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1. INTRODUCTION

In [1] Jones and Ames introduced a concept of (nonlinear) superposition
for ordinary and partial differential equations.

The purpose of the present paper is to investigate the superposition possi-
bilities for ordinary differential equations of order p > 2.

The first theorem of this paper (Theorem 1 of Section 3.1) implies that
(for the class of ordinary differential equations considered) linear superposi-
tion is the only kind of superposition which is possible. However, the dif-
ferential equations for which this superposition is possible may be nonlinear
(cf., Chap. 5).

In Theorems 2, 3, 4, and 5 we shall deal with some consequences of Theo-
rem 1.

In Chap. 5, we shall discuss some examples and applications of the theorems
of this paper.

2. PRELIMINARIES

2.1.  The Differential Equation

In this section we shall specify the class of differential equations to be
investigated in this paper.

Let 2 and b be constants with — 00 < a << b < o0 and let p and g be
integers, p >> 2, ¢ = p — 1. The set V is defined by

V={(t%,%, %):a<<t<b —oo<x<0(j=01,..,q)
Throughout this paper we assume that f is a function satisfying condition
(2.1):
f is a real-valued function, defined and continuous on the set V. .1
206
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We shall deal with the differential equation

wP(t) = £, w(t), 4 V(2),..., wO(2)], 2.2)

u'9)(t) denoting the jth derivative of the function u(2).
The function M(t, y, {) is defined by

M(t,y, &) = max{| f(1, 3, %y ps %)l 2| 25 | S U (G =1, 2500 )}
(for a <t <b, —00 <y <o and 0 <{ < 00). In Chap. 3 we shall

assume that the function M satisfies

lim 7 M(t,3,0) = 0 @3)

(for all £ and y with @ <<t << b, — 00 <y << ).

Thus (for instance), condition (2.3) is amply satisfied if f(2, y, x, ..., &) is
a bounded function of (x, ,..., x,) for any fixed ¢ and y.

In Section 3.2 and Chap. 4, we shall assume that f satisfies [in addition
to (2.3)]

cI_benno T f(t, %y yeey X410, 8) =0 (2.4)

(for all £ and x; with a <t <b, — 00 <x; < 0,j=0,1,..,¢g—1)
Many differential equations of type (2.2), encountered in applied mathe-

matics, satisfy (2.3) or even (2.3) and (2.4) (cf. e.g., Section 5.2, for Eq. (2.2),

where f does not satisfy (2.3), cf. Section 5.1.A).

2.2.  Connecting Functions

In this section we shall introduce a (nonlinear) superposition principle
for the differential Eq. (2.2) which is based on the subsequent definition of a
connecting function (cf. [1]).

Let n be an integer > | and E a subset of

{&B, v, Y80 Pn)ia <t <b —o0 <y, <o0(i=1,2,...,n)}
satisfying conditions (2.5), (2.6):
E is an open set, (2.5)
for any t, € (a, b) the set

{(yl 3 Y2 a0en yn) : (to 2 V1 3een yn) € E} (26)

is nonempty and connected.

DrrINtTION 1. F is a connecting function of order n for the differential
Eq. (2.2) if the following conditions A, B, and C are fulfilled:
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(A) F is a real-valued function defined on E with continuous partial
derivatives of order p.

(B} None of the derivatives (¢/¢y;) F(t, ¥1 ,-.., ¥o) (f = 1, 2,..., #) vanishes
identically on E.

(C) Whenever wuy(t), wuy(t),...,u,(t) are functions satisfying (2.2) for
t € some interval (a, , 8;) C(a, b) and [¢, uy(2),..., u,(t)] € E for a, < t < b, ,
then

u(t) = F[t, uy(1),..., u(2)]

is also a solution to (2.2) for a; <<t << b, .
From this definition it is clear that the existence of a (nonlinear) connecting
function implies the possibility of (nonlinear) superposition.

DrrFinITION 2. A connecting function F is Lnear if

Pt 3y ) =70 + Y a0) e, @)

Y(£), oy(2),..., oy(t) denoting functions defined on (e, b) which do not depend
ON Yy yeey Vi -

DerintTION 3. F is a linear connecting function with constant coefficients
if F is a connecting function satisfying

F(t, Yy ) = ¥E) Y 2432 (2.8)

i=1

0 5 0y 5..., &, denoting real constants and 1(¢) denoting a fixed function defined
on (g, b).

2.3, Outline of the Following Chapters

In Section 3.1 we shall show that any connecting function for the differen-
tial Eq. (2.2), where f satisfies (2.3), is linear. In Section 3.2 we shall show that
any connecting function for (2.2), where f satisfies (2.3), as well as (2.4), is a
linear connecting function with constant coeflicients.

In Chap. 4 (Theorems 3, 4), we shall investigate what conditions on f are
necessary and suflicient in order that (2.2) has a linear connecting function
with constant coefficients. From Theorem 4 it is then deduced (cf. Theorem 5)
which differential Eq. (2.2), where f satisfies (2.3) and (2.4), have a connecting
function of order #» > 1.

In Section 5.1 we present some counterexamples which show that the
conditions (2.3), (2.4), respectively, imposed on f in the theorems of Chap. 3,
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cannot be omitted. In 5.2 we deal with the connecting functions for Duffing’s
equation. In 5.3 we mention some problems appearing in other areas of
mathematics which are related to the topics of this paper.

3. Tue ForMm oF THE CONNECTING FUNCTIONS

3.1. The Differential Equation (2.2), Where f Satisfies (2.3)

We shall prove the following theorem:

THEOREM 1. Let f satisfy (2.1), (2.3) and let F be a connecting function for
the differential Eq. (2.2). Then F is a linear connecting function.

Proof. Let F(t,y,,...,y,) be a connecting function for (2.2). We shall
show that F is linear.

(A) Let (t5, 91, Ys) be a fixed point of E. Let x;; (= 1,2,...,m;
7 =1, 2,..., g) be arbitrary real numbers. In view of (2.1), (2.5) (cf., e.g., [2])
there are numbers a, , b, with a < a; < t; < b; < b and functions u,(¢),...,
u,(t) satisfying

uty) = y:,
) =%, (Gj=1,2.9), (3.1)
uP(t) = f&t, w ()P @) td@ (@) (@, <t < b)), (=121,

where the points [¢, #(2),..., #,(¢)] remain in E for a; <t < b, .
The function u(t) is defined by

u(t) = F(t, uy(2),..., u,(1)), a <t<<b. (3.2)
Since F is a connecting function (cf. Definition 1), the function #(t) satisfies:
u'?(t) = f(2, u?), uV(2t),..., w' (), @y <t <<hy. (3.3)

Using (3.2), we shall express [in (B)] the derivatives #"(¢) (1 < r < p) in
the partial derivatives of F and the derivatives of u,(t), u,(t),..., #,(t). In (C) we
we shall substitute the expressions obtained for #"(#) into formula (3.3).
Using the resultant formula and (2.3) we then prove (in (D)) that F is linear.

(B) We define uy(t) = ¢t (for ay < t < b). Hence [cf. (3.2)],
u(t) = Fluyt), uy(2),..., u.(£)]. Applying the chain rule for a function of
several variables (cf. [3]), we get for 1 <r <p

H ( Djui)a(i.j)

=0 j=1 ‘

w1y = ; 3f3(A) i (13 Dz(i))F i

n T .

(3.4)

400{30/1-14
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(for a; < t < b,), where the summation extends over all (n 4 1) by r matrices
A = [a(i, ))]; the entries a(i,j) ({ =0, 1,...,n; j = 1, 2,...,7) of which are
integers 2> O satisfying

Z Z -a(i,j) =r. (3.4a)
The exponents b(z) are defined b
i=l
and the operators D; , D by
o d .
DiF = WF, Du,- = E u; (l = 0, 1,..., ﬂ).

i

It may be shown that the coefficients f(4) appearing in (3.4) satisfy

B(4) >0
(. [3))-
Taking ¢t = t; in (3.4), we get (for | <7 < p)
w(e) = L34 n [T Doy, (3.6)
where
54) = B(4) - ([T DY)ty 3y o 30 (37)

Since Dluyt)) = 1, Diufty) =0 (2 <<j<p), and Diuft) = x,;
(1 <i<n 1<j<g), formula (3.6) for | <7 < ¢ and for r = p is equi-
valent to (3.8), (3.10), respectively:

ut) =P, (1<r<y) (3.8)
where
n T
P, = Pyx;;) =Y. 8(4) - TTT] (5002, (3.9)
A i=1 j=1

the summation in (3.9) being for all matrices 4 = [a(3, j)), the entries a(3, 7)
of which are integers > 0 satisfying (3.4a) with

a(0,2) = a(0,3) = --- = a(0,7) = 0.
uM(t) =P +0Q + R, (3.10)
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where P, O and R are defined by (3.11), (3.12), (3.13), respectively:
n q
P=P(x;;) =Y 8A) - [T T] (5024, 3.1D
4 i=1 j=1

where 4 = [a({, j)] and the integers a(f,j) =2 0(i =0, 1,..,n; =1, 2,..., p)
are subject to the constraints:

a0,j) =a(i,p) =0 (I1<j<p0<i<n),
(.11a)

3

Z] : a(l,]): ».
1 j=1

.
Il

0 = Q(x.) = Y §4) H n (50000, (3.12)

where 4 = [a(z, /)] and the integers a(5,7) 20 (=0, L,...,n 7 =1,2,..., p)
are subject to

a0, 1)>0, a0)=aip)=0 @Q<j<pO<i<n)

" e (3.122)
E, ;glj “at,j) = p.
R =Y 84) - Dru(t,y), (3.13)

where 4 = [a(?, j)] and the integers a(, j) vanish with the exception of one
of the integers a(f, p) (f =1, 2,...,n) which equals 1 and is denoted by

a(k’ P)’
From (3.13), (3.1) it follows that

R =R(x;;) =Y 8(A)  flto, Vi » X1 rover Fp0) (3.14)
A

(C) Substituting the expressions (3.8), (3.10) for the derivatives u‘"(t,)

in formula (3.3), we obtain the equality
P(x; ;) + Q(#:,5) + R(xi.5) = flto , ulty), Po(i 1)y, Pol%;,))-

Consequently,
| P(x;, )] <1Q:5) + | R(xi,9)| + | fto » wlto)s Po(i,i)seres Poli5)]l - (3.15)
Using (3.15), (2.3) we shall show that P = Q.
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Let £, (i =1, 2,0, 5/ = 1, 2,..., q) be fixed real numbers and let { be a
variable > 1. Applying (3.15) with x, ; = 0/ - &, , we get
| P(O€: ) < TQDE ) + | R(EE; )
+ 1 f 2o » ulto)y Pr(TE: 3)senes PTEN - (3.16)
In view of (3.11), (3.11a), we have
P, ;) = L7 - P(¢,.))- (3.17)

From (3.12), (3.12a), and (3.9) it follows that there is a number w > 1 (not
depending on {) such that

106 <w - LY (3.18)
| P <w 07 (1<r<yg), (3.19)
[Tl <o 07 (1<r<g 1<k (3.20)
In view of (3.16), (3.17), (3.18), (3.14), (3.19), we obtain the inequality

N

- IPEN S0 8+ 0) Y 1 ftor Yo L e i
k=1
(3.21)
+ lf(to ’ u(to)’ 3 TN xq)‘i ’

where the numbers x, satisfy | x, | <w - (1 <r < 9q).
Defining

‘N(y» C) = max{lf(to 1 Y Xy ooy xq)l x| < wl’ (1 Lr < Q)}, (322)
we get from (3.21), (3.20) the inequality

0P S0 U0 )Y N, O + Nt I (.29

Since w > 1, we have [cf. (3.22)]
A](ya C) < max{lf(to ’ya xl =ty ""q)l : l xr l < w'rCr (1 < r < Q)}
= M(to )y) wC))

where M is the function appearing in (2.3). In view of (2.3) it follows that
{? - N(y, {) — 0 for { — oo. Dividing both sides of (3.23) by {?, we thus get

|P(&,)l <o T4 o(l) +o(l) =o(l)  (for { — o0).
Hence, P(£; ;) = 0. It follows that the polynomial P(x; ;) vanishes identically.
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(D) Since P = 0, the coeflicients §(4) in formula (3.11) vanish. In view
of B(A) = 0, we may conclude [cf. (3.7)] that

(H D?“") F(ty, 31 e ¥0) = 0, (3.24)

i=0

provided the exponents b(¢) are defined by (3.5) and the a(i,j)
(=0, 1,.,n7=1,2,.,p) are integers > 0 satisfying (3.11a).

As is easily verified any second order derivative DD, F(ty,¥1 s Vu)
(k,m =1,2,..,n) is of the form appearing at the left side of the equality
(3.24). Consequently,

DD Fty, ¥y v ¥0) =0 (kym =1,2,..., n). (3.25)

From (2.5), (2.6) it follows that Ej = {(¥,, ¥5 .- ¥n) : (fg » ¥1 »--» V) € E}
is an open connected subset of the n-dimensional Cartesian space R, . The
function Fo(yy , ¥ yeees Yn) = F(ty s Y1 50y ¥n) is defined and two times con-
tinuously differentiable on E, with vanishing derivatives of order 2 [cf. (3.25)].
It follows (cf. e.g. [4]) that Fo(y, , ¥s 5., ¥s) 18 a linear function of the varia-
bles y;. Consequently, F(¢,y;,...,y,) satisfies (2.7) and the theorem is
proved.

3.2. The Differential Equation (2.2), Where f Satisfies (2.3), (2.4)

In this section we shall give a stronger version of Theorem 1 assuming that
condition (2.4) is satisfied.

THEOREM 2. Let f satisfy (2.1), (2.3), (2.4), and let F be a connecting func-
tion for the differential Eq. (2.2). Then F is a linear connecting function with
constant coefficients.

Proof. Let F denote a connecting function for (2.2). By virtue of Theo-
rem 1, F is linear, i.e.,

Bt 31,32 = 0 + X a0) 1. (326)

Let % be an integer with 1 < & <C 7. We shall show that the function a(t)
is constant on (g, b).

(A) Since (3.26) holds for all (¢, y, ,..., ¥,) € the open set E, and F has a
continuous derivative of order p with respect to ¢ (cf. condition A in Section
2.2), the functions «t), ¥(¢) are also p times continuously differentiable on
(a, b).

Let (ty, ¥y -, ¥s) be a fixed point of E and let x,; =0 [{ = 1, 2,..., n;
7=12,..,4 (7) # (k q)], %1, = {, { denoting a real variable > 0.
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We now proceed exactly as in part A of the proof of Theorem 1 [cf. (3.1),
(3.2), (3.3)]. In order to use (3.3), we need an appropriate expression for
u(t) (@ <t < by, 1 <r < p). Using (3.2), (3.26) and Leibniz’ theorem,

we obtain (for 1 < r < p)

u'(t) = DF(L, uy(1),..., u,{2))

—

0+ 3 o)1)

n r 7 . X
=3 % (3) - (Do) - [Drite)] + D)
i=1 j=0
In view of (3.1) and the above definition of x; ;, we thus get

ull(ty) = ;Z Yi Dra(ty) + Dlty) (1 <7 <yg),
-1

uld(ty) = Z Yi - Doa(ty) + £ - oufto) + Dy(ty),

i=1

u?tg) = Y 3 - DPo(ty) + p - § - Doyty)

i=1
+ Z fos¥:i50,00,0,8; - £) - i(ty)
i=1

+ D”'y(to),

8; » denoting the Kronecker delta.
(B) From (3.3) it follows that

e u®(te) = L7 flty , u(to)s 4@ (fo)seey w'9(80))-
Substituting the expression (3.29) for u'?(z,) in (3.30), we get

D Doy(ty) + L1 - f(to, Y » Oseeny 0, 8) - a(ty) 4+ O(LY)
=1 flty, u(to), P (to)s-.., w9 (t)].

In view of (2.4) this yields

? - Dey{to) = Lim (= [ty , u(to), (t0)s-.., #9(t0)]-

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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(1) Assume ot;) = 0. Then u'¥)(t,) is independent of { [for 1 <j < ¢;
cf. (3.27), (3.28)]. Hence, the limit at the right side of (3.31) equals zero. It
follows that Da(t,) = 0.

(2) Assume og(t,) = 0. Then
Llim £7f [ty , ulto), w(to),er, ' (to)]
= lm [{71 - u@(ty)] - [ 9 ()] - Tt wlte), w0 (t)s--o, #9(25)]
= aylto) - Him [u@(te)] ™ - [ty , u(to)s--., u'(te)] = 0

[cf. (3.27), (3.28), (2.4)]. Consequently, [cf. (3.31)] Day(z,) = 0.
Since Day(2y) = 0 and ¢, denotes an arbitrary point &(a, b), it follows that
oyft) is constant on (a, b). Hence, F is of the form (2.8).

4. CONDITIONS ON f WHICH ARE NECESSARY AND SUFFICIENT FOR THE EXISTENCE
ofF A ConnNecTING Funcrion

4.1. Connecting Functions of Order n > |

In this section we study the differential equations of type (2.2) [where f
satisfies (2.1)] for which a linear connecting function F with constant coef-
ficients exists.

Let n 2> 1 and let the function F be defined by

F(t! Y1 5000y yn) = Y(t) + z o Y (4'1)
i=1
[for (¢, 31 y..., ) € the set E of Section 2.2], where none of the constants a;
vanishes and the function 9(t) is defined and p times continuously differen-
tiable on (g, b).
We have the following theorem:

THEOREM 3. Let f satisfy (2.1). Then the function F defined by (4.1) is a
connecting function for the differential equation (2.2) if, and only if, f satisfies
the following functional equation

f(tr )’(t) + Z O " Vi 7(1)(t) + Z 0 * Xi geeey Y(m(t) + Z @ xi.q)
i=1

i=1 =1

— .},(P)(t) + i oy 'f(t, Vi Xiq seees xi.d) (4.2)

i=1

[for &, 315 V) EE, —0 <x;; <00 (i=1,2,.,n;] =1,2,.,¢)]
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Proof. (A) Let F [defined by (4.1)] be a connecting function. We shall
show that (4.2) is satisfied.

Let (45, ¥1,.-» ¥x) be a fixed point of E and let x;; ({ = 1, 2,..., n;
j=12,..,q) be arbitrary real numbers. We now proceed exactly as in
part A of the proof of Theorem 1 [cf. (3.1), (3.2), (3.3)]. We have [cf. (3.2),

4.1)]

n

ut) = A1) + ), o4 ut) (o <t <b) (43)

i=1
and, consequently,

=0+« u) O<r<pa<t<b). @4)

i=1

Substituting the expression (4.4) for »!"(¢) into (3.3), we get

YOO + Y o u?()
i=1

n n
= f[t, YO 4+ Y o u@()yers YO+ Y 0 u§°’(t)].
i=1 i=1
Using (3.1) we obtain for ¢t = ¢, :

V(p)(to) + Z e 'f(t() yyi 4 xi,l ERAAS ] 'xi,q)

i=1

:f[to » Y(to) + Z @ Yy e V' O(Fg) + Z 0 'xz',q] .
i1 -1
It follows that (4.2) is satisfied.

(B) Let (4.2) hold. Assume that u,(f), uy(t),..., u,(t) are functions satis-
fying (2.2) for a; <<t < b, , where a < a; << b; < band [t, uy(t),..., u,(t)] € E
(for a; < t < b;). We define u(t) by (4.3). Using (4.4), (4.2) it follows readily
that u(t) satisfies (2.2) for @, <t < by, which completes the proof of the
theorem.

4.2. Connecting Functions of Order n > 2; E = (a,b) X R,

In this section we assume z > 2 and

E—(ab) xR,
={t 150 ia <t < b —o <y, <w(=1,2,..,n)
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We shall fix which equations of type (2.2) have a connecting function of the
form (4.1).

THeOREM 4. Let f satisfy (2.1) and let n > 2, E = (a,b) X R, . Then the
function F [defined by (4.1)] is a connecting function for the differential equation
(2-2) if, and only if, f is linear with respect to x , Xy ,..., Xg , L.€.,

(g x) = M) + 3 M) - x; 4.5)
j=0
for some functions X2), A(t) defined on (a, b), and

7900 = (1= 3 w) 20+ 3 M0 700 @)

(for a <t < b).
Proof. (A) Let f satisfy (2.1), (4.5) and let F {cf. (4.1)] satisfy (4.6). In

order to prove that F is a connecting function for the differential equation
(2-2), we only have to show that condition (4.2) is satisfied (cf. Theorem 3).
With y; = %, 4 ({ = 1, 2,..., n) we have [cf. (4.5), (4.6)]

f(t, () + Z oy, yYO(E) + z Ay geeny YO(E) + Z O‘ix‘i.a)
i=1 i=1 =1

=0+ 5 M0 [#0 + 3 o

n

=70+ 3, o[ % A0 + 20|

i=1

= y'"(t) + Z a; (8 Yis Xig seees X g)-

i=1

Hence, condition (4.2) is fulfilled and F is a connecting function,
(B) LetF [cf. (4.1)] be a connecting function for the Eq. (2.2). By virtue
of Theorem 3 f satisfies the functional Eq. (4.2). Using (4.2) we shall show

(in B.1.) that f is linear with respect to x,, *; ,..., X, . In B.2. we shall prove
that (4.6) holds.
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B.1. Let £;, 7, denote variables € (— o0, ) (for j = 0, 1,..., g) and let ¢
be a fixed number in (a, b). We define

a=m, P=a, y=y) (0<j<y),
w=y0) + ¥ o f(t,0 .y O).
i=3
Applying (4.2) with

n==¢é, Y2 = Mo > y.=0 2<i<n
%5 =&, X35 =T, %;,;, =0 R<i<nl <5<y,

we obtain
F(@t, afy + Bno + Yo serr afy + Brg + Ya)
=a-f(t, o 1o fq) +B 'f(t’ Mg 5e-es Ng) T pe 4.7

Using the vector notation

X = (60 ’ gl 3evey fq)’ y = ("70 s T4 seeey nq)v ¢ = ('}'0 > V1 seeey 'Yq)

and defining

8(x) = &(éo > £15 &) =F (8 G99 £ (4.8)
formula (4.7) may be written as
glox + By + ¢) = og(x) + Bg(y) + . 4.9)

Let 8 = B - a7 {in view of o; 7 0 [cf. (4.1)], we have o 5 0}. Since
glox + By +¢) =gla - (x + 8) + B -0 + ¢) = ag(x + 3y) + Bg(0) + p
[cf. (4.9)] we get in view of (4.9)
ag(x + 8y) 1 Bg(0) + p = og(x) + Be(y) + m
and consequently
glx + 8y) = g(x) + () — 8(0). (4.10)
We define the function G by
G(x) = g(x) — £(0). (4.11)
Hence, (4.10) yields
G(x + 8y) = G(x) + 5G(y). @.12)
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Applying (4.12) withx =u,y =81 -vand x =0, y = 871 - v, respectively,
we obtain the formulas

Gu + v) = G(u) + 8G(67 - v),
G(v) = G(0) + 8G(87! - v).
Consequently,

G(u + v) = G(x) + G(v) — G(0).
In view of G(0) = 0 [cf. (4.11)] we have
G(u + v) = G(x) + G(v),

which is Cauchy-Abel’s functional equation (cf. [5]). By virtue of the
continuity of G [cf. (4.11), (4.8), (2.1)] it follows (cf. [5]) that G(x) is a linear
homogeneous function of the variables &, & ..., & . Using (4.11), (4.8) we
immediately obtain (4.5).

B.2. We shall show that (4.6) is fulfilled. Formula (4.2) with
yi=x,;=00G=1,2,.,mf=1,2,..,q) yields in view of (4.5)

At) + Z A(t) - y9t) = y'P(2) +f aAt), a<t<b.

i=1

Hence, (4.6) is satisfied. This completes the proof of Theorem 4.
Using Theorems 2, 4, it may be fixed which differential equations (2.2),
where f satisfies (2.1), (2.3), (2.4), have a connecting function:

THEOREM 5. Let f satisfy (2.1), (2.3), (2.4), and let n > 2, E = (a, b) X R,.
Then the differential Eq.(2.2) has a connecting function if, and only if,
F(t, %y ..., %) is linear with respect to the variables x, , x, ..., %, [i.e. if, and only

tf, f satisfies (4.5)].

Proof. (A) Let F be a connecting function for (2.2). In view of Theo-
rem 2, F is a function of type (2.8). It follows from the conditions A, B (cf.
Section 2.2, Definition 1), respectively, that y(t) [appearing in (2.8)] has a
continuous derivative of order p and that the coefficients o; [{ = 1, 2,..., n;
cf. (2.8)] don’t vanish. Hence, the conditions imposed on ¥(t), «; in (4.1) are
satisfied and we may apply Theorem 4. It follows that (4.5) is satisfied.

(B) Let f satisfy (4.5). Let o, , a3 ,..., &, be arbitrary non vanishing num-
bers with

%= 1. (4.13)
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We define

F(t!yl :'~‘ryn) = z & Y- (4.]4)

i=1

Hence, F is of the form (4.1) [with y(¢) = 0] and condition (4.6) is fulfilled.
In view of Theorem 4, we may conclude that F is a connecting function for
(2.2). This completes the proof of the theorem.

5. ExampLES AND CONCLUDING REMARKS

5.1.  Counterexamples
(A) The following example shows that condition (2.3) cannot be omitted
in Theorem 1 (Section 3.1).
p=2, a=—w, b=ow, [ft,x%,%)=—((®) and n=2,
E=(a,b) x Ry,  F(t,y,,,) = log[exp(y) + exp(32)]-
f fails to satisfy (2.3) and F is a nonlinear connecting function for the dif-
ferential Eq. (2.2).

Using the method of [1], similar counterexamples may be constructed
for p > 2.

(B) The following example shows that condition (2.4) in Theorem 2
(Section 3.2) is indispensable.
p=2, a=0, b = 0, flt, %y, %)=0 (for 0 << t, %y < 1),
flt xy, %) =11 2x, —tL-xglogw,) -logx,  (for0 <2, 1 < xyp)

and
n=1 E={ty):0<1 <y}, F(t,y) =exp(®)-y.

f fails to satisfy (2.4) and F may be shown to be a linear connecting function
for Eq. (2.2) with a nonconstant coefficient.

(C) The following two examples show that neither the condition n > 2,
nor the condition E = (a, ) x R, may be omitted in the theorems of Section
4.2.

) p=2 a=—ow, b=own, [f(t,x,..%) =0 (forx=0),

Tty xp yeuey Xg) = Xy - sin(27 - Zog | x4 ) (for xy + 0)

and
n=1, E =(ab) X R, Fit,y)=2"y.

2y p=2, a= — o0, b = o0, T (@, %g yeee, ) = | 24|
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n22  E={ty,y):a<t<b0<y(i=12.,m)}
F(tayl y-.-,yn) =¥ +y2 + +_yn .
5.2. Duffing’s Equation

An an illustration of the above we investigate whether there exist connecting
functions for Duffing’s equation without damping term (cf. [6]):

uw'(t) + u(t) + O - [u(t)]* =R - cos wt (5.1)

{(w, O and R denoting real constants), which is an equation of type (2.2) with
p =2 and f satisfying (2.1), (2.3), (24). Let —w <a<b << o, n 21,
E=(a,b) XR,.

(A) Assume n > 2. From Theorem 5 it follows that Eq. (5.1) has a
connecting function if, and only if, 0 = 0.

Let O = 0. Then (cf. Theorems 2, 4) any connecting function is of the
form (4.1), where y(z) satisfies (4.6) with

Mf) =Rcoswt, Mt)=—1, M) =0.

(B) Assume # = 1. In view of Theorem 2, any (possible) connecting
function F is of the form

Fit,y)=a -y + (), (5.2)

o denoting a constant =% . From Theorem 3 it follows that a function F
satisfying (5.2) is a connecting function for (5.1) if, and only if,

— [y +yO] —Q - [y + ¥ + R cos wt
=9"(t) + « - [—y — 0y® + R cos wt] (5.3)

fora <t <b, — oo <y < oo. A little calculation shows that (5.3) is equi-
valent to
Qoo — 1) - 3° 4 3Qa®u(2) - 3* + 30afy())]* - y

+ '@ + 1) + OyOP + (@ — 1) Reos wt} =0 (5.4)
for a <t <b, — o0 <<y < 0. For fixed ¢ the left member of (5.4) is a
polynomial of degree <{3 in the variable y, vanishing for — 00 <y < o0,

Consequently, (5.4) holds if, and only if, the coefficients of this polynomial
vanish for a < ¢ < b.
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(1) Let O = 0. It follows that F [cf. (5.2)] is a connecting function if,
and only if, y"(£) ++ ¥{#) = (1 — &) R cos wt (a < t < b).

(2) LetQ 0. Then F [cf. (5.2)] is a connecting function if, and only if,
a=41, y(£)=0, (« — 1) R=0. Hence, for R +~ 0 we only have the
trivial connecting function F(¢, v) =y, while for R = 0 we also have the
connecting function F(t, y) = — y.

5.3. Remarks

(A) There is some analogy between Theorem 1 (Section 3.1) and the
Theorems in [7], [8] on the most general transformation that converts a
given linear differential equation in an equation of the same type: for n = 1,
E =(a,b) X R,, and the linear second order differential equation of the
type considered in [8]; Theorem 1 follows from the theorem in [8].

(B) Letn be an integer >> 2. Assume (2.2) is an equation which has been
shown (by the methods of Chap. 4 or otherwise) to have no connecting func-
tion of order #. It then follows that (2.2) cannot be transformed into a linear
equation by the method of [1].

(C) In [9] Miele used connecting functions of the form (4.14), (4.13)
for solving (numerically) two-point boundary-value problems for linear
nonhomogeneous differential equations.

The existence (and knowledge) of suitable connecting functions for non-
linear differential equations may lead (as in [9] for linear equations) to a
method for solving nonlinear boundary value problems.
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