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I. In troduct ion  
Let a and b be real numbers, a <  b, and let V be a normed real vector space, 

not necessarily of finite dimension. In the following we shall consider step-by-step 
methods for the approximation of a certain unknown function X with domain 
[a, b] and range in V. In chapter II a stability criterion for step-by-step methods 
will be derived. 

In chapter I l l  we shall use the results of chapter If  in the case where V is 
a real Banach space and the unknown function X is a solution of the initial- 
value problem: 

(t) xcp~ = F I X ] ,  

X (a) = co, X~" (a) = cl . . . . .  X ~p-1) (a) = cp_~ , 

dq p being an integer > 0 and X Iq) being the q-th derivative ~ X of X (q= 0, t, 

. . . .  p, for the definition of derivatives and integrals of vector-valued functions, 
see I1], chapter VI). F is a functional that transforms each vector-valued func- 
tion Y which is p times continuously differentiable on the interval [a, b], in a 
new continuous vector-valued function F[Y], also with domain [a, b]. F need 
not be linear. Throughout chapter I I I  we shall assume that for each c 0, c x, 
. . . .  %_xEV there is at least one solution X to problem (t). If p = 0  problem (t) 
is simply X=F[X], and no initial values are given. 

Certain step-by-step methods for the approximation of a solution to special 
problems of type (l) have been studied at length, among others by  DAHLQUlST 
and HENRICI for the case that  p > t  and (FEY])(t) =--/(t, Y(t)), and V=Rm= 
the m-dimensional real vector space. In [~], p. t24, a convergence criterion is 
derived for methods of the form 

(2) x.+l-x.--k. O(t . ,  x . ,  k) 

where the function ¢~ has to satisfy certain requirements (p = t, the definition 
of the stepsize h and of the approximation x.  to X(t.) follows in chapter II). 
In [6], p. t2, a theorem is stated according to which certain purely algebraic 

k k 
conditions on the polynomials 0(~)= ~ ~q~ and . ( ~ ) =  Y , / ~  are sufficient for 

i~O i~O 
the convergence of the "general linear multistep methods": 

k k 
Zcqx,,+~=k.Z~i/(tn+ox.+~) -- here also # = 1 - - .  

~ 0  i~O 
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HENRICI remarks that  generalization of this theorem to arbitrary Banach 
spaces is possible. In [2] DAHLQUIST discusses methods of the form 

k k 

(3) ~ o~ x,+i=h p" Z fli /(t,+i, x,+3 

for p = t, 2, 3 . . . . .  
In chapter I I I  we shall consider step-by-step methods of the form 

k 

(4) Y, ~i x.+~=hP. ~ (Xo ,  xl . . . . .  x . ,  x.+~ . . . . .  x.+k, h) 
i = 0  

where the functions W~ have to satisfy certain requirements. In I l l .2  a theorem 
concerning these methods --  theorem 3 -- will be derived (for p>=0) which 
can be considered as a generalization of the above-mentioned theorems. This 
theorem makes it possible to prove or disprove the convergence of methods of 
type (2) or (3) as well as the relation between accumulated and local errors 
(stability). Many other methods, e.g. those presented in [71 are also concluded 
in our theory. As a consequence of the generality of problem (t), it is also 
possible, with the aid of this theorem, to prove the convergence of methods 
of type (4) for approximating the solution of certain integral equations, integro- 
differential equations and partial differential equations. For instance the con- 
vergence of step-by-step methods for solving integro-differential equations of 
the type 

t 

x~P~ (t) = f l ( t ,  s, x(t) . . . . .  x cp-~ (t), x ( s )  . . . . .  x <*-~ (s), x~P~ (s)) as 
lg 

with initial conditions X(a)=c o . . . . .  XCP-ll(a)=cp_l can be proved by this 
theorem (p=> 0, and V=R~). Integro-differential equations of the form 

X 

u Is, 0 = g (s, t, u Is, t/) + f / (s, t, u Is, 0, ~, u/*, tl) d¢ 
0 

with initial condition u(s, a)=c(s) for 0 G s  t ,  can also be solved by methods 
of type (4) and their speed of convergence can again be determined by  theorem 3 
(in this case p = l  and V=Co[0,  t]). 

In section 111.3 we shall establish a second theorem -- theorem 4 -- con- 
ceming methods of type (4). This theorem which holds for p ~  t imposes slightly 
weaker requirements upon the functions ~ .  As an application of this theorem 
we shall present in 111.4 some step-by-step methods for the numerical solution 
of second order initial-value problems of type (t) with (FLY])(t) ~/( t ,  Y(t), Y'(t)) 
and V =  R 1. 

The theorems of chapter II  and I I I  also enable us to determine the speed 
of convergence of step-by-step methods which are not  of the form (4). E.g., 
sufficient conditions can be established for the convergence of the methods con- 
sidered in [6], p. 26t, and also their speed of convergence can be determined by 
these theorems. 

Re~arks. t. In the following chapters we have adopted the convention that 

. . . .  0 whenever ¢ > r .  



Convergence and Stability of Step-by-step Methods t 63 

2. If  g(n, h) is an arbi t rary real function defined for some integer values n 
and real values h, then we shall denote by  max g(n, h) the max imum of the 

n>0  
numbers  g (n, h), where h is fixed and n m a y  take on all integer values > 0 for 
which g(n, h) is defined (of course it is assumed tha t  there actually exist an 
n>=0 for which g(n, h) makes sense). 

II.  p-Stabi l i ty ,  p -Convergence  and  p-Cons i s tency  

H.1. A General step-by-step Method 

Let V be a normed real vector space; a and b real numbers  with a<b.  Let 
h o be a positive real number, and O < h ~ h  o. We define t ~ = a + n h  for n =  
O, t, 2 . . . . .  I f  there is no danger of confusion we shall write t n instead of t~. 
Let k be a fixed integer > O. Let On be a sequence of vector-valued functions 
(n--O, 1, 2 . . . .  ) tha t  satisfy the following two conditions: 

(5) The function Q~(v o . . . . .  v~+ k, h) is defined for v~E V ( i = 0 ,  t . . . . .  n + k )  and 
h . ( n + k ) ~ b - - a ,  where 0 < h ~ h  0. 

(6) For  any vie V ( i = 0 ,  t . . . . .  n+k)  and h ( 0 < h ~ h  o and h . ( n + k ) ~ b - - a )  the 
equation x=~2~(v o . . . . .  v,+k-1, x, h) has exactly one solution for x. 

The sequence Q ,  is related to a step-by-step method in the following way :  
we take x~+k=I2n(~  . . . . .  x~, x~+l . . . . .  x~+k, h) for n--O,  I, 2 . . . .  and ( n + k ) ' h  
_-----b- a, where h is some fixed number  6 (0, ho]. Hence if xo h . . . . .  x~_a are given 
vectors, then vectors x~, ~ + a  . . . .  can be determined successively. In  most  ap- 

h is an approximation of X(t~), and we want  tha t  h h x~-+X(t~) if h - + 0  plications x~ 
and n h - - t - -  a is fixed. X(t) is some unknown function mapping [a, b] into V. 
Frequently we shall write x .  in stead of x~. 

11.2. A p-Stability Criterion 

Definit ion.  Let Q~ be a sequence of functions ( n = 0 ,  t . . . .  ) satisfying con- 
dition (5), and let p be an integer > 0 .  

The sequence Q~ is p-stable, if there is a fixed number  0t> 0, and a fixed 
number  ha, O<ha=< h o, such that  whenever 

Yo = Wo + u0 . . . . .  Yk-1 = w~-i + uk-1, Y~+k = ~2~(Yo . . . . .  Yn+k, h) + u~+~, 
and 

Yo = Wo + ao . . . . .  Yk-1 = w~_l + a~_~, Y~+k = t2n (Yo . . . . .  Y~+k, h) + ~n+k 

for n----- 0, t, 2 . . . . .  and  h .  (n + k) <= b - -  a where 0 < h ~ ha, 

then [~VN--~NII=<~. max imum I lu , -~, l l ,  if p - o ,  
O_~iGN 

N 

or IlyN-Y ll< . if p=>t ,  
i=0  

for each integer N, with O<=N~(b--a)/h.  (11 ...ll refers to the norm of V). I t  
is clear, tha t  if k =  0, no vectors w i wiU occur in the above definition. If  the 
sequence ~2~ also satisfies condition (6), we call the step-by-step method de- 
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termined by  ~ .  p-stable ff and only if the sequence D.  is p-stable. For a sfightly 
different definition of (t-)stability see [3]. 

When a sequence of functions ~ . ,  satisfying condition (5) is p-stable, it may 
be wondered if this stability is preserved when the function values of each ~ .  
are changed a little. I t  will be shown that  the p-stability is preserved if 

~ . (Vo  . . . . .  v .+k,  h) - -  O.(Vo . . . . .  v .+k,  h) + h~" ~ . (vo  . . . . .  V.+k, h) 

represents the new sequence of functions, and each 7J, satisfies condition (5) 
and some other requirements. The following requirement is sufficient: 

(7a) There exists a fixed number , l > 0  such that whenever v o . . . . .  v,,+, and 
~o . . . . .  ~,+, are vectors 6 V, then 

n + k  

I1~ (,,o . . . . .  , , .+ , ,  h) - ~.(~o . . . . .  ~ .+~,  ~)~ __ ~ h.  y. IIv, - ~,11 
i--O 

uniformly for O < h ~ h  o and n=O,  t . . . . .  where h ( n + k ) ~ b - - a .  

If p~_ l the following weaker requirement is sufficient: There exist fixed numbers 
2 > 0  and # > 0  and a fixed integer l>O  such that  

whenever v o . . . . .  v.+k and ~o . . . . .  ~.+~ are vectors ~ V then 

~ + k  l 

l : ' .  (,'o . . . . .  ~ . + , ,  I,) - ~e. (~o . . . . .  ~ . + , ,  h)ll < ~ h .  y. fi,,, - ~ , ~  + ~ , .  =Zo~,,~(, ) - ~(,,11, 
i--O '=  

where the j ( i )  are integers (which may depend on v 0 . . . . .  v.+~ and Vo . . . . .  V.+k 
as well as on k and n) with O < j ( i ) < n + k ,  uniformly for 0 < h < h  o and n =  
O, ~, 2 . . . . .  where h (n + k) ~ b - -  a. 

We note that  

~ + k  1 

< (~h .  (,, + k  + ~) + ~ , .  (~ + ~)}. m~ximum II",--~,ll  

< (~t. (b - -  ,, + ho) + ~," (~ + ~)}" m a ~ m u m  Iv, - -  ~,11 = ~ "  II" - -  ~ n. 

~ t h / ~  = ~ (b - -  a + ho) + #  (l + 1), v = v~., ~ = ~/, where j is an integer (0_~ j_~ n + k). 
The above reqmrement (for the case p ~  t) is therefore eqmvalent to: 

(7b) There exists a fixed number ~ > 0  such that  whenever v o . . . . .  v.+k and 
~o . . . . .  ~.+k are vectors e V then 

I[~(vo . . . .  v.+k, h) -- ~(~o,  .. ~+k,  h)ll ~ ;t. maximum Jv~ - ~JJ, 
• j ~ 0 < : i~ :n+ k 

uniformly for 0 < h < h  0 and n=O,  t . . . . .  where h .  ( n + k ) < b - - a .  

The following theorem expresses the above-mentioned preservation of sta- 
bility: 

Theorem 1. Let p = 0  and let the sequence ~.  satisfy requirement (7a), or 
let p > t  and the sequence ~rt satisfy requirement (7b). Then the sequence 
D n =  ¢~. + h*. ~ is p-stable if and only if the sequence ~ is p-stable. 
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Proo/. Let the sequence ~n be p-stable. We shall prove that the sequence 
~ ,  has also this property. Let w o u~, ,2~, y~ and y~ be vectors E V such that 

Yo = wo + uo ..... Yk-1 = w~-1 + uh-1, Y.+~ =~.(Yo ..... Y.+k, k) + u.+ h 

and 

Yo =Wo +ao ..... Yk-1=Wk-~ +'~k-S, Y.+k =~.(Yo ..... Y.+k, h) +a.+,, 
for n = O, t . . . .  and h .  (n + k) ~ b --  a, where h is a fixed number E (0, ho]. We 
define d . - - y . - - y ,  and e . = u . - - ~ , , .  We note that 

Y.+k = O.(Yo . . . . .  Y.+k, h) + {hP- ~ ( y  o . . . . .  Y.+k, h) + u.+h}, 
and 

Y.+k = o . ( %  . . . . .  Y.+k, h) + {hp. ~.(Yo . . . . .  Y.+k, h) + a.+k} for n ~ o. 

i. i# ~ i, From the p-stability of the sequence ~ .  it follows that there exist 
constants ~ >  0 and h i>  0 with 

k--1 
~y.  - -  y.]] < ~ .  (n + i)  p -1 .  {,~._. ][u, -- ~,1[ + 

+ Z II(hP.~,_,(yo . . . . .  y,.h) + u , ) - ( h p . ~ _ ~ ( %  .. . . .  y,.h) +~,) l l} .  
iffik 

for O < h G h a ~ h  o, and n>O,  h n < b - - a .  

In view of condition (Tb) there follows 

[[dn[[ = [ ~ n -  Y.[[--~ at,n + l) #-x" {,~ [[ei[ [ . _ .  + ~ h # A  - _ , .  maximumo,i,, [ ~ i -  Yi[[} 

= ~t 2" {(n + t) h} p-I" h" X maximum Ild, ll + ~(- + ~>P-~ Y It,ill. 
~=~ O < i ~  i~O 

Let max Ila;ll = :  ,=k o~J~, ,~.,,lld,ll, where n.,,  are integers with O<rl . , ,<~.+L ,, 

n+l  n 
0_--<~.,.< t, and 0<: ~o~/.+l.~--i~o~.,~< t. Let . < s o m e  integer N. Then 

n--1 N 

IId.ll__< ~ a(b--  a +h)P-lh.{,7,,,lld3+Eo,7..,~a, ll} + t x ( g  + ~),-x.  ,-oZ ~',tl. 

Let us now keep O < h < h ~  where h~ is so small that h~<:h a and 
2 (b -- a + hi) ~-x h~< ~. Then 

Ild.II < {~ - ~ a (b - a + h,) a-x a,}-~ x 

n--1 i--oN } × {~ a (b - ~ + h,)~-' h. Z ,~.,,lldd + ~t(N + t) a-a " Z l l e d  
i=O 

.--1 N 
Or IIdJ<~h'X,~..,~d, ll+S. where S = r . ( N + l ) ~ - ' . Z  ~,11, and ~ and r are 

i~O i--O 
constants, not depending on h and N. Thus, if the numbers D.  are defined by: 

Do = S, D.  = fl h .  ~, ~]., iD~ + S, then ~ d.~ < D.  (n = O, l . . . . .  N), From 
i=0 

[ .  .--1 ~ . 

= t , x : . + , ,  , z ,  , - , x o , . ,  , o , )  = , - z ,  , + : 
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it follows tha t  D , + I > D  . for n = 0 ,  t . . . . .  N - - t .  Thus 

D.+ 1 -- D .  ~ fl h" ~, (~/~+1, i -- ~ ,  i) D~ + fl h ~ . , .  D.  
i = 0  

f.+x } 
-- flh" ~,~o~"+l"--'= ,=o~1" '+~""  "D, ,~  2 f l h ' P , .  

Consequently D,+I~  (1 +2fl  h)D,  for n = 0 ,  1 . . . . .  N - - 1 .  From this we get 

[ [ Y g  - -  YN[[ = [[dy[[ < ON ~_ (t + 2fl h)ND0 ~_ exp{2fl (b -- a)}. S 
N 

= exp {2fl (b -- a)}- 7 • (Y + 1) p-1. E [[u, -- ,7i][. 

From this the p-stabili ty of the sequence ~ ,  follows. 
2. p - -0 .  From the 0-stability of ¢~ it follows tha t  

IId, II = b ' ,  - Y.ll < ~," maximum I l u , -  ~,11 + 

+ o¢. maximum [[ ~ - k (yo . . . . .  y , ,  h) -- ~ _  k (~o . . . . .  ~,, h)[I, 
k'<i~_n 

for O < h ~ h x ~ h  o, and n~O,  n h ~ b - - a .  Let n < N  where N h ~ b - - a ,  In view 
of condition (7a) we get 

i 

[Id.[] < ~ • o<,$~ [ m a x  [e i H + ~  2 h ' m a x  i~ol[y i -- 9i][ 

= o¢" max ]e, [ +  o~ A h. ~,, ]] d ,H = o¢ ,~ h" Ila, II + ~ ~ h ..~1 II a, ll + ~ "om&~ [1',11 
O ~ i ~ N  i=O i = 0  - - 

Thus 
. - - I  } 

Ild,,l] < (a - ~ ~ h) -x. {o~ ~ h.=Z ollddl + ~.  max He, II 
= O~--i<:N 

. - - I  . - - 1  

- -  i = 0  O < i < N  ) i=O 

provided O< h ~ h~ where k, is so small tha t  h~ < ha and m 2 h, < t.  M = 7 "  max ][ e,I ], 

and/3  and 7 are constants, not  depending on h and N. Let  Do= M and D.----- 

f lh .~ ,  D , + M  for n=O, t . . . . .  N, then Hdu[] _--_DN. From this it follows tha t  
i ~ 0  

HYN -- ~NI[ = ][dNH < DN = (t + /3  h) ~ D O =< exp {/3 (b -- a)} "7" max ]lu, -- ~,11. 
O<i~_N 

This proves the p-stabili ty of the sequence Q. .  
I t  remains to be shown tha t  if Q .  is p-stable then also the sequence ~P. is 

p-stable. In order to prove this we only have to write q ~ . = ~ 2 . + k  ~. (--~zt) and 
to apply the results just proved. This completes the proof of theorem ~. 

Remark. Let V be a space with an element v#:0.  If p = 0 ,  condition (7a) 
in theorem 1 cannot be replaced by (7b) as is shown by the following example: 
k = ~, # . ( v  o . . . . .  v.+ x, k)=--0. The sequence # .  is 0-stable. If we take ~.(v0, 
. . . .  v.+ 1, h) ---- 2 .  v. then condition (7b) is satisfied, but  the sequence/2.---- # . +  ~t 
is not  0-stable. 
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I I .3 .  A Su[/icient Condition/or p-Convergeme 

Let  Q .  be a sequence of functions satisfying (5) and (6). Le t  X be a func- 
t ion from Ea, b] to V, and let p be an integer :> O. 

Defini t ion.  The vectors  e . + , = e . + k =  . (X(~) ,  X(t~+k), h) --  X(t~+k) are 
called local discretization errors. 

Defini t ion.  The method  determined b y  the s equence /2 .  - -  or briefly: the 
sequence Q .  - -  is p-consistent with the function X if m a x  I ]~+kI[=o(hP)when 

n ~ 0  
h-->0. 

Defini t ion.  The vectors  d m = d ~ =  h h h x,n--X(tm), where the xm are determined 
successively b y  the sequence Q .  s tar t ing with predetermined vectors  x0 h . . . . .  x~- l ,  
are called accumulated discretization errors. 

Defini t ion.  The me thod  determined b y  Q .  - -  or briefly: the sequence ~2 n - -  
is p-convergent with respect to the function X if lim m a x  lidS[ ] = 0 ,  whenever  

h---+ 0 n>O 

the s tar t ing vectors  ~ . . . . .  ~ - x  satisfy lid~]l = o ( h  q-x) ( i = 0 ,  t . . . . .  k - - 1 )  where 
q = m a x  (t, p). 

Defini t ion.  Let  the accumulated discretization errors satisfy m a x  Hd~[[ = o (h "-1) 
. > 0  

for any  set of s tar t ing values x o . . . . .  xk-1 with Ild~ll--o(h') ( i = 0 ,  t . . . . .  k - t ) ,  
where s is some fixed number .  Then the me thod  determined b y  Q .  is called of 
order r. 

Let  £2. be a p-s table  sequence tha t  is q-consistent with some function X, 
where q~p>=o.  We app ly  the p-s tabi l i ty  on the sequences Yo, Yl . . . .  and 
J~o, Yl . . . .  where y .  = x . ,  u .  = 0 (n >_-- 0) and ~.  = X(t .) ,  ui = X(ti) --  x~, un+k = - -  en+k 
(hence equals minus the local discretization error) ( n > 0 ,  i=O,  t . . . . .  k - - t ) .  If  
p = o  we get 

[[Y~v --  YNH ~ ~" m a x  I1~,!1 + 
- -  o < i < k - I  

If  p--_4 we get 
N k--1 N 

IIYN - YNII < ~" (N + , )p-1 .  X Ila,II-- ~" (N + t) p-1.  ~. Iia,II + ~" (N + , )p-x .Z) la , i i  
/ = O  / = 0  = 

k--1 

<-- ~. (N + a) p-~. Z II ,II + ~" (N + i) p-I. (N -- k + I). max la,ll 
- -  i = 0  I , < i < N  

k--1 

< a" (N + t) p-~.  Z + o (h~-~). 
i=O 

Thus 
IId.ll = II .- x(t .) l l  - -  tL .- o (n____ o),  

for any  set of s tar t ing  values x o . . . . .  xk-x with IId, ll=o(h ') ( i - - o , ,  . . . . .  k - ~ )  
where s = q - - r a i n  (t, p). Consequently the me thod  O .  is of order q - - p  + t. Let  
q = p ~ _ o .  We then have  the following: 

T h e o r e m  2. If  the sequence O .  is p-s table  and p-consis tent  with the function 
X then the sequence is p-convergent  with respect  to X. 

Remarks. t .  I f  k = 0 ,  no s tar t ing  values x o . . . . .  xk_ x occur in the above de- 
finitions. 

2. I f  there is a vector  v 4=0 in V, then  theorem 2 cannot  be reversed: 
for each p>_--0 it  is possible to construct  a sequence £2, tha t  satisfies (5) and  (6) 
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and that  is p-convergent, p-consistent but  not p-stable. Also a sequence ~2~ can 
be constructed that is p-convergent, p-stable but not p-consistent with some 
function X. 

III. Step-by-step Methods of the Form (4) 

111.1. The Characteristic Polynomial 

Let V be a normed real vector space with a vector v4:0,  and let a<b. We 
shall derive a criterion for p-convergence for methods of the type (4) with 
respect to the solutions to problem (t). In view of theorem t and 2 we first 
determine the condition for p-stability of the sequence #~ where 

k--1 

#~  (v0 . . . . .  v~+~, h) ~ - -  F, ~, v~+~, (p > o),  
i f 0  

k being a fixed integer > 0  and ~o, 0q . . . . .  0t k real numbers, ~h=t .  To the se- 
k 

quence #~ we adjoin the characteristic polynomial 0 ( ¢ ) =  ~. ~q~, where ¢ is 
a complex variable, i=0 

Lemma,  A necessary and sufficient condition for the p-stability of the se- 
quence ¢~. is that all roots of the polynomial O (¢) should have a modulus =< t, 
while the multiplicity of the roots with modulus 1 should not exceed p. 

Proo]. Let 

Yo=Wo+Uo . . . . .  y~_~=w~_~+u~_x, ~ ~qy~+~ =u ,+~  
i=O 

and 

y 0 = ~ 0 - ~ a 0  . . . . .  y k _ l = W A _ l ' q l - a A _ l ,  

k 

Z O~i ~n+i ~ ~n+k 

for n ~ O, (n + k) h ~ b -- a. Writing d n=y~ -- ~ and e~ = us -- ~ we get d i =  e~ 
k 

( 0 ~ i < k - - t )  and ~ q d , + ~ = e ~ + ~  (n~_O, (n+k) h~b--a) .  We shall assume, 
i--0 

with no loss of generality, that k~_ 1 and ~o 4=0. 

I t  can be shown that  d~= ~, ,7~')e~ where ~7~ ~) are real numbers (n, m =  

0, t, 2 . . . .  ) satisfying the following conditions: ~ml=0  for re>n, , 7 ~ = 0  for 
k 

m<n<k ,  ~7~')= t for r e = n ,  ~ ~i~ ,:.+~') ----n~ for ~n<n+k (cf. [~ ,  p. 2t2). 

1. Assume first that the roots of the characteristic polynomial satisfy the 
conditions of the lemma. Let O~ °) . . . . .  O~ h-~ be the usual fundamental system 
of the homogeneous difference equation with characteristic polynomial Q (¢): 

O~)=n"oJ~ with Io i l - -a  and or and O=<r,. 

k--1 k--1 

"is -- ' /n+k--m--1 ~ Z (i) -- ~ o  p .. and 

for O<:j_~k - t and n : > m : > k - - t  and some constants p~), p~=p~k-x). 
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Let p > t .  Then [0~11 =n"[co,["<7(n+t) p-1 for some constant 7 and for 
n>O.  Thus [~c,~l I < , t ( n + l )  p-1 for some constant ~. Consequently 

Let p = 0 .  Then [0~' l =~"lo, l '~0 . ~  for some a > 0 ,  i > f l > 0  ( i=0 ,  t ,  2, 
.... k- t ) ,  I~'1---~---~P and I~:'l ___~+~-~-' for some constant /~>0  
(O~j~k-- 1, n>_m>_k-- t). Consequently 

iig.ii ~ [ ( k _  t) ~ p  + a ( ~  + p~-, + _  . . .  + / ~ k - , ) ]  • o<,~. I I m a x  e ill < or. o:;,~. II ~ _  max e, 
pk-, 1 with ~= /~-  (k --  t) fl + t--2~ 1. This completes the first part  of the proof. 

2. Assume now that  the sequence ~n is p-stable. We shall prove that  the 
roots of 0(~) satisfy the above conditions. 

Let p >  t. If  we take e , = 0  for all n 4=m where m is one of the integers 
O, t ..... k-- t and e~=v 4:0, then dn=~m)v. Thus 

I~k~'l (n - -  o .  t . . . .  ) I~k'>l • IM = Ildnll- ~ "  ( ' + 1 )  p-~" M and (.+,)p_~ _ ~  
From this it follows that  for any set of coefficients 7~ 

~=o ._(o) " fundamental system ~-i is bounded for n - ~  oo. As 71, . . . . .  ~?~-l) is a 

it follows that  [ # 0 [  is bounded for n--~ oo ( i =  0, t ,  k - -  t and ,9(°) . . . . .  #~k-i) ~p-- i  " " " 

is the fundamental system defined above). Consequently the roots of e (~) satisfy 
the requirements. 

Let p = 0 .  From the 0-stability of #~ it follows that  this sequence is also 
l-stable. Hence it follows from the above that  no root of the polynomial 0(~) 
has a modulus exceeding t and that  the multiplicity of the roots with modulus t 
is at most t. We shall prove that  the assumption that  0 (~) has roots of modulus t 
leads to a contradiction. 

Let o~ 0 . . . . .  co, be the roots of modu lusL  Let e0=e x . . . . .  ek_,----0 and 
0~)=o~ for j = 0 ,  t . . . . .  r. In view of 

k - - 1  

= f~O/~j n+k--m--, 

we get 
k--1 

where Io~,1<~ (j=r+~ . . . . .  ~ - l )  with ~5>o, 0 < ~ < t .  The numbers /~i 
satisfy: k-x ~-~ 

j = O  

=x l = n ~  k--~) , oVi Oli)-l" 

Let D be the matrix of the coefficients of this set of linear equations for the 

l~i, and Di the matrix D with the (j+ t)-th column replaced by the colunm [ i ] • 
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It  can be proved that  the determinant I D[ of D don't vanishes (cf. [4], p. 2t4). 
Hence by Cramer's rule: #i----IDil]I D[ ( j = o ,  1 . . . . .  k - - t ) .  The numbers /z i 
satisfy: a ) / , i 4 :0 ;  b) if o J i = ± t  then /z j=rea l ;  c) if ¢oi----~ i (i4:j) then i~i=fii 
(i, j = 0 ,  t . . . . .  r; ~ denoting the complex conjugate of the number x). 

a) follows from/~i= IDil/IDI, a~td ]Di[ 4:0 for j ~ 0 ,  t . . . . .  r (cf. [4], p. 2t4). 
For w i =  4- t we have: ] D I = ( -  1) [ D l, [ D-ii I = (-- 1) I Djl, 2 s being the number 
of columns with at least one non real element, appearing in D. Hence fii = 
] ff~.l/[D[ = [ Dj[/[ D[ = tzi. This proves b). If ~o~ = wi (i 4:j) then [ ffi[ = (-- I)'[D' 1. 
Therefore c) holds. 

The assumption 0%= 1 leads to 

• k--1 

+ Y ' / t 'w '~ - '+k - l+  ~' ~i . -~+~-xr  
rn=k j = l  ~ ) j = r + l  -' 

if we take e~= v 4= 0 for m=> k. In view of b) we have: 

• n k - - 1  n "~ 

d " = ( n - - k + t ) l ~ ° V  ti=a ~,.=k ~ ~=,+a ,.=. - 

As o~i4:~ (1 <j~_r) the second term of the right-hand member of this equality 
is bounded for n-+o~. Hence it follows from a) that IId.[[-~oo (n-->oo), which 
is a contradiction in view of the 0-stability. 

In a similar way the assumption o~o=--~ leads to a contradiction if we 
take e. ,= (-- l)"v. Thus o~ i 4= 4- t ( j = 0 ,  t . . . . .  r). The assumption ~oo=exp{iq0 }, 
w~ = exp {-- i 9} with 0 < 9 < ~ leads to a contradiction if we put e., = (2 cos m 9). v. 
This completes the proof. 

111.2. A Convergence Criterion/or the Case p >= 0 
Let V be a Banach space with a vector v 4=0. Let 0(~) denote the same 

polynomial as in 111.t, and let 
k - - 1  

t2.(Vo . . . . .  v .+k,  h) - -  - Y~ ~ v .+ i  + hP. ~.(Vo . . . . .  v.+~, h) 
i = 0  

where the sequence 7t, satisfies (7a) if p = 0 ,  or (7b) if p > l .  Let h, be so small 
that 0 < h 2 < h  o and h~2< t  (p=0)  or h~2<1 ( p > t ) ,  where 2 is the constant 
appearing in (7a) or (7b). For O < h ~ h ,  the function 

k - - 1  

y =~p(x) = -  Y. o~iv,+~+hP'~,(vo . . . . .  v,+k-1, x,h) 
~ 0  

will then be a contracting mapping from V in V. This follows from 

- = II , (v0 . . . . .  x ,  h )  - 

- • (v0 . . . . .  h)U < 2 -  - II. 

with q = m a x  (t, p). Consequently the equation x=~v (x) has exactly one solution 
(see [1], chapter I, § 7). Condition (6) is therefore satisfied if we take ho-----h~, 
and the sequence L2 n defines a step-by-step method. 

For k ~  0 and p_~ 0 we shall prove the following 
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Theorem 3. A. The sequence/2,  is p-stable if and only if the roots of the 
polynomial ~ (~) have modulus ~ t, and the multiplicity of the roots of modulus t 
is at most p. 

B. If the sequence D.  is p-stable, the following three propositions will be 
equivalent: 
(Pl) ~-----t is a root of multiplicity p of the polynomial ~(~). 

lim max []0(P)(t)" F[ X] (t~) -- p ! ~ (X(~) .... X(~+k), h)l[ = O 

for any solution X(t) of the equation XIP)=F[X]. 
(P2) The sequence D.  is p-consistent with each solution of the equation X I~)= 

FIX]. 
(P3) The sequence Q.  is p-convergent with respect to each solution of the 

equation XcP)=F[X]. 
For each solution X(t) there exists a continuous function ] from [a, b] 
into V that satisfies: 

lim max II~ (X(to ~) . . . .  X ( t L ,  ), h) -- /(tl)II ---- 
n>O 

lim max I1~. (,4o . . . . .  h ~.+~, h) - / ¢.)11 = 0 
/v--,,,O n>O 

for any set of vectors x~ determined by the sequence Qn (re>k) with 
x~--X(t~)=o(M -~) (i=O, t . . . . .  k - - l ,  q = m a x ( t , p ) ) .  

Pro@ A. From theorem 1 and the lemma of section 1II.t it follows that  
the above condition for the roots of ~(~) is necessary and sufficient for the 
p-stability of the sequence Q.. 

B. If the function X from [a, b] into V is p times continuously differentiable, 
we have 

hP hP 
x ( t  + h) = x(t) + h. x~)(t) + . . .  + y r .  x+~ (t) + N "  s (t, h) 

for a--< t N b, a =< t + h < b with I] S (t, h)II -~ supremum I[X Cp) (sJ -- X Ip) (s,)II where s 1 
and s 2 may take on all values in the interval limited by t and t+h. 

t .  We assume that  (PI) holds; we shall prove (P2). From O(t)=~(x)( t)= 
. . . .  0CP-~) (t) =O it follows that for p_-->l 

k 

~, i " ~ i= O (re=O, t . . . . .  p - - t ) .  For p=>o 
i=0  

k 

~. ipa i=  Q(pl (1). Let X(t) be a solution to (t), and e.+~h the corresponding local 
i=O 

discretization errors: 

~.+~ = ~ .  (x(~) . . . . .  x(~,+~),  h) - x # , + ~ )  
k--1 

= - X ~,x(~,+,) + h~. e ,  (x(t~o) . . . . .  x(~,+~), I,) - x¢,+~) 
i = 0  

k . iP hP . iP hP =-,_Xo=, { x(t~)+ ~h. x,,,(t~)+... + - N - .  x +  ( t~)+-g- .  s(~, i~)}+ 
+ ~ .  ~'. = ~ .  ~ .  (x(4)  . . . . .  x#.+~) ,  ~) - ~ ~+~ (~)-x+~ (~.~) - 

kP ~ 

pl Z oqi~ S(t~,ih) • 
i = 0  



172 M.N. S P I J K E R :  

Consequently 

P ! IId+kll --- h~. II~P~ 0)" f r x ]  (t~) - p l ~ ,  ¢x(~) . . . . .  x(~+~), h)II ÷ 
k 

+ ~ "  Z iPI~,I" IIS(~.ih)U. 

Since the function XCPl (t) is uniformly continuous on the interval [a, b], it follows 
from (Pt) that the sequence f2, is p-consistent with X(t). 

2. Let (P2) hold. We shall prove (P3). Let X be a solution to (t). In view 
of theorem 2 the sequence 19, is p-convergent with respect to X(t). From 
IId+kU=o(~) it follows that 

I_j__P~ 1 hi k i k 

~ ~.~,(X(Po), " X(tl) + i h . X ~ ( t l )  + ... + - hp " . . . ,  X ( t , + ~ ) ,  h) - -  ~ 

II ) "' + - N -  

+ ~ m ~ - - - ~ - - S ( ~ , i h )  lie k IISCe,,ih) ll-~o 

for h--~O, uniformly for n>O.  
Let p > t .  a) Let n = O  and XCi>(a)=c/=O ( j=O,  t . . . . .  p - - t ) .  Thus 

. . . . .  h) - ~ , ,  ~ , ,  o (h -+  o) 
\ i = o  / 

where X(t) is a solution of O) with ci=O (j=O, t . . . . .  p - - t ) .  From 

Wo(o . . . . .  o, h)fi ___ I1~o(O . . . . .  o, h) - ~o(X(eo) . . . . .  x (~ ) ,  h)ll ÷ 
/t t k , 

and property (7b) it follows that ~o(0 . . . . .  O, h) is bounded for h--~O. 
b) Let n=O, X(J)(a)=c¢=O (j 4=jo, j ~ _ p - - t )  and X(i ' ) (a)=ei ,=v~O (jo < 

P -  O. Thus 

_ . . . ,  - ~ 2 ,  7 F  / 2 , '  ~ 1  c / -  ht,-i, Yo \~=e ] i=o \~=o / 

) I ' ,*~ x ~ ( ~ )  + W o ( x ( ~ )  . . . . .  x ( e , ) , ~ ) ~ + ~ .  p~ 

where X(t) is a solution of (t) with c~ as defined above. Since 

II ~o (X(~) . . . . .  X(~), h)] ___ lifo (X(eo) . . . . .  X(~), h) --  ~o (0 . . . . .  0, h)II + W o (0 . . . . .  O, ~)II 

~" max ~Z(t)~ + ll~.(O . . . . .  o , , ) l  
k l* 

it follows that Y. it'u~ must be = 0 .  Thus Y,i/~-----O (j----O, ~ . . . . .  p - - t ) .  
i~O i ~O  



Convergence and Stability of Step-by-step Methods t 73 

For p ~ o  we now define/(t)  = iP~ X~)(t). We note that 
" \ i = 0  / 

I I~ . (x (~ )  . . . . .  x ( ~ + , ) ,  h) - t (~ ) f l -~  0 

(h->O, uniformly for n>=0). From this and property (7a) or (7b) we obtain (P)). 

3. Let (P3) hold. We shall prove (PI). Suppose first that  p = 0 .  Let X(0 
be a solution to (t). If k > t  we take x{=X(t{) ( /=0 ,  t . . . . .  k - - i ) .  We define 

k 

x ,  for m>=k by ~ a ,  xn+~=W,,(x o . . . . .  xn+k,h ) (n>O, h(n+k)<b--a) .  From 
i = 0  

(P3) it follows that  the right-hand members of the following inequality tend 
to zero as h-->O, uniformly for n~O:  

II k I 

I 

II k II 
+ 

- . . . . .  . . . . .  

Thus the left-hand side of this inequality also tends to zero, which is the content 
of (Pt) for p = o .  

Let p > t. It  is clear that also k ~ t. If Y0, Yl . . . .  is any sequence of vectors 
we define Ay,=y ,+x- -y , ,  Ey,=Yn+x, Vy,=Ym--Ym-x for n > 0 ,  m ~ t .  I t  can 
be proved by induction that 

(8) ~, ~', "'" ~ ~. Aqy.,=y.+q--2X(n+J) Viyq_l 
ne=O n~-z=O n l = O  n t ~ O  j = O "  J " 

for q = ] ,  2,3 . . . . .  n = O , ] , 2  . . . . .  
Let X(O be a solution to the equation X(P)=FEX]. We define 

(i h)P-t X(p_z ) = X(a) + (i h) X(1) (a) + . . .  + (p_  ~) I (a) 

for i = O, t . . . . .  k -- t. I t  can be proved that  

(9) Fi~ = hiX (i) (a) + 0 (h i+~) for i = O, 1 . . . . .  k -- t ; j = 0, 1 . . . . .  min (i, p - -  4). 

We define x~m for m ~ k  by e ( E ) x ~ = h  p. ~ , ( ~  . . . . .  ~+k ,h ) .  We shall prove 
that 0(1)=0.  From (P3) it follows that the right-hand members of the in- 
equality 

I Q(I)]" "X(a)n ~ l l , ~  '{X(a) -- ~}U + h"[]~° (~° . . . . .  ~ ,  h ) - / ( a ) l  I + h ' .  ll/(a)ll 

I I  

tend to zero as h--*O. Considering the case X(a)=co=v 4=0 we see that  0 ( t )=O.  
Next we shall prove that ¢ = t  is a root of multiplicity p. Let 0(¢)=a(¢) • (¢-- t) ~ 
where a(¢) is a polynomial and t~_q~p. With the definition y ~=a (E)x n  it 
follows from (8) and (9) that  

""  Y' o ( E ) x * ' =  ~ ""  ~ A'Yn'=Y"+v--j--_o~ 3 / 
q--I 

- = o ( E )  x.+~ ~ ' - o - J -  

Numer. Math.  Bd.  8 t 2 
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Thus 

(t0) ~,=o .~=o q--1 

= ~ (E) . . +  - ~ O) X (" +J) {hJxc,~ (a) + 0 (h~+l)} 
q j = O "  J " 

The assumption q < p  leads to a ( , ) .  {X(t)--q~ 'I (l--a)---~iX(9(a)}--~O if  h-+0 in (10) 

(nh=t- -a<b--a) .  If a(t)  4=0, X(t) would only depend on X(a) . . . . .  Xtq-l~(a) 
and not on Xl°(a) for q < i ~ p .  Thus o ( l ) = 0  must hold if q<p; ( = t  is a root 
of multiplicity p of e (~). 

Finally we shall prove the last part of (Pl). We write ¢ (~ )=a (~ ) - ( ( - - t )  p. 

From (t0) and (P3) it follows that 

n 

l imb p ~ ... ~ ] ( ~ , ) = l i m h  ~ ~ . . . .  ~. ~P,,(~ . . . .  xh,+k,h) 
k-->O n~=O ~ = 0  ~ np~O nl=O ' 

'-'  ("+sl X"'(a) + 0 = l i m { g ( E ) x " + P - - g ( l ) , ~  o . - . o  .= j , 

l(t) being continuous we may write 

, ,. { ,-1 ( t -ay } 
f ' " f  /(sl)dslds=...dsp=aO)" X ( t ) - - ~  j! X¢i)(a) 

a a~ = 

for a<t<b.  By p times differentiation of both members of this equality we 
dP)(t) 

obtain ](t) ----e(l).X(P)(t). In view of * ( t )  --  p! and X(t ' I=FEX ] (t) this com- 

pletes the proof of (Pl). The theorem is thus proved. 

III.3. A Convergence Criterion ]or the Case p>= t 

The methods (2) and (3), mentioned in chapter I, can be considered as methods 
determined by a sequence Q,  as occurs in theorem 3. There are, however, very 
simple step-by-step methods for the numerical integration of differential equa- 
tions of the type 

x"(t) =l(t, x(t), x'(t)) 
which cannot be considered as methods of type (4) with a ~ t  satisfying (Tb). 
For instance, it is not possible to determine, by virtue of theorem 3, whether 
the method 

x . + , - . . ~  
x.+= -- 2x.+ x + x, = h =. / t,+z, x,+z 2h / '  

is 2-stable or not. We shall therefore state a theorem in this chapter which 
covers this and other cases. 

Let 0(¢) denote the same polynomial as in IIIA, and let k ~ p > t .  Let 
/J--X 

O.(Vo . . . . .  v .+k,h)-~--  Y, = ,v .+ ,+hP-~ . (vo  . . . . .  v.+~,h), 
, = 0  
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where the functions ~n have to satisfy (5) as well as:  

(7c) ~n(VO . . . . .  Vn+k, h) 
( ,~v. ~v,+k_, A,-1 A,-'  ) 

---- A ,  Vo . . . . .  vn+k, h . . . . .  h . . . . .  -hp-1 vo . . . . .  7~p-1 v.+, ,  h , 

r = k - -  p + t and the functions An (% . . . . .  uq(,), h) satisfy 

HA.(uo . . . .  %(.), h) - -An(~o . . . . .  fiq(n), h)ll--< ~" m a x  I l u , -  ~,l[ 
' o < i < q i n )  

some constant  4, uniformly for n > O ,  O < h < h  o, ( n + k ) k < b - - a  ( q ( n ) =  for 

p ( n + r +  - - ~ - / -  ) 

I t  is clear t ha t  for p ~ 2  (7c) is a weaker requi rement  than  (7b). 

For  h 0 sufficiently small condition (6) is satisfied, the mapp ing  y = ~ 0 ( x ) =  
Qn(v o . . . . .  Vn+k._ 1, X, h) then being a contract ing mapping  from V in V. This 
follows f rom 

tlv,(x) - v , (~ ) l l - -  IIQ.(,,o . . . . .  , , .+~ -1 ,  ~, h) - a . ( , , o  . . . . .  , , .+~ -~ ,  x ,  h)ll 

= hP- II~'. (vo . . . . .  v . + ~ _ l ,  x, h) - ~'n(vo . . . . .  v . + ~ _ l ,  ~, h) ll 
Ai Ai Fn+k_j t i < h P a "  m a x  - - v . +  k . - -  = h P a  • m a x  -=I[A (v.+ ~ :--V.+k_i)[[ 

- -  o___ i< / , - a l [  hi -"  -M- o < i < # - a  h~ " - '  

= h t ' a  • max  1__ [[ x _ ~ [ [  < h a .  [I x - -  .~l[< hoa" [I x - x l [ ,  
o~_i<p-1 hi 

where vn+k=x  and Fn+k-----~, ~)i----vi ( i = 0 ,  t . . . . .  n + k - - l ) ,  and h ~ h  o with 
0 < h o < m i n ( t ,  t]a) - -  x and ~ are a rb i t ra ry  vectors  E V - - .  

We then have  

T h e o r e m  41. Let  the roots of the polynomial  0 (~) have modulus  ~ t and 
let the mult ipl ici ty of the  roots ~ 4= t of modulus t be at  most  I and let ~ = t 
be a root  of mult ipl ic i ty  ~ p .  Then 

A. The  sequence 12 n is p-stable.  

B. The  propositions (Pt) ,  (P2) and (P3) are equivalent.  

I I I .4 .  Step-by-step Methods/or  the Solution o /Second Order Ordinary Di//erential 
Equations 

We consider the second order initial-value problem 

X"( t )  = / ( t ,  X(t),  X ' ( t ) ) ,  

X ( a )  = co, X ' ( a )  = cl 

where X(t)  denotes an unknown function which maps  [a, b] into R 1. ] is a given 
function from [a, b] × R  1 × R  1 to R a, continuous in t and  satisfying a Lipschitz 
condition [/(t, x, y) - - / ( t ,  ~, y)[ ___ 2 .  [ x -  ~1 + 2 - [ y -  91, uniformly for a < t ~ b ,  
and all real numbers  x, ~, y,  ~. In  the  following we assume tha t  the function / 
possesses continuous derivat ives of a sufficiently high order. 

x The proof of this theorem is rather lengthy and will not be published here. 
I t  is available on request at  the Centraal Reken-Insti tuut  of Leyden University. 

t 2 "  
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Method 1. 

M. N. SPijI<Za: 

h x.+l, y .)) ,  Y.+t = Y. + h.  / (t.+l. x.+l,  y .  + ~-./(tn+l,  

x,.+2=xn+l+ h "Y.+I (n=O, t . . . .  ; h(n+2)~b- -a ) .  
If we put 

Yo = q + ~" / ( to ,  co, q) and xl = co + h.  Yo, 

then the accumulated discretization errors satisfy d.=x~--X(t~)=O(hZ). 

Method 2. 

h . {K ° + K1 + K~} Yn+l = Yn + ~- 
where 

-t--d-" Ko, yn + -  ff 

K,=/(t,,+x + h h h.K1 ) ~-, x,+t + ~-" y , ,  y ,  + 

xn+l=xn+l+h "Yn+I ( " = 0 ,  t .... ; h(n+2)~b- -a ) .  
If we put 

Yo = c, + ~ .  {2/(to, Co, cl) + [(ta, Co + hq,  c t + h . / ( t  o, Co, c1))} 

and xl= Co+ h . y  o the accumulated discretization errors satisfy d . =  xn--X(t.)= 
0 (h3). 

These two methods have been derived by a procedure analogous to the one 

developed by RIING~. and Ko~rA. If we eliminate y~ from the formulas (by 

setting y ~ =  xn+~--xn) they take on the form (4) with a ~ satisfying (7c). The 

above accumulated discretization error estimates are obtainable from the local 
error estimates by means of theorem 4. 

Method 3. 
' 

-N' 

z,,+s= x,,+l-t- h • Y~+t. 

This formula is based on the relation 

which holds for any sufficiently differentiable function X(t). We interpolate and 
extrapolate by 

t 
X" ('s+I "q--~) = Xs+ I '~ - -~  [7 X.+I "JC "'" . 
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and  
t 

neglect ing backward  differences of an order  exceeding some integer  q. W i t h  the  

subs t i tu t ion  Yn-- xn+l-x,  we again  obta in  a formula  of t ype  (4). F r o m  theorem 4 
h 

i t  follows tha t  d~=x~--X(t,)=O(h*) if q > 3  and  the  s t a r t i ng  values  x o y~ 
sa t i s fy  

X(ti+l)-X(ti) =O(h4 ) ,  x~+l=x i+h ' y i ,  x 0 = c  0 ( i = 0 ,  1 . . . . .  q). 
Y~ h 

Remarks. t. The above  methods  t ,  2 and  3 seem to be more  appropr ia t e  for 
prac t ica l  use than  the ( theoretically) equivalent  a lgor i thms of t y p e  (4). I f  round-  
off errors are present  i t  m a y  be of impor tance  t h a t  the  me thods  (4) wi th  jb = 2 
are 2-stable,  whereas the  above a lgor i thms are t - s tab le .  

2. Similar  formulas  as l ,  2 and  3 - -  if desi red having  a higher  order  - -  can 
be der ived  for the  case t h a t  V =  R~ and p = 2, 3, 4 . . . . .  
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