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Abstract. In this paper we study in an abstract setting the structure of estimates
for the global (accumulated) error in semilinear finite-difference methods. We derive
error estimates, which are the most refined ones (in a sense specified precisely in this
paper) that are possible for the difference methods considered. Applications and
(numerical) examples are presented in the following fields: 1. Numerical solution of
ordinary as well as partial differential equations with prescribed initial or boundary
values. 2. Accumulation of local round-off error as well as of local discretization
error. 3. The problem of fixing which methods out of a given class of finite-difference
methods are ‘“most stable”’. 4. The construction of finite-difference methods which
are convergent but not consistent with respect to a given differential equation.

1. Introduction

In this paper we investigate the stability of finite-difference methods for the
solution of differential (and other functional) equations. In most current definitions
of the concept of stability for such difference methods it is required that the error
resulting from a local perturbation in the finite-difference equation admits a
bound of a prescribed structure in terms of the perturbation (cf.e.g. [2, 3, 6, 13]).
Depending on the structure prescribed we thus have different concepts of stability.
In this paper we study the following general problem:

What is the structure of the most refined error bound that is valid for the
error in a given difference equation?

This problem thus amounts to determining the most stringent definition of
stability with regard to which the difference equation is still stable.

In order to illustrate this general problem we consider the numerical solution
of the initial value problem

Ux)=fxUx) (@5x=b), Ula)=c
by Euler’s method
tg—¢ =0, A V(tt,—t,_y) —f(%,_y, %) =0 (n=1,2,...,N),

where #, is an approximation of U(x) at x =x,=a+nk and N is the greatest
integer with NA=<b—a. Let

ﬁo_‘c =Wy, b (ﬁ'n“’ﬁn—l) '—f(xn—-I’ ﬁn—l) =W, (n =1,2,..., N)
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where w,, are local perturbations (e.g. caused by round-off in the actual application
of Euler’s method). It may be proved that the accumulated error 4, — #, resulting
from these local perturbations satisfies each of the following inequalities

(1.1) |y — s <91 - max, [wi],
. N
(1‘2) Iun—unl é}’z'{lwol‘f‘h_zllwil},
i
(13) 8=l S35, (Lol + [ S0

for some constants y,, v,, ¥; independent of », A, w; (provided f satisfies the con-
tinuity conditions of [5] p. 15; cf. {5, 6, 11], respectively). Error bounds of type
(1.1), (1.2) appear in the stability definitions of [7, 6], respectively. Using the
triangle inequality and the inequality NA=<b—a it is easily verified that (1.3)
implies (1.2) and that (1.2) implies (1.1). But it is not possible to derive (1.3)
directly from (1.2) or (1.2) from (1.1). Hence (1.3) is essentially a more refined
error bound than (1.1) or (1.2). Since it may be proved (cf. Chapter 3) that the
structure of (1.3) is even more refined than of any other bound for the error %, —u,,
the general problem formulated above has thus been solved for Euler’s method.

In Section 2.1 we introduce in an abstract setting the notion of a stability
functional, which is the appropriate tool in comparing different concepts of
stability. In Section 2.2 this notion is used to derive theorems which enable us
to solve the general problem formulated above for the case of semilinear difference
equations.

A second abstract notion introduced in Section 2.1 is the concept of optimal
stability, which allows us, a certain set of difference equations being given, to
single out the equations which are ‘““most stable’ (in a sense specified precisely
in this section). Using the results of Sections 2.2 we present in Section 2.3 a
general criterion for optimal stability of semilinear difference equations.

In the rest of this paper we present some (numerical) examples to demonstrate
the application of the abstract (and general) considerations of Chapter 2 to initial
and boundary value problems for ordinary and partial differential equations and
to the accumulation of local discretization error and local round-off error (cf. [5]
for definition of these concepts).

In Chapter 3 the results of Section 2.3 are applied to a set of finite-difference
equations (including Runge-Kutta as well as general linear multistep methods)
for solving initial value problems for systems of ordinary differential equations.
Using the criterion of Section 2.3 it is fixed which of these difference equations are
optimally stable in the sense of Section 2.1.

In Chapter 4 we consider a class of finite-difference equations for solving a
nonlinear two-point boundary value problem. The refined error bounds of
Section 2.2 are applied here to prove the second order accuracy of these differ-
ence methods. The results of Chapter 4 prove the interesting fact that there
exist finite-difference methods for solving boundary value problems which are
convergent (even of second order accuracy) but which fail to be consistent (cf. [14]
for definition of the concept of consistency).
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In Chapter 5 we derive a procedure (based on splitting of difference equations,
cf. [12]) for reducing to linear growth the quadratic round-off error accumulation
in the numerical solution of a partial hyperbolic problem. The theoremin Chapter 5
exhibiting this linear growth is proved using the theory of Chapter 2.

2. Stability Functionals and Optimal Stability
2.1. Notations and Definitions

Let %,>>0 and let H denote a nonempty subset of the interval (0, %,] with
inf H =0. Let A* denote a real vectorspace (for each z€H). Let |... " denote
a seminorm and ¢" [...] a real functional on A* Assume that C*is a (nonlinear)
operator mapping A* onto itself.

Definition. The operator C* is stable with respect to the functional w* if theve are
fixed numbers y, by > 0 such that for all vectors u*, @, w* € A* satisfying

(2.1) Ctut=o,

(2.2) Ctii* ="
(with he H, h = h)) we have

(23) [#—w| <y -y [0].

Since there is no danger of confusion, we shall frequently suppress the
superscripts £ in the following discussion.

In the applications formula (2.1) will stand for a finite-difference equation
approximating a differential (or other functional) equation with given initial (or
boundary) conditions (cf. the next chapters for examples). The solution « to (2.1)
will denote an approximation to the solution of the original infinitesimal problem.
The vector # will denote the solution of the difference equation obtained in
presence of a perturbation w and the estimate (2.3) for the resultant error 4—u
is a generalization of error estimates like (1.1), (1.2), (1.3).

Let ¢ and u denote arbitrary real functionals on A (for each 4€H). In the
following we use the notation

p<y

if there are positive constants § and 4, such that

plw] =f -y[w]

for all weA and he H with & < 4,. The functionals ¢ and y are said to be equivalent
if p<ypandy<e.

A functional  on A is called a stability functional for the operator C if C is
stable with respect to y. A stability functional ¢ for C is called a minimal stability
functional for C if all stability functionals g for C satisfy ¢ <p.

Assume C and D are operators mapping A onto itself. C is said to be more
stable than D if C and D have minimal stability functionals ¢ and y, respectively
which are not equivalent and satisfy @ <. The operators C and D are said to
be equivalent if they have minimal stability functionals which are equivalent.
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Let K be a set of operators from /A onto itself. An operator C €K is said to be
optimally stable in K if C is more stable than each DeK to which it is not equiv-
alent.

In the subsequent (Sections 2.2, 2.3) we are concerned with the following
questions:

1. Assume C is a given operator mapping A onto itself. What is the form of
(possible) minimal stability functionals for C?

2. Assume K is a given set of operators. What condition is necessary and
sufficient for an operator C€K to be optimally stable in K?

These two questions will be answered (in Sections 2.2, 2.3, respectively) for
the case of semilinear operators C.

2.2. Minimal Stability Functionals for Semilinear Operators

In the following P* denotes (for each k€ H) a fixed linear, bijective operator
from A* onto itself.

We define
(2.4) yo[w] =[P w]|
for weA =A*, P~ denoting the inverse of P = P*,

Let A, B, C and Q be arbitrary operators from A into itself (for each ke H)
satisfying the following conditions a), b), c).

a) C=4-+B, A=PQ,

b) @ is linear and bounded (uniformly for Z€H), and B satisfies a Lipschitz
condition

|BI—Bv|=4-|§—0]

(4 being independent of ke H and 7, veAd),

c) 4 and C are bijective (for % sufficiently small), and stable with respect to
the functional p [w] =|w|.

We define the functional ¢ =@ (4) by
(2:5) (d)[w] = |47 w].

The following theorem shows that the operator C has a minimal stability
functional which is independent of the (nonlinear) term B.

Theorem 1. @(4) is a minimal stability functional for C =A 4 B.

Proof. 1. We shall show that ¢ (4) is a stability functional for C.

Let
Cu=0, Ci=uw.

For & sufficiently small 4 is invertible and we define

~

v=A1lw, 2z2=14—v.
Hence
Cz=Az+Bzs=A#—Av-+Bii+ Bz—Bi

=Cii —w + B(fl—v) — B& = B (i —v) — Bil.



On the Structure of Error Estimates for Finite-Difference Methods 77

In view of the stability of C (cf. ¢)) the equality

Cz=DB(i —v) —Bi#
immediately leads to
e —ul=y - |B(@—v)—B#|,

y being some constant (independent of 2 =<some #).
Consequently (cf. b))

ji—u<|d —z| +|z—u|<|v]+y -2 o] =01+y2) - o]
Hence
li—ul=(+yA) - 147 w]  (for k)

and C is thus stable with respect to @(4) (cf. (2.5)).

2. We shall show that ¢(A4) is minimal for C.

Let
Cu=0, Ci=w.

Then C# —Cu =w. Since C =4 4+ B and A4 is linear we get
A(# —u)+ B#—Bu=mw.

“Multiplying” both sides of this equality by 4~ (which exists for 4 sufficiently
small, cf. c)) we have

(% —u) + A (B#—Bu) =Aw.
Hence
|4 w] <& —u] |47 (BE —Bu)].

Since A is stable (cf. c)) there is a constant « >0 such that
47 v <a - o]
for all veA and % sufficiently small. Consequently
|47 (B —Bu) | <a|Bii —Bu|<«l- [#—u] (cf. b))
It follows that
|atw|<|d —ul+ar-[#—u]={1+ad) - |&—u]

(provided % < some constant 7).
Assume p[w] is any stability functional for C. Then

[ —u| =y -y[w]

for some constant y (provided % < some constant A,).
It follows that

40| < (14ald) -y -p[w] (for b <hy=min (hy, hs)).

Hence (cf. (2.5))
p(d)[w]<p -plw] (for h=h),
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f=(1+4aA) - y being independent of 4 and w. Thus @(4) <y and the theorem
is proved.

The following theorem shows that the functional y, (defined by (2.4)) is
“smaller” than any stability functional for C.

Theorem 2. o< ¢ (4).

Proof. Since 4 = PQ we have P14 =(.
Hence for 4 sufficiently small P1=QA4 (cf. c)) and

|Prw|=|Q]- [4w]
(for any operator D from A into A we put
|D)=sup{[Dv]/[|:|v] +0}).

volw] =[0] - ¢ (4) [w].
In view of b) this inequality implies p,< ¢ (4).

Consequently

The next theorem gives a necessary and sufficient condition for g, (cf. (2.4))
to be a stability functional for C. In the applications this theorem is particularly
usefull when vy, has a simpler structure than ¢(4).

Theorem 3. @ (A) <y, ¢f and only if;li_ﬂ}) Q] <oo.

Proof. We note that Q = P14 and that P and 4 are bijective (for % sufficiently
small). Hence Q is also bijective and Q1==41P, A 1=Q 1P,

1. Let ,}i_m; [@2<oco. Then [Q<B<oo for h<someh, and ¢(4)[w]
=4 w|=|Q 1 Plw|<pB -y, [w] for & sufficiently small. Hence ¢(4)<1y,.

2. Let @(4)<y,. Then |QPlw|<f-|P'w| for some § and all wed,
heH, h=some A,.

Since P is bijective this leads to
le=yl=8- x|
for all yeA and £ <h,. Hence [Q|<p (for £ <4,) and lim Q| <co.

2.3 Optimal Stability of Semilinear Operators

Let P denote the operator of Section 2.2 and let K denote a set of operators C
from A into itself with the following two properties:

(i) for each C in K the conditions a), b), ¢) of Section 2.2 are fulfilled,
(ii) there is a C, in K satisfying a) with Q =TI =the identity.
It is clear that all C in K are of the form

C=PQ-+B,

where P is fixed and @, B are variable.

The following theorem gives necessary and sufficient conditions for optimal
stability in K.
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Theorem 4. Let C=PQ+BeK. Then the following four propositions are
equivalent.

1. C is optimally stable in K,

2. y, ts a minimal stability functional for C,

3. 1, 5 a stability functional for C,

4. Tim [0 <oo.

Proof. Let A =PQ and ¢ = ¢ (4).

1) Assume 1. holds. Then C is more stable than or equivalent to C, (cf. (ii))
and consequently (cf. Theorem 1) ¢ <wy,. Hence (cf. Theorem 2} ¢ and y, are
equivalent. Since ¢ is a minimal stability functional for C it follows that y, is
also a minimal stability functional for C. Thus 2. is true.

2) Assume 2. holds. Then also 3. is true.

3) Assume 3. to be true. Then (cf. Theorem 1) ¢ <vy,, and in view of Theorem 3
this implies 4.

4) Finally, assume 4. to be satisfied. Then (cf. Theorem 3):

¢ (4) <yp.
Let C'=PQ'+ B'=A"'+ B’ denote any operator in K.
Then (cf. Theorem 2)
Yo p(4").

It follows that ¢ (4) < ¢(4’). Consequently C is more stable than (or equivalent
to) C’ (cf. Theorem 1). Hence 1. holds.

This completes the proof of the theorem.

2.4. Notes

1. The definitions in Section 2.1 may easily be modified so as to include a
number of stability definitions (cf. eg. [10, 14]) which, strictly speaking, are not
covered by the formulations of Section 2.4. Since the definitions as given in
Section 2.1 suffice for the semilinear equations discussed in the Chapters 3, 4, 5
we still have preferred here the simple definitions of Section 2.1.

2. Assume the operator P (cf. Section 2.3) is strongly stable (in the sense of
[13, 16]) with respect to a given infinitesimal problem. In a number of examples
(cf. also Chapter 3) we found that optimal stability of an operator C in K (cf.
Section 2.3) always implies strong stability of C (but that the converse does not
always hold). The question thus arises whether this is a general phenomenon and
what are the general connections between optimal and strong stability.

3. The concept of stability as dealt with in Section 2.1 has essentially a
qualitative character. By taking into account the value of the constant y (cf.(2.3))
it would be possible to compare the stability of operators on a quantitative basis
and one may wonder whether there are simple criteria for an operator C to be
optimally stable in this quantitative sense.
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4. Finally we note the limitedness of the theorems in Sections 2.2, 2.3 —they
only apply to semilinear operators—and the question arises whether similar
theorems hold for (classes of) operators C =4 + B where B fails to satisfy the
Lipschitz condition of Section 2.2.

3. Initial Value Problems for Systems of Ordinary Differential Equations
3.1. Step-by-step Methods
Let a and b be real numbers with 2 <<b and let f(x, v) be a function defined
for a<x=<b, veR,, (m-dimensional real vector space) and with range in R,,.
Let ceR,, and let the vector-valued function U (x) be a solution of the initial
value problem

(31) U@x)=f(xU®) (@=x=b), Uld=c

Let % be a fixed integer =1. Let 4,>0, H =(0, 4,] and let 2€ H. We consider
difference equations for the approximation of U(x) of the type
u,—s,=0 (0=n=<k—1)

(3.2) k
h’_lzaiun—i'_“Ez(un—k'"':un—l)u'n;h)::o (ké’ﬂéN)
=0

where N is the greatest integer with N4 =< b —a and where the vectors #, denote
approximations of U(x) at ¥ =x,=a+#uk (n=0,1,2,..., N). The vectors
s, (0 =n =% —1) are starting values found e.g. by a Taylor expansion (cf. [5]).
The coefficients a; in (3.2) are real constants with @,=1. The vector-valued
function F, (v, vy, ..., v; k) (which depends on the given function f) is defined
for v;€R,, (0=2=*k), heH, nh<b—a and is assumed to satisfy a Lipschitz
condition

(3.3) | B (Do ovos s B) — F (vg, oo, v B) [ A -olggklﬁi~v,-[

where |...| denotes the maximum norm in R,,. A is some constant independent
of #;,v,€R,,, heH and n (with A <n < N).
For { 40 we define

k .
rQ)=2a™"

i=0
and the characteristic polynomial o({) is defined by
o) =t 7 ().
¢({) is assumed to satisfy the following conditions (3.4), (3.5):

(34) 9(1) =0,

(3.5)  all complex roots of the equation g ({) =0 have a modulus <1 and roots
with modulus 1 are simple.

It is easily verified that e.g. (generalized) linear multistep methods (cf. e.g. [4])
and (explicit or implicit) Runge-Kutta methods (cf.e.g. [1]) are step-by-step
methods of the form (3.2) satisfying the conditions (3.3), (3.4), (3.5) —provided
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f(x, v) satisfies a Lipschitz condition with respect to the variable v. In the sub-
sequent we investigate the stability of the methods of type (3.2} using the ideas
of Chapter 2. In Section 3.2 we describe the results of this investigation. The
proofs and exact formulations of theorems have been postponed to Section 3.3.

3.2. Formulation of Problems and Results
In order to use the concepts of Chapter 2 we define for Ae H = (0, 4,) the vector
space A =A"* by
A={u:u=_(uy, %,...,uy), #,E€R,(0=Zn<N)}
where N is the greatest integer with N2 <b—a. For ue/ we define the norm

Jul = max ||,

|...] denoting the maximum norm in R,,. The operator P is defined by
(5.6) (Pu,—u, O0=n=<k—1), (Pu)=h> (,~t,_;) (k=n=ZN)

where u = (ug, %, ..., #y)€A4.

With any method of type (3.2) satisfying (3.3) (for some value of 4), (3.4), (3.5)
we associate an operator C defined by

(3.7a) C=A+B,

where

k
(3.7b) (Au),=u, (0=n=k—1), (Adu),=h"2au, ; k=n=N),
=0

(370) (BM)”:-—S" (O—S—n—g—k'—'”r (Bu)”=~1‘;,(u,,_k,...,u,,;h) (kgnéN)
(for ==y, 4y, ..., Uy) €A). The operator Q is defined by
(3-8) Q=pr14

(note that P (cf. (3.6)) is bijective and the inverse P! thus exists)

Using (3.3), (3.4), (3.5) it may be verified (cf. e.g. [7, 10]) that the conditions
a}, b), ¢) of Chapter 2 are satisfied here. Further it is clear that the equation
Cu =0 (cf. (2.1)) is equivalent to (3.2) with % = (4, %, ..., #y) and that C4=w
(cf. (2.2)) is equivalent to

th,—s,=w, (0=n=<k—1)

n

(3.9) k
h—lzaiﬁn—i—ﬂ(ﬁn—k:“‘tﬁn;h‘) =W, (kén—s—-N)
i=0
(with & = (fy, By, .-, x), @ = (o, @y, - .-, wy))-
K will denote the set of all operators C (cf. (3.7)) associated with any of the
methods of type (3.2) satisfying (3.3), (3.4), (3.5). It is easily verified that K
satisfies the general conditions of Section 2.3.

6a Numer. Math,, Bd. 18
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We deal with the following two questions:

1. What conditions on the method (3.2) are necessary and sufficient in order
that it be associated with an operator C which is optimally stable in K?

2. What functional is a minimal stability functional for an operator C which
is optimally stable in K?

In the next section (cf. Theorem 5) it will be shown that (3.2) is associated
with an optimally stable C if and only if the following condition (3.10) (which
is stronger than (3.5)) is satisfied:

(3.10)  apart from { ==1 all complex roots of the equation () =0 have a
modulus < 1.

It is striking that the same condition (3.10) also appears in the study of so-called
*“strong stability” of general linear multistep methods (cf. [5, 13]).

The second question will be answered by Theorem 6 of the next section in
which it is proved that the functional @, defined by

S

is a minimal stability functional for any optimally stable operator C.

As a result of the Theorems 5, 6 it will be shown {cf. Theorem 7 of Section 3.3)
that the conditions (3.3), (3.4), (3.10) imply the inequality

which holds for all vectors w,, #, satisfying (3.2), (3.9), respectively with
0< 2 =< some %, y denoting a constant independent of % and w,. Theorem 7 also
implies that (3.12) does not hold if condition (3.10) is violated.

The inequality (3.12) may be used to obtain bounds for the so-called global
(accumulated) discretization error by applying (3.12) with #,= U (x,) where U (x)
solves (3.1). For an example of such an application (where the usual inequality

max |, —u,| <y’ - R | w,| leads to an essentially too pessimistic error bound)
0xsasSN

we refer to [11].

k—1
(3.11) @o[w] =‘_=Zolw.-| + max

k=1
—_— <
(3.12) orsn”aécNW | <y - { |2, + max

3.3. Proof of the Theorems

In this section we prove the theorems already discussed in Section 3.2.
Throughout this section K denotes the set defined above (Section 3.2).

Theorem 5. Let C=A + B€K. Then C is optimally stable in K if and only if
the polynomial o (L) satisfies condition (3.10).

Proof. In view of Theorem 4 we only have to show that (3.10) is equivalent
to lim @] <co where @ is defined by (3.8).
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1. Assume {3.10) to be satisfied. We shall show that there are constants
hy >0, y >0 such that

(3.13) lotw|<y-Jw] ©O<i<h, wed).

Let weA and let z€/ satisfy Qz =w, i.e. (cf. (3.8)): Az = Pw. Hence (cf. (3.6),
(3.7b))
(3.14) 2,=1w, o=n=<k—1),

(3.15) 7(E)s,=(I —ENw, (k<n<N)

where E is the shifting operator (E?z,=2,,,), I is the identity operator and 7 is
the function introduced in Section 3.1. In view of (3.4) and ag=1 we have

r@Q)=0--1(0)

where ¢() is a polynomial of degree <%k —1 in the variable {7 with lowest
coefficient =1. (3.15) thus leads to

(I—E7) (¢(E)z,—w,)=0 (k<n=N),
from which we get (by performing a summation from % up to »):
HE)z,~w,=t(E)zp_;— W,y (BF—1=n=N).
In view of (3.14) we have
{3.16) t(E)z,=w,+t{E)w,_;—w,_, (B—1Sn<N).

We define the characteristic polynomial 7 ({) by

() =2 (0)-

It is easily verified that =(5) =( —1)- o({). In view of (3.10) it follows that all
complex roots of the equation 7({) =0 have a modulus <1. Hence, by applying
the lemma of [10] (with p = 0), it follows that the vectors z, (cf. (3.16)) satisfy the
following inequality:

én”agleAg« ~orén'51§N|v”| (0 < h < some hy)

where « is some constant and v, is defined by

=2, 0=En=sk—2),
U, =w, L (E)wy_;—W—y (E—1=n=N).

It follows (cf. (3.14)) that

el = max |s|<y - max [w.|=y -] (0<A<h)

y being a constant independent of % and w. Since z =Q1w this proves inequality
(3-13), which is equivalent to ;i‘n—}) @[ < ee.

2. Assume (3.13) to be satisfied. We shall show that (3.10) holds.

6b Numer, Math., Bd. 18
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Let v, (0 <n < N) be given vectors € R,, and assume the vectors z, are deter-
mined by the Eqgs. (3.17):

(3.174a) =0, ((0=nk-2)
(3.17b) tHE)z,=v, (k—1=#n=N).
By ‘“multiplying”’ both members of (3.17b) by (I —E?) we get
r(E)zy=(I—E?)v, (k<n<N).
Defining s = (I —¢(E))v;—_,, we thus have
r(E)z,=(I —E){v,+s} (R<n=N).
In view of (3.17) it follows that
2,=W, osn<k—1)
r(E)s=(—EYw, (k<n<N)
where the vectors w, are defined by
w,=v, (0<n<k—2), w,=vy,+s (kR—1=n=<N).
Writing z= (2, %, ..., 2y), @ =(,, ®,, ..., wy) We thus have (cf. (3.6), (3.7b))
Az=Puw.
Consequently @z =1w and from (3.13) we obtain the inequality
le| <y - Jw] (for 0<h<hy).
In view of the definition of the vectors w, we have
lel=a-of (for o<h<h)

o being a constant independent of %4 and v. Since z, is independent of v; withi>n
(cf. (3.17)) we thus have

(3.18) |2,| S -oréx?é”]v,-[ (for 0 <h <hy).

Since (3.18) holds for all vectors u,, 2, satisfying (3.17) we may apply the lemma
of [10] (with p=0). This yields the result that all zeros of the polynomial
7€) =1 t() =(L —1)- o) have a modulus < 1. Hence (3.10) is fulfilled.
This completes the proof of the theorem.

Theorem 6. Let C€K. Then the functional @, defined by (3.11) is a minimal
stability functional for C if and only if C is optimally stable in K.

Proof. 1. The functional y, is defined by
(3.19) po[w] =|P1w| (for wed)
where P is the operator defined by (3.6).
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Let C¢K. In view of Theorem 4 y, is a minimal stability functional for C if
and only if C is optimally stable in K. We shall prove below that ¢, (cf. (3.11))
and g, are equivalent. Hence ¢, is a minimal stability functional for C if and only
if p, is a minimal stability functional for C. It thus follows that ¢, is a minimal
stability functional for C if and only if C is optimally stable in K and Theorem 6
is thus proved.

2. It remains to be shown that ¢, and v, are equivalent.
Let weA and let z€A be defined by Pz=w. It follows (cf. (3.19)) that

wo[w] =]z
In view of (3.6) we have

2, =W, 0Ensk—1),

(3.20) "
L= +hLw; (kSn=N).
i=k

Combining (3.11) and (3.20) we get

2] =, max, |2 < po[©]

and it follows that

(3.21) Yo Po-
In view of (3.11), (3.20) we also have

E—1
®o (] ='_§0|Zi| +kglf§N|z"—zk_1‘ <(k+2) 'og‘”aglenl =(k+2) ||
and it follows that

(3.22) Po<Yo-

The equivalence of @, and y, has thus been established (cf. (3.21), (3.22)),
which completes the proof of the theorem.

Theorem 7. Let (3.2) be a step-by-step method satisfying the conditions (3.3),
(3.4), (3.5). Then the following statement (3.23) is true if and only if condition (3.10)
1s fulfilled.

(3.23) There are fixed numbers y, #; >0 such that whenever vectors uf,,'ﬁ,,
satisfy (3.2), (3.9), respectively with 0<<Ah <A, then |6, —u,| satisfies
the inequality (3.12).

Proof. Let (3.2) be a given method (satisfying (3.3), (3.4), (3.5)) and let C
denote the associated operator (cf. (3.7)). Since C€K we may apply the Theo-
rems 5, 6.

1. Assume (3.10) to be fulfilled. In view of the Theorems 5, 6 @, is a minimal
stability functional for C. Since (3.23) is equivalent to stability of C with respect
to @, (cf. (3.11)), it follows that (3.23) is true.

6¢ Numer. Math., Bd. 18
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2. Assume (3.23) to hold, i.e. assume C to be stable with respect to ¢,. In
view of ge<1y, (cf. (3.22)), it follows that C is also stable with respect to y,. By
virtue of Theorem 4 C is optimally stable in K. Hence (cf. Theorem 5) condition
(3.10) is satisfied.

4. Boundary Value Problems for Ordinary Differential Equations
4.1. Finite-Difference Methods

Let f(x, v) denote a real-valued function defined and continuous on the set
S={(x,v): 0521, —co<v <0}
with a continuous partial derivative f,(x, v) satisfying
(4.1) irslf fo(x, ) =—n> —nt
These conditions on f imply that the boundary value problem
(4.2) U'(x)=f(x, U(x)) 0=x=1), U@O=U{1)=0

has a unique solution U(x) (cf. [8]). In the following it is assumed that the
solution U (x) has a continuous 4th order derivative on [0,1].
Let
H={h:h=(N+1)" where N=1,2,3, ...}

and let A=(N 41)2eH. The difference methods for approximating U(x) we
shall consider are of the form

B2 (U3 — 20+ thy 1) — By [ (%0, ) =0 (n=1,2,...,N)

uo = “N+1 = 0,

(4.3)

where the numbers u, denote approximations of U(x) atx =x,=nk (n=0,1, ...,
N +1). The coefficients 8, in (4.3) are real numbers which may depend on # and
h but which are independent of f and U. It is assumed that the 8, are chosen in
such a way that

(4.4) inf {B,/, (%, v): heH,1S<n <N, —oo<v<oo}=—9> —a?,
(4.5) sup {|B,|: heH, 1£n <N} =0 < o0.

By applying the techniques used by Lees in [8] it may be verified that, for A
sufficiently small, (4.3) has a unique solution (u,, %y, ..., #x.,1).

For f, =1 formula (4.3) reduces to a well known difference method (cf.e.g. [5, 8])
and (4.4), (4.5) are fulfilled with ¢ =5, o =1.

For B,==1 formula (4.3) doesn’t represent a direct approximation of the
boundary value problem (4.2) and it is in general not consistent (in the maximum
norm) with (4.2) (cf. e.g. [14] for definition of consistency). Nevertheless, in
Section 4.4 (cf. Table 2) we shall present an example where the approximations
%, obtained from (4.3) with §, =1 are more accurate than those obtained from
(4.3) with g, =1. This phenomenon is explained by Theorem 9 of Section 4.3.
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In Section 4.2 we shall apply the concepts of Chapter 2 to {4.3) and determine
a minimal stability functional for (4.3). The results of Section 4.2 are essential in
our proof of Theorem 9.

4.2. Stability of Method (4.3)

In order to use the concepts of Chapter 2 we define for 2= (N 41)1€H the
vectorspace A by

A={u: u=_(uy, 4y, ..., %y4y), —00 <1,<00, Ug=tp,;=0}
and for # = (#,, 4y, ..., #y4q) €4 we define the norm

o= mas. ).

With method (4.3) we associate an operator C defined by
(4.6a) C=4+8B

where 4 and B are operators from A into A satisfying
(4.6b) (A1), = B2 (s, 41— 2%+, _y),

(460) (Bu)n= "'ﬂn : f(xm “n)
for ued, 1<n<N. Operators P and Q from A into A are defined by P=4
and @ =1, the identity.

With these definitions the equation Cu=0 (cf. (2.1)) is equivalent to (4.3)
and Cit =w (cf. (2.2)) is equivalent to

h2 (f,  — 28,4+, ) —B.f(%,, %) =w, (1=n=<N)
4.7) (fl11 1) =81 (

thy=1ty11=0.

Applying the techniques used by Lees in his study of (4.3) with §, =1 (cf. [81)
it may be verified that the conditions imposed on the operators 4, B, C, P, ¢ in
Section 2.2 are satisfied here with the exception of the Lipschitz condition on B
(cf. Section 2.2, b}).

If
(4-8) SUp f,(%, v) < o0

we have for v =(v,, ..., Vy41), § =Ty, ..., Ty41) €42

|BS — Bol= max |,/ (%,, 8,) —Buf (%, )| < max o L-[f—o,=2- |7 2]

where A=0L and L= sup|f,(x, v)]<oo (cf. (4.6¢), (4.5), (4.1), (4.8)). Conse-
S

quently if (4.8) holds, the operator B satisfies the Lipschitz condition required
in Section 2.2 and all conditions of Section 2.2 are thus satisfied here. By applying
Theorem 1 we arrive at the following theorem.

6c*
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Theorem 8. Let f satisfy the conditions of Section 4.1 and condition (4.8).
Then there are fixed numbers y, by > 0 such that for all numbers w,, 4,, w, satisfying
(4.3), {4.7), respectively with he H, h <k, we have the inequality

N "
|@~‘n—’”n| =y 'lglnaéxN — Xy higl (1—x)w,;+ h’;l (%, — %) w;

(n=1,2,...,N).

(4.9)

Proof. In view of Theorem 1 |4 w| is a stability functional for C (cf. (4.6)).
Hence there are 9, 4, > 0 such that whenever u,, 4,, w, satisfy (4.3) (4.7), respec-
tively with A€ H, 5 < &, then

(4.10) léngNlﬁn—unlgy }glnaézv;v”]

where the v, are defined by
20,11 —20,+ 0, ) =w, (1=n=N), v=0vy4=0.

It is readily verified (cf. e.g. [5], p. 363) that
N "
(4.11) Uy=—%, b2, (1—x)w,+ 4D (x,—x,)w,.
i=1 i=1

In view of (4.10) this proves (4.9).

4.3. Accuracy of Method (4.3)

In this section we consider methods of type (4.3) where the coefficients g,
satisfy (in addition to (4.4), (4.5)):

(442) B,=b (for n=0,1 (mod3)), B,=3—2b (forn=2(mod 3)),

b denoting an arbitrary real constant which is independent of # and 4. For b =1
we get the conventional coefficients §, =1 while for 41 (4.3) reduces to a non-
consistent approximation of (4.2) (cf. Section 4.1). Similarly as stability has been
defined with respect to a functional, consistency may also be defined with respect
to a functional y. For & ==1 the operator C defined by (4.6), (4.12) is in general not
consistent with respect to y[w] =|w|. However, if the right hand side of (4.9)
would be used as a definition of p{w], then C would become consistent with
respect to ¢ (see the proof of Theorem 9). The following theorem shows that the
methods generated by any value b =1 are still of the same order of accuracy as
(4.3) with & =1-cf. [8] for a detailed treatment of the case b =1. Note that
in this theorem we have got rid of condition (4.8).

Theorem 9. Let f satisfy the conditions of Section 4.1 and let the coefficients
B, satisfy (4.4), (4.12).

Let u, satisfy (4.3). Then
(4.13) max_|u,— U (x,)|=0(h?).

1<sn<N
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Proof. 1. Suppose the theorem has already been proved for the case of functions
{ satisfying (4.8). We shall show that the theorem then also holds for f violating
(4.8).

Let f be an arbitrary function satisfying the conditions of Section 4.1 violating
(4.8) and let

max {|U(x)|: 0= xS 1} <M < 0.
The function f* on S is defined by
1(x, v) (Jo|=M)

* (%, v) =/ (%, M) +{o — M) -{,(x, M) (v>M)
fx, =M) +@+M)-f,(x, M) (v<—M).

U*(x) and »;} are defined by requiring that they satisfy (4.2), (4.3), respectively
with f replaced by f*. Since sup fJ (%, v) < oo we have
s

(4.14) lgagNlu: —U*(x,) | =0(h?)

and as U” (%) =f*(x, U(x)) (0=x=1) we have U (x) =U* ().
Consequently
max |us —U(x,)|—>0 (for #—0).
1=#ns N

Therefore, for # <some k, we have |u| < M. Thus «, and %, satisfy the same set
of Eqgs. (4.3) for A <h,. It follows that u,=u, and consequently (cf. (4.14))

max_|u,— U(x,)]| =0(h?),

1=ns<N

which proves that the theorem holds for the function f.

2. In view of the above we may assume with no loss of generality that (4.8)
is fulfilled. Consequently we may apply Theorem 8. Taking #%,= U (x,) formula
(4.9) reduces to

(4.15) max |u,—U(x)| sy max [v,|

where v, is given by (4.11) with
0, =B (U (%y.2) —2U (%) + U (%,-9)) —Bof (0, U (3)):
Using Taylor’s formula we have
w,={1—0,) U" (,) +0O(k?) (uniformly for 1<n<N; heH).
Substituting this expression for , in (4.11) we obtain the formula
(416)  v,=—%,- Yy 1+ Y,+O(#) (uniformly for 1=n <N; heH),

where y,, is defined by

(4.47) Iu=h 3 (=) A=) U"(x) (1Sm=N+1).
i=1
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It will be shown (cf. 3. below) that y, =@ (4% (uniformly for 1<m <N 41;
heH). Consequently (cf. (4.16))

— 2
lg‘angh,,l =0 (h?)

and in view of (4.15) this yields (4.13).

3. It remains to be shown that y,, defined by (4.17) is @(A?) uniformly for
1Em=<N 1.

Let 1=m=N-+1 and 2=[m/3]. Hence m =3k 47 with 0<r<3. In view
of (4.12) we have for r > 0:

b Y (ram ) (1= U (5) | <9 1 —b| max|U” (3)].
1=8k+41 x
Consequently (cf. (4.17))
3k
(4.18) ym::h‘gl(xm—"xi) (1—=B)U" (x) +-0O ()

uniformly in m (for A€ H). Using (4.12) and writing U;'=U" (x,), ¥ = x,, we have

B2 (%,—x) (1—B) U (x)

i1

hZ{(x — %3 9) (1 =) Ugj_a+(x —x5;—1) (—2+28) Ug; 3+ (¥ —25;) (1 —8) Uy}

k
=1

k
h(1—0) Xz,
i=1
where z; is defined by
2= (% — %3,_g) Ugj_s—2(x —x3;_3) Ugj_1+ (% —x3,) Ug;.
Writing g(&) =(x —&) U (§) and using Taylor’s formula we readily obtain
(4.19) |2;| = B2 max g (®)].
It follows (cf. (4.18)) that
k
[yl St =] 2| +00)
j=
<h|1—0b|-k-max|z;| +0O(K?)
i
=4%.]1—b| max|z]|+0(h?).
7
Hence (cf. (4.19))
Yu=0(h?)  (uniformly for 1<m <N +1; heH).
This completes the proof of Theorem 9.

4.4. Numerical Illustration
As an illustration of the above we consider the numerical solution of the
following boundary value problems A and B:
A, U (x)=U{(x)+sin(nx) (0=x=1), U{0)=U(1)=0,
B. U’ (%) =4"% "™+ (1+2)2 (05x<1), UQO)=U(1) =0,
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the true solutions of which are

U(x) =—(1+ =7 sin(nx)

and U(x)=xlog4—2log (1+x),

respectively. We have solved the boundary value problem A by method (4.3)
with 8=1 and b=9/8, respectively and problem B by (4.3) with =1 and
b =3/4, respectively (cf. (4.12)). In Table 1 we list the error u,— U (x) (multiplied
by 107) which is present in the approximation of U (x) satisfying boundary value
problem A. In view of the symmetry of problem A we only list the errors at
% =%, <1/2. In Table 2 referring to the boundary value problem B we list 107
times the error u,— U (x) at the points x =x,=0.2, 0.4, 0.6, 0.8.

Table 1. Errors in solving problem A

h x

Error u,— U ()
using method
(4.3), (4.12) with

1/64 0.125
0.250
0.375
0.500

1/256 0.125
0.250
0.375
0.500

b=1 b=09/8
—64 +12
—119 —175
—155 —236
—168 +23
—4 +1
—7 —11
—10 —15
—10 +1

Table 2. Ervors in solving problem B

h x

Error u,— U {#)
using method
(4.3), (4.12) with

1/75 0.2
0.4
0.6
0.8

1/150 0.2
0.4
0.6
0.8

b=1 b=3[4
44 13
54 15
45 13
26 7
11 3
13 4
11 3
6 2

The computations have been performed on the IBM 360-50 at the: Centraal
Reken-Instituut of Leiden University (56 binary digits in the mantissa). The
numerical results clearly confirm the theory of Section 4.3.
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We note that the interesting question for which differential equations (4.2)
and at which points #, a given method (4.3), (4.12) with b ==1 yields more accurate
approximations (as #—0) than (4.3), (4.12) with =1, can be answered by
deriving asymptotic estimates for the errors u,— U (x) along the lines described
in [5, 15].

We shall not go further into this matter here.

5. Partial Hyperbolic Differential Equations
§.1. Finite-Difference Methods
Let U(x, y) denote the solution of the Goursat problem

U,y(%y) =% U(x3) (20,20
U(x,0)=f(x) (x=0), U0,y =y (=0

where f, f,, f, are given real-valued functions and f satisfies the Lipschitz
condition

(52) |f(x,y,17)——f(x,y,v)|§L|17~v|,
L being a constant independent of the variables x =0, y =0, —o0 < ¥, v < 0.

Let % be a fixed integer =1 and let 4, >0, H =(0, 4y], he H. There are many
methods (cf. e.g. [9, 17, 18]) for the approximation of U(x, y) of the type

(5-1)

(5.3a) Upy =S =0  (for m <k or n<k),

E R
(5.3b) B2y Yaat, ., i—F, (u;h)=0 (for m=k n=k)
i=0 j=0

where m and » are integers =0 and #,, , is an approximation of U(x, y) for
x=mh, y=nh. The numbers s,, , are starting values (found from the charac-
teristic values f,, f, and, if 2>1, e.g. by applying a method of type (5.3) with
k=1). The coefficients a; are real numbers with @, =1 with which we associate
the same polynomials 7 (¢) and g (£) =¢*- 7(£) as in Section 3.1. It is assumed that
the conditions (3.4), (3.5) on p({) are satisfied here. In (5.3 b} # denotes the (infinite
dimensional) vector with components #,,, (m =0,#=0) and F is a function
(which depends on f) satisfying the Lipschitz condition

(5.4) |Epul@ B)—E, ,(v; )| =A-max {|§; ;,—v, ;|:¢=0,7=0,5+j =m+n}

(for m =k, n =k) where A is a constant independent of m, », 4 and of the vectors
¥ = (5, ;), v=(v;,;). Using Banach’s theorem on contraction operators it may be
proved (in a similar way as e.g. in [5], p. 299) that for 2 <<A~% (5.3) has a unique
solution # = (4, ,). In the subsequent we therefore assume that

(5.5) hy<A.

Let a and b be given real numbers with a >0, 6> 0. Let M and N denote the
greatest integers with M4 =<a, N/ <35, respectively. In the subsequent sections
we shall study the stability and the propagation of round-off error if (5.3) is used
to approximate U(x, y) for 0<x<a, 0<y=b.
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We make the obvious assumption that F, ,(v; &) with k=m <M, k<n =N
is independent of the components v; ; of v with ¢> M or > N.

In Section 5.2 we apply the concepts of Chapter 2 to method (5.3) and determine
a minimal stability functional for (5.3) (cf. Theorem 10). In Section 5.3 we apply
Theorem 10 to the propagation of round-off error in method (5.3). In the remainder
of this chapter we focus on a so-called split form (cf. [12]) of (5.3) for reducing
the propagation of round-off error in (5.3}). The main theorem on this split form
(Theorem 12 of Section 5.5) is a generalization of Theorem 6 of [12]. Our proof of
Theorem 12 is essentially based on Theorem 10. In Section 5.6 numerical examples
are presented illustrating the better error propagation of the split form.

5.2. Minimal Stability Functional
In order to use the formulations of Chapter 2 we define A=={u: = (%, ,)}
where #,, , are real numbers (m =0, #n 20)} and for » = (,,,) €4 we define the
seminorm
|#]|=max{|u, ,|: 0=m<M,0=n=N}

With method (5.3) we associate an operator C mapping A into itself. For
u€/ the numbers (Cu),, , are defined by the left-hand members of (5.3) and the
equation Cu =0 (cf. (2.1)) is thus equivalent to (5.3).

The operator A is defined by

(A W)=Y, (m<kor n<k)
(5.6)

kR
(Au)m,nzh_z' Z Zaiajum—-i,n—j (mgk’ngk)

i=0j=0
Operators B, P and Q are defined by B=C—A4, P=A4, Q =1, the identity.
Using techniques discussed e.g. in [10, 11, 17] it may be verified that the conditions
imposed on the operators 4, B, C, P and Q in Section 2.2 are satisfied here. Since
the equation C #=w (cf. (2.2)) is equivalent to

—Spa=W,, (m<kor n<k)

ﬁm,n
h_zzzaiaiﬁm—i,n—i—Fm,n (ﬁ;h):wm,n (mgk’ ngk)
]

(5.7)

it follows that there are fixed numbers y,, i, >0 such that for all o =(%,, ),
& = (i, ,) satistying (5.3), (5.7), respectively with 0 </ < h, we have the inequality

(5-8) li—ul =y o)

(cf. condition c) of Section 2.2).

Applying Theorem 1 it follows that @[w]=|4w]| is a minimal stability
functional for C and—in view of (5.6)—we thus have the following theorem,
which yields a refinement of the error bound (5.8):

Theorem 10. There are fixed numbers y,, hy >0 such that whenever u = (U, )
and i =(@,, ) satisfy (5.3), (5.7), respectively with 0<h<<hy, then

(5.9) li—u| =yl
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where z = (2, ,) 1s defined by

oy =Wy, (m<korn<k)

.10
(5.4 B2 a0ty e =Wy, (MZk n2E)
L

5.3. Round-off Error tn Method (5.3)

In actual computation the relations (5.3) defining the numerical method are
not satisfied exactly because of round-off error (and because of the incomplete
solution of (nonlinear) equations if (5.3b) is an implicit procedure, cf. e.g. [18]).
We assume that the values 4, , actually calculated satisfy (5.3a) exactly and
instead of (5.3 b) satisfy

(5.11) 224 Aoy =W E, (G R) +Op_pu_s (MZk, n=Ek)
i g

(note that (5.11) is normalized so that 4, , enters in the left member of (5.11)
with a coefficient =1). The quantities é,,, , (% =0, #=0) are called local round-
off errors and %, ,—u,, , accumulated round-off errors (cf. [5]).

Applying (5.8) with w,, ,=0 (m <<k or n<k), w, ,=h2 0, 4, M=k,
n = k) we get the following bound for the accumulated round-off error:

(5.12) |6 —u| <y, k2|6 (for h<<hy),

exhibiting a quadratic round-off error accumulation in method (5.3) (cf. also [17]).
We note that it is not possible to replace the exponent —2 in (5.12) by a number
> —2.

Applying (5.9) in a similar fashion as (5.8) we arrive at the following more
refined error bound for the accumulated round-off error

(5.13) | —u] <N)  (for h<hy),
where the functional N is defined by

(5.14a) R(0) =2 |2].

5.14b Zy =0 (m<<korn<k)
(.44b) 22802 iy =0 gy (mZk nZEk).
LI}

The inequality (5.13) will be essential in our proof of Theorem 12 (Section 5.5).

Since the operator 4 (cf. (5.6)) is stable with respect to g [w] = |w] (cf. condi-
tion ¢), Section 2.2) we have |4 1w | < #]w| for some constant 8 and 4 sufficiently
small. Taking w,,,=0 (m<k or n<k), @, ,=h2 0, s, (m=k, n=k) we
thus have the following inequality for the functional :

(5.15) RN(O) <ys- h2|8] (for h<<hy)

where the constants y,=4,- # and ;>0 are independent of § and 4.
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5.4. Split Form of (5.3)
We consider the system of difference equations

(5.162) 32 (X) i (¥t =01, (m=0, n20)
(5.16b) 3 (X) 13 (V) =M By s ;) (m20, n20)

where A, 45, 4y, U; are polynomials of a degree s, & —s, £, k —{, respectively with
real coefficients and highest coefficient =1. It is assumed that

(517a) M) 2 0) =m (€) pa€) =0 ()

(¢ denoting a complex variable). X and Y denote shifting operators in x and y
directions, respectively (X2, ,= Zmi1,n ¥ Zm n=2mn+1) and p, ¢ are real numbers
with

Theorem 11. a) Lef u, ,, v,, ,, Satisfy (5.16). Then the numbers u,, also
satisfy (5.3 D).

b) Let w,,, satisfy (5.3b). Then there are numbers v,,, such that y, ,, Vpn
satisfy (5.16).

Proof. a) Part a of the theorem is easily proved by solving v, , from (5.16a),
substituting the result in the left member of (5.16b) and then applying (5.17) in
order to get

(5.18) B2 0(X) @ (V) w= Fpspuin (0 1) (20, 2 20).

Since p (£) =¢*- 7({) formula (5.18) is equivalent to (5.3b).

Part a of the theorem may likewise be proved by a direct application of
Theorem 1 of [12].

b) Let u, , satisfy (5.3b). We define numbers v, , by

(5.19) D=k Iy (X) py (Y) Uy, (m=0, n20).

Hence (5.16a) is fulfilled. By performing the same substitution as in the proof
of part a and using (5.18) it follows easily that (5.16b) is fulfilled. The theorem
is thus proved.

In view of this theorem the system (5.16) and (5.3 b) are equivalent and (5.16)
is called a split form of (5.3b). If no round-off is present and starting values
Uiy n=5Sm,n (m<k or n< k) are prescribed, (5.3b) and its split form evidently
produce the same approximations %, ,. However, as will be shown in Section 5.5,
they behave quite differently with respect to the propagation of round-off error.

We conclude this section by indicating in which order the numbers #%,, ., Vm,»
should be computed from (5.16), starting values #,, ,= Sy, » being given:

1. Compute v,,, (m<k—s or n<<k—t) from (5.16a) (ct. (5.19)).

2. In view of (5.4) F, ; (u; %) only depends on components #%,,, of # which
are already known and possibly on #; .

If F, , (u; ) is independent of #, , compute v, ;—; directly from (5.16b)
(with m =n =0) and w, , from (5.16a) (with m =k —s, n=Fk—1).
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If F, ; (u; &) depends on u, ,, compute v,_, ,_, and u, , by the method of
successive substitutions from (5.16b) (with m=n =0}, (5.16a) (with m =%k —s,
n =~k —¢) (cf. [12] proof of Theorem 4 for a similar computation).

3. Compute #,,, and v,_, , successively for m+n=2k+1, 2k +2,...
by using (5.16b), (5.16a) cyclically in a similar way as indicated above for
m=mn=k.

8.5. Round-off Error in the Split Form (5.16)

In order to study the propagation of round-off error if the split form (5.16) is
used to approximate U(x, y) we assume that

(5.200) A4 (X) (V) (= 0By 4 (m =0, n=0)
(5.200)  Ay(X) 1y (Y) By =R Fppp iy a; B) 4 0 (20, n20),

where &, ., N, are local round-off errors. Assume u,, , satisfies (5.3b) and
assume i, ,=u,, ,=S,, , (M <k or n<k). & —u=(4, ,—u,,) thus represents
the accumulated round-off error in method (5.16) resulting from the local errors
Em,n’ nm,n'

Theorem 12. Assume that at most one of the polynomials A, ({), py (§) has zeros {
with modulus || =1.

Then there are constants y, € >0 such that
(5.21) |t —u| <y - BA{E]+ 171 |nl}
for all & =(§,,,), 1= (N,n) and h with 0 <h <e.

Proof. 1. In view of the error bound (5.13) we obtain by performing a similar
substitution as in the proof of Theorem 11 a or by a direct application of Theorem 2
of [12] the following inequality for the error # —wu resulting from the local
perturbations &, n:

[ —u| SR () +RE ) (for h<hy),
where w = (i,,,,), 7 = () and
(5.22) W= Ig (X) (V)  (mZ0, n20).
In view of (5.14), (5.15) we have

R(#Pn) =1 - R(n) Sya- 2y (for h<hy).
Hence, for A< e =min (,, k3):
|6 —ul <% (@) +ys B2 n].

It will be proved (cf. 2. below) that
(5.23) N(w) Sy, AYE]

y, being independent of £ €4, ~€ H. Consequently (5.21) holds with y =max (y3, y,)
and the theorem is proved.
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2. We shall prove (5.23). In view of (5.14), (5.22) we have
(5.24) R () =y, |7
where, using operator notation, the equations defining z may be written
(5.25a) Zyp =0 (m<<korn<k)
(5:250)  o(X) oY) tpu=A(X) (Y) £ (m=0,n20).

Since at most one of the polynomials 4, (£), 4, ({) has zeros with modulus =1 we
may assume (in view of (3.5), (5.17a)) that e.g.

{(5.26) all zeros of 4;{{) have a modulus <1

(the case where A, ({) violates (5.26) is treated similarly by interchanging the roles
of 1, and ).

Let # be a fixed integer =0. Defining

2m=Q(Y)Zm,n’ gm:#Z(Y)Em,n (sz)

the formulas (5.25) reduce to

A

§m=0 (m<k), Q(X)‘%m:}‘Z(X)Em (mg())
Since @ (X) =2, (X) 4, (X) (see (5.17a)) we have
(5.27) 2o (X) (A (X) 23— Ep} =0 (m20).
Since all zeros of the polynomial 4, ({) have a modulus <1 and zeros with modulus 1
are simple (cf. (3.5), (5.17a)) the difference equation (5.27) implies that
R k—s—-1 . .
[ 4(X) 2~ &p| St - ;0 |4 (X)2,— &,
« being a constant independent of m =0, 2> 0 (see e.g. the lemma in [10] with
p=1). As 2,=0 (4 < k) this inequality leads to
N k—s—1 _ n
|4 (X) 2| =14 (X) 3;— &] 8] =o- Zo IARIHE
Hence
|20 (X)2;| <y gmax &]  (for j20),

where B, =1-+a- (k —s). By virtue of (5.26) we have

2| <B,- max |2(X) %]
B, being a constant independent of s, & (see the lemma in [10] with p=0).
Consequently

|2, =B, 51'0211_3;”{5,‘ (m =0).

7 Numer. Math., Bd. 18
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Using the definitions of %,,, & ; We obtain

|0 (Y) z,n| B2 By max |uy(V)E,,|.

0<ism

Hence for0Sm <M, 0<n <N —k% we have

(5-28) [e(Y) 2,4 =B5- [€]

s being a constant independent of m, », A. In view of the root condition (3.5) the
inequality (5.28) implies that

|omal Ba- 7] OSm=M,0<n<N)

for some constant f, (cf. the lemma loc. cit.). Combining this inequality with
(5.24) we get (5.23) with y,=yp, f,.
This completes the proof of the theorem.

8.6. Numerical Illustration

As an illustration of the above we consider the numerical solution of (5.1) by
the mid-point rule

(529) um+2,n+2"'um,n+2—um+2,n+um,n=4h'2' fm+1,n+1 (m =0,7 Z—0)

where f; ;=f(ih, jh, u; ;). As is easily verified (5.29) is a method of type (5.3b)
with £ =2, ¢({) =={2—1, satisfying all requirements of Section 5.1. The following
procedure is a split form of type (5.16) with p =0, ¢=2:
Un+1,0— %m,n = Um,n

(5.30) (m=0,n=0).

Uit nt 2t Umnt2— Vmts,n— Umn =48 i1 n11

In (5.30) we have 4,({) = —1, 4, () = +1, i, ({) =1, po () ={%—1. The condi-
tions on 4;(£), 4y (¢} of Theorem 12 being satisfied here we may apply (5.21). This
yields the following bound for the accumulated round-off error in method (5.30):

(5-31) |6 —u|=y-m2-{JE]+ 27 nl}-

In view of (5.20a), (5.30) we may expect that 9, ,=0(%).

Consequently, if floating point arithmetic is used, A7|n| (cf. (5.20b), (5.30))
may be expected to be of the same order of magnitude as ||| (and as || in (5.11))
and (5.31) thus exhibits the linear round-off error accumulation for the split
form mentioned in Chapter 1.

We have solved the Goursat problem

U, (5 ) =2(U (5, ) )
T L T R

(the true solution of which is U (x,y) = (1+ x + ) ) by each of the two procedures
(5.29), (5.30), respectively. In the following table we list the accumulated round-
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off error # —# (multiplied by 10% which is present in the approximation of
U(x, y) at (x, ¥) =(2, 2).

A1 Accumulated
round-off error
using procedure

(5.29) (5.30)

32 —249 -3
64 —1073 -8
128 —4351 —16

The starting values %, ,=Ss,, ,, (m <2 or #<2) used in the calculations agree
with the exact solution U (¥, y) (to the number of digits used in the computa-
tions) and the %,, ,, v,,, ,, for (5.30) have been calculated as indicated in Section 5.4.
The computations have been performed on the IBM 360-50 at the Centraal Reken-
Institut of Leiden University in short floating-point arithmetic (24 binary digits
in the mantissa).

Since the function f(x, y, v) =2 - v® (cf. (5.1), (5.32)) violates condition (5.2),
strictly speaking the theory of the preceding sections does not apply directly to
(5.29), (5.30) as used in solving (5.32). However, by an argument analogous to
part 1 of the proof of Theorem 9 it follows that the results derived above are still
valid for (5.32) provided |8, |£] and ||n| are small enough.

The numerical results listed in the table {(and further results not listed here)
clearly confirm the theory described above.

Acknowledgement. I wish to thank Mr. L. H. Deckers and Mr. D. W. Kuilman who
wrote the programs for the computations reported in Section 4.4 and 5.6.
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