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Abstract  

This paper concerns the application of implicit, linear multistep methods in the numerical solution of stiff, 
nonlinear initial value problems. Liniger (1971) studied the (modified) Newton iteration for coping with the 
nonlinear equations connected with the implicitness of the multistep methods. He gave formulas for the order of the 
corresponding Newton stopping errors. 

Dorsselaer and Spijker (1994) showed, for a class of strongly nonlinear initial value problems, that estimates for 
the Newton stopping errors are in force with an order that is lower than that of Liniger. 

In the present paper we find that the actual effect of the stopping of the Newton iteration differs remarkably 
from what one might expect in view of the paper by Dorsselaer and Spijker: This effect turns out to be of a higher 
order than suggested by a naive application of the orders of Dorsselaer and Spijker. We find that Liniger's order is 
reliable for stiff problems that are mildly nonlinear. Moreover, for stiff problems that are strongly nonlinear, the 
order of the accumulated effect of all Newton stopping errors turns out to be greater (by one) than the order which 
one may expect. 

I. Introduction 

This paper deals with the numerical solution of the initial value problem 

U ' ( t ) = f ( t , U ( t ) )  fo r0~<t~<T,  U ( 0 ) = u  0. (1.1) 

Here u 0 is a given vector in the s-dimensional real vectorspace R', and U(t) ~ Ns is unknown. 
Further,  f is a given mapping from [0, T] x ~  to R', where _~ is an open and convex subset of 
Ns. We assume that the partial derivatives of f ,  up to the second order, exist and are 
continuous on [0, T] X ~ .  

In the following the initial value problem (1.1) will be assumed to be stiff. For the general 
concept of stiffness in initial value problems see e.g. [7,11,15]. 
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Let h > 0 denote  a stepsize, and consider gridpoints t n = nh in [0, T] for integer values of n. 
Numerical approximations G to U(t,)  can be defined by the linear multistep method 

OL O Un "~ Ol l Un - 1  "J- " ' "  "{- OL k Un - k = h [ / 3 0 L  ~-/31L-1 q- " '" '~- /3 k L - k ] " (1.2) 

Here  the integer k >/1 and the real coefficients a i and Bi are constants specifying the method. 
We assume 

a 0 =- 1, /3 0 > 0. 

These assumptions are satisfied (after a simple normalization) by all methods that are of 
practical interest in the solution of stiff p rob lems- - see  the above references. The method is 
said to have an order o f  accuracy p if, for any solution U(t) to (1.1) with a continuous derivative 
of order  (p  + 1), the vectors G - i  = U ( t n - i )  and f n - i  = U ' ( t n - i )  (i = O, 1 , . . . ,  k)  satisfy (1.2) up 
to a term which is O(h p÷I) (as h -o 0). We assume p/> 1. 

In order  to apply the linear multistep formula one first calculates starting vectors t). = U(tj) 
(for j = 0, 1 . . . .  , k - 1). Next, for n --- k, k + 1, k + 2 , . . . ,  approximations u n are defined recur- 
sively via (1.2) by putting f~- i  = f ( t n - i ,  lJn-i) (for i = 0, 1 . . . .  , k). 

Due  to the fact that/30 :~ 0 and fn =f ( t~ ,  G) one has to solve a (nonlinear) equation in order  
to obtain G from (1.2). In general  this equation cannot be solved exactly, and accordingly in 
practice the linear multistep method will produce only approximations to v k, vk+ 1, v~+ 2 . . . .  , 
which we denote  by u k, ut,+l, U k + 2 , . . . .  

will typically be obtained as numerical  approximations to the solution x * These vectors u n 
of the equation 

F ( x )  = 0 ,  

where 

F ( x ) = - x + y ' f ( t n ,  X ) + C  

y = h f l o  , 

(1.3) 

for x ~ ,  (1.4a) 

c = - ( a l U n _  1 + "'" +akun_j ,)  +h(/31fn_ 1 + " "  +/3kfn-k)" (1.4b) 

In the actual numerical  solution of nonlinear stiff problems the solution x * to (1.3) is almost 
invariably approximated by Newton's method or a variant thereof. We consider the so-called 
modified Newton process 

F ' ( x o ) ( X j - X j _ l ) = - F ( X j _ l )  for j ~  l ,  2, 3 , . . . .  (1.5) 

Here  F' (x )  denotes the Jacobian matrix of F at x, and xj are approximations to x *. 
In the following we study, for a given j >/1, the order  of the errors due to the stopping of the 

iteration (1.5) after j steps and replacing x * simply by xj. We shall analyse these errors in 
terms of the stepsize h. 

The Sections 2.1-2.3 deal with stiff initial value problems that are mildly nonlinear. In 
Section 2.1 we first review a classical estimate for the Newton stopping error x * - x j ,  which was 
derived by Liniger [16] without taking stiffness into account. Next we present  a numerical  
expe r imen t  which appears to confirm Liniger's estimate in the situation of an initial value 
problem that is stiff. In Section 2.2 we present  a theoretical framework explaining the values 
obtained in our numerical  experiment. This framework reveals the fact that Liniger's estimate 
applies in full to the stiff, mildly nonlinear problems under  consideration. Section 2.3 contains 
the proofs of the theorems formulated in Section 2.2. 
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In order  to highlight the scope and limitations of our theoretical f ramework we consider in 
Section 2.4 a numerical  experiment with a stiff problem that is strongly nonlinear. In Section 2.5 
we derive a theoretical estimate of x * - x j  valid for a general  class of strongly nonlinear 
problems. This estimate is fully in agreement  with the experiment of Section 2.4. Its order  is 
lower than the one of Liniger's e s t ima te - - and  is equal to an order  given by Dorsselaer and 
Spijker [5]. 

In Section 2.6 we deal with closely related questions among which the order  of the stopping 
errors x * - x j  for variants to the iterative process (1.5). 

In Section 3 we turn our attention to the accumulated effect that the Newton stopping errors 
x * - x j  may have on the approximations u~ actually obtained. In Section 3.1 we deal first with 
the local stopping error, which is still nothing but the error x * - x j  under  the localizing 
assumptions u~_i = U(tn_  i) and .f~_~= U'(t~_~) (1 ~<i ~<k). The estimates for x * - x j ,  pre- 
sented in Section 2, are used to analyse these local stopping errors. Next, in the rest of Section 
3, the results of this analysis are used to explore the order  of the so-called global stopping error 
vn - u~, where  v~ and u~ are the approximations to U(t n) defined above. In the situation where  
tn ~ (0, T] is fixed and h---> 0, n ~ ~, the order  of the global stopping error  for strongly 
nonlinear problems appears to be higher than might be expected at first s ight- - i t  is equal to 
the order  of the local stopping errors. 

In conclusion, the paper  shows that, both for mildly and strongly nonlinear problems, the 
actual effect of stopping Newton-type iterations is of a higher order  than suggested by a naive 
application of the orders given by Dorsselaer and Spijker [5]. 

2. The Newton stopping error 

2.1. Liniger's error estimate 

In all of  the following I xl  denotes, unless specified otherwise, an arbitrary norm for the 
vectors x ~ ~s. 

L e t  t n ~ [tk, T ] ,  and vectors Un_ i and fn- i  (i = 1, 2 , . . . , k )  be given. Consider, for the 
corresponding function F defined by (1.4), the process (1.5). In assessing the norm Ix* - x j I of  
the Newton stopping error x * - x i (for j >/1) we assume that the initial guess x 0 satisfies 

Ix* - x  01 = O(h  ~) (2.1) 

(with an O-constant of modera te  size, and q > 0). 
By using Taylor series expansions in a straightforward way, the corresponding errors x * - x i 

can be estimated. In this manner  Liniger [16] arrived at 

I x * - x ~ l = O ( h  R¢~)) with R ( j ) = ( j + l ) q + j  for j > / 1 .  (2.2) 

However, there is a weak point in this derivation of (2.2). Stiff problems (1.1) may be 
characterized by very large magnitudes in the s x s Jacobian matrix (with respect to x) of the 
function h "f(t ,  x). Here  h is a "natura l"  stepsize for the problem and t = t n and x = U(tn). In 
the above derivation the size of these magnitudes was not taken into account, and the (first- 
and second-order) derivatives with respect to x of h . f ( t ,  x) were replaced simply by O(h). For 
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stiff problems such quantities O(h)  cannot be interpreted, in the standard fashion, as the 
product of a modera te  O-constant and a small stepsize h. Accordingly, one may expect that the 
O-constant in (2.2) is excessively large (or that (2.2) holds only for excessively small h). 

In order  to check the relevance of (2.2) to stiff problems we consider the following example. 

Problem 1. 

U~( t )=- lOS[U1( t ) - ( t - 2 )3]+[U2( t ) -212+2( t -2 )  2 , UI(0) = - 8  , 

U~(t) = - l O 8 [ U , ( t ) - ( t - 2 )  3] - t - 2 [ V l ( t ) - ( U 2 ( t ) - 2 )  3] "1- 1, U2(0 )  = 0 ,  

1 with 0 ~< t ~< ~-. 

The true solution equals Ul(t)= ( t -  2) 3, U2( t )=  t, so that any "natura l"  stepsize h in the 
numerical  solution of Problem 1 need not be very small. The large factor 10 8 causes the 
problem to be stiff. This stiffness also reflects itself in the eigenvalues A 1 and h 2 of the 
corresponding Jacobian matrix J(t, x) obtained by differentiation, with respect to x, of f(t,  x) 
at t = 0 ,  x = u 0 = ( - 8 ,  Off. We have A 1 = - 4 ,  A2= - 1 0  8 . 

We consider the backward Euler  method,  i.e. (1.2) with 

k = 1, a o -- 1, a I = - 1, /30 = 1 ,  /31 ---~ 0. 

Further,  we consider the corresponding function F given by (1.4), with 

_ 1 = U ( t ~  1 ) ,  t n -  1~' U n - 1  - 

and we choose the natural initial guess 

X 0 = Un_ 1 . 

We deal with the l l-norm I x l = Ix 11 for x ~ ~2. It can be proved that the estimate (2.1) holds 
with an O-constant of  modera te  size and 

q = l .  

For j = 1 the error estimate (2.2) thus reduces to 

I X *  - - X  1 [ = O ( h 3 ) .  

In order  to check this estimate we have listed the (rounded) actual ratios Ix * - X l  [/h 3, for 
various choices of h, in Table 1. From Table 1 it is evident that the estimate (2.2) is reliable in 
the present  example. In fact, this is surprising since its derivation was defective. 

2.2. A class of stiff, mildly nonlinear problems 

The question arises of whether  the reliability of (2.2) in the above example is an exception 
just due to some coincidence. In the following we shall see that the agreement  between the 

Table 1 
Ratios for the Newton stopping error in Problem 1 

h 10 -1 10 -2  10 -3 10 -4  10 -5 10 -6  

Ix * - Xl [ /  h 3 4.3 3.0 2.8 2.8 2.8 2.8 
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ratios in Table 1 and (2.2) is no exception but an illustration of a more general phenomenon. 
We shall specify a class of mildly nonlinear problems for which Liniger's estimate will be 
proved to be reliable. 

We suppose throughout that f satisfies the assumptions already made in Section 1, and we 
consider the following two additional conditions on f: 

El .  I W(~ h) -V(~'I)I  ~ I W(~" 0 ) -  V(~-0)l whenever V and W are any two solutions of the 
differential equation on [~'0, ~'1] c [0, T]. 

C2. II J(t, y)-J(t, x)ll-~<L01 y - x  I for all t ~ [ 0 ,  T] and x , y ~ .  

In these conditions [1- II stands for the matrix (operator) norm for real s × s matrices that is 
induced by the given norm I • I on ~L Further, J(t, x) stands for the s × s Jacobian matrix (with 
respect to x) of f ( t ,  x). The Lipschitz constant L 0 in C2 is assumed to be of moderate size. 

There exist arbitrarily stiff, nonlinear problems satisfying C1 and C2 with L 0 of moderate 
size. As an example consider Problem 1. Here, the function given by 

- a 0 8 [ ' l - ( t - 2 ) 3 ] + ( ' 2 - 2 ) 2 + 2 ( t - 2 ) 2  f o r x = (  ) ' 1  

f ( t , x ) =  _ 1 0 8 [ , 1 _ ( t _ 2 ) 3  ] + 2 [ , 1 _ ( , 2 _ 2 ) 3 ] + 1  '2 

can be proved to satisfy C1 and C2 with L 0 = 11 and 

1 1}, Ixl = 1 '11+1'21,  ~ =  { x : -  °° < ' 1  <°°, - 3 < ' 2 <  

( ' 1 )  ~ 2 .  (2.3) 
where x = '2 

In the general situation we assume that U satisfies (1.1), and we denote the distance of the 
solution set {U(t): 0 ~< t ~< T} to the boundary of _~ by to, i.e. 

to = i n f { l U ( t ) - x  I: 0 ~< t ~< T, x ~ ~ s \ 2 } .  

In case _~ = ~s we put to = oo. In the following theorems we refer to the assumption 

lUn_i--U(tn_i)l<~Ol'to, h l fn_i-U'( tn_i) l<-~te ' to  for 1 ~<i~<k, 

hlU'( t ) l<,~a' to  for0~<t~<T. (2.4) 

Theorem 2.1. Assume C1. Then there is a factor a > 0, depending only on the coefficients a i and 
[~i (0 ~ i <~ k), such that (1.3) has a unique solution x * ~ 2  whenever F is defined by (1.4) with 
any Un_i, f , - i  and h satisfying (2.4). 

Note that, if .~ = ~s, condition (2.4) is always fulfilled so that, according to Theorem 2.1, Eq. 
(1.3) has a unique solution for any given u,_ i, f , - i  and h. 

Let positive K and q be given. The next theorem relates the assumption 

X 0 ~ ,  ] X* -- X 0 [ ~ g h  q ~ to/2, /30L ° . g h  q +1 < 2(~-  - 1) (2.5) 

to the following property of the corresponding modified Newton process: 
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There exist unique vectors xj ~ .~  generated by process (1.5) 
with initial guess x0, and 

[1+¢Y ]J 
Ix* - x j l  <~ [ - - - - ~ / 3 0 L o K  " K ' h  (j+l)q+j for j >/1. (2.6) 

Theorem 2.2. Assume C1 and C2. Then there is a factor a > 0 with the properties already stated 
in Theorem 2.1 and with the additional property that (2.6) holds whenever un_i, fn- i ,  h and x o 
satisfy (2.4) and (2.5). 

The last theorem shows that, under the assumptions C1 and C2, the relation (2.1) (with 
O-constant K of moderate size) implies that (2.2) is valid with an O-constant 

[ 1 + x/2 I j 
Kj = [ - - - ~ I 3 o L o K  1 K.  

This constant Kj is not affected by stiffness, and it is of moderate size when j is limited in a 
realistic way. Theorem 2.2 thus nicely explains the moderate values for the ratios ix  * - x  1 I /h  3 
displayed in Table 1. 

2. 3. Proof of  the theorems on the Newton stopping error in stiff, mildly nonlinear problems 

The above two theorems will be proved below by making use of the following lemma. 

Lemma 2.3. Let F be defined by (1.4) with arbitrary vectors u,_i,  f , _ i  ~ ~s (1 <~ i ~ k), and 
assume C1. Let z o ~ be such that 

{x: x E ~  s with I x - z 0 1 - <  IF(z0) l}  c ~ .  (2.7a) 

Then there is a unique x * ~ with F( x * ) = O, and 

Ix* - Zo I < I F (z0)  I. (2.7b) 

Proof. We denote the logarithmic norm, for real s x s matrices, induced by the given norm on 
~s by/x(.) (cf. e.g. [3,4]). It is well known that the inequality 

tx(J(t ,  x)) < 0 for all t ~ [0, T],  x E.~,  

is a sufficient condition in order that C1 holds. It is also a necessary condition (see [5]). 
Therefore, we can make use of that inequality. 

Since 

F ' ( x ) = - I + 3 , ' J ( t , , x )  f o r x ~ . ~ ,  

where I denotes the s × s identity matrix, we obtain 

t z ( f ' ( x ) )  = I x ( - I  + "y'J(t  n, x))  <~ I z ( - I )  + y ' l ~ ( J ( t  n, x)) .  

Consequently, 

l z (F ' (x ) )  ~ - 1 for x ~0~. (2.7c) 
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T h e o r e m  3.6 of [5] states that  the last inequality in combinat ion with (2.7a) implies the 
existence of a unique x * ~ with F(x *) = 0. That  theorem also states that  (2.7b) is implied. 
[] 

Proof  of Theorem 2.1. For  u ,_ i ,  f~- i  and h satisfying (2.4), with any a > 0, we have 

F(U(t . ) )  = S 1 -1- S 2 ,  

with 
k k 

S 1 = -  ~. ,aiU(t~_i)+h Y'~/3iU'(t~_i), 
i = 0  i = 0  

k 

S2=  E { a i [ U ( t , - i ) - u n - i ] - h f l i [ U ' ( t n - i ) - f ~ - i ] } "  
i = 1  

Since the order  p of (1.2) satisfies p >/1, we have 
k k 

Y'~aiU(tn_i) = ~_~ai[U(tn_i)--V(tn) ], 
i = 0  i = 1  

and therefore  
k 

Isll ~<ao9 E (ila/[ + I/3il). 
i=o 

Fur ther ,  
k 

[S21 ~ao9 ~ (lai l  + I/3~1), 
i = 1  

so that  we can write 

I f (U( tn) ) l  ~/3 "~o9, 

where /3  > 0 depends  only on the coefficients a/ and /3~. 
We choose a = (4/3) -1. Clearly, for any un_i, f , - i  and h satisfying (2.4) with this a,  we have 

[F(U(t,))I  <~ o9/4. 

In view of the definit ion of o9 we see that, for the vector 

z o = U(t,),  

the requi rement  (2.7a) is fulfilled. The  proof  is comple ted  by applying L e m m a  2.3. [] 

Proof  of Theorem 2.2. We assume C1 and C2 and use the notat ions of the proof  of Theo rem 
2.1. Choose  a > 0 as indicated in that  proof, and let u~_z, fn-i, h and x 0 satisfy (2.4) and (2.5). 

In view of L e m m a  2.3, the inequality (2.7b) is fulfilled. Consequently,  

Ix* - U ( t . ) l  ~ o 9 / 4 .  

By noting that  Kh q ~< o9/2 (see (2.5)) and by using the definit ion of o9 we conclude 

{x: x ~ ~s with l x - x * l  ~<Kh q} c ~ .  (2.8a) 
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For all x,y ~ we have ]l F'(y) - F'(x)fl = y II J(t,, y) --J(tn, X)I1, and therefore 

]]F'(y)-F'(x)II <~aly -xJ ,  with a=floLo h. 

From (2.7c) it follows (see e.g. [4,5]) that 

F'(x) is invertible for x ~.~,  (2.8b) 

with 

I I [F ' (x ) ] - '  II ~< 1. (2.8c) 

Consequently, 

F ' ( y ) = F ' ( x ) [ I + E ( x ,  y)] forall  x , y e . ~ ,  (2.8d) 

with an s × s matrix E(x, y) satisfying 

l iE(x, y ) l l - - I I F ' ( x ) - I ( F ' ( Y ) - F ' ( x ) )  II ~< IIF'(y)-F'(x)II  <~Aly -x l ,  

so that 

l iE(x,  y)]l ,<<Aly-x]  for all x , y ~ .  (2.8e) 

Theorem 3.2 of [5] states that, in the situation where (2.8b), (2.8d) and (2.8e) hold, the 
modified Newton process generates unique xj in 2 ,  with 

Ix* - x j l  ~< [Aa(1 +Aa/4)]J-1A62/2 for j >/1. (2.8f) 

Here ~ > 0 is only required to be so small that 

a a  < 1), { x : x ~ R S w i t h l x - x * l < ~ 6 } o 2 ,  

whereas the initial guess x 0 is required to satisfy 

Ix* -x01 4 6 .  

In the present situation all of these requirements are fulfilled with a =Khq-- this  follows 
immediately from (2.5) and (2.8a). By substituting in (2.80 the values A = [3oLoh and 6 = Kh q 
we arrive at (2.6). [] 

2.4. An example of a stiff, highly nonlinear problem 

We turn our attention to stiff problems where C2 is not fulfilled with L 0 of moderate size. 
We consider: 

Problem 2. 

U;(t) = - 1 0 8 [ U , ( t ) -  (U2(t) - 2) 3] + 3(U2(, ) - 2) 2, 

U~(t) -- lO8[Ul(t) - (Uz(t) - 2) 3] + 1, 

1 with 0 ~<t ~< 2. 

Ux(O) = -8 ,  

v:(o)  = o ,  
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Table 2 
Ratios for the Newton stopping error in Problem 2 

375 

h 10 -x 10 -2 10 -3 10 -4 10 -5 10 6 

[ x * - x 1 ] / h  3 10 97 96 x 10 96 X 102 96 X 103 96 X 104 

The true solution is the same as for Problem 1 so that also here any "natura l"  stepsize h 
need not be very small. The large factors 10 8 make the problem stiff. This stiffness reflects 
itself in the eigenvalues of  the Jacobian matrix J(t, x) at t = 0, x = u 0 = ( - 8 ,  0) w. They are 
approximately equal to - 1 and - 10 9 (cf. [9]). 

Similarly as in the above analysis of Problem 1 we assume (2.3). For Problem 2 it can still be 
proved that C1 is fulfilled. But, for all t ~ [0, ½], x = (~l, ~2) T ~ ,  Y = (r/l, r/2) T ~ ,  with 
£1 = r/l, one can show that the Jacobian matrix corresponding to Problem 2 satisfies 

II J(t, y) - J ( t ,  x)II > / 1 0 9 1 y  - x  I. 

Therefore,  C2 is not fulfilled here with a modera te  constant L0, and Theorem 2.2 cannot be 
applied. 

The fact that Theorem 2.2 cannot be applied to Problem 2 leaves the question about  the 
reliability of  Liniger's estimate for that problem unsettled. Therefore,  we consider a numerical 
experiment analogous to the one of Section 2.1: We choose k = 1, a 0 = 1, a 1 = - 1 ,  /30 = 1, 
/31 = 0  and tn=-1, Xo=bln_l = U(tn_l). We define F by (1.4), where f is the function 
corresponding to Problem 2. Again Eq. (1.3) can be proved to have a solution x * for which 
(2.1) holds with q = 1 (and an O-constant  of moderate  size). Clearly, Liniger's estimate would 
predict 

IX* - - X l l  = O ( h 3 ) .  

In order  to check this estimate for Problem 2 we have listed in Table 2 values for the actual 
ratios Ix* - X l l / h  3 (cf. [9]). The entries in the table are quite different from those in Table 1. 
It is clear that the estimate (2.2) is not reliable in the present  situation; it provides no insight 
regarding the actual error x * - x  1 for Problem 2. 

The above numerical experiment shows that our Theorem 2.2 is sharp in that condition C2, 
with modera te  L 0, cannot be omitted if (2.2) is to be valid (with modera te  O-constant). 

2.5. A class of stiff, highly nonlinear problems 

In this section we shortly review a framework that provides reliable estimates of x * 
a class of highly nonlinear problems including Problem 2. 

We assume, in addition to the assumptions concerning f made in Section 1, that: 

- x i for 

C3. J(t, y ) - J ( t ,  x)=J(t ,  x)e(t, x, y)with an s x s  matrix e(t, x, y) satisfying lie(t, x, y)ll 
<<.LllX - y  I for all t ~ [0, T] and x ,y  ~ .  

Here  I" I, II" II and J have the same meaning as in C2. The Lipschitz constant L 1 in C3 is 
again assumed to be of moderate size. It provides an upperbound for the relative variation of 
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J(t, y) when y varies through 2 - - w h e r e a s  the Lipschitz constant in C2 provides an upper- 
bound for the absolute variation of J(t, y). 

There exist arbitrarily stiff, nonlinear problems satisfying C1 and C3 with L I of moderate 
size. In particular, C3 can be fulfilled in cases where C2 is not fulfilled with moderate L 0. 

As an example consider Problem 2, and assume (2.3). In this situation the corresponding 
Jacobian matrix can be proved to satisfy C3 with L1 = 12 (cf. [9]). 

Below we formulate a theorem that is valid for the general situation where C1 and C3 hold. 
The theorem relates the assumption 

x0 ~-~,  I x * - x 0 1  ~<Khq ~< oJ/2, L ,ghq  < (v/2-- 1) (2.9) 

to the following property 

There are unique xj 
with initial guess x 0, 

I x * - x j l  ~< [(1 

of the corresponding iterative process: 

~ .~  generated by process (1.5) 
and 

+ l / 2 ) L 1 g ] J ' g ' h  (j+l)q forj>~ 1. (2.10) 

Theorem 2.4. Assume C1 and C3. Then there is a factor a > 0 with the properties already stated 
in Theorem 2.1 and with the additional property that (2.10) holds whenever u,_i, f~-i, h and x o 
satisfy (2.4) and (2.9). 

This theorem shows that, under the assumptions C1 and C3, the relation (2.1) (with a 
moderate O-constant K) implies 

Ix* - x j [  = O(h o~)) with O(j)  = ( j  + 1)q for j >/1. (2.11) 

In (2.11) we have an O-constant 

Kj= [(I + v/-2 )L1K]JK, 

which is not affected by the stiffness of (1.1); Kj is of moderate size for realistic values of j. 
The order Q(j) occurring in (2.11) was given first by Dorsselaer and Spijker [5]. 

In the example of Section 2.4 our relation (2.11) reduces to 

] x * - x l [  =O(h2) .  

This error estimate is nicely in agreement with the numerical experiment displayed in Table 2. 

Proof of Theorem 2.4. Assume C1 and C3. We use the notations of the proof of Theorem 2.1 
and choose a > 0 as indicated there. Let un_ i, f ,_i ,  h and x 0 satisfy (2.4) and (2.9). 

Similarly as in the proof of Theorem 2.2 we conclude that (2.8a)-(2.8c) hold. 
In view of (1.4), C3 and (2.8b) we can write 

F ' ( y ) - F ' ( x )  = y[J ( t , ,  y ) - J ( t , ,  x)] = F ' ( x ) { I +  [F'(x)]- l}e( t~,  x, y). 

We define E(x,  y) = {I + [F'(x)]-l}e(tn, x, y) and apply (2.8c) and C3 so as to arrive at (2.8d) 
and (2.8e) with A = 2L r 
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Similarly as in the proof of Theorem 2.2 we can apply, in the present situation where (2.9) is 
fulfilled, Theorem 3.2 of [5]. By substituting in the right-hand member  of (2.8f) the values 
A---2L~ and 6 = K h  ~ we obtain (2.10). [] 

2.6. Remarks 

Theorem 2.1 is related to existence and uniqueness results obtained by Desoer and Haneda 
[4], S6derlind [18], Alexander [1], Hairer and Wanner [11]. It has some similarity to Theorem 
4.3 of [5], and it is a generalized version of a theorem announced, without proof, by Groeneweg 
and Spijker [9]. 

Theorem 2.4 is related to Theorem 4.2 of [5], and can be viewed as an improved version of a 
theorem announced, without proof, in [9]. 

Under  the conditions of Theorem 2.2 and 2.4 the iterates x i are easily seen to converge 
linearly towards x* (see the estimates for I x * - x j l  in (2.6) and (2.10), respectively). This 
conclusion is related to interesting work by Alexander [1], who studied the rate of convergence 
of similar iterates. But, the class of nonlinear problems dealt with by Alexander is different 
from our classes specified by C1, C2 or C1, C3. 

The Lipschitz condition in C2, with moderate L 0' is satisfied by a class of stiff, nonlinear 
problems related to the so-called D2-case specified by Frank et al. [6]; cf. also [2]. Here the 
stiffness is not allowed to manifest itself in the second-order derivatives, with respect to x, of 
f ( t ,  x). Note that the value L 0 is not invariant under  a rescaling of the independent  variable t. 
Therefore, from a formal point of view, it might have been more correct to require in Section 
2.2 that the product hL o, instead of L 0, is of moderate size. But, in all of the above we 
assumed (tacidly) that the stepsizes h under consideration are not larger than 1. Under  this 
assumption a moderate  value of L o, as postulated in Section 2.2, already implies a moderate 
value of hL o. 

"Relative" Lipschitz conditions different from, but related to, C3 were used in the numerical 
analysis of stiff, nonlinear problems by Alexander [1] (cf. also [12,17,19]). A crucial point in C3 
is the fact that it can be satisfied, with moderate L1, in cases where the stiffness manifests itself 
also in the second-order derivatives of f ( t ,  x). Note that the value L a is invariant under  a 
rescaling of t. 

We finally note that orders R(j )  and Q(j), analogous to those in (2.2) and (2.11), can be 
derived for the exact Newton process 

F ' ( x j _ l ) ( x j - x j _ l )  = - F ( X j : l ) ,  j >i 1, (1.5') 

and for the simplified Newton process 

F'(Yo)(X , - x j _ , )  = - F ( x j _ I )  , j >/ 1, (1.5") 

where Y0 is an approximation, possibly different from x0, satisfying 

Dx* -Y0l =O(h r) 
(with an O-constant of moderate size, and 0 < r ~ q). 

In the general situation where C1 and C2 hold, the iterates xj specified by (1.5') and (1.5") 
satisfy 

IX* - - X j ]  =O(h R(j)) with R ( j ) = 2 ~ q + 2 i - 1  f o r j > ~ l ,  (2.2') 
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and 

IX*--xj[ = O ( h  R(j)) with R ( j ) = j r  +q  +j  fo r j~> l ,  

respectively (with O-constants of moderate size). 
In the situation where C1 and C3 hold, the corresponding iterates satisfy 

Ix* --Xj[ = O(h Q(j)) with Q(j )  = 2Jq for j >t 1, 

and 

(2.2") 

(2.11') 

I x * - x j [  = O ( h  Q(i)) with Q ( j ) = j r + q  fo r j>~ l ,  (2.11") 

respectively (with O-constants of moderate size). 
The order R(j )  in (2.2') was given first by Liniger [16], and the orders in (2.2"), (2.11') and 

(2.11") by Dorsselaer and Spijker [5]. 
The above two expressions for R(j )  can be proved to be valid, in the situation (C1, C2), by 

using material from [5]. Since we want to keep the paper reasonably concise, and the arguments 
leading to (2.2') and (2.2") are analogous to those used to establish (2.6), we omit the details of 
the proof. A similar remark applies to the proof, in the general situation (C1, C3), of (2.11') and 
(2.11"). 

3. The global stopping error 

3.1. Estimating the local stopping errors 

Let /)n denote the approximations to  U(t  n) generated by the theoretical linear multistep 
method (1.2), with fn- i  =f ( tn - i ,  Vn-i) (0 <~ i <~ k). We assume u i = v i (0 <~ i <~ k - 1); and by u n 
(for n >/k) we denote the actual approximations obtained when, in each application of the 
linear multistep formula, the solution to Eq. (1.3) is approximated by performing j iteration 
steps with a Newton-like method. In the following we explore the order of the global stopping 
error Dn, j defined by 

O n ,  j = V n - -  U n  . 

We shall confine ourselves mainly to the (important) situation where the modified Newton 
process (1.5) is used, and where the initial guess equals 

x0 = un_l. (3.1) 

In deriving estimates for the errors D, j  it is useful to define local stopping errors dn, j by  

d n , j  = ~; n - -  U n , (3.2a) 

and to analyse the latter errors first. In order to specify, and analyse, the vectors  /~n and /~n we  
define, throughout this subsection, the function F by the relations (1.4) in which un_g and fn-i  
are replaced by U(tn_ i) and U'( tn_i )  , respectively (1 ~< i ~< k). We put 

t3, = x*,  fin = xi, (3.2b) 
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where,  with the above definition of F in force, F(x  * ) = 0 and xj is generated by the modified 
Newton process (1.5) with initial guess x o = U(t n_ 1). 

The local stopping errors can be estimated by using (2.2) or (2.11) provided a value for q is 
available. In order  to determine q we consider the residual F(zo), of the function F just 
defined, at the point 

Zo = u ( t . ) .  

A straightforward calculation (cf. the proof of Theorem 2.1) yields 

I F (z0) l  ~<hAIIU' II, 

with 
k 

A= E ( i l a i l - t - [ [ 3 i [  ), [IU'II = m a x { l U ' ( t ) l : O < ~ t < . Z } .  
i=o 

We see that our function F satisfies condition (2.7a) (provided h > 0 is so small that 
hA II U'  II < o9, where o) is defined in Section 2.2). Assuming C1 we conclude from Lemma 2.3 
that Ix* - z01  ~< [F(z  0) 1. With x 0 = U(tn_l), we thus obtain 

Ix* - x o l  ~ I F(z0) I  + I U(tn) - U(tn_l)[ <~ (A -t- 1)II U' II-h. 

Clearly, (2.1) is fulfilled with 

q = l  

and an O-constant K = (A + 1)II U'  II which is not affected by stiffness. 
Applying (2.2) and (2.11), with q = 1, to the local stopping error d~,j = x  * - x j  we obtain 

[dn,jl -- O(h  R<j)) with R ( j )  = 2j  + 1 in the situation (C1, C2), (3.3a) 

L d, , j  [ = O(h  Q<j)) with Q(j )  = j  + 1 in the situation (C1, C3), (3.3b) 

with O-constants of moderate  size. 

3.2. Numerical experiments regarding the global stopping error 

Let Nh = T with integer N >/k. The global e r r o r  D N ,  j = l) N - - U  u amounts to the accumu- 
lated effect of Newton stopping errors at the points t k, t k + a , . . .  , t N.  For stable linear multistep 
methods the error DN, j may thus be expected to satisfy 

ION,j[ = O ( [ d k , j l q - l d k + l , j [  + . . .  +[dN,  j [ ) ,  

with an O-constant that is independent  of N = T / h  and not affected by stiffness. In view of 
(3.3a) and (3.3b) we arrive at 

I DN,jt = O(h  2j) in the situation (C1, C2), 

and 

I D N , j l  = O(h j) in the situation (C1, C3). 

(3.4a) 

(3.4b) 
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Table 3 
Si(h) for Problem 1 (Section 2.1); h = 0.01, T = 1 / 2  

j 2j Sj(h) for (3.5) Sj(h) for (3.6) 

1 2 2.0425 1.9911 
2 4 4.0418 3.9787 
3 6 6.0533 5.9945 

We shall check (3.4a) and (3.4b) for the following two linear multistep methods: 

Backward Euler, i.e. k = 1, a 0 = 1, a 1 = - 1,/30 = 1,/31 = 0. (3.5) 

Backward Differentiation Formula of order 2, i.e. k = 2, a 0 = 1, 
4 1 2 

0/1 "~- - -  3-' a 2  = 3 '  /30 = 3 '  /31 = /32 = 0 .  (3.6) 

Both methods are A-stable (and have a positive damping order at infinity). 
In order to check whether the orders 2j  and j, corresponding to (3.4a) and (3.4b) manifest 

themselves in reality we introduce 

S j ( h ) = I o g 2 [ [ D N j I / [ D e N j ]  , where U = T / h .  

Clearly Sj(h) equals the order of the global stopping error observed in actual calculations. 
In Table 3 we have displayed values of Sj(h) (where the {1-norm is used to measure DNj 

a n d  DZN, j) for the mildly nonlinear Problem 1 of Section 2.1. We see that the values in Table 3 
are in excellent agreement with (3.4a), and thus confirm the estimates (3.3a) and (2.2). 

In Table 4 we have displayed values of Si(h) (still using the gl-norm) for the strongly 
nonlinear Problem 2 (Section 2.4). These values were obtained by Groeneweg [8]. The values in 
Table 4 are neither in agreement with (3.4a) nor (3.4b). Since the conditions C1 and C3 (with 
moderate L1) are fulfilled in Problem 2 we would have expected agreement with (3.4b). Below 
we go further into this anomaly; at the end of Section 3.3 the values Sj(h) in Table 4 will be 
explained. 

We note that, for various other nonlinear stiff problems, values for Sj(h) were found by 
Groeneweg [8] that are nearly equal to those in Tables 3 and 4. 

3.3. Relating the global stopping error to the local stopping errors 

We confine ourselves in the following to the (important) situation where 

/31 = B 2  . . . . .  /3k = 0 .  

Table 4 
Si(h) for Problem 2 (Section 2.4); h = 0.01, T = 1 / 2  

j 2j Sj(h) for (3.5) Sj(h) for (3.6) 

1 2 1.9946 1.9976 
2 4 2.9713 2.9806 
3 6 3.9575 3.9732 
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This assumption facilitates our presentat ion and is fulfilled for the case of (3.5), (3.6). 
We introduce the notations 

V n _ l = ( V n _ l  . . . . .  t 'n_k),  U n _ l = ( U ( t n _ l ) , . . . , U ( t n _ k ) ) ,  

and we relate the theoretical linear multistep process to a function ~n, SO that the vectors v n 
and 13 n (defined in Section 3.1) satisfy 

v .  = = 

Similarly, we introduce 

and we relate the linear multistep process carried out with j modified Newton iterations 
(according to (1.5) and (3.1)) to a function 4,,, so that 

Un = (I)n( Un_ l ) , ffln = (I)n( f n_ l ). 

In view of the definitions of global and local stopping errors (Section 3.1) we have 

D , j =  [ q t , ( V , _ l ) -  ~n(U,_l )  ] + [ q J , ( U , _ I ) -  q~n(Un_l) ] + d,,j. (3.7) 

In the following we shall use the Jacobian matrix J ,  = J(t~, U(t,)). We introduce--s imilar ly  
as in [14]-- the rational functions 

~tti(Z) (/30 Z 1)  - 1  = - -  O~ i for i = 1, 2 , . . . ,  k,  

where /3 0 and o~ i are the coefficients of the linear multistep formula. If the Jacobian matrix 
J(tn, x) would be constant, for x ~ ,~ ,  we would have 

k 

tI tn(Vn-l)  - altn(Un-1) = E $ i ( h J n ) [ V n - i -  U ( t n - i ) ] ,  
i=1  

k 

~)n(Un-1)- - ( I )n(Un-1)  = E O i ( h J n ) [ U ( l n - i ) - - U n - i ] ,  
i=l 

and therefore  (3.7) would reduce to 

k 

D.,j = E ~lli(hJn)On-i,j -4- d.,~. 
i=1 

Clearly, the vectors D.,~. defined by 

k 

Dn, j  = Ellli(hJn)On_i,j+dn, j f o r n = k ,  k + l  . . . .  , U ,  
i=1  

Di, j = 0 for i = 0, 1 , . . . ,  k - 1, (3.8) 

may be expected to be useful approximations to D~,j. 
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In the following analysis it is convenient to consider, along with (3.8), the general relations 

k 
y ,  = y" I~i(hJn)Yn_ i + Xn) 

i=1 
k <~ n <~ N ,  

Yi=0,  0 ~ < i ~ < k - 1 ,  (3.9a) 

for arbitrary vectors Xn,Y n ~ [~s. We assume that the linear multistep method is stable in that a 
fixed factor or, of moderate size, exists such that 

ly~l ~ , r ' { Ixk l  + Ixj,+l I+ ""  +IXNI} (3.9b) 

whenever (3.9a) holds. In the literature many conditions for (3.9b) can be found that are 
relevant to the situation of stiff problems (see e.__g. [11], or the review of such conditions in [14]). 

Applying (3.9) to the vectors x,  =dnd ,  Yn = On,j we thus conclude that 

IDN,j l  = ID--N,jl < ~ ' { I d k , j l + l d k + l . j l +  " '"  + IdN,jl}, 

which is in agreement with our considerations at the beginning of Section 3.2. In order to 
explain the orders Sj(h)  observed in Table 4, a more refined analysis of (3.8) is required. 

In view of (3.2) we have dn, j = x * - x j ;  and from (1.5) there follows 

/01[ , F ' ( X o ) ( X * - X j ) =  F ( x j _ I - F t ( x * - x j _ I ) ) - F ' ( x o ) ] ( x j _ I - X * )  d t ,  

where j >~ i, x 0 = U(tn_ I) and F is defined by (1.4) (with un_ i, f n - i  replaced by U(tn_i), 
U'( tn_ i) for I ~ i ~< k). By applying condition C3 we obtain 

[ I -  h[3oJ(tn, Xo)]dn, j 

>f01[ ( = hCloJ(t . ,  x o e t n, x o, 

Therefore, 

with 

xj_  1 + td ,  d _ l ) d , d _ l ]  d t .  

dn, j = ( [ I -  h[~oJ(tn, U( tn_ l ) ) ] -1  i }an  ' (3.10) 

In the situation where C1 and C3 are fulfilled there follows, by using (3.3b), 

l an I = O(h j+l) (3.11b) 

(with an O-constant of moderate size). 
In view of (3.8) and (3.10) the following lemma will be useful. The lemma is based on a 

general device for obtaining refined error estimates due to Hundsdorfer [13] and Hundsdorfer 
and Steiniger [14]. 

fol[ ] a,  = e ( t , ,  X0, Xj_  1 -I-td, d _ l ) d , , j _  1 d t .  (3.11a) 
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Lemma 3.1. Assume C1 and C3, and let the linear multistep method be stable in the sense of 
(3.9). Assume that, for a given integer j >t 1, we can write the local stopping error in the form 
(3.10), where 

a n = hra(t~) + hr+lbn, with a(t),b~ ~ ~s satisfying (3.12) 

la ( t ) l  <~go, l a ( t ' ) - a ( t ) l  <~gl I t ' - t l ,  Ibnl < g 2 .  

Then the vector DN,j defined by (3.8), with Nh = T, satisfies I DN.j I <~ Kh r, with 

k 
g = g o + 2 ~ r z ( g 2 + g o Z l l l U '  I I ) + o r ( g o + K i T )  ~ i l a i l ,  

i = l  (3.13) 

II U' II --- max{ I U'( t )  I" 0 < t ~< T}. 

The following four observations explain the values St(h) in Table 4. 
(1) Both methods (3.5) and (3.6) are A-stable, and may therefore be expected to satisfy the 

stability requirement (3.9) in the situation of Problem 2 (Section 2.4). (Method (3.5) can 
even be proved to satisfy (3.9b) with o-= 1.) 

(2) In view of (3.11a) (where x 0 stands for U(t~_l)) and (3.11b) it is to be expected that 
(3.12) holds with r = j  + 1 and K i of moderate size. 

(3) The fact that the conditions C1 and C3 are fulfilled in the situation of Problem 2 suggests 
to apply Lemma 3.1 so as to obtain 

IDN,jl  = IDN,jl  < K h J + l  

(4) The order j + 1 just established is in excellent agreement with the values of Si(h) in 
Table 4. 

3.4. Proof of  Lemma 3.1 

(1) We introduce the notations 

R n = [ I - f l o h J n ]  -1, S n = [ I - [ 3 o h ' J ( t n ,  U(tn_l))] -1, 

and we note that 

k 

Z ~i( hJn) = R n. 
i = 1  

According to Hundsdorfer's device (see the above references) we write dnd, for k ~< n ~< N, in 
the form 

d n d = t R n - I ] p n + q n ,  

with 

Pn=hra(tn), qn-~(Sn-Rn)Pn  -.Fhr+l(Sn-I)bn . 
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Substituting this expression for dn,j in (3.8) there follows 
k 

(On,j"bpn) = E ~Ji(hJn)(On_i,j'-[-Pn_i)-kXn, k <~n < N ,  
i=1  

where 

p . - - 0 ,  O <~ n <~ k - 1 ,  
k 

x n = q . +  E~Oi(hJn)(pn-Pn_i), k<~n<~N. 
i=1  

Since the vectors y. = D.,j -t-pn satisfy (3.9a), we can apply (3.9b) so as to obtain 
N 

IDN,jl <Ko hr +o" ~ [xnl, 
n=k 

with 

(3.14a) 

k 

Ix.I  < I I S . - R .  IIKohr + IlSn-IllK2hr+l + ~., II~i(hg.)ll" I P . - P . - i l .  (3.14b) 
i = 1  

(2) In view of C1 we have, similarly as in the proof of Theorem 2.2, the inequality (2.8c). 
Therefore, 

II Rn 1] ~< 1, II S,  II < 1, II ~li(hJn)II < l a i  I. 
Further, by C3, we have 

S n - R . = R . [ ~ o h J . ' e ( t n ,  U(tn), f(tn-1))]Sn 

= ( R n - I ) e ( t  n, U(tn), U(In-1))Sn, 

and therefore 

II S .  - R n II ~< 2L1 II U' I1" h. 

A combination of the last three inequalities with (3.14b) shows that 
k 

Ix. I ~< (KoL1 II U' II +g2)2h r+x + ~_~ lot i I" ]Pn --Pn-i I. 
i=1  

Substituting this upperbound for Ix n I in (3.14a) we obtain 
N k 

I DN,jl ~ go hr + ( g 0 t l  II u '  II + g 2 ) 2 o Z "  h r + tr Y'~ • l a i l" I Pn - -P . - i  I. 
n=ki=l 

By applying (3.12) we arrive at (3.13). [] 

3.5. Remarks 

The above analysis of the global stopping error v. - u .  may be modified by defining local 
stopping errors differently, viz. 

d.,j = a/)"n(/Jn_X) - -  ~n(/Jn_l) or d.a  = qt.(u,,_,) - t~n(Un_l). 
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In this way one would arrive at a relation for the global s topping error  that  is s impler than (3.7). 
However,  it would become more  difficult to assess the order  of such modif ied local s topping 
errors. 

The  theoret ical  analysis in the Sections 3.1-3.4 leads to the conclusion that,  in the stiff 
si tuation where  C1 and C3 hold, the global s topping error  is of the s a m e  order  as the local 
s topping error. For  variable stepsizes, and variants to (3.1) and (1.5) (see (1.5') and (1.5") in 
Section 2.6), one can arrive at the same conclusion by carrying out an analysis similar to the one 
above. This theoret ical  conclusion is conf i rmed by numerical  experiments  of Groeneweg [8]. 

The  above conclusions are related to an analysis in [20] of the global s topping error  in 
implicit R u n g e - K u t t a  methods .  In [20] it was shown that  this error, measured  by the Eucl idean 
norm in R s, can be of the same order  as the local s topping error  in the stiff si tuation (C1, C3). 
However,  it was assumed that  h . ~ ( J  n) << - 1 .  Note  that  this assumption is not used in the 
present  paper  nor satisfied in Problem 2. 

We note  that  the order  S j ( h ) = j  + 1 (instead of j), which manifests  itself in Table 4, is 
essentially due to the special  s t ruc ture  of the local s topping error as expressed in (3.10), (3.11); 
it is no t  due to a strong damping  at the point  T = t N of all preceeding local s topping errors dn.j 
(with n < N ) .  In this context it is instructive to consider the discre t i za t ion  errors in the 
applications of (3.5) and (3.6) to Problem 2. Let  e n = U( tn )  - ~n(U~_l) and E~ = U( t~)  - v~ 
denote  the local  and global  discretization errors, respectively. If a strong error  damping  would 
be present ,  we would expect the global error  E N also to be of the same order  as the local errors 
e~. But, numerical  experiments  of Groeneweg [8] show that,  e.g. in the application of (3.5) to 
Problem 2, we have l e n I = O(h 2) and I EN I = O(h);  the global discretization error  is no t  of the 
same order  as the local discretization errors. 

The  above est imates for the global s topping error  are believed to be relevant to the question 
of how many Newton-type iterations should be carried out  in order  that  the s topping error  does 
not interfere with the intrinsic accuracy of the linear mult is tep method .  For instance, in the 
application of (3.5) to Problem 2, just one i teration step of (1.5) (starting according to (3.1)) 
yields an error  I u N - -  U N  I = [ DN.11 = O(h2), whereas  I U ( t  N) - U N  I = I E N  I = O(h).  According 
to these est imates it certainly does not pay to per form more  than one i teration step. This 
observation is conf i rmed by the numerical  experiments  of Groeneweg [8]. 
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