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STABILITY AND BOUNDEDNESS IN THE NUMERICAL
SOLUTION OF INITIAL VALUE PROBLEMS

M. N. SPIJKER

ABSTRACT. This paper concerns the theoretical analysis of step-by-step meth-
ods for solving initial value problems in ordinary and partial differential equa-
tions.

The main theorem of the paper answers a natural question arising in the
linear stability analysis of such methods. It guarantees a (strong) version of
numerical stability—under a stepsize restriction related to the stability region
of the numerical method and to a circle condition on the differential equation.

The theorem also settles an open question related to the properties total-
variation-diminishing, strong-stability-preserving, monotonic and (total-
variation- )bounded. Under a monotonicity condition on the forward Euler
method, the theorem specifies a stepsize condition guaranteeing boundedness
for linear problems.

The main theorem is illustrated by applying it to linear multistep methods.
For important classes of these methods, conclusions are thus obtained which
supplement earlier results in the literature.

1. INTRODUCTION

We shall address various related questions arising in the numerical solution of
initial value problems. In Sections 1.1, 1.2 of this introduction, these questions will
be formulated and put in an historical context. In Section 1.3, we shall give an
outline of the rest of the paper.

1.1. Numerical stability.

Bounding the difference between two series of approximations. Below, we shall de-
note by V an arbitrary real or complex vectorspace V, with seminorm ||v|| for
v € VL Consider an initial value problem in V that can be written in the form

(1.1) LUty =F(U(t) (fort >0), U(0)= u,

where F': V — V and ug € V are given, whereas U(t) € V is unknown for ¢ > 0.
Current numerical methods for solving (II]) generate, in a step-by step fashion,
approximations u, of U(t) at consecutive grid-points ¢ = t,,. An essential requisite
of the methods is numerical stability—in the sense that any (discretization- or
rounding-)errors, introduced at some stage of the computations, are propagated
“mildly”, in the subsequent computations. For this kind of stability, it is essential
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IThis means: ||X-v|| = || - ||v]| and ||v +w|| < ||v|| + ||w]|| for all scalars A and v,w € V.
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that the difference @, — u, between two approximations u,, and ,, does not grow
“fast” (as n increases); cf. e.g. [§] (sections I1.3, I11.4), [37] (section 4).

To be more specific, we consider the general linear multistep method (LMM); see
e.g. [2], 8], [9). The method, applied to problem (), yields approximations u,
(for n > k), with

(1.2) Up = A Up—1 + -+ + app_ + At [boF(up) + -+ 4+ b F(un—g)] -
Here At > 0 denotes the stepsize, and u,, ~ U(t,), with t,, = n At; further, k > 1
is a fixed integer, and a;, b; are real coefficients specifying the LMM, with

k

k k
(1.3) Zajzl, Zjaj:ij.
j=1 j=1 j=0
Special attention to stability of these methods was paid, in the literature, for the
case where the differential equation stands for a linear partial differential equation,
or a semidiscrete (method of lines) version thereof. Consider problem

(1.4) LU@t)=LU(t) (fort>0), U(0)= uo,
where L : V — V is a linear operator; in this case the LMM formula takes on the
form

(1.5) Up = G1Up—1 + - + agtp—g + At [DoL(uy) + -+ + b L(up—k)] .

Because of linearity, the difference 4, — u, between two sequences w, and u,,
obtained via the formula, satisfies still (L3)); for numerical stability, in this case, it
is thus crucial to have moderate bounds on ||uy|| (for N > k) as soon as (3] holds
for k < n < N. In the literature, such bounds were established, indeed, notably of
the form

(1.6) |jun|| < p N - o nax llu;||  (whenever w, satisfies (LH]) for k <n < N).
Here 1, a stand for non-negative constants that are of moderate size and indepen-
dent of critical variables, such as N > k and At — 0. The case where o = 0,
is of course preferred; it is related to the form of stability occurring in the Lax
equivalence theorem; cf. e.g. [30].

The stability region of linear multistep methods. Consider the LMM in the test
situation V. = C. Putting z = At L, formula ([[H) (with n > k) now reduces to a
scalar recurrence relation with characteristic polynomial

P(z,A\) = (1 = bo2)A* — (ay + b12) N~ — o — (ap + br2).

We will say that any polynomial (with complex coefficients) satisfies the root
condition, if its roots A have a modulus |A| < 1, while roots with |[A\| = 1, are
simple. The well-known stability region of the LMM, denoted by S, can be defined
as the set of all z € C with 1 — byz # 0, for which P(z,\) (as a polynomial in the
variable \) satisfies the root condition.

The stability region is a standard tool for getting insight into the stability be-
haviour of LMMs. But, the region is essentially defined in terms of the method’s
behaviour when applied to a very simple (scalar) test problem. Hence, in case
of more general (non-scalar) problems of type ([4]), the region S should be used
carefully, to avoid stability conclusions that are, in reality, false; cf. e.g. [4] (section
1.3), [1, [19] (section 4), [24], [28], [29], [36].
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In order to arrive at correct conclusions, by using stability regions, basic assump-
tions on the operator At L should be made that are stronger than a mere premise
about its eigenvalues, or spectrum. Such stronger assumptions, and corresponding
estimates of type (L0, were dealt with in the literature; see e.g. [13], [23], [26],
[27], [29].

We note that—due to linearity of L—the stability estimates in the last references
are also relevant to solving non-homogeneous equations LU(t) = LU(t) + f(t).
Moreover, they are relevant for cases to which classical Fourier transformations do
not apply, e.g., when irregular grids are involved or spectral methods are used; and
they are not limited to seminorms generated by (semi-)inner products, so that,
e.g., the maximum-norm is included.

The present paper will deal with stability estimates, relevant to cases mentioned
in the last paragraph, under the well-known assumption that At L satisfies a circle
condition:

(1.7) [|[(At L 4+~I)v|| < v||v|| (for all v € V).

Here v > 0, and I denotes the identity operator in V. Condition (7)) was used
earlier in the analysis of numerical methods; cf. e.g. [9] (section IV.11), [18] (sec-
tion 3), [19], [26], [36], and the references therein. It implies in general that the
eigenvalues of At L are situated within, or on, the circle in the complex plane with
center z = —v and radius . But, conversely, this property of the eigenvalues is in
general not strong enough to imply (7).

For a restricted class of LMMs and under conditions which do not follow from
the circle condition, neat estimates of type (LO) were derived, in the literature,
with o = 0. But, as far as the author knows, estimates with o = 0 and relevant
to general LMMs under the circle condition, are lacking in the literature. The
question thus poses itself of whether this gap in existing literature can be filled
up. An analogous question poses itself for multistage versions of LMMs. These
questions will be addressed in the present paper; cf. Section [L3l

1.2. Monotonicity and boundedness.

Monotonicity. Questions related to those just mentioned, occur in the study of
the special properties total-variation-diminishing, strong-stability-preserving, mono-
tonicity and (total-variation) boundedness; cf. e.g. [6], [12], [15], [16], [33], [34], [38].
We shall shortly review some of these properties, using the same notations and
assumptions as above ]

The last publications start generally by assuming that, for a specific constant
T>0,

(1.8)  |vo + 10F (vo)|| < |vol| (for any 7o with 0 < 79 < 7, and any vy € V).

Under this assumption, the LMM (2] has been considered with stepsize At re-
stricted by

(1.9) 0< At <~-T,
where the coefficient v > 0 only depends on the coefficients a;,b; of the LMM.
Special LMMs and corresponding v were determined, such that (L8]), (L9) imply

2In some of the listed papers, it is assumed that || - || is an arbitrary convex functional; for
simplicity, we shall still assume that || - || is a seminorm.
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(for all N > k):

(1.10)
llun|| < o nax [luj|| (when uy is generated by the LMM from wo, ..., uk—1).

Property (LI0) is often referred to as monotonicity or strong stability; it is

of particular importance in the numerical solution of initial value problems aris-

ing by semi-discretization (method of lines) of time dependent partial differential

equations. An important choice for ||-||, occurring in that context, is the total vari-

ation seminorm |[v|| = [[v]|rv = 3, [v®— v~ (for vectors v with components

v®). Processes that are monotonic with regard to that seminorm, play a special

role in the solution of hyperbolic conservation laws and are called total-variation-
diminishing (TVD); cf. e.g. [6], [10], [T, [22], [33], [34].

Boundedness. Total-variation-diminishing processes are trivially total-variation-
bounded in the sense that a constant u exists (independent of critical variables,
like N > k and At — 0) such that

[lun||lrv < pe- o IAX [luj]|7v (when up is generated by the LMM from wo, ..., up—1).

In the solution of hyperbolic conservation laws, this property is crucial for suitable
convergence properties when At — 0; see e.g. [22], [I7]. That is one of the un-
derlying reasons why attention has been paid in the literature to the monotonicity
property ([I0I).

Unfortunately, for many important LMMs—including all Adams methods and
backward differentiation methods, with k > 1—there exists no stepsize-coefficient
~ > 0 such that (LJ), (LI) imply monotonicity in the sense of (LI0); see e.g. [15],

[20], [39].
Accordingly, along with monotonicity, also directly the weaker boundedness prop-
erty
(1.11)
llun|| < p- max |lu;]| (when uy is generated by the LMM from u, ..., ug—_1)

0<j<k—1

has been studied, where u is possibly greater than 1 (but still independent of
critical variables, like N > k and At — 0). Conditions on 7 were given such that
this boundedness property holds under conditions (L8), (L9); see [14], [15], [16],
[32].

Although monotonicity and boundedness were primarily considered with a view
to solving non-linear hyperbolic problems, it is worthwhile to study these properties
especially for linear problems (4] as well; see e.g. [6] (chapter 4), [12] (section 3).
In solving ([[4l), property (III]) just amounts to (L8) with & = 0, and assumption
(C3) then reduces to

(1.12)  ||lvo + 70 Lwol|| < |Jwo|| (for any 7o with 0 < 79 < 7, and any vy € V).

In the context of solving just problems of type (), there are still important
LMDMs for which no v > 0 exists such that (LI12), (L3) imply monotonicity; cf. [35]
(p- 283), [20], [2I]. Moreover, the conditions on -, just mentioned and relevant
to (LII]), were obtained in the context of general (non-linear) problems (I.1J), and
they are far from simple.
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The natural question thus arises of whether, just for problems of type (L4]), less
restrictive and more simple conditions on + exist such that (II2]), (T3) imply the
boundedness property (LII). An analogous question poses itself for multistage
versions of LMMs. In the present paper, we shall also address these questions;
cf. Section [I3]

1.3. Outline of the rest of the paper. In Section Pl we shall first introduce
a general class of multistage multistep methods which encompasses LMMs and is
relevant to problem (L4)). Next, our main result, Theorem 21| will be formulated.
It guarantees, for all methods of the general class, an extended version of property
(T8) with @ = 0, under a suitable circle condition on At L. It specifies also a
stepsize-coefficient 7y such that conditions (LI2)), (I9) imply an extended version
of the boundedness property (LII)) (with regard to (I4)). The theorem is best
possible in a sense specified at the end of Section 2] and it settles essentially the
questions (pertinent to multistage versions of LMMSs) raised at the end of Sections
[T and

In Section [ the general theory will be applied to LMMs. Theorem B.1] resolves
explicitly the questions about LMMs raised at the end of Sections [[LI] and
Moreover, Corollary gives a neat criterion for the existence of v > 0, such
that conditions (LI2]), (I9]) imply the boundedness property (LIT]) (with regard to
(T4)). Next, for classes of important LMMs, conclusions are obtained, via Corollary
B3] supplementing earlier results in the literature.

Sections [] and [l concern the proof of Theorem 211

Section [ is about the relation between circle condition (7)) and conditions
(CI2), (CO). The section studies also the relation between, on the one hand, the
setting considered so far of arbitrary vectorspaces V with seminorm || - ||, and, on
the other hand, the (a priori) more restricted setting of Banach spaces V with norm
11l

Because of the relations considered in Section ] the actual proof of Theorem
2.1l in Section Bl comes down to proving a boundedness estimate, under condition
(D), in a Banach space setting.

2. FORMULATION OF THE MAIN RESULT OF THE PAPER

We shall study a generic numerical process, relevant to problem (I4]), using the
notations and assumptions of Section 1. The process consists in computing, for

n > 1, numerical approximations w1, Wy2, ..., wWpr € V, with

(2.1)

P (AtLywn1 = Qu(AtL)wn—11 + Qu2(AtL)wp—12 + -+ Qur(AtL)wp_1
Py(AtD)ywn g, = Qri(AtL)wn—11 + Qr2(AtL)wn-12 + -+ Qre(AtL)wn_1k

Here P, and Q,s are polynomials specifying the process. The coefficients of the
polynomials are assumed to be real if V is a vector space over R, and complex
otherwise. The vectors wy, (1 < r < k) can be thought of as being related to the
solution U(t) of (L) at t ~ n At.

This process can be viewed as a generalization of the so-called rational k-step
method, dealt with e.g. in [27]. A concrete example is provided by general Runge-
Kutta methods, in which case k = 1, and w,, 1 approximates U (t) for ¢t = n At.
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Another example is given by the LMM formula (LH), which can be reformulated
as a process of form (21, with

Pi(z) =1—boz, Qi1s(2) =as+bsz (1<s<k),
P.(z) =1, Qrr_1(2) =1, Qrs(2)=0 2<r<k,s#r—1).
In this case, we have wys = unyrp—s =~ U(t), with t = (n + k — s)At.
We shall formulate conditions under which the numerical approximations w,.,
generated by the general process [2.1]), satisfy

(2.2)

(2.3)
< i <n<
max, wnrl| < p max llwo,r|| (whenever wy,, € V satisfy 21 for 1 <n < N),

with p independent of critical variables, such as N > 1 and At — 0.

To formulate these conditions concisely, we give some definitions. We will say
that a matrix satisfies the root condition if its characteristic polynomial satisfies
the root condition (as defined in Section [[I]). By ®(z) we will denote the k x k
matrix

D(2) = (Brs(2) With Bpy(2) = Quu(2)/Pr(z) (for 1<r <k, 1<s<k).
The stability region S, corresponding to the general process [2.1)), is defined by
S={z: z€C, P.(z)#0 (for 1 <r <k), and ®(z) satisfies the root condition}.
If ([22) holds, then this set S equals the stability region of the LMM, defined in

Section [ 11
In the following theorem, constants vy will occur with
(2.4) {z: z€ C with |24+ | <y} C S.

A value vy with this property (or the supremum of such values) is sometimes called
stability radius; cf. e.g. [18], [19], [36]. Along with (24I), constants v will occur with

(2.5) 0 <7 <.
This is our main theorem:

Theorem 2.1. Let polynomials P,.,Q,s and a constant v > 0 be given. Assume
that, for some 7o, conditions (Z4) ) are fulfilled. Then there is a constant u
which does not depend on'V, L, At, N > 1 orwg1,...,Wo, such that:
(I) The estimate (Z3)) holds, whenever At L satisfies the circle condition (LT);
(IT) The estimate [23) holds, whenever there is a T > 0 such that, at the same
time, L and At satisfy (LI12) and ([L9), respectively.

The theorem will be proved in Sections Ml

Remark 2.2. We emphasize that the constant u, given by Theorem 21l does not
depend directly on V, L, At, etc.

In fact, when initial value problem (4] results from semidiscretizing a partial
differential equation, the operator L depends on a spacial discretization parameter,
say Az > 0, so that actually a family of operators L = L, is involved. In such
cases it could be disastrous if p would depend directly on L (and thus on Az,
e.g. according to p ~ 1/Ax with Az — 0).

In case of semidiscretizations where At and Az are related to each other such
that (L7) holds with L = La, and a fixed =, the corresponding value p given by
Theorem 2.1l is independent of the actual values At, Axz.
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One may wonder whether Theorem [2.1] can be improved by replacing (23] with

Such a replacement is not possible; the theorem is best possible in the following
sense:

Remark 2.3. If condition (23 in Theorem 21l would be replaced by (2.8]), then the
theorem would no longer be true.

This remark follows from a counterexample in [19], p. 75, which shows that,
under the assumptions v = 7o and ([24]), the estimate ([23)) is not always present
(with p independent of V, L, At, N > 1 and wo 1, ..., wo ) when (I7) holds.

For completeness, we note that Theorem [2.I] could be viewed as an extension of
[19] (theorem 6.2), where the case k =1, V = R® (with maximum norm || - ||s) is
considered.

3. APPLICATIONS TO LINEAR MULTISTEP METHODS

Below, we consider LMMs and denote by S the stability region as defined in
Section [[LJ1 We make the usual assumption that, in addition to (L3]), the origin
0 belongs to S, i.e., the polynomial ¢* — E;:é ap—;¢7 satisfies the root condition
(cf. Section [L]).

Applying Theorem 211 via (22), to k-step LMMs, we immediately obtain:

Theorem 3.1. Let a LMM and v > 0 be given. Assume there is a o with (24,
Z3). Then p exists (independent of V, L, At, N > 1 and wo1,...,wo ) such
that:

(I) Estimate ([L8) holds, with o = 0, whenever At L satisfies the circle condition

(IT) When applying the LMM to initial value problem (LA4), boundedness is
present in the sense of (LI1l), whenever (LI2) holds and 0 < At < .

With an eye to the role played by 7 in Statement (II) of this theorem, a value
v > 0 will be called a stepsize-coefficient for linear boundedness of a LMM., if a
constant p exists (independent of V, L, At, N > 1 and wo1,...,wo ) such that
(TII) holds whenever the LMM is applied to any problem (4]) under conditions
(C12), [@3). Clearly, by Theorem Bl conditions ([Z4), [23H) imply that v is such
a stepsize-coefficient.

In the present context, the so-called growth parameters of the LMM (cf. e.g. [11])
are useful. To specify them, we put p(¢)=¢* —Z?;& ak—;¢7, o(€) 22520 br—;¢7,
and denote the roots of p(¢) with modulus equal to 1, by n1,...,n,. We choose
the numbering such that 71 = 1, which is possible by ([[3)). The growth parameters
Aly ..., Ag, are defined by

o (1;)
(3.1) Aj=———,
Tomg e (n)
so that A; = 1, by (I3). By expanding the roots ¢ ~ n; of P({) = p(¢) —z0(¢) (for
z =~ 0) in powers of z (cf. e.g. [3] (chapter 1)), the following lemma can be proved.
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TABLE 1. Values of k, for which stepsize-coefficients v exist rele-
vant to: linear boundedness ([L4)), (TI2)), (IIT), linear monotonic-

ity (D). (LI2). (LI, general bowndedness (1), (). (LID
and general monotonicity (L), (IY), (TI0).

A-M A-B BD EBD M-S N
1. Linear Boundedness all k > 1 all k > 1 1<k<6|1<k<6]| none | none
2. Linear Monotontcity k=1 k=1 k=1 k=1 none | none
3. General Boundedness | 1< k<8 [ 1<k<3[1<k<6]1<k<5] none | none
4. General Monotonicity k=1 k=1 k=1 k=1 none | none

Lemma 3.2. There exists a value vo > 0 with property 2.4), if and only if all
growth parameters \; are real and non-negativel

Combining Theorem [3.1] and this lemma, we arrive at:

Corollary 3.3.

(I) For any LMM, there exists a stepsize-coefficient v for linear boundedness, if
and only if all growth parameters A; of the method are real and non-negative.

(IT) If ¢ = 1 is the only root with modulus one of the polynomial p({), then there
exists a stepsize-coefficient for linear boundedness.

Proof. (I) If all A\; are real and non-negative, the conclusion follows from Lemma
and Theorem Bl (e.g. with v = ~/2). Conversely, if v is a stepsize-coefficient
for linear boundedness, then boundedness must be present for the special case
where V.= C and AtL = —y 4+ v -6, with § € C and |#] < 1. This means
1—by (—y+7v80) # 0 and the polynomial p(¢) — (—y + - 6) o(¢) satisfies the root
condition. Hence {z : z € C with |z +v| < v} C S. Applying Lemma with
Yo = > 0, it follows that all A; are real and non-negative.

(IT) Part (II) follows from Part (I), because A\; =1 > 0. O

Part (II) of this corollary is relevant to all Adams-Bashforth (A-B) and Adams-
Moulton (A-M) methods; as well as (for 1 < k < 6) to backward differentiation
(BD) methods and extrapolated versions (EBD) thereof: for all of these methods, a
stepsize-coefficient exists for linear boundedness. On the other hand, for the Milne-
Simpson (M-S) and Nystrém (N) methods, Part (I) of Corollary B3] can be applied
with £ > 2 and Ay < 0: within neither of these classes, a stepsize-coefficient for
linear boundedness exists. All of these conclusions are given in Line 1 (indicated
with Linear Boundedness) of Table 14

Definitions analogous to the above definition of a stepsize-coefficient for linear
boundedness, can be given with regard to case (L4 12 [[I0), case (LIl [L3J]
[L1T)) and case (LI L8] [LI0), so that in total four kinds of stepsize-coefficients are
worth considering. We have included results for all of these stepsize-coefficients in
the table, allowing a neat comparison with earlier results, in the literature, about
monotonicity /boundedness. The entries in Lines 2 and 4 (Linear Monotonicity and
General Monotonicity) refer to monotonicity property (LI0), in case of (I4) and
([T, respectively; the indicated ranges of k follow e.g. from [20], [35] (p. 283). The

3This condition on the growth parameters reduces to positivity of all Aj, under the assumption
that p(¢) and o(¢) have no common root. A corresponding version of Lemma [3.2] was given in [3]
(chapter 1, theorem 4.5.)

4For definitions and details of the six classes of LMMs considered, see e.g. [8], [T1], [I7], [39].
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entries in Line 3 (General Boundedness) refer to boundedness property (LI in
solving the general problem ([I]) — the given ranges for k are taken from [39].

4. PRELIMINARIES TO THE PROOF OF THEOREM [2.1]

In this section, we shall make two observations simplifying the actual proof of
Theorem 2,11

Our first observation concerns the connection between Statements (I) and (II) of
Theorem 211 In fact, only one of these statements has to be proved. This follows
from the close relation of condition (7)) to conditions (II2), (I9). This relation
was observed by various authors, and is formulated explicitly below.

Lemma 4.1. Let L, At > 0 and v > 0 be given. Then the circle condition (L)
is in force, if and only if a value T > 0 exists, for which both (LI12) and [L9) are
fulfilled.

Proof of Lemma Il To prove the lemma, note first that (LI12), (L9) imply:

At
(At L +~1) vl =~ ||(I + 7L) vol| < Allvoll,

ie., ().
Next, assuming (7)), we define 7 = At/, so that (L9) holds. If 0 < 79 < T,
then: [[og-+roLuol| — || 25 (A€ L-+7)eg+ (L 2 Jeol| < 5 ool + (1— %2 ool =

HUOH,i.e., (m) U

Our second observation concerns the framework used thus far, viz:

(4.1) V is an arbitrary vectorspace with seminorm || - ||.

In fact, the following lemma shows that, for proving the theorem in that general
framework, it is enough to prove it in the following more restricted setting:

(4.2) V is a complex Banach space with norm || - |].

Lemma 4.2. Let polynomials Py, Q,s be given. Assume that, for some constants

v, i, the implication “([1) = Z3)” is valid in the setting [@2).
Then, with the same constants, the implication is valid in the setting (@I as
well.

Proof of Lemma L2l We shall first prove the implication “(I7) = 23)”, in the
following setting:

(4.3) V is a complex vectorspace with seminorm || - ||.

In the situation (A3), we can construct a space V and function f such that
(4.4) V is a complex Banach space with norm || - ||,
(4.5)  f is a linear function from V into V, with ||f(v)|| = ||[v|| (for all v € V),
(4.6)  f[V] is dense in V.

The space V and function f can be obtained, e.g., by defining f(v) = ¢(v(v))
(for v € V). Here 9 denotes the quotient mapping from V onto the quotient
space V* = V/V,, where Vo = {v : v € V with ||v|| = 0} and ¢ (v) = v + Vy,
[l(v)]| = ||v]|. Furthermore, ¢ is a linear function from the normed vectorspace
V* into a Banach space V, such that ||¢(w)|| = ||w]|| (for all w € V*), and ¢[V*]
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is dense in V. Here V denotes a standard completion (of the normed linear space
V*); cf. e.g. [40], sections 3.13, 3.14.

Assume (@3], and let L : V — V be a linear operator satisfying (7). Let
Wy, € V satisfy (Z) (for 1 <n < N).

We define L : f[V] — f[V] by L(f(v)) = f(Lv); which can be seen to be an
unambiguous definition by using (3] and the fact that L is a linear operator
satisfying ||Lo|| < B[v|| (for all v € V) with some fixed 3.

Using (4.6), we extend L to a linear operator from V to itself satisfying (L7
(where L, V now replace L, V). For 1 <n < N, the vectors W, = f(wp,) € V can
be seen to satisfy (Z1) (where L, W, now replace L, wy,.).

Because the implication “(L7)==(Z3)” holds in the complex Banach space V,
we have

= < =
max [lwy, || = max [[Wy,|| < p max |[wo,|| = p max {lwo.]

which proves that the implication holds in the framework (£3]) as well.
It remains to show that the implication “(If)—(23)” is valid, also in the case
where

(4.7) V is a real vectorspace with seminorm || - ||.

In the situation (4.7), we consider the complexification V=ve V, equipped
with the seminorm ||w|| = sup,cp || cos(t) u + sin(t) v|| for w = (u,v) € V; cf. [25].

Assuming (7)), and L, wy, to be as in (1), @) (for 1 < n < N), we define L
by the rule L(u, v) = (Lu, Lv) (for (u,v) € V), and we write @,y = (wpy,0). Using
the implication “(L7)=-(23))” in the space %A’, the implication can be seen to hold
in the space V as well. O

The above two lemmas show that for establishing Theorem 211 it is enough to
prove just Statement (I) of Theorem [Z1lin the context of complex Banach spaces.

5. ProvING THEOREM 2], (I), FOR COMPLEX BANACH SPACES

5.1. Part 1 of the proof. Throughout Section Bl we denote by V a complex
Banach space with norm |||, and we make, unless stated otherwise, the assumptions

24, @.3).

For ¢ € C*, with components (1, ..., (x, we use the norm |¢| = max {|¢.| : 1<
r < k}. For k x k matrices A, we put |A| = max {|AC|/[¢| : ¢ € C¥, ¢ # 0}. For
w € V¥, with components wy, ..., w; € V, we use the norm

|lw|| = max {[|w,|| : 1<r <k}

Let A be a k X k matrix. For linear operators X : V — V, we denote by A ® X
the operator mapping u € V¥ with components u, (for 1 < ¢ < k), into v € V¥
with components v; = Z§:1 aieXug (for 1 <i < k). Below it will be used that

[(A® YY) w|| < |A|||lw|| (for all w € V¥ and j =0,1,2,...),
if |[Y || <|v|]| (forall veV).

Because of (2.1, (Z4]), there is a value o > 0 such that
(5.2) P.(z2) #0 forl1<r<kandall zeCwith |[z+v] < (1+0).

(5.1)
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The functions ®,5(z) = %f((zz)) are thus holomorphic for z € C with |z+v| < (140)7,

and

(o) . .
_ . NI ¢l
- n_ i o n
O(—y+w)" = jEZOy Crj (for [yl <1+0),  with Cnj = 5 {dzj [@(2) }}Z:—'y.
Assume the circle condition (7)) is fulfilled. In dealing with (Z), we shall use

the following operator Z and (column) vectors w,, € V*:
(5.3) Z=AtL and w, € V" with components wy1,...wnk.
Clearly,

(2 + 1) ull < 7 1Jol] (for all v € V).

The last inequality implies that Z = —y I 4+ ~Y, with [[Yv|| < ||v|]| (for all
vevV).

Because P.(z) # 0 on the disk {z : |z + 7| < «}, the roots of P,.(z) belong to the
resolvent set of Z. Consequently, the operators P,.(Z) have inverses P,.(Z)~! map-
ping V into itself. For given wy € V¥, there are thus unique w,, satisfying (Z1]) (for
1 <n < N); clearly, wy, = P.(Z2)72Qp1 (At L)wy—1 1+ Pr(Z) 7 1Qua(At L)wy, 1 2+
B PT(Z)_IQTk(At L)’wnfl’k.

We have P.(Z)7'Q.s(Z) = ®,5(Z), where ®,4(Z) is defined via the partial
fraction decomposition of ®,(z), or (equivalently) via a suitable contour integral
of the operator-valued function f(A\) = ®,.5(\) (Al — Z)7}; see e.g. [40] (section 5.6)
or [5] (p. 11).

Assume (2) (for 1 < n < N). Defining the operator ®(Z) = (®,5(Z)) (from
V* to itself) in a natural way, we get wy = ®(2)Nwy = ®(—yI +vY)Nwy =
{Z;‘io Cn; ® Yj}wo; see e.g. [B] (theorem 1.19). Applying (5.I), we arrive in

view of the above at:
Lemma 5.1. Assume (LT), and wy € V¥, N > 1. Then there are unique w,
satisfying 1)) (for 1 <n < N ). Moreover,

o

(5.4) lonll < (3 1Cw;1) llewol -

=0

For proving Theorem 2] (I), via (54]), we have to find p (not depending on n)
with

(5.5) Z |Crjl <p (forn>1).
§=0

Clearly, Cpj = 556,12, ¥ 7 (= +y)"dy = 52 [T eV @(—y +ye )"dt.
Defining

F(t)=®(—y+ye ™),
we thus have
1 T

Cyj = > e U F(t)"dt.

—T
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Below, in Section [5.2] we shall split the powers F'(¢)™ into a sum
(5.6) Ft)" = FO@) + FH (1) + ... Fl¥l (),

where each function F (t) has a more simple structure than F'(¢)™.
Next, in Sections [5.3] and 5.4l we shall prove for the matrices

1 7'r ..
(5.7) e / o=t B (1) dt,

that finite constants My, not depending on n, exist with
(5.8) STeM < M (for n > 1).
3=0

These bounds will complete the proof, because they imply that Z;io |Crj| <
SO + -+ OB < (for n > 1), with = Mo+ My + -+ + M,

5.2. Part 2 of the proof: defining the functions Jalld (t),.. .,FJ{Q] (t). We will
denote the spectrum of any matrix A in C*** by sp[A], and its spectral radius by
spr[A]. Furthermore, an eigenvalue of A will be said to have multiplicity m, if it is
a root of the characteristic polynomial with multiplicity m.

The following lemma will be used repeatedly:

Lemma 5.2. Assume |2* + | < 70, and A* is an eigenvalue of ®(z*) with multi-
plicity m. Let 6 > 0, € > 0. Then the following holds:

(I) There are 6* € (0,9), €* € (0,¢€), such that for each z with |z — z*| < €*, there
are precisely m eigenvalues X of ®(z) with |\ — \*| < &*; each eigenvalue being
counted according to its multiplicity.

Assume, in addition to the above, that |\*| = 1. Then Statements (I11a)—(11d)
hold:

(ITa) There are 6* € (0,9), € € (0,€) and o; such that, for each z with |z—z*| <
€*,

> the power series 1+ ay(z — 2*) + as(z — 2%)%2 + ... converges;

> there is precisely one (simple) eigenvalue X of ®(z) with |A — X*| < 6*;

I> the last mentioned eigenvalue equals A = N*[1+aq(z—2%) +ag(z—2%)2+...].

(IIb) If, in statement (I1a), all a; = 0, then A* € sp[®(2)] for all z with |z+o| <
Yo-

(ILc) If |z* + | <7, z* #0, then, in statement (Ila), we have all o;j = 0.

(IId) Let z* = 0. If statement (IIa) holds with not all o; = 0, then oy is real
and positive.

Proof. (I) Define P(z,A) = det[®(z) — AI] and f(A\) = P(z*,A). For §* € (0,9)
small enough, the disk {A: |A—A*| < 6*} contains no zeros of f(\) other than the
(m-fold) zero A = A*. Therefore, Statement (I), follows e.g. by applying Rouché’s
theorem, with function g(A) = P(z, A) satisfying

lg(A) = FOI<[f)] for [A =X = 6" and |z — 27| < ¢,

where €* € (0, €) is sufficiently small; cf. e.g [31], p. 242.

(ITa) The assertion in Statement (Ila), not dealing with the power series, follows
from Statement (I) (with m = 1). Furthermore, with P(z, \) as defined above, we
have P(z*,\*) = 0, B%P(z*, A*) # 0. Therefore, the assertions about the power
series follow from the expansion theorem as given e.g. in [, p. 17.
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(ITb) Because P(z,A*) = 0 for all z in a neighbourhood of z*, we must have
P(z,X*) =0 for all z with |z + 70| < 70.

(ITc) Suppose there would be an a; # 0. We can choose an open neighbourhood
of z* lying in the stability region S. The intersection of that neighbourhood and
the open disk {z : |z — 2*| < €*} (where €* is as in Statement (IIa)), is mapped
by the function ¢(z) = A*[1 + ay(z — 2*) + aa(z — 2*)? +...] onto an open neigh-
bourhood of A*. This would imply that there are points z in S with spr[®(z)] > 1;
a contradiction.

(IId) Part 1. Let z* =0, and ¢*,€*, a; as in (Ila), with not all a; = 0. We claim
that a; # 0. Suppose, to the contrary, that «,, is the first coefficient with «,, # 0,
and m > 2.

Let 0 <n < % For a radius r > 0, to be specified below, we consider the curve

I': t— z=rexp(it), for( +77)7r<t<(——n)

We denote the corresponding range by |I'| = {z : z = r exp(it), ( +r <t <

(3 — )7}
There is an 79 > 0 such that, for all r € (0, ro],

IT'| is contained in the stability region S.
The function ¢(z) = A*[1 4+ oy 2z + ag 2% + .. .] satisfies
o(2) = A" [1 4+ an(l+0(2)z™]  (for z — 0).
Hence, there is an . € (0,€*) such that for all » € (0,r1] and |z| = r we have
B(2) = N [+ am(1 +9(2))2™]  with [9(2)] < 1, |arg[l + $(2)]| < 5.

Denoting the increase of the argument of any function x(z), when z runs through
the curve I', by [arg{x(2)}]r, we thus have, for 0 < r < ry:

[arg { 52 — 1}] = farg{1 + w(2)}Ir + arg{="})r
> 2nr4+m(1—-2n)7>(2—6n)r.

We choose n with 0 < n < %, and consider related values rg,7,. We put r =
min{rg, 1}, so that for the corresponding I we have {arg { (z) 1}] > m. There
is thus a point zo € |I'| with Re{d)( 20) _ 1} > 0, and ’QL)A—*’ ’R { ZO)H =

‘1+Re{% - 1} ‘ > 1. As zg € [T'| C S and ¢(zg) € sp[®(z0)], we have ‘QL)A—* <
1, yielding a contradiction. Hence,

041750.

(IId) Part 2. To prove oy > 0, we consider z — 0 with |z + | < v. Because
z € S, we have, with the same notation as above:

12‘¢)Ef) {%_1}—1+Re{alz 14+ 0(2))} (for z— 0).

Therefore,
Re{aiz} < O(|z]*) (when z — 0, while |z 4] < 7).
Writing o; = |og|e*  and z = |2]e!(*), it follows that:

(5.9) |ay] cos(by + 0(2)) < O(]z|]) (when z — 0, while |z + | < 7).
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We let z tend to zero (while |z 4+ v| < ) in three different manners, viz. such
that 6(z) = m, and such that 0(z) — /2, as well as 6(z) — —m/2. This leads,
respectively, to

cos(f) >0, sin(f;) >0, sin(6y) <0.
Hence, cos(61) =1, i.e., a3 > 0. ]

Our definition of the function F implies that F'(t) = ®(z) with |z + 7| < ~.
Hence, in view of Parts (IIc), (IId) of Lemma 2] the eigenvalues A\* of F(t) with
modulus [A*| =1 fit into two separate categories.

The first category consists of the eigenvalues (of unit modulus) of F'(0) for which
the coefficient a;; > 0. We denote these eigenvalues by

Toe AL
1 s \p
The second category consists of the eigenvalues (of unit modulus) of F'(¢) for which
all coefficients o; = 0. We denote them by
P+ Aptg-
We choose §y > 0 so small that
(5.10) all disks {A: |[A = A} <o} are disjoint (1 <€ <p—+q).
From Lemma [5.2] (and a compactness argument), one arrives at
Remark 5.3.
(I) There is a 61 with 0 < 61 < g, such that for 0 < |t| < 7, and p+1 < ¥ <
p+ ¢, the only X\ € sp[F(t)] with [A — A}| < 01, equals A}.
(IT) For 0 < [t| < m, all eigenvalues A of F(t) that are different from Ay ,,...,
A5 4> have modulus [A] < 1.

(IIT) All eigenvalues A of F'(0) that are different from AJ,... Ay, As g, A0,
have a modulus |A| < 1.

We can conclude, from the Jordan canonical form of F'(¢), that, for 0 < [¢t| < 7
F(t) = P(t) + Q(t), with P($)Q(t) = Q(1)P(t) =0,
sp[P(t)] = splEDI\ {Xp15 -5 Apighs PR = {Ap15 -5 At by
Qt) = Fpya(t) + -+ Fpig(t), with Fu(t)Fou(t) =0 (for £ m),
Fi(t)" = (\))" 'Fy(t) (forn>1andp+1<{<p+q).

A decomposition of P(t), analogous to the one just given for Q(t), can be ob-
tained for ¢t ~ 0, using Lemma [5.2, with z = —y + ve™'* ~ 0. There are, for t — 0,

exactly p simple eigenvalues A1 (t),..., A, () of P(t) tending to Aj,..., Ay, respec-

tively. The other eigenvalues of P(t) have a modulus bounded away from one. It
follows that there are €,§ with

0<dé<min{l,d}, 0<e<m/2,
and holomorphic functions A\(t) (1 < ¢ < p), such that for || < 2e:
sp[P(t)] = Ao(t) UA1(t), where all XA € Ag(¢t) have a modulus |A] <1 —6;
A () ={A(t),..., Ap(t)}, wherefor 1 </l <p:
[Ae(t) = AJ] <0, [Ae(t)] <1 (for ¢ #0) and Ae(t) — A; (for t — 0).

Here 4, is as specified in Remark 53] and the inequality |A¢(f)| < 1 is a consequence
of the second statement in that remark.
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It follows, from the Jordan canonical form of P(¢), that we can write, for [¢| < 2e:
P(t) = Fo(t) + Fi(t) + - - + Fp(t), with Fy(t)F,(t) =0 (for £ # m),
spr(Fo(t)] < 1 =6, Fp(t)" = X\e()" ' Fy(t) (forn>1and 1 << p).

In our splitting (5.6]), we shall make use of €, § with the properties just mentioned,

and the integer s will be equal to s = p+ g. The function oy (t) will be related to
eigenvalues of F'(t) having a modulus bounded away from one. For 1 < ¢ < p and

t — 0, the jolsy (t) will be related to A¢(t); and the remaining functions Jalsy (t) to
Al

We shall use a partition of unity on [—m, |, involving a real-valued and twice
continuously differentiable function ¢(t), satisfying

Ppt)=0 2e<ft|<m), 0<g(t)<1 (e<[t|<2), o(t)=1 (t|<e)
For formal reasons, only, we define for 2 < || < 7:
Fo(t)=---=Fp(t) =0, M(@)=---=X(t)=0.
For 0 < [t| < 7, we have the decompositions

F(t)" = (1= ¢()")P()" +¢(t)"P(t)" + Q)"
P(t)"P(t)" = [p(t) Fo(t)]" + [o(t) Fr(D)]" + - - - + [o(t) Fp ()],
Q)" = Fpya(t)" + -+ Fpg ()",

so that the splitting (5.6) is in force with

(5.11) E(t) = (1= ¢(&)") P(O)" + [6(1) Fo(1)]",
(5.12)
Fi(t) = [o(t) Fe()]" (1< £<p), FY@E)=F(t)" (p+1<L<s=p+q).

Because the functions F\' (t) are composed of the n-th powers of matrices P(t),
d(t)Fo(t) and Fy(t), the subsequent remark is of importance; it will be used in the

following sections.

Remark 5.4. The matrix-valued functions P(t), ¢(t)Fy(t) (for 0 < £ < p) and Fy(¥)
(for p+1 < ¢ < p+ q) are twice continuously differentiable on [—m, w]. Moreover,
these functions and their first derivatives assume at ¢ = 7 the same values as at
t = —m.

These properties follow from P(t) = F(t) — (Fpy1(t) + -+ Fppq(t)) (for 0 <
t] <),
1
Fo(t) = o~ CC=F®)]7'd¢ (forp+1<L<p+gand0< |t <),
21 Jic-x;1=s

and the following representations, which are valid (only) for || < 2e:

R0 =5a - FO)
Fi(t) = — ClC-Fm]'ac (1<e<p).

211 Jic—xz|=6
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5.3. Part 3 of the proof: bounding Z; ~0 ‘Cy[fj” (=0, p+1<l<p+q).
In bounding ’CT[?]] = ‘% jﬁ e—ljtFT[LO]( £)
involving a function H (t) defined on a finite union 7" of bounded closed real intervals.

The function has values in the space C*¥*F of k x k matrices, and it will be assumed
that

, we shall use the following lemma,

spriH(t)] < 1fort € T, and H(t) has a continuous second derivative on 7.

Lemma 5.5. Under the above assumptions on H(t), there exist constants K and
0, with 0 < 0 < 1, such that uniformly for alln > 1 andt € T:

2
|H(t)"| < K 67, ‘%{H(t) <Ko, %{H(t) <Ko

Proof. By a compactness argument, there is an « € (0, 1), independent of ¢, with
spr[H(t)] < a on all of T. We choose 8 with o < 8 < 1, and represent H (t)™ by
the Dunford integral

Ht) = = b ¢"CT — H()\dC.
21 Jicj=p

It follows that |H(t)"] < 5 Sﬁ(l 51" |[¢I — H(t)]7*||d¢], so that K exists with
|Ht)"| < Ko "™ (foralln>1,teT).
The derivative (H(t)")" equals a sum of n terms H(t)?"' H'(t) H{t)" 7 (1 <j <
n). Applying the last upper bound for |H (¢)"], it follows that there is a constant

L1 with |(H(t)”)’| < Linp" (foralln >1,t€T). Hence K1, 61, with 0 < 6; <1,
exist such that

‘(H(t)")" <K 0" (foralln>1, teT).

Differentiating the sum just mentioned, we can express (H(t)™)"”, in its turn, as a
sum (of 3n terms). It follows that for some Ko, 65, with 0 < 05 < 1,

[CORS

The lemma has thus been proved with

0y (foralln>1,teT).

K = max{Ky, K1, K>} and 6 =max{3,01,65}. O

Defining G(t) = jold (t), we see, in view of definition (.11 and Remark 54 that

(5.13) G(t) has a continuous second derivative on [—m, 7],

(5.14) G(—7) = G(n), G'(—7) =G (n).

Therefore by performing twice a partial integration, we get % ffﬂ e VLG (t)dt =
z [ e UG (t)dt (for j > 1). Hence,

271']
(5.15)

Y 1

_ —igt . _ L 1" .

5 /ﬂre G(t)dt' <Lj, Lp= mtax\G(t)|, L; = 7 mtax\G ()] (forj >1).
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In order to bound |G(t)| and |G (t)|, we note that G(t) = A(¢) + B(t), with

A(t) = P(t)" —[¢(t) P(t)]" and B(t) = [¢(t) Fo(t)]"
Clearly,
A()=0 (for|t|<e), B()=0 (for2e<|t| <m).

In view of the material in Section (2] it follows that Lemma can be applied
with H(t) = P(t) and H(t) = ¢(¢t)P(t) on T = {t : e < |t| < 7}, as well as with
H(t) = ¢(t)Fo(t) on T = {t : |t| < 2e}. This leads, for some K, § with 0 < 6 < 1,
to the bounds

AP () <2K6", |BP (1) < K" (for || <7 and p=0,1,2),

|G(t)| <3K 6™, |G"(t)|<3K0" (for |t| <m).

Using the last two upper bounds in combination with (5.I5]), we obtain

oo o] >~ 4 - oo >~ 1
o] _ —ijt n
Z|an\_2\§/ e I G(t)dt| < L; < 1+Zj—2 3KO".
=0 =0 - =0 =1
Hence, putting My = (1 + 352 %)3[(, we have

(5.16) STl < My (for n > 1).
§=0

4

Let p+1 < /¢ <p+gq. In order to bound |CLj‘ = |5 [7 el F,[f](t)dt|, we put

G(t) = F (),

n

and note that, because of definition (B.12]) and Remark[5.4] we have again properties

GI3), GI4), (GI5). Using that G(t) = Fe(t)" = (A))" "' Fy(t), we now have in
(515) the equalities Ly = max; |Fy(¢)| and L; = ]iz max |F)'(t)] (j > 1). Putting

M, = 3772 Lj, we obtain

(5.17) Z|C§;|§M5 (forp+1<l<p+qgandn>1).
=0

5.4. Part 4 of the proof: bounding E?io ’C’}fﬂ for 1 < ¢ < p. Three lemmas
will be used; the first two are related to material in the seminal paper [41].

Lemma 5.6. Let constants K, a be given. Suppose values 6,; satisfy, forn > 1

and j >0,
K
. < n'S—v
(5.18) 0= dny < =
K \/n s

Then a finite value M, depending only on K, exists with Z;io Onj < M (for allmn >

1).
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A version of this lemma was used, implicitly, in [41]. We omit the proof of
Lemma [5.6] because it is simple and very similar to the proof of the related result
given in [41], p. 278.

The following lemma is about Go(t), u(t), with values in C*** and C, respec-
tively, where

(5.20) Go(t) and u(t) are twice continuously differentiable on [—m, 7],
(5.21)

Go(=m) = Go(m), Go(—m) =Go(m) and p(—m) = p(m), p'(-m)=p'(7),
(5.22) wO)] =1, |p®)] <1 (for 0 < [t] <),
(5.23

w(t) = p(0) - explait — (B + 6i)t? + O(t%)] as t — 0, with real «, 3,6, where 3 > 0.

Lemma 5.7. Assume Go(t), u(t) satisfy all of the conditions just mentioned, and
let

1 ™

eiijt [L(t)n71 Go(t) dt, 5nj = |Dnj |

Then a constant K exists such that (BI8), (I9) hold (for alln > 1 and j > 0).

Proof. The proof will be based on ideas taken from [4I], pp. 277-278.

Proving (6I8). A combination of the fact that |u(¢)| < 1 (for 0 < |¢| < 7) with
the asymptotic expansion for u(t) (when ¢ — 0) (see (£22)), (5:23))) shows that for
some constant Gy, with 0 < Sy < 3,

(5.24) lu(®)] < e ™ (for 0 < [t| < ).
Therefore,
1 i n—1
[nsl < 5= [ In@" " Go(t)ldd
™ —T
ex 2 4 K b
< SR [ oxp(-gunt?)[Galt)lde < T2 [ exp(-pua?)a

for some constant K. Hence, a constant K exists as required in (GI8).
Proving (519). We assume n > 1, an # j > 0, and introduce the functions
Ho(t) = e Gy(t), v(t) = e 1 pu(t), H(t) = v(t)" L Hy(t), so that

1~
Dnj = o e UMt gty dt, v(t) = v(0) - exp[— (B + 1)t + O(t%)] (for t — 0).
7
By two partial integrations, there follows D,,; = W [T _eTiU—amtgr(y) dt,
so that

1 1
Dol < ez |01

Licensed to University of Leiden. Prepared on Wed Aug 9 10:17:42 EDT 2017 for download from IP 132.229.172.151.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



STABILITY AND BOUNDEDNESS OF INITIAL VALUE PROBLEMS 2795

We have H” (t) = A, (t) + B, (t) + C,(t), where
An(t) = (n = 1)(n = 2) [/ ()] [p(£)]"~® Ho (t),
By (t) = (n— 1) [p()]" [V () Ho(t) + 2V () Hy(1)],  Cu(t) = [v(&)]" " Hy (1)
Because (5.24) holds, and ©/(0) = 0, we have for some constant Ky,
() <e ™ and [V/(t)] < Kolt|  (for 0 < [t < ).

Combining these two upper bounds with the above expressions for A, (t), Bn(t),
Cn(t), we see that K1, Ky, K3 exist such that, for all n > 1,

/ |A,| < Ky n2/ |t|? exp(—Bont?) dt < K, \/ﬁ/ 22 exp(—Box?) dz,

—1T —T

/ |B,| < Kgn/ exp(—Bont?) dt < Ko \/ﬁ/ exp(—Boz?) de,

| il < K.
It follows that there is a constant K with |D,,;| < (jii(\y/f)Q O

Lemma 5.8. Let ¢ be given with 1 < ¢ < p. Then the function Fl (t) (cf. definition
BEI2)) can be written as foliy (t) = ut)"1Go(t), with u(t), Go(t) satisfying the
assumptions (B20)—E23) made in Lemma B

Proof. From Section (.2 we have £l (t) = u(t)"1Go(t), where u(t) = o(t) Me(t)
and Go(t) = ¢(t)Fy(t) satisty (5.20), (21T), (522). To prove also ([.23]), we note

that
(5.25) w(t) = Xe(t)  (for |t < e).

By Lemma [52] there are oy, as, ... (possibly depending on ¢, but not on v) such
that

Me(t) = Nj[1 4+ a1z 4+ agz® 4 ...] (for t — 0), with 2 = —y +vye " and a; > 0.
Defining real «, 8, § by a = —ayy and 8+ 6i = Z [ + (202 — af)7], we have
(5.26) Me(t) = N - explait — (B + 61)t* + O(t)]  (for t — 0).

Clearly, 8 = f(y), with f defined by: f(z) = & [o1 + (2Re{az} — of) 7]
(for all real x).
Because 1> [A,(t)/A\;| = exp[—Bt2 + O(t3)] (for t — 0), there follows

f(y) >0.

Although this inequality has (formally) been derived only for the value v at hand,
it must evidently hold for any 7" with 0 < 4’ < ~y. Therefore, also f(vy) > 0,
which implies

B= () =B~ L)+ (L)) > B~ L) >0.

Combining the resulting inequality “8 > 0” with (5.25]), (5:26), we obtain (5.23) O
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Because C,[fjl =5 [ et FlY (t)dt, the above three lemmas imply that

27
(5.27) STl <My (for 1 <£<pandn>1),
§=0

for some constants My not depending on n. The proof of Statement (I) in Theorem

211 is completed using (&.16]), (5IT7), (5.27) as indicated at the end of Section (11
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