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Abstract

In this note we characterize regular perturbations of finite state Markov chains in terms of
continuity properties of its fundamental matrix. A perturbation turns out to be regular if and only
if the fundamental matrix can be approximated by the discounted deviation from stationarity for
small perturbation parameters. We also give bounds to asses the quality of the approximation.
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1 Introduction

In the theory of Markov chains the fundamental matrix (denoted by Z) is a key notion that is often
used to establish identities for mean hitting and occupation times (see for instance, [9] and [1]). In
recent years a lot of work has been done on the analysis of perturbed Markov chains, a line of research
stemming from Schweitzer’s seminal paper [11]. In these works, the probability transition matrix
P is replaced by P., where ¢ is called the perturbation parameter and the asymptotic properties (as
e — 0) of the resulting Markov chain are the subject of investigations. A recent survey of results
emerging from these studies - many of which concern the limit of Z., the fundamental matrix of
the perturbed process as ¢ — 0 - can be found in Avrachenkov et al [2]. However, it is well-known
that the fundamental matrix can also be obtained as an “Abel limit” of powers of deviations of the
probability transition matrix and the stationary distribution matrix of the underlying Markov chain.
Here the discount factor « is the parameter of interest and the limit is as &« — 1, from below.

In view of the above it is evident that the asymptotic analysis of Z, as ¢ — 0 actually constitutes
a study of an iterated limit of the matrix U(a,e) = > ,uq (P, — PX)!, first as a — 1 and then
as ¢ — 0, where P’ is the stationary distribution matrix of the perturbed Markov chain. This
immediately raises the question of whether the latter is consistent with the reverse iterated limit of
U(a,¢e). To the best of our knowledge, this question has not been studied up to now.

The fundamental matrix of a perturbed Markov chain is also used in applications of stochastic
analysis to combinatorial optimisation and control theory. For instance, in [7], [4] the [1, 1]-element of
the fundamental matrix of Markov chains associated with the Hamiltonian cycle problem embedded
in Markov decision processes provides the global minimum precisely for the chains corresponding
to Hamiltonian cycles. These Markov decision processes, in fact, constitute a family of perturbed
Markov chains. The problem is that they may be periodic and in general they allow a multichain
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structure. Thus the question of whether the corresponding fundamental matrices can be adequately
approximated by matrices of the form U(a, &) becomes quite relevant. Of course, the interchange-
ability of the limits (with respect to a and ¢) is a key requirement in this context.

Consequently, in this note we derive necessary and sufficient conditions for the above interchange-
ability of limits and, in the process, we characterise certain continuity properties of the fundamental
matrix in terms of the perturbation parameter, for perturbed Markov chains with a possibly periodic
and /or multichain structure.

Consider a Markov chain &, ¢t = 0,1,..., on a finite state space S with (stationary) transition
matrix P, which has entries p;; = P{&+1 = j|&§ = i}. The Cesaro sum limit ([15])

P = lim —

T—oo T

IIMH

always exists and is also called the stationary matriz. Here PO =T and P® is the t-th iterate of

P. The fundamental matriz
Z=(1-P+ P!

exists as well and is given by

[ee]

7 =lim a'(P — P* = hm— (P — pP*)" 1.1
EPP i 7 25 )

The stationary matrix P* is a solution to
P*P=PP*=P" (1.2)
and the fundamental matrix Z is a solution to

ZP*=P'Z =P

PZ=2P=27+P —1L (1)

Note that the stationary matrix is, generally, not the unique solution to (1.2). In contrast, the
fundamental matrix is the unique solution to (1.3). A less restricted system suffices: suppose that
the matrix A solves

P*X = P*
PX=X+P -1,

then A = Z. Indeed, let A and Z be two solutions of (1.4)-(1.5). Then, by (1.5), A—Z = P(A—-Z).
Iterating this, we obtain A — Z = P®(A - Z),t=0,1,2,.... Hence

1 T-1
g2 O (A —
A—Z f;P(Aén

Taking the limit 7' — oo yields that A — Z = P*(A — Z) = 0 by virtue of (1.4). We will need this
result later on.

Instead of the matrix P we consider a set of perturbed but stochastic matrices P., ¢ € (0, &¢],
such that P, is close P for € sufficiently small. In other words, we assume that

lim P, = P.
€l0



Example 1. Take any multichain Markov chain with transition matrix P. Define P, = (1—¢)P+-¢L.

Example 2. Take the same multichain Markov chain. Define E by E;; = 1 for all ¢,5 € S. Define
P.=(1-¢)P+ 4E.

All quantities associated with an e-perturbation have a subscript €. For notational convenience, we
indicate all operators associated with the original matrix by subscript 0, so that we write F, instead
of P, and so on.

One might expect that Z, can be approached by 7% af(P. — P*)" for a close to 1 and ¢
sufficiently small. The latter expression may be computationally more tractable in some contexts.
Preferably, one would also wish to have bounds on the difference between the limit and its approxi-
mation.

In order to investigate this problem, we recall the definition of a regular perturbation. A collection
of e-perturbations, (0, g], is called regular, if lim. |y P¥ = Pj. Schweitzer ([11], Theorem 5) showed
that lim.)o PX = F§ if and only if lim. o7, = 19, where v, is the number of closed classes in the
e-perturbed Markov chain. Since v, has only integer values, the latter holds if and only if there exists
€1, 0 < €1 < gg, such that v, = 1y for € < e7.

As a consequence, Example 1 is a regular perturbation, whereas Example 2 is not. The latter is
called a singular perturbation.

2 Main Results

As before, we define
U(a,e) = Zat(PE — P
>0
By virtue of (1.1), limyy; U(a, €) = Z,. The posed problem now reduces to investigating the following
two questions:
(i) Under what conditions

limlimU(a,e) = limlim U(a, €)? (2.1)
all €0 €10 afl

(ii) Under what conditions is this limit equal to Z,?

The following theorem supplies an essentially complete answer to the above questions.

Theorem 2.1 The limit on either side of (2.1) is finite if and only if the e-perturbation is regular.
In that case we have

E]qullalfg Ula,e) =Zy = lg1lno1£1[1%1 Ula,e).

While this result is not unexpected! - to the best of our knowledge - it has not been formally stated
and proved, hitherto. Furthermore, its proof is not entirely straightforward and hence it has been
divided into a sequence of four lemmata that are proved in Sections 3-5, below. The latter also derive
some of the tools needed to establish an approximation result that is discussed next.

It is easy to see that (cf. Schweitzer[11], Theorem 5) there is an enumeration of the recurrent classes
Ry of P, (respectively, R of P.) for 0 < € < e, such that Rf C R!, n = 1,...,19. Choose
b, € Ry, n=1,...,19, and denote B = {by,...,b,,}. We will call by, a reference state and B a set

Tt may, indeed, be known to some experts.



of reference states (for the chain &y, associated with F,). Note that B is a set of reference states for
all e-perturbations, with € < e1. Let d denote the period of the Markov chain associated with F,.
One can choose €1 small enough, so that the period of all e-perturbations, € < ¢1, is at most equal
to d.
Choose 0 < 0 < 1, tg and €2, 0 < g2 < €7, such that for all ¢ € S there exists k € {0,...,d — 1}
for which
Z pg’o;k) >, fore<es. (2.2)
beB
This is possible for § small enough, that is, for § < min;eg pess mip-
Furthermore, let

d—14 1
)07 c=2- 1

_ 252 l/to
- e LR (2.3)

n=(1-

The main approximation result of this paper can now be summarized in the statement of the following
theorem.

Theorem 2.2 Let a set of reqular e-perturbations, be given, such that v = 1y, e < e1. Let0 < < 1
and to be such that (2.2) holds. Choose constants ¢ and (3 as in (2.3). Fix time N > 1 and let positive
constants v and €3 < €2, be such that

() )

Sup E : | Pije = Pijo
7 .
J

<7, for e<es,t<N.

Then gv-1 a )
—

Z |Uij(a75) - Zz‘j,o| < 2cN e < es.
J

As mentioned earlier, the proofs of these results are broken up into a number of components. One
reason is that the proof of Theorem 2.1 requires distinguishing between aperiodic and periodic
perturbations.

3 Characterizing regularity

In this section we prove a lemma that contains some useful conditions characterizing regular pertur-
bations. Note that to establish Theorem 2.1, we shall need to show that the existence of the limit
limg1 limg o U (e, €) implies the existence of the limit lim, o Z..

Lemma 3.1 i) Suppose that either limit

limZ, =A
€l0

or
limlimU(o,e) = A
all €0
exists for some finite S x S-matriz A. Then, A = Z; and the set of e-perturbations is regular,
that is, lim. o P; = Fj.

ii) If the set of e-perturbations is regular, then limgyq lim. o U(a,€) = Z,.



Proof. Assume that the limit lim, |y Z, = A exists for some finite matrix A. We adapt an argument

from Spieksma ([13], p.72). Consider the set of matrix limit points of P¥ as ¢ | 0: these are also

stochastic matrices. Take any limit point B and a sequence {ey,}, | 0 such that P¥ — B, n — oo.
First note that P, P* = PX P. = P (1.2) implies

by taking the limit n — oo and using that all matrices are finite matrices. Similarly, (1.4) for &,

implies that
BA=B. (3.2)

By (1.5),
A= lim Z., = lim (P, Z. +1-P)=PA+1-B.

n—oo n—oo

Hence,
A=1—- B+ P)A, (3.3)

whence by subtracting zF)A from both sides, z € C,
(I-2P)A=1—-B+ (1—-2)RA. (3.4)

For z, with |z| < 1, the inverse matrix (I — 2P,)~! exists and equals

(T— 2Pt =" 2'R.
>0

Multiplying both sides of (3.4) by this inverse matrix yields

A= NP a-B)+ -2 Y 2R A
>0 t>0
= S APV B+ (1-2) | Y SRV | RA, (3.5)
t>0 t>0

since Po(t)B = B, for each t = 0,1,---, by virtue of (3.1). Now, putting z = =z € Ry and taking the
limit as T 1 in (3.5) implies

A=1m S 2P — B) + PrA,
o=

because
lim(1 - ) | Y 'R | ByA= P;RA = A,
o1l t>0

where the first equality above follows from finiteness of the state space and the fact that limg;(1 —
)Y >0 xtPét) = Pj by a now classical result due to Blackwell [5]. Next, for z < 1

Sa(BY - B) =Y (P — Py + 'Ry - B), (3.6)

t>0 t>0 >0



because Y, z' converges. Since lim;11 Y, $t(P(§t) — B) and limg11 ) ,~¢ l‘t(Pét) — Pj) both exist
as finite limits, necessarily the limit lim,1 ;502! (P — B) exists. However, P} — B is independent
of ¢, and so this limit can only exist if P} = B.
Any limit point of the sequence P must henceforth be equal to Py and so we have lim, o P} =
Fy.
As a consequence, the limit matrix A is a solution to (3.3) and (3.2) for B = Fj. This is the
determining set of equations (1.4), (1.5) for the fundamental matrix Z,, so that A = Z,,.
Next, we assume that
limlimU(a,e) = A
all el0
for some finite matrix A.
Again we consider the set of matrix limit points of the sequence { P} }.|o. Take any limit point
B and a sequence &, such that lim, .. P2 = B. As before, BF,y = P)B = B.
By dominated convergence

lim U(a,ep) = lim Zat(PEn — P
n—oo

n—o0 En
t>0
= > o(Py-B)
t>0
= Y o - B)+B. (3.7)
t>0

One can now follow the argument from (3.6) onwards to obtain that B = Pj = lim.|g P;. Taking
the limit a T 1, yields limgy limp—oo U(er, €) = Z,.
In order to prove (ii), we assume that the set of e-perturbations is regular. Then

lim U = i tp.— prt
i (a,€) Sﬁ}t>oo‘( . — P7)

= Zat(Po_Pék)t,

t>0

by dominated convergence, regularity and the fact that |(P, — P(;‘)gj\ <2fori,je Sandt > 0.
Taking the limit « T 1 yields the required result. QED

4 Analysis of aperiodic perturbations

For completing the proof of Theorem 2.1, it suffices to show that regularity of the e-perturbations
implies the existence of the limit lim.oZ, or, equivalently, of the second iterated limit
Hmalo limaTl U(Oé, 6).

This follows largely from results by Dekker and Hordijk [6] on denumerable state Markov deci-
sion chains with compact action spaces. One can view the perturbation parameter £ as a control
parameter. Their conditions translated to the finite state space case, reduce to: (i) continuity of the
one-step transition probabilities and the one-step rewards as a function of the control parameter, and
(ii) continuity of the number of closed classes as a function of the stationary, deterministic policies.
A consequence of their theory is, that the fundamental matrix is a continuous matrix function of the
stationary, deterministic policies.

Here we would have the same situation, if we would allow to ‘mix’ the perturbation parameters
across initial states. However, this is merely a formal matter. The proofs in Dekker and Hordijk for



deriving continuity of the fundamental matrix, apply in the general setting of a compact parameter
space, the parameter indexing policies or a perturbation parameter, etc.

However, these proofs do not yield any bounds. We prefer to give an alternative proof using
coupling techniques, that does allow us to obtain the bounds as in Theorem 2.2. For the bounds we
do not use any prior knowledge of the stationary distributions at play.

However, to achieve this we have to reduce the problem to the case of aperiodic e-perturbations,
that is, that all transition matrices P. correspond to aperiodic Markov chains, for ¢ sufficiently small.
Assuming this, one has (cf. [1])

ZEZZ(Pa_PE*)t:Z(Ps(t)_P;)+P:' (4'1)

t>0 t>0

The proof for the general case (allowing periodicity) will follow from a transformation trick.

In order to obtain bounds, we will need a result on uniform exponentially quick convergence of
the marginal distributions to the stationary matrix. To this end we will use a standard coupling
argument (cf. Thorisson [14]), that we will describe first.

Let {X¢, X/}1—0,1,... be a bivariate stochastic process on S x S and let 7 be a stopping time, such
that P{X; = X/,t > 7} = 1, that is, from stage 7 on the chains coincide. Then we have the following
bound:

DIP{X =} —P{X{ =3} < D> Eflix—j — Lixg=pl
: .

J

< Y Eyxmjr<ty — Liximjr<n + OBl xmjrst — Lixi—jrst)]
j j

= D Ellxmjrsn — Lxi=jrst)]
j
< 2E1{T>t} = 2P{T > t}‘ (42)

We aim to apply this by constructing a bivariate stochastic process in such a way that P{X; =
it = pl(;)g and P{X] = j} = pjj.- Then the distance of marginal and stationary probabilities will
be bounded by tail distribution of the coupling time.

Let us now be given a Markov chain with transition matrix P. Let Rq,..., R, be the recurrent
classes of this chain, R = UY_ R, and T = S \ R is the set of transient states. Choose a set of
reference states B = {b1,...,b,}, by, € Ry.

Fix i € R,. Let {X;}; and {f(t}t be two independent Markov chains with the same transition
probabilities, but different, independent, initial distributions: P{Xy = j} = d;; and P{X, = j} =
pp,j»J €S. Let 7 =min{t > 1[X; = X; = b,}. Define a third Markov chain {X/}; by

X t<r
X;=3 " N 4.
t { X, t>T. ( 3)

This is essentially the usual coupling described in Thorisson ([14]), Chapter 2.4. Now, (4.2) implies
that

S - bl < 2P{7 >t} (4.4)

J

In the case of initial states that are transient, we have to couple the two processes somewhat dif-
ferently. One has to ensure that the two processes are absorbed, with probability 1, in the same
recurrent class.



So let i € T'. Let a denote the absorption probability in the class R":
(L? = P{Utzl{Xt S Rn} | Xo = ’L}

Then pj; =ai py ;.7 €S, > e, Pij = a;i and Yoo jal=1.

Divide the unit interval (0, 1] up into v left open, right closed intervals I;(n) of length al. Each
of these intervals we further partition into denumerably many left open, right closed intervals I(¢, )
of length |I(t,5)] = P{X; = 7,Xx & Rn,k < t|Xo =i}, t = 1,..., j € R,. Additionally, we
partition each interval I(¢,5) into (#7T)'~! left open, right closed intervals I(t,7,i1,...,i; 1), with
i1,...,0t—1 € T, of length

[I(t, 7,01, i—1)| =P{X1 =i1,..., Xs—1 =d—1| Xo =4, Xe = j}HI(t, 7)].

Finally, we partition each interval I(¢,j,i1,...,4;—1) into left open, right closed intervals
I(t, 7,41, .. ,it_l,j/) of length pznj/u(t,j,il, coyii—1)], j' € Ry.

At time 0, we select a random number u from the unit interval (0, 1]. The interpretation is that
- if u € I;(n) - this selects the recurrent class that the two chains to be constructed, will be absorbed
in. Furthermore, if u is also in I(t, j), then this selects the time ¢ and the particular entrance state j
into that recurrent class, for the chain starting at i € T'. If, additionally, v € I(t, j,1,...,4—1), then
this selects the sequence of transient states that leads to hitting R,, at time ¢ in state j. Finally, if
w € I(t,j,i1,...,0t—1,7"), then j’ is the initial state for the chain starting with initial distribution
pl, with j, 7’ belonging to to the same recurrent class.

Suppose now that the randomly sampled number from (0,1] is u € I(to, jo, i1, - -, itg—1, J), With
J0,Jo € Ryn. Run two independent Markov chains { X 14 }+>0 and {)N(t}tzo, with the same transition
matrix P, and initial states P{ X, = j} = d;,; and P{X, = j}N: G-

This whole construction forces both chains {X¢}+>0 and {X;}+>0 to absorb in the same recurrent
class with probability 1, while preserving the marginal probabilities of the states.

Moreover, given that both processes enter recurrent class R,, the distributions of the two pro-
cesses upto the entrance time, are independent. And last, but not least, conditioning on X; = 7/,
yields a bivariate stochastic process, the (conditional) distribution of which at time ¢+ s is the same
as the distribution at time s of the bivariate process starting with initial state Xy = /. This is
important in deriving a bound on the tail distribution of the coupling time.

Define 7 = min{t > 0| X; = X;, X; € {b1,...,b,}}. For the processes to couple, it is necessary
for the first process X; to have entered the set of recurrent states. Again, define a third chain {X7}+>¢
by (4.3). Then (4.4) holds. In the aperiodic case d = 1, so that (2.2) reduces to

. t
infy " pl?) 26, e<e,
beB

and in (2.3) we have n = 1.

Lemma 4.1 Assume the existence of €' < ey, such that the collection of e-perturbations, 0 < & < €',
is reqular. Assume that all transition matrices P., 0 < &’ < e are aperiodic. Let e1 < & be such
ve = vy for € < e1. Then for the constants 6, €2, ¢ and 3 given by (2.2) and (2.3) with constant
n =1, we have

t *
sup g \pl(j?g — Pl <c p, t=12,..., e<es. (4.5)
) A
J

Proof. Fix ¢ < g9. We consider the ‘embedded’ transition matrices Pg(tto), at times 0, tg, 2to, . . ..
The embedded chain {X;}; has the same stationary matrix as the original one. Define a coupling as



described above, for the embedded chains. Note that given that Xy € R, the stopping time 7 is a
coupling time only since v, = vg!
For i,7/ € R, n=1,...,v, one can show by a standard induction argument that

P{r>t|Xo=1i,X)=1}<(1-8) (4.6)

Indeed,
P{r<1|Xo=1i,Xy=1i}= pgtO) P, e 2 6%,

bn,e
since pj, .= Z]ER? Phjc pﬁ‘ia > ¢. Now assume that (4.6) holds for t = 1,...,tp. Then

P{r>ty+1|Xo=1i,X,=1i}
= > P{r>to| Xo =4, Xg=j"IP{X1 =4, X] = 4| Xo =i, Xy = i'}
jujIER?’j?&bn
+ ) P{r>to| Xy =bn, X] = P{X) = by, X] =5 | Xo =i, X =i}
J'ERDj'#bn
< (1 =6)"P{(X1,X}) # (b, bn) | Xo =i, X4 =4’}
(1—8)P{r >1|Xo=1i,X) =1} < (1)l

Hence, fori € R, n=1,...,v,
P{r>t|Xo=1i} <(1-6>). (4.7)

If ¢ is transient for the e-perturbed chain, one has

P{r<1|Xo=1i} = > P{I(1,by,by)|Xo =i}
n=1
t *
= Z pgbi)yf pbnbm6
n=1

> pggg; > §2.
n=1

v

This implies (4.7) for t = 1.
Assume that (4.7) holds for t = 1,...,¢y and all states . Then

P{r >ty +1|Xo=1}

= Y P{r>to+1]|Xo =1, X1 =i }P{X1 = | Xo = i}
i'gB

+3° N P{r>to+ 1] X =14, X1 = by, X| = j}P{X1 = by, X] = j'| Xo = i}
n=1j'€Rr #by,
= Y P{r>to| Xy =i}P{X, =i| X, =1}
i'¢B

1%
+3° 3" P{r > to| Xo = by, X = j'IP{X1 = by, X] = j'| Xo = i}
n=1j'€RL,#bn

(1= 0%)"P{r >1|Xo=1i} < (1 —6%)TL,

IN



Hence, by (4.4)
Z P = il <2008

Moreover, for k =ttg + 7, 0 < r < tg,

k (tto)
DoIpe = pl = B3 L p — pie)
J
(tto)
S Zpujgz|pyjog - p;k)],€|

< 2(1—52) :

Combining yields
SIpY, — Pl <2 (- <o p
;
QED

Lemma 4.2 Assume the existence of €' < e, such that the collection of e-perturbations, 0 < & < &',
is reqular. Assume that all transition matrices P., 0 < e < &’ are aperiodic. Then

lim Z, = Z,.
el0

Proof. By Lemma 4.1, there exist 2 > 0, €5 < &/, and positive constants § < 1 and ¢ such that (4.5)
holds for € < g9. Hence, by dominated convergence and regularity,

t t
Z (pz(j?an — Pijen) = Z (pz(’j?O = DPijo) M — 00,

t t

for any sequence €, — 0, n — oco. By regularity and (4.1), we obtain that lim, .. Z., = Z;. QED

5 The aperiodic transformation

This section discusses a data-transformation (cf. Schweitzer [12]), showing that is sufficient to restrict
to the aperiodic case.

Following the construction of Example 1, let A € (0,1) and put P, , = Al + (1 — A\)F.. All
previous notation with subscript A added, denotes the corresponding quantity for the transformed
chains. By inspection one has P; \ = PZ. First, we note that

Ur(a,e) = Zat(Pa,A* VK

Next, we rewrite the first term on the right side of the last equality in terms powers of P,:

Yot = S o'+ (1- NP
t=0

t=0

10
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_ ; ( gﬁ <;> AL A P Yo

— ia"(l — AP Z (Z) ()"
- 1—)\042_:[ 1—)\a } P,

Putting o/ = (1 — N)a/(1 — M), yields the relation

1 Ao

U)\(OC,E) = 1— )\OZU(O/,{:‘) -

P (5.1)

Note that & — 1 <= o — 1. In view of (5.1), the fundamental matrices Z. and Z. are related by

1 A
Zoy = Z. - pr. 2
AT IoNTE o (5:2)

We may now prove Lemma 4.2 for a general collection of e-perturbations, n =1,2,....

Lemma 5.1 Assume the existence of €’ < g, such that the collection of e-perturbations is reqular
fore <&'. Thenlim. |y Z, = Z,,.

Proof. Regularity of the e-perturbations implies regularity of the transformed e-perturbations.

Hence, Lemma 4.2 applies to the transformed set of e-perturbations, so that

1 A
Zy — Py.
0T 7T _"0

llmZ,=Zg\ =
;ﬂg €, 0,\ -\

By (5.2) and regularity of the set of e-perturbations we obtain

lim Z, = lim(1 — \)Ze ) + AP* = (1 = N)Zop + AP = Z,.
el0 €l0

QED

Theorem 2.1 now follows immediately from Lemmas 3.1 and 5.1.

6 Bounds

To establish a bound on the difference
[]((x,g) - 2307

as in Theorem 2.2, we can now employ the result of Lemma 4.1.

Proof of Theorem 2.2. First assume that for some ¢’ < e3 all e-perturbations are aperiodic. Note

that g
> ol - P*t—cd—ﬂ’

j t>N

11



where 8 = (1 — 62)"/% and ¢ = 2- (1 — 52)t51_1, i.e. the constants # and ¢ are given by (2.2) for
n = 1. Hence,

Z ’Uij(aa g) — Z'ij,0|
J

* t *
< Z{\ D ol (Po = B 4| 3 (P = P3| +|Z (95 = viie) = 2o + ho)l |
i >N t>N
N
ﬁN t * * t *
< 2o 3D (610 = p) = (e = i) = (= (B = #1501}
i t=1
N-1
< 24 ﬁ+ ST = s+ =) S — ol +
t=1 j J
N-1
t *
Y =a) Y pige — Pl (6.1)
t=1 j
By assumption, the first summation is at most (N — 1)7, and the last one is at most
N-1 N—-1t-1
Z (1-aheB' = ¢(1-a) o gt
t=1 t=1 k=0
N-2  N-1 e(1-a)
— - S ot gt < © Zakﬁlﬁ-l
k=0  t=k+1 ﬁ k>1
< e(l— 02
(1-75)

We have to bound the difference 3, [ p; . — pj;ol:

1 N-1
Z|p;kj’5_p:]70‘ S Z“ﬁje—pz]g )‘+Z|p’b‘70 pZ]O |+Z‘p15 - 7,]0 )|
J J
< 28N 4.

Combination with (6.1) yields

N—-1

Z|Uij(a,e) 2]0\<20Nﬁ 6+2N7+c(11__g)2. (6.2)

This proves the theorem for the aperiodic case.
Next we turn to the general case. Fix A € (0,1). We use the notation from Section 5, but we
interchange the roles of o and ¢, so that now

_(1—)\)0/ ;L «
S Rl v p Wegh

Rewriting yields

U(aye) = Zy = (1= N)(Ux(d',e) = Zox) + M(PF — Py) + M1 — ) (Uxr(d,e) — PY).

3
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Fix initial state ¢ € S. Then pz(g);k) > § implies that

Put A = (d —1)/to, then

pgz?,)e,x & <totE k:) (1 a dt_o 1>t0<t0 Ci_di 1)k 0

vV
VR
—
|

ISH
|
—_
—
~
S
Il
3
g

where 7 is defined in (2.3). Moreover, Zj ]pl(;)a — pg.’)o| <7, t< N —1, implies

(®) (t)
E :|pij,s,)\ - pij,O,/\|
J

t

t n —n n n
DI ERIER VD DIEFEH
n=0 J

IN

Now, the assertion for the aperiodic case, applies to the transformed e-perturbation, ¢ < e3, with
constants
6 =nd,
E=2-(1—n22)t ~1, 3= (1—n262)% and discount factor o/ > a. Note that 3, 3 and & are
precisely the constants from (2.3).
Putting this together, by virtue of (6.2), we get for A = (d — 1) /%o

~ BN*l ~ 1—06/
|Uij(a,e) — Ziio] < (1 —=XN)(2eN ~ 4+ 2Ny +c———
21 ’ S =
~ 1
~aN—1 N\
+)\<2cﬂ +v+(1 Q)cl—ﬁ)
AN—1 1—a
< aNI T pony et
1-p (1-p5)
The result follows since o/ > a. QED

7 Conclusion and open problems

In this paper we have characterised regular perturbations by means of the existence of finite limits
in both sides of (2.1). For singular perturbations it is not clear whether either limit exists and if so,
under which conditions they are equal.

Notice however, that the limit

lim li = i tcp, — Pl
lim lim U (e, £) lim > | o (Fy — Fp)

(Ps — Fy) (7.1)
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always exists componentwise in the extended reals, provided that the limit Pé = lim. o P} ex-
ists. Haviv and Ritov [10] (see also Avrachenkov and Lasserre [3]) studied the the case of analytic
perturbations, i.e.

oo
P.=Py+ ) ay,
k=1
where G, are S x S matrices. Under the assumption that all perturbed Markov chains are unichain,
they showed that the fundamental matrix Z_ admits a Laurent expansion in a neighbourhood of
€ = 0. This implies that also lim, ¢ Z. exists in the extended reals.

The question is whether lim.|g Z. = limgq1 lim. o U(a,e). We will give two examples, one of a
linearly perturbed Markov chain and one of an analytically perturbed one, where this is not the case.
In fact, the examples show that in general there does not seem to be much of a connection between
the values of either limit for singularly perturbed Markov chains.

Example 1 The first example is a three state, linearly perturbed Markov chain. More particularly,
S ={1,2,3} and

-1 1 0

P=I+e¢| 0 -1 1

1 0 -1
Then Py =1 and Z, =1, but L1
3 3 3

o1 1 1) 50

11 1
3 3 3

Denote P} = lim.|o P*. By virtue of (7.1) we have

2 1 1
5§ —3 —3 00 —00 —00
. B - 102 1
lImU(a,e) =1+ -3 5 —3|—=|-00 o0 -o00o], all
ELO l_a 1 1 2 . o
-3 —3 2 00 —00 00

Note that oo occurs precisely in those entries where Pé and Py differ! This is consistent with the
bounds in the previous section.

However,
ZE = PE + — 3 3e 0 — —00 o0 3 , & J, 0.
0 —3—16 3—16 % —00 00
Here we have the situation where lim.9Z;,. = 1/3 is finite and positive, whereas
limgyg limg o Ur2(a,€) = —oo. The next example shows, that the reverse situation may happen
as well.

Example 2 Again we consider a three state Markov chain, but now we have an analytically perturbed
one of the following form

-1 10 0 0 0 00 0
P=TI+e|l 0 0 0] +&*|0 -1 1]+{0 0 0
0 0 0 0 0 0 1 0 -1
Then, again, Py =1 = Z,. However,
1 e ¢ 1 0 0 1
= e 1] R=(00 1), elo
tete 1 00 1
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By (7.1), one has
o 1 0 -1 oo 0 —oo
limU(a,e) =1+ ——(P; — Py =1+ 01 1] =10 o0 —00], afl.
10 1=a “\o 0 o 0 0 1
On the other hand,
1 e+¢et 1—e+¢3 —1 42 oo o —0
Zé_:ﬁ —2 4t 1—e+e?24 —14e+e?2 |- -1 oo —-oo|, €l0.
e(l+e+e?) et —e 4¢3 £+ g2 0 —oc0o o

Structured cases, when the discount factor is of the form a = 1 — €*, for a rational number k and
€ | 0, may yield further insights as they did in a related analysis of the Cesaro sum limit reported
in Filar et al [8]. This is potentially important for the application to the Hamiltonian cycle problem
considered in [4] and [7].

One can also consider to extend our results to the denumerable state space case. In this case the

fundamental matrix need not always exist, even if the stationary matrix exists. However, even when
it exists, it is not clear under what conditions it can be approximated by a discounted deviation
from stationarity of a perturbation for a small perturbation parameter. It would be interesting to
find sufficient regularity conditions for the validity of such an approximation.
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