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ÎWO-SIDED ERROR ESTTMATES IIÙ THE I{IJMTAICAL

SOLTNIOI{ OT I}¡ITTAL V¡.LUE PROBI,M,ÍS

M.ll. Spijker

1. INTNODUCTIOIT

Let. u denote the solution of a finite-clifference equation approxirnating

a given tlifferentia] equation. ff the finite-ctifference eguation i.s perturbecl by a

quantity w , e.8. tlue to rouncl-off error, then instead of u ve obtain a solutioq

say i . rt, is an interesting problen to finct an upperbounct for I li-ql I in terrns

of v (r¡ith ll-ll we denote sone seminorn). Suctr a¡ error estinate, vhich is of
the form say I lü-"1 I s R(v) , is gf interest only if it doesnrt overestinate

I li-"| I to nuch. rn fect, ne have to require that arso I li-"| I > g.n(v) for sone

constant B which is essentially greater than zero - a¡¡il if possible is approxi-

nately equaL to one. Thus ve anive at the task to derive estinates of the fo¡n

L(v) s lli-"ll<n(¡r)
nhere the lefb-ha¡d nember t(u) enat the right-hancl nenber B(¡¡) are iilentical,
except for a finite factor ß > O . An estinate of this f,o¡:n viII be callett a tt¡o-

síded ewot eet¿nate.

rn this paper there vilr be preeentedr a condition on the seninor-n l l-l l.

vhich is necessêry ancl sufficient for the exístence of such a tlro-sialed error

estirnate (see chapter 3). Furttrer ve shaLr show (in chapter 4) t¡at in case a tvo-
sitlecl error estinate exists, it is possible to ttetermine the order of nagnÍtude of
both szp I li-ul I and. ¿n¡ I li-"l I rhere w ranses over ail perturbations whose

seninorn I l*l I equals an arbitrary given value e > 0 .

lfe ahal1 restrict our consitlerations to finite-difference nethocls fcir

approxinating solutions of initial value problens for ordinary and pertial seni-
linear differential equations. The theorems of thig article will be illustrated. by

an application to the nr¡rnerical Eolution of a nonlinear parabolic initial-bounttary
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vaLue problen (see chapter 5). For further applicetions andl. generalizatíone the

reader is referred to the publicationa LzJ - 163 tistett at the end of this paper.

2, ¡ÍOTAfIOIÍS ATÍD ASSI'MPTIONS

2.1. lhe finite-atifference schene re shall cleal vith, is of the fo¡m

(1) t, = K(un-r) + r'F(uo-r) (n=1r2r...rN), ro = " ,

antl the perturbed finite-ctiffeÌence scheme is assrined. to be of the fo¡m

i = r(i :., ) * tr.tr{ãrr-' ) + rrrJ (n=r,2,...,N) ,(2) 
-n 

n'

UO=C+tfo

ln (l), (z) t¡e d.enote by h the go-caLled stepsize, which belongs to sone set II .

It is assunect that H is contained ín sonè intervel (OrTl and that ínf H = O .

i'r¡rbber ro, ür, *r, snd c are vectors belonging to the norned real veitorspace

\.m"nor-nin ßn isclenotedby l"l =l"lf, for ae\.For he II weuse

the.notation tn = nh and N is the.uniqrre intèger with t,, a T. to*1 . clearly
lI + € if h + O . un is an approxination to the true solutioa of sone given

ciifferential equation at t = to antl c ie obt¿inecl from tbe initia.l condlition

of ,the original infinitesinal problem.

An exa¡¡ple of (1) is provitledt by Eulerrs ¡nethott for solving an initial-
value! problen for an sutononoua systen of ortlinary ùifferential equations vhich,
by using vector notation, can be written in the forn å.U(t) = f(u(t)) (Ost<f¡ ,

u(o) = c . rn this ex¡npre r¡e have F = f and K equals the irtentity. Further

1, i" a finite-ttinensionar'vectorspace the dinension of which is equar. to the
tlinension of the given system of ttifferential equations. rn this case iI can be

chosen equal to ¡¡ = (O,TJ anil on is an approxination of u(t) at t = tr, . rn

this exenpLe the perturbation *o in (2) may represent the e*o¡ occuring if the

.initiaL value c cannot be representedr exactly in the conputer and the error 
"r,(n>l) in (z) may be clue to the fact that, as a consequence of the possibly con-

plicated. structure of the.function f , the value f(;n_l) = r(irr_t) is not con_

putecl exactly. For another exa,nple or (r), (2), in wtrich K is ctifferent fron the
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itlentity operator, l¡e refer to chapter 5.

Returning to the general scheme ( 1 ) ve nov shall list vhat conttítions

K ancl F are eupposed to fulfilt in the rest of this paper.

a, Aeeurptíone on X :

7. For each h e II ve ilenotè by K = If, a tinear napping fron

2. There is a'constånt c > o such that the no::n of the n-th

ftO into hn r

power of Kh

0<nhsT,

satisfying a

satisfies

3. For each

l{ç)n¡ s o for aLJ- h € II ancl integers n vith

h e H tbere ís an eigenvector "h in ft.n vith lenl = 1 ,

K(en) = ren such that the corresponcling eigenvalue * = I satisfíes the in-

equality t ¿ 1 - u1h à uo for sone fixect positive constants

b, Aeeutptíon on. F :

For each b € II se clenote bV F = F, a napping fron fin into ßO

uo
and ul

Lipschit,z conttition

lrtã) -r(a)l <r.lã-al

where À is an arbitrary positive constant inttepentlent of h e H ana ãrae\.

i -" . resuLtinrn n'
fron the loca1 perturbetions 

"o occuring in (2), it ie appropriate to introcluce

the vectorg

u = (uorurr...ru'), i = (io,ir,...,Ç), v = (wo,w1,...,w¡) .

lheee vectorÉ belong to thé vectorEpace \ given by

\. {xlx=(xorxlt...rx*) .anct each xn e fto} '
in vhich attttition antl nultiplicetion rith real numbers a¡e ilefinect coordinate-wise.

Since we vant to neaEure the difference between i anA u by means of a qeninorm,

rre assume sone seninorm I l*l lf, to be given io \ It is assr¡ned that this se¡ri-

no¡:n is abeolute, i.e. it, is required that ll*llr, = llvl lr, for any pair of vetus

x = (xorxrr...,x¡) r Y = (xorlt1r...rI¡) the coorilinates of vhich satisf!

l*rrl=lvrrl (n=0r1,...,tr) .

Eæanple 1. llllln = l*olo, 
^ 1

Eæønple 2. ll*llr, = { u I l*rrl' )ã ,

Eoøple 3. ll*llr, = ^*Ï Eol : 0 r n s tÍ ) .

2.2, In ortler to investigate estinatea for the errors
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fhe following tlefinition fo¡nalizes the concept of a tvo-siiletl erroi

estirete d.iscussed ín the introttuction

' DEFII¡ïTfOI{. Let yo ancl y1 be positive constants and assr¡me 0n is
a napping frorn L into the set of real nr¡mbers, IR . If for all .h e H ancl all
*o . fi' the relations (t), (2) inpty that

(3) vo'0n[wJ s I li-ul In t yt.0n[v1 ,

then (3) is celletl attto'síded enror eat¿nate for the finite-ilifference schene (t).

l{ote that (3) triviaUy holrrs Ì¡ith yo = yl = 1 , oh[r] = llã-ul l¡ . rt
ie clear that r¡ith this choice of the functional ôh the eror estimate is useless

since the vaLues 0ntvJ depencl on w in a nay vhich, due to the possibly con-

pricated. structì¡re of the (nonlinear) F , is untransparent. rt is in view of the

existence of such trivial ancl simuLtaneously useless error estinates that ve ehaLJ.

look for estiuatee of type (3) trit¡ a functional úh that is índeperúent of F .

3. THE EXISTENCE OF Íh'O-SIDTD ERROR ESTII{AÍES

ln older to fornulate our criterion for the existence of two-sitled error

estimates in e concise nay, re introcluce tine sumntíon ope?ator s from \ into

\.For x=(xorxrr...rx*)e\ wetlefine V=Sx by y=(yory1r...,I1¡) r'ith
yo = 0 , Xn = h.(xo+xr+...*xn_1) (for lsn<N) .

THEOR$¿ 1 (The eæíetenee of tr'to-eided error estímatee), Ítte folloving
propositions (i) and (ii) are equivalent:

(i) fhere exists a two-sidecl error estimate for (l) vitrr a fi¡nctional oh in-
tlependlent of t ,

(ii) rtrere is a constant ô < - guch that for alL h e Il, * . \i r¡e have the

inequality I lsxl lh s o.l lxl f n .

ft should be unilerstoo¿t that in statenent (i) we deal with a fíced tamí-

ly {tr}n.n er;'d, a OatiabZe fa.nily {Ffr}rr.n , both families satisfying the as-
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srnptions stated, in chapter 2. Thue Btatement (i) coufil have been fornulate¿t alter-

nativeþ as follo¡rE: (i*) There exists a family of functionals {on}r,., such

that for each fanily {Fn}n., satisf}ing a Lipschitz condition of the type

<tescribe¿l in chapter 2, there exist positive congtants yo antl yl such that (l),
(a) alvays ùnply (S) (to antl yl nay depencl on {F¡}¡.rf but not on h ancl w ).

ft is easily verified that with the seninorn I l*l lf, 6¡ E¡çenFle l

(chapter 2) conctitÍon (ii) of the above theorem is violatecl. 0n the other hancl tlre

senino¡:ms of the exanplee 2, 3 satisfy conclition (ii) vitt¡ 6 = T .

lIlEOR&'l 2 (fhe forø of tuo-síded enor eetíndtes). Let condition (ii) ot

theorem 1 be fulfi1led. fhen the two-sittecl error estinate (3) frof¿s wit¡
yo = (1+côÀ)-1, Yl = 1 + c6l'øop(cÀT),

ôn[rJ=ll"l lr, nhere v=(vo,vr,...,vN) anct

'lrr, = f*o + h.(vn+Krn_r*...*f-1"' )

For tl¡e proof o.f the theorems 1 ,2 ve refer to chalter 3 of t5l. Note that

alreatty in the sinple case where (1) stanas for Eulerrs nethoai for solving an

ord.inar¡r tlifferential equation, the theorems 1rZ are nontrivial.

¡+. APPLTCATTOilS OF TI{O-SIDED ¡ßRON ESIIMAIES

1t.1. lnwo sidecl error estinates have applications in seve¡aL different

fieldssuch as the propagation ofrountling errors, the propagatio¡ of local tliscre-

tization errors ancl in ihe proof of so-ca1led equivalence theorens stating necessa-

ry ancl sufficient conclitions for convergence (cf. f2l-f-6Jr.

In this chapter r¡e shall confine or¡rselves to showing that tvo-side¿t

error estÍ¡oates nay be usetl ¡¡ith succes in aeteliniag the orders of magnituile of

the interesting functíons go(erb) , 81(erh) defineit by

eo(e'b) = 
I t,îîf=" 

llã-"llr, , 81(e,h) = 

',îîl=" 

lli-"llr,

vhere e>0 , heil . Note that, in viev of (2), ; is uniquely deternined by rr ,

anal the seninor¡¡ lli-"llr, appearing in the above dtefini.tions thus incleecl is a



114

an¿l ne only consiater perturbationg

¡¡hich vanishes.

function of the variabLe vector , . \, .

For the seke of sinplícity ve onþ tteaL rith the .ee¡¡inorã of exanple 2

(section 2), i.e.

(¡) ll*llr,=ru| ¡*o¡21¡

w = (wo, wrr...rvn) the first conponent of

Bo antt an uppertouatl for gl ,

(6)

(5) It EO.
o

rn the eubsequent sections Ìre use the above definitions of gor g1 nith the

restrictions expreseetl in (l+), (5). zurti¡er we.consicler a fixett farnily {\}n."
ancl a fixetl, fanily (tolo." r both fanilies satisfying the conilitions stated in
section 2.

4.2. We firet give a lower bound. for

(l+c+^r¡)-1.tr.e < Bo(e,h) ,

n) s, ( e,b) s (zx)-1 leq¿{ ea¡r)-r-eclr.erp( -ctir) J 
l.e 

.

Pyoof of (6), Ueing (b) with x=n encl substituting for ,r, the ex_

pression r¡hich can be obtainett by subtracting (i) ¡ron (e) ve have, in case ,o=0 ,

I I'l lr. = t¡ T u-21(ãn-uo)-r(io-1-un-1)-r,rr'{i,r-' )-r(u,,-., ): ¡2¡l .

In view of the essumptions on K and F lre thus obtain
N

r,ll"l lr, s {h t tlî.,-u,,1+(cr+rn) lür,-'-a_.,lt2l¡
I{ ^r N

= tr, I ¡i--uol2tá + (cr+th).{h ^i 
l;n-1-,rn_.'lr}¡1 "- l

vhich proves (6).

P?oof of (7). 'nre upperbound (?) can be provecr in a etandarct fashion by

subtracting (1) tron (2), r¡hich yields for the difference

dn=üo-un

(l+a+r¡) I li-"1 l¡ ,

t
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the recuryence rel¿tion

do = K dn-1 + htF(;u_l) - r(un_1)l + h wo .

Solving for d' re obtain (provicletl io-uo=rro=.o) the reptesentation

dl =z +vnnn
.vÌ¡ere v is clefinetl in theoren 2 anän

Usíng tlre assumptions on K
n-l

lz_lscrrn I l¿..1' n' :-.I= r

Consequently

and F stated in chapter 2 rre get
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n
lv*l s arr I" i=l

"o = h 
n!1 

rð-l-irr(ür)-r{ur)J
" i=l

In'i I

a-1
la-l < crrn I" i=l

fron r¡hich ít fottovs by indtuction vith respect to n that

Using the Schvarz inequalitywethus obtain

n-1

n
la.l + crr I l'.1 ,

a=¡

lar,l < oi, .i ¡r*orn)t-il"rl" i=l
(n=l ,2r.. . ,N) .

s ("1 
l'llo)2'i,2

( l*o¡.i, )2i

t ll¿llr,)2 . n 

"Ï' 
"tro ,1' 1r+ou,)o-il'rll2

. o2h I,n I {r*orr)z(n*i)r.th I l".lt,
n=| i=| i=1 ¡

rl,ì

N

T
n=1

2s
e

T
1=O

Since
N n-liT

n=l i=o

N n-l
I I (r+crn)?rs

n=l i=o

1"2cthn-1 )/("zorh-t )

Àhi

N

I
n--1

= ¡e2olh-t r-t.t"ecÀh{e2alhN-, ¡ . le2alh-r ¡¡¡l

anct "2 - 1 ¿ 2t et (for t=ath) we get

t ll¿llrr)2 s ( ll"l ln)z'ta)'z'r.2ol&-1-2olrh.-cÀh, . ^

In vierr of M = tN I I .and the tlefinition of d' ne thus have

I li-"1 lr, < I l"l ln.{zr)-1.["2orr-1-2ols."-oÀh]1,
vhich conpletes the proof of (?).

4.3. Next ne present a theoren showing that the 1or¡er antl upperbountl

(6), (7) ere realistic, as h+0 , at least in the sense that they contain the cor-

rect powers of h .
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THEOBD{ 3, (a) For each e > o and h € H

v = (vorw,,..,rr¡¡) with *o=0, I|rllr, = e such that

fron (2), (1), respectively satisfy

I lñ*l l¡, lfþ.tr*orreæp(sÀr)1.h. I I'l lr, .
"*o

(t) Foreach e>O and h€H

w = (vorrr r... ,rI¡) with *o=0 , I l"l lr, = " such that

(2), (1) satisfY

there exists a vector:

i ana u .connutetlnn'-

there also exists a vector

u anil u connutecl fronnn

lli-"llr, = ,fn*rO. t$ 
o!*rt-"re(-u,t):2at)¡.ll*llr, 

.

ft follows fron part (a) of this theoren that

(6*) so( e,h) . ft.f t*o^re{p(crr) l.h.e
\)

ancl fron Bart (b) there follows

(z*) e.,(e ,h) t dffiI. tf lru-"wt-rrt)12¿tll.. .

FortuLa (7*) ,hor" thet, (?) cannot essèntially be inprovetl since apparently it is

not possible to replace (t) tV an estinate of the forn sr(erh) s y.hP.e rrith any

p > 0.. Conseguently, the ortler of nagnituile of er(erh) is exactly equal to e .

Sinilerry, (6), (6*) prove that the ortler of nagnitucte of So(e ,h) is exactly

equal to h.e . In fact, accorcling to a dlefinition of a tvö-sicted error estinate

ttiffering onJ.y slightly fron the one given in chapter 2, one night say t¡at (6),

(6*) an¿ (t) , (t*) provitle trro-sitted error eeti¡¡ates of so(e rb) antl 8., ( e rh) ,

respectiveþ.

fn the above proofs of (6), (?) ve heve not natle use ofthe two-gitlecl er-

ror estimate for lli-"| lf, which exists in view of theoren 1. 0n the other hantl,

the follo¡dng proof of theorem 3 ie entirely based on tfris tr¡o-si¿e¿l error estinate.

Proof of, theorem 3. (a) Choosing ro=0 anct wr, = [(-1)t.f-¡ ,]..o (for

n=lr2r...rlÍ) where uh is the eigenvector vhose exist.ence r.as postuJ.ate¿t in chap-

ter 2, tre have for the vectors "r, ttefinetl in theoren 2

vr, = (-1 )nr-le'r¡.It-**.2-...+(-l )n-1*n-tr.",

I



Consequently

l.rro | = t-l etr.t r-(-* )ol/[ l*"]
Since (*)o < lttr)n¡ s o and K à uo (cf. chaprer 2) ve thus obtain

l,rr,l < ra¡ e¡.(1+c)/(t*uo) .

Ilence ll"llrr r etr.(t+a)/(t+uo) . By virtue of theore¡¡ 2 we have

l li-"l l¡ s [1+atr.eop(crr)] l l"l lr, , fron which it folLovs that

I li-"1 lr, s t1+d\'r.e,e(crr)1.11+a)(l+uo)-r.¡e .

si¡ce I |tl l¡ = e part (a) or the theoren has thus been prove..
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(t) In ordler to prove psrb (b) re choose the perturbations ,o= 0 ,

"h 
(n=.l,2,... ,tf) the seninorn I l*l lr, of vhich again equals € .

-lttn= T < e.

lle have

Irnl = t-¡ eh.(t+r+...**o-1)

. r-å eh.Ir+( t-u,h)+...+( r-u,,r¡)t-1]

= r-l q(pr )-1.rr-( t-ur¡)nl
- il .(r: )'1'rJ-qw1-rr,nh)1

consequentty_ (ll"ll¡)2 
= (fr12.r-1.r, Ï. ,,-r*,-rtnh)12

. (i)t.*."fr ,r-.*1-rrtllält . ro .,ri"tilor theoren 2 we have

^ 
lli-"lln > {t*oÀI¡-t'll"lln frôn vhich it rhu8 foLlo¡re thar part (b) or theoren 3

holtls. $ris conpleteo the proof of the theorer¡.

5. A P¡¡.ABOI,IC TNIIIAI,-BOI'JfDANT VAT,ITE PROBLW

6,1: fn order to illuEt.rÊte the theory of the preceding chapters ue

eonsider the nunerical solution by e very sinple explicit finite-difference acheme

of the initial-boun¿lary value probJ.en

ål u(",t) = Lf u{s,t) + r(s,u(a,t)) ,
âs-

(8I' u(o,t) =u(t,t) = o, u(s,o) =c(s),
0 S s S l, 0 s t, s T .

rn (8) f ancl c denote given functíons anô f is assumecl to satisf! the Lip-
schitz condlition

;ì

ii

I
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(s) lr(s,i) - r(s,r)l < r.li-rl

Ìthere I is an arbitrary positive constant, unifomJ-y for 0 g s g 1 antl

- ø < rr ã . - . fhe finite-ctifference schene ve deal with, is of the forn

f'torr(")-,rn-' (s) J = 
ft.r""-,rs-as)-2uo-r(s)+un-r(s+Äs) 

J

( 1o) + f(s,u _r(s)) ,

uo(s) = c(s).

In (10) the variable s tales on the values s c ôg, 2Àsr...,

MAs nhere .M is an arbitrar¡r integer > 2 '¡ittr (Mrl )ôs=1.

Applying (10) successively vith n=lr2r...rN re can compute

approximations u,r(s) of U(srt) at the points

(s,t) = (rnÂsrnh) with n=l ,2r...rM anil n=l ,2r...,1{ .

\)

s--

Gn

5.2. We give Eone clefinitions ¡rhich vil1 enable us to write the finite-

d.ifference Echene (lo) in the general fo¡a (1). lJe assune throughout that the ratio

ir/(¡s)a equals sone constant o r¡itr¡

(rl) o<os1/2,

The set t of stepsizes h is ctefinetl by

X = {hl h=o.(¡s)2 , As = (l¿+l)-1 with M=2,3r1rr...}

and for h e H the gricl Gf, on the s-axis is definect by

% = {"1 s=¡n.Ås vith n=1 r2r... rM} .

The vectorspace fi,n consists of alL real functions clefinecl on the grid 1,
norn l.lr, i" 4, is d.efined by

M ^r(tz) laln = {as-[.,Ia(n.as)1¿]ã

for aefrn . The operators K and F napping fi.n into itself'are <iefined by

(1-2o).a(s) + o.a(s+Âs) (ror s=As) ,

s.a(s-Ás) + (1-2d).e(s) + o.a(s+Âs)

(for s=n^s, l<n<M) ,

o.a(s-Ás) + (1-2o).a(s) (tor s=MÂs) ,

ancl the

I

(ra)(") =



119

(ra)(s) = f(sra(s) ) (tor saÅs, linrM)

vhere ¿ denobs an arbitrary elenent belonging to frn . !{ith these aefinitions ( 1 )

is equivalent tot (10) an¿ (Z) is equivalent to

ftünt " )-ir,_,, { 
" 

) I = fr.. ri"_,, ( s-as )-ein_., ( s ) +îr,_., ( s+as ) 1

(lE) + f(s,ün-'(s)) + vr(s) ,

ño{") =c(s) +wo(s)

rrhere vn(s) thus represents a perburbation occu¡ing vhen the approxination in{")
of U(s'nh) is calculatetl.

5.3. It is easily verifietl, by using (9), tfrat the assmptior on F

postulatetl in chepter 2 is satisfietl here. Further, the fírst assurnption on K

stated in chapter 2 is satiefietl here as ¡¡ell.. The secontl assunption on K of

chapter 2 na¡r be proved by a stantlartl argr.ment (cf. Ajabenki, Filippov I1l) using

the inner protluct

(a,b) = a, f "(ra").¡(¡nÁs)ncl
in hn . ft can be verifietl by a straiglitforna¡iì c?lculation that the elenents

"( 
t ) ,"(a) ,. .. ,.(M) 'n ßh given by

e(i)(s) =1þ.ein(sjtt) (ror s e Gn)

are orthono¡:ual rith respect to this inner procluct and. that they are eigenvectora

of K rith eigenvalues

,<(j) = 1-\o.teín(its.n/ùJ? .

rn vier¡ of (tt) we have - I < *(i) . I anat consequentry

Itçlnl , l\1" = rrorl.(j)llo. t , which vietds the value

(r!) q = i .

The thirtt assunption on K of chapte¡ 2 is fuLfilled hele r¡ith 
"h = "( 

1

*h=*

(l:)

(r)
anc

5,4. A1l generel assunptions on K ancl F of chapter 2 beíng fulfiLlerl

!o=1-(r/3)2'o, xr = n

T



120

we may apply the result¡! of chapter lr to the finite-clifference scheme (lO) an¿ ttre

perturbeil Êchene (t¡). ttre seminor:m I l*l lr, (see (!)) use¿ throughout chapter l+

yields in conbination vith the no¡m l.lr, (see (te)) the fo¡:nulr I l*l lr, =
Ìl M ¡l

ihÂs. i i'C*-{ro"):'t¡ qnd if x- = 0 ve thus have
ttlo rll n o

(16) ll*ll¡ = ,o0".,,1, l'[*,,{'a")t2t¡ .

ife conbine the resuJ-ts (6), (6*), (?), (?") of chapter lr when applied to the

situation at hantt (see (1ll), (15)) into the foiloring theoren.

TEEORE!{ b. Let u be computeil from (10) anA consitler u conputeit from

(13) vith arbitrary perturbation-vector w for vhich wo(s) = 0 . Then, using the

notation (t6), ¡¡e have for any e > 0 , h e II the inequalities
U

( lz)

(rt*)

( 18)

( 18")

7.nt
ll"l lr,="

inf
ll"l lr,="

auD

ll'll¡='
auÐ

I l"l lr,=.

lli-"1 lr,

I li-"llr,

I li-"llr,

I li-"llr,,

he
ffir

18ã .It*tr.¿¡?(lr)].tre,
1 8-¡'o

ktn* ( "^r) 
=r -zrr.¿¡p( -rn ) I 

å

#-t*. Ír t't-"q(-rzr, ) lz¿t) 1."
¡'(t+lt) ^ o

'e r

s.s. (t?*) ana (18*) s¡or that the boì¡nals (t?), (18) ca¡not essentially

be inprovecl (e.e. by including a factor hp with p # O) antl thet tlre preeise

orderg of nasnitucle of l¿fl l;-ullh a^nrt eaplli-ulln are he antt e , respectivelz

In order also to test how realistic the error bor¡ntls (l?), (18) a¡e fron a ¡umerical

point of ri"*t) a nr¡mber of experinents have been perfornealwith the initial-

bounctary Value problens

= 4 u(",t) * --1_-- * -r*z:3(rf ,âs' l+[u(s,t)]" t+sé(l-s)'
(A) u(o,t) =u(t,t) =q, u(s,o) =s(1-s),

0SsS1, O<t<1
antl

')

I

Eere we fol"lov a suggestion natte by L. Collatz at the Conference in 0berj6ç¿s6
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¡* ut",r, = # u(s,t) + q# ,

(B) 
u(o,t) =u(1,t) =0, u(s,o) =ein(¡s) r

03s91,0<tS1.
In the following tebles ve compare the nr¡meri.ca1 values obtaine<l for I li-"| lr, vith

the theoreticaL bountls (1?), (18). rn (13) we have usetl the perturbations 
"rr(s)

definett by wo(s) = 0 ena wo(s) = 1ft-rlttt-¡")-l (fo¡ probl"n (A)),

wn(s) = lftt-o"l-¡ (ror prouren (B))

lÍ=h 1

Theoretical lower bounclror I lü-"1 lr, (cr.(lt)),

ue/(z+¡)
lli-"l lr,

Theoretical uooer bound
ror I lü-"1 lr,"(cr.( 18))

|. f e xp ( z) - t -2. eæp ( -ù ll

l¡8

192

768

3072

0.00103

o.00026

0.00007

0.00002

0.001 2b

0 .000?8

0.00007

0.00002

0.10521+

0 . 101+87

0. lolT8

o.10416

Problem (¡,), i=l , Í=1, a=l/J,l lvl In=e=0.1, wn(nÀs)=(-t)n(l-¿")-1"

')

N=h
1

Theoretical 1or¡er bountlfor I lü-ul lh (cr. ( l?) ),

hel ( 2+rh )
llü-"1 lr,

Theoretical upper bounclfor I lr-ul lr, ( cf . ( r8) ),

*. t"q4x) -t-zr .eøp( -ru ) I I

32

128

512

20!8

o.oo156

0.00039

0.000 1 0

0.00002

o .00988

o. oogolt

0.008?0

0.00855

O.072Ol{

0.0'l122

0.07102

õ,07096

kobJ.en (n), l=0.0t, ÍP-1 , s=!, llwlln=e=0.1, vn(nÁs)=( l-¡e)-le
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Tl¡e nu¡oerical results shon that there are perturbations ç(s) for vhich the

bounds (tt)' (18) dontt uncterestin¿te or overesti¡nate the actual error Ili-"|l¡
very nuch. rn particular the lower boun¿ (t?) fits in surprisingly r¡el1 sith the

nunerical results in itre first tab1e, referring to problen (â'). ftus (l?), (10),

vhen appJ.ieil to the probrens (l), (s)r'respectively appear to be reaListic bountts

both fron a theoretical anal from a ¡iore practical point of vierr.

. Aeknouledgenent', r wish to tharik F. Bakker anil c. tìen Heijer who hive

been nost helpful in perforaing on the rBM 3?0/,158 o, ,"iu"n university the com-

putations reportecl in section 5.5.
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