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Abstract.

In the Kreiss matrix theorem the power boundedness of N x N matrices is related to a resolvent
condition on these matrices. LeVeque and Trefethen proved that the ratio of the constants in these two
conditions can be bounded by 2eN. They conjectured that this bound can be improved to eN.

In this note the conjecture is proved to be true. The proof relies on a lemma which provides an upper
bound for the arc length of the image of the unit circle in the complex plane under a rational function. This
lemma may be of independent interest.
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1. Introduction

In the stability analysis of numerical methods one is often faced with the question
whether given matrices 4 have powers that are uniformly bounded. The Kreiss
matrix theorem (see e.g. [1], [31, [5]) provides an important tool for answering this
question. One of the assertions of the theorem relates the inequality

8y} 14" < Cq for n=1,2,3,...
to the resolvent condition

2) (z1 — A)is regular with ||(zI — A)" Y| < Cy-(jz] — D!
for all complex z with |z| > 1.

Here A denotes an arbitrary complex N x N matrix, I is the N x N identity
matrix and |- || = || - ||, is the spectral norm. By power series expansion it is easily
seen that (1) implies (2) with C; = C,. The Kreiss theorem asserts that, conversely,
(2) implies (1) with C, depending on C; and N only. Various authors (e.g. [5], [6])
studied the size of (the optimal) C, as a function of Cy, N. Eventually it was proved
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by LeVeque and Trefethen [2] that (2) implies (1) with
(3a) Co=2eN-C,.

Moreover, these authors showed by means of a counterexample that, for arbitrary
C,, the factor 2 in (3a) cannot be replaced by any factor smaller than 1. They
conjectured that (3a) can be strengthened to the optimal value

(3b) Co=eN-Cy.

In this note we prove (3b) as well as a related conjecture to be stated below.

2. The proof by LeVeque and Trefethen of (3a).

Let S denote the unit circle {z]z € C with |z] = 1}. By #y we denote the class of all
rational functions

R(z) = P(2)/Q(z)

where P(z), Q(z) are polynomials, with complex coefficients, of a degree not exceed-
ing N with @(z) # 0on S.
Suppose y is any constant such that

4) f IR'(z)||dz] < y-2nN-msax|R(z)i for all ReAy, Nz1
s

LeVeque and Trefethen [2] proved that (4) is valid with
(52) y=2

and they conjectured that

(5b) y =1

is possible. The proof in [2] of (3a) can be viewed as consisting in a combination of
(5a) and the following lemma (implicitly proved in [2]),

LEMMA 1. Let y be such that (4) is valid. Then (2) implies (1) with Co =y-eN-C,.
In an attempt to prove conjecture (5b), Smith [4] obtained the value y = 1+ 2/x,
which is better than (5a) but still larger than (5b).
3. Proof of the conjectures (3b), (5b).
We shall prove

LeMMa 2. Relation (4} is valid with y = 1.
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Clearly, in view of lemma 1, our lemma proves both of the above conjectures (3b),
(5b).

PRrOOF OF LEMMA 2.
1. Let N> 1 and ReZy be given. We denote the integral appearing in the
left-hand member of inequality (4) by L, and we use the notation

S@) = g(t) + i-h(z) = R(exp[it]) for real ¢.
Clearly

2n
L= J L (@)ldL.

[o]

For each t there is a real w such that g'(t) = | f'(¢) cos w, W(t) = | f(t)] sin w, which
implies

2

Fﬂ lg/(t)cos 8 + K(t)sin 8] dO = J “cos(@ — O)- Lf 01 d6 = 41 ).

0 0
We thus arrive at the following representation,
27 2n
(6) L= %J { J |g'(t)cos 8 + K'(t)sin 6| dt} de.
0 0

Let 0 [0, 2n] be given, and write
F(t) = g(t)cos 8 + h(t)sin 6,
Below (in parts 2, 3) we shall establish the inequality
(7 jzw [F(t)]dt <4N- max |F({t).
0 O0<is2n
Since

max |F(t)] < max|R(z)|
zeS

O<t<2n
the lemma follows by combining (6) and (7).

2. In order to prove (7) we assume, without loss of generality, that F'(t) does not
vanish identically on [0, 2n]. Consequently, the integral in (7) is equal to a sum,

k tj
Y j F(tdt

i=1

where £, =0 <t; <... <t =2z and F(t) # 0 on each open interval (tj—1.t)).
Hence

2n k
J [F'(e)ldt = Y |F(t;) — Ft;- ).
ji=1

0
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We denote the range of values F(t) obtained when t runs through the interval

(tj-1,t;) by A;. Further we define

a= max |F(@),

Ogt<Zn

and ¢;(x) = 1 (for xe 4)), p;{x) = 0 (for xe R\ A4;}. Since 4; = [ —a,a] we have

k k a a k
‘21 |F(t;)— F(t; )l = ), J' @;(x)dx =f { Y (p}»(x)}dx.
j= j=1d- —alj=1
Consequently
@) J ” |F'(t) dt < 2ab
]

where b = sup {p1(x) + @2(%) + ... + ()}

3. In order to bound b, we assume xR to be given and we write z = ¢" for
te(0,2r). A straightforward calculation shows that

O F() = x
is equivalent to
e~ PRIOE) + ¢ PRIOE) — 2x0(2)0() = 0.
Multiplying this equality by z¥ we arrive, in view of Z = z ', at a relation
p(z) =0,

where p(z) is a polynomial of a degree not exceeding 2N. Moreover p(z) does not
vanish identically (since F'(t) does not). Therefore, there exist at most 2N different
values t (0, 2n) satisfying (9). This implies that x € 4;for at most 2N different values j.
Hence {@(x) + @2(x) + ... + @(x)} < 2N, so that

b < 2N.

In view of (8) we have proved (7), which completes the proof of the lemma.

ReMaRK 1. Lemma 2 is equivalent to the following remarkable fact. Denote for
any rational function R the maximum distance of R(z) to the origin when |z| = 1 by
Mg, and the arc length of the image of the unit circle under the mapping R by Lg.
Then for all Re &y the ratio Lg/My will never exceed the ratio Lp/Mp, where
P(z) = 2",

ReMARK 2. The above proof of lemma 2 allows the following geometrical inter-
pretation.
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Consider the projection of the curve { = R(e") (where 0 <t < 2n) onto the
straight line passing through the origin with angle 6 to the real axis. Denote by Lg(6)
the length of this projection, and by Mz(6) the maximum value of the distances
between the origin and the projections of the points { = R(e").

The length Ly of the original curve can be computed by finding the average value
of Lg(d) (when 0 < 6 < 2r), and then multiplying by z/2. This is equation (6).
Clearly, the theorem is proved if we can show that Lg(6) < 4N - Mgx(0). This is
inequality (7).

In part 2 of the proof it is shown that this inequality holds if we can prove that the
projection of { = R(e") passes any given point on the #-line at most 2N times as
t ranges over (0, 2n).

Since the value x = F(t) specifies the position on the #-line of the projection of
{ = R(e"), one sees that part 3 of the proof amounts to proving the above upper-
bound 2N.
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