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Lang’s height conjecture

Conjecture (Lang)
Let E be an elliptic curve over a number field K and let P ∈ E(K) be a non-torsion point.
Then

ĥ(P) ≥ C1 log(Norm(∆)) − C2

with C1 and C2 depending only on K .

Theorem (Hindry-Silverman)
If instead K is a function field of characteristic 0 and genus g , then

ĥ(P) ≥ 1
1012.6+23g deg(∆).

Theorem (Naskręcki-Streng)
O(g3) instead of O(1023g)
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Definitions
Let
▸ k = k field of characteristic 0 (for simplicity),
▸ C/k smooth, projective, geometrically irreducible curve,
▸ K = k(C), E/K elliptic curve, P ∈ E(K).

Heights:
▸ P = (x(P), y(P)), with x(P) ∈ k(C),
▸ h(P) ∶= 1

2 deg(x(P)),

▸ ĥ(P) ∶= lim
n→∞

1
n2 h(nP).

The discriminant:
▸ For v a discrete valuation of K ,

write E ∶ y2 = x3 +Ax +B (v -minimal Weierstrass eqn.),
and ∆v ∶= −16(4A3 + 27B2).

▸ ∆ ∶= ∑v v(∆v)[v] ∈ Div(C). Assume ∆ /= 0.

Lang’s conjecture:
(number field)
ĥ(P) ≥ C1 log(N(∆)) − C2.

Hindry-Silverman:
(function field)
ĥ(P) ≥ 1

1012.6+23g deg(∆).

Naskręcki-Streng:
(function field)
O(g3) instead of O(1023g).

Marco Streng (Leiden) https://www.math.leidenuniv.nl/~streng 2 / 10

https://www.math.leidenuniv.nl/~streng


Definitions (2)
Conductor:
▸ N ∶= ∑

v

nv [v] ∈ Div(C), where

▸ nv ∶=
⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 good reduction,
1 multiplicative,
2 additive.

Szpiro ratio:

▸ σ ∶= deg(∆)
deg(N)

▸ Pesenti-Szpiro:

deg(∆) ≤ 12(g − 1) + 6deg(N),
so σ = O(g),

σ ≤ 6 if g ≤ 1.

hx(P) = 1
2 deg(x(P)),

ĥ(P) = lim
n→∞

1
n2 h(nP),

∆v = −16(4A3 + 27B2),
∆ = ∑

v

v(∆v)[v]

/= 0.
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Results

ĥ(P) ≥ deg(∆)
⋯

1012.6

Hindry-Silverman (1988) or
1012.1+23g

Elkies 50656 if σ ≤ 6
(e.g. if g ≤ 1)

285 σ5

Naskręcki-Streng and
109(g − 1)3 if g ≥ 2

σ = deg(∆)
deg(N)
= O(g).
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First idea (Hindry-Silverman)

Idea:
For ω = (ω1, ω2, ω3, . . .) ∈ R∞≥0, consider

S ∶= (∑
n

n2ωn) ĥ(P) =
∞
∑
n=1

ωnĥ(nP) ≥ ∑
v

bad

∑
n

ωncv(nP).

Tool (Néron local height). If Q /= O, then

▸ ĥ(Q) = ∑
v

ĥv(Q),

▸ ĥv(Q) = max{0,−1
2v(x(Q))} + cv(Q)

≥ cv(Q),
▸ cv(Q) = 0 if Q has good reduction.
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Correction terms
For simplicity: only multiplicative reduction.
Then
▸ cv(P) = 1

2 b B ( ab) , where
▸ b = bv = v(∆) > 0,
▸ a = av ∶= (component distance of P to 0),

Then

S ∶= (∑
n

n2ωn) ĥ(P) ≥ ∑
v

bad

∑
n

ωncv(nP)

≥ 1
2
∑
v

bad

bv∑
n

ωnB (n
av
bv
) .

Periodic Bernoulli polynomial
B(t) = {t}2 − {t} + 1

6 ,
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Second idea (Elkies)
Suppose s1, s2 ∈ R≥0 are such that ∀b ∈ Z≥1 and ∀a ∈ (Z/bZ):

(⋆) 1
2
∑
n

ωnB (n
a

b
) ≥ s2

b
− s1.

Then

(∑
n

n2ωn) ĥ(P) ≥
1
2
∑
v

bad

bv∑
n

ωnB (n
av
bv
) ≥ ∑

v
bad

s2 − s1bv

= s2 deg(N) − s1 deg(∆)

= (s2
σ
− s1)deg(∆).

Elkies minimizes (∑n n
2ωn) subject to:

ω ∈ R30
≥0, (16s2 − s1) = 1, and (⋆) for all a,b ≤ 60.

This is a linear optimization problem!

bv = v(∆),

B(x) = {x}2 − {x} + 1
6
,
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Triangle vectors
Given m,M ∈ Z≥1, define τ(m,M) ∈ R∞≥0 by

τ(m,M)n = {
12(1 − k

M+1) if n = km with k ≤M,
0 otherwise.

Hindry-Silverman use Fourier analysis to prove

∑
n

τ(m,M)nB (nt) ≥ −1 for all t ∈ R.

Observe

∑
n

τ(m,M)nB (n
a

b
) =M if b ∣ m.

The proof of Hindry-Silverman uses ω = τ(m,M)
for some m and M.
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Our work
Observation: Elkies’s optimal ω for σ ≤ 6 looks like
it could be a linear combination of triangle vectors
with small m.

The same happens for σ ≤ 7, σ ≤ 8, σ ≤ 9, etcetera.

We find a general solution to the inequalities for
every σ, using linear combinations of triangle
vectors:

ω =
c

∑
b=1
(

1
b −

1
c+1

Mb + 1
) τ(b,Mb), where

c = ⌊5
2
σ⌉ , Mb = ⌈fb−2/3⌉ − 1, f ≈ 4.14σ5/3.
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Our work

Theorem (Naskręcki-Streng)

ĥ(P) ≥ 1
285 σ5 deg(∆)

Proof.

ω =
c

∑
b=1
(

1
b −

1
c+1

Mb + 1
) τ(b,Mb), where

c = ⌊5
2
σ⌉ ,

Mb = ⌈fb−2/3⌉ − 1,

f ≈ 4.14 σ5/3

plus estimates, plus work for arbitrary
reduction types and base fields.

Theorem (Naskręcki-Streng)

ĥ(P) ≥ 1
109 (g − 1)3

deg(∆) if g ≥ 2.

Proof.

ω = ∑
b∈B
( 1
b(Mb + 1)

) τ(b,Mb), where

B = {bv ∶ v bad},

Mb = ⌈fb−2/3⌉ − 1,

f ≈ 2.25 σ (#B)2/3.

plus estimates, plus work for arbitrary
reduction types and base fields.
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Results
[K ∶ Q] = d function field K

ĥ(P) ≥ log(Norm(∆))
⋯ ĥ(P) ≥ deg(∆)

⋯

Hindry-Silverman (20σ)8d101.1+4σ 1012.6+23g

(1988)

Elkies 50656 if σ ≤ 6
(e.g. if g ≤ 1)
would give

Petsche (2006) O(d3σ6 log(dσ)2) O(σ6)
and O(g6)
285 σ5

Naskręcki-Streng ? and
109(g − 1)3 if g ≥ 2

σ = deg(∆)
deg(N)
= O(g).
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