be ii.d. random variables with values in a (possibly large or
infinite) result space © and an unknown distribution Y; ~ P. We partition the result space in d
pairwise disjoint events, called “cells”:

QO=A,U...UA,
Let .
N; = Z1meAi}, i=1...d,
j=1
denote the number of Y; with value in the i-th cell A;. Then
(N1, ..., Ng) ~ multinomial(n, p1, ..., pd),

where p; = P[4;].

In particular, one can apply the x? test to (N1, ..., Ng) for testing a null hypothesis Hy: “Y; ~ P7” versus
the alternative Hy: “Y; o4 P”, if the numbers np; are not too small.

How to choose the cells 4;?7 On the one hand, choosing them too large and too few of them, one looses a
lot of information, thus reducing the power of the test. On the other hand, choosing too many of them,
the approximation by the central limit theorem is weakened. There is no general rule; however, the first
rule of thumb mentioned above helps.

Example 2.27 (Goodness of fit to a standard normal distribution) Suppose we are given n =
1000 i.i.d. random numbers Y7,...,Y,. We want to test the null hypothesis that Y; ~ standard-normal
versus the alternative Y; ¢ standard-normal. For example, let us choose the cells 41 =] — oo, —2],
A2 :] - 2, —1], A3 :] - 1, —0.5]7 A4 :] —0.5,0], A5 :]0,05]7 A6 :]05, 1], A7 :]1, 2], Ag :]2,00[ Let Ni
denote the number of Y; in cell A;. To have a concrete example, we take the following data:

i |1 2 3 4 5 6 7 8
N; |29 128 153 209 191 134 130 26
pi | 2275% 13.591% 14.988% 19.146% 19.146% 14.988% 13.591% 2.275%

The third line in this table contains the (rounded) values

1 2
pi = standard-normal[4;] = — [ e /?du.
V21 Ja,

Let us calculate the X2 test statistic (rounded):

8
N; — np;)?
XQZZM:&QS.

no:
i=1 pi
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We use a x? distribution with 7 = 8 — 1 degrees of freedom. Since the p-value

2—7/2

2 —z/2,7/2—1
X7116.25, 0| = =——= / e T dr = 51.1% rounded
7l : L(7/2) Jo.25 ( )

is certainly not a small number, we do not reject the null hypothesis.

(The rule of thumb yields the approximate 95% quantile 7+2+/2 - 7 & 14.5 of the x# distribution. Since X? = 6.25
is much smaller than 14.5, the rough rule of thumb yields the same conclusion as the precise calculation. In fact,
the above data was really generated by using standard normal random numbers.)

2.11 The y? test for composite hypotheses.

Example 2.28 n = 100 candidates participated in a multiple choice test, consiting of two questions a)
and b). For the question a), there were 2 possible answers (“T, F”), and for the second question b),
there were 3 possible answers (“A, B, C”). Here is a table, how many candidates decided for a possible
combination of answers:

lA[B]C
T[S |15] 7
F || 25| 21| 24

We would like to test the hypothesis that the answers to the two questions were given independently of
each other.

Let us put this example in a more general framework. We first develop a frame model: Let Y € 2, =

{T,F} be the random answer of candidate no. j to question a), and ij € O{A, B, C} be the answer of
the same candidate to question b). More generally, let us assume that there are a possible answers for
question a) and b possible answers for question b):

VP e Q= {Ar,..., A}
and
}/jbEQb: {Bla"'7Bb}

The compound random variable
Y= (Y[, Y]) € Q=04 x O

encodes both answers of the j-th candidate. The number of candidates giving the compound answer
(Ai, Bk) is

n
Nigk =Y Liv=(asB))-
j=1
Let us assume that the Y}, j =1,...,n, are i.i.d. random variables; i.e. we use the frame model with the
result space 2" and the joint probability distributions

P ={P" : P is a non-degenerate probability distribution on Q}. (74)

(“non-degenerate” here means that P[{w}] > 0 should hold for all w € Q. We include this condition for technical
reasons, to avoid a division by 0 later. Intuitively, it means that every possible combination of answers should
have a positive probability to occur.)

Our null hypothesis “the answers to different questions are independent’can be formalized as

Hy = {(Pa 2 P)" - P, and P, are non-degenerate probability } cP. (75)

" distributions on Q, and 2, respectively
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P is a parametric model; it can be parametrized by the parameter vector

a b

(pik)izt...ak=1..o = (P"[Yj = (As, Bk)])iz1...ak=1.. € © = {(pir) €0, 1["*": ZZPik =1}
i=1 k=1

Note that the parameters are not independent, due to the constraint ), >, pix = 1. Thus © is not ab-
dimensional; it is only ab—1 dimensional. Writing Pj* for the distribution corresponding to the parameter
vector 0 € ©, we have

Hy={Py : 0 €06}

with " "
00 = {(Pigh)i=1.ak=1.5 : Y _pi=1,> qx =1, all p;, g, > 0}.
=1 k=1

Oy is a a + b — 2-dimensional submanifold of ©.

(A subset M of an open set © C R™ is called a v-dimensional submanifold, if for every point 0 € M there is a
neighborhood U of 6, an open set V in R”, and a bijective smooth function f:V — M NU with Jacobi matrix
Df of full rank v at every point, such that f~! is continuous. Roughly speaking, this means:

M can be locally parametrized by v independent smooth parameters.

Equivalently, M is a v-dimensional submanifold of © when for every point 8§ € M there is an open neighbourhood
U of 6 and a smooth map g : U — R™™” with Jacobi matrix Dg of full rank m — v at every point, such that
MNU={ze€U: g(x)=0}. Roughly speaking, this means:

M can be locally described by m — v independent smooth equations gi(z1,...,Zm) =0,...,gm—v(Z1,...,Zm) = 0.

Thus a 1-dimensional submanifold is just a smooth curve, a 2-dimensional submanifold is a smooth surface, and
so on.)

Indeed, ©g is parametrized by

(ph -~y Pasq1,-- ~;Qb) — (piQk)i:L..a,k:L..b-

Two of the parameters (e.g. p, and ¢) are redundant, due to the two “sum = 1” constraints. Thus there
are only (a — 1) 4+ (b — 1) independent parameters. The parametrization has full rank (a — 1) + (b — 1),
since it has a smooth inverse, given by

b a
pi:ZPik, kazpik~
k=1 i=1
Thus O is indeed a a + b — 2 = (a — 1) + (b — 1)-dimensional submanifold of ©.

We generalize our frame model even further, taking an arbitrary submanifold O of © as parameter set
for the null hypothesis:
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x? test for composite hypotheses. Assume we have observed numbers of counts
(N1,...,Ng) ~ Py = multinomial(n, p1,...,pq)

with unknown parameters = (p1,...,pq) € O, where © C R? is described by the constraints
Zle p; =1, all p;, > 0. Let ©g C © be a v-dimensional submanifold of ©®. Consider the null
hypothesis

H()Z “(pl, - ,pd) S @077

versus the alternative hypothesis
Hy: “(p1,.-.,p4) & O0”.

Let 6 = (P1,-.-,Pd) € Op be the mazimum-likelihood estimator for the unknown parameters, i.e.
the parameter vector € ©q for which the likelihood function ©g 3 6 — Py[{(Ny, ..., Ng)}] takes
its maximal value, assuming that there is a unique maximum.

Consider the X2 statistic with estimated parameters

d

x=3y (Vi —A”ﬁi)2_

Y
i=1 pi

The x? test for testing Hy with critical value ¢ has the rejection domain

R={X?>c}.

Roughly speaking, when using composite hypotheses for the x? test, we just replace the parameters p;
in the X? statistic by their estimated values.

(Recall that the likelihood Py[{(N1,...,Nq)}] is the probability of getting the observation (Ni, ..., Ng), provided
the true parameter is . One can show that for all § € ©, the probability (w.r.t. Pp) of the estimator 0 to be well
defined converges to 1 as n — oo. We will examine maximum likelihood estimators in more detail in the next
chapter.)

Theorem 2.29 (Fisher’s generalisation of Pearson’s theorem) Let ©g be a v-dimensional
submanifold of the d — 1 dimensional parameter space © C R%. Then, as n — oo, with respect
to all null distributions Py, 0 € Oy, the X? test statistic with v estimated parameters converges in
distribution to a x2 distribution with d — 1 — v degrees of freedom.

Roughly speaking, starting with a d dimensional space, 1 degree of freedom is lost by the constraint
> . pi =1, and v degrees of freedom are lost by estimating v free parameters.

(Unfortunately, the proof of this theorem is rather complicated; we skip it. Roughly speaking, the spirit of the
proof is the same as in example 2.11. Here is only some heuristics for the proof: Locally, it is a good approximation
to replace the submanifold by its tangential space T'. With respect to any given null distribution Py, 0 € Og, as n
gets large, the maximum likelihood estimator 0 converges in probability to the “true” value 6; thus the problem
gets “local”. Locally, after scaling with (1/4/P:)i=1,...,4, the maximum likelihood estimator 6 is well approximated
by the orthogonal projection of the observed data to the tangential space of the submanifold. Thus the vector
X = ((Ni — nps)/+/npi)i, up to small error terms, varies only in the d — 1 — v dimensional orthogonal space T+
within the parameter space, and by the central limit theorem, it converges to a multidimensional standard normal
distribution in 7*. Thus || X||? converges to a x2_,_, distribution.)
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Let us apply this theory to get a x? test on independence. Reconsider the setup described in (74) and
(75). Given observed counts (N; )i=1...a,k=1...b, We determine the maximum likelihood estimator for the
parameters pi,...,0a4,q1,---,q- Lhus we maximize the likelihood function

n! o b Nix
f((pi), (ar), (Nik)) = m il;[lkl;[l(m%) B (76)

with respect to the constraints

=1, D ag=1L (77)
=1 k=1

We use Lagrange’s method to take care of the constraints.

(Recall Lagrange’s method: Suppose you want to maximize a smooth function f(z1,...,z,) with respect to the
k smooth (non-degenerate) constraints g;(z1,...,on) = 0,4 = 1,..., k. If there is an extremum at z, then there
are numbers 1, ..., ug, called Lagrange multipliers, such that

Vi(z)= Z wiVgi(x).

Here .
o} o}
Vi = (55 3L

denotes the gradient of f.)

The first N; ; dependent factors in (76) are irrelevant for the maximization; and we simplify the maxi-
mization problem by taking logarithms. Thus we want to maximize the concave function

a b

Z Z N, (logp; + logqr) < maximal
i=1 k=1

with respect to the two constraints (77), which define an affine-linear subspace. In particular, every
critical point for this maximization problem is really a maximum. Introducing the Lagrange multipliers
Wi, po, we get the equations

b
ZNi,ki .
~ = M1, Zﬁla"'va
1 Pi
and .
N,
ke, k=1,...,b.
gk

i=1
Thus p; is proportional to >, N; and y is proportional to ), N; . Using the constraints (77), we
conclude

b b

. _ Nigk 1

pi = GZk_lb 2, i E Ni,k
Zi’:l Zk:l Nir i niz

and

X > i1 Nik BN
qrx = a z_i . = — ZNi’k'
>iz1 D=1 Niw i
The result is just what one would intuitively guess: For estimating the probability that a candiate answers
“A;” in the first question, just ignore the second question, and take the frequency >, N; 1 /n of the answer
“A;” in the observations as your estimate.
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Since we have estimated a + b — 2 out of ab — 1 free parameters, the remaining number of degrees of

freedom is
(ab—1)—(a4+b—-2)=(a—1)(b—1).

Let us summarize:

x? test on independence. In the setup (74) and (75), assume we are given a table with numbers
of counts of compound observations Y; = (A;, By):

|| B1 B2 . Bb | sum
Ay || Nii Nia ... Nip Ny«
Ay || Nog Nao ... Nap No
Aa Na,l Na,2 cee Na,b Na,*
sum | Vo1 Neo ... Nyep | Now=n

Using the estimators p; = N; ./n and g, = N, x/n, evaluate the X? statistic

a b

Z anQk)
i=1 k=1 anQk

The rejection domain for the null hypothesis Ho: “Y}, ij are independent” on the significance
level « is approximately
R={X?>¢},

where ¢ denotes the (1 — a)-quantile of the x? distribution with (a — 1)(b — 1) degrees of freedom:
X?a—l) (b_l)[]c, oo[] = a. The approximation gets asymptotically exact in the limit n — oo.

Example 2.28 (continued) Recall the data from the introductory example:

|| A B C | sum
T 8 15 7 30
F 25 21 24| 70
sum || 33 36 31| 100

We estimate the unknown parameters within the null hypothesis: p; = 30%, po = 70%, 41 = 33%,
Go = 36%, g3 = 31%. We calculate the X? statistic:

(8 -100-0.3-0.33)% , (15-100-0.3-0.36)*  (7—100-0.3-0.31)?
100-0.3-0.33 100-0.3-0.36 100-0.3-0.31

(25 —100-0.7-0.33)> | (21 -100-0.7-0.36)*  (24—-100-0.7-0.31)?
100-0.7-0.33 100-0.7-0.36 100-0.7-0.31

= 3.66685 (rounded).

X% = (78)

We use the x? distribution with (2—1)-(3—1) = 2 degrees of freedom. We get the (approximate) p-value
X3[[3.66685, o] = 15.98%  (rounded).

This is not a small number; thus we do not reject the null hypothesis that the questions were independently
answered.

(The thumb rule yields the approximate 95% quantile 2+ 2+v/2 -2 = 6 of the X3 distribution, which is much larger
than X?2. Tt thus leads to the same conclusion: We do not reject the null hypothesis on the 5% significance level.)
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2.12 The one-sample t test

Example 2.30 In the year 1879, the famous American physicist A. Michelson measured repeatedly the
speed of light. In one series of n = 20 trials, he obtained the following data (in km/sec):

299850, 299740, 299900, 300070, 299930, 299850, 299950, 299980, 299980, 299880,
300000, 299980, 299930, 299650, 299760, 299810, 300000, 300000, 299960, 299960.

Assuming that the measurement yields i.i.d. data with a normal distribution with unknown parameters
w and o, we ask for a 99% confidence interval for p, and another one for . (We ignore rounding effects
in the data.)

More generally, let us assume that the joint distribution of random values X7y, ..., X,, follows the frame
model
P = {normal(y,0?)" : p€R, o? >0}

)

over 2 = R". Given pg € R, let us develop a test for testing Hy: “pu = po” versus Ha: “p # po”. If we

knew o2, we could take the normalized test statistic:
7 V(X — po)
o )
where
I
X == X;

is the sample average. Note that with respect to Hy, X ~ normal(j, o2 /n) holds; thus Z ~ standard-normal.

However, we do not know 0. Thus we replace the (unknown) o by an estimate, derived form the data.

Definition 2.31 The empirical variance s% of data X1, ..., X, is defined by

~ i : i(xj - X)2

J=1

2 _
Sxy =

Its square root sx is called the empirical standard deviation.

(Note that in the definition of s% we divide by n — 1, not by n. The reason for this choice is that E[s%] = o2 only
holds for this definition, but not when dividing by n; see below. The smaller denominator “n — 1”7 compensates
that we take 37, (X; — X)?2, not > (X - 1)?, since we cannot observe the latter.)

Thus we define the test statistic _
T — V(X — o)
Sx ’
which can be determined using only the observed data. Astonishingly, with respect to Ho : u = po, the
numerator /n(X — p) and the denominator sx in the definition of T" are independent random variables,

although both are derived from the same sample:

Lemma 2.32 Let X1,...X,, be i.i.d. normal(u,0?) random variables. Then

(\/ﬁ(f( —p) (n-1)sk

’ 2

) ~ standard-normal ® 2 _;.
o o

As a consequence,




As a consequence, with respect to Hy, the test statistic 7" has the same distribution as

X
Tnfl = )
=1 Y1
where (X,Y,,_1) ~ standard-normal ®x?2_;.
Proof of Lemma 2.32. Consider the unit vector
1
=—(1,....)T eRr”
v= el )
Let
X —
Z; = TR standard-normal,
Z=(Zy,...,Zy)" ~normal(0,1,).
We get
V(X —p) > -
=+/nZ = = 79
and
2 n
Sx 2 2 T2 T 2
(n=1)=5 =(n-1)sz = =D (Z; =27 = Z =" Z| = ||(I — ") Z|*. (80)

Jj=1

(Recall that I, — v is the orthogonal projection to the n — 1 dimensional subspace v orthogonal to v.)

By rotational invariance of the n dimensional standard normal distribution, the joint distribution of
(T Z,||(I, —vv")Z||?) is the same for all unit vectors v. In particular, we may replace v by the standard
unit vector e = (0,...,0,1)T € R™:

W' Z, ||(In = vv") Z|?)
~(eTZ (I = ee)ZIP) = (Zn, (21, .. Zn0)|?)
~ standard-normal ®x?2_.

Combining this with (79) and (80) proves the first part of the lemma. Furthermore,

2
o
E[s%] = — 1E[xf171] = 0%E[x3] = o? Var[standard-normal] = o*.
(We use the same symbol for the expectation of a random variable and for the expectation of the corresponding
distribution.)
0

The distribution of the test statistic 7" is known as the Student t distribution with n — 1 degrees of
freedom:

Definition 2.33 (The Student t distribution) The ¢ distribution with n degrees of freedom,
denoted by t,, is defined to be the distribution of

X
Tn: )

3=
<

where (X,Y,) ~ standard-normal @2 .
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Lemma 2.34 Let T, ~ t,. Then as n — oo, T, converges in distribution to a standard normal distri-
bution.

Proof. Recall: The x?2 distribution is the distribution of || Z||? = Y"1 | Z?, where Z = (Z1,...,2Zy,) ~

77

normal(0, I,,). By the weak law of large numbers, using E[Z?] = Var[Z;] = 1, we know

ﬁ = 1 i Z?2"=% in probability.
noon ¢

(Recall the weak law of large numbers: For ii.d. random variables Ui, Us, Us,... with finite expected value
= E[U;], the following holds for all § > 0:

n— 00
— 1,

P <6

1

ie. >0 Us/n — p in probability.)

Taking X ~ standard-normal, independent of Y,,, we get that T,, = X/4/Y;,/n converges in distribution
to the distribution of X/1, i.e. to the standard normal distribution.

O

Lemma 2.35 (Density of the t distribution) The t,, distribution has the density

ntl 2 —(n+1)/2
fn(t) = M (t— + 1) . (81)

(As a special case, the ¢1 distribution is the Cauchy distribution Cauchy(1). By definition, the Cauchy distribution
Cauchy(a) with parameter a > 0 has the probability density

1 a
ma?+t2°

gt) =

The Cauchy distribution has neither an expectation nor a variance, since the density g(t) decreases only slowly
as t — oo. Note that the density of ¢, decreases only like O(|t|™""!) as |t| — oo, i.e. only like a power law. Thus
when T, ~ t,, one has only P[|T,| > t] = O(t™") as ¢ — oco. This should be opposed to normal distributions,
which decay superexponentially fast at infinity. Intuitively, writing 75, = X/4/Y%/n according to the definition of
tn, Ty takes large values with a much higher probability than X does. Typically, this does not occur because X
takes large values, but because of small values of Y,,. This fact is important for t tests, explained below, at very
small significance levels.)

Proof of Lemma 2.35. Let (X,Y,,) ~ standard-normal ®x2. These random variables have the joint

density
foxvn (@y) = fx (o) fy, (y),
where )
— —z2/2
fx(x) me
and 12
2—71/
_ nj2—1_—y/2
fr.(y) DK e Y=,

(Recall that x2 = Gamma(n/2,1/2).)

We set Q@ = X/VY,. We derive first the joint probability density f(oy,) of (Q,Y,): Consider the
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transformation G : R x RT — R x RT, G(z,y) = (z/,/7,y). It has the inverse G~'(¢,y) = (¢\/¥,y) with
the Jacobi determinant .
det DG™(gq,y) = ‘ \gy e

By the transformation rule for probability densities, we get

= /.

fyn@y) = fix.vn) (G g, y) det DG (q,y)| = fx(avy) fy W)V

To get the marginal density fg for @), we integrate over y:

fola) = /O " i@V fr () dy

L 272 % /e n-1)/2 -0/ g

=—"7 [ € y e y

V2r I(3) Jo

—n/2 &)

__L?2 : /) / e—(@+1)u/2,,(n=1)/2 g

Vor I % 0
B 1 2—n/2r(n+1) (q2+1)(n+1)/2
CVer () 2 2

rt) (n+1)/2

v )
(We used

/ y e MWdy =T(s)A°
0

in the last but one step.)

By scaling with y/n, we finally get the formula (81) for the density fr. of T}, = /nQ:
1 t T n+1 t2 —(n+1)/2
- g () - T (Y
vn NG vnrl (5) n

Let us summarize:
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One-sample t-test for the expectation of i.i.d. normal variables. Assume that X;,..., X,
are i.i.d. normal(u, 0?) random variables with unknown p and unknown o2. Given po € R, consider
the null hypothesis Hy: “u = pp” versus one of the following alternative hypotheses:

L *u> po”,
2. “p < po”,
3. “p# po”

With respect to Hyp, the test statistic

7o VALK o)

follows a Student t distribution with n — 1 degrees of freedom. For the three alternatives above,
one gets the following rejection regions at significance level a:

1. Rl = {T > Qn—l,l—a}a
2. RQ = {T < Qn—l,a}v
3. Ry ={|T| > ¢n-1,1-a/2}

respectively, where gy, denotes the a-quantile of the ¢; distribution, i.e. t¢[] — 00, ¢f,a]] = . For
large n and moderate significance levels, the ¢,,_1 distribution is well approximated by the standard
normal distribution.

Example 2.30 (continued) For the data Xi,..., X,, n = 20, in the introductory example, we get the
mean

— k
X = 2999092
sec
and the empirical standard deviation
1 & km
5x =\| 19 ;(Xj —X)2=105—  (rounded).

Y

Given pg, the rejection region for the 2-sided t-test of the null hypothesis “u = po” on the significance
level a equals
Ro(po) = {|Tpo| > Gn-1,1-a/2}
where _
T - V(X — po)
ro —
SX
denotes the Student t test statistic, and g,,_1 1_4/2 denotes the 1 — /2 = 99.5% quantile of the Student
t distribution with n — 1 = 19 degrees of freedom. Thus we get the 1 — o confidence interval

> SXqn—-1,1-«/2 SXAdn—-1,1—a/2
Ci_a= STl € nc11—a =X - , X
o = (00 5 [Tl < toviagal = | el g M)

Using the numerical value
q19,99.5% = 2.861 (rounded),

which solves the equation

F(lO) /oo < t2 > —10
i) — 41 dt = 05(7,
\/19—7TF(95) 419,99.5% 19 O
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we get the two-sided confidence interval

105 - 2.861 105 - 2.861
05 - 2.86 1299909 + 05 - 2.86
V20 V20

(Let us compare the 99.5% quantile ¢19 99.5% = 2.861 of the t distribution with 19 degrees of freedom with the
corresponding quantile g, 9959 = 2.576 of the standard normal distribution: We still see a considerable difference,
due to the rather slow decay of the t distributions.)

Cooy = 299909 — = [299842, 299976] (rounded; unit: km/sec).

The present-day value of the speed of light is 299792.5 km/sec, which is not contained in our confidence interval.
Two interpretations are possible:

e We could be in one of the unlucky 1% cases, where the true parameter is not contained in the 99% confidence
interval.

e More reasonable, the assumption that p equals the true speed of light might fail to hold, due to systematic
errors, or due to failure of the normality assumption.

A confidence interval for the variance. Next, we derive a one-sided confidence interval of the

form C1_, =]0,02,,] for the unknown variance o2, given i.i.d. normal(u,o?) data Xi,..., X, with

max
unknown g and o. Given o2 > 0, consider the null hypothesis Hy: “0? = 02” versus the alternative

Ha: “0% < 03. We take the empirical variance 3%{ as a test statistic. By Lemma 2.32, with respect to
Hy, (n —1)s% /0% ~ x2_, holds irrespectively of the value of u. Thus we get the rejection region at

significance level a:
—1)s3 —1)s2
Ry = {(n 2)SX < Cnl,a} = {03 > (n )SX } )
0g Cn—1,a

where ¢,_1, denotes the a quantile of the x2 distribution. By duality between tests and confidence
regions, this yields the 1 — « confidence region

Crra =0 27 D4]
Cn—1,a

for the unknown value of o2.

2.13 Comparing two coupled samples.

Example 2.36 Do trouts need more oxygen in fast flowing water than in slowly flowing water? Here
are experimental data, oxygen consumption in mm?® per hour and per gramm weight of the fish:

fast (X;) | 108 122 96 129 98
slow (Y;) | 85 83 69 95 122

Is the oxygen consumption in the first row significantly higher than in the second row? For every column,
let us assume that the data were obtained with the same fish individuals, once experimenting with fast
water, and then with slowly flowing water. In this case, it is not reasonable to assume that the X; are
independent of the Y;.

2.13.1 Comparing two coupled normal samples.

In this subsection, we treat this problem in a parametric model: We assume that the data follow a joint
normal distribution. A non-parametric model for the same setup is treated in the next subsection, below.
More precisely, we assume:

Frame model for coupled normal samples: (X;,Y;), i =1,...,n are i.i.d. random vectors
with an unknown normal distribution (X;,Y;) ~ normal((ux,uy),X) over R?, the expectation
vector (px, py) € R? and the covariance matriz ¥ € R?*? being unknown.
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If there is no effect of the speed of the water on the oxygen consumption, then we could just exchange
the X; and Y; without changing their joint distribution. Thus we are lead to the

Null hypothesis Hy: “X;,Y; are exchangable random variables, i.e. (X;,Y;) has the same dis-
tribution as (Y3, X;).”

In this frame model, X; — Y;, ¢ = 1,...,n, are i.i.d. normal random variables.

With respect to Hy, px = py holds, thus Ey[X; — Y;] = ux — py = 0 holds with respect to all null
distributions Py € Hy. Thus, with respect to Hy, X; — Y;, i = 1,...,n, are i.i.d. normal(0,0?) random
variables with unkown variance 0% = (1, —1)%(1, —1)T.

t test for two coupled normal samples. We may just apply the one-sample t test to the
difference data X; —Y;,i=1,...,n.

We may use, for example, the alternative hypothesis “pux > py”, i.e. “the expected oxygen consumption
in fast water is higher than in slow water”.
2.13.2 Nonparametric methods for comparing two coupled samples.

Reconsider example 2.36: We have no good theoretical evidence that the data is described by a joint
normal distribution.

Nonparametric frame model P for coupled samples: (X;,Y;), i=1,...,n are i.i.d. random
vectors with an unknown continuous distribution (X;,Y;) ~ P over R2.

The null hypothesis, informally described, just looks the same as in the parametric case, although it is
certainly a much larger (nonparametric) class of probability distribuitons:

Null hypothesis Hy: “X;,Y; are exchangable random variables, i.e. (X;,Y;) has the same dis-
tribution as (Y;, X;).”

Let us not specify an alternative hypothesis at this moment; a standard choice could be Hya: (X;,Y;) #

The sign test. Here is a simple nonparametric method for this setup:
With respect to all P in the frame model, 1¢x,<y;3},% = 1,...,n areii.d. Bernoulli(p) random variables
with unknown p = P[X; < Yj].

(Recall: a {0,1} valued random variable X with P[X = 1] =p =1 — P[X = 0] is called a Bernoulli(p) random
variable.)

As a consequence:

The sign test statistic
n
N = Z Lix,<vi)
i=1

is a binomial(n, p) random variable with unknown p with respect to the frame model P.

Let Py € Hy. Using that Fp is a continuous distribution, we get
recall that X;, Y; are exchangeable with respect to Py. Thus

1
Po[Xi < }/1] = 5
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Null distribution of the sign test statistic. For all Py € Hy,

N % binomial(n, 1/2).

For testing Hy, we may use just the rejection domains, depending on the alternative hypothesis, {N < ¢},
{N > e}, {IN — n/2| > c3}, for some critical values c1,cz,cs. In the above example, the oxygen
consumption increased in one out of 5 cases. For a one-sided test (rejection region R = {N < ¢1}), we
get the p value

p = binomial(5,1/2)[{0,1}] = 18.75%.

For example on the significance level 5%, we cannot reject the hypothesis that the oxygen consumption
does not decrease.

The main advantages of the sign test are its simplicity and its robustness. However, the power of the
sign test is not very high.

A rank test for coupled samples. We will develop another nonparametric method for this setup
in this section, without paying the price of additional assumptions, like restricting the frame model to
a smaller class. When one does not have a good indication for using normal distributions in the frame
model, the rank test described in this section is a good choice: It is robust, and its power is not much
lower than the power of the t test.

Setup for the rank test of two coupled samples. The frame model and the null hypothesis
are the same as for the sign test.

With respect to Hy, Z; = X; — Y; has the same (continuous) distribution as —Z; = Y; — X, due to
exchangability. Thus Z1,..., Z, are symmetric i.i.d. random variables. Let o : {1,...,n} — {1,...,n}
be the (unique) permutation that reorders |Z1,...,|Z,| in increasing order:

1Zo)| <1Zo)| <|Zo)| < .- <|Zoml

(Since Z; are i.i.d. variables with a continuous distribution, all numbers |Z1|,...,|Z,| will be different with
probability 1. Thus o is well-defined with probability 1.)

Definition 2.37 (Rank sum test statistic - coupled samples) The rank sum test statistic
for coupled samples is defined by

S = Zjl{za<j)>0}'

j=1
This means: we reorder the data Zi,...,Z, in increasing order of their absolute values, and then take
just the sum of the ranks of positive values among Z1, ..., Z,.

Example 2.36 (continued) Let us consider the difference data:

X; 108 122 96 129 98
Y; 85 83 69 905 122
Zi=X,—Y;, | 23 39 27 34 24

We reorder the data according to |Z;|:
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j 1 2 3 4 5
a(j) 1 5 3 4 2
Zy) | 23 24 27 34 39

Az, |1 0 3 4 5

Thus the rank sum test statistic equals
S=14+3+4+5=13.

(Intuitively, it is plausible that the rank sum S encodes more relevant information than the test statistic N for
the sign test: Not only the sign of the Z; is used, but we also compare their relative sizes. Also, it is intuitively
clear that S is a sensitive measure for deviations of the distribution of Z; from a symmetric distribution.)

The following lemma shows why S is useful as a test statistic in a nonparametric setup: Its null distribution
is universal; it is the same distribution with respect to all Py € Hy:

Lemma 2.38 Let Zy,...,7Z, be any symmetric, i.i.d. random variables with a continuous distri-
bution P, and let the permutation o be defined as above. Then B; := 1{Z,,(,~)>0}7 7 =1,...,n,
are i.i.d. Bernoulli(1/2) random variables. In particular, the null distribution of the rank sum test

statistic .
S=>jB;
j=1

does not depend on Py € Hy.

Proof. Since Z; has a continuous distribution, we know Z; # 0 with probability 1. So let us assume
Z; # 0 for sure. Then

. 1 for Z; >0
sign(Z:) = { -1 for Z; <0

is well defined. Since Z; is symmetric, the conditional distributions of |Z;|, conditioned on sign(Z;) = +1
and on sign(Z;) = —1, are the same. In other words: |Z;| and sign(Z;) are independent.

(Recall the definition of conditional probabilities: P|A|B] = P[AN B]/P|[B], where P[B] > 0. Note that A and B
are independent if and only if P[A|B] = P[A]. Furthermore, recall the definition of a conditional distribution of
a random variable X, conditioned on an event B with P[B] > 0: It is just the distribution of X with respect to
the conditional probability measure A — P[A |B].)

Furthermore,

Plsign(Z;) = +1] = P[sign(Z;) = —1] = 3
Thus 1{z,503, ¢ = 1,...,n, are i.i.d. Bernoulli(1/2) random variables. The random permutation ¢, which
rearranges | Z1|, . . .,|Zy| in increasing order, depends only on the | Z1], ..., |Z,]; hence it is independent of
(sign(Z1),...,sign(Z,)). Reordering the i.i.d. Bernoulli(1/2) variables 1;7,-0y, i = 1,...,n, by the ran-
dom permutation o, which is independent of (117,03, ---,1{z,>0}), yields again Bernoulli(1/2) random
variables. Thus

(Bi1,...,Bn) = (1{26(1)>0}, ceey 1{Za'(n)>0}) ~ Bernoulli(1/2)".

This proves the lemma.
O

Note that the random variables jB; in the definition of the test statistic S are independent with
respect to Hp, but they do not have the same distribution. In order to find the asymptotic distribution
of S as n — oo, we use the following version of the central limit theorem (without proof), which applies
to non-identically distributed independent random variables:
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Central limit theorem — version of Lindeberg-Feller. Let U;, j € N, be independent random
variables with expectation p; = E[U;] and variance 03 = Var[U;] < oo. Set

Y2 =Var[U; +...+ U] =0} +... +02.

Assume that the following Lindeberg condition holds for all € > 0:

—QZ 10—yl zesay] — 0.

Then
1 - n—oo
R E (U; — uj) — standard-normal,

where the convergence is in distribution.

(Intuitively speaking, the Lindeberg condition states that the large deviations of U; from their expected value p;
should only contribute a negligible fraction of the total variance ¥2.)

Let us check that the Lindeberg condition is fulfilled for the random variables U; = jB;, where B;, j € N,
are i.i.d. Bernoulli(1/2) random variables: We calculate:

J J?
:uj:E[ij]:§a Var[ij]:Za

hence

Zj = —n (n+1)(2n+1).

Thus ¥,, grows roughly like n3/2/1/12, while the largest possible value of |jB; — E[jB;]| for j < n is
n/2, which grows slower than n3/2/4/12 for large n. Thus for all € > 0 there is ng > 0 such that for all
n>ng and all j = 1...n one has surely |jB; — E[jB;]| < €X,. Thus the Lindeberg condition is certainly
satisfied. We conclude, using Y27, y1; = n(n + 1) /4:

The null distribution of the rank sum test statistic .S for coupled samples has the following asymp-
totic behaviour for large sample sizes:

mint b — normal(0, 1)
\/ﬁn(n +1)(2n+1)

with respect to Hy:

(convergence in distribution).

Roughly speaking, this means that the null distribution of S is well approximated by a normal(y =
n(n+1)/4,0% = n(n + 1)(2n + 1)/24) distribution for large n. In particular, this approximation allows
us to calculate approximately the rejection domain for the rank sum test for coupled samples for given
significance levels.

Let us summarize:
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One-sample rank sum test.

Frame model P: Z1,...,Z, are i.i.d. random variables with a continuous distribution.
Null hypothesis Hy: “Z; ~ —Z; for all i.”

Test statistic:

S = Zjl{zau)>0}v

j=1

where the permutation o rearranges the data in increasing order of their absolute value.
Rejection domain: For two-sided tests:

R={|S—n(n+1)/4] > c}.
There are similar one-sided versions.

Asymptotic significance level: For large n, the significance level is approximately

—C

a2 ,
\/2—1471(71 +1)(2n+1)

where ® denotes the cumulative distribution function of the standard normal distribution. As
n — oo, this formula gets asymptotically exact. (More precisely, the differences of both sides
converges to 0, uniformly in ¢.)

2.14 Comparing two independent samples

Two groups of patients (maybe of different sample sizes n and m) are treated with two different sub-
stances A and B. One day later, their systolic blood pressure is measured. One gets data X1, ..., X, for
group A and Y7,...,Y,, for group B. We would like to test: Are the two substances equally active, at
least concening the systolic blood pressure? Let us consider a parametric and a non-parametric model
for the joint distribution of (X1,..., X, Y1,...,¥Yn):

|| parametric (normal) model | nonparametric model
Frame model normal(ux,o?)™ @ normal(uy , o2)™ Pr o QM
P (unknown parameters) (unknown continuous distr. P, Q)
Null hypothesis Ux = [y P=Q
Hy

The tests to be developed in this subsection are not sensitive to differences in the variance; they are only
sensitive to differences in the expectation. This is why we even assume the variances of X; and Y; to be
equal in the parametric frame model.

2.14.1 Comparing two independent samples (normal frame model)

Let us examine first the parametric model: From Lemma 2.32, we know

<X o (n=1sk (m— 1)55) o? o?

P = ~ normal(ptx, ?) ® normal(uy, E) X2 ® X201

62



As a consequence,
| 9 9 o?  o? 9
X-Y, ;[(n —1)s% + (m —1)sy] | ~normal(ux — py, o + E) ® X{n—1)+(m—1)-
Recall the following convolution properties:
normal(p1, 0’%) * normal (pz, 0’%) = normal(u; + ue, or + 0’%)7

2 2 2
Xa * Xb = Xa+b-

We get
X-Y)- — 1
(Z, 5’2) = ( ) - (MXl 9 , ;[(n — 1)s§( + (m— 1)5%,] ~ standard-normal@xirmf?
Nntm
and thus o
ntm—2 (X-VY)—(ux —py) _ Z ;
1 1 — 5 — 5 1 ~ In+m—-2
=+ \/(n 1)s% +(m—1)s{ \/m52

by the definition of the Student t distribution. Let us summarize:

Two-sample t test for independent samples.
Frame model:

(X1,.., X0, Y1,...,Y;,) ~ normal(px, o)™ ® normal(puy, 0?)™
with unknown parameters puy, py, o2.

Null hypothesis: “ux = py”.

Test statistic:

With respect to the null hypothesis, T" ~ ¢, —2.
Rejection region (two-sided version): For significance level a,
Ra = {|T| > Qn+m—2,1—a/2}7

where ¢, {m—21-a/2 denotes the 1 — a/2 quantile of the Student t distribution with n +m — 2
degrees of freedom. There are similar one-sided versions.

2.14.2 Comparing two independent samples (nonparametric model)

With respect to our nonparametric null hypothesis, we have (X1,..., X, Y1,...,Yy,) ~ P"™™ with an
unknown continuous distribution P; i.e. we have i.i.d. random variables. What is a reasonable alternative

hypothesis? We define a partial order between probability distributions on R:

Definition 2.39 We say that P is stochastically smaller than Q if there are random variables X ~ P
and Y ~ Q with X <Y. If additionally X <Y holds with positive probability, we say P is strictly

stochastically smaller than Q.
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Here is a test, based on counting how often an X; is bigger than a Y;.

Wilcoxon two-sample rank test; synonym: Mann Whitney U test.

Frame model: (X;,...,X,,Y1,...,Y,,) ~ P*" ® Q™ with unknown continuous distributions P
and Q.

Null hypothesis Hy: “P = Q.
Alternative hypothesis H4: “P is stochastically strictly smaller than @.”

Test statistic:

Rejection region:
R={U<¢}

for some critical value c.

Null distribution of the test statistic: The null distribution of U does not depend on P. With
respect to all Py € Hy,

and

1
Vary[U] = Emn(m—i—n—i— 1).

As m,n — oo, the normalized test statistic (U — Ey[U])/+/Varo[U] converges in distribution to a
standard-normal distribution. As a consequence, choosing the critical value

c = Eo[U] 4+ & (a)y/Varg[U],

one gets approximately the significance level . The approximation gets asymptotically exact in
the limit m,n — oo.

The U test statistic can also be calculated with the help of a rank sum. For details, see exercise 2 on homework

sheet 11.

Proof of the statements on the null distribution of U: Let F' denote the cumulative distribution
function of P. Then, with respect to Hy, F[X;] ~ F[Y;] = uniform[0, 1]. Furthermore, {X; > Y;} =
{F[X;] > F[Y;]} (at least up to a set of probability 0) for all ¢ and j, by monotonicity of F’; recall that
P is a continuous distribution. Thus the null distribution of U does not change when we replace the
X;,Y; by ii.d. uniform[0, 1] random variables; hence the null distribution of U does not depend on P.

We calculate for Py € Hp:

B =YY BXi>y =33 o ="

i=1 j=1 i=1 j=1
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and

Z Covo( 1{X >Y},1{X/>Y/})

I
NE
.MS
NE

s
Il
-
<
Il
—
@\
Il
-
<.
Il
N

Var[U]

3

I
Ms

3

Ms

PoX > Y},X > Y ] Po[Xl >Y3‘]P0[Xi/ > Y}'])

/

1i'=

,_.

=17
(Recall Cov(U,V) = E[UV] — E[U]E[V] and E[14] = P[A].)
We calculate: Py[X; > Y;] = Py[Xy > Y] =1/2 and
fori=1d', j =5

fori=4,j#§ ori#£i,j=j
fori £, j#7

(Note that {X; > Y;}, {X; > Y, } are independent for ¢ # ¢', j # j', and that the probability for X; to be the
smallest one among X;,Y;,Y; (j # j') equals 1/3 by symmetry.)

Po[Xi > Y},Xl'/ > Y}/] =

S [0 [0 | =

Consequently,

1 fori=i,j=y (mn summands)
Covo(lix,>v;3: Lix,>v,)) = & fori=i,j#j ori#d, j=j (mn(n—1)+m(m—1)n summands)

0 fori#d,j#j (m(m — 1)n(n — 1) summands)

(52)

We get:

1 1 1

Vary[U] = mn + (mn(n —1)+m(m —1)n )12 = Emn(m +n+1).

Note that the nondiagonal covariance terms yield the main part of the total variance.

The rest of this proof is optional material.
Unfortunately, due to lack of independence of the summands, we cannot apply the central limit theorem directly
to prove the statement about asymptotic normality.

Since the null distribution of U does not depend on the distribution P of the X;, Y;, we may choose a particular
P, which is most convenient for us. Let us again choose

X; ~Y; ~ P = uniform[0, 1].
The key idea is to approximate 1(x, _v;} — 1/2 by the differences X; — Y;. Indeed, we get the cross covariances
L fori=d,j=4

COVo(l{XrYj}yXi/ -Yy) = % fori=1i',j#j ori#i, j=35"
0 forii, j#7

which coincides with the covariances in (82) outside the diagonal (the main contribution!), but not on the diagonal.

(To check this formula, note that

1 1
COV()(l{Xi>yj},Xi) = COV()(l{XI_>yj}7 —Y}) = ‘/[0’1]2 1{x>y}$d$dy - 5 . 5 = Ev
and
COVO(l{Xi>Yj}7X7,’/) =0= COVO(l{Xi>}"]v}7Y}'/)
for i # i’ and j # j' by independence.)

Furthermore, Varo[X;] = Varo[Y;] = 1/12 together with the independence structure implies

i fori=d,j=4
Covo(Xi — Y, Xy = Yj)=<¢ 1 fori=i,j#j ori#d, j=j |,
0 fori#id,j#75
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i.e. we get again the same covariance structure. Taking differences, all the nondiagonal terms cancel, and only
some diagonal (lower order) terms remain:

& fori=d,j=j
COVO(l{Xi>Yj} — (XZ — }/J), 1{Xi’>Yj/} — (Xz/ — Y7/)) = 0 for i # 7;, or ] # j/ . (83)

(We used Cov(A — B, A’ — B’) = Cov(A, A’) — Cov(B, A’) — Cov(A, B') + Cov(B, B').)

We set

in analogy to

n m
U = Zzl{xl>yj}

i=1 j=1

As a consequence of (83), no nondiagonal terms remain in the following calculation:
Varg[U — V] = ;;Varo Lixis>v;y — (X — Y)} 12
Using Varg[U] = mn(m 4+ n + 1)/12 and Chebyshev’s inequality, we get for all € > 0:

U—V —EU-V] _ Van[U-V]

2
e P 0
0 Varo[U] - Varo[U]

as m,n — oo, i.e.

UfoEo[UfV]_)O (85)

v/ Varo[U]
in probability.
(Recall Chebyshev’s inequality: €2P[|X — E[X]| > €] < Var[X].)
Furthermore,
Eo[V]=0
and, by independence,
Varg[V] = m? Z Varo[X;] +n Z Varo Y] (m n+n m)

By the Lindeberg-Feller version of the central limit theorem,

A — standard-normal
Varg[V]
in distribution as m,n — oo.
(Indeed, we use the right hand side in (84): For all € > 0,
[nX|, |mY;| <n+m < 1—52(m2n +n2m) = e Varg[V]

holds for all large n, m; thus the Lindeberg condition is fulfilled.)

Since
Varo[U]  t5mn(m+n+1) 1
Varo[V] & (m2n + n2m)
as m,n — oo, we also get
\%

— standard-normal

Varg [U]
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in distribution as m,n — oo; thus, using Fo[V] = 0 and (85), we have proven the claim
U—-FEU] U=V —E]U-V] V
v/ Varo[U] Varo[U] Varo[U]

in distribution as m,n — oo.

— standard-normal

O

Let us summarize the tests treated in the last two subsections, which are all sensitive to differences
in the expectation of two samples:

Comparing two samples || normal frame model | nonparametric frame model

sign test,

coupled samples 1-sample t test on X; —Y; 1-sample rank test on X; — Y;

independent samples 2-sample t test Wilcoxon 2-sample rank test

2.15 Comparing variances in a parametric model

Let Xi,..., X, beanii.d. normal(ux,o%) sample, and, independently, Y1, ...,Y,, be ani.i.d. normal(uy, o3 )
sample. In this section, we are not interested in tests on ux, uy; rather we develop a test for comparing
the variances.

Fisher’s f test.

Frame model:
(X1,.., X0, Y1,...,Y;) ~ normal(pux, 0%)" ® normal(uy, o3)™
with unknown parameters ux, 0%, iy, oe-.

Null hypothesis Hy: “ox = oy’

Test statistic:

2
Sx
F == 8_2.
Y
Rejection regions (one-sided version): Ry = {F > ¢y} or R_ = {F < c¢_}, depending on

)

the alternative hypothesis H:{: “ox > oy’ or Hy: “ox <oy”.

(Recall that the empirical variance s% was defined by s% = 31" | (X; — X)?/(n — 1).)

Let us determine the null distribution of the test statistic: By Lemma 2.32, we know

(n— 1>5§< (m — 1)53/ 2 2
< o% ' o} ™ X1 @ X1

Thus, with respect to Hy, the Fisher’s f test statistic is distributed according to the quotient of Sy /(n—1)
and Sz/(m — 1), where (S1,S2) ~ X2_1 ® X2,_1-

Definition 2.40 (Fisher’s f distributions) The Fisher f distribution with degrees of freedom

n,m is defined to be the distribution of F = SS;//:;, where (S1,52) ~ X2 @ x2,. It is denoted by

fn,m-

In particular:
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The null distribution of the Fisher f test statistic is fr,—1 m—1.

The Fisher f distributions are closely related to Beta distributions. Recall their definition:

Definition 2.41 (Beta distributions) Let a,b > 0. The Beta(a,b) distribution is defined to
have the following probability density on the unit interval:

— 1 a—1¢1 _ \b—1
Bap(x) = B(a,b)z (1—z)" 1, 0<z<l.
Here .
_T(@)'(b) _ a—1 b—1
B(a,b) = (a1 /0 271 —x)°  dx

denotes the Beta function.

Lemma 2.42 If
(S1, S2) ~ Gamma(r, \) ® Gamma(s, \),

then
(S1 + S2,51/(S1 + S2)) ~ Gamma(r + s, \) ® Beta(r, s).

Proof: Homework sheet 10, exercise 2.

We apply this to the case
(S1,52) ~ Gamma(n/2,1/2) ® Gamma(m/2,1/2) = x> @ x2,.

Then we know on the one hand

S1
B = ~ Beta(n/2,m/2),
s ~ Beta(n/2,m/2)
and on the other hand 5./
n
F=2Y"~ fum.
SQ/m f ’
Using
_ nkF _m B
nF +m’ " nl—-B
and the fact
d nz nm

drnz+m  (nz+m)?’

we get the following relation between the density fp of B and fr of F:

fF<x>fB< ") M (@ 0)

nx+m) (nx+m)?

and thus

n/2—1 m/2—1
- 1 nw ]__"® nm
Jrla) = B(n/2,m/2) <mc—|—m) < nx—i—m) (nx + m)?

nn/2mm/2 :L.n/Qfl

= B(n/2,m/2) (nx + m)n/2+m/2’
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Let us summarize:

Density of Fisher’s f distribution. The Fisher f distribution f, ., has the density

nn/2mm/2 xn/271

Jr(z) = B(n/2,m/2) (nx + m)n/2+m/2’ x> 0.

The Fisher f test is not robust: Its significance level may change drastically as soon as one deviates a little
bit from the normality assumption, especially in the tails of the distributions. Thus one should not take its
result too serious unless one has good (theoretical) evidence that the data really are normally distributed.
In practise, this is rarely the case. In these cases, one should prefer a non-parametric alternative, like a
rank test on the deviations from the median.

2.16 Asymptotic power of likelihood ratio tests

Consider n i.i.d. random variables X1, ..., X,, with an unknown distribution. Given two distributions P,
and P4 (absolutely conintuous with respect to each other), let us consider the hypotheses Hy: “X; ~ Py”
versus H4: “X; ~ P4”. How much do optimal tests distinguish between Py and P4? Given a significance
level «, how fast does the power converge to 1 as n — 00?

Formally speaking, we use a result space Q", Hy = {P}'}, Ha = {P}}. E§ and E’ denote the expec-
tations with respect to Fj' and PJ}, respectively; in the case n = 1 we drop the superscript n. Here is a
tool to measure how much Py and P4 can be distinguished:

Definition 2.43 The relative entropy (synonym: Kullback-Leibler distance) of Py with respect to
P4 is defined by
H(Py, Pa) = Eo [log f] = Ea[flog f]
with the abbreviation
_dPy

f*dPA'

The function z — zlogz is convex with value 0 and derivative 1 at x = 1. Thus flog f > f — 1 (with
equality only for f =1). Consequently,

H(Py, Pa) > EA[f — 1] = Eo[1] — Eall] =0,
with equality only for P4y = P.
(Recall the following basic property of likelihood ratios:

Ea {%x] — B [X] (86)

holds for all random variables X for which at least one of the two sides is well defined.)

Indeed, the relative entropy measures the asymptotic power of tests. More precisely:
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Lemma 2.44 (Stein’s Lemma) Consider a sequence of likelihood ratio tests with rejection do-

mains aPy
ca"
Ry = { ap? < Cn} c

and significance levels
an, = PJ'[R,].

Assume that the «, are bounded away from 0 and 1, i.e. there is € > 0 such that for all n € N
holds € < a, <1 —€. Furthermore, assume that the relative entropy H(Py, P4) is finite. Then the
power of the tests converges exponentially fast to 1 as n — oo. More precisely,

PX[Rn] —1_ e—nH(Po,PA)+O(Tl)’ (87)

where o(n)/n — 0 as n — oo. Furthermore, the critical values ¢, have the following asymptotic
behaviour:

1 n—oo
Elogcn — H(Py, Pa) (88)

(Recall that “a, "—> a” means: For all € > 0, there is N € N such that for all n > N one has |a, — a| < €.)

Proof. We estimate:

" e L[ 1 dP, 1 dPy L 1
1= Pi[Rn] = PR\ Rn] = P} [—dpon _1} B} [C——dpi] = Ej H =— (8
n A n n

(To understand this estimate, recall (86), and recall the general Chebyshev inequality: For a random variable
X >0, one has 1{x>13 < X; thus P[X > 1] = E[l{x>1;] < E[X] holds.)

We observe

APy 1 APy &
= X, 1 = 1 X;).
aPy E[lﬂ D). log g ; og f(X;) (90)

Recall that X; : Q" — ) denotes the j-th observation. Taking logarithms, we rewrite the rejection
regions as

Z log f(X log Cn ¢ (91)

thus

Z log f(X log cn| = PYRn] € [e,1 — . (92)

By the weak law of large numbers, we know for all § > 0:

1 « -
= log f(X;) — Eollog f]| < 6| "= 1. (93)
n
=1
(Recall the weak law of large numbers: For ii.d. random variables Zi, Zs, Z3,... with finite expected value

u = E[Z;], the following holds for all § > 0:

1 n
~> Zj—n| <
j=1

Note that we use here a version of the weak law of large numbers which does not assume that the variance of

5] .

log f with respect to Py exists.)
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As a consequence, using Ey[log f] = H(Py, Pa):

and

;) < H(Py,Pa)—6| "=30. (95)

S|
B
R
&,j

Comparing (92) with (94) and (95), we conclude that
1
H(Py,Pa) — 0 < —loge, < H(Py,Pa)+6
n

holds for all n large enough. This holds for all § > 0; thus we have proven (88). Combining this with
(89), we obtain one direction of (87):

1
lim sup — log(l — P}[R,)]) < limsup — 1og— = —H(Py, Pa).

n—oo N n—oo N Cn

(Recall that limsup,,_, . an is the infimum of all ¢ € R for which a, > ¢ holds for at most finitely many n € N.
Similarly, liminf,, . a, is the supremum of all ¢ € R for which a, < ¢ holds for at most finitely many n € N.
Furthermore, if limsup,,_, ., a» = liminf, . an, then a, -y a.)

We derive the other direction next. Let 6 > 0. We use the notation E[X, B] = E[X1p] for random
variables X and events B in the following estimate; recall (86) for the third step:

[Py

L A

2%} (96)

[ dPy 1
> pn —nH(Po,Pa)—nd A <
=tal APy T e

L dP}’ —dPy T

= Ep [Py o~ H(Po,Pa)—nd apry < i]

dPy dPy 1
>e —nH(Py,Pa)—nd Pn 77’7,H(P[) Pa)—né <A _ pr A - )
( =app) o lapp

(For the last estimate, recall that for all events A and B one has P[AN B] > P[A] — P[B¢], where B = Q\ B
denotes the complement of B.)

> —nH(Po,PA)—mSPn o~ H(Po,Pa)—nd apry < 1
- =ary =

We estimate the terms in the last expression:

dpP? 1
P |2 > —| =P[R, <1—e
|G > | = PR <1 o7)
Furthermore, by (90) and (94),
pr |e=nt(Po.pay-ns o LA T § log f(X;) < H(Py,Pa) +6| >1— = (98)
", ST g 0, A = 5

holds for all sufficiently large n. Combining (96) with (97) and (98), we see that

1— PX[Rn] > ean(Pg,PA)fnS ((1 - %) . (1 - 6)) _ ean(Po,PA)fnziJrlog(e/Q)
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holds for all large n. Since this holds for all § > 0, we obtain the other direction of (87):

1
liminf —log(1 — P}[Ry]) > —H(Py, Pa).

n—oo N

(Note that “limp oo + log(1—P4[Rn]) = —H(Po, Pa)” is just a different notation for “P}[R,] = 1—e~ (0. Pa)toln)
where o(n)/n — 0 as n — 00.”)

This finishes the proof of Stein’s lemma.
O

Example 2.45 Consider again a possibly biased coin, being tossed n times. Consider the frame model
Q" ={0,1}", P ={Py : 0<p<1},where P)[w = 1] = 1- Py[w = 0] = p. Consider most powerful tests
(rejection region R,,) for testing Ho: “p = po” versus Ha: “p = pa” at a significance level o, € [1%, 10%].
What is the asympotic behavior of the power 1 — 3, = P, [R.] as n — o0?

We calculate the relative entropy of P,, with respect to P, ,:

dP,
H(PPU’PPA):EPO [1og p0:| :(1*1)0)10%

1—po Do
+ pg log —.
dP,, DPo log Pa

1—pa
By Stein’s Lemma, we get

_ n(1—po) npo
Bn — e—nH(PPO,PpA)-l-o(n) _ eo(n) (1 PA) (P_A) ,
1 —po Po

where o(n)/n — 0 as n — co. In particular, the type II risk (3,, converges exponentially fast to 0.

Here is a numerical example to illustrate the fast speed of convergence: For pg = 50%, pa = 20% we get
H(Psgy, Pagy) = 0.223144 (rounded); thus one has the rounded values

n | 10 | 100 | 200 | 1000
exp(—nH (Pso%, Pao%)) || 0.107 | 2.037-107"° | 4.15-107° | 1.23- 10777

This shows: already with moderate sample sizes n, one can get extremely small numbers for e~ (70, P4)

3 Estimating parameters

3.1 Basic definitions

In the previous chapter, we encountered already several times the problem to estimate unknown param-
eters:

o In the 2 test for composite hypotheses, we replaced unknown parameters by their maximum
likelihood estimation.

e In the derivation of the t test, we replaced the unknown true standard deviation o by an estimation,
the empirical standard deviation s.

e Confidence intervals also have some flavor of an estimation problem: Instead of giving only one
estimated value, we give a whole region of “plausible” values for an unknown parameter.

Let us first formally define the notion of estimators:

Definition 3.1 (Estimators) Consider a frame model (Q,P) and a parameter § : P — R". An
estimator 0 for 0 is a random variable 6:0— R".
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Given data w € €, the estimated value for the unknown true parameter 6(P) is 6(w); it can be determined
from the known data w. Here P € P denotes the “true”, but unknown underlying probability distribution.

(In the definition of estimators, we did not impose any condition asking that the estimator should be a “good”
one. For example, 0 is an estimator for every parameter, but in many cases, it is a rather bad one.)

Let us discuss a few criteria to evaluate the quality of an estimator:

Definition 3.2 (Unbiased estimators) An estimator  for a parameter 6 is called unbiased, if
for all P € P one has

Ep[d] = 0(P).

Here Ep means the expectation with respect to P € P.

Thus an estimator is unbiased, if its expectation Ep[f] is the true parameter §(P), whatever the “true”
P cPis.

Example 3.3 Let X1,..., X, bei.i.d. random variables with an unknown distribution P and an unknown
finite expectation u(P) = Ep[X;].

Formally speaking, we use the nonparametric model
y g

P ={P"™ : Pis a probability distribution on R with finite expectation u(P)}
on Q =R", and X;(w) is the i-th component of w € €.)

The sample mean

X:

S|

Il
-

X;

is an unbiased estimator for the unknown expectation pu(P), since
Bl = L 30 Bppx = ()
plAl = - plAq] = p(L).

Every X, is an unbiased estimator for u(P), too.

Example 3.4 In addition to the previous example, let us assume that the Xi,..., X,, ~ P have a finite
variance o%(P). Then the empirical variance

1 _
G =LY X
1=1

is an unbiased estimator for the unknown variance o?(P). We have proven this in the last chapter if P
is restricted to be a normal distribution. Here is a general proof: -
We observe the following orthogonality relation between (X; — X) and (X — u(P)):

Y Epn[(Xi = X)(X — u(P))] = Epa[(nX = nX)(X — u(P))] = 0.

i=1
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Using X; — u(P) = (X; — X) + (X — u(P)), we get the following Pythagoras-like conclusion:

no?(P) = Z Epn[(X; — p(P))?]

=57 Bpnl(X; = X)? 4 2(X; — X)(X — p(P)) + (X — u(P))?

= > Benl(Xi = 02 +2 ) Benl(Xi = D)X = u(P)] + Y Benl(X = u(P))

= (n— 1)Epn[s%] + 0+ n Varp:[X]
= (n—1)Epn[s%] + o*(P),
where we have used

_ 1 & o?(P
Varp» [X] = — ZVarpn (X;] = ( ),
i=1

n
which follows by the independence of the X;. This implies the claim for all P:
Epn[s%] = o*(P).

On the other hand, the empirical standard deviation sx is mot an unbiased estimator for the standard
deviation o(P).

(To see this, one may use Jensen’s inequality: If f is a concave function and X is a random variable with values
in the domain of f, then

E[f(X)] < f(E[X]).
Furthermore, if f is strictly concave and X is not constant with probability 1, then

E[f(X)] < f(E[X]).

In particular, using that the square root function is concave, we conclude

Bpnlsx] = Bpnly/s] < /Bpnlsk] = Vo2 (P) = o (P)

whenever the X; are not constant with probability 1.)

Although it is nice to have unbiased estimators, there is no unbiased estimator in many cases, and in
some cases, one even prefers to have a bias.

Here is a real world example, communicated by R. Gill: The length needed for a transatlantic sea cable was
estimated. When the cable finally was positioned, it turned out to be a few hundred meter too short. The end of
the cable fell into the sea, causing a big financial loss. The engineers should have better used a biased estimator
for the length of the cable!

Consider an i.i.d. random sample X1,...,X,, ~ P, i.e. we consider the joint frame model
Pt ={P" : PcP}

over Q" for some single-observation frame model (2, P).

Definition 3.5 (Consistent estimators) A sequence of estimators 6, : Q" — R™, n €N, for a
parameter 6 : P — R™ is called consistent, if for all P € P and for all ¢ > 0 one has

lim P" (|0, — 0(P)| > e} =0,

i.e. 0, — O(P) in probability with respect to P™.
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Speaking intuitively, the probability to have a large error |6, — 0(P)| for the estimation should get
arbitrarily small as the sample size n grows to infinity.

Example 3.6 As a consequence of the weak law of large numbers, the means X,, = 2?21 Xi/n,n €N,
yield a consistent sequence estimators for the expectation pu(P) = Epn[X;].
3.2 Maximum likelihood estimators and the method of least squares

We considered one method to find estimators already several times in this lecture. Consider a parametric
frame model P with likelihood function p: Q x © — [0, 00[, (w, 8) — p(w|f). Recall:

Definition 3.7 (Maximum likelihood estimators) The mazimum likelihood estimator for the
parameter 8 € © for the observation w € ) is defined by

éML(w) = argmaxycg p(w|f),

provided there is a unique mazimum of p(w|-).

Example 3.8 A (possibly biased) coin is tossed n times. Using the frame model
P = {binomial(n,p) : 0 <p <1}

for the observed number of “heads” w € Q = {0,1,...,n}, we find the maximum likelihood estimator for
the unknown parameter p: The likelihood function is

flw,p) = <Z)p‘“(1 -p)".

Given w, we maximize f(w,p): We calculate for 0 < p <1, 0 < w < n:

9 9 w o n—-w
—log f(w,p) = —(wlogp+ (n —w)log(l —p)) = — — ,
o5 105 F(@.0) = - (o + (n - w)log(1 —p) = &~ T
which equals 0 at the point
- w
PuL(w) = 7 (99)

Note that the log-likelihood function p — log f(w,p) is concave; thus the zero of the derivative is indeed
a maximum. (The case w € {0,n} needs a special consideration: there, the maximum is obtained at
the boundary pyi, € {0,1}. However, (99) holds in this case, too.) The result yields what one would
intuitively guess: The maximum likelihood estimator of the unknown probability to see “head” is just
the observed relative frequency of “heads”.

Example 3.9 The oxygen contents y; (in mg/1) of the water in a lake at different depth z; was measured.
Here are the data:

Let us use the model that there is an unknown linear relation between the oxygen contents and the depth,
up to unknown random errors:
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Frame model:
y; =azr; + b+ ¢, i=1,...,n
n

where (€1, ...,€,) ~ normal(0,0?)" with unknown parameters a, b, and o2. Let us treat the z; as fixed
numbers, defined by the experimental design, and y; as random numbers.

Let us find the maximum likelihood estimator for a and b: The likelihood function equals

fy1,. .., ynla,b, 0?) = (27702)_"/2 H e—ci/(20%)
i=1

_ n 2 1\ 2
exp{glog(%ra ) — T‘Q;(yz —ax; — b) }

Given 02, let us examine when this expression gets maximal:

Method of least squares for the regression line. The maximum likelihood estimator a, b for
the unknown line parameters is specified by the optimization problem

n n

Z € = Z(yz —az; — b)? = minimal .

i=1 =1

This means: One tries to minimize the sum of the squared error terms.

Let us interpret the problem geometrically: Consider the vectors y = (y1,...,9n), X = (1,...,%,), and
1=(1,...,1) in R™ Then

n

> (i — azi = b)* = ||y — ax — b1|]?,

i=1
i.e. we are searching for the point in the 2-dimensional linear subspace span(x, 1) of R which is closest
to y. Taking partial derivatives with respect to a and b, we get

0
0= a_||y—ax—b1||2:2(x,ax—|—b1—y)
a

0
0= %”y—ax—blHQ:2(1,ax+b1—y)

Geometrically, this is obvious: the error vector ax + b1 — y has to be orthogonal to the vectors x and 1
that span the linear subspace. We get the linear equation

(e &) (5)=(8%) (100

or, equivalently

n n

n
afo +Bzwi = inyi
i=1 i=1 i=1

n . n
=1 i=1

which has the following solution:
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Coefficients of the regression line.

(x,y) (x1)

P (Ly) (1,1) _ ny o wy — O i) Q00 i) _ i_y Ty
x,x) (x,1) nS a2 — (N )’ a2 — (7)?
1,x) (1,1)
(x,x) (x,y) _

l;: <1,X> <17y> _ (Z?:l l’g) (Z?:l yl) - (Zz 1 $Z) (Zz 1 xzyz _ xig - jx_y
(%) (x, 1) n Y, a? = (S )’ 2% — (z)?
(1,x) (1,1)

We abbreviated f(x,y) := >, f(xi,:)/n to denote the average of the f(x;,y;). Note that the denomi-
nator is closely related to the empirical variance of the x;, since

-1 —
z s2 =22 — (2)%

We get:

Regression line. The regression line can be written as
y=ax+b,

or, equivalently, as
y—y=a(r— 1)

In particular, the regression line goes through the center of mass (g, ) of the data points.

+
S

To prove this, we just note that §y = ax

Next, consider a more general model: Consider a (possibly overdetermined) linear system of equations

Ax = b,
where
aill N A1n
_ . . . mxn
A=+ - |ermm
aAm1 cee Qmn

x = (z1,..,2,)" € R", b = (b1,...,by)" € R™. We assume that m > n and rank(4) = n, ie.
the system is indeed overdetermined; thus there is at most one solution x. Now consider a random
perturbation b = (by,...,b,,)T of the right hand side b, where

¢ :=b — b ~ normal(0, o%1,,)

is a normally distributed error vector with expectation 0. Suppose we know the matrix A, and we
can observe the perturbed (random) right hand side B, while b and x are unknown; x is treated as a
(unknown) parameter. Since the system is overdetermined, the perturbed version A% = b in general
will not have a solution x anymore. Let us find the maximum likelihood estimator for the unknown x:
Abbreviating ¢ = — 2 log(27m ), the log-likelihood function equals

lel> __J4x—B|?>

log f(b|X) =Cc— 20_2 - 20_2
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(Recall that the density of the normal(0, 0%I,,) distribution equals g(e) = e exp{—||¢||*/(20%)}.)

Geometrically, we phrase our optimization problem as follows:

The method of least squares. The maximum likelihood estimator x for the unknown parameter
x is characterized by

|A%x — BH2 £ minimal,

i.e. it is determined by the point A% in the range Im A of the linear map x — Ax which is closest
to the perturbed right hand side b.

The error vector AXx — b must be orthogonal to Im A. This is geometrically obvious, but let us do a
calculation to check it algebraically:

10

0= Ax — b||?
5 4% B
a m n 2
=~ ady — b
= 22 Qi (Z Qikly — 51) ;
i=1 k=1
thus we have for all for y = (y1,...,y,)" € R®
0= 3N aiy; (Z aindy — 6i> = (Ay, A% —b) = (y,ATAx — Ab).
j=1i=1 k=1

Hence Ay is indeed orthogonal to the error vector AX —b. Let us summarize:

Least square estimator for a perturbed overdetermined linear system. Consider the

overdetermined linear system
Ax=Db

with a given matrix A € R™*™ rank A = n < m. Assume that x € R™ and b € R™ are unknown
parameters, but a random perturbation

b ~ normal(b, 0%1,,)
is known. Then the maximum likelihood estimator X for x is determined by the n x n linear system
ATAx = Ab,
ie.
x=(ATA)'4ATb.

One has ~
IIb = Ax,

where IT := A(ATA)~1 AT denotes the orthogonal projection to the n-dimensional linear subspace
ImA CR™.

(I = A(ATA)7' A" is indeed the orthogonal projection to Im A, since for all y € R™ one has
[TAy = A(ATA) AT Ay = Ay,
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and since for all u € (Im A)* and z € R™ one has
(z,Tu) = <1_ITZ7 u> = (Ilz,u) = <A(ATA)_1ATz7u> =0,
because of A(ATA)"'ATz € Im A L u, and hence ITu = 0.)

Let us now consider the residuals A% — b, i.e. the error terms, caused by the failure of the maximum

likelihood estimator x to solve the overdetermined linear system “Ax = b” precisely. Its squared norm
r?2 = ||AX — b||? is called the “residual sum of squares”.

Lemma 3.10 (Joint distribution of the least square estimator and of the residuals)
For the normal frame model, the least square estimator X and the residual vector AX — b are
independent of each other. Furthermore,

O -
(%, = | A% — b||?) ~ normal(x,c?(ATA)"H @ X2, _,..

Proof. We abbreviate B
€ := b —b ~ normal(0, 0 1,,).

Then
Ax — b =1Ie

and B B ~ B
b—Ax =b—1IIb = (I, — )b = (I, — e,

since b = IIb € Im A. Thus A% — b and b — A% are the components of € in ITm A and in (Im A)*,
respectively. We get

Ax—Db II
2m ~ —
K B(bAfc) (Lnn)6
2 II T ) _ o (11 0
Nnormal<0,a (Im—H >Im(H o I — 11 )> norma1<0,o ( 0 I, —TI ))

(Recall that T = TI" = TI?, and recall the behaviour of the normal distribution under linear transformations:
X ~ normal(y, ¥) implies BX + ¢ ~ normal(Bu + ¢, BEB").)

Thus A% — b and b — A% are independent.
(Geometrically, this is clear because of the rotational invariance of the normal(0, 0*I,,) distribution.)

As a consequence,
%= (ATA)TTAT[(Ax — b) + D] (101)

and A% — b are independent, too. Furthermore,
A% — b ~ normal(0, o*I1)
and (101) imply
% ~ normal((ATA)"1ATb,0?(ATA)"PATIIA(AT A)~!) = normal(x, o2 (AT A)7h).

Finally,
1 -
—(b — AX) ~ normal(0, I,,, — II)
o
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implies
1 ~
— || A% —b|]* ~ ¥
1A% =B ~ 2

by the rotational invariance of the standard normal distribution, since I,,, —II is an orthogonal projection
to a (m — n)-dimensional subspace of R™.

O

Example 3.11 (Regression line — reconsidered) Givenzy,...,2, and y1,..., yn, consider the overde-
termined system of equations

ary +b =1,
azry + b = ya,
axy +b=1yn

for two unknown parameters a and b. In matrix notation, we get

z1 1 7

) 1 a Y2
: b -

Ty 1 Yn

T 1 1
T1 T Tn ry 1 EAL {1 m T Y2
11 1 : b )=\ 1 ’
Tn 1 Yn

" (=i =) G) -5 )

which is again the 2 x 2 linear system for the coefficients of the regression line.

3.3 Sufficient statistics

Example 3.12 (Comparing two frame models for coin tossing) Consider the following two frame
models for tossing a (possibly biased) coin n times:

e 0 ={0,}1", P = {Bernoulli(p)” : 0 <p < 1}. In this model, the whole list of “heads” and “tails”
is recorded.

e O =1{0,1,...,n}, P’ = {binomial(n,p) : 0 < p < 1}. Here, only the number of “heads” is
recorded.

The first model can be mapped to the second model by using the sum statistic
X:0—-Q, X(wl,...,wn):Zwi.
i=1

Intuitively, one has the impression that no “relevant” information gets lost in this “compression proce-
dure”: The precise order of the “heads” and “tails” seems to be irrelevant. Assume that we observe
k = X(w), but not w = (wy,...,w,). What do we know about w, when the “true” distribution for the
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random experiment is P, = Bernoulli(p)”? The conditional distribution of w with respect to P, is the
uniform distribution on

{X:k}:{(W1,,wn)€Q : Zwi:k}’
i=1
since every w € {X = k} has the same probability

P[{w}] = p*(1 —p)" "

In particular, this conditional distribution does not depend on the choice of P, € P. The extra information
“precise order of heads and tails”, which gets lost by keeping only X (w), has the same conditional
distribution given X(w) for all P, € P. Consequently, it cannot provide any information about the
unknown FP,. We say that the statistic X is sufficient; it contains already all relevant information.

Recall the notion of conditional distributions: Let X : & — R™ be a random variable on 2, endowed
with the probability distribution P. In the discrete case, the conditional distribution P[ - |X = k] of P
given X = k is given by the conditional probabilities

P[AN{X = k}]

PIAX =K = = 55—

for all events A C (.

Here is the property of conditional distributions which is most important for us:

General conditional distributions. The conditional distribution P[-|X] with respect to P
given X is a probability measure A — P[A|X], depending only on the value of X, such that for
all events A C Q2 and for all random variables f(X), depending only on X, one has

Ep[PIAIX]f(X)] = Ep[Laf(X)], (102)

whenever the right hand side is well-defined.

This characteristic property of conditional distributions holds in general, for the discrete case and for the
continuous case. To illustrate the characteristic property (102), let us check it in the discrete case:

Let f(X) be a random variable depending only on X. Then

BrlPAIXIS 01 = 32 PALX = HIOPLY =N
- ZMf<k>P[X — ¥
- ZPAm{X = K7
. Y @i

ko w X(w

=Y L f Pl
weN
= Ep[laf(X)].

We have prepared all tools to define sufficient statistics in general:
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Definition 3.13 (Sufficient statistics) Consider a statistic X : Q@ — R™ on a frame model
(Q,P). The statistic X is called sufficient, if the conditional distribution P[-|X] is the same for
all PeP.

(Precisely speaking, on has the freedom to modify “the” conditional distribution on events of probability 0. We

ignore this fact in this lecture.)

Intuitively speaking, the extra information, which is not encoded in X, is described by P[-|X]. If this
extra information does not depend on P, it does not help us at all to recover relevant information about

PcPp.

Theorem 3.14 (A criterion for sufficiency) Let (2,P) be a frame model and X : Q@ — R™ be
a statistic. For all P,P' € P, assume that the likelihood ratio dP/dP’ exists and depends only on

the value of X :
dP

dp’
Then X is a sufficient statistic.

@) = frp (X)), we

Proof. Let A C Q) be an event. We check that P[A|X] = P’[A|X], i.e. the conditional probability of A
given X does not depend on the choice of P € P. Let f(X) > 0 be random variable that depends only on
X. Let E, E’ denote the expectation corresponding to P, P, respectively. We get, using that dP/dP’(w)
is a function of X (w):

Ewwmmmvﬁmmmmﬂﬂ

dP’

=F [1Af(X)

= E[1af(X)]
= E[P[AIX]f(X)];

dP
dpP’

and thus P'[A|X] = P[A|X] (with P-probability 1), since the calculation holds for all choices of f(X).

(Recall that for |E[h(X)]|,|E[R (X)]] < oo, E[R(X)f(X)] = E[}(X)f(X)] for all f implies h(X) = h'(X) with
probability 1.)

Hence X is sufficient.

The following corollary yields a large class of examples for sufficient statistics:

Corollary 3.15 (Sufficient statistics for exponential classes) Let (2,P) be an exponential
class with natural statistic X. Then X is sufficient.

Proof. Let 6§ € © denote the natural parameter corresponding to the natural statistic X (recall Definition
2.7). According to the definition of exponential classes, one has a likelihood function

_ 9@ 0.x(w
f(w]f) = mew X,

Let 6,0’ € © be two parameters, and Py, Pyr € P be the corresponding probability distributions. Then

dPy () = flwlo) 2(9/)6(9—9/,)((@)
dPy flwlor) — Z(0)
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is a function fg ¢ (X (w)) of X (w); hence Theorem 3.14 is applicable.
U

Example 3.16 A Geiger counter is read off every second out of n seconds. In second i, it detects V;
a-particles. We use the frame model

(N1,...,N,) ~ Poisson(\)", A>0.

This is a n-th power of an exponential class; thus it is an exponential class. The natural statistic is the
total number of detected particles
n
N=>"N;.
i=1

By corollary 3.15, the total number N of counts is a sufficient statistic.

Example 3.17 Let Xi,..., X, be i.i.d. normal(y,o?) random variables with unknown z and unknown
o2. By Example 2.8, the one-dimensional normal distributions X ~ normal(yu,c?) form an exponen-
tial class with natural statistic X, X?; thus (3_1, X;, > .~ X7) is a natural statistic for the power class
{normal(y,0?)" : p € R,0% > 0}. Hence (3., X4, > 1, X?) is sufficient. The average X and the empiri-
cal variance s3 encode the same information as this statistic, since one can determine (37" | X;, 1" | X7?)
from (X, s%) and vice versa:

_ 1
X==- "X, 103
- ; (103)
1 & 1 i ?
2 — X2 - — X; 104
S nflizz1 " onn-1) (Z_Zl ) (104)
and
ZXi =nX (105)
=1
> X7 =(n—1)sk +nX? (106)
=1

Thus (X, s%) is sufficient, too. Intuitively speaking, this means:

The sample mean X and the empirical standard deviation s% contain already the whole relevant infor-

mation about an i.i.d. normal sample X1,..., X,.

3.4 Uniform reduction of the expected quadratic error

Here is another measure to evaluate the quality of an estimator:

Definition 3.18 (Expected quadratic error) Let 0 be an estimator for the parameter 6 : P —
R™. The expected quadratic error is defined to be

Ep[lf —6(P)]?], PeP.

Ifé is unbiased, then

Ep[|0 — 6(P)|*] = Varp[d).

An important tool in this section (and in many other contexts) is the notion of conditional expectation
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E[Y|X] of a random variable Y, given another random variable X.

For discrete X, the conditional expectation equals

EY1ix—p]

BIYIX =k = 5z —

Let us recall some basic properties of conditional expectations, which hold in general, for discrete and
for continuous random variables:

Conditional expectations. Let X and Y be random variables on (2,P). Assume that E[Y] is
finite. The conditional expectation F[Y|X] of Y given X is the expectation of ¥ with respect to
the conditional distribution P[-|X]. It is a random variable depending on the value of X, such

that
E[EY|X]f(X)] = E[Y f(X)] (107)

holds for all random variables f(X) depending only on X for which E[Y f(X)] is well defined. In
particular,

ElYg(X)[X] = E[Y[X]g(X) (108)
holds for every random variable g(X) depending only on X for which the right hand side is well
defined.

(Strictly speaking, many statements about conditional probabilities hold only with probability 1. We ignore this
fact here.)
Indeed (108) follows from (107), since E[Y|X]g(X) depends only on X, and since
E[E[Y|X]g(X)f(X)] = E[Y g(X) f(X)]
holds for all f for which the right hand side is well defined.

(Recall again that for |E[R(X)]|, |E[M (X)]| < oo, E[MX)f(X)] = E[}(X)f(X)] for all f implies h(X) = h'(X)
with probability 1.)

To illustrate (107), let us check it in the discrete case:
E[E[Y|X]f(X)] =) _EY|X = Kf(k)P[X = k]
k

E[Y1{x—p

-y SR weix - i
k

= ST BN L] (R)
k

=F

Y Z 1{X_k}f(k)1
%
= E[Y f(X)].

Let us now use conditional expectations to lower the expected quadratic error of an estimator in the

presence of a sufficient statistic:

Given a frame model (92, P), let 6 be an estimator of a parameter 6 : P — ©. Assume that 0 has a
finite variance Varp [é] < oo for all P € P. Let X be a sufficient statistic. By the definition of sufficiency,
the conditional distribution P[-|X] is the same for all P € P; thus the conditional expectation Ep|[f]X]

with respect to P € P is the same for all P € P, too; we write Ep[0|X] = Ep[0|X].
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Theorem 3.19 (Rao—Blackwell) If X is a sufficient statistic, then for all P € P,
Bpl|Epl01X) — 0(P)?] < Eplld — 0(P)?). (109)

If 0 is an unbiased estimator for 0, then Ep [é|X] is an unbiased estimator, too, and
Varp[Ep[0]X]] < Varp[d]. (110)

Equality in (109) and (110) holds if and only if Ep[é|X] =0, i.e. if 0 is a function of X (with
probability 1).

This means that one can lower the expected quadratic error of an estimator uniformly by taking the
expectation with respect to a sufficient statistic.

Proof. Let P € P. We abbreviate 6’ := Ep[0|X] and 6 = 6(P). By (108),
Epl0?) = Ep[Ep|00'|X]] = Ep[06']

and
Ep|(6—0')(0' — 0)] = Epl00'] — Ep[0™] + Ep[0')0 — Ep[A]0 = 0

holds; note that Ep|0'] = Ep[0]. We use the decomposition
0—0=(0—0)+ (0 —0)

in a “Pythagoras-like” argument:

Epl(6 — 0)%) = Ep[(6 — 0')%) + 2Ep[(0 — 0') (@' — 0)] + Ep[(0' — 0)?] (111)
= Ep[(0— 0] + Ep[(0' - 0)°] (112)
> Ep[(0' - 0)7), (113)

where we have equality in the last step if and only if # = § with probability 1. This proves (109). (110)
is an immediate consequence of (109), since for unbiased estimators we have

Eplf] = Ep[0'] = 0(P)
and thus R R A R
Varp[0'] = Ep[(0 — 0)?] < Ep[(6 — 0)?] = Varpld].
This finishes the proof of Rao-Blackwell’s theorem.
O

Example 3.20 Let X1, ..., X, bei.i.d. normal(y, c?) random variables with unknown parameters p, o
Since Eu 2 X1l =pu holds X 1 is an unbiased estimator for p with variance o?. By example 3.17, T =
(X, s%) is a sufficient statistic. Let us calculate the conditional expectation of X given T: E, ;2 [X [T
is a function of T only, and by permutation symmetry of the X,..., X,,, it cannot depend on i. Thus

ZX

Since X is not equal to X; with probability 1 (at least for n > 1), Rao-Blackwell’s theorem implies that
X is an unbiased estimator, too, with a lower variance than X;. Indeed, we know

1 n
B2 [Xa|T] = ~ > B2 [Xi|T] =

i=1

By o2 X|T] =

2
Var, ,2[X] = % <0 = Var, .2 [X1].
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3.5 A lower bound for the expected quadratic estimation error

In the last subsection, we described a method to reduce the variance of an unbiased estimator. However,
the variance cannot be reduced arbitrarily far. There is a principal lower bound:

Theorem 3.21 (Cramér—Rao inequality, synonym: information inequality) Consider a
one-parametric frame model P = {Py : 0 € ©} with likelihood function f : Q x © —]0,00],

© C R being an open set of parameters. Let 6:0 — R be an unbiased estimator for 8. Assume
that for all 8y € O, there is a neighborhood U of 6y such that

9 dPy
90 dPy,

~ 0 dPy
E —
] < 00 and 00 [sup 989 Py,

S

ocU

} < 00. (114)

Then the following lower bound for the variance of the estimator holds for all 6 € ©:

R 1
Varg[0] > Varg [ log f(w]0)]

(115)

In many applications, the technical condition (114) is fulfilled. Then (115) yields a lower bound for the
variance of an unbiased estimator which does not depend on the estimator.

Definition 3.22 (Fisher information) The quantity

Ip(6) = Varg [% log f(w|9)}

is called Fisher information.

The main tools in the proof of Cramér-Rao’s theorem are an exchange of differentiation and expectation
and the Cauchy-Schwarz inequality.

The Cauchy-Schwarz inequality. If U and V are random variables with finite variance, then
the following inequality holds:

E[UV)? < E[U%|E[V?).

(Here is a proof of the Cauchy-Schwarz inequality: If E[U?] = 0 or E[V?] = 0, then UV = 0 with probability one.
Thus the Cauchy-Schwarz inequality holds in this case. In the case E[U?] > 0 and E[V?] > 0, we set

U/: v )
E[U?
T—
VED
We get [UV]
, N2y 2 ) 127 i
0<E[(U +V')]=EUT£2EUV]+ E[V7] =142 E[U?E[V?]

The Cauchy-Schwarz inequality is an immediate consequence. )

Proof of the Cramér-Rao inequality. We check the information inequality at a point 6, € ©O.
Without loss of generality, we may assume 6y = 0; otherwise we replace the parameter ¢ by the shifted
parameter 6 — 6y, and replace the unbiased estimator 6 by 6 — 0y, too. This assumption just serves to



simplify the notation. Since 6 is an unbiased estimator for 6, we get for all € U:

- ~dPy
= F, = F — .
0 9]0 0 |:9dP0]

We differentiate with this equation respect to 6 and use the Cauchy-Schwarz inequality. The technical
condition (114) guarantees that we may exchange differentiation and expectation:

& dPy\°

00 dP,
(We use the following fact without proof: Let X be a random variable and U be an open set, and g be a function
of two variables which is differentiable in the second variable. If

. (116)

d ~dPy ~ 0 dP
= =Eo 956 R,

} < | ol

sup
yelU

a%g(X y)'

has a finite expectation, then
1o} d
E|—g(X = —F[g(X
|90 = S Ela(X.y)

holds for all y € U.)

We evaluate (116) at 0 = 6y = 0 and observe Varo[f] = Ey[f2]. Furthermore,

0 dPy 0 f(w|d) 0
— ——(w = — = — o w6
20 am, ) oo 00 f(]0)|,_, 00 g fwlf) o
holds.
We get the following version of the Cramér-Rao inequality:
) o 2
Varg[f] Eo (% log f(w|9)) ] > 1. (117)
6=0

To derive the information inequality (115) from this version, we calculate:

- = 7]

0 dPy
= {%a}

d _ [dP,
= —Fy | =2
do O{dPJ
d

= g Lell]

Fo [% log f(w|9>}

6=0 6=0

0=0

6=0

:O’

6=0

where exchanging the derivative and expectation is again allowed because of the technical condition (114).

We get
9 2
(5100 ) ]

Combining this with (117) finishes the proof of the Cramér Rao theorem.

Ey

= Varg {% log f(w|9)}

=0 =0
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Lemma 3.23 (Additivity of the Fisher information) The Fisher information is additive
with respect to i.i.d. repetitions:

Ipn(0) = nlp(6).

Proof: If f(w|f) is the likelihood function for P, then [] ; f(w;|0) is the likelihood function for an
n-fold 1.i.d. repetition. Let (wi ...,wyn) ~ Pj. Then

0]

—1 ; =1,...

g fwilo),  i=1,....n

are i.i.d. random variables. We get
oo (6) = Varey |3 Dtog £(l6) | = - Varey [ 1og f(wil6)] = np (0
pn(0) = Varpp 59 108 f(wi —i:1 arpp | 55 l0g flwi =nlp(0).

i=1

O

Example 3.24 (Optimal unbiased estimators for the expectation in a normal model) Let us
calculate the Fisher information for the parameter p in the parametric model

P = {normal(u, c®) : p € R},

where 02 > 0 is fixed. Let X ~ normal(u,0?). Then

0 [ (X — p)? w—X o? 1
IP(M) = Va'r,u,O'Z |:8_[,L (T - lOg V2ro? = Val'#_’a.z T = F = ;
Let X1,..., X, be iid. normal(y,o?) random variables and /i be an unbiased estimator for p such that

the technical condition (114) holds. Then the Cramér-Rao theorem yields

1 1 o2

ST () m

Varmgz [[L]

This lower bound is reached for the unbiased estimator i = X. In this sense, the mean of the data is an
optimal unbiased estimator.

(A famous result of Stein shows that one cannot drop the assumption that /i is unbiased in this example: At least
for normal distributions in higher dimensions, there are (biased) estimators for p that have an uniformly smaller
expected quadratic error than the expected quadratic error of the mean X as an estimator of the expectation u.)
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