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I. Introduction

Let a and b be real numbers, a< b, and let V be a normed real vector space,
not necessarily of finite dimension. In the following we shall consider step-by-step
methods for the approximation of a certain unknown function X with domain
[a, b] and range in V. In chapter II a stability criterion for step-by-step methods
will be derived.

In chapter IIT we shall use the results of chapter II in the case where V is
a real Banach space and the unknown function X is a solution of the initial-
value problem:

XP=F[X],
) [X]

X(@)=cy, XW(@)=c,, ..., XP V(@) =c,_,,

$ being an integer =0 and X@ being the ¢-th derivative ;—:q X of X {(g=0,1,

., p, for the definition of derivatives and integrals of vector-valued functions,
see [I], chapter VI). F is a functional that transforms each vector-valued func-
tion ¥ which is p times continuously differentiable on the interval [, ], in a
new continuous vector-valued function F[Y], also with domain [a, b]. F need
not be linear. Throughout chapter IIT we shall assume that for each ¢, ¢,

-» €€V there is at least one solution X to problem (1). If $=0 problem (1)
is simply X =F[X), and no initial values are given.

Certain step-by-step methods for the approximation of a solution to special
problems of type (1) have been studied at length, among others by DAHLQUIST
and HeNrict for the case that p=1 and (F[Y])(t)=/(, Y(#)), and V=R, =
the m-dimensional real vector space. In [4], p. 124, a convergence criterion is
derived for methods of the form

(2) Xpt1— x”=h ) ¢(tn! Xy s h)

where the function @ has to satisfy certain requirements (p =1, the definition
of the stepsize # and of the approximation x, to X(¢,) follows in chapter II).
In [6], p. 12, a theorem is stated accordmg to which certam purely algebraic

conditions on the polynomials g ({)= Z a;l'and o()= Z B¢ are sufficient for

the convergence of the “general linear multlstep methods"

Z“i xn+i=h'z:ﬁif(tn+i'xn+i) ~here also p=1—.
i=0 i=0
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HeNrIcI remarks that generalization of this theorem to arbitrary Banach
spaces is possible. In [2] DanLQuUIST discusses methods of the form

3 k
(3) ;oai xn+i=kp';013; Tlasss %ayd)
for p=1,2,3,....
In chapter IIT we shall consider step-by-step methods of the form

k
) 20 T =B B, 21 Hs Hns s Hns )
=

where the functions ¥, have to satisfy certain requirements. In II1.2 a theorem
concerning these methods — theorem 3 — will be derived (for #=0) which
can be considered as a generalization of the above-mentioned theorems. This
theorem makes it possible to prove or disprove the convergence of methods of
type (2) or (3) as well as the relation between accumulated and local errors
(stability). Many other methods, e.g. those presented in [7] are also concluded
in our theory. As a consequence of the generality of problem (1), it is also
possible, with the aid of this theorem, to prove the convergence of methods
of type (4) for approximating the solution of certain integral equations, integro-
differential equations and partial differential equations. For instance the con-
vergence of step-by-step methods for solving integro-differential equations of
the type

¢
XOW)=[f(t s X@),..., XEV@), X(s), ..., XPV(s5), XP(s)) ds
a
with initial conditions X(a)=c,,..., X?(a)=c, , can be proved by this
theorem (p=0, and V=R,). Integro-differential equations of the form

1
—a%u(s, ty=g(s,t,u(s, ) + ff(s, tiu(s,t),0,u(s,t) do
1]
with initial condition u (s, @) =c(s) for 0=s<1, can also be solved by methods
of type {4) and their speed of convergence can again be determined by theorem 3
(in this case p=1 and V'=C,[0, 1]).

In section ITI.3 we shall establish a second theorem — theorem 4 — con-
cerning methods of type (4). This theorem which holds for p=1 imposes slightly
weaker requirements upon the functions ¥,. As an application of this theorem
we shall present in II1.4 some step-by-step methods for the numerical solution
of second order initial-value problems of type (1) with (F[Y])(?)=/(¢, Y(¢), Y'(9)
and V=R,.

The theorems of chapter IT and III also enable us to determine the speed
of convergence of step-by-step methods which are not of the form (4). Eg.
sufficient conditions can be established for the convergence of the methods con-
sidered in [5], p. 261, and also their speed of convergence can be determined by
these theorems.

Remarks. 1. In the following chapters we have adopted the convention that

.++ =0 whenever ¢>>7.
q

14
=
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2. If g(n, A} is an arbitrary real function defined for some integer values #
and real values %, then we shall denote by ma.xg(n, #) the maximum of the
numbers g(n, k), where 4 is fixed and # may take on all integer values =0 for
which g{n, 4} is defined (of course it is assumed that there actually exist an
n=0 for which g{n, &) makes sense).

I1. p-Stability, p-Convergence and p-Consistency
I1.1. A General Step-by-step Method

Let V be a normed real vector space; @ and b real numbers with a<<b. Let
h, be a positive real number, and 0<h<h,. We define ti=a-+nh for n=
0,1,2,.... If there is no danger of confusion we shall write £, instead of #.
Let % be a fixed integer =0. Let £2, be a sequence of vector-valued functions
(n==0,1, 2, ...) that satisfy the following two conditions:

(5) The function £, (vg, ..., Yyes, #) is defined for v,V (¢=0,1, ..., n+k) and
he(n-+-k)<b—a, where 0<h=h,.

(6) For any v,eV (1=0,1,...,n+k) and b (0<h=hyand k- (n- k) <b—a) the
equation x=2,(vy, ..., ¥,14_1, %, #) has exactly one solution for x.

The sequence £, is related to a step-by-step method in the following way:
we take xb, =0, (xh, ..., %k, 2h1, ..., xhip, B) for n=0,1,2,... and (n+k)-h
<b—a, where k is some fixed number ¢ (0, %,]. Hence if 4, ..., xh_; are given
vectors, then vectors xﬁ, xﬁ+1, ... can be determined successively. In most ap-
plications x* is an approximation of X(t!), and we want that «%—X(#8) if A0
and nh=it—a is fixed. X{¢) is some unknown function mapping [, 8] into V.
Frequently we shall write #,, in stead of x}.

11.2. A p-Stability Criterion

Definition. Let 2, be a sequence of functions (=0, 1,...) satisfying con-
dition (5), and let p be an integer =0.

The sequence 2, is p-stable, if there is a fixed number «>0, and a fixed
number k,, 0<<h < h,, such that whenever

Yo=Wo+ Uy, s Vo1 =Wy F+ Up—1, Yni s =52, (Yos -+ Ynrr B) + Ynsps
and

Fo=wo+ g, ..., ooy =1+ Ty, Furn =20 (Fos - Fuinr B) + oy
for n==0,1,2,..., and k- (n+-k)<b—a where O<h=Zh,,

then |lyy — x| e maximum lw.— i, i p=o0,

N
or "yN—&N"_S_oc' (N+1)P*1,Z “u,—ﬁ,", if ?21,

for each integer N, with 0<N S b—a)h. (.. || refers to the norm of V). It
is clear, that if k=0, no vectors w; will occur in the above definition. If the
sequence £, also satisfies condition (6), we call the step-by-step method de-
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termined by 2, p-stable if and only if the sequence 2, is p-stable. For a slightly
different definition of (1-)stability see [3].

When a sequence of functions @,,, satisfying condition (5) is p-stable, it may
be wondered if this stability is preserved when the function values of each @,
are changed a little. It will be shown that the p-stability is preserved if

Qg v Vi B = By (U e Vs B) W B (0, o) Ui, )

represents the new sequence of functions, and each W, satisfies condition (5)
and some other requirements. The following requirement is sufficient:

(7a) There exists a fixed number A=0 such that whenever v,,...,9,,; and
Ugs v, Upqpp are vectors €V, then

FATSIRRNDIS AN N EY T | PR Y

uniformly for 0<As A, and #n=0,1, ..., where h(n+k)<b—a.
If p=1 the following weaker requirement is sufficient: There exist fixed numbers
A=0 and 4=0 and a fixed integer /=0 such that
whenever v,,..., 9,4, and 7, ..., 7, are vectors €V then

nik i
1B o - s Vpins B) — By (B0 oo Tpn, B = /”‘";ol'”a — ]+ u “,z:‘.a loi —Fpcals

where the j(¢) are integers (which may depend on v,, ..., v, and 7, ..., 7.,
as well as on % and #) with 0<j({)<#n-+k, uniformly for 0<h<h, and n=
0,1,2,..., where h(n+k)Sb—a.

We note that

nt-k . I
Ak Z lo: — 5, +u ’,Z 17 — Tical

b m+k+H1)+p-(C+1)} maxxsrgﬂn"v,——vﬂ

={A ¢ —a+h)+p (¢ +1)} - maximum v, — 5] = - Jv - 9],

with gy =A(b — a+hg) +p (0 +1), v=v;, §=70;, wherej is an integer (0= j<u-+4).
The above requirement (for the case p=1) is therefore equivalent to:

(7b) There exxsts a fixed number A=0 such that whenever v,,...,v,,; and
Pg, .., U, 4, are vectors €V then

||‘I’,,(v,,, ceer Uons B) =B (s o Tysns A)| < A+ maximum |, — 5],

0$ san+h

uniformly for 0<hA<h, and n=0,1, ..., where A- (n+k)<b—a.
The following theorem expresses the above-mentioned preservation of sta-
bility:
Theorem 1. Let p=0 and let the sequence ¥, satisfy requirement (7a), or
let p=1 and the sequence ¥, satisfy requirement (7b). Then the sequence
Q,=0,+ ¥, is p-stable if and only if the sequence @, is p-stable.



Convergence and Stability of Step-by-step Methods 165
Proof. Let the sequence @, be p-stable. We shall prove that the sequence
£2, has also this property. Let w,, u;, #;, y;, and ¥, be vectors ¢V such that

Yo=Wo+Ug, -’ Vo1 = Wy + a1, Yusr =Lu(Vor - os Ynirs B) + thyn
and

Fo=wo+ g, ..., Tooy=ws_ 1+, Fuis =2, (Fos - s Tuirr B) + i

for n=0,1,... and k- (n+k)<b—a, where & is a fixed number €(0, h,]. We
define d,=y, — ¥, and e,=u, — i,. We note that

yn+k=¢n(y0' ""yn+kth) +{hp'%(yo» ""yn+k’h') +un+k}’
and

Vurrn =Dy (Fos -1 Fnyas ) +{hP-!Il"(yo, cos Fuinr B) +an+k} for n=0.

1. p=1. From the p-stability of the sequence @, it follows that there exist
constants «a>0 and A;>0 with

Iyn—Fal S - (n4 1P {zuu — i)+

S L AN B BN S AN A R 313

for 0<hSh<hy, and n=0, hnsb—a.
In view of condition (7b) there follows

= — S+ 19 { Sleid + 9 2- maximum Iy, — 5}
=ald-{n+1)RP k- Z maximum |d,] + «(n + 1)?~ 12 led.
i=k OSisé $0
Let Z max ||d,~||=_Z %, i]|dsf, where 7, ; are integers with 07, ;<7441 4,

n+1 n
0=7,,,=1, and oszn,,+1 i— 27w i=1. Let n<some integer N. Then
§=0

n—1 N
ld = x Ao —a+hP k- {'7»,» LA +‘§on,,, ; ||d,.[|} +a(N 1)1 .Eoue,.u.

Let us now keep O<h<h, where h, is so small that k<A and
ar(d—a+h)? "t hy<<1. Then

[ S{t —aA(d—a+hy)P " Th1x
n—1
x {20 —a+hp~ b S, o+ a (V1) Z“eﬂ}

N
Or|d,|<Bh Zn“ud |+ S, where S=y-(N41)P~-3 u e, and B and y are
constants, not dependmg on s and N. Thus, if the numbers D,, are defined by:

n—1

Dy=S, D,=B k- 3 n, ;D;+S, then |d,|<D, (n=0,1, ..., N). From
i=0

e n—1 %
Dyyy~D,=8h (Zoﬂnﬂ,ipe —'Zoﬂn, iDs') =ph ‘,Zn(')nﬂ, i =N, ) Di+Bhn, D,
s = o
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it follows that D,,,=D, for n=0,1, ..., N—1. Thus

Dn+1—Dngﬂh',zo(nn+l,i_nn,i)Dn+ﬂhnn,nDn
=
%41 7"
-S—:Bh'{_zonn-%l,i*"_zonn,i+nn,n}'Dngzﬂh'Dn'
f== =
Consequently D, ., <(1+28#) D, for n=0,1, ..., N—1. From this we get

lyw— Fnl=ldn| =Dy < (1 + 28" Dy < exp{28(b —a)}- S
=exp{2B(b—a)} -y (N+1)P1 -éo e; — ]|

From this the p-stability of the sequence 2, follows.
2. p=0. From the 0-stability of @, it follows that

12 =1yn— Ful S - mz})}ginsl’?m foe; — @] +
+ - maximum ¥ _y (o, .-, 35 B) = Fima (Fo . T A,

for O<hs=h<hy, and =0, nh<b—a. Let n<N where NAi<b—a. In view
of condition (7a) we get

+

1< o - qmax e +a2h- max 2, lv;— il

n B n—1
=o- max le|+adh X |d|=adh-|4,|+arh 2 |d]+a- max e
Thus
n—1
4 < (= admt-{adh X[+ max e
==

0=ISN }

0sISN

n—1 n—1
<(- alhz)‘l'{aclk';)]]d,-"—l—a- max }]gi“}:ﬁh-%"d,‘“—}-M,

provided 0<< 4= &, Where 4, is so small that hy < 4y and a A hy<1. M =y - max el

SiEN
and f and y are constants, not depending on 4 and N. Let Dy=M and D,=
#n-—1
Bh+2 D;+M for n=0,1,..., N, then |dy|<Dy. From this it follows that
i=0

Iyx — 9nl=ldx] < Dy =(1+B A" Dy < exp{f(b — a)} -y~ max |u;—ii].
This proves the p-stability of the sequence £2,.

It remains to be shown that if £, is p-stable then also the sequence @, is
p-stable. In order to prove this we only have to write @,=0,+A4?- (—¥,) and
to apply the results just proved. This completes the proof of theorem 1.

Remark. Let V be a space with an element v=40. If p=0, condition (7a)
in theorem 1 cannot be replaced by (7b) as is shown by the following example:
k=1, ®,(vy, ..., Vps1, ) =0. The sequence @, is O-stable. If we take %, (vy,
sers Upy1, B) =2 v, then condition (7b) is satisfied, but the sequence 2,= P, + ¥,
is not O-stable.
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11.3. A Sufficient Condition for p-Convergence
Let £, be a sequence of functions satisfying (5) and (6). Let X be a func-
tion from [a, b] to V, and let p be an integer =0.
Definition. The vectors e, ,=¢h,;=2,(X(%), ..., X(this), b) — X(th ) are
called local discretization errors.
Definition. The method determined by the sequence £, — or briefly: the

sequence §2, — is p-consistent with the function X if max ||ef,+kl|-—o (h*) when
h—0.

Definition. The vectors d,,=d% = ! — X(&%), where the x% are determined
successively by the sequence £, starting with predetermined vectors 4, ..., xh_;,
are called accumulated discretization errors.

Definition. The method determined by 2, — or briefly: the sequence £, —
is p-convergent with respect to the function X if lim max |d] =0, whenever
the starting vectors %, ..., #}_, satisfy |@¢|=o0(#*"") (6=0,1, ..., k—1) where
g=max (1, p).

Definition. Let the accumulated discretization errors satisfy max |dk) =0 (Y
for any set of starting values %, ..., %,_; with |d}|=0(#) (=01, ..., k—1),
where s is some fixed number. Then the method determined by £, is called of
order 7.

Let 2, be a p-stable sequence that is g-consistent with some function X,
where g=p=0. We apply the p-stability on the sequences y,,;,... and
Yo» F1» .. where y,=1x,, %,=0 (n=0) and §,=X(¢,), %, =X({¢;) — x;, 8, ., =— ¢, 14
(hence equals minus the local discretization error) (=0, ¢=0,1, ..., k—1). If
p=0 we get

lyw —Inl = - max J&|+ o).

0sish-1
If p=1 we get

N
lyn —Fn| s o (N +1)27% leull—a (N +1)P7 Z||“1|+°° (N +1)? §||“¢||

!I/\

ar (N 1)1 Z]|u||+ac (N4+1)?P7" - (N—Ek+1)- max i

So- (N+ 1) -;o ] +o (W),

"dn” = uxn — X{t,) " = {b’n - yn" = O(h’q_P) (n=0),

for any set of starting values x, ..., %,_; with |d¥|=0(F) 6=0,1,...,k—1)
where s=g¢--min (1, ). Consequently the method £, is of order g —p 1. Let
g=p=0. We then have the following:

Theorem 2. If the sequence 2, is p-stable and p-consistent with the function
X then the sequence is p-convergent with respect to X.

Remarks. 1. 1f k=0, no starting values x,, ..., %,_, occur in the above de-
finitions.

2. If there is a vector v==0 in V, then theorem 2 cannot be reversed:
for each p=0 it is possible to construct a sequence £, that satisfies (5) and (6)
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and that is p-convergent, p-consistent but not p-stable. Also a sequence £, can
be constructed that is p-convergent, p-stable but not p-consistent with some
function X.

I11. Step-by-step Methods of the Form (4)

I11.1. The Characteristic Polynomial

Let V be a normed real vector space with a vector v==0, and let a<<b. We
shall derive a criterion for p-convergence for methods of the type (4) with
respect to the solutions to problem (1). In view of theorem 1 and 2 we first
determine the condition for p-stability of the sequence @, where

k—1
an(”O»"'»vn-l-k»h)E_iZo“ivn-%b (p=0),

k being a fixed integer =0 and «g, o, ..., o, real numbers, a,=1. To the se-
k

quence @, we adjoin the characteristic polynomial ¢({) = 2 «; ¢, where { is
a complex variable. i=0

Lemma. A necessary and sufficient condition for the p-stability of the se-
quence P, is that all roots of the polynomial g{({) should have a modulus =<1,
while the multiplicity of the roots with modulus 1 should not exceed 2.

Proof. Let
&

Yo=Wo+ g, -.os Yooy =Wh_y + %1, Zoaiyu+i=“n+k
$==x
and
R
Yo=wo+ g, ..., o1 =0y + %4, _Zuas Fnti="tny
P

for n=0, (n+k)h£b—-a. Writing d,=y,— ¥, and e,=u, —#, we get d,=e¢;
(0=<¢<k—1) and Zad,ﬂ_,-—-e,,“ (n=0, (n+k) h=<b—a). We shall assume,
with no loss of generahty, that kZi and a, 0.

It can be shown that d,= Zn"’"e where 7™ are real numbers (1, m=
0,1,2,...) satisfying the follm;,;l:log conditions: #{™=0 for m>n, y™=0 for
m<n<k, n™=1 for m=n, ‘Zoex, 7M. =0 for m<n-k (cf. [4], p. 212).

1. Assume first that the roots of the characteristic polynomial satisfy the
conditions of the lemma. Let 8, ..., 9*~1 be the usual fundamental system
of the homogeneous difference equation with characteristic polynomial g ({):

O =w"w! with |0;] =1 and 07, <p—1, or |w;| <1 and 0=7,.

A= A1
) = Z p 09 and M =nlnl, .= PNTL ST

for 0Sj=k—1 and n=m=%—1 and some constants u{’, u,=ul".
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Let p=1. Then |9%| =n"|w,|*<y(n+1)?~? for some constant y and for
7n=0. Thus |7| Sa(n+1)?~? for some constant a. Consequently

S o172 3 el

Let p=0. Then [9Y)| =n"|w,|*<4 - f* for some >0, 1>4>0 (1=0,1,2,
k=) 7P| S upr<up and |n{P| < pprtrm"1 for some constant u>0
(0=jsk—1, n=zm=k—1). Consequently
A= 0 47400 gl S g e

05isn 0SisSs
with a=g - [( —1) B —I— } This completes the first part of the proof.

2. Assume now that the sequence @, is p-stable. We shall prove that the
roots of g({) satisfy the above conditions.
Let p=1. If we take ¢,=0 for all n3=m where m is one of the integers
0,1,...,k—1 and ¢,=v =0, then d,=%{v. Thus
{m)
lnw fol =] S - (n+1)P~* Jo| and —~—-(,,Ll";))_, <a  (n=0,1,...).
From this it follows that for any set of coefficients y,,

k=1
2 vmui
m=0
nt—1
it follows that Jﬁll— is bounded for #-—> o0 (§==0,1,..., k—1 and 89, ..., 980
is the fundamental system defined above). Consequently the roots of g ({) satisfy
the requirements.

Let p=0. From the O-stability of @, it follows that this sequence is also
1-stable. Hence it follows from the above that no root of the polynomial g({)
has a modulus exceeding 1 and that the multiplicity of the roots with modulus 1
is at most 1. We shall prove that the assumption that ¢({) has roots of modulus 1
leads to a contradiction.

Let w,, ..., w, be the roots of modulus1. Let g¢y=e;=--+=¢,_;=0 and
=} for j=0,1, ..., 7. In view of

is bounded for #n—co. Asz{®, ..., ¥~ is a fundamental system

7]3") _779“1) 1e-m = Z /‘iﬂg-)ﬁ—k-—m-—l

we get

k-1
2 1#,' 192)—m+k-1} Em

j=r+

= Z (o

where |90)| <86 (j=r+1,...,k—1) with >0, 0<f<1. The numbers y;
satisfy: k1 k-1
O=ngz—1) — -Zo ;c,-ﬂf,’", ) 0_.__,’5‘1:_—’1) - Zo ,uiﬂy)_ .
1= =

r=1 ,
t=afP = 3, 0l
Let D be the matrix of the coefficients of this set of linear equations for the
0

#;, and D, the matrix D with the (j+1)-th column replaced by the column 0
1
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It can be proved that the determinant | D| of D don’t vanishes (cf. [4], p. 214).
Hence by Cramer’s rule: u;=|D;|/|D| (j=0,1,..., k—1). The numbers u;
satisfy: a) u;+0; b) if w;=-41 then u;=real; c) if w;=o; (¢ /) then y;=g;
(¢, j=0,1, ..., 7; & denoting the complex conjugate of the number o}.

a) follows from y,= | D,|/| D|, and | D;| 0 for j=0, 1, ..., 7 (cf. [4], p. 214).
For w;=+1 we have: |D| =(—1)’| D|, | D;| =(—1)°| D,|, 2s being the number
of columns with at least one non real element, appearing in D. Hence &; =
| D;/|D}| = | Dj| /| D| = p;- This proves b). If ;=& (i ==5) then | D;| = (—1)°| Dy].
Therefore c) holds.

The assumption wy==1 leads to

n 14 k—1
d,= 2 {Ho +7_§1 @ TR 1_3:“ 7% ‘93)-m+k—1} v

m=k

if we take e,=v =0 for m=%. In view of b) we have:

r ” k-1 ” i
d,,:(n—k+1)y0v+{i§lyim§kwj—m+k—1+ h ”fmékﬁm_'”””l}v'

f=r+41

As w;%=1 (1=j=7) the second term of the right-hand member of this equality
is bounded for #— oc. Hence it follows from a) that |d,|— oo (#— o), which
is a contradiction in view of the O-stability.

In a similar way the assumption w,=—1 leads to a contradiction if we
take e,,=(—1)"v. Thus w; == 41 (=0, 1, ..., 7). The assumption w,=-exp{i ¢},
o, =exp{—{ ¢} with 0< @< 7 leads to a contradiction if we put e,,= (2cos m @) -v.
This completes the proof.

II1.2. A Convergence Criterion for the Case p=0

Let V be a Banach space with a vector v<=0. Let ¢(l) denote the same
pelynomial as in III.4, and let

k-1
R N LR L AT
=

where the sequence W, satisfies (7a) if =0, or (7b) if p=1. Let k, be so small
that 0<hy<h, and hyA<<1 (p=0) or AhA<1 (p=1), where 1 is the constant
appearing in (7a) or (7b). For 0<<A=<h, the function
k—1
y=yp(x)=-— ‘;o“i”mw‘l‘hp'Tn("’o:--~»7’n+k~1: x, h)
will then be a contracting mapping from ¥V in V. This follows from

lw(x) — 9@ =4 ¥ @, -, Vpsr—1, % k) —
—Y’"(‘Uo, seey v”+k_1,97, h)" é hq}»‘ "x-—-ﬁ",
with g=max (1, p). Consequently the equation x=1y(x) has exactly one solution
(see [1], chapter I, §7). Condition (6) is therefore satisfied if we take ho=hy,
and the sequence 2, defines a step-by-step method.
For k=0 and $=0 we shall prove the following
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Theorem 3. A. The sequence £, is p-stable if and only if the roots of the
polynomial g ({) have modulus <1, and the multiplicity of the roots of modulus 4
is at most p.

B. If the sequence £, is p-stable, the following three propositions will be
equivalent:

(P1) £=1 is a root of multiplicity p of the polynomial Q(C)
lim max [0 (1) - FIX] (3) — 1 ¥, (X(A), .., X (1), B)] =

for any solutlon X(#) of the equation X?=F[X].

(P2) The sequence £, is p-consistent with each solution of the equation X" =
F[X].

(P3) The sequence £, is p-convergent with respect to each solution of the
equation XV =F[X).
For each solution X(#) there exists a continuous function f from [a, b]
into V that satisfies:

lim max [, (X(@), ..., X(tha), 5) — F )] =
lim max |7, (50, ..., #n., B) — fE)] =0

for any set of vectors !, determined by the sequence £, (m=k) with
g—X(H=o0( Y (1=0,1,...,k—1, g=max(1, p)).

Proof. A. From theorem 1 and the lemma of section III.4 it follows that
the above condition for the roots of g({) is necessary and sufficient for the
p-stability of the sequence £2,.

B. If the function X from [a, b] into V is p times continuously differentiable,
we have

X(E+H) =X + b XO@) 4+ 20 X0 @) + 5056, h
for a<t<b, a<i+h<b with | S(4, )| < supremum [X® (s,) — X® (s,)| where s,
and s, may take on all values in the interval limited by ¢ and ¢+ 4.
1. We assume that (P1) holds; we shall prove (P2). From p(1)=p®(1)=
o =gl (1) =0 it follows that for p=1
%
Zz ;=0 (m=0,1,...,p—1). For p=0

S
2 Pa; =% (1). Let X(¢) be a solution to (1), and e}, the corresponding local

=0
discretization errors:

enih =02, (X@), ..., X(thin), B) — X(tni)
= 3 WX () B X, o, X B) — X i)
=— 2« { X&) +ih- XO@) 4 - + ";hp CXO () + i;’;” -S(t,’:,ih)}+
A = W (X, o, X (), B) — 7 0P (1) XO () —

—$TZW¢S@JM.
=0
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Consequently
Pl S 4+ 10(0) FIX] ) —pIPLLX). o X B+

+ h’-’_goif’|a;| S5 m).

Since the function X (¢) is uniformly continuous on the interval [a, 4], it follows
from (P1) that the sequence £2, is p-consistent with X{z).

2. Let (P2) hold. We shall prove (P3). Let X be a solution to {1). In view
of theorem 2 the sequence £2, is p-convergent with respect to X(¢). From
leh sl =0 (#?) it follows that

RN b L (& )
(XA, ... X (o) h)——h’;’;éﬂ(;t’ai)-X A= (3 7e) 0

k

=t B (X, ., X (), ) — > e {X(t‘) ik XO@h 4o g
ib b 1 k-1
+ G XO | = | — 3 X () — X () +

Z o ’LPhP t::,‘lrh) é nen-f-k” + P‘

=0

Zw[a,] IS, k)]0
=0
for 2—-0, uniformly for n=0.
Let p=1. a) Let #=0 and X% (a)=¢,=0 (j=0,1,...,p—1). Thus
k

Y (X0, ..., X, B) — —1—;—! (Z i* a.) X (a)

1=0

(h—0)

where X(f) is a solution of (1) with ¢;=0 (§=0,1,...,p—1). From
(0, ..., 0, B)| < [0, ..., 0, ) — Vo (X&), ..., X&), W] +

k k
T (X (), ..., X (), h) — ;,%(_20 f?ai) X® (@) + 7 ] DL

and property (7b) it follows that ¥,(0, ..., 0, &) is bounded for A->0.
b) Let n=0, X (a)=c¢,=0 (j 4y, j<p—1) and XW(a)=c;,=v40 (jo=
p—1). Thus

__.(Zifu)x‘ﬂ(a)“ 1%(X@), ..., X (@), ) |Zz"a,’ | X® ()]

$==0 =0

. uX(P) (a)n

< |H(XE@), ... X, h) — (Zz’a)c —

=0

where X(f) is a solution of (1) with c; as defined above. Since

1B (X, ..., X@) B S|P (X @), ... X&), B) —F% 0, ..., 0, B[+ [T (0, ... 0. B)]
<a max ﬂX(t u+ﬂ%(o L0, h)|

it follows that sz'a; must be =0. Thus Zt’a-—O (j=0,1,...,p—1).

=0 $=20
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&
For p=0 we now define f(f) = 57 (Zi"ai) X® (f). We note that

$=0
12, (X, ..., X(#hn), k) — FEN] >0

{(h~>0, uniformly for #=0). From this and property (7a) or (7b) we obtain (P3).

3. Let (P3) hold. We shall prove (P1). Suppose first that p=0. Let X(¢)
be a solution to (1). If k=1 we take x,=X(t;) (¢=0,1,..., k—1). We define
%, for m=k by Zoc Zpri=P, (Xo» s Xpys, B) (n=0, B(n+k)<b—a). From

(P3) it follows that the right-hand members of the following inequality tend
to zero as A—>0, uniformly for n=0:

L]
le(t) FIX] ) = B (X(6). e X DI S | Do £06) — X0 3] +

3
+ l ‘_Zo“i{X(tn+i) - xn+i} +||y,n ("o» s Xk h) - lp;l (X(to): (R X(tn+h)v h) n
Thus the left-hand side of this inequality also tends to zero, which is the content
of (P1) for p=0.

Let p==1. It is clear that also k=1. If y,, 35, ... is any sequence of vectors
we define 4y,=%,1.1—Yn» EVp=Yns1+ V¥m=2m— Ym—1 for n=0, m=1. It can
be proved by induction that

O - S nt)
(8) Z Z : Z Z A yn, —yn+q Z (”] ]) V’yq—l
tg==0 ng—1=0 ny=0 n,=0 =0

for ¢=1,2,%,..., n=0,1,2,....
Let X(#) be a solution to the equation X' =F[X]. We define

2} =X(a) + (G h) XD () + -+ + 8”’)”)‘ X1 (g)

for 4=0,1,..., k—1. It can be proved that
©) Vigd=n XD (a) +O(HW*Y) for ¢=0,1,....,k—1; j=0,1,...,min (i, p—1).

We define % for m=% by g(E)x*=n-W,(+}, ..., 2k 4, h). We shall prove
that p(1)=0. From (P3) it follows that the right-hand members of the in-
equality

el @i < |

tend to zero as A—0. Considering the case X(a)=c,=v =40 we see that g(1)=0.
Next we shall prove that { =1 is a root of multiplicity . Let () =0c({) - ({ — 1)
where a{{) is a polynomial and 1=¢=<p. With the definition y,=0(E)x, it
follows from (8) and (9) that

k
ZoX(@) — B+ 1 BB — @]+ 1 110

1 ,
Z Z o(E) x,, = Z 3‘-‘4 Aqyn;=yn+q"'qz (n;-])d(E) ijf-l
) 7y=Q e

e —~1 .
= G(E) Xotq™ q-zu(”;‘]) o‘(E) {hf X0 (a) +0 (h“'l)} )
f=

Numer. Math. Bd. 8 12
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Thus
" "
W22 YJn,("o: er Xpprs )
(10) M0 m=0
=0 (E) %,1,— 0 (1) z (”*’) {(# X9 (a) +0 (WY}

The assumption g<< p leads to o (1 { Z (t- X") } 0 if k=0 in (10)

(nh=t—a<b—a). If 6(1) =0, X(t) would only depend on X(a), ..., XV (a)
and not on X% (a) for ¢g<i=<p. Thus ¢(1)=0 must hold if g< p; & =1 is a root
of multiplicity ¢ of g({).

Finally we shall prove the last part of (P1). We write p({)=0(() - ({—1)*.
From (10) and (P3) it follows that

”

s
Hm At Y - Z —hmh” Z Z L7 ST )|

h~>0 7y=0 no nZo
. it
= },I_IPO {O'(E) Zyyp — 0 (1) ig't') ( -7) {h’ X% (a —i—O(h”“l)}}
/(?) being continuous we may write

13

[ [Hs) dsidsy...ds, =at) { Z =9y )

a a 7=0

for a<<t<b. By p times differentiation of both members of this equality we

*)
obtain /() =a(1)-X®(¢). In view of o(1) = 9:?) and X® =F[X](f this com-
pletes the proof of (P1). The theorem is thus proved.

III.3. A Convergence Criterion for the Case p=1

The methods (2) and (3), mentioned in chapter I, can be considered as methods
determined by a sequence £, as occurs in theorem 3. There are, however, very
simple step-by-step methods for the numerical integration of differential equa-
tions of the type

X0 =£(t, X(), X'(0)

which cannot be considered as methods of type (4) with a ¥, satisfying (7b).
For instance, it is not possible to determine, by virtue of theorem 3, whether
the method

Xnt+a—¥n
xn+2_2xn+1+xn=hﬂ'f(tn+lrxn+1 2% )»

is 2-stable or not. We shall therefore state a theorem in this chapter which
covers this and other cases.

Let o({) denote the same polynomial as in III.4, and let k=p=1. Let

a1
O, (Vs ey Vyppr B) =— .Zo 0 Vpri+ 1P, (g, vy Vnyss B),
=
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where the functions ¥, have to satisfy (5) as well as:

(7¢) ¥ (ve, .- Vpsss )

dv, AVpip—y A4p—1 Ap—1
EA”(WO,...,U"+k, PR 7 yores B vu,...,~h—p_—1v,,+,,h),

r=Fk—p-+1 and the functions A, (%,, ..., %, ) satisfy

"An(“m coes Ug(nys k) _'An(izm (AN aq(n)’ h‘)" = A 0151}%);(») ““l - at"

for some constant 4, uniformly for n=0, 0<k=<h,, (n+R)h<b—a (q (n)=
1

p(n—{-r-}— p—;— ) —1).

It is clear that for p=2 (7c) is a weaker requirement than (7b).

For h, sufficiently small condition (6) is satisfied, the mapping y=yp(x)=
£,(,, ..., 141, % k) then being a contracting mapping from ¥ in V. This
follows from

[o(®) — (A =2, -, Vrns, % B) — LWy, .-, Vpsaes, 5 B
=h‘p'"an(vor coosUppp—1, %, h’) ——YI”(‘UO, s vn+k—1’j’7’ h)"
Al

Ai 1 ; o

W2 "ot T Uerh—i T g Ui =r2 'oggﬁlﬁ“m("’wk—i |
1 - o -

=#h max L5 kil — 2 S hod-o—1],

where v,,,=«% and ¥,,,=%, ¥;=v; (¢=0,1,...,n+k—1), and A=<h, with
0<hy<<min (1, 1/4) — x and % are arbitrary vectors ¢V —.

We then have

Theorem 4!, Let the roots of the polynomial ¢(f) have modulus <1 and

let the multiplicity of the roots {41 of modulus 1 be at most 1 and let { =1
be a root of multiplicity <p. Then

A. The sequence 2, is p-stable.
B. The propositions (P1), (P2) and (P3) are equivalent.

I11.4. Step-by-step Methods for the Solution of Second Order Ordinary Differential
Equations

We consider the second order initial-value problem

X"y =1t X@), X'(t)),

X(a)=c,, X'(a)=c,
where X(¢) denotes an unknown function which maps [4, b] into R;. f is a given
function from [a, ] X R, X R, to R,, continuous in ¢ and satisfying a Lipschitz
condition | (¢, x, ¥) —f(t, %, §)| < A+ |x— | + A - |y — #|, uniformly for <<,
and all real numbers x, %, ¥, 9. In the following we assume that the function f
Possesses continuous derivatives of a sufficiently high order.

1 The proof of this theorem is rather lengthy and will not be published here.
It is available on request at the Centraal Reken-Instituut of Leyden University.

12%
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Method 1.
h
yn+1=yn+h'f(tn+1»xn+1'yn+?'i(tn+lrxn+1'yn))»
Xyro=%ppath Yo (n=0,1,..; h(n+2)<b—a).
If we put
h
yo="'1+?'f(to'co;01) and x;=cy+k-y,,

then the accumulated discretization errors satisfy d,=x, — X(t,) =0 (h®).
Method 2.
Yni1=Vn +% {Ko+K; + Ky},
where
K0=f(t,,+1 _.._;L' Xn+1 i *Yns yn),

K, ={ (tn—i-l! n+1 + Ko: Yn + Ko)

Kﬁzf(tn+l+?'xn+1+"2_'ymyn+h'Kl):

Ty 3= Fns1 A Yusa (n=0,1,...; h(n+2)<b—a).
If we put

Yo= 51+‘}6L '{Zf(tm Cos €1) +/(tl.co+h01,¢1+h‘f(to: Co> 01))}

and x,=cy+ 4+ y, the accumulated discretization errors satisfy 4, = x,—X(¢,)=
O (h3).

These two methods have been derived by a procedure analogous to the one
developed by Runge and Kurra. If we eliminate y, from the formulas (by
setting y,= -{'lﬂh:—”l) they take on the form (4) with a ¥, satisfying (7c). The

above accumulated discretization error estimates are obtainable from the local
error estimates by means of theorem 4.

Method 3.
Surn=Iut ot g #lasab ) # (at-)) +

+ f( w1l — 7}%—: "(t»+1 V6) x' (t»+1 - _V%))}'
Tnta=Zpt1HB° Yot
This formula is based on the relation
Klera) = 2Xbya) + X(0) = G (X" (tnsa ) + X (i — )} O,
which holds for any sufficiently differentiable function X(f). We interpolate and
extrapolate by

x (tn-i-l :!:L =

Vg) Zpprt—=V %140,

Va
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’ h 1
¢ —] = ey
# [t k) =+ (£ 4
neglecting backward differences of an order exceeding some integer g. With the
substitution y, = &F};ﬁ we again obtain a formula of type (4). From theorem 4

it follows that d,=x,— X{t,)=0(h*) if ¢=3 and the starting values x;, y,
satisfy

o X(t‘*”‘)h_x(ti)-:O(h‘), Kppr=x;+he Yy,  Xxg=cy (=0,1,...,q).

+ ) VIt

Remarks. 1. The above methods 1, 2 and 3 seem to be more appropriate for
practical use than the (theoretically) equivalent algorithms of type (4). If round-
off errors are present it may be of importance that the methods (4) with p=2
are 2-stable, whereas the above algorithms are 1-stable.

2. Similar formulas as 1, 2 and 3 — if desired having a higher order — can
be derived for the case that V=R,, and $=2,3,4,....
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