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1. INTRODUCTION

Assume U 1is a solution of a given nonlinear (integro-)differential
equation and assume u to be a corresponding solution of a finite-difference equa-
tion approximating the original infinitesimal problem. Let the finite-difference
equation and its solution u depend on the so-called mesh-width h > 0 . In this
paper we deal with the following general problem: What conditions on the finite-
difference equation are necessary and at the same time sufficient for the conver-
gence of u to the true solution U as h >0 ?

For linear and semilinear differential equations there exists a series of
equivalence theorems in which such necessary and sufficient conditions for conver-
gence are given (see [2], [6], [7], [12], [13], [16]). For differential equations
which are not semilinear there seem to exist no such equivalence theorems with any
genefal applicability. Still for arbitrary differential equations which need not to
be semilinear Stetter [15] and Ansorge [1] obtained a general condition that is suf-
ficient for convergence - see also Kinnebrock [11]. Their sufficient condition es-
sentially is that the linearization of the finite-difference scheme at the true so-
lution U be stable. Their results only apply in full if the order of accuracy of
the finite~difference scheme is high enough. Furthermore, if the linearization of
the finite-difference scheme at U is only stable in the sense of Forsythe and
Wasow (cf. [12, p. 95]) their results do not apply either.

In this paper an attempt is made to get rid of the limitations of the
theories menticned above. We shall present equivalence theorems giving conditions
which are both necessary and sufficient for convergence. These theorems can be ap-

plied to differential equations that are not semilinear and furthermore they can be
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used in a number of cases where the theories of [1], [ll], [15] mentioned above do
not apply.

In this article we shall proceed in an abstract setting in order to make
it possible to apply our equivalence theorems to different kinds of (integro-)dif-
ferential equations (e.g. of hyperbolic, parabolic or elliptic type). The framework
in which we proceed is similar to the one used by Stetter [15].

Part of the proof of the equivalence theorems will essentially be based
on an idea used by Strang in [17] for proving convergence under conditions that are
not subject to the limitations mentioned above in the case of nonlinear hyperbolic
differential equations. As a consequence of this method of proof we are naturally
led to a condition under which not only the global discretization error u - U
tends to zero as h + 0 but also u - U admits an expansion in powers of h
In this way we obtain the same result as derived in [1u] but under weaker conditions
than those stated there.

In chapter 2 we have collected a few results from functional analysis
which are needed in the following chapters. In chapter 3 we derive the equivalence
theorems as well as a number of closely related theorems. In chapter 4 we discuss
the application of the abstract considerations of chapter 3 to a nonlinear parabo-
lic differential equation and we display a numerical example in which repeated

(Richardson) extrapolation to h = 0 is performed.

2. SOME RESULTS FROM FUNCTIONAL ANALYSIS

In this chapter we review some simple results from functional .analysis.
The proofs of the following lemma's have been included for completeness and because
the Lipschitz condition being imposed here on the (n-th order) derivative of the
operator ¢ is slightly weaker than required in most textbooks on functional ana-
lysis.

In the following lemma a version of Taylor's formula in normed vector

spaces is presented. The proof will be given along the lines of Collatz [4, P 223].
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LEMMA 1. Let R and S be real normed vector spaces and let E be an
open subset of R . Let ¢ be a mapping from E into S . Assume that the points

X 4 X

o ; @and the segment x_ + t'(xl—xo) (0 <t < 1) belong to E . Assume that

the n-th order Fréchet derivative of ¢ exists in all points of E and that it

satisfies the Lipschitz condition

( (
(2.1) || o ) - o n)(xo) [ < uellxx_] |
for all x of the form x = X + t~(xl—xo) with 0 < t < 1 . Then
(5.9 ®(X1) = @(xo) + @'(xo)(xl—xo) +oee. + %T d>(n)(xo)(xl~xo)n + e where
’ 1
el = iy g ) 1™

(for n = 1,2,3,...).

Proof. There exists a real-valued linear continuous operator L with
domain $ such that ||L|| = 1, L(e) = ||e]| (see [10, p. 142]). We define

fF(t) = L ¢ [Xo + t'(xl-xo)] for 0 <t <1 .f is continuous on [0,1] and the

derivatives f(j) exist and satisfy f(j)(t) = L ¢(])[xo+t(xl—xo)] (xl—xo)]

(3 =1,2,...,m3 0 <t <1) . In view of (2.1) we have

n+l

(2.3) £ () - £ 0] < et fxy x| (0 <t<1) .

From the first line of (2.2) defining the vector e we have

[le|] = LCe) = £(3) - £(0) - £'(0) - ... - %T-f(n)(o) . Hence the function g de-

n
fined by g(t) = £(t) - £(0) - t-£f'(0) - ... - %T-f(n)(o) - tn+l']|e||

vanishes at t = 1 . Since also g(0) = 0 we have that g'(tl) = 0 for some
t, € (0,1) . Since g'(0) = 0 it follows that g"(t,) = 0 for some t, ¢ (0, tl) .
Continuing in this way it follows easily that g(n)(tn) = 0 for some t, € (0,1)

Hence f(n)(tn) - f(n)(O) - (n+1)! t e

|e|] = 0 and by using (2.3) with t = t,

the inequality in (2.2) follows easily and the lemma has thus been proved.

The following lemma consists in a quantitative formulation of the inverse
function theorem of function space theory (see [10, D. 687], [15]). We also note
the strong relationship of this lemma to the well-known Newton-Kantorovich theorem

(see [10, p. 708]).
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LEMMA 2. Let R and S be rcal normed vector spaces and let R be
complete (i.e. R is a Banach space). Let ¢ be a mapping from the open subset
ECR into S . Let X, € E and let @xo =y, - Assume that the Fréchet derivative

9'(x) exists on E and that it satisfies the following two conditions

The inverse <I>'(xo)—l mapping S onto R exists and is bounded,

(2.4) -

H@'(xo) H <48,

There is a constant p > 0 such that the open ball with center XO and
(2.5) radius 1/ué§ belongs to E and |[e'(x) - @'(xo)[[ f_u-f[x—xofl for

all x in this ball.

2
Then for all y € S with |]y—yo|| < 1/28 u there is a unique =x = x(y) € R with

||x—xo|| < 1/8u and ox = y . Furthermore this =x(y) satisfies
Lo -V 2wy ||
(2.6) () = = ] < 50 =V 128"l lyy [ < 25+ | [y=y | | .

2
Proof. Choose any y € S with ||y—yO|I < 1/28 u and define the opera-—
tor G by Gx = x - <I>'(xo)_l [@(x)—y]. Then fixed points of G are solutions of
the equation &x = y . The Fréchet derivative of G exists,

G'(x) = <1>'(xo)_l [<1>'(xo) - ®'(x)] and by (2.4), (2.5)

(2.7) Her(x)]] < su-

lx-xoll (for l,x—xo!, < 1/8u) .

Using (2.5) and lemma 1 with n = 1, X, T X it follows that for ]]x—xO]I < 1/8u
ey = 01 G )™ [acx) + 07(x) Gex ) +e - 3] ]

-1
He'(x )™ [y, +e -y |l

Horex )™ 1+ tlly-y [1 + llel]}

we have ||Gx—XO||

|A

- aut -~ 2
< allyy I+ 9o x|
Furthermore it is easily verified that a number r satisfies the inequality
2
6IIY‘YOH + %H'r < r whenever roir j_rl where

21 2 1 2
Yo 5 (1 -V 128 wlly-y [, vy = 5o A 1260wl vy D

Consequently, if we choose any r with ro<r< 1/6u and define D +to be the
c Josed ball with center X and radius r then G 1is a mapping from D into D .

By (2.7) G 1is a contracting mapping from D into D .
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Hence there 1s a unique x with x e D, Gx = x (see e.g. [10, o 627]) . By letting
r § 1/8u it follows that this x is also unique in the open ball with center X
and radius 1/6p while by taking » = v it follows that this x satisfies

[x=x [ < v

o 5 Since the fixed points of G are just the solutions of the equation

®x = y the lemma has thus been proved.

The following lemma, which is a partial converse of the preceding lemma
shows that a condition of type (2.4) is indispensable for the result of lemma 2 to

be valid.

LEMMA 3. Let R and S be real normed vector spaces and let & be a
mapping from the open subset E C R into S . Let X, € E and ¢xo =y, - Assume
that for all xe E the Fréchet derivative &'(x) exists, that @'(xo) is a one-

to-one mapping from R onto S and that
(2.8) [TerGo = o (x D] < wellxx_||

provided [Ix-xol| is small enough. Furthermore assume that there exist constants

§, o, T > 0 such that

1. for all y ¢ § with ||y—yo|| < 1 there is a unique x = x(y) € R with

]]x—xoll <o and éx =y , and

2. This x(y) satisfies ||x(y) - xo|| 5_6'l|y—yol} .
Then the inverse <I>'(xo)_l is bounded and [l@'(xo)_lll <6 .

Proof. Choose an arbitrary vector z € S with |[z|] = 1 and define
v € R by

@’(xo) vV =z,
We shall show that llv'| < § , from which the lemma immediately follows.
Choose a constant r > 0 such that the following conditions (a) - (d)

are fulfilled:

(a) the open ball with center x, and radius r 1is contained in E ,
(b) e (x) - @'(xo)fl j_u'||x—x0|] for le—xo|| <y,

(e) r <o,
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() Hoe) -y Il <t if xx |l <r .
Let t be a real parameter and define x Dby the relation
@'(xo) (x—xo) = tsz . Hence +tv = XX - Now we take 0 < t < r/]{v]| so as to

ensure that I]x—xo‘l <p ., We define y by &x =y . Since (by (d)} [[y—yo[[ <t

and %x = y we have by the assumption of the lemma that ||x—xo|[ < 8- |y—yo|| .

Hence by (b) and lemma 1 it follows that

[ | < 8+ 0] 870 ) G ) + el 1)

< s {[fez]] + [le] [}

2

<ot s o 1)

- u 2

= t8-{1 + 5 t-[|vl] ).

2

Since 1|x-xo|| = te|]v|]| we have ||v|] < 6+{1+t %J vl ¥ .

By letting t ¢ 0 it follows that l|v|| 8§ and the lemma has thus been proved.

| A

3. A THEORY FOR NONLINEAR FINITE-DIFFERENCE EQUATIONS

In section 3.1 of this chapter we shall introduce the notations and
definitions by means of which the equivalence theorems will be formulated. In
section 3.2 we shall derive conditions which are necessary and sufficient for
stability of a finite-difference scheme and in section 3.3 we shall state necessary
and sufficient conditions for comsistency. In section 3.4 we shall finally prove
two equivalence theorems the last of which implies that a finite-difference method

is convergent if and only if it is both stable and consistent (see theorem 5).

3.1 BASIC DEFINITIONS

3.1.1. The finite-difference equation

Assume A and B are real normed vector spaces. Let F be a given map-
ping with an open domain D ¢ A and with range in B . Let the vector U €D

satisfy the equation

(3.1) F(u) =0 .
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In the applications (3.1) will stand for a given differential or integro-
differential equation with solution U . Initial or boundary conditions supplemen-
ting the differential equation are assumed incorporated in the mapping F . For an
example we refer to chapter 4.

Let H be a subset of the real interval (0, h ] with infH =0 and
let A and B, denote real normed vector spaces depending on the so-called mesh-

h h

width parameter h € H . There are given families of operators Ah and Lh map-

ping A into Ah and B into Bh , respectively. It is assumed that the operators
Ah and Lh are linear and bounded uniformly for h ¢ H . The space Ah is assumed
to be complete for all h e H .

We consider the approximation of U by solving instead of (3.1) the

equation

(3.2) @h(u) =0

where @h is a mapping from an open set Dh C Ah into Bh . We assume that @h
is Fréchet differentiable on D for each h € H . Furthermore it is assumed that

h

A, maps the set D into D

h h *

In the applications (3.2) will stand for a finite-difference equation

with discrete initial or boundary conditions. The solution wu = uw of (3.2)

depends on h and will denote an approximation to A_ U . For an example see

h
chapter 4.

ADD—————-F——>B

Lol e

h
——
b2 Dy B

3.1.2. Convergence

For the difference N Ah U where u = u and U satisfy (3.2) and

(3.1), respectively the term global or aeccunulated discretization error is used.
The finite-difference method (3.2) (or briefly: the operator @h ) is called con-

vergent if for h sufficiently small a solution u = u, to (3.2) exists with

lim |]uh- AhU|| = 0 . In actual numerical applications it is not only desirable that
h~0
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Qh is convergent according to this detinition but it is also highly desirable that

it satisfies the following two requirements:
1. Perturbations w in the finite-difference scheme should not destroy the
. . ;1 6 L.
convergence, at least if ||w|| is of some order 0{(h") - this is
desirable since perturbations like round-off errors cannot be avoided in

actual computations,

2. The global discretization error should admit an expansion in powers of
h - this is desirable since such an expansion makes Richardson extra-

polation possible.

In order to formulate a concept of convergence in which these two

requirements are included we give the following definition.

DEFINITION 1. Let S8 and g be real numbers > 0 and let zy € Ah

for each h e H . Then ¢_ is said to be eonvergent with an accuracy of order q

h

at  z under perturbations of order 6§ if the following statement is true: for

each family of vectors w,_e B_ depending on h in such a way that

h h
||wh|I«= O(hé) (for h»0) , there exists a number h, > 0 with the property that
for all he H with h j_hl there is a vy € Dh with
(3.3) @h i 2w and
(3.4) ||Vh—zh!| = 0% (for hetH,n < hl)

We illustrate this definition by choosing for q an integer > 1 and
by defining

q-1 i
(3.5) z = o {U+ izl h Ul

where the Ui denote fixed elements of A . Suppose ¢h is convergent with an

accuracy of order q at this z_  under perturbations of order & . It then

h
follows from (3.4) that a solution Y4 (see (3.3)) of the finite-difference equa-
. . . . § P
tion in presence of a perturbation w = W with ||wh|| =0(h") satisfies
lim IIV}; AhUI[ = 0 . Hence the requirement 1 stated above is fulfilled. Further,

h-+0
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by choosing Wy = 0 we have vy = Uy and consequently
q-1 i aQ
- = 0
u -8, U izl hT o, U+ Oh)

which is the content of requirement 2.

3.1.3. Consistency

Throughout this chapter 3 r denotes a fixed integer > 1 and

F ,F - denote given operators from D into B . We assume that the opera-

o’ 1% r-1
tor Qh applied to elements Ah X with X € D can be expanded in powers of h
in the following way:
r-1 . r
(3.8) o A X= T hlL F.(X)+ OhT) (for h e H)
h "h 320 h ~J

DEFINITION 2. Let p be an integer with 1 < p < r . Then the operator

o is said to be consistent of order p if

F (U) = P = = Fp_l(U) =0

For the element @h(AhU) the term local diseretization error is used.
From (3.6) and definition 2 it follows that the local discretization error is
onPy if @h is consistent of order p . Hence the higher the order of con-
sistency p , the smaller is the difference between @h(u) and @h(AhU) as h»0
(see (3.2)). Further it is clear from {3.1) that ¢ _ is consistent of an order

h
>1 ifF ¥ =TF .
- o

3.1.4. Stability

In most current definitions of the concept of stability of finite-diffe-
rence operators ¢h it is required that the difference between solutions v and

¥ of the finite-difference equation obtained in presence of two different pertur-

bations w and # , respectively can be estimated by an inequality of the form

(3.7) |lv-¥]] < v n %

w-it] |

where Yy > 0 and o > 0 are independent of h . The case o = 0 corresponds to
stability in the sense of Lax and Richtmyer [12, p- 45], while o > 0 corresponds

to stability in the sense of Forsythe and Wasow [12, D. 95]. For nonlinear problems
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stability is a local property of ¢  and in general (3.7) does not hold for all

h

W and w e By, . The following definition is similar to the one used by Stetter

[15].

D

DEFINITION 3. Let m and a be real numbers > 0 and let 2, € Dy

(for h € H) . Then ¢, 1is said to be m-restricted stable of order o at 2, if

there exist constants R, v, hl > 0 such that:

< ma then there is a unique

1. if h<h,weB and ||u- @hzhll
v=v(w)e D, with ¢ v =w and |]v-z || < ven"" %, and
h h h
- . . —~Q
2. v = v(w) satisfies [‘v—zhll < vh T |®h v Zh|| .
We illustrate this definition by choosing 7, =4, U (see (3.1)). Assume

@h is m-restricted stable of order o at this z, and is consistent of an order

p satisfying
(3.8) p>m, pP>a.

By choosing w = 0 in definition 3 it follows easily that ]|w-®h zhll = 0(n®) < gh"

for h sufficiently small. Hence there exists an element u = v(0) & Dh with

@h u =0 and ]Iu—Ah U]] f_yh_u-O(hp) = O(hp_a). Consequently Qh is convergent.
Similarly it can be shown that ¢ is convergent with an accuracy of order p - a

h

at Ah U under perturbations of order p

We shall call ®h stable of oprder a at zy if it is O-restricted

[ will be said to be stable of order o if it is

stable of order o at Zy h

stable of order o at each family 2y with z, in the domain of definition of

@h (for each he H ) .

3.2 STABILITY THEOREMS

THEOREM 1 (Stability of linear operators) . Let ¥, bea linear bounded

operator from Ah into Bh (for each h € H ) . Then Wh is stable of order a

at z, e Ah if and only if:

1) Wh is a one-to-one mapping of Ah onto Bh )
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2) the inverse Wh_l is bounded and

3) ][Wh_l|| < yh'% for some constant Y , provided h < some hy -

. Let y e B_ with

Proof. Assume V is stable of order o at z N

h h

[lyl]] =1 . Put w=y¥ + tey with 0 <t < B where R 1is the constant of

h %h
definition 3. Hence for h € H, h j_hl there is a unique Vv € Ah with
it follows that there is a unique

¥ov o= w, |lvz < ygh * . Writing x = v - z

Nl

h h
X € Ah with Wh X = ty, ||xl| < yen % . By defining X = t_l-x it follows that
there is a unique X € A_ with ¥ % =y, [[|X|] < YBh—a-t_l . Since t may tend

h h

to zero it is clear that X satisfying Wh X =y is also unique in the whole of

Ah . Hence Wh is a one-to-one mapping of Ah onto Bh . Furthermore

e, tyll = &I = <8 ]l = 275 vz [ < 75w ™ [feyl | = 0™ . Thus the

conditions 1), 2), 3) of theorem 1 are fulfilled.

Conversely, assume 1), 2), 3) to be true. Then

\iwh—l W - Wh_l(?h zh)]\ ivyh_a ]lw—Wh zh]] from which it follows easily that Wh
is stable of order o at z,

THEOREM 2 (Stability of monlinear operators) . Let P >0 and c > 0

be given constants and let L Dh (for h € H) . Assume that for each h eH the

and radius o h® is contained in D and that for x

open ball with center =z h

h
in this ball

(3.9) [Toy ) = o (z )| < ™ [|x-z, ||

where the constant A is independent of h and =x . Assume that @ﬂ(zh) is a

one~to-one mapping from A

h

onto Bh (for h € H) . Then ®h is (c+20) - restric-

ted stable of order o at =z if and only if the linear operator V¥

- 1 >
N = ¢h(zh) is

h

stable of order o .

Proof. Assume ®ﬁ(zh) is stable of order a . Applying theorem 1 it

follows that
|]<1>}'1(zh)—l|| <vh % (h <hys he )

We shall apply lemma 2 with R = Ah’ S = Bh’ E = Dh’ % = éh, R =

Condition (2.5) is fulfilled whenever u satisfies u z_khﬁc and
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a -1 -1 _ ~1 - ~-e .
h™ vy * u 1 s . u 1 j_phc ., Therefore we choose u = M h © with M = max

(2, Ycl oL hz) and lemma 2 may be applied. It follows that for all w e By with

2a+c

2 . 2 .
]Iw-@h(zh)ll < (267t = (2y 1)t n there is a unique v ¢ A~ with

lv-z < (st = () 1en®C  ang 9, (v) = w . Furthermore (see (2.63) this v

]
satisfies !!v—zh!! < 26 !Iw~¢h(zh)lf = QYh—alléh(v) - @h(zh)[! - Hence & is

(2a+c) ~ restricted stable of order o at zy -
Now assume ¢h is (2a+c) ~ restricted stable of order o at z, - Lem—

. . -C
ma 3 may be applied with R = A S=B8B,E-= Dh’ $ = @h, X, = Zy> W = xh 7,

n’ h?
Tz g, o= YBA" 0, § = vh %, m = 2a+c, h < h
Y

1 (see definition 3) . It follows

-1 - _ ~a
that  9/(z,) is bounded and !{@é(zh) [ <6 =+vn" (for h<h) .By
theorem 1 @g(zh) is stable of order o . The theorem has thus been proved.
We note that theorem 1 is related to a result in [5, p. 106] and that

theorem 2 is an extension of a result in [15, p. 114] .

8.3 SOLVING THE EQUATION ¢ =0 WITH AN ERROR = 0(hr)

n U
3.3.1. Preliminaries

In this section 3.3 we assume that the operators Pj appearing in (3.6)

satisfy the following three conditions.

Condition I. For each closed ball € of finite radius contained in D

and for he& H the relation (3.6) holds uniformly for X in C .

Condition II. The (r-j)~th order Fréchet derivative Fgrbj)(x) exists
for X €D and is continuous on D (for 3 = 0,1,....,r~1) . Furthermore there is
a unique VO €D with FO(VO) = 0 and if v > 2 the derivative Fé(VO) is a

one-to~one mapping from A into B .
Condition III. If v > 2 +the operator Fé(vo) is @ mapping onto B .

We note that from condition II and definition 2 it follows that @h is

consistent of order p > 1 1if and only if v, =U.

We define the function G wmapping DX [—ho’hé] into B by
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r-1 .
G (X, h) = 2 h3 Pj(X) . Now formula (3.8) can be written as
j=0

_ r
(3.10) o A X =L G (X, h) + O(n) .

From the conditions II and III we have G (VO, 0) =0 , and %? G (VO, 0) = Pé (Vo)

is a one-to-one mapping from A onto B (if r > 2) . In view of the implicit
function theorem (see [10, p. 687]) we expect the existence of a function X(h)

with G (X(h), h) = 0, X(0) = Vo . Since the functions Fj are smooth we also ex-
r-1 .
pect a truncated Taylor series z nt Vi of X{h) to satisfy
r-1 . i=0
G ( z hlVi, h) = U(hr) . Since A, maps D into D, and in view of (3.10) the

10 b b
function
r-1 i
(3.11) V(h) = .Z h™ vy
i=0

is thus expected to satisfy condition (3.12):

For sufficiently small h € H the element Ah V{h) belongs to Dy and
(3.12)

satisfies V(h) = O(hr) .

*n n
The reason for considering a V(h) satisfying (3.12) is that when v, = U

it is more appropriate to prove convergence of @h by comparing u with Ah V(h)
rather than with 4, U . The advantage is that for Ay V(h) the perturbation to
the difference equation @h u, = 0 can be made arbitrarily small by taking r suf-
ficiently large. The need for this arises when one wants to treat the case where
(3.8) is violated with m = ¢ + 20 (see theorem 2). We note that the idea of com-
paring w, with 4 V(h) was used with succes by Strang [16], [17].

In the following we shall prove (3.11), (3.12) rigorously and show that

o is consistent of order p if and only if (3.15) holds.

3.3.2. Recurrence relations for VI’V seeessV

r-1
r-i i
We put V = Z h™ V. where the elements V. ,V,.,.e...,V in A are
120 i 122 r-1
still to be determined. We choose hl with 0 < hl f_ho so small that the closed
-1 .
ball with center Vo and radius 0 = z hi [[ViI[ is contained in D . For
izl
r-1 . r-1 i
O<h<h wehave V€D and G(V,h) = ] nlF, (v + § n'v)s=
L 3 o b i
j=0 i=1
r-1 . r-1 r-1
J 1 (1) i 1 (r-1-3) i r-1-3
n{rav )y = Pty V) Huvnit e J ]
jZo {3 o) tIT Ty (o)(izlh ) et T Fs (Vo)(izlh v.)
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+ W . An application of lemma 1 with R =A, S=B, E=D, x =V , x =V,

o] o 1
n=1r-1-j, u = sup ]IFgrﬂ])(Z)|| < » where the supremum of the continuous function
(r-3) : oo
HFj (2)|] 1is over all Z of the form z:vo+t-z h v,
i=1

(0<t<1,0c<h j_hl) (see condition II and [10, p. 660]), yields the result that

r-1 . .
Pwl| = ) nle0h" ) = on") . since FO (Vo) = 0 (see condition II) we thus have

=0 r-1 .
(3.13) 6 (v, n) = [ n' W, + O(m")

i=1

where the wi € B are defined by

M
D) % £l ')(vo) Voo VooV
Ty i, i, M

the summation being for all integers M, J, im with
0<M, 0<3, 1 <3 (L<m<M, J+1i +1i, +oeunst iM:i.

The largest index im appearing in this summation is im = i and this value is

obtained when j = 0, M = 1, i, = 1 . Further the only term in the sum that is in-

1

1

. (o)
dependent of the V, is F. (V)
i i o

W, =F' (V) V, + T, (V) +Y,
i o o’ i i o i

F. (V ) . Hence
i )

where Yi is an expression which only contains Vk with k < i and which vanishes
when all Vk (with 1 < k < 1) equal zero. It follows from (3.13) that
G (v(h), h) = o(n") (0 < n :_hl) if V(h) is defined by (3.11) and the Vi satis-

ty

1 - 3 = —_—
(3.14) Po (VO) Vi + Fi (VO) + Yi =0 (1 = 1,2,.000.,0~1)

From the conditions II, III it follows that (3.14) is a series of recurrence re-

lations defining the Vi uniquely. Using the relations (3.14) we shall prove:

THEOREM 3. Let the conditions I, II, IIIl stated above be fulfilled. Then
there is an element VO in D and a series of elements Vl’v2"""vr—1 in A

with the following two properties:
1. If V(h) is defined by (3.11) then (3.12) holds,

2. Let p De an integer with 1 < p < r . Then 2 is consistent of order

p if and only if

(3.15) V =0, V, =V, =....=V =0 .
o
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Proof. We choose for VO the element defined by condition II and for

V. (1 <1i <r-1) the elements defined by (3.14).

1. For h <h, h €H wehave G (V(h), h) = O(h") and [|V(n) -V || <o
where o 1is defined above. In view of condition I the relation (3.10)
holds uniformly for X in the closed ball with center VO and radius o©

Hence (3.12) is fulfilled.

2. By examining the relations (3.14) it follows in view of condition II that
Vl EI Vp~1 = 0 if and only if Fl (VO) Z....= Fp_l(Vo) = 0 . Hence
. = < 4 < p- 3 i = Teeaa= = .
Fj (U) =0 (0 <j <p-1) if and only if U Vs Vg Vp-l 0

The theorem has thus been proved.

Remark. In the above condition III has only been used to prove that there

exist elements V_,V eV

13V5se satisfying (3.14). Therefore theorem 3 remains

r-1

*
valid if condition III is replaced by the following weaker requirement III :

**
Condition III . 1If r > 2 there exist elements Vl’v2"""vr—1 in A

satisfying (3.14).

Furthermore the uniformity of (3.6) on each closed ball in D has only
been used to prove that (3.10) holds with X replaced by V(h) . Consequently the
result of theorem 3 still holds if the conditions I and III are replaced
simultaneously by 1° and 111" where condition 1° is as follows:

. . -1
Condition I . V(h) = z ht Vi (where Vi are the elements in A from
i=0
the conditions II and III*) satisfies
r-1

o 5 v(n) = J nien

r
- L Fj (v(n)) + 0(h™) (for w0)

h

3.4 EQUIVALENCE THEOREMS

Throughout this section 3.4 we assume the following condition to be ful-
filled:
Condition IV. v, is an element in D and VisVoseenwsV ,  are elements

in A with the properties 1 and 2 stated in theorem 3. Furthermore H C (0, hé
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where h is so small that the closed ball with center Vo and radius

r-1 .
o= 3 hz ]|Vi|‘ is contained in D .
i=1

Since A, maps D into D, there follows from condition IV that the

h
g-1 .
element A, {7 ht Vi} belongs to D, whenever h € H and q 1is an integer <r
i=0
Throughout this section we write
r-1 3
V(h) = ] n v,
. i
i=0

and we assume

Condition V. There are real numbers o > 0, » > 0, ¢ > 0 such that the

open ball with center Ah V(h) and radius ph® is contained in Dh and such that

for x 1in this ball
ey (x) = ofa, V|| < a0l |x - o, V(|| , for h e H .

Condition VI. The linear operator o (Ah V(h)) has a bounded inverse

mapping B, onto Ah (for each h € H) .

THEOREM 4 (Equivalence of convergence and stability) . Let the conditions
IV, V and VI be fulfilled. Assume q > 1 is an integer and o > 0 a real number

with
(3.16) c+2u<qgtac<r.

Let 7 € D,  be defined by

h
q-1 i
(3.17) z =8 {.Z ht vy
1=0
Then 2 is convergent with an accuracy of order q at this 2z, under pertur-

bations of order q + o if and only if the linear operator @ﬁ(zh) is stable of

order aq .
Proof.1.Assume ®ﬂ(zh) is stable of order « . By theorem 1 Qﬂ(zh) has
a bounded inverse and
(3.18)  J]e/(z) M| < yn @
h %n = :

From the definition of V(h) we have - A V(h) = O(hq) . In view of
% T %
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(3.16) we thus have ||z, - AhV(h)I] < ph® for h sufficiently small and by

h

condition V:

(3.19)  [[e/(z) ~ el (s V(|| < xn “0(nh) .

As - c+q=~o0 >0 it follows from (3.18), (3.19) that
' ' -1 - - -

[lef(z) = o/ a v ||« [[of(z )| = 0™ ™) < 1

for h sufficiently small. By Banach's lemma @ﬁ(AhV(h)) thus also has a bounded

inverse and
[Fepca vemn ™| <y ™

for some fixed Yo > 0 and h sufficiently small in H .

Applying theorem 2 with z, = AhV(h) there follows that @h is {c + 2a)

restricted stable of order o at AhV(h) . Consequently there are constants

8, Yqo h1 > 0 such that for h ﬁ_hl, h €H and all w € Bh with

ct+2a

there is a unique v e Dh with ¢h v W,

lo,v ~ o8 V(|| .

[lw - o8, v(h)[| < gh

[Iv - AhV(h)I] < lehc+u; moreover ]Iv - AhV(h)II E-Yl h%.

Now let = Bh’ flwh|| = O(hq+a) (for h»0) . Then
o = opa VA | < [l [+ []e,0, V() [| = 00"y + 0(n") . In view of (3.16)
we thus have ][wh - ®hAhV(h)[| = o(hc+2a) . Hence for h sufficiently small
]]wh - ¢hAhV(h)]| < th+2a and there is a unique v, € Dh with @hvn = W,

]]vh - AhV(h)ll < Yl-BhC+a . Moreover ]]vh - AhV(h)ll j_Ylh_uI - @hAhV(h)|| <

loyv,
ylh_a‘{O(hq+a) +0(nM)) = oY) . Consequently ]]vh-zh]] j_]]vh - AhV(h)ll +

[lAhV(h) - zhll = 0th%) + 0(r%) . It follows that ¢, 1is convergent with an

accuracy of order q at z_ under perturbations of order q + a .

h

2.Assume ¢

h is convergent with an accuracy of order g at z

h
under perturbations of order q + a . We shall prove that @ﬂ(zh) is stable of
order o .

We define Fh = ®é(AhV(h))_l for h € H . We choose an element
y(n) e By with ||ym[] =1 and ||ry(]] >3

|Fh|| and we define

_ qta
W, = QhAhV(h) + h* “y(h) .

By virtue of (3.12) (which holds in view of condition IV) we have



250

q+o qto

||whl| = o(n") + o(h®¥™™) = 0(h®™) (for h0) . According to definition 1 for h

. . : - q
sufficiently small there exist v, € D, with PV T Wy I‘vh—zh]| 5-Yoh where

. s 4
Y, is independent of h . Hence l|vh ~ AhV(h)|‘ i_yo'hq + |]zh - AhV(h)ll <Yy h
where Yy is some constant independent of h . In view of condition V and lemma 1
we have for h sufficiently small that pate y(h) = vy - ¢hAhV(h) =

¢é(AhV(h)) (Vh - AhV(h)) + e with
1 - 2
[ell <5 A% fv, - s,vm)([[7 .
Since Fh(hq+u y(h)) = (vh - AhV(h)) + Fh(e) we get

.

Lt e | < (Ir, a8y | < |lv

lel] -

h - AhV(h)ll + Hrhl

Consequently
+ - 2
e R R 2 SRS O DR N

Dividing both members of this inequality by n4** and combining the terms in which
[th|| enters we obtain

_ 2.9 c-o -a
(1 -2y, ) Tyl <2y, b
Since q - ¢ - a >0 (see (3.16)) we have

eIl o< wy,

provided h € H is sufficiently small. By using Banach's lemma in a similar way as
in part 1 of the proof it follows that @ﬁ(zh) also has a bounded inverse and

_l -
[op(z )" ] < v, b7™°

for some constant Yq and h sufficiently small. By theorem 1 ®ﬁ(zh) is stable

of order « . The theorem has thus been proved.

We now are in a position to derive our main result which is formulated in
the following equivalence theorem 5. In addition to the conditions IV, V, VI we
assume here:

Condition VII. If X € A and lim [{a,X|]| =0 then X =0 .

h->0

Condition VIII. 1If v and ¥ satisfy o v = 9,7 for some h € H then
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THEOREM 5 (Equivalence of convergence to stability and consistency) . Let
the conditions IV ~ VIII be fulfilled. Assume p and g are integers with

1<p=<q and a > 0 is a real number with
(3.16) c+20<gtasr.,

Then ¢h is convergent with an accuracy of order g under perturbations of order

g+ a at some zy of the form

q-1 i
=a U+ .Z huL} (h € H)
i=p

(3.20) 2y

. . . . '
with UP, Up+l""" Uq—l ¢ A, if and only if the linear operator @h(AhV(h))

is stable of order o and simultaneously ¢ _ is consistent of order p .

h

Proof. 1. Let @é(AhV(h)) be stable of order o and let @h be

consistent of order p . By virtue of condition IV (see (3.15)) we have Vo = U,

v, = E = . i = V. i - i

1 V2 Vp-l 0 We define Ui V1 (for p < i < g-1) and we define zy
by (3.20). Hence this z is equal to the z, defined by (3.17). Since

||zh - AhV(h)ll = O(hq) and ||®ﬂ(AhV(h))_l|| i_yh_a (for some constant Yy and

h sufficiently small) it follows by a similar application of Banach's lemma as in

the first part of the proof of theorem 4 that ngh) is stable of order a . From

theorem 4 we thus obtain the result that @ is convergent with an accuracy of or-

h
der q at z, defined by (3.20) under perturbations of order gq + a .
2. Let @h be convergent with an accuracy of order q wunder
perturbations of order q + a at some zy of the form (3.20).
We define W = @hAhV(h) . By condition IV (see (3.12)) we have
||wh|[ = o(n") = O(hq+a) (h»0) . Consequently Gvy T W Yy Tzt o(n?)  for

some v, € Dh and h < some hl’ h € H . Since @hvh = @hAhV(h) we have from

condition VIII that AhV(h) vyt gy + O(hq) (h f_hl, h € H) . Hence
r-1 N q-1 5 q

by Vo + 1 mT vy =a (U4 1 nUg s o™ .
1=1 1=p

Combining the terms in which the same powers of h appear and by letting h>0 we

get (cf. condition VII):
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Ah (VO~U) -+ 0, A Vi +~0 (1 <i<p-1),

h

8, (V,-U) >0 (p £ i <g-1) (for h>0) and

VoEU, V501 <t

I~

p-1), V; = U, (p <i<gq-1)

Since (3.15) thus holds we have by condition IV that ®h is consistent of order p .

Furthermore our 3z of the form (3.20) equals the =z defined by (3.17). Applying

h h

theorem 4 it thus follows that the linear operator ¢ﬂ(zh) is stable of order o .
Applying Banach's lemma in exactly the same way as in the first part of the proof
of theorem 4 it follows that the linear operator Qﬂ (Ah V(h)) is stable of order o .

This completes the proof of theorem 5.

In the applications usually c¢, ¢ and p are given numbers determined
by the finite-difference scheme under consideration. In order to prove convergence
of the finite-difference method one only has to choose q and r so large that
qg>c+a and r >q + a (which ensures (3.16) to hold) and to check for stability
(of order a) of the linear operator ¢ﬂ (Ah V(h)) . An application of theorem 5
then yields (among other things) the result that for h sufficiently small the

finite-difference equation ®h(u) = 0 has a solution u = u_ satisfying

h
][uh—Ah ul| = onP) . ve emphasize the fact that this holds without any restriction

on p (like e.g. (3.8)).

4. AN APPLICATION TO PARABOLIC DIFFERENTIAL EQUATIONS

4.1 THE DIFFERENTIAL EQUATION
In this chapter it is assumed that U is a real function which is defined
on the infinite strip
G={(s,t) | —~w<sg <o, 0<t<T}
and which solves the initial value problem
(4.1.a) U (s,0) -~ f(s) =0, - <5 <o,

(4.1.) g [U (s,t), U (s,t), U (s,1), U (s,t), 5, t] =0, (s,t) €6
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the subscrips in (4.1.b) denoting partial differentiation.

In the following we shall use the notation ai g [?l,ZQ,ZB,Zu,S,t] to de-
note the first order partial derivative of g with respect to the variable
z; (i=1,2,3,4) . Furthermore we shall denote by € (E) the class of all bounded real
functions defined on E which have the property that each of their partial deriva-
tives exists and is bounded on the set E .

Throughout this chapter it is assumed that f, g and U satisfy the fol-

lowing smoothness conditions:

(A) All partial derivatives of the function g [21,22,23,zu,s,t] exist
for - = < z; <=, (s,t) € G; and for any value of « the function g and each of
its partial derivatives remains bounded when Z;5 S, t vary in such a way that
Izi[ <o (i=1,2,3,4), (s,t) € G . Furthermore there are constants Wy > 0, uy > 0

such that for - « < z; < e, (s,t) € G
31 g [21’22’23°24’S’t1 < - B> 32 g [zl’ZQ’Zg’zu’s’t] > Uy s
(B) The function f belongs to class C (- @, =) ,

(C) U belongs to class C~ (@) .

In order to use the concepts of chapter 3 we define the vector space A

0

by A=C (G) . For X € A we define the norm

1%}

3t ot
max sup |*—§ X(s,t)| + max sup |——E'X(s,t)|
0<i<r+tl G 3t 0 <i<2r+2 G 9s

r denoting an arbitrary but fixed integer > 1 . The vector space B 1is defined
by B={Y | Y= (Y_,Y,) where Y oE€C (-=,@), Y, €C (B)} . For Y = (YY)

in B we define the norm
LlY|] = sup |Yo(s)! + sup IYl (s,t)]

the supremums being for - » < s < » and (s,t) € G , respectively. Finally we de-
fine D = A and the operator F mapping D into B is defined by F(X) = (YO,Yl)
where Y (s) = X(s,0) - £(s), Y (s,t) = g [Xt(s,t), X (851)s X (s,1), X(s,t), s,t]

With these definitions (3.1) is equivalent to (4.1).
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4.2 THE FINITE-DIFFERENCE EQUATION

In order to construct a finite-difference scheme by means of which the so-
lution U to (4.1) can be approximated we choose increments h = At > 0, As > 0 of
the variables t and s , respectively in such a way that the quotient h/(As)2 is
a constant independent of h . We define the interval H = (0, ho] where hO is a

constant < T . Tor h € H we define

G(h) = {(s,t)|(s,t) € G and s = mAs, t = nh, m = 0,41,42,0000s 0 = 0,1,2,004.1
Go(h)z {s]| s=mds, m= 0,41,+2,5....1

6, ()= {(s,t)[(s,t) € G(h) and t+h < T} .

Using the shifting operator E defined by E' u(s,t) = u(s+iAs,t) the

finite-difference equation we shall deal with can be written in the following way:
(4.2,a) u(s,0) - £(s) = 0, s € Go(h) ,

(h.2.0) g [0 fu (s,t4h) - u (5,00}, )72 ] oy B ue,t) , (a7 ] By BN u (s,1),
i i
u(s,t), s, t] = 0, (s,t) € G (h)

In (4.2.b) a, and B, are constants independent of h satisfying the conditions

(4.3) and vanishing ror all but a finite number of values 1 = 0,+1,+2,....

(4.3) SR LL L
. ) 2 .
o, = Q, Z o, 1 = 2, 2 Bi i=1.
i 1 1

We note that since Blg SoHp <0 (see condition (A)) wu(s,t+h) is uniquely deter-

mined by (4.2.b) once u(s,t)(s ¢ Go(h)) is given. Consequently u(s,t)(t=0,h,2h,....2 T)
can be computed uniquely from (4.2) by an application of (4.2.a) and by applying
(4.2.b) successively with t = 0,h,2h,.... < T-h .

In order to use the concepts of chapter 3 we define Ah to be the vector

space consisting of all real bounded functions defined on G(h) with the norm

[1x}] = sup IX(S,t)l for x € A_ , the supremum being for {s,t) € G(h) . B, 1is

h h

the vector space consisting of all elements y = (yo,yl) where Ve and y, are
real bounded functions defined on Go(h) and Gl(h) , respectively with norm
||Y‘l = ‘I(Yo,yl)|‘ = sup |yo(s)| + sup ]yl(s,t)l the supremums being for

s € Go(h), (s,t) € Gl(h) , respectively. For X € A we define AhX = x € Ah by
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setting x(s,t) = X(s,t) (for all (s,t) € G(h)) and for (Yo,Yl) € B we put
L (YO,Yl) = (yo,yl) € B, with yo(s) = Yo(s), yl(s,t) = Yl(s,t) (for all

s € Go(h), (s,t) € Gl(h))

To simplify the notations we introduce operators Cj = Cj(h) defined by

hL {x(s,t+h) - x(s,t)} ,

I

Clx(s,t)

CQX(S,t) = (As)_2 Za.Eix(s,t) ,
L7
(4.4) 4 i .
Csx(s,t) = (As) ZBiElx(s,t) R
i
Cux(s,t) = x(s,t)

We define Dh = Ah and the operator @h mapping Dh into Bh is defined by
Qh(x) = (yo,yl) where yo(s) = x(s,0) - f(s) and
yl(s,t) =g [Clx(s,t), sz(s,t), C3x(s,t), Cux(s,t), S, t] . With these definitions
(3.2) is equivalent to our finite-difference scheme (4.2).
. 3 . . ' _
Let ze D, . Then @h(z) exists and is given by {@h(z)}[xj = (yo,yl)
where

yO(S) = x(s,0),

(4.5)

In
v (sst) = [ 9,
iz1

; 8 [plz(s,t), CQZ(S,t), Caz(s,t), Cuz(s,t), s, t]-Cix(s,t)

It follows that all general conditions of sectiom 3.1.1 are satisfied here.

4.3 THE CONDITIONS I - VIIT

The purpose of this section is to show that with the definitions of the

sections 4.1, 4.2 the conditions I - VIII of chapter 3 are fulfilled.

Condition I.
Let X belong to a given closed ball C contained in A . Then
I1%]] < 8 where B8 is some constant depending only on C . We have

@hAhX = (yo,yl) with

X(s,0) - £(s) ,

YO(S)

vi(s,st) = g [clx(s,t), C X(s,t), CX(s,t), € X(s,t), s, t] .

Using (4.3) and Taylor's formula it follows that
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Iyl(s,‘t) - g [Xt(sat)a XSS(S’t>, XS(S,t), X(S,t), S, t] -

r-1 .
(4.8) Y nd (£ [X] (s, 01 < K"

j=1 J
for all (s,t) € Gl(h) . The fj are operators mapping A into itself determined
by the partial derivatives of g . The constant X can be estimated in terms of
bounds for the derivatives
(3%/0tM)X (2 <4 <r+1), (31/3sT)X (3 < i < 2p42) .
Hence there exists a constant K such that (4.6) holds uniformly for all X with

||X|| < B (see the definition of the norm in A). Defining
(4.7.a) PO =F,

and Fj(X) = (o0, fj(X)) (1 <j <r-1) it follows that (3.6) holds uniformly for

XecC.

Conditions II, III.

Using the smoothness condition (A), the definition of the norm in A and
the definition of fj it follows that the operators Fj satisfy the differentiabi-
1lity requirements of condition II.

From (4.7.a) it follows that
(4.7.b) vV =U
o

satisfies F (V) = 0 . The assumption that F (V) = 0 for some ¥V _# V_ can be
o o o' o o o

shown to lead to a contradiction by deriving a linear homogeneous parabolic initial

value problem for Vo - VO by subtracting FO(VO) from FO(VO) . For the initial

value problem obtained in this way has a unique solution (see [9, D. l71]),which

shows that V_ - VO = 0 . “onsequently there is a unique vy with FO(VO) =0 .

We shall now show that Fé(Vo) = F'(U) is a one-to-one mapping from A

onto B . The equality F'(U)X =Y for X€&€ A , Y = (YO,Yl) € B 1is equivalent to
(4.8.a) X(s,0) = Yo(s) (-~ < 5 < =),

(4.8.b) gl(s,t)Xt(s,t) + gz(s,t) Xss(s,t) + g3(s,t) Xs(s,t) + gu(s,t) X(s,t) =

Yl(s,t) ((s,t) € G)

where
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(4.9) gi(s,t) = 3, g [U(s,t), U _(s,1), U (5,1), Us,t), s, t]

(i=1,2,3,4) . Using the result in [9, D. 1711, a straightforward extension of
[9, D. 175] and the smoothness assumptions (A), (C) it can be proved that the initial
value problem (4.8) has a unique solution X & A whenever Y = (Yo’Yl) is a given

element in B . This completes the proof of the conditions II, IIT.

Condition IV.
Since the conditions I, II, III are satisfied there follows from theorem 3

that condition IV can be fulfilled provided H = (o,hO] where ho is small enough.

Condition V.

r-1 .,
Let 2z = QhV(h) = Ah Z hlvi where Vi are the elements in A occuring
i=0
in condition IV. For x ¢ A, we have ||¢ﬂ(x) - @ﬂ(z)][ = sup ||{¢ﬂ(x) - @ﬁ(z)} v |
where the supremum is for all v ¢ A with [[v[] = 1 . From (%.5), (4.4) we thus
have
_l Ll’
(4.10) ||¢ﬂ(x) —@ﬂ(z)|[ < ph Tesup ‘z [aig - Bigl

i=1

where the argument of aig equals
[Clx(s,t), C2x(s,t), CSX(s,t), Cu(x,t), s, t]

and the argument of 3.8 is the same with x replaced by z . In (4.10) the
supremum is over all (s,t) € Gl(h), U is a constant depending only on ai’ei and

1

the factor h in (4.10) stems from the inverse powers of the mesh-width occuring

in (4.4). By the mean value theorem we obtain from (4.10)
oy

(4.11) ||¢ﬂ(x) - ®ﬂ(z)|| < (uh—l)Q-sup T 7 ]e.e.g]
- . P 173
i=1 3=1
the first 4 arguments of aiajg being values between Cy w(s,t) and C, z(s,t)
(k=1,2,3,4)
Let x ¢ Ah’ ||x—z]| <h, he H. Since =z 1is composed of smooth functions
V, € A the first 4 arguments of Biajg in (%#.11) will then remain bounded if h
and (s,t) wvary through H and Gl(h), respectively. In view of condition (A) it

thus follows that the supremum appearing in (4.11) is finite, uniformly for h € H,

||2-z|] < h . Consequently HetGo - ol (2)]] < 3™2 ||x-z|| for some constant i .



258

Hence condition V is fulfilled with p = l/ho and

(4.12) c=2.

Conditions VI, VII, VIII.
From (4.4) and condition (A) there follows that for any fixed h € H,

Z € Ah and for arbitrary y = (yo,yl) € B there exists a unigue x € Ah satis~

N

fying (4.5). Moreover |{x|| < ¥+||y|l, ¥ being a parameter depending on h and

z but independent of y . Consequently VI is fulfilled. It is easily verified that

the conditions VII, VIII are also satisfied here.

4.4 A SUFFICIENT CONDITION FOR CONVERGENCE

In this section we prove the following theorem 6 by combining theorem 5
with a well known sufficient condition for stability of linear difference schemes

due to John [9].

THEOREM 6. Let the conditions (A), (B), (C) hold. Let uh(s,t) be the
solution of the finite-difference equation (4.2) where ai,Bi are subject to (4.3).
Let K(s,t) = (-hg,(s,0)}1/{(as)%g (s,1)}
(see (4.9)) and assume the function

v(e) = 1 + K(s,t)'{ao + 2.2 a. cos(jB)}

J>0

satisfies the inequality

[w()[< exp (-46%)
(whenever -« < s <w, 0 <t <T, |6 <w), M denoting some constant > 0

Then there exists an infinite series of functions U, ,U,,U each of

12UnsUgs0 s
which is in € (G) such that for all positive integers g

q-1 1
(#.23)  u(s,t) - UGs,t) = ] n'U(s,t) + 0(hh)

izl

(for h+0) uniformly for (s,t) € G(h)

Proof. 1. With the definitions of the sections 4.1, 4.2 theorem 5 may be
applied since the conditions IV ~ VIII have been shown to be fulfilled here. From

(4.7.2) and definition 2 (section 3.1) 't follows that o is consistent of order 1.
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By choosing o = 0, r = g > 2 1in (3.16) we thus obtain from (4.12) the result that

¢y is convergent with an accuracy of order q under perturbations of order q at
q-1 .

some  z, of the form z, = Ah {U + 2 hlUi} provided the linear operator V¥

i=1

defined by

h

¥ o= &' (A

n T O (BpV(RD)

is stable of order 0 . It will be shown that this is the case under the condition
on Y(p) stated in theorem 6. Hence (4.13) holds for each integer q > 2 (see

definition 1, section 3.1). Conseguently (4.13) also holds for each integer q > 1 .

2, It remains to be shown that Wh is stable of order 0 . It

follows from (4.5), (4.7.b), (4.3) that the equality ¥.x =y for xe¢g A

h h?

y = (yo,yl) € B, is equivalent to
x(s,0) = Y,(s), s € G (h)
n
izl {g;(s,t) + 0(B)}-Cyx(s,t) = y,(s,t), (s,t) € G (h)

Solving the last equality for x(s,t+h) we obtain by an application of (4.4)

(4.18)  x(s,th) = x(s,t) + K(s,t)-] a B x(s,t) + (8s)L(s,t)-] BB x(s,t) +
i i
ol |x|]) + ol vyl

(for t = 0, h, 2h,....) where L{(s,t) is defined by the same formula as X(s,t)
with g, replaced by gy - Using the fact that o, = a_s (see (4.3)) an application
of John's stability theorem [9, p. 166J now shows that x=(s,t) determined by the
initial condition x(s,0) = yo(s) and by the recurrence relation (4.1l4) satisfies

an inequality of the form }lx\] f_Y~]|y\) ( v being some constant independent of

h and y ) provided a constant M > O exists with the property stated in theorem 6.
Consequently VY. 1is stable of order 0 (see theorem 1) and the theorem has thus

h

been proved.

As an illustration of theorem 6 we consider the finite-difference method

(4.2) with Qi’si from table 1. The expressions in (4.2.b) which the oy and Bi
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i <=3 -2 -1 0o 1 2 >3
12 oy 0 -1 16 =-30 16 -1 0
12 8, o 1 -8 0o 8 -1 0

Table 1. A choice for the pavameters in (4.2.b)

are involved in, now represent O((As)u) approximations to the first and second
order partial derivatives with respect to s (see e.g. [3]). An easy calculation
shows that the function $(6) of theorem 6 now takes the form

v(8) = 1 - {K(s,t)/3}+{7 - 8(cos 8) + (cos 8)2} the values of which vary between

1 and 1 - 16 K(s,t)/3 . By choosing the constant ratio h/(AS)2 in such a way that

h 3 - gy(s,t)
5 < g inf (s,t)
(8s) G 8,18

we have inf {1 - 16 K(s,t)/3} > - 1 . Since y(8) = l—K(s,t)-G2 + 0(64) it follows

(4.15)

that for M > 0 sufficiently small the condition on ¢(6) of theorem 6 is ful-

filled. By virtue of theorem 6 we thus arrive at the following

Coneluston. When a;,8; are taken from table 1 and (4.15) holds
(see (4.9)) then the solution uh(s,t) of the finite-difference scheme (4.2}

satisfies (4.13) for each integer q > 1 .

4.5 NUMERICAL ILLUSTRATION

We consider the following initial value problem of type (4.1):
(4.16.a) U(s,0) - f(s) =0, - < g < o,

2 -
(4.16.5) -3+{1 + [U_(s,1)] }U (s,t) + 20 (s,t) + cos [Uss(s,t)] - R(s,t) = 0,
—w < g <w, 0<t<T=1

where f(s) = exp [—82]=

2

R(s,t) = {-7 + 88" ~ leQ-exp [2t - 252]}-exp [t - 32] + cos {(2 - 432)-exp [t - 52]}

It is easily verified that U(s,t) = exp [t - 82] satisfies (4.16).
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The initial value problem (4.16) has been solved numerically by the method

(4.2) with as, Bi from table 1 and with h/(As)2 = 0.37.

It can be verified (without any knowledge about the true solution U ) that (4.15)
is satisfied here. Hence the conclusion at the end of section 4.4 applies to the

numerical approximations uh(s,t) obtained and (4.13) thus holds.

h u ul u2 u3
h h h h
1/16 2.86062
1/32 2.78u61 2.70861
1/64 2.74953  2.71846 2,71640
1/128 2.73335 2.71716 2.71807 2.71830

Table 2. Approximations to U(0,1) = 2.71828

In table 2 we have listed the approximations U

(s,t) = (0,1) for various values of h . The approximations uﬂ (3 = 1,2,3) in

obtained at the point

table 2 have been obtained by fitting a polynomial Pj(x) of degree 3j with the

3
h

extrapolation [8, p. 208]). The expansion (4.13) (with (s,t) = (0,1)) can be shown

data u, (x = 21h; i=0,1,....,3) and setting u’ = Pj(O) (by performing Neville
to imply that ug - 0€0,1) = 0(h?*Y)  (1+0) (see e.g. [8, p. 2u0]). The results in
table 2 (and further results not listed here) are in accordance with these conside-

rations and confirm the theory described above.

Remarke 1. By applying (4.13) with q high enough it follows easily that
under the conditions of theorem 6 not only uh(s,t) tends towards U{s,t) , but
also each finite-difference quotient of uh(s,t) tends towards the corresponding

partial derivative of U(s,t) (for h~0) .

2. In order to relax the smoothness requirements (A), (B), (C)
and still to get a result similar to (4.13) it wmight be appropriate not to deal with

P . . * .
condition III, but instead with III , or to prove directly that the results 1, 2 of
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theorem 3 hold. A similar remark applies to the more difficult treatment of initial-

boundary value problems for nonlinear parabolic equations.

3. In the example treated above we have p = 1, c = 2, a = O,
m = ct+2032 (see definition 3 and theorem 2). Hence (3.8) is violated here and
consequently a combination of theorem 2 with the argument following definition 3

would not even yield a proof of mere convergence of uh(s,t) towards U(s,t) (h=0)
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