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The Behaviour of Error Bounds in the Numerical
Solution of Initial Value Problems when the
Stepsize £ Tends to Zero

M. N. Spijker

1. Introduction
1.1. Let us consider an initial value problem for a system of s ordinary
differential equations which, by using vector notation, can be written in

the form

(% U(t) = f(t, UE)) (0<¢<T), U(0)=c. (1.1)

In (1.1) ¢ denotes a given vector in the s-dimensional real vector space R®
and f is a given, continuous mapping form [0, 7] x R into R'. We assume
that the Jacobian matrix of the function f{t, x), denoted by

J(t:%) = e fl6, ),

exists and is continuous on [0, T] x R Let | (¢, x) | denote the norm of
the matrix J(¢, x) subordinate to some given vector norm |x|in R®and

assume

1t x)|<SL (0<t<Tx€ R, (1.2)

where L denotes a given positive constant.
1.2. In this paper we are concerned with the approximation of the solution

U(t) to (1.1) at the end point ¢ = T of the interval [0, T].
We consider finite-difference schemes that can be written in the form

h ™ wp — tyo1) = Fltns ugs Uys - - Uy h) (m=kk+1,...,N),
(1.3a)

u, = F(tysh) (n=0,1,...,k—1). (1.3b)
383
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The so-called stepsize 4, appearing in (1.3), is assumed to belong to the
set H defined by

H={h|h=T/N;N=Ny Ny +1,Ny +2,...}.

With N, and %k we denote fixed integers with N, = £ = 1. We use the
notation ¢, = nh and w, denotes an approximation of U(t,) (for n =0,

1, ..., N where N = T/h). The vector uy thus stands for an approximation
of U(t)att=T.

The function F—which depends on the given function f and the initial
value ¢ occurring in (1.1)—is assumed to satisfy the following conditions
(1.4a), (1.4b).

Forh=T/NEH,k<n<N,x € R’ (0<;< n) the element
y = F(ty; X, X1, - + -, X3 h) belongs to R, Further, for all x; and %
in R® we have the inequality

| F(tps Xos Ry v o oy Xy ) — F(tns X0y X1y + oy X3 ) |

n
<3 NlFp_i — %0yl
i=0
where Ao, Ay, Ay, . . . are arbitrary constants independent of 4, n, x;, £,
It is assumed that there exist integers g, 7 with 0 < ¢ < such that the
constants A; vanish for alli < g and all { > r. (1.4a)

For h=T/N € H,0< n< k — 1the element y = F(t,; h) belongs to
RS, (1.4b)
It is easily verified that many well known numerical methods, when
applied to the initial value problem (1.1), generate finite-difference equa-
tions of type (1.3a) satisfying condition (1.4a). Such numerical methods
are to be found e.g. within the class of (explicit or implicit) Runge-Kutta
methods or the class of (generalized) linear multistep methods (cf. [4],
[81).
The elements F(t,; ) occurring in (1.3b) denote starting vectors in R®
found e.g. by a Taylor expansion of U(t) at ¢ = 0.
We refer to Section 4.3 for a detailed example of a finite-difference
scheme of the form (1.3).
1.3. We consider the following perturbed version (1.5) of the given
finite-difference scheme (1.3).

RNy — By 1= F(tys Tos Wy e o oo Bz R) Yw, (n=kk+1,.. . N),
(1.5a)
Uy = F(ty;h) tw, (n=0,1, ...,k—1). (1.5b)

fl, denotes the approximation of U(t,) obtained in the presence of some
local perturbations wq, wy, . . ., wy. For instance w, may be caused by
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rounding-off. Likewise w, may be understood to be the local discretiza-
tion error (see [8] for this terminology), in which case we have %, = U(t,).
Clearly, in both of these cases it is desirable to have error bounds by means
of which the effect on the difference %y — wy of the perturbations w,
(n=0,1,...,N) can be estimated.

Such error bounds are particularly interesting for large values of N.
Since N = T/h, the cases where T — oo and where 4 { 0 thus deserve
special attention. In this paper we want to investigate in what manner
iy — uy behaves when A | 0 while 7> 0 remains fixed. Consequently we
shall only be interested in the behaviour of error bounds as the stepsize h
tends to zero and the interval [0, T} is fixed. For a discussion of the depend-
ence of %y — uy on T (for large T) see e.g. [1], [2], [8] p. 87 ff.

1.4. Let us assume that the maximal stepsize h, given by

h’O = T/NOs
is such that
Ao < 1. (1.6)

Then it can be proved (cf. e.g. [4], [6]-[9] and Theorem 2 of the present
paper) that the equations (1.3a), (1.5a) have unique solutions u, and %,
(n=k,k+1,...,N),respectively and that the difference iy — uy admits
the following bounds

[y —uy | < Ty . max |w,| (1.7)
0<n<N
and
n
1y —uy | STy [lwel+lwy |+ + wey [+ max |h 2wl
k<n<N j=k

(1.8)

In these error bounds I'; and I'; denote parameters (which depend on F
and T, but) which do not depend on the stepsize 4 € H or on the perturba-
tions w, € R*,

Using the triangle inequality and the inequality (N — &k + 1) A < T, we
sec that (1.8) implies (1.7) (with Iy = (k + T) . I';). Moreover, in case
w, =0 (0<n<N,n+#k)and |wy| =€ (¢ > 0 denoting some constant
independent of 4) the error bound (1.8) establishes the fact that | %y — wy |
tends to zero if 4 | 0, while (1.7) only shows that |%y — wy | remains
bounded. Consequently, with regard to the behaviour as 4 = T/N | 0 and
T > 0is fixed, the error bound (1.8) is more refined than (1.7).

1.5. The question arises whether there exists an error bound being still
more refined than (1.8). A further natural question is whether there exists
an error bound that is ‘““maximally refined”.

In this paper an attempt is made to formulate these questions rigorously
and to find answers to them.
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We note that a similar investigation was performed by the author in [6],
a major difference with the present paper being that in the setting of [6]
the left-hand members |2y — uy | of (1.7), (1.8) would read

max |#, —u,l.
0<n<N

In the subsequent chapters it will turn out that new and unexpected results
arise as a consequence of the seemingly immaterial replacement of
max |%, —u,|by |y — uy|.
os<n<N

1.6. In Section 2 we present our basic definitions and notations.

In Section 3 we prove our first theorem, containing a (negative) result
about the existence of an error bound that is maximally refined.

In Section 4 we relax the requirements to be fulfilled by error bounds in
order that they are called maximally refined. We obtain a second theorem
according to which there exists an error bound that is maximally refined.
This error bound turns out to be more refined than (1.8). Section 4 is
concluded with an application of this maximally refined error bound to an
Adams-type finite-difference scheme for solving the initial value problem
(1.1).

In the Sections 5 and 6 we have collected a series of lemmata, two of
which are used in the proof of Theorem 2 (in Section 4). We note that the
lemmata of Section 6 have applications to finite-difference schemes which

are of a more general type than (1.3).
Let ap, oy, . . ., &g denote real constants with oy, = 1, such that the root

condition (1.9) is fulfilled.
All roots § of the equation
g+ ot tay =0 (1.9)
have a modulus | {| << 1 and roots with modulus [{|=1 are simple.

The lemmata of Section 6 provide bounds for the error %y — uy where
wy is computed from

R (akun T O Uyttt 0loun—k)
=F(ly; ug, Uy, « o oy Up3 ) (R<n <N), (1.10a)

u, = F(ty;h) (0<n<k-—1), (1.10b)

and %y is computed from
Rt (Ot + 04yl + -0 + 0Ty ) = F(tn; o, Uy, - . o U3 h) + wy, (1.11a)

(k<n<N),

Uy = Fty; h) +w,  (0<n<k—1) (1.11b)
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The final lemma of Section 6 gives an error bound which is a straight-
forward generalization of the maximally refined error bound stated in
Theorem 2 for the case of the scheme (1.3).

2. Notations and Definitions
2.1. Let 0, 0y be given fixed constants with
06>0, 0,0, 0phy<]l. (2.1)

We shall investigate error bounds which are valid for finite-difference schemes
(1.8) in which F fulfils condition (1.4) with arbitrary constants A; satisfying

S N<o, N <o (2.2)
i=q

We denote the set consisting of all these functions F by S, (0, 0g; Ny, &3 T, 5)
or simply by Sy(0, 0¢) or by S,. We thus have

So = {F| F fulfils (1.4) with constants \; satisfying (2.2)}.

In order to keep the framework of this paper sufficiently general, so as
to be able to cope with diverse applications, we give our subsequent defini-
tions relative to an arbitrary set S of functions F which is only required
to be such that

(i) Sisa subset of Sy,

(ii) For each function f satisfying the conditions listed in Section 1.1

with L = o, there can be found an F € § such that

1
F(tn;xo,xl,...,xn;h)=z_ .
i

M=

f(tn—i, xn—i)

1
(forh=T/NEH,k<n<N,x € R").

Condition (i) implies that the set S should not be chosen too large, while
(ii) prohibits S from being chosen too small.
Note that for instance

S=3S (2.3)
is a set satisfying the conditions (i), (ii). Choosing Ny = k£ =1 and

S={F|F(tos hY = c, F(ty; %05 X15 « + o3 Xn3 B) = f(tnot1s Xn-1)

(1 < n < N);c € R® and f fulfils the conditions of Section 1.1 with

L = o} (2.4)

we have another example of a set S satisfying (i), (ii). Clearly, the finite-
difference schemes (1.3) with F € S where S is given by (2.4), are gener-
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ated by applications of Euler’s method to arbitrary initial value problems
(1.1).
2.2. For h € H we define the space X, consisting of all possible perturb-
ations, by
Xn = {wlw = (wo, wy, ..., wy) where N=T/h,w, € R®* (0<n < N)}.

We shall deal with bounds for the errors %y — wuy, resulting from local
perturbations w, in (1.5), that can be written in the form

|y —un | < Y(w, h, F) (forallh €EH, w € X, F €S). (A)

In (A) w stands for w = (wp, wy, . . ., wy) and w,, &, F, Ty, uy denote the
quantities occurring in (1.3), (1.5). Further  denotes an arbitrary real
function with domain

D={(w,h,F)|h €EH,wEX,, FES}.

It can be shown (see e.g. [7] or the arguments used in Section 6) that
(1.7), (1.8) hold with 'y =, (F), I'y = v,(F) where

Y1 (F) = (L +T) . exp(6NT), (2.5a)
Y2(F) = exp (6AT) (2.6a)
and
A=2 Ny 0=(1—=2oho)7,
i=q
A; denoting the smallest constants for which F satisfies (1.4a). Consequently
(1.7), (1.8) are examples of error bounds of type (A) (e.g. with S given by
(2.3)) with Y = ; and ¢ = y,, respectively where
Yi(w, hy F) =v,(F) . max |w,|, (2.5b)
o<nsN
n
Yaw, iy F) =73 (F) . {lwgl + lwy | +-- -+ |wg_y |+ max [A . wjl}-
k<n<N j=k
(2.6b)

2.3. The following definitions will enable us to compare the structures
of error bounds like (1.7) and (1.8) in a rigorous fashion.

Definition 1

Let Y and ' be real functions with domain D. Assume there exists a
constant § > 0 such that y(w, h, F) < 8. ¥'(w, h, F) (for all (w, h, F) €D).
Then we use the notation

3yl
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Along with (A) we consider another error bound

1%y — uy | < ¥'(w, b, F) (forall A € H,w € X,,, F €S). (A")

Definition 2
The error bound (A') is more refined than (A)if Y' 3 Y and not Y 3 .

As an illustration of the above definitions we again consider the functions
Y1, ¥, defined by (2.5), (2.6). By arguments already mentioned in Section
1.4 it is easily proved that y, 3 ;. By choosing wy # 0, w, = 0 (n # k) and
letting & | O the assumption V; 3 Y, is seen to lead to a contradiction. Hence
we do not have ¥; 2 V¥,. According to Definition 2 the error bound (1.8)
is thus more refined than (1.7).

2.4. In the following Sections we have adopted the convention that

S sgp0 (2.7)

whenever m > n.

3. A First Definition of ““Maximally Refined”

3.1. The following definition is a natural sequel to Definition 2.

Definition 3
The error bound (A) is maximally refined if there exists no bound of type
(A") which is more refined than (A).

We define the function Y, by

Yo(w, b, F) = |ty — uy| (3.1)

where uy, %y are computed from (1.3), (1.5) and |y — wy | thus can be
regarded as a function of w = (wq, wy, . . ., wy), & and F. Clearly, with the
choice ¥ = Y, the error bound (A) is maximally refined. However, at the
same time the error bound (A) now has become useless, since the values
Yo(w, h, F) depend on w = (wy, wy, . . ., wy) in a2 manner which, in general,
is not transparent. This is due to the fact that y = F(t,; X5 X1 - - - Xn; h)
may depend on xg, %y, . . ., X, in a complicated (nonlinear) fashion.

It is in view of the existence of such trivial and simultaneously untrans-
parent error bounds that we shall focus on error bounds in which, apart
from factors independent of w and 4, the right-hand members are inde-
pendent of the (complicated) function F. Thus we are lead to consider
bounds of type (A) in which the function V is of the form

Y(w, hy F) =y(F).®(w, h) (for (w, h, F) ED), (B)

v denoting an arbitrary positive function with domain § and ® denoting an
arbitrary real function with domain {(w, 2)|A € H, w € X}.
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We note that (2.5b) and (2.6b) provide examples of functions ¢ that are

of type (B).
3.2. In contrast with what was found in the analogous situation considered

in [6], we have the following negative result.

Theorem 1

There exists no error bound of type (A) with the following two properties.
(1) (A) is maximally refined (in the sense of Definition 3),
(2) The right-hand member Y (w, h, F) of (A) is of type (B).

Proof
(a) Suppose (A) stands for an error bound with the properties 1, 2.

From (3.1) we then have
Yo(w, h, F) < Y(w, h, F) =y(F) . ®(w, h).
Consequently,q 3 V, and since (A) is maximally refined there follows

¥ 3. (3.2)

For any two functions F, I, belonging to the set S we have

Yolw, by L) < W(w, hy Fy) =,’§E—§§ V(w, b, Fy).

In view of (3.2) we thus obtain the inequality
Vo(w, h, F1) < B. [v(F1)[v(F,)] - Yo(w, b, F,)  (for all h EH, wEXy),
(3.3)

8 denoting a positive constant independent of # and w.
(b) In view of condition (ii), imposed on S in Section 2.1, we may choose

F| and F, in such a way that

k —_—
Fl(tn;xm Xiy ooy xn;h) Eo. 3 Xna F2(tn;x0’ Xls ey X,,;h) =0.
i=1

~lQ

Let w = (wq, wy, . . ., wy) be such that

w, =0 (0<Sn<N-2), wy=-wy F0. _ (3.4)
A little calculation shows that for N = k& + 1 we have

Yolw, by Fy) =0,  Yo(w, h, Fy) = h? .%. |y | % 0.
In view of (3.3) there follows

lpO(uJ’ h’: Fl) = O'

We have obtained a contradiction and the theorem has thus been proved.
We note that the above theorem is closely related to Lemma 6 in [7].
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4. A Second Definition of “Maximally Refined”’

4.1. In view of the negative result formulated in Theorem 1 we now turn
to a weaker version of Definition 3. We shall impose less restrictive require-
ments on an error bound (A) if it is to be called maximally refined. In fact,
we shall compare a given error bound (A) not with arbitrary bounds (A’),
as was done in Definition 3, but only with certain bounds which have the
same structure as the bounds (A) considered in Section 3 (see (B)). Thus
we are going to restrict our considerations to error bounds (A') whose
right-hand members are of type

V'(w, hy F) =~'(F) . ®'(w, h) (for (w, h, F) ED). (B)

Definition 4
The error bound (A) is maximally refined if there exists no bound of type
(A") with the following two properties.

(1) (A') is more refined than (A),

(2) The right-hand member '(w, 4, F) of (A') is of the form (B') with

0 <inf y/(F), sup v'(F) < oo,
FES FES

We note that (1.7), (1.8) are examples of bounds of type (A’) with the
second property stated in the above definition (see (2.5), (2.6)).

In the Section 4.2 it will be seen that Definition 4 carries us farther
than Definition 3.

4.2. In the following theorem we shall refer to the functions y and ®
defined by

k-1 N-=1 n
+h > lwl+h 2 |wea th 2 wl,
i=o n=k i=k

N
Q(w,h) = |wxy +h 2wy
i=k

(4.1)
Y(F) = max {1 + 0N\hy, ON . exp[0AT]} (4.2a)
where
A= 3N, 0=(1—DNeho)h, (4.2b)
i=q
A; denoting the smallest constants for which F satisfies (1.4a).
Theorem 2
Let ¢ be defined by Y(w, h, F) =y(F) . ®(w, &) where v and ® are given by
(4.2), (4.1).

Then the error bound (A) holds. Further, with this choice of , the
bound (A) has the following three properties.
(1) (A) is maximally refined (in the sense of Definition 4),
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(2) The right-hand member Y (w, A, F) of (A) is of type (B).
(8) (A) is more refined than (1.8).

Proof
(a) Applying lemma 4 (see Section 6) with

Olk=1, Olk_1=—]., Oli=0 (0<Z<k—2)

we obtain the error bound
N
By —uy | < loy | +ON. A S e®N-n [y, |
n=0

where 60, A and v, are defined by (6.6) and (6.4), respectively. From (6.4)
we easily obtain the expressions (5.4) for the vectors u,. The error bound
(A) thus holds with Y(w, h, F) =y(F) . ®(w, h) where v and ® are defined
in (4.2) and (4.1). Further it is easily seen that our bound (A) has property

2 stated in the theorem.
(b) Let ¢ be as defined in the theorem. We shall prove that the error

bound (A) now has property 1.

By applying Lemma 1 (of Section 5) with L = ¢ and by using condition
(ii), imposed on S in Section 2.1, it follows that for all 4 € H, w € X,, there
can be found an F € § such that

Yo(w, b, F) = B. ®(w, k) (4.3)

where Y, is defined by (3.1), ® is defined by (4.1) and § =
min{1, [(1 +oT). k] .0}

Suppose (A') is an error bound with the properties 1, 2 appearing in
Definition 4. We put

= inf y'(F = sup 7'(F).
€o =infy'(F), e =supy'(F)
It follows that

Yo(w, h, F)< ¢, . ®'(w, h) (for all (w, k, F) € D). (4.4)
A combination of (4.3) and (4.4) yields

B.P(w,h)<e€ .P(w,h) (forallh €H,w€E X,).
Consequently, for all (w, A, F) € S we have

U(w, b, F)=y(F) . ®(w, h) < f1y(F)e; . '(w, h) < [Beo] v(Fe,

. Y(w, h, F).

Since

sup y(F) < oo
Fes
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(see (4.2) and condition (i) in Section 2.1) we thus obtain

Y
In view of property 1 (see Definition 4) we have obtained a contradic-
tion. It follows that (A), with y as defined in the Theorem, is maximally

refined.
(c) It remains to be shown that our error bound (A) has property 3.

From (2.6), (4.1) there follows
B, h)< (1+7) . [1a(F)] ™ - Yl hy ).

Hence
W(w, by F) = y(F) . ®(w, k) < (1+ 1) . [v(F)na(F)] . ¥a(w, b, F).

Since su};['y(F)/'yz(F)] < oo we thus have
FE

¥ 3 ¥s.

By choosing w = (wy, wy, . . ., wy) in such a way that (3.4) holds we
obtain, for N =2 k +1,

Y(w, by F) =v(F) . A% . wy |, Ya(w, b F)=72(F) . h. wyl.

By letting 4 | 0 it follows that we do not have Y, § ¥. In view of Defini-
tion 2 this completes the proof of the theorem.

4.3. In order to illustrate Theorem 2 we consider the following Adams-
type finite-difference scheme for solving the initial value problem (1.1).

A7 (uy — uo) = fltes uo)
R (wg — uy) = 2f(ty, uy) — f(to, uo)
h (Un — Up1) = 5 - [23f(tn-15 Un-1) — 16f(tn-2s tn-2)
+ 5f(tnzs Un-3)] (3 < n<N), (4.5a)

Uy = c. (4.5b)

It is easily verified that (4.5) is of type (1.8), where F satisfies (1.4) with
k=1,Ny=3,9g=1,r=3.

Let %, denote the solution of the finite-difference scheme (4.5) obtained
in the presence of local perturbations w, added to the right-hand members
of (4.5a) (we assume %, — uy = wy = 0). Then an application of the error
bound (A) established in Theorem 2 yields the estimate

: } (4.6)

N N-1
IﬂN—uNI<F.” B3 |tk 3
p2

n =1

I" denoting a parameter independent of 4 = T/N and w,.
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In case the w, stand for rounding errors, the bound (4.6) clearly shows
that there are (hypothetical) cases where the effect (as 2 | 0) of these
errors on %y — uy is less serious than could be expected from the corres-
ponding bounds (1.7) or (1.8). For instance let w,, = —wp_1, | Wy =€,

w; = 0 (for j # m, m — 1) where m is an arbitrary integer with 1 <m < N
and € > 0 is a constant independent of 4. Then (1.7) shows that |y — uy |
remains bounded as / | 0 and (1.8) proves that |%y — uy | = O(k). But from
(4.6) we have the still stronger estimate |%y — wuy | = O(h?).

We next choose %, = U(t,) where U(t) solves (1.1). Assuming that the
function U(¢) has derivatives of sufficiently high order we obtain, by using
Taylor’s theorem, for the corresponding perturbations w, the expressions

by af o d?

2 dt 2 U(tO) e O(h'2) Wy = “‘E‘ ' 'd—tZ U(to) + O(hz),

wy =

w, = O(k*)  (uniformly for 3 <n < N).
On substituting these expressions into (4.6) there follows
[U(T) — wy| = O(h%).

Note that this estimate could not have been obtained in the same straight-
forward fashion from (1.7) or (1.8).

5. A Lower Bound for | iy — uy |

The purpose of the present section is to prove the following lemma, which
has already been used in the proof of Theorem 2. The lemma deals with
the finite-difference scheme

k
l(”n — Up- 1 = "i‘ z n-” un_l) (n - k k + 1 N)’ (5.1a)

i=1

Up=¢, {(n=0,1,...,k—1) (5.1b)

and the perturbed scheme
k

R Ey — ) = % > Atnessfnd) ¥ wn  (n=hk+1,...,N), (5.2a)

i=1

Uy =cptw, (=0,1,...,k—1). (5.2b)
Lemma 1
Let h € H, w = (wy, wy, . . ., wy ) € X, be given and assume L is an arbitrary

positive constant. Then there exists a function f, with the properties stated
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in Section 1.1, such that whenever cg, ¢y, . . ., ¢x—; are vectors € R® and
the vectors uy, %y are computed from (5.1), (5.2), then
L N-1
Uy — = —_—
| Tipr uN|/|UN|+k.(1+LT) hnzolv,,l ) (5.3)
where

n
=w, (0<n<k—-1), v,=we1th 2 wy (E<n<N).
i=k

(5.4)

Proof
" (a) Leth € Hyw = (wp, wy, . « -, wy) € Xp, L > 0 be given. Let v, be
defined by (5.4) and put

1

a:——l
|UN|

N

if yy # 0. Let e be an arbitrary vector in R* with norm [a|=1if vy = 0.
We define

fltyyx)=L.gy(x).a (n=0,1,...,N)

where g, denotes a linear mapping from R®into R.g, will be defined
below. We define f{(t, x) by linear interpolation for t,_; <t <t,
(n=1,2,...,N).

Let n be an integer with 0 < n < k£ — 1. We define g, to be a linear
functional with g,(w,) = | w, | and with norm

lgn| = sup{lgn(x)l/ix): x ER,x# 0} < 1

(Note that such a functional exists by [5], Section 3).

Next let 7 be an integer with £ < n < N and assume g; has already been
defined for all § < n — 1. Then f(¢, x) is defined for 0 < # < ¢,_; as indicated
above and w;, % are defined by (5.1), (5.2) for 0 < j < n. Now the func-
tional g, is chosen in such a way that g, (%, — u,) = | %, — un | and again
|g, | < 1. Note that %, — u, and consequently gy, too, are independent
of ¢g, €1y v v o5 Chom1-

In this way we have constructed a function f satisfying the conditions
stated in Section 1.1.

(b) We define

dy =%y —Up, 2, =dy, —v, (n=0,1,...,N)

where u,, %,, v, denote the vectors defined by (5.1), (5.2), (5.4), respectively.
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Subtracting (5.1) from (5.2) there follows
Kz — 2n_1) z Grildni) .a (E<n<N), 2,=0

O0<n<k-—1).

In view of the definition of the functionals g; we thus have
L k
Zy —Zp-1 = B h 2, |dn-i|) .a (R<n<N).
i=1
Consequently

z,,={%-h}_ﬁk<|c4-.1|+|d-.2|+---+|oe-.kl>}.a (k<n<N).

(5.5)
Applying (5.5) with n = N we obtain
L N
v ={low 1+ 5k 3, (ol e 1))
=
It follows that
L N—-1
ldy 1= loy [+ 2k 2 1dyl. (5.6)
n=0

(c) Since |v,|<|dy|+ |2,| we obtain from (5.5) the inequality

n—l1

lon | S Hdpl+ L. h 2 |dl  (0<n<N).

Hence
N-1 N-1 N-1 n-1

h 3 lonl<h I ldal+h 3 (thgo fd,-l).

It follows that

N-1 N -
(1+LT)'1.hnZ= [0, < Z= ld, .

A combination of this inequality with (5.6) proves the inequality (5.3).

6. Error Bounds for Finite-Difference Schemes of Type (1.10)

6.1. Throughout this section F denotes a fixed function satisfying condi-
tion (1.4) and with A;, g, 7 we denote the constants appearing in (1.4a).
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We first consider a finite-difference scheme of type (1.10) satisfying the
following general condition (6.1).

Whenever h € Hand wq, wy, . . ., wy are vectors in R with w, =0
(forn=0,1,...,k— 1)and u,, &, satisfy (1.10), (1.11), then

By — | <P(R). S [QA)N7 Il
i=k

where P(h), Q(h) are real functions, defined for 4 € H, independent
of wy,. (6.1)

Lemma 2

Let the finite-difference scheme (1.10) satisfy condition (6.1). Let h € H
and let wy, wy, . . ., wy be arbitrary perturbations in R*. Assume u,, %,
satisfy (1.10), (1.11), respectively. Then we have the error bound

N
|ﬂN — uNI < IUNI + nz=0 Rn(h)ivni. (62)

The factors R,(h) and the vectors v, are defined by

min (r,N-n)
Ry(h)=P(h). 2 N[Q(A)IV", (6.3)
{=max (q,k-n)
O Uy # O _1Un-1 =P DR Uy = hw,, (k <n< N),
U =w, (0S<n<k-1) (6.4)

Proof
From (1.11) it follows that the vectors 7, defined by

Tn =Ty — Uy
satisfy
R ogry + Qgogrpy + 000 CoTnk) = F(tns70s 715+« s a3 B) 5
(kR <n<N),
where

Sn = F(tn; a’0’ ala ooy an;h) - F(tn;ro, ATRERT rn;h)-

Applying (6.1) (with %,, w, replaced by 7y, s,, respectively) we obtain

v~y | <P() 3, Qs
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From the definition of s; and condition (1.4) there follows

p
5] < 2 Nlvi—il (we put v, =0 for n < 0).
i=q

Consequently

4

N
iy — uy | < loy | +P(R) >

2 NQUAIN gyl
j=k i=qg

By a rearrangement of the sum appearing in the right-hand member of this
inequality and by using the convention (2.7) we arrive at the error bound
(6.2).

6.2. The following lemma states a simple condition under which the
general requirement (6.1) is fulfilled by the finite-difference scheme (1.10).
The proof of the lemma has been included to keep the present paper
reasonably self-contained. It is similar to proofs of related theorems to be
found in the literature (see e.g. [4], [8]).

It will be assumed that A is so small that

Noho < 1 (6.5)

and we put

R (6.6)

q

1N <

6= (1 —Noho)™?, A=

i

Lemma 3
Let (6.5) hold. Assume the coefficients ¢ occurring in (1.10) are such that
oy =1 and the root condition (1.9) is fulfilled. Then the finite-difference

scheme (1.10) satisfies requirement (6.1) with
P(h)y=0f . h, Q(h)=(1+aO\.h). (6.7)

In (6.7) @ denotes a constant, which only depends on the coefficients o;
and which is given by

a=1 (6.8)

incaseo =1, 04 =—1,,=0(0<:< k — 2).

Proof
Let h € H and wy, wy, .. ., wy € R* withw, =0 (0 <n < k£ — 1) be given.

Subtracting (1.10) from (1.11) and writing
dy = Uy — u,
there follows

Qpdy + Qp_ydyy + -+ 0dy_x =hs, (k<n<N)
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where
Sp = wy t {F(tn; ﬂo, ﬁl) — h) - F(tn; Uy Upy o o oy un;h)}-

By virtue of the root condition (1.9) we have

n-1

dal <klsl+a.h 2 Iyl (k<n<N)
R

where a > 1 is a constant with the properties stated in the lemma (cf. e.g.
[8] p. 205).
In view of the Lipschitz condition appearing in (1.4a) we have

j
|sj|<|wj|+?\0|dj‘|+.§l Nldigl  (R<jJ<N).

Consequently

n-1

(1 =Nh)ldy|<ON.h 3 |dl+a.h S |wl (k<n<N).
j=k j=k

Since h < hy and (6.5) holds, we obtain, by induction with respect to n,
the inequality

ldo|< . B S (1+abN.h)"7w| (E<n<N). (6.9)
j=k

The proof of the lemma is completed by choosing in this inequality
n=N.

6.3. We next turn to our final lemma. It contains the main result of the
present section. The proof of the lemma is obtained by a straightforward
combination of the lemmata 2 and 3.

Lemma 4
Let Ay be so small that Aghg < 1. Assume the coefficients o; occurring in
(1.10) are such that o =1 and the root condition (1.9) is fulfilled.
Let A € H and let wy, wy, . . ., wy be arbitrary perturbations in RS
Assume u,, i, satisfy (1.10), (1.11), respectively.
Then we have the error bound
N-q

[Ty —uy | < |oy|+ N . & > e®ONIN-g-n |y, | (6.10)
n =max (0, k-r)

where the constant « is as in Lemma 3. The constants 8, A and the vectors
v, are defined by (6.6) and (6.4), respectively.

Proof
By Lemma 3 condition (6.1) is fulfilled with P(k), Q(k) given by (6.7).
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Applying Lemma 2 we obtain the error bound (6.2) with

min (r, N-n)

R, (h)=0af . h > Ni(1+ o\ RNV

i=max(q, k-n)

Since (1 + af\ . AV < ¢*O* - IN-n-q we have

min (r, N=-n)
R,(h) < aON ( S 7\1') 0N IN_ng

i = max (q,k-n)

In view of the convention (2.7) the error bound (6.2) thus proves (6.10).
6.4. We note that Lemma 2 also has applications in situations different

from those in Lemma 4. Particularly interesting are applications where

(6.1) can be shown to hold with a function Q(4) that is smaller than

(1 + a®\ . h)—as is the case in certain finite-difference schemes for solving

stiff differential equations (cf. e.g. {3]). In such applications one obtains

bounds similar to (6.10) but with factors < e W-g-n,
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