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1.1. Consider the system of ordinary differential equations

Uty = f(t,U(t)) (1.1)

and Differential Equations in

ork, 1976.

inite Difference Method in Par-

hichester, 1980. with an initial condition U(0) = ug. Here up is a given vector in the s-

dimensional real vector space IR’ while U(t) € IR* is unknown for ¢ > 0.
In all of the following f(,&) is assumed to be a given, continuous function
from R x IR’ to IR® with s > 1.

We will be concerned with numerical processes which yield approxima-

sons, C

rie fur Allgemeine O
L4, 958-281, 1951.

peratoren

. Numer-
se-Kutta Methods, g;ociding& tions un, € IR® to the true solution U(¢,) at the grid poinist, = nh. Here
1 Value Pmblemsl’{ editors, In- h > 0 denotes the step size of the process. We assume u, to be computed
uist, G- J?ltSCh.’RVV,TH Aac,hen, from un -1, without using the former approximations un—g, Un—3, - -
Mathematik der We will deal with the stability analysis of the numerical process. Here

the term stability is used to indicate that any numerical errors introduced

olution of Initial Value al some stage of the calculations are propagated in a mild fashion in the

: rical S
35?6198& subsequent steps of the process.

. hod ; . . . . .
for Stability of One-Step Met 1.2. Much of the stability analysis in the numerical solution of equation

Math. Comp- (1.1) consists of studying the numerical method when applied to a very
imple, linear, scalar fest equation. In justification of focussing on such a
imple test equation one can appeal to two principles.

The first principle underlies the replacement of (1.1) by the linear sys-

em

1 Value Problems,

U'(t) = AU(2). (1.2)

iel‘ehf is assumed to be differentiable, and A stands for the Jacobian
a,tlle of f “frozen” at any point ¢* belonging to the time-interval under
isideration, i.e.

A= 5%f(t*,U(t*)).
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20 Stability Criteria

The first principle asserts that stability in the numerical solution of all
linear equations (1.2) under consideration guarantees a stable behaviour of
the original numerical process for (1.1).

The second principle is applied when one replaces (1.2) by the still
simpler equation

U'(t) = AU(®). (1.3)
Here A stands for any eigenvalue belonging to the spectrum o[A] of A. The

second principle asserts that stability of the method in the solution of all
relevant equations (1.3) guarantees stability in the solution of (1.2).
Clearly, a combination of these two principles provides a justification
for basing the stability analysis of numerical methods for (1.1) on the test
equation (1.3). See e.g. [1], [7], [8].
In this paper we will review some situations where the above principles
break down, and other principles have to be used.

1.3. Suppose that the numerical calculations for approximating the solu-
tion to (1.1) are performed using a slightly perturbed starting vector g
say, instead of ug. We then would obtain new approximations, denoted by
Uy, .

In a stability analysis of the numerical process for (1.1) the crucial
question is whether the difference %, — u, can be bounded suitably in
terms of the perturbation %y — ug. Therefore, one is looking for estimates
of the type

[T — up| < ynlfty — u| (whenever n > 1, and

{un}, {Un} are generated by the same numerical process). (1.4)

Here |-|is a given norm in IR* and v > 0, ¢ > 0 are independent of n, {u,},
{tn}. Clearly, the estimate (1.4) amounts to stability if both v and ¢ are
of moderate size. Property (1.4) with ¢ = 0, v = 1 is called coniractivily.

2 Failing of the first principle: Runge-Kutta methods
2.1. As an illustration consider the method
Up = Up_1 + g[f(tn—l,un—l) +ftnun)l, n=1,2,3,-
in the numerical solution of the problem
U'(t) = =1+ exp[10°(1 - 3U(t))], U(0)=1/3.

The true solution is U(t) = 1/3.

We apply the method wi
yields 3 = 1/3. But, starti

Clearly, (1.4) does not hold
The derivative with resy

1,8
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tractivity in the solution o
the first principle of sectior
related example was given

2.2. The above example st
bility theory relevant to nc
such a theory for general R

Uy = Up—
where z; € IR® are computc

x; = hf(th-1+cih, u
fori=1,2,---,m.

The coefficients a;5, b; are
a3 + Qg+ -+ Qi

The following definitio
Crouzeix [4]: Method (2.1)

all b; > 0, an
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We apply the method with h = 0.1. Starting with ug = 1/3 the method
yields u; = 1/3. But, starting from %o = 0.333 the method yields

”(\1:1 ~ 1042.

Clearly, (1.4) does not hold here with any v of moderate size.
The derivative with respect to & of the function

£(t,€) = =1+ exp[10°(1 — 3£)]

satisfies

d

Further, the method under consideration is A—stable, which implies con-
tractivity in the solution of (1.2) and (1.3) with A = A < 0. Therefore,
the first principle of section 1.2 is misleading for the situation at hand. A
related example was given by Wanner [20].

2.2. The above example shows that there is some need for a reliable sta-

bility theory relevant to nonlinear differential equations. We now review
such a theory for general Runge-Kutta methods of the following type.

Un = Un—1 -+ 0121 + boxs + -+ bnTm (2.1a)
where z; € IR’ are computed from u,—1 in such a way that
2; = hf(tpo1 + cih, Un_1+anzy+ a2+t AimTm) (2.1b)

fori=1,2,---,m.

The coefficients a;j, b; are real parameters defining the method, and ¢; =

a1 + a2 + -+ Gim.
The following definition originated with Butcher, Burrage [3] and

:‘Crouzeix [4]: Method (2.1) is called algebraically stable if

all b; > 0, and the m x m matrix @ = (Qs;) with
Qij = biaz; + bjaj; — bibj is positive semi-definite.

imilarly to [3], [4], we restrict ourselves in the sequel, up to section 3, to
¢ Euclidean norm

€] = |€], = v€T6  for £ € RS, (2.2a)
d to differential equations (1.1) such that
{ U@ —U@)| < [Ut-h)~Ut=h) (2.2)

whenever h > 0 and U, U satisfy (1.1).
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Consider the property

There is contractivity whenever the method is applied with :
. s (2.3)

any h >0 to any equation (1.1) satisfying (2.2).

Theorem 1. Algebraic stability is a necessary and sufficient condition on

the method to guarantee property (2.3).

This theorem is valid provided method (2.1) is irreducible (cf. [1], [9], [17]).

2.3. Clearly, algebraic stability is a favourable property. However, within
the class of Runge-Kutta methods that fail to be algebraically stable, there
are methods with other favourable properties, e.g. requiring only little
computational labour for computing wu, from wu,_;. Therefore, it seems
worth looking closer at the methods which are A-stable without being al-
gebraically stable. In particular, consider the following question: Are there
methods failing to be algebraically stable and still stable [(1.4), with mod-
erately sized v, ¢] for all & > 0 and for all equations (1.1) satisfying (2.2)?

The method in the example of Section 2.1 corresponds to a Runge-
Kutta method with m = 2, a1; = a19 = 0, as1 = a9y = by = by = 1/2.
This method fails to be algebraically stable. The differential equation in
Section 2.1 belongs to the class of equations under consideration, defined by
requirement (2.2). Therefore, the disastrous error propagation in Section
2.1 suggests that the answer to the above question is negative.

However, the following counterexample, due to Kraaijevanger [11],
shows that the answer is positive. Let m = 2, and consider method (2.1)
with

a1y = 1/2, aig =0
aa1 :—-1/2, ang =2
b1 :—1/2, by :3/2

Since by < 0, this method is not algebraically stable. Still,

(1.4) holds with v = 2, ¢ = 0 whenever this method is applied
with any h > 0 to any equation (1.1) satisfying (2.2).

This example thus suggests that algebraic stability is an unnecessarily
strong demand upon a method if one is not looking for contractivity but
only for stability in the sense (1.4) with moderate v, ¢.

2.4. Up to now we have been dealing with a constant stepsize & > 0. In
actual calculations one will often use wariable stepsizes hy, > 0 and non-
equidistant gridpoints ¢, = t,-1 + h,. In this situation it is natural to
consider the following stability property of a Runge-Kutta method:

There are fixed v, ¢ such that (1.4) holds whenever the
method is applied with eny variable h, € (0,1] to any (2.4)
equation (1.1) satisfying (2.2).
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Theorem 2. Algebraic stability is a necessary and sufficient condition on
the method to guarantee that (2.4) holds.

Thus, after all, algebraic stability turns out to be the appropriate demand
upon a Runge-Kutta method — if one is looking for the variable stepsize
stability property (2.4). For the proof of Theorem 2 we refer to [11].

2.5. The stability estimates in (2.3), (2.4), present under the assumption
of algebraic stability, are quite satisfactory in that they are still valid for
highly nonlinear differential equations, for which the first principle of Sec-
tion 1 may break down. However, the condition of algebraic stability is
rather strong and not satisfied by various methods of practical interest (cf.
e.g. [1]). Therefore it is important to note that rigorous stability esti-
mates exist as well for some methods which fail to be algebraically stable.
Such estimates were derived e.g. by Hundsdorfer [8] and Schmitt [16] for
mildly nonlinear differential equations, where the first principle of Section
1 applies. The estimates in [8] cover some A-stable methods applied to
equations (1.1) satisfying (2.2). The estimates in [16] are relevant to some
A(f)-stable methods (0 < ¢ < 7/2) applied to differential equations where
the (classical) numerical range of the Jacobian matrix lies within an ap-
propriate wedge in the complex plane. Since these results lie outside the
actual scope of the present paper we refer to [16] for more details.

3 Failure of the second principle: general methods

3.1. In the above we dealt with highly nonlinear equations (1.1) and vari-
able h,. From now on we consider the numerical solution of the linear
problem (1.2) with a constant stepsize A > 0. An application of the Runge—
Kutta method (2.1) to equation (1.2) yields a numerical process of the type

up = @(hA)up_1, n=123-. (3.1)

ere () = P(C) is a rational function with ¢(0) = ¢'(0) = 1, and we use

o(hA) = P(RA)Q(RA)™ .

.ote that Rosenbrock methods and higher derivative methods, when ap-
lied to (1.2), also reduce to numerical processes of type (3.1).
The second principle of Section 2.1 asserts that the condition

lo(hA)| < 1, for all A € o[A]

:u‘ﬂlicient to guarantee a stable behaviour of process (3.1). Defining the
bility region
S ={¢:¢€eC with [p({)] < 1}
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the above condition can be cast into the form
holA] C S. (3.2)

This condition can be reliable. E.g. if A is a normal matrix, then (3.2)
guarantees estimate (1.4) for the process (3.1) with || = |-|s, vy = 1, ¢ = 0.

From now on, A is an arbitrary s x s matrix, and we confine ourselves
to the important maximum norm,

€] = €l = Jax 1€;] for € = (€1,6,...,6)T € R°.

In this general setting condition (3.2) is very unreliable. This was pointed
out e.g. in [6], [10], [14], [18], [19]. Although (3.2) guarantees (1.4), even
with ¢ = 0, the corresponding v can be excessively large. The fact is
that 7 depends not only on the set ho[A] occurring in (3.2) but also on
the condition number of the (generalized) eigenvectors of A. Therefore,
under condition (3.2) the size of y is not under control. This is particularly
important in solving partial differential equations by semi-discretization,
since Lax stability requires uniform boundedness of the condition number
of eigenvectors as Az — 0-F.
We illustrate the above point with the tri-diagonal matrix

-5 2 .
1/2 -7 3

1/3 -9 4
A= ) ) ) , with s = 40.

S

L 1/s —2s—3.]

The eigenvalues of this matrix are all different from each other, and satisfy
-84 < A <.

Consider the polynomial, taken from [7],

p(C) = 14+C+ 12,
Its stability region satisfies

(-8,0)\{-4} C S.
Therefore (3.2) is fulfilled when

h< & 00952, h# =2 forall A € o[A].

For h = 0.07 condition (3.2) is fulfilled, but the smallest v for which (1.4)

holds, with ¢ = 0, equals
v a3 x 1010

(cf. [12]).
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(cf. [12]).
3.2. The unreliable condition (3.2) can be converted into a reliable one by
replacing o[A] by some appropriate larger set 7[A] C C, i.e.

hrfA] C S. (3.2%)

Satisfactory stability estimates, with various choices for 7[A], have been

derived in [2], [5], [10], [12], [13], [15], [18], [19].
We now review one of the stability results in [12]. Let the Gerschgorin

disk D; of A = (1) be defined by

Dj = {C - ayil < Zla’jkl}-

k#j

Define 7[A] to be the convex hull of the union of all Gerschgorin disks, i.e.

7[A] = conv(D; U Dy U ---U Ds).

Theorem 3. With the above 7[A], condition (3.2*) implies estimate (1.4)
with ¢ = 1, and v depending on ¢ and h7[A] only.

Here v does not depend in any transparent manner on the eigenvectors of
A. In fact ¥ = T(h7[A]) with a fixed function T satisfying
(Vi) < I(Va)for Vi C Vo C S

Moreover, max{Rez : z € 7[A]} is precisely the logarithmic norm of A
with respect to the maximum norm.
We illustrate the theorem with the same A as above and with h satis-

fying (3.2*). A straightforward calculation shows that 7[A] is contained in
the union 73 U T of the triangle

le{C:[w—argClS%and —&%——QSRGC<O}

nd the disk

Ty={¢C:[¢+2s+ 1 <s+1/2}.
herefore (3.2%) holds when A is so small that
h-(ThUTy) CS.

¢ latter inclusion is valid for all A with

= e = 0.02777.
425+ 1) 00
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With the choice b = 0.027 the theorem thus predicts stability in the sense
(1.4) with ¢ = 1, and 4 only depending on ¢ and h - (T} + T3).

Straightforward numerical calculations show that, with this h, one ac-
tually has

[ty — upn| < 1.2 |t — ug| (foralln > 1;ug, g € R?).

Hencé, there is now a very mild error propagation — even better than pre-
dicted by theorem 3. We refer to [12] for more details.
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