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This paper is concerned with Runge—Kutta methods for the numerical solution of initial value problems in
ordinary differential equations. For these methods we review the fundamental concept of aigebraic stability
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{inircduced in 1579 independenily by Burrage and Buicher {1j and by Crouzeix {2]). We prove a new theorem

errors.
Dahlquist and Jeltsch [6] introduced a generalized concept of algebraic stability and proved its equivalence to
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this equivalence when the methods are confluent.

1. Introduction

We deal with the numerical solution of the system of ordinary differential equations
d . N PR
3 YW =11, U1)) (1.1)
under an initial condition U(0) = u,;. Here u, is a given vector in the s-dimensional real vector
space R® and f:R XR*— R’ denotes a given function. Further, U(¢) € R® is unknown (for
t>0).

The general Runge—Kutta method for the approximation of U(z) can be characterized by a
so-called coefficient scheme

{a“ a;, a,m\
'a?l a?z cee az-mi
S=| : ;|-
|a,,,l a,, ... amm’
\‘ b, b, ... b, [

Here a,;, b; are real constants specifying the method. '
The method consists in generating approximations u;, #,, u,,... obtained by computing for
n=1,2,3,.,.
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Here y; are vectors (depending on #) that satisfy the relations
m
yi=u,  +h, Y a,f(t,_  +ch,. ), i=1,2,....m. (1.2b)
Jj=1
In the above A, > 0 denotes the nth step size and t,=h, + hy+ --- +h,, u, = U(t,). Further
c;=a+a,+ --- +a,, and m is called the number of stages.

In case the computations would start with a slightly perturbed initial vector i,, instead of u,,
we would obtain #,, i,, u3, .satisfying for n=1, 2, 3,...

ﬁn=an l+h Ebf(tn 1+c]hn’ ) (1'33)
Jj=1

Ji=i,_+h, Y a,f(t,_+ch,, 7), i=1,2,....m. (1.3b)
Jj=1

In this paper we are interested in conditions under which the errors i, — u, do not grow unduly
when 7 increases.

1.2. Contractivity

Assume

(f(t, x)=f(t, y). x=p)<0 for;€R, x,yeR" (1.4)

Here ( -, -) stands for an arbitrary inner product in R*, and |-| will denote the corresponding
norm. As is well known (see e.g. [4,7]) assumptlon (1.4) implies that, for any two solutions U and
U to (1.1), the norm [ U(e) - U(t) | does not increase when ¢ increases. It is natural to require
that this property of the differential equation carries over to the numerical process. We thus
arrive at the requirement

Vi, —u,| <|i,_y—u, |, n=1,2,3,.... (1.5)

Let { 4,} be a sequence of step sizes and f and ( -, -) as above. Following the terminology of
[6,7] we call the (method specified by the) coefficient scheme S contractive with respect to { h,}, f
and (-, -), if (1.5) holds whenever {u,} and (ii,} are two sequences satisfying (1.2) and (1.3).

In order to formulate a simple criterion for contractivity the following definitions are needed.
We introduce the m X m matrices

B = diag(b,, b,,...,b,), A=(a;),
and the column vector
b=(b,, b,,....b,)".
We call the coefficient scheme S algebraically stable if the two matrices

B and BA+ A"B - pbT

are p051t1ve-serrudef1mte Further, we call a coefficient scheme S with m stages reducible if there
is a scheme §’ with m’ < m stages generatmg the same approximations u, as S. Conditions on S
implying reducibility were given in [6,10] (cf. also [7]). In the followmg we shall deal with



J.F.B.M. Kraaijevanger, M.N. Spijker / Runge-Kutta methods 73

coefficient schemes S that are irreducible in the sense that the conditions in [6] or those in [10]
are violated.

The following theorem follows easily from the material presented in [1,2,10].

Theorem 1.1. Let the coefficient scheme S be irreducible (in the sense of [10]). Then algebraic

stability is necessary and sufficient for contractivity with respect to all { h,}, fand { -, -) satisfying
(1.4).

1.3. Looking for stability instead of contractivity

We call the coefficient scheme S stable with respect to { h,}, f and { -, -), if the effect of an
arbitrary perturbation i, — u, can be bounded by

lii, —u,| <vy-|lg—ugl, n=1,2,3,.... (1.6)

Here y stands for any constant independent of n (but possibly depending on {4,}, f, (-, -),
ug, iy).

Stability is a weaker property than contractivity, since (1.5) implies (1.6) with y = 1. However,
in many applications of contractivity the property of stability would do as well. For instance, if
ii, stands for a finite digit representation (in a computer) of the true u, then &, — u, stands for a
rounding error. In this situation not only (1.5) but also (1.6) shows that the effect of the rounding
error on the subsequent approximations is favourable in that this error does not grow unlimitedly
during the calculations. Further, in case of stability with y only depending on S (and not on
{h,}, [, (-, ), uy, iiy) one can prove so-called B-convergence estimates (see [7,8]). In the
literature such estimates have usually been derived by using (1.5), but (1.6) is already sufficient
for this purpose (cf. [15]).

From Theorem 1.1 we see that algebraic stability is a sufficient condition for stability with
respect to all {4, )}, f and ( -, -) satisfying (1.4). But, within the class of schemes S that fail to
be algebraically stable there are schemes with other favourable properties (e.g. requiring little
work for computing u, from u,_,). Therefore the following question is of importance.

Is it necessary for a coefficient scheme S to be algebraically stable if it is only
required to be stable (instead of contractive) with respect to all {4,}, f and (-, -)
satisfying (1.4)?

An analysis of the well-known trapezoidal rule (specified by m =2, a;, =a,, =0, a5 =a, =
b, = b, = 1) suggests that the answer to this question is positive. The corresponding scheme S
fails to be algebraically stable. Further, an application of S to the initial value problem

%U(z)= —200+0)7(U() -1),  U@0)=u,=1

reveals severe instability. Choosing A, =2""! we obtain from (1.2) the values u, =1 whereas
(1.3) yields
i,=1+ (ity—1)\* withA=—3

(cf. also [16, pp. 181-182)).
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In the present paper we shall prove that the answer to the above question is positive indeed
(cf. also [13, Theorem 4.2}).
As an illustration we consider the following example.

|
Niw
N - O

0
0
1 (1.7)
2 -2 -1

1
3

o O OO

1 1
6 3
This coefficient scheme is diagonally implicit (i.e. a,;=0 for all i <j) and therefore allows an
efficient numerical solution of the system of equations (1.2b) (cf. e.g. [7]). The corresponding
four-stage method has order of accuracy four (see e.g. [16]). Further, the coefficient scheme is
irreducible (in the sense of [10]) and fails to be algebraically stable although it is strongly
A-stable (i.e. |(i,—u,)/(#i,_y —u,_,)| <1 and lim|(d, - u,)/(4,_,—u,_,)| <1 (for h,—>
oo) whenever f(t, x) =Ax where A is a complex scalar with Re A <0). From Theorem 1.1 we
only can conclude that there is no contractivity with respect to all {4, }, f and ( -, -) satisfying
(1.4). Using the results formulated in this article, it easily follows that the coefficient scheme (1.7)
is not even stable with respect to all those {4,}, f and (-, -).

1.4. QOutline of the rest of this paper

In Section 2 we present the main results of this paper in such a fashion that they are readily
accessible also for the reader who is not interested in the proofs.

In Section 2.1 we turn to a framework, due to Dahlquist and Jeltsch (6], in which functions f
are considered that satisfy a generalized version of the inequality (1.4). In this framework these
authors proved a generalized version of algebraic stability to be equivalent to contractivity (see
(1.5)). Their proof is valid only for schemes S with ¢, # ¢; (for all i #j). Our main Theorem 2.4,
formulated in Section 2.1, implies that this generalized version of algebraic stability is not only
equivalent to contractivity but also to stability (in the sense of (1.6)). Moreover this theorem is
valid also for schemes S violating the above requirement c, # ¢, (for i # j).

In Section 2.2 we include into our considerations the important question whether the systems
of algebraic equations (1.2b) have unique solutions y,, y,...., y,,. Using Theorem 2.4 we give in
Corollary 2.8 conditions under which the above mentioned generalized version of algebraic
stability nicely becomes equivalent to the simultaneous presence of contractivity and of unique
solutions to these systems of equations.

In Section 2.3 we discuss various modified versions of the theorems presented in Sections 2.1
and 2.2

Finally, Section 3 is of a technical nature. In Section 3.1 we present a series of lemmata needed
in Section 3.2. The latter section contains the key result, Theorem 3.8. Our proof of this theorem
can be viewed as a nontrivial extension of the proof in [10] of the fact that contractivity implies

algebraic stability. At the end of Section 3.2 we give a proof of Theorem 2.4 based on Theorem
3.8.
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2. Formulation of the main results

2.1. Error propagation

Let (-, -) be a given inner product in R* with corresponding norm |-|. For arbitrary
functions f:R X R* — R’ we define the quantity »[f] €[— o0, o] by

<f(lo X)“f(t, y)v x—y)
1f(t, x)=f(t. p)1*

Here the supremum is for all real ¢+ and all x,y€ R’ with f(¢, x)# f(t, v). Using the
convention sup # = — oo we see that assumption (1.4) is equivalent to

v[f] <O.

Let S be a given coefficient scheme with 4, B and b as in Section 1.2. Following ideas of [6]
we focus on situations where, for some real p € (0, o0),

B and (BA + A™B — bb" + p~'B) are positive-semidsfinite. (2.1)

v[f] =sup

Definition 2.1. The radius of algebraic stability r(S) € [0, oo] is given by
r(S)=sup{p|p=0o0r (0 <p < co and (2.1) holds)}.

Clearly the coefficient scheme S is algebraically stable (as defined in Section 1.2) if and only if
r(S)=oo.

The radius r(S) can be computed by using the following lemma (see [6]).

Lemma 2.2. Let the scheme S be irreducible (in the sense of [6]). Then r(S) > 0 if and only if b,> 0
(i=1,2,...,m). In this case r(S)= —\"" (if A<0), r(S)= o0 {if A>0) where X denotes the
smallest eigenvalue of the matrix

B V*(BA+ A"B-bb")B~ /2.
In the next theorem we formulate a simple criterion for contractivity. In this theorem we refer,
for given a € (— 00, 0] and H € (0, o0}, to the propositions:
(P1) r(S)>(-2a) 'H.

(P2) The scheme S is contractive with respect to all {h,}, f and (-, -) satisfying
O0<h,<Hand v[f]<a.

In case a =0 or H = oo the right-hand niember in (P1) stands for oo. Adapting the main result
in [6] to the above definitions and notations one arrives at the following theorcm.

Theorem 2.3. Let S be a given coefficient scheme ard lei a € (— 0, 0], H€ (0. 1. Then (P1}
implies (P2). In case c, # c; (for i # j) proposition ( P2) also implies (P1).

This theorem gives rise to the question whether the restriction to the case ¢, # ¢, (for i #j) in
the second statement of the theorem is essential. Moreover the question arises whether it is
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necessary for a scheme S (with ¢, # ¢; (for i # j)) to satisfy (P1) if it is only required to have the
following property (P3) (which is weaker than (P2}).

(P3)  The scheme S is stable with respect to ali {4,}, f and (-, -) where 0 <h, <H, [ is
continuous and »[f] < a.

Both of the above questions are answered by the following theorem constituting the main result
of this paper.

Theorem 24. Let a €(—00,0] and H € (0, oo] be given and let the coefficient scheme S be
irreducible (in the sense of [10]). Then (P3) implies (P1).

A combination of Theorems 2.3 and 2.4 yields:

Corollary 2.5. Let a € (— 00, 0] and H € (0, o] be given and let S be irreducible (in the sense of
[10]). Then the algebraic condition (P1), the contractivity property (P2) and the stability property
(P3) are equivalent to each other.

Choosing a =0 and H = oo the above implies:

Corollary 2.6. Let S be irreducible (in the sense of [1C)). Then the following three propositions are
equivalent:

(pl) S is algebraically stable.

(p2) S is contractive with respect to all { h,}, fand { -, -) satisfying (1.4).

(p3) S is stable with respect to all { h,}, fand (-, -) satisfying (1.4).

The last corollary answers the question raised in Section 1.3.
2.2. Solvability of the algebraic equations

For given a € (— o0, 0] and H € (0. %] onec might conjecture that condition (P1) guarantees
the existence of a (unique) solution y,, y,,..., ¥, to (1.2b) provided 0 <h, < H, v[f]<a and f
is continuous. But, in [3] a counterexample was constructed showing this conjecture to be false in
case a =0 and H €0, co]. Without proof we mention that this construction can be adapted so
as to yield a counterexample also when a@ <0 and H € (0, c0). Only in the exceptional case when
@ <0 and H = o it follows from [14] or [11] that the above conjecture is true (provided S is
irreducible [6]).

It is clear that contractivity in the absence of solutions to equations (1.2b) makes little sense.
Therefore we look for conditions under which (P1) is still equivalent to contractivity accompa-
nied by existence and uniqueness for equations (1.2b).

The following lemma will be helpful.

Lemma 2.7. Let a €(—0,0] and H € (0, ] be given and let the coefficient scheme S be
irreducible (in the sense of [6]). Let f:R X R* — R* be continuous with v[f] < a, and u,_; R,
0<h,< H. Then condition (P1) guarantees that the system of equations (1.2b) has a unique
solution y,, y,,..., y,,.
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Proof. From (P1) it follows that r(S) > 0. By Lemma 2.2 all b, are thus positive. A 1 application
of [11, Corollary 2.4] (with A=h,, D= B and B = A = 0) completes the proof. 0O

Combining Lemma 2.7 with Corollary 2.5 we arrive at the following final corollary.

Corollary 2.8. Let a € (— o0, 0] and H € (0, o] be given and let the scheme S be irreducible ( both
in the sense of [6] and of [10]). Then condition (P1) is necessary and sufficient for the following
property (P4):

(P4)  The scheme S is contractive with respect to all { h,}, fand (-, -) where 0 <h,< H, f
is continuous and v[f] < a. Moreover for all such h, and f the systems (1.2b) have
unique solutions.

2.3. Madifications and counterexamples

(1) In [3,6] functions f:R X C*— C* were considered instead of f:R X R* —> R"’. In view of
the usual isomorphism between € and R? this discrepancy is not essential. Therefore the results
of [3,6] used in the Sections 2.1 and 2.2 are applicable indeed. Conversely, our theory presented
above could have been formulated as welil in a complex framework.

(2) In [6] contractivity was studied also for functions f with »[ f] > 0. We have restricted our
considerations to the case »[f] <0 for several reasons. First of all we have not been able to
prove a full analogue of Theorem 2.4 with « > 0. Further, the presentation in the Sections 2.1
and 2.2 would have become considerably inore complicated. Moreover the requirement of
contractivity would have become unnatural since no continuous analogue of this property need
be present in the differential equation (1.1). Finzlly we would have been obliged to deal with step
size restrictions of type h, > H > 0 (cf. [6]) which look unrealistic.

(3) Proposition (P3) occurring in Theorem 2.4 concerns possibly variable step sizes h, € (0, H).
Theorem 2.4 does not remain true if proposition (P3) would be weakened by allowing only
constant step sizes h,=h<€ (0, H) (for n=1,2,3,...). A counterexample is provided by the
trapezoidal rule. Choosing a =0, H = o0 and h,=h € (0, o) it can be proved (cf. [5,12]) that
(1.6) holds with

Y= litg—ug| ™'+ |fig—up+ Jih[f(to, itg) = f(to, ug)] |-
The weaker version of (P3) thus holds, but (P1) (with (—2a) 'H = o0) is violated since the
trapezoidal rule is not algebraically stable.

{4) The above counterexample leaves the question unsettled whether Theorem 2.4 remains
true if (P3) is modified by allowing only h, =h € (0, H) and simultaneously requiring stability
with v in (1.6) only depending on S (and noton h, f, (-, *), Uy, ig).

We give a counterexample showing that the answer to this question is negative.

Let f be continuous, »[f]<a=0, H= o0, h,=h€ (0, o) and

DO |
N O

Nlw
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the sense of [10]).
y .. i £ Y b annantad ey nee amealiantinm AF € Nafinineg manninaoc £ ¢) s _5 s
Let the sequence { 4, } DE BEncraica vy an appiiCaiion U1 og. i/CLRILE lilappiligs Ygis ) - N wa
cnnh that 90 — (2 (¢ A Y7 we l’\SI
SUCI uial &, Solép-1/8,-1 v 22aVC
o~ h Y o Y (PIR Vo Y (PR Y
u,=Go\l,_y) Go\1;1)Uglig)Ug-

An easy calculation shows that Gy(t) = G,(1— 1h)G,(t) where G,(¢) and G,(t) are mappings
corresponding to the coefficient schemes

(S
S —

racnarntivaly Furthar 2 (¢ 4 11’\{:_ V= G. (1) where G (1) C esnonds to the f‘n?__l(‘.i nt v(‘hemf_‘
TOSPLLUVELY. NUIUICE U\« 7 274 U3 ¢ ) 7308 ) WKL g e ) CORICSPONES 10 288 COSRANSS e
1 - ~ \
.
" LR
S3 = | 2 2 I.
3 -1
\z —z]

Writing G,(Ah) = G, , we thus have
G7 .._1/761 n-572" """ 'Gn Gn/sz—l/zG oldg-

t
y1=u+2hj(t+£h, y,),
s mmgsdl 3LFMs i VL )1 lLEre L AL 5, )
J/z—'u“l' zlll‘l“r‘-’l, J/"T zllj‘l‘réll, }/2’

(N = Y2e M=) = 3h{f(t+2h, y;) = f(t+2h, *,), yy—y,) <O0.

Hence y, =y, so that v = G,(¢)u where the mapping G,(t) corresponds to

We thus arrive at the followine exnression for u

vy 28 v N lull\.’"lllé wn.}l\:oal\lll AU un’
= = 7 Pl e e e F ol > ol ol e
Uy, =Vn-3/2Y4.n-5,2" Ua3,2Y4.1,2Y4-1/2YV10%0-

Since S, and S, are algebraically stable the corresponding mappings G,(¢) and G,(¢) satisfy a
Lipschitz condition on R® with Lipschitz constant L =1. The scheme S, is not algebraically
stable but G,(r) satisfies a Lipschitz condition with L = 2. This can be seen from the fact that

e N A = 111..= G () u) where G.(1) correspon At tha aloabio ta Ml ceobla codoman
Wle ju = 7\~ gt ;u; wiitlic uUgi ) LULIOIPUIIUD WU UIC algtulaitally >u Ui bbllclllc
1
S5 = ‘ 2 }
\1)
The above expression for u,, combined with a similar expression for ii,, thus shows that
|, —u,| <2|io—ugl.
We have proved stability of S; with y =2 independent of &, f, (-, -), ug, i,
r JrXN 2 /0 L' A ]
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(5) In our definition of stability (in Section 1.3) the constant y is allowed to depend on (the
Lipschitz constant of) the function f. This dependence causes the property of stability to be of
litile value in the case of so-called stiff problems (1.1) (i.e. problems with a large Lipschitz
constant, cf. [7,8,13,16]). However, the fact that we have adopted this weak version of stability
makes our Theorem 2.4 a strong one. Evidently, Theorem 2.4 (as well as Corollaries 2.5 and 2.6)
remain valid if property (P3) would refer to a stronger stability concept in which vy is allowed to
depend on S (and not on { h,.}, f, (-, ), Uy, #y).

3. The proof of Theorem 2.4
3.1. Technical lemmata

In this section S denotes a given coefficient scheme with m stages.

We shall denote by Z arbitiary diagonal matrices of the form Z = diag(z,, z,,..., z,,) with
complex z;. Further I denotes the identity matrix of order m, and e stands for the column vector
in R™ all of whose coaponents are equal to 1.

In the following the set 2 stands for

D={Z|Re(z;)<0(1<j<m)and (I-AZ)is nonsingular}.
For arbitrary Z € 92 we define

K(Z)=1+b"Z(I1-A4Z) e
and

L(Z)=max{—|z;|%/ Re(z;) |1 <j<m}.
The following lemma can easily be proved by using the material in [6].

Lemma 3.1. Let o € (0, o] be given. Assume that, for all Z<€ D with L(Z)<2p, we have
| K(Z)| <1. Then r(S) > p.

We further need the following extension, due to [9], of a result already given in [10].
Lemma 3.2 (Hundsdorfer). Let S be irreducible (in the sense of [10]) and y > 0. Then there exist
vectors x = (&, &3,-.-»&,,)T andy=(n, N3,...,M,,)" in R™ such that y = Ax and
gi“’&gj, ('fl.-‘ﬂj)/(é.-—ﬁj)< =Y Jorl<i<j<m.

Proof. In [10, pp. 328-331] an algorithm is presented for the construction of vectors x =
(&, £5,-..,£,)Tand y=(ny, 03,-..,7,,)7 in R™ with

y=Ax, (&—&)(n,—n;)<0 forl<i<j<m (3.1)

under the assumption that S is irreducible. This algorithm produces a finite sequence of triples
(x™, y™, K™)(n=0,1,2,..., N) with

xMeR™, y™meR™, p=A4x™ and KW c{l1,2,....,m}.
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The initial triple (x, y, K)=(x?, y@, K@) is defined by
x=e, y=Ae, K={1,2,....m},
and therefore it obviously has the property
(mi—n,)/(& &) < —v for all i, j with £+¢E,. (3.2)

In each step of the algorithm the tripic (x™, yt, K™) is transformed into the triple
(x(*+D yr+D | g(n+D) Each such transformation depends on a small parameter 8 = §, € (0, 1)
which has to be chosen sufficiently small. Slightly modifying some of the arguments presented in
[101 it is easily seen that, for 8, small enough, property (3.2) remains valid for the transformed
triple

(x, y, K)=(xt"*h, pn+h gty p=0,1,2,...,N—1.
Consequently property (3.2) also holds for x = x»? and y = y™), Since it is shown in [10] that
x=x"™ and y=y™ also satisfy (3.1), the proof of the lemma immediately follows. O

In the following % (a) denotes the class of all mappings ¢ :C — € with
Re[(¥(x) =¥ (»))x=p)] <al¥(x) = ¥(y)|* forall x,yeC.

We present three technical lemmata concerning the class #(a).

Lemma 3.3. Let Y € ¥(a) with a <0. Then { satisfies a Lipschitz condition,
[¥(x) =4 (p)I<(-1/a)|x—p| forallx,yeC.

Proof. Use Re[(¥(x) =¥ (y)(x =y} 2> = |¥(x) =¢(y)|-|x —y| (cf. also [6)). O

Lemma 34. Le: ¥, € (a) with a <0. Then, for any A €0, 1), also
Y=A¢, + (1 -A)y,eF(a).
Prcof. Let x,y€C and put z=x—y and w, =¢,(x) —§,(y) (i=1, 2). Then we have
Re[(¥(x) =¥ (»))E=y)] —al¥(x) - (»)1?
= A Re(w,z) + (1 — }) Re(w,z)
—a[ X, 12+ (1= A)*|w, |2+ 2A(1 = A) Re(w,,)]
<aA(1-A)| |w; 12+ |w;|2 =2 Re(w,w,)]
=aA(1-A)|w,—w,|?’<0. O
Lemma 3.5. Let VC C and y,:V — C be such that
Re[(¥o(x) ~ ¥o(»))(x=3)] <aldo(x) ~¥o(¥)I? forallx,yeV

Jor some a < 0. Then there exists an extension { € ¥ (a) of ¥,.



J.F.B.M. Kraaijevanger, M.N. Spijker / Runge—Kutta methods 81

Prooi. Note that T can be seen as a real Hilbert space with inner product (x, y) = Re(xy). The
corresponding norm || x || = {x, x)'/? is equal to the modulus | x |. Hence the assumption on ¢,
can be written as

\u2 e 11 = X

{(olx) —¥o(¥), x—y) <alido(x) —Yo(y)1I*> forall x,ye V¥,
and the proof of the lemma immediately follows from [17, Theorem 4.3]. O

The following two lemmata will be essential in the proof of Theorem 3.8.

Lemma 3.6. Let S be irreducible (in the sense of [10)), and Z€ 9. Let ¢ >0, L= L(Z)+ € and
Qo-Go € C with g4+ §o. Then a real >0 and a mapping Y € % (—1/L) exist such that for all
complex q and § with |q— q,| <8 and |§— §,| < & there are p, and p; satisfying

-+ Lap). h=a+ La(p). 1<i<m (33)
j= j=
Further, the corresponding quantities
a=g+ L by(p) ad §,=3+ X by(7)
= j=
satisfy J

1§ — a1 = (1K(Z)|—¢€) - 1do— gol- (3.4)
Proof. (1) Let x and y be as in Lemma 3.2 with y =1/L. From the definition of K(Z) we have

1<is<m.

K(zZ)=1+ Zb z;5,,  s=1+ za

Jj=1

ij J.I’

Let & and ¢ be posmve parameters to be specified below and define p,; and p,; by
Poi=11+qo, Poi=pPoi+ (G0~ q0)s:, I<i<m
Next we introduce complex disks B; and B, by
B,={(t|§€C, |§—po;l <8}, B,={S1¢eC, |$— Pyl <8}, I<ism.
Note that B, = ;'},. if 5,=0. We assume that & is small enough and ¢ large enough to imply
B.NB;=B,NB,=BNB,=@ foralli, jwithi#j
and
B,NB,=@ forall i with s;#0.

On the set V=U/_,(B;U B,) we define a mapping ,: ¥ — C as foliows. For all ¢,§ € C with
lg—q,! <8 and |§— g;| <& we define

20
pi=p0,i+(q_q0)’ \Po(P.-)=t§.~, 1<ism, (3.5a)
Pi=Po.+ (G do)s Yo(P:) =1t&+ (o — q0) 2:5:, I<i<m. (3.3b)
A straightforward calculation shows that
Re[(¥o(x) = ¥o(1)x=9)] < (=1/L) [¥o(x) = ¥o(y)|? forall x,y €V
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provided & is small enough and ¢ large enough. In view of Lemma 3.5 there exists an extension
Yy EF(—1/L) of .

(2) Let g, € C be given with |g—¢g,| <0 and |§— §,| < 8. With the definition of p, and p,
in (3.5) it is easily verified that condition (3.3) is fulfilled. Defining ¢, and §, as stated in the
lemma we iinally have

G —q =K(Z)-(do— 90) +(4—-4,) - (94— q0)-
Consequently, (3.4) holds provided & is chosen so small that also 26 < &[§p, —gol- O

Lemma 3.7. Let positive real numbers 8 and L, a complex number q5, and for j=1,2,....,m a
mapping &} :C — C be given with

197 (x)—¢!(y)I<L|jx—y| forallx,y€C.
If
6L max Z la;,l < %

1 j=l

then the system of equations
m
x;=qy+0) a,¢"(x;), 1<i<m
j=1
has a unique solution (x,, x,,..., x,,)" € C™ and the corresponding quantity

@=q;+0 Z bj¢;‘(xj)
j=1

satisfies
lg* — g3 | <20u[ |6+ by + -+ +]b,]]
with p = max ;| $*(4q) |-

Proof. The above system of equations can be rewritten as X = G(X) where X = (x,, x,,..., X,,)T
and G:C™ - C™ is defined as

G(X)=¢q3+0) a,¢r(x;), 1<i<m.
Jj=1
Introducing the maximum norm | ¥ | =max;|x;]|, it is easily seen that G is a contraction,
|IG(X)-G(Y)| ,<3|X-Y]|, foral X,yecC™.

In view of the contraction mapping theorem it follows that G has a unique fixed point
X =(x,, X3,...,x,,)7. Note that for i=1,2,...,m

l¢}"(x,-)l < I¢?‘(¢16")|+L|x.-—q3‘l

<p+OL Z Iaijd,;(xj)' spt %m;-lx|¢;(xj) [-
j=1
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Hence
1o (x;) 1 <2p, 1<j<m,
and the above inequality for |g¢* — ¢ | immediately follows. 0O

3.2. Proving the main result

Theorem 3.8. Let S be a given irreducible [10] Runge-Kutta scherie, and Z€ 2. Let 0 <e<
|K(Z)|, L=L(Z)+¢e and wy,Wwo €C with wy+w,. Then a sequence 6, 0,, 0,,... and a
continuous function ¢:R X C — C exist with

0<6,<1, ¢(r,-)eF(-1/L) foralln>1, 7R

such that there are complex v{™, 5", w, and W, satisfying for all n > 1

v\ =w,_,+0, i aijnp( y +¢6., v‘."’), 1<ism, (3.6a)
j=1
M=w, 1+0,,§: a,.jcp( +c_,0n, "‘.")) 1<i<m, (3.6b)
j=1
w,=w,_,+8, i bjcb('r,,_1 +¢,0,, v‘")) (3.7a)
j=1
w,=w,_,+8, f‘, bj¢(7"_1 +¢,0,, 5}."’), (3.7b)
j=1

and for all even n > 2
|W,=w, | = (1K(Z)|—€)"* |W5o—wol. (3.8)

Here we use the notation 7,_,=0,+60,+ --- +6,_,.
Proof. (1) Let S, Z, ¢, L, w, and W, be as in the assumptions of the theorem. We define
p=(|K(Z)|—e)">. For arbitrary integers k > 1 we will write 7, for the set

{1'|'r='rk ]+c.0k,l<j<m}.

Further we put T,, =U®_,7,. In part (2) of the proof we will construct a sequence of mappings
$C $, C by C b C -, a sequence of step sizes 8, 8,, 6,,... (with 8, =1 if k is even, and
0 <6, <1 if k is odd) and complex numbers w,, W,, v{%, v"" (1 <j<m, k> 1) such that for
n=0,2,4,6,... we have the properties (3.9)—(3.12):

¢,,:( U Tk) X C — C satisfies ¢,(7, -) €F(-1/L) forall re | T, (3.9)
1 k=1
vfk’=wk_,+0kza,.j¢,,('r,‘_1+cj0k, vj‘."’), 1<i<m, 1<ks<n, (3.10a)
j=1
P =w,_, +6, Za,lcp,,(rk e, 8),  1<i<m, 1<k<n, (3.10b)

Jj=1
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we=w,_ 1 +6, 3 bo(n 1+ ),  1<k<n, (3.11a)
j=1

Wy =W 1+ 0. X bo, (1 + 0. 8°),  1<k<n, (3.11b)
Jj=1

[We—wel 205 Wo—wol, k=0,2,4,...,n. (3.12)

We define the mapping ¢.:7,, XC = C as ¢, =dUd,Up,U ---. As 6, =1 (for all even
k>2)wehave T, = {1/, 13, 73,...} with 7y <7y <73 < --- and lim, _, 7 = co. Extending ¢,
to a mapping ¢: R X C — C by linear interpolation and by ¢(r, x) = ¢,.(7, x) (for 7 <7 and
x €C), it follows from (3.9) and Lemmata 3.3 and 34 that ¢ is a continuous function with
o(1, -)e€F(—1/L) (for all r€R). Further, in view of (3.10)-(3.12) we have the relations
(3.6)—(3.8).

{2) In this part we construct a sequence of mappings ¢, C ¢, C ¢, C ---, a sequence of step
sizes 6, 0,, 0,,... and complex numbers w,, w,, v}, 5 (1<j<m, k>1) such that for
n=0,24,... the relations (3.9)-(3.12) are valid. We define ¢, to be the function with empty
domain. Obviously, with this definition the relations (3.9)-(3.12) are fulfilled with n = 0.

Next, suppose that an even integer N > 0 is given and that a mapping ¢,, a sequence of step
sizes @), 0,,...,8, and complex numbers w,, w,, v!°, 5% (1 <j<m, 1<k <N) are already
defined such that (3.9)-(3.12) hold with n = N. In the following we will prove that there exist an
extension ¢y, of ¢y, step sizes fy,, and 6,,, and complex numbers w,, w,, v{®, F®
{1<j<m, N+1<k<N+2) such that (3.9)-(3.12) also hold with n =N + 2.

Let 8 >0 and Yy €%(—1/L) be given by Lemma 3.6 (with g, = w,, and §, = w, ). We define
Oyv,1=0and 8, ,,=1, where 8 € (0, 1] will be specified below. Further we definc the mapping

N+2

¢N+2:( U T,|x€-C
k=1

by

N
én(7.x), ifre U T, and xeC,

¢~+2(T, x)= k=t

N
¥v(x), if re(Ty,,V TN+2)\( U Tk) and xeC.
k=1

Clearly ¢, , is an extension of ¢, satisfying (3.9) with n = N + 2. Choosing 8 so small that

0L max 3 la;,;| <3
i N

Jj=1
and
m N+2
20| 3. ijl}-max{m,v”('r, x)lte U T;, x& {wy, WN}}ss’
j=1 k=1

it follows from Lemma 3.3 (with a = —1/L) and Lemma 3.7 (with ¢ = by, 2(Tn+ 8, -) and
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ql("," =wy, Wy) that there exist compiex numbers wy,;, Wy, 0V*D, 5D (1 <j<m) such
that

m

oMV =wy+ 0y X a,bn (T +lhirs VTY), 1<ism, (3.13a)
j=1
m
VD =y + 0y X a.'j¢1v+z("'N+ ;05415 5,(~N+l)), I<i<m, (3:13b)
j=1
m
Wy =Wy +0y 2 bj¢~+2("'~ +¢0n .1, v}"“’), (3.14a)
j=1
m
Wy =Wy +0y, Z bj¢~+2("’~ + Cj0~+1, 5}”“’)’ (3.14b)
j=1
|Wye1 —wyl <8, [Wher—Wal <8. (3.15)

For @ small enough the sets Ty, and U}_,7, are disjoint, and therefore
Onea(7, x)=¢(x) forreT,,,, xeC.

In view of Lemma 3.6 (with g=w,,, and §=Ww,,,) we thus have proved the existence of
complex numbers wy 5, Wy, 072, 5V (1 <j<m) with

m
N+2 N+2 ;
oM P =Wyt O X aij¢~+2("'~+1 +¢ln42 U )), I<igsm, (3.16a)
Jj=1
m
N+2) _ = ~(N+2 ;
VD =Wy, + Oy, X aij¢N+2("'~+1 +¢ly.z, o )), 1<i<m, (3.16b)
j=1
m
= (N+2) {
Wyi2=Why; 0y, Z bj¢N+z(TN+i + cj0N+2’ v )’ (3.17a)
j=1
m
-~ - ~(N+2)
Wiy =Wy +0yi2 2 bj¢~+2("'~+1 +c0ni, 5 )’ (3.17b)
j=1
~ 2, .~
[Whs2a = Whaal 207 Wy—wyl. (3.18)

Clearly we have proved (3.9)—(3.12) with n=N+2. O

Proof of Theorem 2.4. Let a € (— o0, 0] and H € (0, o] be given. Assume that proposition (P3)
of Section 2.1 is valid for an irreducible [10] scheme S. We shall prove r(S) > (—2a)7'H.

Suppose r(S) <(—2a) 'H. Then, in view of Lemma 3.1, there is a diagonal matnx Z€ 2%
with L(Z) <(—a)"'H and |K(Z)| > 1. We apply Theorem 3.8 with

0 <e<min(—L(Z)+(-a) 'H, | K(Z)]-1),
L=L(Z)+e, we=0, W,=1
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Let the sequence 6,, 0,, 6,,... and the function ¢ be as in Theorem 3.8, and let p=
(1 K(Z)| —¢)'/% Note that

L<(-a) 'H, (3.19)
p>1. (3.20)

Let h be arbitrary with 0 <h < H. We define step sizes h, and a continuous function
f:RXRZ->R? by
h,=8,h, n=1,2,3,...
and

£(t, x) =h~\(Re ¢(t/h, & +it,), Im ¢(t/h, & +i,))"
forteR, x=(§,4&,) R

Clearly 9 <h,< H (n=1, 2, 3,...). Further, by equipping R? with the standard inner product
{x, y) = x"y and corresponding Euclidean norm | x|, = (x"x)'/2, it easily follows from ¢(r, -)
€ %#(—1/L) (cf. Theorem 3.8) that

v{;1<—h/L. (3.21)

Using the usual isomorphy between C and R? it follows from Theorem 3.8 (cf. (3.6), (3.7)) that
there exist y{™, 5™ (1<j<m, n>1) and u,, &, (n>0) in R? with uy,=(0,0)", ii,=(1, 0)"
such that relations (1.2) and (1.3) are valid for n > 1. Moreover we obtain from Theorem 3.8 (cf.

(3.8))

|@, —u,|,>p0"|lig—ugl,, n=2,4,6,....

In view of (P3) we conclude that »[f] > a, so (3.21) yields a < —h/L. As the latter inequality is
valid for arbitrary h € (0, H) we have a < — H/L, which is a contradiction in view of (3.19). We
thus have proved r(S)>(—2a) 'H. O
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