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Abstract - -  Zusammenfassung 

The Order of B-Convergence of the Gaussian Runge-Kutta Method. In this note the exact order of  
B-convergence is determined for the m-stage Gaussian Runge-Kut ta  method.  For m = l this order is 2, 
whereas for m _> 2 this order turns out  to be only m. 
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Die B-Konvergenzordnung des Ganss'schen Runge-Kutta Verfahrens. In dieser Note best immen wir die 
exakte B-Konvergenzordnung des m-stufigen Gauss 'sehen Runge-Kut ta  Verfahrens. ]:fir m = 1 ist diese 
Ordnung 2, wfihrend sieh ffir m _> 2 nu t  m a l s  Ordnung ergibt. 

1. Introduction 

In this paper we deal with the numerical solution of the initial value problem 

U'(t)=f(t, U(t)) (O_<t_< 7), U(O)=u o. (1.1) 

Here u o denotes a given vector in the n-dimensional complex vectorspace C", and 
f :  ~ x C " ~  C" denotes a given function. It is assumed throughout that 

Re(f(t,~)-f(t,~),~-~)<O (for all t~R and ~ , ~ C " )  (1.2) 

where (., .) denotes an arbitrary, but fixed, inner product on C". 

If (1.1) has a solution U(t) with a continuous j-th order derivative U~ (for 
0 < t _  7) we use the notation 

I[ g Ilj=max {I g")(t)l : 0 < t <  T and i=0,  1 . . . . .  j}. 

Here [ ~ [ stands for ~ when ~ e C". 

The class of problems (1.1), (1.2) comprises (non-linear) initial value problems that 
can be arbitrarily stiff while I[ U I1~ is of moderate size (see e.g. [6], [-7]). 

The general Runge-Kutta method applied to (1.1) reads 

yi=uk+h ~ aijf(tk+c~h, yj) ( /=1,2  ... .  ,m) (1.3a) 
j = l  

3* 
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m 

uk+ 1 =Uk+h  ~ b ; f ( t k+Cjh ,  yj) (1.3b) 
j - 1  

where aij, bj are given real coefficients and cj = ajl + aj2 + . . .  + aj,, (j = 1,2, ..., m). 
With h > 0 we denote the stepsize, t k = k h and the vectors u k ~- U (tk) are computed by 
applying (1.3) successively for k=0 ,  1,2, . . . .  

The stability properties of method (1.3) with respect to problems (1.1) satisfying (1.2) 
were investigated in [2], [4], where the concept of B-stability was introduced. A 
convergence property related to B-stability has been given in the important paper 
[7]. We formulate a slightly adapted definition: 

Definition 1.1: Method (1.3) is B-convergent of  exact  order p if p is the largest 
number for which there are constants 7 > 0, h 0 > 0, j > 0 such that 

[U(tk)--ukl<_~hP.[IU[l j  ( fork>_O,O<tk<_T,O<h<_ho)  (1.4) 

whenever the u k satisfy (1.3) and U(t) is a solution to (1.1) with a continuous j-th 
order derivative. 

In this definition 7, ho,j may only depend on aij, bj, T(and not on f ,  u 0, n or the inner 
product (. ,  .)). The right-hand member of(1.4) is thus independent of the stiffness of 
(1.1). 

The purpose of this paper is to study the exact order of B-convergence for the well- 
known Gaussian Runge-Kutta method (which is characterized at the beginning of 
section 4). 

In section 2 we review some known results on orders of convergence of the Gaussian 
method, and we formulate our main result in theorem 2.3. Our proof  of this theorem 
is based on lemma 2.2 which is also formulated in section 2. 

In section 3 we prove a simple lemma giving upper bounds for orders of convergence 
for the case of arbitrary Runge-Kutta methods of type (1.3). 

In section 4 we turn again to the Gaussian method. We prove our key lemma 2.2 by 
using the material from section 3 and a few special properties of the Gaussian 
method. 

2. Known Results and New Results on Orders of Convergence 
of the Gaussian Runge-Kutta Methods 

We first list the results on B-convergence known to us from the literature. 

In [7] it was proved that the m-stage Gaussian method satisfies (1.4) with p = m. 

In [8], [10] this order result was improved for the case where m = 1. It was shown 
that the Gaussian method with m = 1 (the implicit midpoint rule) satisfies (1.4) with 
p=2 .  
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In order to continue our review of the relevant literature we have to consider first the 
simple scalar test problem 

U ' ( t ) = 2 ( U ( t ) - g ( t ) ) + g ' ( t )  ( O < t <  T), U(0)=u0.  (2.1) 

Here u 0 = g (0), 2 e C, Re ), _< 0, and g: ~ ---, C is a given differentiable function. 

Definition 2.1: Method (1.3) is A-convergent of  order p if there are constants 7 > 0, 
ho > 0,j  > 0 such that (1.4) holds whenever the u k are generated by applying method 
(1.3) to problem (2.1) and U(t) is a solution to (2.1) with a continuous j-th order 
derivative. 

In this definition 7, ho, j may again only depend on a~j, bj, T (and not on 2 ~ C with 
Re 2_< 0 or on 9). 

In [1] arguments were presented which strongly suggest that the Gaussian methods 
are A-convergent of order (m + 1) (for all odd m > 1), and not A-convergent of order 
> m (for all even m > 2). 

In the present paper we arrive at the following lemma contrasting with the above 
suggestion. 

Lemma 2.2: For m = 1 the Gaussian Runge-Kut ta  method is not A-convergent of  an 
order > 2, whereas for  m >__ 2 this method is not A-convergent of  an order > m. 

A combination of this lemma with the results on B-convergence reviewed above 
easily leads to the following final theorem. 

Theorem 2.3: For m = 1 the Gaussian Runge-Kut ta  method is B-convergent of  exact 
order 2. For m >_ 2 this method is B-convergent of  exact order m. 

Note:  Suppose definition 1.1 would be modified so as to deal only with initial value 
problems (1.1), (1.2) where u o ~ N",f: ~ x R " ~  N". Then the corresponding modified 
version of theorem 2.3 remains true. This follows from lemma 2.2 by identifying C in 
the usual way with ~2. 

3. Upper Bounds for Orders of A-Convergence for Arbitrary Runge-Kutta Methods 

We assume that q > 0 is an integer such that 

(ci)k_k ~ aij(cj)k 1 {0  (for l<_i<_m,l<_k<_q) 
j=l = si (for l < _ i < _ m , k = q + l ) ,  (3.1a) 

1 - k  ~ bj(c~)k_ a = { O  (for l<_k<_q) (3.1b) 
i=1 s o ( f o r k = q + l ) .  

Here So, sl . . . . .  s m ~ N and we write s = (sl, s2 . . . . .  sm)r ~ Nm. 

In the following we deal with the test problem (2.1) where g (t)= t q § 1. Thus we have 

U (t) = t q+ 1, f ( t ,  4) = 2 ~ + (9' (t) - 2 g (t)), 

and one easily sees that 
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U(tk+qh)= U(tk)+h ~ azS(tk+Cjh , U(tk+Cjh))+h q+l s i (1 <_i<_m), (3.2a) 
j = l  

m 

U(tk+1)= U(tk)+h ~ bjf(tk+Cjh, U(tk+cjh))+h q+l s o. (3.2b) 
j = l  

Subtract ing the relations (1.3) f rom (3.2) we obtain  a recurrence relation for the 
errors 

d k = U (tk) - u k . 

This recurrence relation can be writ ten in the form 

dk+l =c~(()dk+h q+l {So + ~b (0  s} (3.3) 

where we use the notat ions  

r (()-- I + ( bT ( I - (  A) - l e, t~ ( ( )=(  bT ( I - (  A) -1, ( = h  )c, 

b=(bl,b2, . . . ,b~)r  ~ ~m, e= (1 ,  1 . . . .  , 1 ) r s  N~, A =(a~j). 

Lemma 3.1: Let q>_O be such that (3.1) holds. 

a) Assume there is a ( E C such that 

So+O(()s#O and Re(_<0.  

Then there is no A-convergence of order > q + 1. 

b) Assume there is a (~  C w { ~ }  such that 

q~(O= 1, So+O(~)s#O and R e ~ < 0  (/f (:/= oo). 

Then there is no A-convergence of order > q. 

Proof: 
a) 

b) 

(3.4) 

(3.5) 

We write a = s o + 0 (() s. Let h be given with 0 < h _< T. Applying (3.3) with k = 0, 
= h -  1 ~ we obtain  [dl [ -- h q+ 1 [ o-[. Assuming A-convergence of order  p there 

follows vh v I[ g I l j>hq+l  ] o- ] (for 0 < h < h o ) .  Lett ing h ~ 0  we arrive at p<_q+ 1. 

First assume (3.5) with ~:p oo. Let k be an integer > 1, h = Tk 1. Applying (33) 
with 2 = h-1 ~ we have dk = k h q +1 o-. Consequently,  A-convergence of order  p 
implies ? h p r[ g II j > Thq[al (fo r k _> T(ho)-1). Lett ing k ~  ov we arrive at p_< q. 
Next  assume ( = or. Choose ~e C, Re ~_< 0, ~ oQ. Applying (3.3) with 2 = h -  1 
we have dk+l=4)(~)dk+hq+l{so+~b(~)s }. When ~--,oe we have ~b( ( )~ l ,  
So + 0 (~)s~a # 0 and consequently dk~k  hq+l a. Assuming A-convergence of 
order  p we again arrive at p_< q. [ ]  

Remark  3.2: The  function s o + ~p (() s is also considered in [33, [5] and [9]. In [9] it 
is used to obta in  upper  bounds for the order  of B-consistency of Runge-Kut ta  
methods ;  in [3] the function occurs in conditions determining lower bounds for the 
order of B-convergence on a class of semi-linear problems.  [53 gives error est imates 
in which s o + ~, (0  s plays a role, for a special scalar differential equation. 
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4. An Analysis of the Gaussian Runge-Kutta Method 

4.1. The Gaussian Method  

Let m > 1 be a given integer. Then the corresponding Gaussian method is the unique 
method of type (1.3) satisfying (see e.g. [-6], [7]) 

(ci)k--k ~ aij(Cj) k-1 = 0  (1 <_ k Nm,  1 <_i<_m) (4.1a) 
j=l  

1 - k  ~ b j ( c j )k - l=0  ( l _ < k _ 2 m ) .  (4.1b) 
j=l  

Consequently,  (3.1) holds with q = m  and So=0  for the Gaussian method.  

It  is well known that  the q are the zeros of the shifted Legendre polynomial  of degree 
m, so that  

0 < c i <  1, ci@cj (for 1 <i<_m, 1 <_j<m, i@j). (4.2) 

Finally we note that  the method has so-called classical order p = 2 m (see e.g. [6],  
[7]). In  view of (4.1), (3.3) this implies 

r (0  s = 0 (fire) (for ~--,0). (43) 

4.2. The Function s o + t) (0  s 

In  view of condit ion (3.4) occurring in lemma 3.1 the following lemma (cf. also [9]) is 
useful. 

Lemma 4.1: For the Gaussian method we have ~k(oe)s~O 

Proof: Writ ing d = ( ( c i )  J, (C2)  j . . . .  , (c,,)J)r e R z we have from" (3.1 a) (with q = m ) t h e  
expression s = c" + 1 _ (m + 1) A c m. Consequently 

~ ( ~ )  s = - b r A  -1 (c "+1 - ( m +  1 ) A c m ) = ( m +  1 ) b r c ' ~ - b r A  -1 c m+i . 

In  view of (3.1 b) (with q = m, s o = 0) there follows 

~ (oo) s = 1 - b r A  -1 c ~+1 (4.4) 

We introduce the diagonal matrices C = d i a g ( q ,  c2, . . . ,%), M = d i a g ( 1 , 2  . . . .  , m) 
and the m x m Vandermonde  matrix Vwith columns c ~ c 1 . . . .  , c " -  1. F r o m  (3.1 a) we 
have A V M  = C V, and therefore b r A - 1 cm+ 1 = b r V M  V- 1 C -  i c" + 1. By (3.1 b) we 
have b r V M  = e r, which implies 

br A - i  c m + l = e  r V - i  c m. (4.5) 

Writ ing r = (ri, r2, ..., rm) r = V -1 c" we see that  the polynomial  
P (t) = t m - (rl + r2 t + . . .  + r~ t" - 1) has the m distinct zeros t = Cl, c2 . . . .  , %. Since 
P (t) has at most  m different zeros we conclude that  P (1) @ 0. An application of (4.4), 
(4.5) completes the proof. [ ]  
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4.3. The Function 0 (~) 

In view of requirement r (~) = 1 occurring in part b of lemma 3.1 the following 
lemma is useful. 

Lemma 4,2: For the Gaussian method there are precisely m different numbers 
~1,~2 .... ,~m with ~ j 6 C w  {oo}, Re~a=0  (if ~j:/; oo), q~(~j)= 1 (for j =  l, 2, ..., m). 

Proof: It  is well known (see e.g. [6]) that  4) satisfies 

q ~ ( ~ ) r  1 

and that  4) has m different poles ~, which all have Re ~ > 0. It  follows that ~b has m 
zeros ~1, ~2 . . . . .  ~m with Re ~i < 0 (1 _<j _< m). Consequently,  the function f defined by 

w = f ( z ) =  r [ ( z -  1)/(z + 1)3 

has m zeros aj = (1 + ej)/(1 - ~i) with I ajl < 1, while I wl = 1 when I z l = 1. 

Let k denote the winding number  with respect to w = 0  of the curve F:  w=f(z ) ,  
z = exp (i t) (0 < t < 2 ~). By the principle of the argument  we have k = m. Therefore 
there are precisely m different values zl, z2,.. . ,  z,, with I z j l =  1,f(zj) = 1. This proves 
the lemma with ( j=(z j -1 ) / ( z j+  1). [ ]  

4.4. The Proof of Lemma 2.2 

First assume m =  1. In view of (4.1) and lemma 4.1 we can apply lemma 3.1 a with 
q = 1, So = 0. It  follows that  the method is not  A-convergent  of an order > 2. 

Next  assume m > 2. Since ~b (0) = 1 we see from lemma 4.2 that  there is some ~ with 

~ e C  w {oe}, g r  R e { = 0  (if ~--fi c~), qS(~)= 1. 

F r o m  the definition of 0 ({) we see that, ifO (~) s is no constant,  the function 0 (~) s has 
at most  m zeros (counted with their multiplicities). F r o m  (4.3) and lemma 4.1 we thus 
conclude that  

~(~)s#0. 

An application of lemma 3.1b completes the proof. [ ]  
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