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ABOUT THE SHARPNESS OF THE STABILITY ESTIMATES
IN THE KREISS MATRIX THEOREM

M. N. SPIJKER, S. TRACOGNA, AND B. D. WELFERT

ABSTRACT. One of the conditions in the Kreiss matrix theorem involves the
resolvent of the matrices A under consideration. This so-called resolvent con-
dition is known to imply, for all n > 1, the upper bounds ||A"|| < eK(N + 1)
and [|A"|| < eK(n + 1). Here || - || is the spectral norm, K is the constant
occurring in the resolvent condition, and the order of A is equal to N +1 > 1.

It is a long-standing problem whether these upper bounds can be sharp-
ened, for all fixed K > 1, to bounds in which the right-hand members grow
much slower than linearly with N + 1 and with n + 1, respectively. In this
paper it is shown that such a sharpening is impossible. The following result is
proved: for each € > 0, there are fixed values C' > 0, K > 1 and a sequence of
(N +1) x (N + 1) matrices Ay, satisfying the resolvent condition, such that
AN > C(N+1D)1=¢ =C(n+1)1"€for N=n=1,2,3,....

The result proved in this paper is also relevant to matrices A whose
e-pseudospectra lie at a distance not exceeding Ke from the unit disk for all
€>0.

1. INTRODUCTION
1.1. The Kreiss matrix theorem. In the following we use the notation
x| = (lzof® + |z1 >+ + oy |?)!/?
for vectors x € CNV*! with components zg, 21, ..., zx. Further, we define
| Al = max {|]Ax| : x € CN T with |x| = 1}

for square matrices A of order N + 1.

In the stability analysis of numerical processes, one is often faced with the prob-
lem of estimating ||A™|| for n > 1; stable numerical processes are distinguished by
the property that ||A™| is of moderate size.

Kreiss (1962) established an important theorem, called the Kreiss matrix the-
orem, which has been one of the fundamental results for establishing numerical
stability. Still recently, much research was devoted to this theorem and variants
thereof (see, e.g., Giles (1997), Kraaijevanger (1994), Lubich & Nevanlinna (1991),
Reddy & Trefethen (1992), Spijker & Straetemans (1996, 1997), Strikwerda & Wade
(1991), Toh & Trefethen (1999), and the review papers Borovykh & Spijker (2000),
Dorsselaer et al. (1993), Nevanlinna (1997), Strikwerda & Wade (1997)).

Received by the editor May 12, 1998.

2000 Mathematics Subject Classification. Primary 15A60, 65M12.

Key words and phrases. Kreiss matrix theorem, resolvent condition, stability estimate, numer-
ical stability, e-pseudospectrum.

(©2002 American Mathematical Society
697

This content downloaded from 132.229.230.182 on Mon, 6 May 2013 08:47:38 AM
All use subject to JISTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

698 M. N. SPIJKER, S. TRACOGNA, AND B. D. WELFERT

One of the (equivalent) conditions occurring in the Kreiss theorem involves the
so-called resolvent (2I — A)™! of A; here z is a complex variable and I denotes
the identity matrix of order N + 1. This condition requires that a constant K > 1
exists such that

zI — A is invertible

L (I - A)] <

for all z € C with |z| > 1.
2| -1
We shall refer to (1.1) as a Kreiss resolvent condition, and to K as a Kreiss constant,
for the matrix A.

The current form of the Kreiss theorem implies that both estimates

(1.2) |A™| < eK(N +1) forn,N >0
and
(1.3) |A™| < eK(n+1) forn,N >0

are valid whenever A is a matrix of order N + 1 satisfying (1.1) (see Spijker (1991)
and Wegert & Trefethen (1994)). The purpose of this paper is to contribute to the
important question of how far these estimates are sharp when K is an arbitrary
fixed number.

For the sake of completeness we mention that (1.1) can be reformulated in
terms of the so-called e-pseudospectrum A.(A) = {A : X is an eigenvalue of some
(N +1) x (N +1) matrix B with |B— Al < €}: condition (1.1) is equivalent to the
requirement that, for all € > 0, the set A.(A) lies within the disk {2 : |2| <1+ K¢}
(see Reddy & Trefethen (1990, 1992)).

1.2. Known results about the sharpness of (1.2)—(1.3). LeVeque & Trefethen
(1984) constructed (N + 1) x (N + 1) matrices Ay, satisfying (1.1) with K = Ky
(for N > 0), such that

AN
N—oo (N+1)Kn

Here, the Kreiss constants K are such that Ky — oo (when N — oo). This
counterexample proves that the constant e, occurring in the right-hand members
of the estimates (1.2)—(1.3) cannot be replaced by any smaller constant—provided
the estimates are required to follow from (1.1) for all K > 1.

Clearly, this interesting counterexample is not relevant to the question mentioned
in Section 1.1 about the sharpness of (1.2)—(1.3) for arbitrary fized K. In fact, for
K =1, the Kreiss resolvent condition is known to imply

|A*| <2 forn,N >0

(see, e.g., Dorsselaer et al. (1993)), which is a much stronger estimate than (1.2)-
(1.3) with K = 1.

It is a long-standing problem in how far, also for all fixed K greater than 1, the
estimates (1.2)—(1.3) can be sharpened, say to

(1.4) |A™| € a(N,K) forn,N >0
and
(1.5) |A™| < b(n,K) forn,N >0,
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where a (N, K) and b(n, K) grow (much) slower than linearly with N and n, re-
spectively. An early contribution was made by McCarthy & Schwartz (1965), who
proved that a(N, K) must grow faster than (log N)? for any 8 < 1/4, when K is
fixed with K > m + 1. Later, Shields (1978) addressed a related issue leading to
the question of whether b(n, K), for each K > 1, can be chosen to be equal to
¢(K)v/n+ 1, with ¢(K) only depending on K. He presented some evidence for the
answer to this question to be positive.

The most recent contribution toward the solution of the above problem, known
to the authors, was made by J. van Dorsselaer (see Dorsselaer et al. (1993, Theorem
2.8)). His contribution implies the following theorem.

Theorem 1.1. Suppose (1.1) implies (1.4)~(1.5). Let K > m + 1 be given. Then
there is a positive constant C such that

a(N,K) > Y 1oeN bn, K) > OV 128"

= " log(log N)’ ~ " log(logn)

For discussions of various sharpness questions which have (some) similarity to
the one above, we refer to Dorsselaer et al. (1993), Kraaijevanger (1994), Lubich
& Nevanlinna (1991), Sand (1996), Spijker & Straetemans (1996), Strikwerda &
Wade (1991), Toh & Trefethen (1999).

forn, N > 2.

1.3. Formulation of the main result of the paper. There is a considerable
gap between the growth (which is linear with N + 1 and with n + 1) of the upper
bounds in (1.2)—(1.3) and the very slow growth of the lower bounds for a(N, K)
and b(n, K) in Theorem 1.1. Corollary 1.3 below almost bridges this gap by giving,
for any e > 0, lower bounds for a(N, K) and b(n, K) which grow like (N + 1)*~¢
and (n+ 1)17¢, respectively. Moreover, this corollary completely settles the above-
mentioned question originating from Shields (1978): the answer to this question is
negative.
The main theorem of our paper is as follows.

Theorem 1.2. Let € > 0 be given. Then constants K > 1 and C > 0 exist such
that, for each N > 0, there is an (N + 1) x (N + 1) matriz A satisfying both (1.1)
and the inequality

AN > C(N + 1)t

Clearly, Theorem 1.2 implies the following corollary.

Corollary 1.3. Suppose (1.1) implies (1.4)—(1.5). Let € > 0 be given. Then there
exist fized values K > 1 and C > 0 such that

a(N,K)>C(N+1)'"¢,  b(n,K)>C(n+1)'" forn,N > 0.

1.4. Outline of rest of the paper. The purpose of the following sections is to
prove Theorem 1.2.

In Section 2 we deal with an (N +1) x (N + 1) matrix A which is still of a rather
general form. We formulate conditions on the eigenvectors of this matrix which
imply both (1.1) and a lower bound for ||AY||. The main ideas in this section were
used earlier by McCarthy & Schwartz (1965), Kraaijevanger (1994) and Spijker &
Straetemans (1996).

In Section 3 we focus on the case where the matrix A, considered in Section 2, has
a set of eigenvectors constituting a lower triangular Toeplitz matrix T' = (d;_;) of
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order N 4+ 1. We relate arbitrary vectors ¢ € CVN*+1, with components €0, Cly- -+, CN)s
to square integrable functions f on [—m, x|, with Fourier coefficients f(¢) = ¢, (for
0 < £ < N). In doing so, we can reduce the conditions of Section 2 to conditions
involving only a function g with g(¢) =d, (0 < £ < N).

In Section 4 we specify the (N + 1) x (N + 1) matrix A completely. We choose
the entries d;_; of T' such that the corresponding function g satisfies the conditions
of Section 3 in a convenient manner. With this choice for A we can conclude both
that (1.1) holds and that a lower bound of the desired form holds for || AV ||.

2. CONDITIONS ON A GENERAL MATRIX A
In this section we consider a matrix A of order N + 1 of the form
(2.1) A=TAT™},
where A is the diagonal matrix
Ao
(2.2) A= with Ap=e¥ for£=0,...,N
AN

and T is a nonsingular matrix (in the case N = 0 set A\g = 1). The form (2.1)
of A allows for an easy determination of an expression for the powers of A, while
the particular choice (2.2) for the matrix A enables us to apply a nice result by
McCarthy & Schwartz (1965) and reduce the Kreiss resolvent condition (1.1) to a
set of more tractable conditions on the columns of T'.

In order to express this result, we write the matrices T and 7! in the form

vi
(2.3) T= W | - ---|UN and T 1= ,
4
respectively. Note that ug,...,uy are eigenvectors of A. Let
J
(2.4) Pj=> wv{ forj=0,...,N.
£=0
In particular Py = TT~! = I. More generally, the identity T—'T = I yields
1 ifk=¢,
(2.5) viu =
0 otherwise,
so that Pf =P, for j=0,...,N, ie., P; is a projection matrix onto the subspace
of CN*1 spanned by the columns uy,...,u; of T.

Lemma 2.1 (McCarthy & Schwartz, 1965). Assume that there exists a constant 3
such that

(2.6) |P;|| <pB forevery j=0,...,N.

Then the matriz A given by (2.1)—~(2.2) satisfies the Kreiss resolvent condition (1.1)
with K = Br+ 1.
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Proof. Using the notations of (2.3)-(2.4) we write u;v] = P; — P;_; for j =
1,...,N. Hence

(2 —A)7Y = T(2I - AT

= i ! u;v
= ——u,;v]
o Aj
N-1
1 1 1
= - P + I
= (z—)\j z—/\j.,.l) T2 AN
N-1 1
= <¢(/\j) - ¢(/\j+1))Pj t =5
; z2—AN
=0
where ¢(A\) = (2 — A) L. For fixed z such that |z| > 1 and || = 1 we have
b0y - —2 | = ZA—1 ] z=2A 11
22 =11 [ =N(zP =1 [z =NA[[22 =1 " [2[ -1

i.e., ® maps the unit circle to the circle C, of center Iz—lf—_—I and radius #_—I

(2 denotes the complex conjugate of z). Moreover ¢ has winding number 1. Hence

Z;.Vz_ol |¢(A;) — &(Aj4+1)| is the length of a polygonal curve inscribed in C,, which is
2

less than the circumference WﬂTl of C,. Finally we obtain, using (2.6),

||<zI—A>-1ns|z|2ﬂ’r _— ! (25“ +1)<——ﬁ”“

21 T e[ =1 o =1 \Jz+1 =l =1
O

Remark 2.2. Since the matrices P; are nonzero projection matrices, the constant
B in (2.6) necessarily satisfies 8 > 1.

We are now ready to formulate the main result of this section.
Theorem 2.3. Let N > 0 and A € CINTUX(NFY) pe given by (2.1)~(2.3). The
following results hold.

e On the norm of AVN. If the vectors uy,...,uy satisfy
N N

D (D e <> w

£=0 £=0

(2.7) @ <

for some constant a > 0, then

(2.8) AN > a.
e On the resolvent condition. If the vectors uy,...,un satisfy
j N co
(2.9) ZC{U@ <p ZC[U[ forall | | eCN* q@llj=0,...,N
£=0 £=0
CN
and some constant 3 > 0, then
1
(2.10) (21 — A)7Y < ﬁ7|r+1 for|z| > 1.
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Proof. We first show that (2.8) holds under the condition (2.7).
Let p = [(-1)% (-1)},...,(-1)N]" e CV*+! and q = [1,1,...,1]T € CN+L.
Note that

N N
q=A"p, Tp = Z(—-l)eug and Tq= Zue
=0 £=0
so that |Tq| > a|T'p|. From A = TAT~! we obtain AN = TANT~!, whence
Np-1 Np-1
_ITANT  [TANT-U(1p)| [T

AV =m = > a.
M= = 2 1l ITpl
Now assume that (2.9) holds. Given co,...,cy € C let x = E?;O ceuy and note

that (2.5) implies g = vIx for £=0,...,N. Then

J J
Pix = Z ugv{x = E Cely
£=0 £=0

so that condition (2.9) is equivalent to the condition |Pjx| < B|x| for all x € CN+1
and j =0,...,N, ie, |P]| < B forall j=0,...,N. By Lemma 2.1 this implies
(2.10). O

Remark 2.4 (on condition (2.7)). If we assume that the coefficients of the vectors
uy are nonnegative we expect that cancellations may make the norm of the sum
Zﬁ;o(—l)euz much smaller than of the sum Ef:o uy, thereby leading to a large
value of . This justifies the particular choice of the vectors p and q in the proof
of (2.8).

Remark 2.5. Denoting by e, the ¢-th column of the identity matrix I, the vectors
p and q can be written as

N N
P=) (1) and q=) e,
=0 £=0

respectively. In the next section we will introduce functions p and g defined in a
similar way in terms of the functions e(t) = e*t.

3. CONDITIONS ON A GENERAL FUNCTION g

3.1. Fourier coefficients. We start by recalling some notations and facts related
to Fourier theory that will be used in the remainder of the paper.

In all of the following, we mean by a function on the interval [—m, 7], a func-
tion which is complex valued and Lebesgue measurable. The class of all Lebesgue
integrable functions on [—, 7] is denoted by L.

For integer values k we denote the k-th Fourier coefficient of f € L by

Fb = o= [ s ar

For N > 0 we define the N-th order Fourier approximation to f € L by
N
) =Y flk)e*
k=—N

for all t € [—m, 7).
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= [ s}

and we denote by L? the class of all functions f on [—m, 7] with ||f]2 < co. We
recall (see, e.g., Zygmund (1979)) that, for any f € L?,

We use the notation

1

N N 2 H oo N 2) 2
(3.1) an||2={ > || } s{ > |Fw) } = |1 fll>
k=—N k=—o00

Further (see, e.g., Zygmund (1979) again), for f,g € L2, the product fg belongs to
L and
—_— et —~
(3:2) fa@) = 3 Fk)a~k).
k=—o00

-~

The class of all f € L with f(k) = 0 whenever k& < 0 will be denoted by H. We
define

H?=L°NnH.

3.2. The structure of the matrix 7. We consider the matrix A given by (2.1)—
2.3, and now assume that 7" has the lower triangular Toeplitz structure

do

d
(33) T= [uo,ul,...,uN] = !

L dv ... di do |
We assume throughout this section that there exists a function g on [—m, 7] such
that

(3.4) ge H? 1/ge H? §(f)=d,for 0 <¢< N with dy # 0.

The following simple lemma will be used repeatedly.

Lemma 3.1. Assume (3.3)-(3.4). Let f € H? and c; = f(€) for 0 < £ < N.
Define

Zo N
x=|:|= E couy.
£=0
TN
Then x; is equal to the £-th Fourier coefficient of fg, i.e.,
Ty = E(Z) for£=0,...,N.

Proof. From (3.3) we have z; = Ei=0 ckdo—k. In view of (3.2) and (3.4) we conclude
that z, is equal to the ¢-th Fourier coefficient of fg. |
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3.3. Transforming (2.7). We define the functions p and ¢q by

N .
) 14+ (_1)Nez(N+1)t
— 1)t —
(3.5) p(t) ;( e e
and
1— ez(N-i—l)
_ ot _

(3.6) q(t) = Ze’ —

respectively, which are analogous to the vectors p and q introduced in Section 2
(see Remark 2.5). The following lemma transforms (2.7) into a condition which
involves functions on [—m, 7] and their L2 norm, rather than vectors in CN*! and
their Euclidean norm.

Lemma 3.2. Assume (3.3)~(3.6). Then (2.7) is equivalent to

(3.7 all(pg)nllz < ll(gg)nll2-
Proof. Let
T N Y1 N
x=|:|= Z(—l)euz and y=|:|= ZUe.
=0 =0
TN YN

Denoting the Fourier coefficients of pg and qg by a, and by, respectively, we have,
by Lemma 3.1,
ze=ay, and 1y, =by.

Since
x| = (Z |$z|2> = (Z |az|2> = [l(pg)~l2
=0 =0
and
N 2 2
lyl = (Zlyelz) = (Z lblzlz) l(gg)~ll2
£=0
we conclude that (2.7) is equivalent to the inequality (3.7). O

3.4. Transforming (2.9). In order to obtain a sufficient condition for (2.9) we
assume that 0 < j < N and that ¢g,...,cy € C are given. Let

T ) 1
1 j Yy

N
=ZC¢U@ and y=]: =Zczul.
£=0

£=0
TN YN

(3.8) X

In view of (3.4) we define a function f on [—m,n] by
flo) = Tz
gt)

so that

(3.9) lyl = I fgllz, fe€H?
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From Lemma 3.1 we conclude that the N + 1 components z, of the vector

N

~

z=) f(f)u,

£=0

are equal to the corresponding Fourier coefficients of fg. Since these coefficients
are equal to y; (0 < ¢ < N), we have z = y. Consequently,

-~

co=f(¢) for0<L<N.

Applying Lemma 3.1 once more, in combination with the last equality, we see
that z, equals the ¢-th Fourier coefficient of f;g, so that

(3.10) x| = [[(fi9)nll2-
From (3.8)—(3.10) we obtain the following result.

Lemma 3.3. Assume (3.3)—(3.4). Suppose § is a constant such that

“(f]g)N||2 S /8 ||fg”2 fOT all f € Hz and] = 07 ]-7 .. aN'
Then (2.9) holds.

3.5. Conditions on g. Combining Theorem 2.3 and Lemmas 3.2 and 3.3 we ob-
tain, in view of (3.1), the following main conclusion of Section 3.

Theorem 3.4. Let N > 0 and A € CIVHUXIVHL) pe given by (2.1)-(2.2), (3.3)-
(3.4). The following results hold.

e On the norm of AV : If the functions p and q given by (3.5)—(3.6) satisfy

(3.11) a pgll2 < ll(g9)n 2
for some constant oo > 0, then (2.8) holds.
e On the resolvent condition: If

(3.12) Ifiglla < Bl fgllz  for all f € H* and j =0,1,2,...
and some constant 3 > 0, then (2.10) holds.

4. CONDITIONS ON A SPECIAL FUNCTION g

4.1. Choice of a function g satisfying (3.11)—(3.12). When applying Theorem
3.4 in proving a “large” lower bound for ||A"V||, it is necessary to choose g such that
a large value for « in (3.11) is possible. Therefore, it is natural to choose g such

that the ratio H%H% is large. Noting that

[p(m)] = maxp(t)] and |g(0)] = max|q (1),
one is led to choosing g such that |g(t)] is large for ¢t ~ 0 and small for t ~ 7. We

make the following choice:

L+et\” , 1
(4.1) g(t) = (1—_—65) for0<Jt|<m, with0<~y< 3

(see Figure 1). In the following, v will depend on a given parameter € > 0, i.e.,
~v = v(€). The exact dependence of v on € will be given explicitly below.
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FI1GURE 1. Plot of the magnitude of the functions g, p and q given
by (4.1), (3.5) and (3.6) with v = 0.49.

Clearly, both g and 1/g belong to the space L2. Further let C be any simple
positively oriented smooth curve contained in the closed unit disk, with z = 0 in
its interior and z =1 in its exterior. Then, for all integer values k, we have

1 [T [1+et\” _. 1 14+2\" dz
G(k) = — ) emiktgr = — ¢ (- 1Z) 22
9(k) 27r/_,,<1—e”) ¢ o c(l—z) R

From this we see that g(k) = 0 for k < 0 and do = §(0) = 1. Hence g € H?. Since
(g(t))™ = g(t + ) for 0 < |t| < m, we also have 1/g € H?. Thus g satisfies (3.4).

In this section we shall show that, for a proper choice of v(e), the function g
also satisfies the conditions (3.11) and (3.12) with a = O(N'¢) and 8 = O(1),
respectively.

4.2. The function g satisfies (3.12). A set of sufficient conditions for a general
function g € H? to satisfy (3.12) was recently given in Borovykh & Spijker (2001).
These conditions are satisfied in particular when the function g € H? has a polar
decomposition given by

(4.2) g(t) = |g(t)|e®®  with 2|6(t)| < o for almost all t € [, 7]
with some constant ¢ < 7. For such functions g it was shown that (3.12) holds

with 3 = (coso) ™. We refer the reader to Borovykh & Spijker (2001) for a precise
formulation of the more general statement.
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The function g defined by (4.1) can be written in polar form as
AN i
o) = (icot ) = la(0)e

with 6(¢) = ’ygsign(t). Thus

707

20(8)| <7m < 3
for any t € (—m,m)\{0}. Consequently, (4.2) holds with ¢ = 7 and (3.12) holds
with
(4.3) B = (cosym)~L.

4.3. The function g satisfies (3.11). We now show that, for 0 < € < 1, the
condition (3.11) holds with o = O (N*~¢) provided the function y = ~y(¢) is chosen
appropriately. We proceed by first determining an upper bound for ||pg||2 and then

a lower bound for ||(gg)n||2-

Lemma 4.1. We have

2 1
4.4 < ———=(N+1)277,
Proof. Using the 2m-periodicity of the integrand,
1 m
2 _ = 2
leglly = 5 | Ip(t)g(t)dt

-

27
= 5 [ peora

1 4 9
= 3 . |p(t + m)g(t + m)|“dt

2

: (N+1)t)
™ s
= l/ ( 2 g -2y dt
™o ( )

cos ) i (sini

= L+
with
2
1 (3 (sin ————)—(N;I t)
Il = 7—.‘:/ 127 st 2—27dt
0 (cosi)™ (sin})
and

1 ™ (sin g——"—Ngl)t)z
1=_/ dt.
T s (cost)? (sing)T

On one hand we obtain, using the fact that

(4.5) —?t < sin-;— for0<t<

ol
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IL <

<

1 [z
3

()"
(=)
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2
(sin —(Ngl)t

e (57

s

2y 5 2
v / ? 2y (Sin M) it
0 2

(N+1!1r
4
— . 2
s272 (sins)* ds

1 [e5)
(N + 1) (/ sMds +/ 327'2ds)
0 1

1— 442

(N+1),

On the other hand the integral I, can be bounded, using (4.5) again, by

I, <

IN

l/” dt
TJz (cosi)z'y (sinlr-)z_27

4

Combining the above upper bounds we get (pgll3 = I, + I < I_%,;(N + 1)

which yields (4.4).

The following lemma gives a lower bound for ||(gp)n||2-

Lemma 4.2. We have
(4.6)

Proof. We write
4.7)
with

a)= (

lag)nlla > S

(N +1)zt7 1

S VI=2y

9(t) = g1(t) (1 + g2(t))

2
1—eit

v it\ Y
) and gg(t)z(l_;e ) -1

O

The goal of the decomposition (4.7) is to replace the evaluation of the Fourier
coefficients ¢g(k) of qg by those of the function gg;, which are simpler to derive and
bound. A lower bound for ||(gg;)n|l2 and an upper bound for ||(gg192)n||2 which

are suitable can then be used to bound [|(gg) ~||2 using the triangular inequality

(4.8)

(ag)nllz = [I(gg1)n + (99192) v l2 2 [I(gg1) N ll2 = [[(gg192) N |l2-
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A lower bound for ||(qg1)n|2 is first derived by considering the Fourier coeffi-
cients of qg;. With the same curve C used in subection 4.1, we have, for £ > 0,

. 1 [ ;
gai(k) = — g1 (t)e *tdt
2r J_»
v N+1
- b 2 L—2" 2=kt g,
2mi Jo \1—z 1-=2
k)
_ [(lltzzw] (0)'
k!

We thus obtain ¢g; (0) = 27 and for 1 <k < N,

_ -] ®) k
q’ﬁ(k)zgy[(l z) - ] (0):27(1+7)(2+;) (k+7):27/31=-[1(1+%).

Note that ggi(k) > 0 for all £ > 0. Moreover,

k k
x 7
logezl_ll<1+e) ;log(l-i-K)

k 2
T
> A
> Z(f w)
=1
2.2
vy
> —
2 ylog(k+1)~ —3

so that, for k > 0,
2
2

2
qai(k) > 27e T (k+1).
We are now in position to evaluate ||(gg1)n||2. From (3.1) we obtain

N
Iggnll3 = > lgg (k)
k=0

v

a2 O
47e" 8 z:(l‘c+1)2'y
k=0

222 N+1
4'e s / t27dt
o :

2.2
fre= %

= ——— N+
142y (N +1)
(N+1)1+2’7

4

A%

Y

(since 0 < y < 3). Thus

(4.9) ll(ag1)nll2 > E_N_+_21£2

To obtain an upper bound for ||(gg192)n |2 we first note that

14 eit vqs=1 it _ 1 [l 14 et y-1
gz(t)=[<3 te +1—5) } =’ye / (s te +1—s) ds
2 =0 2 0 2
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so that (since v — 1 < 0)

et —1| (s s\ |71 et — 1
1 < \_ (-2 | _
@) a0l [ 5 (-5)] T e =]
Using (3.1) and (4.10) we obtain
l(@g192)nll3 < llagrg2ll3
1 s
= o5 lg(t)g1(t)g2(t)[*dt
1 ™ |1 _ ei(N+l)t|2
Sl qmep O
|5
< l/ dt _
mJo |sin£|”
< a2l / " gy
- 0
_ 1
To1-2y
Thus
1
4.11 < —_
(4.11) lag:gInlle < =5
Combining (4.8), (4.9) and (4.11) yields the result.
For 0 < € < 1 given we now choose
1—c¢
1 =
(4.12) T=—
By Lemmas 4.1 and 4.2 we then obtain the bound
l(N + 1)%+7 _ 1
(4.13) ”(qg)N||2 Z 2 5 Vl—I_E'Y Z ﬁ(N_i_l)l—é _
pgll2 g (N + 1)1 4

1
5

4.4. Main conclusion. We now state the main conclusion of Section 4.

Theorem 4.3. Let N >0,0< e <1 and A € CINtOXIN+L) pe given by

- - -
do 1 do
dy - ew d
A= 'l ' ‘1
iNw i
i dy ... di dy ] e N | dn

where dp is the £-th Fourier coefficient of the function
l—e¢
1+ eit 2
9(t) = (m) '

Then A satisfies the following inequalities.
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A COUNTEREXAMPLE RELATED TO THE KREISS MATRIX THEOREM 711

e On the norm of AN:

(414) 4™ = Yo 1 1
e On the resolvent condition:
(4.15) (=1 — A)~Y| < Inzl——~1 for |2| > 1.

Proof. Combining Theorem 3.4 and the relations (4.3), (4.12) and (4.13), we obtain

(4.15) and ||AN| > %(N + 1)!7¢ — 3. Since the right-hand side of the latter

inequality is larger than or equal to 3§(N +1)t=¢ = 2||AN||, we obtain (4.14). O
We finally note that Theorem 1.2 follows directly from Theorem 4.3.

4.5. About the coefficients d; occurring in Theorem 4.3. The coefficients d;
of the Toeplitz matrix T" of Theorem 4.3 can be determined explicitly from

(=) - B0 0%

¢
) y+k-1 T\ e
k {—k ’
220 Lk=0
where v = % Then we have

50

k=0
The values of dy for 0 < ¢ < 100 are shown in Figure 2 for € = 0.02, i.e., v = 0.49.
Note that all dy’s are positive and slowly decreasing down to 0 as ¢ increases.

1 T T T L T T T T T

0.9

0.8H 4

0.7F 4

0.6 .

0.5 1

0.4 1

0.3 1

0.2 p

0.1F b

FiGURE 2. Coeflicients dy vs £ for € = 0.02.
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