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.4 bstract. In this paper  we s tudy in an abstract  setting the structure of estimates 
for the  global (accumulated) error in semilinear finite-difference methods. We derive 
error estimates, which are the most refined ones (in a sense specified precisely in this 
paper) tha t  are possible for the difference methods considered. Applications and 
(numerical) examples are presented in the following fields: 1. Numerical solution of 
ordinary as well as part ia l  differential equations with prescribed initial or boundary 
values. 2. Accumulation of local round-off error as well as of local discretization 
error. 3. The problem of fixing which methods out  of a given class of finite-difference 
methods are "mos t  s table" .  4. The construction of finite-difference methods which 
are convergent but  not consistent with respect to a given differential equation. 

1. Introduction 

In  this  paper  we inves t iga te  the  s t ab i l i t y  of f ini te-difference methods  for the  
solut ion of d i f ferent ia l  (and o ther  funct ional)  equat ions.  In  most  current  defini t ions 
of the  concept  of s t ab i l i t y  for such difference me thods  i t  is required t ha t  the  error 
resul t ing  f rom a local pe r t u rba t i on  in the  f ini te-difference equat ion  admi ts  a 
b o u n d  of a prescr ibed  s t ruc ture  in t e rms  of the  pe r tu rba t ion  (cf. e.g. [2, 3, 6, 13]). 
Depend ing  on the  s t ruc ture  prescr ibed  we thus  have  different  concepts  of s tabi l i ty .  
In  th is  pape r  we s t u d y  the  following general  p rob lem:  

W h a t  is the  s t ruc tu re  of the  most  ref ined error  bound  t h a t  is vMid for the  
error  in a g iven difference equa t ion  ? 

This  p rob lem thus  amount s  to  de te rmin ing  the most  s t r ingent  defini t ion of 
s t ab i l i t y  wi th  regard  to which the  difference equa t ion  is st i l l  s table.  

I n  order  to  i l lus t ra te  th is  genera l  p rob lem we consider  the  numerica l  solution 
of the  in i t ia l  va lue  p rob lem 

b y  Eu le r ' s  m e t h o d  

uo--c = 0 ,  h-l(u,--us-x) --/(xs-1, us-x) = 0  (n = 1 ,  2 . . . . .  g ) ,  

where  u s is an  a p p r o x i m a t i o n  of U(x) at  x = x s = a  + n h  and  N is the  greates t  
in teger  wi th  Nh <= b--a. Let  

~o--C =Wo,  h-l(~s--~s-x) --/(xs-x,  u~-l) =ws (n =1, 2 . . . . .  N) 
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where w. are local perturbations (e.g. caused by round-off in the actual application 
of Euler's method). I t  may be proved that  the accumulated error ~ - -  u. resulting 
from these local perturbations satisfies each of the following inequalities 

(t.t) ]un--u~] ~ ' 1 "  max wi] , 

N 

i 

(t.3) I  -uol *lWol + ' XT, I} 
for some constants 71, ?2, Va independent of n, h, w i (provided [ satisfies the con- 
t inuity conditions of [5] p. t5; cf. [5, 6, t t ] ,  respectively). Error bounds of type 
(t.t), (1.2) appear in the stability definitions of [7, 6], respectively. Using the 
triangle inequality and the inequality N h  < b - - a  it is easily verified that  (1.3) 
implies (t.2) and that  (t.2) implies (t.1). But  it is not possible to derive (t.3) 
directly from (t.2) or (1.2) from (t.t). Hence (1.3) is essentially a more refined 
error bound than (1.t) or (t.2). Since it may be proved (cf. Chapter 3) that  the 
structure of (t .3) is even more refined than of any other bound for the error a , --u~,  
the general problem formulated above has thus been solved for Euler's method. 

In Section 2.t we introduce in an abstract setting the notion of a stability 
[unctional, which is the appropriate tool in comparing different concepts of 
stability. In Section 2.2 this notion is used to derive theorems which enable us 
to solve the general problem formulated above for the case of semilinear difference 
equations. 

A second abstract notion introduced in Section 2.1 is the concept of optimal 
stability, which allows us, a certain set of difference equations being given, to 
single out the equations which are "most  stable" (in a sense specified precisely 
in this section). Using the results of Sections 2.2 we present in Section 2.3 a 
general criterion for optimal stability of semilinear difference equations. 

In the rest of this paper we present some (numerical) examples to demonstrate 
the application of the abstract (and general) considerations of Chapter 2 to initial 
and boundary value problems for ordinary and partial differential equations and 
to the accumulation of local discretization error and local round-off error (cf. [5] 
for definition of these concepts). 

In Chapter 3 the results of Section 2.3 are applied to a set of finite-difference 
equations (including Runge-Kutta as well as general linear multistep methods) 
for solving initial value problems for systems of ordinary differential equations. 
Using the criterion of Section 2.3 it is fixed which of these difference equations are 
optimally stable in the sense of Section 2.t. 

In Chapter 4 we consider a class of finite-difference equations for solving a 
nonlinear two-point boundary value problem. The refined error bounds of 
Section 2.2 are applied here to prove the second order accuracy of these differ- 
ence methods. The results of Chapter 4 prove the interesting fact that  there 
exist finite-difference methods for solving boundary value problems which are 
convergent (even of second order accuracy) but which fail to be consistent (cf. [14] 
for definition of the concept of consistency). 
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In Chapter 5 we derive a procedure (based on splitting of difference equations, 
cf. [t2]) for reducing to linear growth the quadratic round-off error accumulation 
in the numerical solution of a partial hyperbolic problem. The theorem in Chapter 5 
exhibiting this linear growth is proved using the theory of Chapter 2. 

2. Stability Functionals and Optimal Stability 
2.1. Notations and De/initions 

Let h 0 > 0 and let H denote a nonempty subset of the interval (0, h0] with 
inf H = 0 .  Let A h denote a real vectorspace (for each hen) .  Let It--. II ~ denote 
a seminorm and ~o h [ . . .  ] a real functional on A h. Assume that C h is a (nonlinear) 
operator mapping A h onto itself. 

Definition. The operator C h is stable with respect to the/unctional ~v h i/ there are 
/ixed numbers 7, ha > 0 such that/or all vectors u h, ~h, wh EA h satis/ying 

(2.1) 

(2.2) 
(with h E H, h ~ ha) we have 

(2.3) 

Ch uh--__ O, 

Ch~h=W h 

II u ' l l  �9 

Since there is no danger of confusion, we shall frequently suppress the 
superscripts h in the following discussion. 

In the applications formula (2.t) will stand for a finite-difference equation 
approximating a differential (or other functional) equation with given initial (or 
boundary) conditions (cf. the next chapters for examples). The solution u to (2.t) 
will denote an approximation to the solution of the original infinitesimal problem. 
The vector ~ will denote the solution of the difference equation obtained in 
presence of a perturbation w and the estimate (2.3) for the resultant error ~- -u  
is a generalization of error estimates like (tA), (t.2), (t.3). 

Let q0 and ~v denote arbitrary real functionals on A (for each hEH). In the 
following we use the notation 

if there are positive constants/5 and ha such that  

[w] _-</5. [w] 

for all wEA and hEH with h <ha.  The functionals 9 and~v are said to be equivalent 
if 9-<~v and ~-< q~. 

A functional ~0 on A is called a stability ]umtional for the operator C if C is 
stable with respect to ~o. A stability functional 9 for C is called a minimal stability 
]unctional for C if all stability functionals ~ for C satisfy 9"<Y:" 

Assume C and D are operators mapping A onto itself. C is said to be more 
stable than D if C and D have minimal stability functionals 9 and ~v, respectively 
which are not equivalent and satisfy ~0-<~v. The operators C and D are said to 
be equivalent if they have minimal stability functionals which are equivalent. 
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Let K be a set of operators from A onto itself. An operator C EK is said to be 
optimally stable in K if C is more stable than each DEK to which it is not equiv- 
alent. 

In the subsequent (Sections 2.2, 2.3) we are concerned with the following 
questions: 

1. Assume C is a given operator mapping A onto itself. What is the form of 
(possible) minimal stabifity functionals for C ? 

2. Assume K is a given set of operators. What condition is necessary and 
sufficient for an operator CEK to be optimally stable in K?  

These two questions will be answered (in Sections 2.2, 2.3, respectively) for 
the case of semilinear operators C. 

2.2. Minimal Stability Functionals /or Semilinear Operators 

In the following ph denotes (for each hEH) a fixed linear, bijective operator 
from A h onto itself. 

We define 

(2.4) ~~ = IIP-I  II 
for wEA = A  h, P-I denoting the inverse of P = ph. 

Let A, B, C and (2 be arbitrary operators from A into itself (for each h~H) 
satisfying the following conditions a), b), c). 

a) C = A  + B ,  A =PO,  
b) Q is linear and bounded (uniformly for hEH), and B satisfies a Lipschitz 

condition 

IIB --BvlI--<  II --vll 
(4 being independent of hEH and ~, yEA), 

e) A and C are bijective (for h sufficiently small), and stable with respect to 
the functional ~0 [w] ----[I w ]l. 

We define the functional 9 = 9(A) by 

(2.5) 9(A) [w] = [[A-lw[]. 

The following theorem shows that  the operator C has a minimal stability 
functional which is independent of the (nonlinear) term B. 

Theorem 1. 9 (A) is a minimal stability ]unctional /or C = A + B. 

Proo/. r We shall show that  q~ (A) is a stability functional for C. 

Let 
Cu=O, C~ =w. 

For h sufficiently small A is invertible and we define 

v = A - I w ,  z = ~ - - v .  
Hence 

C z = A z  + B z = A ~ - - A v  + B ~ +  B z - - B ~  

= C ~ - - w +  B ( ~ - - v ) - - B ~ = B ( ~ - - v ) - - B ~ .  
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In view of the stability of C (cf. c)) the equality 

C z = B ( ~ - - v ) - - B a  
immediately leads to 

ljz-ul[ <7" liB( ~7 - v )  - e ~ l l ,  

7 being some constant (independent of h ~ some hi). 

Consequently {cf. b)) 

I1~ -~11 < I1~ -*11 + IIz -u l I  =< I1~11 + y -  x. I1~11-- (a +ra)- I Iv  II. 
Hence 

115 -~11 < (a +7~)-I IA-l~l l  (for h ~.~hl) 
and C is thus stable with respect to 9(A) (cf. (2.5)). 

2. We shall show that 9(A) is minimal for C. 

Let 
Cu = 0 ,  C~ =w.  

Then C 5 - - C u = w .  Since C = A  + B  and A is linear we get 

A (~, --u) + B ~ - - B u  =w. 

"Multiplying" both sides of this equality by A-a (which exists for h sufficiently 
small, cf. c)) we have 

(~--u) + A-a(B~-- Bu) = A-lw. 
Hence 

I]A-1 w [I < H~2 - u I[ + IIA -~ (B ~ -- B u) 1[. 

Since A is stable (cf. c)) there is a constant ~ > 0 such that  

iiA-lvli----<~" VII 
for all v CA and h sufficiently small. Consequently 

II A-~ (Ba--Bu)  It<~,lle~--B-II<~,;t. ll,7-ull (el b)). 

I t  follows that  

tlA-lwil <__[l~ - u l l  + ~ z .  l t~-ull  = (t +m2) .  lt,7-uli 

(provided h ~ some constant ha). 
Assume ~p [w] is any stability functional for C. Then 

Ila--II--<r .wE~] 
for some constant 7 (provided h <= some constant h2). 

It follows that  

IIA ~w[I _--< (a+~&) 7-w[w] 
Hence (cf. (2.5)) 

(A) [w~ < ~ .  ~, [~] (for h __< h~), 

(for h _--<ha----min (hl, h~)). 
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= (t +g2)  . y  being independent of h and w. Thus 9(A)<~0 and the theorem 
is proved. 

The following theorem shows that  the functional ~o (defined by (2.4)) is 
"smaller" than ally stability functional for C. 

Theorem 2. ~o<~ ~0(A). 

Proo/. Since A = PQ we have P-XA =Q. 
Hence for h sufficiently small P-I=QA-1 (cf. c)) and 

IlP-lw[I ~ I]QII" I[A-lwl[ 

(for any operator D from A into A we put 

[IDll =sup{ llDvll/ l[~[]: llvl[ * o}). 
Consequently 

woE l --<IIQII �9 9(A)Ew]. 

In view of b) this inequality implies ~po~( ~0 (A). 

The next theorem gives a necessary and sufficient condition for Wo (cf. (2.4)) 
to be a stability functional for C. In the applications this theorem is particularly 
usefuU when ~v 0 has a simpler structure than 9 (A). 

Theorem 3. ~0(A)"<~Po i/and only i /~m ~ [[Q-1H <oo .  

Proo/. We note that  Q = P-1A and that P and A are bijective (for h sufficiently 
small). Hence Q is also bijective and Q-I=A-1P, A-I=Q-1P -1. 

t .  L e t l i m l l Q - q < o o .  Then [IQ-l[[~/5<oo for h ~ s o m e h a  and ~0(A)[w] 
h--~0 

= [[ A -1 w II = [IQ-1 p-1 w l[ =</~ w0 Ew] for h sufficiently small. Hence 9 (A) -< W0. 

2. Let ~0(A)-<~p0. Then t[Q-1P-lw[]<=~. IIP-lwll for some /~ and an ~ A ,  
hEH, h ~some  h a. 

Since P is bijective this leads to 

IIQ-lylI-  ' Ilyll 

for aLl yEA and h ~ h a .  Hence IIQ-q__<~ (for h~ha)  and ~ IIQ-111< . 
h--+O 

2.3 Optimal Stability o/ Semilinear Operators 

Let P denote the operator of Section 2.2 and let K denote a set of operators C 
from A into itself with the following two properties: 

(i) for each C in K the conditions a), b), c) of Section 2.2 are fulfilled, 

(ii) there is a C o in K satisfying a) with Q = I = the identity. 

It is clear that  all C in K are of the form 

C = P Q + B ,  

where P is fixed and Q, B are variable. 

The following theorem gives necessary and sufficient conditions for optimal 
stability in K. 



On the Structure of Error Estimates for Finite-Difference Methods 79 

Theorem 4. Let C = P Q  + B e K .  Then the ]ollowing four propositions are 
equivalent. 

t .  C is optimally stable in K, 

2. ~o o is a minimal stability/unctional/or C, 

3. ~Oo is a stability ]unctional /or C, 

4. lira IIQ-11l<oo. 
h---~ 0 

Proof. Let A = P Q  and ~0 = ~o(A). 

1) Assume t. holds. Then C is more stable than or equivalent to C o (cf. (ii)) 
and consequently (cf. Theorem 1) ~<~Po. Hence (cf. Theorem 2) 9 and ~Po are 
equivalent. Since 9 is a minimal stability functional for C it follows that  ~P0 is 
also a minimal stability functional for C. Thus 2. is true. 

2) Assume 2. holds. Then also 3. is true. 

3) Assume 3. to be true. Then (cf. Theorem 1) ~ <:~P0, and in view of Theorem 3 
this implies 4. 

4) Finally, assume 4. to be satisfied. Then (cf. Theorem 3): 

(A) <~Oo. 

Let C ' - - - - P Q ' + B ' = A ' + B '  denote any operator in K. 

Then (cf. Theorem 2) 

~o'< 9 (A'). 

I t  follows that  ~0 (A)-< ~0 (A'). Consequently C is more stable than (or equivalent 
to) C' (cf. Theorem t). Hence 1. holds. 

This completes the proof of the theorem. 

2.4. Notes 

t. The definitions in Section 2.t may easily be modified so as to include a 
number of stability definitions (cf. eg. [t0, t4]) which, strictly speaking, are not 
covered by the formulations of Section 2A. Since the definitions as given in 
Section 2.1 suffice for the semilinear equations discussed in the Chapters 3, 4, 5 
we still have preferred here the simple definitions of Section 2.t. 

2. Assume the operator P (cf. Section 2.3) is strongly stable (in the sense of 
Et3, 16]) with respect to a given infinitesimal problem. In a number of examples 
(cf. also Chapter 3) we found that  optimal stability of an operator C in K (cf. 
Section 2.3) always implies strong stability of C (but that  the converse does not 
always hold). The question thus arises whether this is a general phenomenon and 
what are the general connections between optimal and strong stability. 

3- The concept of stability as dealt with in Section 2A has essentially a 
qualitative character. By taking into account the value of the constant $ (cf. (2.3)) 
it would be possible to compare the stability of operators on a quantitative basis 
and one may wonder whether there are simple criteria for an operator C to be 
optimally stable in this quantitative sense. 



80 M.N. Spijker: 

4. Finally we note the limitedness of the theorems in Sections 2.2, 2 .3-- they 
only apply to semilinear operators--and the question arises whether similar 
theorems hold for (classes of) operators C----A + B where B fails to satisfy the 
Lipschitz condition of Section 2.2. 

3. Initial Value Problems for Systems of Ordinary Differential Equations 
3.1. Step-by-stel~ Methods 

Let a and b be real numbers with a < b and let /(x, v) be a function defined 
for a <--x <--b, v ER m (m-dimensional real vector space) and with range in R,~. 
Let c E R,~ and let the vector-valued function U (x) be a solution of the initial 
value problem 

(3.t) U'(x)=l(x, u(x)) (a<x<b), v(a)=c. 
Let k be a fixed integer => 1. Let h o > 0, H ----- (0, h0] and let hEH. We consider 

difference equations for the approximation of U (x) of the type 

u,,--s~=O (0___n<k- - l )  
(3.2) 

h-l~aiu~_i--F,~(u~_k . . . . .  u~_~ ,u , ;h )=O (k<--n<--N) 
i = 0  

where N is the greatest integer with N h  <= b - -a  and where the vectors u, denote 
approximations of U(x) at x = x ~ = a + n h  ( n = 0 ,  t , 2  . . . . .  N). The vectors 
s, (0 ~ n  ~ k - - t )  are starting values found e.g. by  a Taylor expansion (cf. [5]). 
The coefficients a i in (3.2) are real constants with a0-----1. The vector-valued 
function F~(vo, v 1 . . . . .  v~; h) (which depends on the given function /) is defined 
for viER,~ (O<~i<_<_k), hEH, nh<=b--a  and is assumed to satisfy a Lipschitz 
condition 

(3.3) [ V~(~o, ~k;h)--F,,(vo, vk;h)[<--2"maxi~,--v,[  
" ' "  " ' ' '  - -  0 < ~ ; <  k '  " ' 

where [. . .  [ denotes the maximum norm in R m. ~ is some constant independent 
of ~i, viER,~, hEH and n (with k ~ n ~ N ) .  

For ~ 4:0 we define 
k 

, (~) = y. ai  ~-i 
4 = 0  

and the characteristic polynomial 0 (~) is defined by  

e (~) = ~ k .  r (~). 

(r is assumed to satisfy the following conditions (3.4), (3.5): 

(3.4) e (~) = o, 

(3.5) all complex roots of the equation @ (~) - -0  have a modulus _ t and roots 
with modulus I are simple. 

I t  is easily verified that  e.g. (generalized) linear multistep methods (cf. e.g. ~4]) 
mid (explicit or implicit) Runge-Kutta  methods (cf. e.g. Eli) are step-by-step 
methods of the form (3.2) satisfying the conditions (3.3), (3.4), (3.5)--provided 
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[ (x, v) satisfies a Lipschitz condition with respect to the variable v. In the sub- 
sequent we investigate the stability of the methods of type (3.2) using the ideas 
of Chapter 2. In Section 3.2 we describe the results of this investigation. The 
proofs and exact formulations of theorems have been postponed to Section 3.3. 

3.2. Formulation o/Problems and Results 

Ill order to use the concepts of Chapter 2 we define for hEH = (0, h0] the vector 
space A = A  h by 

A ={u :  u = (uo, ua . . . . .  u~), u ,~R~ (0 < n  <=N)} 

where N is the greatest integer with Nh<=b--a. For uEA we define the norm 

N - -  max lu.I 
O<n~_N 

I-'" l denoting the maximum norm in R,,. The operator P is defined by 

(3.6) ( P u ) . = u .  ( 0 < n < k - - l ) ,  (Pu),,=h -1. (u,,--u._1) ( k < n ~ N )  

where u = ( u  o, u a . . . . .  u~ )~A .  
With any method of type (3.2) satisfying (3.3) (for some value of 2), (3.4), (3.5) 

we associate an operator C defined by 

C = - A + B ,  (3.7a) 

where 

(3.7b) 
k 

(Au), ,=u,  ( O < n ~ k - - 1 ) ,  (Au) ,=h- l~ .a ,u ,_ i  (k<=n<=N), 
i=O 

(3.7c) ( B u ) , = - - s ,  ( O < _ n ~ k - - t ) ,  ( e u ) , = - - F , ( u , _ k  . . . . .  u~;h) ( k<n<N)  

(for u = (u 0, u a . . . . .  UN) EA). The operator Q is defined by 

(3.8) Q = p-1A 

(note that  P (cf. (3.6)) is bijective and the inverse P-1 thus exists). 
Using (3.3), (3.4), (3.5) it may be verified (cf. e.g. [7, 10]) that  the conditions 

a), b), c) of Chapter 2 are satisfied here. Further it  is clear that  the equation 
Cu = 0  (cf. (2.t)) is equivalent to (3.2) with u = (u o, u a, . . . ,  UN) and that  Ca = w  
(cf. (2.2)) is equivalent to 

~7.-s .=w.  ( o < n - < k - 0  
(3.9) k 

h - ~ X a , ~ . _ , - - F . ( ~ , , _ ~  . . . . .  ~.; h) =w.  ( k _ n _ N )  

(with a = (uo, ux . . . . .  ~ .) ,  w = (wo, wx, . . . ,  wN)). 
K will denote the set of all operators C (cf. (3.7)) associated with any of the 

methods of type (3.2) satisfying (3.3), (3.4), (3.5). I t  is easily verified that  K 
satisfies the general conditions of Section 2.3. 

5a  Numer.  Ma th .  Bd. 18 
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We deal with the following two questions: 

t .  What conditions on the method (3.2) are necessary and sufficient in order 
that  it  be associated with an operator C which is optimally stable in K ? 

2. What  functional is a minimal stability functional for an operator C which 
is optimally stable in K ? 

In the next section (cf. Theorem 5) it will be shown that  (3.2) is associated 
with an optimally stable C if and only if the following condition (3.t0) (which 
is stronger than (3.5)) is satisfied: 

(3.10) apart f r o m ~ = l  all complex roots of the equation 0(~)=0 have a 
modulus < t. 

I t  is striking that  the same condition (3.t0) also appears in the study of so-called 
"strong stabili ty" of general linear multistep methods (cf. [5, t3]). 

The second question will be answered by Theorem 6 of the next section in 
which it is proved that  the functional 99o defined by 

k--I n 

i=O k < n ~ N  i=k  

is a minimal stability functional for any optimally stable operator C. 

As a result of the Theorems 5, 6 it  will be shown (cf. Theorem 7 of Section 3.3) 
that  the conditions (3.3), (3.4), (3.10) imply the inequality 

(3.t2) max I~ - - , n l_<_r .  1~,[ + max h~.w, 
O~_n<N i= k ~ _ n < N  i ~ k  ) 

Which holds for all vectors u~, ~,~ satisfying (3.2), (3.9), respectively with 
0 < h ~ some h a, ~, denoting a constant independent of h and w,. Theorem 7 also 
implies that  (3.12) does not hold if condition (3.t0) is violated. 

The inequality (3A2) may be used to obtain bounds for the so-called global 
(accumulated) discretization error by applying (3.t2) with ~Tn-----U (xn) where U (x) 
solves (3A). For an example of such an application (where the usual inequality 

max [~,--un]<= ~' o<n~N [ �9 max [ w~ leads to an essentially too pessimistic error bound) 
O < n ~ N  

we refer to [ t l ] .  

3.3. Proo/ o/ the Theorems 

In this section we prove the theorems already discussed in Section 3.2. 
Throughout this section K denotes the set defined above (Section 3.2). 

Theorem 5. Let C = A  + BEK. Then C is optimally stable in K i/and only i] 
the polynomial 0(~) satis]ies condition (3.t0). 

Proo]. In view of Theorem 4 we only have to show that  (3.t0) is equivalent 
to n- 0 IIQ-11I<  where Q is defined by (3.8). 
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I. Assume (3.t0) to be satisfied. We shall show that  there are constants 
ha > 0, ~ > 0 such that 

(3.13) UQ-I~IIgr "u~II ( 0 < h < ~ , ~ A ) .  
Let wEA and let zEA satisfy Qz =w,  i.e. (cf. (3.8)): Az =Pw. Hence (cf. (3.6), 

(3.7b)) 
(3.t4) zn=w n (O<_n<_k--l), 

(3.15) r(E)zn=(I--E-1)w. (k<--n<_N) 

where E is the shifting operator (EPz.=z.+p), I is the identity operator and r is 
the function introduced in Section 3-1. In view of (3.4) and a o = 1 we have 

r (~) = (1 - ~ - ~ )  �9 t (~) 

where t (~) is a polynomial of degree - -<k-  1 in the variable ~-1 with lowest 
coefficient = 1. (3.t5) thus leads to 

(I  - E - l )  (t (E) z . -  w . )  = o (k _< n _< U ) ,  

from which we get (by performing a summation from k up to n): 

t(E)z.--w.=t(E)z~_l--wk_ 1 (k--t<=n~N). 

In view of (3.t4) we have 

(3.t6) t(E)z.=w.+t(E)wk_x--wk_a (k--t<n~_N).  

We define the characteristic polynomial T (~) by  

I t  is easily verified that  ~(~) = ( ~ -  l)-a. Q (~). In view of (3.10) it follows that all 
complex roots of the equation ~ (~) = O have a modulus <1 .  Hence, by applying 
the lemma of [t0] (with p = O), it foUows that the vectors z, (cf. (3.t 6)) satisfy the 
following inequality: 

max I z . l ~ e .  max v.I ( 0 < h < s o m e h a )  

where e is some constant and v, is defined by  

v , = z ,  (O~n~k- -2) ,  

v,,=w,,+t(E)wk_x~w~_x (k--t<=n<N). 

I t  follows (of. (3A4)) tha t  

= max z, --<v. max w , l = ? . l M  ( 0 < h < ~ )  

being a constant independent of h and w. Since z =Q-aw this proves inequality 
(3.t3), which is equivalent to 1-~ llq-~U <o~. 

h---~ 0 

2. Assume (3.t3) to be satisfied. We shall show that  (3.t0) holds. 

6b Numer.  Math., Bd. IS 
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Let v n (0 < n ~ iV) be given vectors E R m and assume the vectors zn are deter- 
mined by the Eqs. (3.17): 

(3.t7a) z,,=v,, ( O < n ~ k - - 2 )  

(3.t7b) t(E)z,,=v,, ( k - - t  g n < N ) .  

By "mult ip lying" both members of (3A7b) by ( I - - E  -a) we get 

, (E) z , ,= ( x -  E-a) v. (h <_ n < U). 

Defining s = (I -- t(E)) vk_ x, we thus have 

r(E)z,,=(I--E-X){v,,+s} (k<_n~N).  

In view of (3.t7) it  follows that  

z,=w,, ( O ~ n ~ k - - t )  

r (E) z, = (I -- E-a) w, (k <-- n < N) 

where the vectors w, are defined by 

w,=v ,  ( O ~ n < k - - 2 ) ,  w, ,=v,+s ( k - - l < _n~N ) .  

Writing z = ( z  0, z x . . . . .  zN), w = (w  0, w 1 . . . . .  wN) we thus have (cf. (3.6), (3.7b)) 

A z = P w .  

Consequently Qz = w  and from (3.t3) we obtain the inequality 

Ilzll -r.ll [I (foro<h<h ). 
In view of the definition of the vectors wn we have 

II II  'II U (for0<h< ) 
being a constant independent of h and v. Since z~ is independent of v i with i > n 

(cf. (3.t7)) we thus have 

(3.t8) [z.[ <:~.  max v,[ (for O < h < h a ) .  
O < i < n  

Since (3.t8) holds for all vectors v~, z, satisfying (3.t7) we may apply the lemma 
of [t0] (with p =0).  This yields the result that  all zeros of the polynomial 
T (r =r t (r = (r -- t)-x. e (r have a modulus < 1. Hence (3.1 O) is fulfilled. 
This completes the proof of the theorem. 

Theorem 6. Let CEK. Then the Junctional 9o defined by (3.tl) is a minimal 
stability/unctional/or C i/ and only i/ C is optimally stable in K. 

Proo/. t .  The functional % is defined by 

(3.t9) ~Oo[W ] =[Ip-lwll (for ~EA) 

where P is the operator defined by (3.6). 
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Let CEK. In view of Theorem 4 ~v0 is a minimal stability functional for C if 
and only if C is optimally stable in K. We shall prove below that ~0 o (cf. (3.tt)) 
and Yo are equivalent. Hence 9o is a minimal stability functional for C if and only 
if ~v 0 is a minimal stability functional for C. It  thus follows that  q00 is a minimal 
stability functional for C if and only if C is optimally stable in K and Theorem 6 
is thus proved. 

2. I t  remains to be shown that ~o and ~v 0 are equivalent. 
Let wEA and let zEA be defined by Pz  =w. It follows (cf. (3.t9)) that 

In view of (3.6) we have 

(3.20) 

=114. 

(o<_n<k-t), 
n 

zn=w~_1+h~.w ~ ( k ~ n ~ N ) .  

Combining (3.tt) and (3.20) we get 

[lz[[ = max ]z~] ~9o[W] 
O < n ~ N  

and it follows that  

(3.21) Yo'< ~o. 

In view of (3.1t), (3.20) we also have 

k- -1  

z, + max  max  = ( k + 2 ) .  II [I 
/ = 0 '  ' k < n ~ N '  ' O ~ n ~ N  

and it follows that  

(3.22) ~ o ~ o .  

The equivalence of ~0 o and ~0 has thus been established (cf. (3.2t), (3.22)), 
which completes the proof of the theorem. 

Theorem 7. Let (3.2) be a step-by-step method satis[ying the conditions (3.3), 
(3.4), (3.5). Then the [ollowing statement (3.23) is true i[ and only i[ condition (3.10) 
is [ul[ilted. 

(3.23) There are fixed numbers y , / h > 0  such that  whenever vectors u~, ~ 
satisfy (3.2), (3.9), respectively with 0 < h < h  1, then I~,--u,] satisfies 
the inequality (3.t2). 

Proo[. Let (3.2) be a given method (satisfying (3-3), (3.4), (3.5)) and let C 
denote the associated operator (cf. (3.7)). Since CEK we may apply the Theo- 
rems 5, 6. 

t. Assume (3.t0) to be fulfilled. In view of the Theorems 5, 6 q% is a minimal 
stability functional for C. Since (3.23) is equivalent to stability of C with respect 
to ~o (cf. (3.tl)), it follows that  (3.23) is true. 

6 c  Numer. Math., Bd. 18 
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2. Assume (3.23) to hold, i.e. assume C to be stable with respect to ~o 0. In 
view of ~oo-<~00 (cf. (3.22)), it follows that  C is also stable with respect to ~P0. By 
virtue of Theorem 4 C is optimally stable in K. Hence (cf. Theorem 5) condition 
(3A0) is satisfied. 

4. Boundary Value Problems for Ordinary Differential Equations 

4.1. Finite-Difference Methods 

Let /(x, v) denote a real-valued function defined and continuous on the set 

s ={(x, v): o < x < l ,  - o o < v  < oo} 

with a continuous partial derivative/~ (x, v) satisfying 

(4.t) inf t~(x, v) = --~? > -- ~2. 
S 

These conditions on / imply that  the boundary value problem 

(4.2) V"(x) = / (x ,  U(x)) ( 0 ~ x < t ) ,  U(0) = U ( t ) = 0  

has a unique solution U(x) (cf. [8]). In the following it is assumed that the 
solution U(x) has a continuous 4th order derivative on [0,1]. 

Let 
H = { h : h = ( N + t )  -x where N = t ,  2, 3 . . . .  } 

and let h=(N+t ) -XEH.  The difference methods for approximating U(x) we 
shall consider are of the form 

h-~. (u~+l-2u~+u._l)  - & . / ( x ~ ,  u.) = 0  (n =1,  2 . . . . .  N) 
(4.3) 

U o = U2V+I  ~ 0 ,  

where the numbers u,  denote approximations of U (x) at x = x~ = n h (n = 0, t . . . . .  
N + t). The coefficients ft, in (4.3) are real numbers which may depend on n and 
h but which are independent of / and U. It  is assumed that  the fin are chosen in 
such a way that  

(4.4) inf {~L(x~, v): hEH, t ~ n ~ N ,  - - o o < v <  oo} = - - 0 >  --~#, 

(4.5) sup {[&[ : hEH, t ~ n  ~ X }  = a <  oo. 

By applying the techniques used by Lees in [8] it may be verified that, for h 
sufficiently small, (4.3) has a unique solution (u 0, u a . . . . .  UN+I). 

For fl~ ---- t formula (4.3) reduces to a well known difference method (cf. e.g. [ 5,8]) 
and (4.4), (4.5) are fulfilled with v ~ =~ ,  a = t. 

For fir ~ t  formula (4.3) doesn't represent a direct approximation of the 
boundary value problem (4.2) and it is in general not consistent (in the maximum 
norm) with (4.2) (cf. e.g. [14] for definition of consistency). Nevertheless, in 
Section 4.4 (cf. Table 2) we shall present an example where the approximations 
u, obtained from (4.3) with fin ~ t are more accurate than those obtained from 
(4.3) with ft,-----t. This phenomenon is explained by Theorem 9 of Section 4.3. 
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In  Section 4.2 we shall apply the concepts of Chapter 2 to (4-3) and determine 
a minimal stabili ty functional for (4.3). The results of Section 4.2 are essential in 
our proof of Theorem 9. 

4.2. Stability o/Method (4.3) 

In  order to use the concepts of Chapter 2 we define for h-- - (N+t)-~EH the 
vectorspace A by  

A = {u: u = (u 0, ua . . . . .  UN+~), - -  oo < u , <  oo, Uo = uN+x = 0} 

and for u ----- (u o, u s . . . . .  UN+t) EA we define the norm 

With method (4.3) we associate an operator C defined by  

(4.6a) C = A  + B  

where A and B are operators from A into A satisfying 

(4.6b) (A u ) . =  h -z (u.+x-- 2 u . +  u._l), 

(4.6c) ( B u ) . =  - - f t . . / ( x . ,  u.) 

for u6A,  l < _ n < N .  Operators P and Q from A into A are defined by P = A  
and Q-~I ,  the identity. 

With these definitions the equation Cu=O (el. (2A)) is equivalent to (4.3) 
and C~7 = w  (cf. (2.2))is equivalent to 

h - ' .  ( , 7 ,+1- -2~ ,+a ,_1) - - f l , / (x , ,  ~)  = w  n (t <=n<=N) 
(4.7) Uo = UN+x = 0. 

Applying the techniques used by  Lees in his study of (4.3) with/3, --~ l (cf. I8]) 
it may  be verified that  the conditions imposed on the operators A, B, C, P, Q in 
Section 2.2 are satisfied here with the exception of the Lipschitz condition on B 
(cf. Section 2.2, b)). 

I f  

(4.8) sup lo (x, v) < oo 
S 

we have for v = (% . . . . .  vN+~), ~ = (v0 . . . . .  ~2v+~) 6A: 

I IB~--Bvl I= max ]fl,,/(x., ~,,) --fl,,[(x,,, v ~l<  max aL. l~ , , -v . l=7."  l[~ -v i i  
l ~ n ' <  N m !  = l < n <  N 

where and L =  suP (el. (4.6c), (4.5), (4A), (4.8)). Conse- 
S 

quently if (4.8) holds, the operator B satisfies the Lipschitz condition required 
in Section 2.2 and all conditions of Section 2.2 are thus satisfied here. By applying 
Theorem I we arrive at  the following theorem. 

6c* 
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Theorem 8. Let / satis/y the conditions o/ Section 4.1 and condition (4.8). 
Then there are/ixed numbers ~, h I > 0 such that ~or all numbers u,,  ~,, w, satis/ying 
(4.3), (4.7), respectively with hEH, h <=ha we have the inequality 

i N n 
] ~ , , - - u , ] ~ , .  max - - x , . h  ~. ( t - - x , ) w , + h  ~. (x , - -x , )  W i 

I ~ _ n < N  (4.9) ~=1 i = 1  

(n = t, 2 . . . . .  N).  

Proo/. In view of Theorem t llA-lwil is a stability functional for C (cf. (4.6)). 
Hence there are ~, h a > 0 such that whenever u,, ~ ,  w, satisfy (4.3) (4.7), respec- 
tively with h E H, h ~ h a then 

(4.10) max [~,--u,[<= 7 �9 max v~[ 
I~_n~_N' I~_n~_N 

where the v n are defined by 

h-2(v~+l--2v,+v,_l) =w. ( t < n ~ N ) ,  Vo=VN+I=0. 

It is readily verified (cf. e.g. [5], p. 363) that  

N n 

(4.1t) v . = - x . ,  h F, O--x~)w~+ h F, (x.--x~)w. 
i=1 / = 1  

In view of (4.t0) this proves (4.9). 

4.3. Accuracy o~ Method (4.3) 

II1 this section we consider methods of type (4.3) where the coefficients ft, 
satisfy (in addition to (4.4), (4.5)): 

(4.t2) f l ,=b (for n = 0 ,  I (mod 3)), f l , = 3 - - 2 6  (for n = 2 ( m o d  3)), 

b denoting an arbitrary real constant which is independent of n and h. For b----t 
we get the conventional coefficients ft, -- 1 while for b 4: t (4.3) reduces to a non- 
consistent approximation of (4.2) (cf. Section 4.t). Similarly as stability has been 
defined with respect to a functionalw, consistency may also be defined with respect 
to a functionaly~. For b =~ t the operator C defined by (4.6), (4.12) is in general not 
consistent with respect to V[w]--]]w]]. However, if the right hand side of (4.9) 
would be used as a definition of ~p [w], then C would become consistent with 
respect to ~ (see the proof of Theorem 9). The following theorem shows that  the 
methods generated by any value b 4= t are still of the same order of accuracy as 
(4.3) with b = 1--cf. [8J for a detailed treatment of the case b = 1. Note that  
in this theorem we have got rid of condition (4.8). 

Theorem 9. Let ] satis/y the conditions o/ Section 4.1 and let the coe//icients 
ft, satis/y (4.4), (4.12). 

Let u, satis/y (4.3). Then 

(4.t3) max  l u . -  u(x . )J  =r  
l < n ~ N  
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Proo/. 1. Suppose the theorem has already been proved for the case of functions 
/ satisfying (4.8). We shall show that the theorem then also holds for [ violating 
(4.8). 

Let / be an arbitrary function satisfying the conditions of Section 4.t violating 
(4.8) and let 

max {] U(x)[ : 0 _ < x _ < l } < M <  oo. 

The function/* on S is defined by 

fl(x, ,.,) (Ivl M) 
1" (x, v) = {/(x, M) + (v --M) .Iv(x, M) ( v > M )  

(l(x, - -M)+ (v +M). Iv(x ,  --M) (v< --M). 

U* (x) and u, are defined by requiring that they satisfy (4.2), (4.3), respectively 
with ] replaced by /* .  Since sup/*  (x, v) < oo we have 

S 

(4.t4) max lu* -- U* (x.)l =(~(hZ ) 
l ~ n < N "  

and as U" (x) = / *  (x, U(x)) (0 <--_ x <= 1) we have U(x) = U* (x). 
Consequently 

max ]u* -- U(xn)]-~0 (for h-+0). 
l < n < N "  

and u~ satisfy the same set Therefore, for h ~ some h~. we have lu* I ~ M. Thus u ,  
of Eqs. (4.3) for h ~ h  2. I t  follows that  u,=u* and consequently (cf. (4.14)) 

m a x  l u . -  v (x.)l = r 
l ~ n ~ N  

which proves that  the theorem holds for the function/ .  
2. In view of the above we may assume with no loss of generality that  (4.8) 

is fulfilled. Consequently we may apply Theorem 8. Taking ~ =  U(x~) formula 
(4.9) reduces to 

(4.15) max max Iv.l 
l ~ n ~ g N  - -  l < n < N  

where v, is given by (4A1) with 

2 V ( x . ) +  

Using Taylor's formula we have 

w , =  (l--fl~)U"(x~)+d~(h 2) (uniformly for t<=n<N; hEH). 

Substituting this expression for w. in (4.11) we obtain the formula 

(4.t6) v , =  --x,.YN+l+y,+g)(h~) (uniformly for t ~ n ~ N ;  hEH), 

where Ym is defined by 

m 

(4.t7) y,~=h~. (x~--x,) (t--fli) U"(x,) (t<m____N+t). 
i = 1  
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It  will be shown (cf. 3. below) that ym=d~(M) (uniformly for 1 ~ m ~ N + t ;  
h~H). Consequently (cf. (4.t6)) 

max Iv, l= r  
l ~ n ~ N  

and in view of (4A 5) this yields (4.t3). 
3. It  remains to be shown that y~ defined by (4A7) is 0(h 2) uniformly for 

t ~ m ~ N + l .  
Let t _ < m ~ N + l  and k=[m[3].  Hence m - - - 3 k + r  with 0 = < r <  3. In view 

of (4.12) we have for r > 0: 

(~,,,- ~,) ( t - ,a , )  u" (~,) ] __< h,. I t - h i  max IU"(,,:)l. h 
i = 3 k + 1  x 

Consequently (cf. (4.t7)) 
8k 

(4.t 8) y .  = h Z ( x . -  x3 (1 - 8,) v"  (x,) + r (h,) 
i = l  

uniformly in m (for hfiH). Using (4.t2) and writing U'{= U" (xi), x = x,. we have 
3k 

h X (Xm-- X,) (t --  t~,) V" (X3 
/ = l  

k 

�9 b U . . . .  = h  Y.{(x - x , ; _ , ) ( t  - ) ~ i - , +  (~ - x 3 ; - 1 ) ( - 2  + 2b) U~j_I+ (x --xs;)(t --b) U"~3is 
i = 1  

k 

=hO--b) X~, 
i = 1  

where z i is defined by  

Writing g (~) = (x -- ~) U" (~) and using Taylor's formula we readily obtain 

(4.t9) I~jl < h*. max Ig" (8) 1. 
It  follows (cf. (4.t8)) that 

k 

ly.,I __< hi a - b l  Y, Iz;I + r (h,) 
i = l  

<hit--hi .  k.m~x I~;I + ~ (h~) 

< k. 1t --b I �9 max Iz~l +r 
Hence (cf. (4A9)) 

y~ = 0 (h *) (uniformly for 1 < m ~ N + t ; h E H). 

This completes the proof of Theorem 9. 

4.4. Numerical Illustration 

As an illustration of the above we consider the numerical solution of the 
following boundary value problems A and B: 

A. U"(x) = U(x) +s in (~x )  (0 ~ x ~ t), U(0) = U(t)  = 0, 

B. U " ( x ) = 4 - * . e V r  -~ ( 0 < x ~ t ) ,  U ( 0 ) = U ( t ) = 0 ,  
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the true solutions of which are 

U(x) = -- (1 + u~)-l, sin(~x) and U(x) = x log 4 - -2  log (t + x), 

respectively. We have solved the boundary value problem A by method (4.3) 
with b----I and b=9/8 ,  respectively and problem B by (4.3) with b = t  and 
b = 3/4, respectively (cf. (4A 2)). In Table t we list the error u~-- V (x) (multiplied 
by t07) which is present in the approximation of U(x) satisfying boundary value 
problem A. In view of the symmetry of problem A we only list the errors at 
x = x~ < 1/2. In Table 2 referring to the boundary value problem B we list t07 
times the error u~--U(x) at the points x =x~=0.2 ,  0.4, 0.6, 0.8. 

Table  1. Errors in solving problem A 

h x Er ror  u n -  U (x) 
us ing  m e t h o d  
(4.3), (4.12) wi th  

b = l  b = 9 / 8  

1/64 

1/256 

0 . t25 - - 6 4  + 1 2  
0.250 - - t 1 9  - - t 7 5  
0-375 --  155 - -236  
0.500 - - t 6 8  + 2 3  

o.125 - -4  + t  
0.250 - -7  - -11 
0-375 - - 1 0  - -15  
0.500 - -10  + 1  

1/75 

1/15o 

Table  2. Errors in solving problem B 

Error  u n -  U (x) 
us ing  m e t h o d  
(4.3), (4.12) wi th  

b=~ b=3/4 

0.2 44 13 
0.4 54 15 
0.6 45 13 
0.8 26 7 

0.2 t l  3 
0.4 t3 4 
0.6 t l  3 
0.8 6 2 

The computations have been performed on the IBM 360-50 at the Centraal 
Reken-Instituut of Leiden University (56 binary digits in the mantissa). The 
numerical results clearly confirm the theory of Section 4.3. 
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We note that  the interesting question for which differential equations (4.2) 
and at which points x n a given method (4.3), (4.t2) with b 4: t yields more accurate 
approximations (ash->0) than (4-3), (4.12) with b-----t, can be answered by  
deriving asymptotic estimates for the errors u~--U (x) along the lines described 
in [5, t 5]. 

We shall not go further into this matter  here. 

(5.t) 

where /, /1, /2 
condition 

(5.2) 

5. Partial Hyperbolic Differential Equations 

8.1. Finite-Di//erenee Methods 
Let U(x, y) denote the solution of the Goursat problem 

Uxy(x, y) =/(x,  y, U(x, y)) (x>O, y>=o) 

U(x,O)=h(x) (x>=O), U(O,y)=/~(y) (y>O) 

are given real-valued functions and / satisfies the Lipschitz 

I/(x, y, ~) - - / (x ,  y, v}l < L .  I ~ - -v[ ,  

L being a constant independent of the variables x >--0, y-->__ 0, --c~ < ~, v < oo. 

Let  k be a fixed integer -->t and let ho>O, H =(0, ho], hEH. There are many 
methods (cf. e.g. [9, t7, 181) for the approximation of U(x, y) of the type 

(5.3 a) u,~,~--s,,,n = 0  (for m < k  or n<k),  
k k 

(5 .3b)  h-2~ ~aiaiu,~_i,,~_i--Fm, n(u; h) =0 (for m>=k, n>=k) 
i=o i=0 

where m and n are integers -->0 and urn, ~ is an approximation of U(x,y) for 
x=mh,  y =nh. The numbers sm,~ are starting values (found from the charac- 
teristic values/1,  /2 and, if k > l,  e.g. by applying a method of type (5.3) with 
k = t ). The coefficients a i are real numbers with a 0 = t with which we associate 
the same polynomials r (~) and 0 (~) =~k. r (~) as in Section 3A. I t  is assumed that  
the conditions (3.4), (3.5) on 0 (~) are satisfied here. In (5.3 b) u denotes the (infinite 
dimensional) vector with components u,,,~ (m _-->0, n >=0) and F is a function 
(which depends on / )  satisfying the Lipschitz condition 

(5.4) [Fm,,(~; h) --F,,,,,,(v; h)[ =<$. max {[~,,i--v,,i[: i =>0, f>=0, i+i<=m+n} 

(for m -->__ k, n >k)  where ~ is a constant independent of m, n, h and of the vectors 
= (~, i), v = (vi, j). Using Banach's theorem on contraction operators it may be 

proved (in a similar way as e.g. in [51, P. 299) that  for h < ~- t  (5.3) has a unique 
solution u = (u,,,,). In the subsequent we therefore assume that  

(5.5) ho< 

Let a and b be given real numbers with a > 0, b > 0. Let  M and N denote the 
greatest integers with Mh <= a, Nh <_< b, respectively. In the subsequent sections 
we shall s tudy the stability and the propagation of round-off error if (5.3) is used 
to approximate U (x, y) for 0 < x <: a, 0 < y <= b. 
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We make the obvious assumption that  F~, ~ (v; h) with k ~ m --< M, k --< n ~ N 
is independent of the components vi, i of v with i > M or/ '  > N. 

In Section 5.2 we apply the concepts of Chapter 2 to method (5.3) and determine 
a minimal stability functional for (5-3) (cf. Theorem 10). In Section 5.3 we apply 
Theorem 10 to the propagation of round-off error in method (5.3). In the remainder 
of this chapter we focus on a so-called split form (cf. [t2]) of (5.3) for reducing 
the propagation of round-off error in (5,3). The main theorem on this split form 
(Theorem t2 of Section 5.5) is a generalization of Theorem 6 of [12]. Our proof of 
Theorem t2 is essentially based on Theorem 10. In Section 5.6 numerical examples 
are presented illustrating the better error propagation of the split form. 

5.2. Minimal Stability Functional 
In order to use the formulations of Chapter 2 we define A ~ { u :  u = (u~,.)} 

where u,~,, are real numbers (m => 0, n >_--0)} and for u = (u,~,~)EA we define the 
seminorm 

HuH = max{]u,~,~] : 0 --<m --<M, 0 --<n _<N}. 

With method (5.3) we associate an operator C mapping A into itself. For 
uEA the numbers (Cu),~,,, are defined by  the left-hand members of (5-3) and the 
equation Cu = 0  (cf. (2.t)) is thus equivalent to (5.3). 

The operator A is defined by  

(Au)m,,=u,,,, (m<k  or n<k)  
(5.6) ~ 

(Au),,, =h-*. ~. ~.aiaiu,,_i,~_i (m~k,n>~k).  
i=0 i=0 

Operators B, P and Q are defined by B = C - - A ,  P----A, Q---I, the identity. 
Using techniques discussed e.g. in [t0, 1 t ,  t 7] it may be verified that  the conditions 
imposed on the operators A, B, C, P and Q in Section 2.2 are satisfied here. Since 
the equation C ~ ~ w  (cf. (2.2)) is equivalent to 

~,~,~--Sm,~=w,~,~ (m<k or n<k)  

(5.7) h-2~,~.aiai~,n_i,~_i--F,~,n (~;h)----w~,~ (m>~k, n>=k) 
i i 

it follows that  there are fixed numbers Yl, h a > 0  such that for all u=(u,~,~), 
= (~,~,,) satisfying (5.3), (5.7), respectively with O < h < / h  we have the inequality 

(5.8) ll - ll II ll 
(cf. condition c) of Section 2.2). 

Applying Theorem t it follows that  ~0[w] =][A-lw I is a minimal stability 
functional for C and-- in  view of (5.6)--we thus have the following theorem, 
which yields a refinement of the error bound (5.8): 

Theorem 10. There are fixed numbers Y2, h2 > 0 such that whenever u = (um,~) 
and ~ =(~,~,,) satis/ y (5.3), (5.7), respectively with 0 < h < h 2 ,  then 

(5.9) II -ull <r,. I ll 
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where z = (z,~, ~) is defined by 

(5.10) z,~,,=w,~,, (m<k  or n<k)  

h - ~ . ~ , a i a i z ,  n_i,,_i=wr~,,, (m>=k, n>--k). 
i 

5.3. Round-off Error in Method (5-3) 

In actual computation the relations (5.3) defirting the numerical method are 
not satisfied exactly because of round-off error (and because of the incomplete 
solution of (nonlinear) equations if (5.3b) is an implicit procedure, cf. e.g. [t8]). 
We assume that  the values t2,,,~ actually calculated satisfy (5.3a) exactly and 
instead of (5.3b) satisfy 

(5.ti) ~,~, aiai~m_i,~_i=h2Fm,~(~; h)+~,n-k,n-~ (m>=k, n>=k) 
i i 

(note that  (5.it) is normalized so that  ~,~,, enters in the left member of (5.11) 
with a coefficient = 1 ). The quantities c5~, ~ (m => O, n _> O) are called local round- 
off errors and ~,~--Um, . accumulated round-off errors (cf. [5]). 

Applying (5.8) with w~,~=O ( m < k  or n<k) ,  w,n,,=h -~. ~,~-,,~-k (m>=k, 
n >_ k) we get the following bound for the accumulated round-off error: 

(5.12) I I~-  ~II___~. h-~llall (for h</h), 

exhibiting a quadratic round-off error accumulation in method (5.3) (cf. also El 7]). 
We note that  it is not possible to replace the exponent --2 in (5.t2) by a number 
> - - 2 .  

Applying (5.9) in a similar fashion as (5.8) we arrive at the following more 
refined error bound for the accumulated round-off error 

(5.~3) l l a -  ~II ~ ~ (a) 
where the functional ~R is defined by 

(for h < h2), 

(5A4a) ~ (a) =r~" II~II, 

z~,~=0 (m < k or n < k) 
(SA4b) 

~,~. aiaiZm_i,~_i=am_k,~_k (re>k, n ~ k ) .  
i i 

The inequality (5.t3) will be essential in our proof of Theorem t2 (Section 5.5). 

Since the operator A (cf. (5.6)) is stable with respect to ~o [w] = IIw ]] (cf. condi- 
tion c), Section 2.2) we have lla-lw II ~ fl ]lw II for some constant fl and h sufficiently 
small. Taking w~,~=O (m<k  or n<k) ,  w,~,~=h -2. ~5,,_,,~_ ~ (m>=k, n ~ k )  we 
thus have the following inequality for the functional 9~: 

(5.~5) (~) ~ rs. h-311~ II (for h < hs) 

where the constants 73=72. fl and h a > 0  are independent of ~ and h. 
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5.4. Split Form of (5.3) 
We consider the system of difference equations 

(5A6a) 21(X)/4(Y)u,. , .=ht'v, . , .  (m >--_0, n >=0) 

(5.t6b) 22(X)/*2(Y)v,.,.=hqF,.+k,.+~(u; h) (m>=O, n>=O) 

where 21, 22,/A,/'2 are polynomials of a degree s, k --s, t, k --t ,  respectively with 
real coefficients and highest coefficient----t. I t  is assumed that 

(5 A 7a) 21 (~) 22 (~) ~ / 4  (~)/*2 (~) =- ~ (~) 

(~ denoting a complex variable). X and Y denote shifting operators in x and y 
directions, respectively (Xz,.,. ~ z.,+ x,., YZr.,. = Zr.,.+1) and p, q are real numbers 
with 

(5.t 7b) p + q  =2 .  

Theorem 11. a) Let u.,,n, v..,. satis]y (5.t6). Then the numbers u,.,. also 
satisfy (5.3b). 

b) Let u..,. satisfy (5.3b). Then there are numbers v,.,. such that u . . . .  v,.,~ 
satisfy (5.16). 

Proof. a) Part a of the theorem is easily proved by  solving v..,. from (5.t6a), 
substituting the result in the left member of (5.t6b) and then applying (5.17) in 
order to get 

(5.18) h -2. Q(X)q(Y)u,~,,=F,,+~,n+k (u; h) (m~O, n~O).  

Since Q(~)_~k. r(~) formula (5.18) is equivalent to (5.3b). 
Part a of the theorem may likewise be proved by a direct application of 

Theorem t of [12]. 
b) Let urn, . satisfy (5.3b). We define numbers vm, . by 

(5.19) v,,, =h-P 2,(X)/*I(Y ) urn, n (m>~O, n~O).  

Hence (SA6a) is fulfiUed. By performing the same substitution as in the proof 
of part a and using (5.18) it follows easily that (5.16b) is fulfilled. The theorem 
is thus proved. 

In view of this theorem the system (5.16) and (5.3b) are equivalent and (5A6) 
is called a split form of (5.3b). If no round-off is present and starting values 
u,. , .=s,. , .  ( m < k  or n < k )  are prescribed, (5,3b) and its split form evidently 
produce the same approximations u,.,.. However, as will be shown in Section 5.5, 
they behave quite differently with respect to the propagation of round-off error. 

We conclude this section by indicating in which order the numbers u,~,., v,.,. 
should be computed from (5A6), starting values u,.,,,= s,.,. being given: 

1. Compute Vm,~ ( m < k - - s  or n < k - - t )  from (5.16a) (cf. (5A9)). 
2. In view of (5.4) Fk,~ (u; h) only depends on components u.~,. of u which 

are already known and possibly on uk, k. 
If F~,~ (u; h) is independent of uk, ~ compute Vk_s.k_t directly from (5.16b) 

(with m ~ - n = 0 )  and u~,k from (5.t6a) (with r e = k - - s ,  n = k - - t ) .  
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I f  F~,~ (u; h) depends on uk, k, compute  Vk_s,k_ t and uk, ~ b y  the me thod  of 
successive subst i tu t ions  f rom (5.t 6 b) (with m = n ---- 0), (5.16 a) (with m = k - -  s, 
n = k - - t )  (cf. [t2J proof of Theorem 4 for a similar computat ion) .  

3. Compute  urn, ~ and v,,_s,~_ t successively for m + n = 2 k + t ,  2 k + 2  . . . .  
b y  using (5.t6b),  (5.t6a) cyclically in a similar w a y  as indicated above for 
m----n----k. 

5.5. Round-o//Error in the Split Form (5.t6) 

In  order to s tudy  the  propaga t ion  of round-off  error if the split form (5.16) is 
used to app rox ima te  U(x, y) we assume tha t  

(5.20a) 2x(X)pa(Y) ~7. .n=hP~. ,~+~,n, .  (re-->O, n > O )  

(5.20b) 2~(X)/za(Y) ~m..=hqFm+k,.+k(~; h) + ~7~.~ (m >=0, n >0), 

where ~ . . . .  ~ . .  are local round-off  errors. Assume u~,~ satisfies (5.3b) and 
assume ~,~,. = urn,. = s~, ~ (m < k or n < k). ~ - -  u = ( ~ ,  ~--  u,~,~) thus  represents  
the accumula ted  round-off  error in me thod  (5.16) result ing f rom the local errors 

Theorem 12. Assume that at most one o/ the polynomials 21 (~), Pa (~) has zeros 
with modulus 1r = 1. 

Then there are constants 7, e > 0 such that 

(5.2a) I1~ -u[I--<~. h-l{ I1~ II + h  #-~. I1~ II) 

/or all ~ = (~,,,,), ~1 = (~,,, ~) and h with 0 < h < e. 

Proo/. a. In  view of the error bound (5.13) we obta in  b y  performing a similar 
subs t i tu t ion  as in the proof of Theorem t l  a or b y  a direct applicat ion of Theorem 2 
of [t2J the following inequal i ty  for the error ~ - - u  result ing f rom the local 
per tu rba t ions  ~, ~/: 

tlz-ull  < ~ (~) + ~ (hp. ~) (for h < h2), 

where w = (w~,.), r / =  (r/m,.) and 

(5.22) w. , .=Za(X)  l~(Y)~ . ,  . (m>=O, n>O). 

In  view of (5.t4), (5.t5) we have  

~ (hp~) --hP. ~(~) --<r~" hP-all~ll (for h < ha). 

Hence,  for h < e = min  (h 2, ha) : 

Ila-ull--<~(w) + ~  h ~-~. II~ll. 

I t  will be proved  (cf. 2. below) t h a t  

(5,23) ~ (w) _ ~ .  h-~ t1~ II 

74 being independent  of ~ E A, h E H. Consequent ly  (5.2 t) holds wi th  7 = m a x  (7~, 7~) 
and the theorem is proved.  
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2. We shall prove (5.23). In view of (5.t4), (5.22) we have 

(5.24) gt (~) =r~.  Ilzll 

where, using operator notation, the equations defining z may be written 

(5.25 a) z~ , .=0  (m<k or n<k) 

(5.25b) e(X) e(Y)zr,,,,,=A2(X)lt2(Y)t,,,,, (m>=O,n>=O). 

Since at most one of the polynomials 21 (r tO (r has zeros with modulus = t we 
may assume (in view of (3.5), (SA7a)) that e.g. 

(5.26) all zeros of 21 (~) have a modulus < r 

(the case where 21 ($) violates (5.26) is treated similarly by interchanging the roles 
of 21 and #x)- 

Let n be a fixed integer >= 0. Defining 

}m=Q (Y)zm,., ~,~----/,2 (Y)~:m,, (m_>--O) 

the formulas (5.25) reduce to 

~.=o (re<k),  ~(x)~m=~(x)~. (m>__o). 

Since O (X) = An (X) 21 (X) (see (5.17 a)) we have 

(5.27) z~ (x) {a~ (x) ~ -  ~}  = o (m >_- o). 

Since all zeros of the polynomial 2~ (~) have a modulus --< 1 and zeros with modulus t 
are simple (cf. (3.5), (SATa)) the difference equation (5.27) implies that 

k--S--1 

I~,(x)~.-3.1_-<~ �9 E I~,(x)~,-LI 
i = O  

ar being a constant independent of m>=0, h > 0  (see e.g. the lemma in [10] with 
p = t ) .  As ~ i=0  ( i <  k) this inequality leads to 

Hence 

k--S--1  

IXl(X)~jl<__l,t~(x)~j-Sjl+lSjl---_~,. F, ILl+ltj l .  
i = 0  

I Z1 (X)zjl ~ 1  "o~ ax) ~il (for i ~ o), 

where fl~= t +c~. (k --s). By virtue of (5.26) we have 

I~,~l-<a~" m a x  I&(X)~jl 
- - - - -  o ~ i < m .  

/~ being a constant independent of m, h (see the lemma in [r with p =0).  
Consequently 

p~l<__a~al, max ILl (m>=o). 
- - - - -  0 ~ _ i < m  

7 Numer. Math., Bd. 18 
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Using the definitions of ~,~, ~i we obtain 

[r (Y)z~,,[ <flu fll"omax [/** (Y) ~,,,[ �9 

Hence for 0 ~ m ~ M, 0 ~ n _< N -- k we have 

(5.28) I q (Y)z . , . I  II ll 

fls being a constant independent of m, n, h. In view of the root condition (3.5) the 
inequality (5.28) implies that  

�9 h-q ll (O<m~M, Ogn~_N) 

for some constant f14 (cf. the lemma loc. cit.). Combining this inequality with 
(5.24) we get (5.23) with ~ = ~ 2  f14. 

This completes the proof of the theorem. 

a.6. Numerical Illustration 

As an illustration of the above we consider the numerical solution of (5.t) by 
the mid-point rule 

(5.29) u,~+~,,,+2--u,.,.+~--u,.+s,.+um,.=4 h2" [m+x,.+i (m ~_ 0, n >=0) 

where [i,i=](ih, jh, ui, i). As is easily verified (5.29) is a method of type (5.3b) 
with k = 2, Q (r = r  satisfying all requirements of Section 5.t. The following 
procedure is a split form of type (5A6) with p = 0 ,  q = 2 :  

(5.30) u..+l,.--u..,.=v.... (m >= O, n ~_ 0). 
vm+l,.+,+ vm,.+,-- Vm+~,.--Vm,. = 4h*/m+l,.+x 

In (5.30) we have 22 (~) = ~  -- I, )I, (~) ----~ + 1, bq (~) = I , / ~  (~) = r  1. The condi- 
tions on Xl (~), Pa (~) of Theorem t2 being satisfied here we may apply (5.2t). This 
yields the following bound for the accumulated round-off error in method (5.30) : 

(5.3 a) II a -u l l - -<r .  h-X" { II~[[ + h-~ 117 II}. 

In view of (5.20a), (5.30) we may expect that  ~, ,=d~(h) .  
Consequently, if floating point arithmetic is used, h -1117 II (el. (S.2ob), (5.30)) 

may be expected to be of the same order of magnitude as I[~11 (and as I1~11 in (5.tt)) 
and (5.3t) thus exhibits the linear round-off error accumulation for the split 
form mentioned in Chapter t. 

We have solved the Gonrsat problem 

U,y(x, y) =2[U(x,  y)]a 
(5.32) (x > 0, y => 0) 

U(x, 0) = (1 + x )  -~, U(O,y) = ( t  + y )  -x 

(the true solution of which is U (x,y) = (l + x + y ) - l )  by  each of the two procedures 
(5.29), (5.30), respectively. In the following table we list the accumulated round- 
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off error ~ - - u  (multiplied by  t06) which is present in the approximation of 
U (x, y) at  (x, y) ~ (2, 2). 

h-t Accumulated 
round-off error 
using procedure 

(5.29) (5.3o) 

32 -249 - 5  
64 - t o73  - 8  

128 -435t  - 1 6  

The star t ing values u ~ , , = s ~ , ,  (m < 2 or n < 2) used in the calculations agree 
with the exact  solution U (x, y) (to the number  of digits used in the computa-  
tions) and the u . . . .  %,~ for (5.30) have been calculated as indicated in Section 5.4. 
The computa t ions  have been performed on the IBM 360-50 at the CentraaI Reken- 
Ins t i tu t  of Leiden Univers i ty  in short  floating-point ari thmetic (24 binary digits 
in the mantissa). 

Since the func t i on / (x ,  y,  v)=_ 2 .  v 3 (cf. (5.1), (5.32)) violates condition (5.2), 
str ict ly speaking the  theory  of the preceding sections does not  apply directly to 
(5.29), (5.30) as used in solving (5.32). However,  by  an argument  analogous to 
par t  t of the proof of Theorem 9 it follows tha t  the results derived above are still 

valid for (5.32) provided 11~11, II~ll and II~ll are small enough. 
The numerical  results listed in the table (and further results not listed here) 

clearly confirm the theory  described above. 

Acknowledgement, I wish to thank Mr. L, H. Deckers and Mr. D. W. Kuilman who 
wrote the programs for the computations reported in Section 4.4 and 5.6. 
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