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Abstract

We present a variant of Newton’s Method for computing travelling wave solutions
to scalar bistable lattice differential equations. We prove that the method converges
to a solution, obtain existence and uniqueness of solutions to such equations with a
small second order term and study the limiting behaviour of such solutions as this
second order term tends to zero. The robustness of the algorithm will be discussed
using numerical examples. These results will also be used to illustrate phenomena like
propagation failure, which are encountered when studying lattice differential equations.
We finish by discussing the broad application range of the method and illustrate that
higher dimensional systems exhibit richer behaviour than their scalar counterparts.
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1 Introduction

The main purpose of this paper is to analyze a numerical method to solve families of scalar bistable

differential difference equations of the form

—7¢"(€) — ¢/ (§) = F($(€), (& +71),- -, 0§ +7n), p).- (1.1)
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Here v > 0 is a fixed parameter, ¢ is an unknown wavespeed, p can be thought of as a detuning
parameter and the diagonal function —F(z,...,,p) is an N-shaped function which depends C'-
smoothly on p. The numbers r; are shifts which may have either sign.

The algorithm we discuss consists of a combination of a Newton-type method with parameter
continuation techniques and is based upon ideas proposed in [1, 2, 16]. Our main contribution here is
to give a detailed analysis of the method. In particular, we shall show that the algorithm converges
to a solution of (1.1) and use numerical examples to discuss some of the issues involved when solving
(1.1). In addition, we shall obtain existence and uniqueness of connecting solutions to (1.1) and
prove that these solutions depend C'-smoothly on the detuning parameter p. These results extend
earlier results obtained by Mallet-Paret in [28], where the v = 0 case was treated. To relate this
interesting and widely studied case to the numerically feasible situation where v > 0, we shall also
prove that a sequence of solutions to (1.1) with 7 tending to zero converges to a solution with v = 0.

Equation (1.1) arises naturally when studying travelling wave solutions to so-called lattice dif-
ferential equations, which are infinite systems of ordinary differential equations indexed by points

on a spatial lattice. As an example we mention the infinite system
;5 = a(Lpu)i; — fluij,p), (i,5) € Z?, a€R, (1.2)
on the lattice Z2. Here f : R x (—=1,1) — R typically is a bistable nonlinearity of the form
flu,p) = (u—p)(u®—1) (1.3)
for some parameter —1 < p < 1 and Lp is a discrete Laplacian, which is often given by
(Lpu)i,; = (AJru)m- = Ui,y F Uis1,j + W1 + Ui o1 — AU . (1.4)

The lattice differential equation (1.2) with o = h=2 arises when one discretizes the two dimen-

sional reaction diffusion equation,

ur = Au — f(u,p), (1.5)

on a rectangular lattice with spacing h. In the analysis of the PDE (1.5), travelling wave solutions
of the form u(z,t) = ¢(k - © — ct) have played a crucial role and thus have been studied extensively,

starting with the classic work by Fife and McLeod [18]. The unit vector k indicates the propagation



direction of the wave and c is the unknown wavespeed which has to be determined along with
the waveprofile ¢. Following this approach, we can also study travelling wave solutions to equation
(1.2). Substituting the travelling wave ansatz u; ;(t) = ¢(ik1 + jka — ct) into (1.2), we arrive at a

forward-backward differential difference equation of the form

—c'(€) = a(d(€ + ki) + &€& — ki) + G(§ + k2) + &(§ — k2) — 46(€)) — f(4(E), ), (1.6)

which is a special case of (1.1) with v = 0. In [10] results are given concerning the asymptotic
stability of travelling wave solutions to (1.2), showing that it is indeed worth while to study this
class of solutions.

It is by now well known that away from the continuous limit, i.e., for small positive values of «,
the dynamical behaviour of (1.2) is quite different than that of its continuous counterpart (1.5). A
feature which is immediately visible from (1.6) is the presence of lattice anisotropy, which means
that the wavespeed c¢ of a travelling wave solution to (1.2) depends on the vector of propagation
through the lattice k. This is illustrated in Figure 1, where we set k = (cos#,sinf) and give a plot

of the wavespeed ¢(f) for travelling wave solutions to the system
iij = (Lpu)ij —10(u; ; — 1)(uij — p), (i,)) € Z, (1.7)

which satisfy the limits

i 6() = 1. (1.8)

The results, which can also be found in [16], were obtained with the numerical method discussed
in this paper by adding a small term —vy¢”(£) to the left hand of (1.6), where v = 1075. The
polar plots clearly reveal the anisotropy of the lattice for small values of the detuning parameter
p. After substituting the travelling wave ansatz into the PDE (1.5), it is clear that this feature of
lattice anisotropy vanishes in the continuous limit. Another interesting example of a property which
distinguishes lattice differential equations from their continuous counterparts, is the phenomenon
of propagation failure. In the discrete case (1.6), a nontrivial interval of the detuning parameter p
can exist in which the wavespeed satisfies ¢ = 0. This means the waveform ¢(§) does not propagate
and thus the solution w; ;(t) = ¢(ik1 + jke — ct) = @(ik1 + jk2) to (1.2) remains constant in time.

This behaviour does not occur for the reaction diffusion equation (1.5). This phenomenon has been
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Fig. 1: A plot of the wavespeed c¢(8) as a function of the propagation angle 0 of travelling waves
solutions to (1.7). Figure (b) is just a magnification of (a) to illustrate the behaviour for small

values of the wavespeed c in greater detail.

studied extensively in [7], where one replaces the cubic nonlinearity f by an idealized nonlinearity
to obtain explicit solutions to (1.6). For each propagation angle 6, the quantity p*(#) is defined to
be the supremum of values p > 0 for which the wavespeed satisfies ¢(p, ) = 0. It is proven that this
critical value p* () typically satisfies p* > 0, depends continuously on § when tan @ is irrational and
is discontinuous when tan @ is rational or infinite. Numerical investigations in [16] and the present
work suggest that the phenomenon of propagation failure is not just an artifact of the idealized
nonlinearity f, but also occurs in the case of a cubic nonlinearity. This has recently been confirmed
by Mallet-Paret in [29].

The ability to incorporate nonlocal interactions into a model together with the relatively rich
structure of lattice differential equations present a strong motivation for the study of such systems.
At present, models involving lattice differential equations can be found in many scientific disciplines,
including chemical reaction theory [17, 25], image processing and pattern recognition [11], material
science [4, 6] and biology [5, 23]. Early papers on the subject by Chi, Bell and Hassard [9] and
by Keener [24] were followed by many others which developed the basic theory; see, for example,
[7,10, 19, 21, 22, 26, 28, 30, 35, 36, 38]. As a particular example we mention here the work of Bates [3],

who analyzed a model which incorporates infinite range interactions. The early work by Chi, Bell and



Hassard [9] already contained computations of solutions to lattice differential equations and Elmer
and Van Vleck have performed extensive calculations on equations of the form (1.1) in [13, 14, 15, 16].
In their early works [13, 14], the nonlinearity f was replaced by an idealized nonlinearity, but this
restriction was lifted in [16], where a larger class of bistable functions f is considered. At present,
they are pursuing a collocation approach to solve a class of functional differential equations which
includes the family (1.1) [1]. We note here that when applying the methods in [1, 16] to (1.1), one
essentially performs a series of Newton iterations of the same type as those studied in this paper,
which means that the theory developed here can be directly applied to this situation. Our results
should thus be seen as a first step towards establishing a general theoretical background for the
numerical analysis of (1.1).

Notice that (1.6) contains no second derivative term, in contrast to the family (1.1) where 7
may be strictly positive. As we have seen above while discussing the phenomenon of propagation
failure, very interesting features of lattice differential equations arise when v = 0 and the wavespeed
c satisfies ¢ ~ 0. Unfortunately, the possible lack of continuity properties of the solutions in this
regime makes it extremely difficult to numerically solve (1.1) directly, as all known methods would
require handling singularly perturbed boundary value problems. However, setting v > 0 in (1.1)
has a smoothening effect on solutions, ensuring every solution to be at least twice differentiable.
This allows the succesfull application of numerical techniques to solve (1.1) even as ¢ — 0, but
immediately raises the question if the rich behaviour in the limit v,¢ — 0 can still be uncovered.
In this paper we give rigorous theoretical and numerical evidence that this is indeed the case. In
particular, we prove in Theorem 3.10 that solutions to (1.1) with increasingly small v converge to
a solution with v = 0. We strengthen the argument in Sections 5 and 6 by discussing a number of
numerical examples which clearly exhibit the phenomenon of propagation failure. These examples
also illustrate the important fact that the convergence proved in Theorem 3.10 already occurs at
numerically feasible values of ~.

In addition to the technical reasons mentioned above, there is also a physical reason to introduce
a second order term in (1.1). Such a term arises naturally if we consider systems which have local as
well as nonlocal interactions and it allows us to perform continuation from systems with a continuous

Laplacian to systems with a discrete Laplacian. As an example in solid-state physics, we mention



the Frenkel-Kontorova type equations discussed in [33, 34].

The numerical method discussed in this paper combines the merits of both the strategies employed
in [1, 16]. In particular, we remark here that the direct collocation technique employed in [1] is
numerically robuster than the method used in [16], but also requires significantly more computer
time and storage space to execute a Newton iteration step. In Section 4 we show that away from the
continuous limit, i.e., for small values of a in (1.6), the approach in [16] can be expected to work
best. In Section 5 this information is combined with our continuation techniques to give a more
thorough investigation into the phenomenon of propagation failure than previously possible. On the
other hand, in Section 6.2 we numerically solve a two dimensional periodic diffusion problem, which
requires the robustness of the direct collocation technique along with our path following strategies.

This paper is organized as follows. In Section 2 we recall the general Fredholm theory developed
in [27] for linear functional equations of mixed type and apply it to scalar second order equations.
In Section 3, we set out to establish existence and uniqueness of solutions to (1.1). We introduce the

operator G : W™ x R x V — L> associated with (1.1) and given by

G(¢,¢,p)(€) = —79"(€) — ¢/ (§) — F($(€), p(§ +71),- .., B(§ +7n), p).- (1.9)

Solutions to (1.1) correspond to zeroes of G. In the first part of Section 3, Theorem 2.5 is used to
prove that the Frechet derivative D1 2G of G, evaluated at a solution (¢, ¢) to (1.1) at some parameter
po, 18, in fact, an isomorphism from W02’°° x R to L (Proposition 3.7). This allows us to make a
smooth local continuation (¢(p),c(p)) of solutions around p = py. In the second part of Section
3, we establish the uniqueness of solutions and prove Theorem 3.10. This enables us to turn the
local continuation from the first part into a global continuation. In order to obtain the existence of
solutions, we solve an explicit equation of the form (1.1) and use a homotopy of systems to extend
this solution to an arbitrary family (1.1).

Having developed the underlying theory, we discuss the algorithm in Section 4 and we prove
its convergence to a solution of (1.1). The algorithm is a modified Newton iteration, which uses
the inverse of a linear operator D »F that is closely related to the operator D; G, but with a
relaxation on the shifted terms. Our analysis of the method relies heavily on the isomorphism

result in Proposition 3.7, which can be extended to the operator D;»F. In Section 5 we use our



algorithm to calculate solutions to a specific family (1.1). The results are used to illustrate some of
the technical difficulties involved in the application of our method. Considerable attention is devoted
to the phenomenon of propagation failure and the issue of approaching the solutions in the singular
perturbation limit v — 0 and ¢ — 0.

Finally, in the last section, we address some issues connected to a possible generalization of the
theory developed in this paper. In particular, the numerical method can handle a broader class
of equations than those analyzed here. We illustrate this by numerically computing solutions to a
differential difference equation that arises when studying Ising models, which are very important
for applications in the material sciences [4]. In addition, we discuss higher dimensional systems of
the form (1.1) and show numerically that here the uniqueness of solutions breaks down, indicating
that higher dimensional systems have a richer structure than their one dimensional counterparts. In

future work this will be analyzed in a more theoretical setting.

2 Linear Functional Differential Equations of Mixed Type

In this section we apply the results obtained in [27] to second order scalar linear functional differential

equations of mixed type

N

—ya(€) — ea! (§) = Y Aj()x(& + 1) + h(&). (2.1)

Jj=0

Here z, A; and h represent real valued functions and the parameter « is assumed to satisfy v # 0

throughout this section. In the homogeneous case we have h = 0 and (2.1) reduces to
N
—yz" (&) — e’ (&) = ZAj(g)x(E +7rj). (2.2)
§=0

Linear equations of the form (2.1) arise when one considers the linearization of (1.1) around a
particular solution ¢(€). In order to investigate the nonlinear equation (1.1) it will turn out to be
crucial to understand the properties of the associated linear differential difference equation. Results
in this direction will be given in this section, after we have introduced the terminology we shall need.

Throughout this section we will assume that the coeflicients A; : J — R are measurable and
uniformly bounded on some (usually infinite) interval J and that the inhomogeneity h : J — R

is locally integrable. The quantities 7;, the so-called shifts, can have either sign. As a technical



restriction we shall assume 79 = 0 and r; # r; whenever ¢ # j. For convenience we demand that
N > 1. Tt should be noted that in this case this is not a restriction on (2.1), as we can always take
any coeflicient A; to vanish identically on J.

Following the standard notation for differential difference equations as introduced in [27], we

define the quantities

Tmin :min{r‘ |_7:0N},
! (2.3)
Tmax=max{r; | j=0...N}
and observe that rmin < 0 < rmax and Tmin < Tmax. We also define the state z¢ € C([Fmin, "max), R)

of a solution by z¢(0) = x(§ + 0) for 6 € [Tmin, "max]. This allows us to rewrite (2.1) as

=" (§) = ca’(§) = L(§)xe + h(§). (2.4)

Here L(), for almost every £ € J, denotes the bounded linear functional

N

L& =D Aj()d(r;), ¢ € C([rmins Tmax], R) (2.5)

Jj=0

from C([rmin, "max], R) into R. When the function h is absent, we have the homogeneous system

—yx" (&) — e’ (&) = L(&)e. (2.6)

A special case of (2.5) occurs when all the matrix functions A;(§) are constants, giving rise to the

constant coefficient operator
N
Lo(¢) =) Ajod(r;) (2.7)
§=0
and the homogeneous constant coefficient system

—y2"(§) — ca’(§) = Loze. (2.8)

Definition 2.1. A solution to equation (2.4) on an interval J is a continuously differentiable function

x: J#* — R, defined on the larger interval
J#¥ ={6+0|¢cJand 0 € [Fmin, "max] } 5 (2.9)

such that both x and 2’ are absolutely continuous on J and z satisfies (2.4) for almost every

e J. O



From now on we shall assume J = R, unless explicitly stated otherwise. We will be particularly

interested in the spaces

Whee = {f € L* | f is absolutely continuous and f’ € L>}, (2.10)
2.10
W2ee = {f e L> | f is absolutely continuous and f’ € W1},

where we have used the shorthand L™ = L*(R,R).
Associated to the homogeneous equation (2.6) we have the bounded linear operator Ac .1 :

W2 — L defined by

(Aeqy,Lz)(§) = —72"(£) — ca'(§) — L(&)xe. (2.11)

The adjoint equation of (2.6) is given by

=" (&) + ey’ (&) = —L* (&) ye, (2.12)

in which
N

L*€)¢ =~ Aj(€ —r)d(~r;), ¢ € C([~Tmax, ~Tmin], R). (2.13)

Jj=0

The corresponding adjoint operator AZ,%L : W2 — L™ is defined by

(AL, 2)(€) = =7y (&) + ey (§) + L™ (&)ye (2.14)

and one can indeed easily verify that for test functions = and y we have (z, Ac,,ry) = (AZ’%L;E, Y),
where (,) denotes the standard inner product (z,y) = ffooo x(&)y(&)dE.

Associated to the constant coefficient system (2.8) is the characteristic equation, given by
Acpy,Lo(s) =0, (2.15)

where A, - 1,, called the characteristic function, is given by
N
AcyLo(s) = —ys® —cs — Z Aj e, (2.16)
§=0

We recall that a number A € C is an eigenvalue of the constant coeflicient system (2.8) if and only if
it satisfies the characteristic equation, i.e., Ac 5 r,(A) = 0. Elementary solutions y(&) of the constant
coefficient system (2.8) corresponding to the eigenvector A can be written as y(¢) = Ree*ép(¢), for

some complex polynomial p. We will also refer to these solutions as eigensolutions.



Definition 2.2. The constant coefficient system (2.8) is called hyperbolic in case A, 1,(in) # 0

for all n € R, i.e., there are no eigenvalues on the imaginary axis. O

We shall often write the operator L(£) in (2.5) as a sum
L(§) = Lo+ M(§) (2.17)

of a constant coefficient operator Ly and a perturbation operator M (§) : C'([Fmin, Tmax), R) — R and

we will be specially interested in cases where M () vanishes as £ — +o00.

Definition 2.3. The system (2.6) (or more simply L) is asymptotically autonomous at oo if there

exist Ly and M as in (2.17), for which
li M = 0. 2.1

In this case (2.8) is called the limiting equation at +oco. If in addition this limiting equation is
hyperbolic, then we say that (2.6) is asymptotically hyperbolic at +oco. If (2.6) is asymptotically

autonomous or hyperbolic at both oo, then we simply drop the suffix “at +o00”. o

We are now ready to state the main theorem of this section which establishes useful properties of
the operator A. . r. In addition, two important propositions concerning the asymptotic behaviour
of solutions to (2.4) are included. These results can be seen as extensions of the main results from
[27] to second order scalar systems and are derived in [20] by embedding the second order equation

(2.1) into a first order two-dimensional system which is covered by the results in [27].

Theorem 2.1 (The Fredholm Alternative). Assume the homogeneous equation (2.6) is asymp-
totically hyperbolic. Then the operator A .. 1, from W2 to L> is a Fredholm operator and its range

R(AcH,1) C L™ is given by
Rien) = {ner=| [ y@n@a o pratyexinz, . @)
In particular,

dim (A7, ) = codimR(Ac5,2), dimK(Ac 1) = codimR(A7 ., 1), ind(Ac, )= —ind(A7, ),

(2.20)

10



where ind denotes the Fredholm index. Furthermore, the Fredholm index of A.~ 1 depends only on
the limiting operators L+, namely the limits of L(§) as & — Foo. Finally, if L, for =1 < p <1 is
a continuously varying one-parameter family of hyperbolic constant coefficient operators (2.7) with

Liy =Ly, then ind(A. ) = 0.

The next proposition will turn out to be extremely useful when obtaining asymptotic estimates
on solutions to (1.1). It enables us to turn the detailed information about the eigenvalues of (2.6)
which we shall obtain for our class of differential difference equations into very precise statements
concerning the decay rate of the solutions. However, this result does not rule out the existence of

solutions which decay superexponentially, as defined below.

Definition 2.4. Let = : J — R be a continuous function on the interval J = |1, 00) for some 7 € R.

Then we say x decays superexponentially or has superexponential decay at +oo if

lim e*z(¢) =0 (2.21)

§—o0

for every b € R. We define superexponential decay at —oo analogously. We will drop the distinction

7at £oo” if this is clear from the context. O

Proposition 2.2. Let x : J#* — R be a solution to equation (2.6) on the interval J = [r,00)
for some T € R. Assume that x does not decay superexponentially and that (2.6) is asymptotically
autonomous at +oo, with L written as in (2.17). Also assume for some real number a and some

positive number k > 0, that
2(6) = 0(e™®), /(&) =0(e™™), [M(E)| =0(e™™), &— oo. (2.22)
Then there exist b > a and € > 0 such that

z(§) y(€) +O0(e=*T9%), € — o0,

2'(€) = Y +0(e %), £ oo,

(2.23)

where y is a nontrivial eigensolution of the limiting equation (2.8) corresponding to the nonempty

set of eigenvalues with Re A = —b.

In light of Proposition 2.2, the following lemma will be useful when studying the asymptotic

behaviour of solutions to the linear homogeneous equation (2.6).

11



Lemma 2.3. Consider a real-valued function x : [1,00) — R of the form
2(€) =y(§) + O(e™ "), € — oo, (2.24)

for some b € R and € > 0, where y is a nontrivial solution of the constant coefficient system (2.8)
with v # 0, given by a finite sum of eigensolutions corresponding to a set A of eigenvalues A\, all
of which satisfy Re X = —b. If Im XA # 0 for all A € A, then there exist arbitrarily large £ for which
(&) > 0 and arbitrarily large £ for which x(§) < 0. On the other hand, if A = {—b}, then x(§) #0

for all large &. The analogous result for & — —oo also holds.

The next proposition shows that solutions to (2.6) which are in W2 decay exponentially. Note

that it is not required here that the coefficients A;(€) approach their limits exponentially fast.

Proposition 2.4. Assume that equation (2.4) is asymptotically hyperbolic at +oco. Then there exist
positive quantities K, K' and a such that for all pairs of functions x € W2 and h € L>® which

satisfy Apx = h, the estimate

N[

1
_a 2 2
(2©? +2/©?)" < Kem ¢ (all}w + 12’3 ) * + K11l (2.25)
holds for all £ > 0.

Due to the conditions we impose on our nonlinear equation (1.1), the linear equations (2.1)

encountered in the sequel often satisfy the following conditions.

Assumption 2.1. The parameter ~ satisfies v > 0 and the function h : J — R is a continuous
function satisfying h(§) > 0 for all § € J. In addition, for every 0 < j < N, the function A;(§) is

continuous on J and there exist constants o;, B; such that
Qi < Aj(f) < ﬂj, 5 e J (226)
In addition, we have a; >0 for 1 < j < N. O

The final theorem of this section concerns homogeneous equations (2.2) that satisfy the above
conditions and will be the main ingredient for establishing the results in the next section. The proof

is deferred to Appendix A, where the necessary machinery is developed.

12



Theorem 2.5. Consider the homogeneous linear equation (2.2) and suppose that Assumption (2.1)
is satisfied. Assume that equation (2.2) is asymptotically autonomous and that in addition the lim-

iting equations are approached at an exponential rate, so
|4;(6) = Ajz| = O(e™™ ), ¢ = 400, j=0...N (2.27)

for some k > 0. Also assume that each of the sums As,, given below, of the limiting coefficients at
+00, is negative, namely

N
Ap, =) Ajx <O0. (2.28)
j=0

Finally, assume that there exists a nontrivial solution x = p(§) € W2 to (2.2) which satisfies
p(§) >0 for all £ € R. Then equation (2.2) is asymptotically hyperbolic and the associated operator

AeryL: W2 — L is a Fredholm operator. In addition, we have

dim K(A¢ ) = dim K(A7 , 1) = codimR(Ac,z) = 1, ind(Ac,.n) = 0. (2.29)

The element p € K(Ac 1) is strictly positive,
p(§) >0, £eR (2.30)
and there exists an element p* € IC(A;,%L) which is strictly positive,

P (€) >0, (R (2.31)

3 Global Structure

In this section we study the family of autonomous differential difference equations introduced in the

introduction,

—cx' (&) —ya"(€) = F(z(& + 7o), x(E+71),2(§ +72),...,x(§+7n), p), (3.1)

in which v > 0. As in the previous section, we demand that ro =0, r; # r; if i # j and r; # 0 for
i=1...N, where N > 1. Here we take p € V to be a parameter, where V is an open subset of R.
We shall prove existence and uniqueness of solutions to (3.1) under certain conditions and establish

the C''-dependence of the solutions on the parameter p.

13



We start out by making precise the requirements given in the introduction and give a list of

conditions on the function F' which we will assume to hold throughout this section.
(b1) The nonlinearity F : R¥N+! x V — R is C'-smooth in R¥*! and V.

(b2) The derivative D;F : R¥N*! x V' — RN+! with respect to the first argument v € RV*1! is

locally Lipschitz in v.
(b3) Foreach p € V and for j = 1,..., N, we have, writing v = (v, v1,...,vn) € RV*! that either

OF(v,p)
Ov; = 0’

or 2 g (32)

that is, either F' is totally independent of v; or is strictly increasing in v;. Furthermore, for
each p € V there is at least one j, satisfying 1 < j < N, for which the nonlinearity F is not

totally independent of v;.

(b4) Let ® : R x V — R be defined as

(¢, p) = F(0,9,...,9,p). (3.3)
Then for some quantity ¢ = q(p) € [—1,1] we have that

(—1,p) = 2(q(p), p) = 2(1,p) =0,
D(p,p) >0, ¢€ (—00,—1)U(q,1), (3.4)

q)(¢a p) < Oa (rb € (71aQ) U (1700)

In case p € V we demand ¢(p) € (—1,1).

(b5) We have for ¢ = q(p) that
D1®(—1,p) < 0if ¢ # —1,
D1®(q,p) >0if g € (—1,1), (3.5)
D1®(1,p) <0 if g # 1,

with D; denoting the derivative with respect to the first argument € R.

Condition (b3) allows us to consider families in which the shifts r; may vary with p, by adding

extra shifts r; which do not affect the value of F' for certain values of p.

14



In (3.1) the wavespeed ¢ is an unknown parameter. From the above conditions we see that
equation (3.1) has exactly three constant equilibrium solutions, namely = +1 and = = ¢(p). We
will be interested in solutions to (3.1) joining the two equilibrium points +1. As (3.1) is autonomous,
we see that all translates of a solution z(§) to (3.1) are also solutions. We can use this freedom to
demand that 2(0) = 0. It will turn out that after this normalization the solution to (3.1) is unique.

We thus seek our solutions in the space
W™ = {x € W | z(0) =0} . (3.6)
It will be useful to introduce the operator G : VVOQ’OO X R x V — L defined by

G(¢,¢,p)(€) = —79"(€) — ¢/ (§) — F(¢(§ +710), 9§ +71),--.,d(E +7n),p). (3.7)

We are now ready to define the concept of a connecting solution to (3.1).

Definition 3.1. Given p € V, a connecting solution to the nonlinear autonomous differential dif-
ference equation (3.1) is a pair (¢, ¢) € Wy™ x R that satisfies (3.1) and joins the two equilibrium

solutions +1, i.e., for which the limits

im () = £1 (3.8)

hold. O

Please note that we will continue to use the term ”solution” to indicate a function z € W2>
satisfying the equation (3.1), but not necessarily joining the two equilibria +1 and not necessarily
having z(0) = 0.

We are now in a position to state the main theorem of this section.

Theorem 3.1. Consider a family of autonomous differential difference equations (3.1) that satisfies
the conditions (b1) through (b5). There exist C'-smooth functions ¢ : V — R and P : V — W™
such that for all py € V, the pair (P(po), c(po)) is a connecting solution to equation (3.1). Moreover,

these are the only connecting solutions to (3.1).

Before proceeding with the proof of the main theorem, let us consider the differential difference

equation (3.1) with fixed parameters ¢, v and p. If z; and z are two bounded solutions of this
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equation (3.1), then the difference y(§) = z1(§) — x2(€) satisfies the linear homogeneous equation

(2.6) with coefficients given by

L OF(u,p
A;(€) = / % dt. (3.9)
0 J u=tm(z1,§)+(1—t)7(x2,£)
Here 7 is the state projection
ﬂ-(gbaé-) = (¢(£+T0)77¢(§+TN)) GRN+1' (310)

This can easily be seen by using the formula

F(v,p)—F(w,p):/l dF(thr(lft)w,p)dt:Z (/01 8F(tv+(1t)w,p)dt> (05 — w;).
j=0

(3.11)

Similarly, suppose that 2 : R — R is any solution to (3.1) for some p € V. Then ’(¢) is a solution
of the linearization around z, that is, the linear equation (2.6) with coefficients

_ OF(u,p)

456 = =5 (312)

u:ﬂ-(l7€)

The linearization around the three equilibrium solutions x = +1 and = = ¢(p) are constant coefficient
equations given by (2.8). We shall write L4, L_ and L, for the associated linear operators (2.7) and

shall refer to the corresponding constant coefficients as

OF (u,
Ajs(p) = Hme)

u=r (1) (3.13)
Ajo(p) = %ﬁ;p) et}
where k is the diagonal map s(z) = (z,...,2) € RN¥*!, Writing Asy = Z;V:O Aji, we have the
identity
Asy = D1®(+1, p). (3.14)

Note that when p € V, condition (b5) in combination with Lemma A.4 implies that the linearization
of (3.1) around = = £1 is asymptotically hyperbolic at +oo.

The proof of Theorem 3.1 will be given in two parts. First we shall concentrate on the existence
of functions P(p) and ¢(p) as in the statement of Theorem 3.1 in a small neighbourhood of the
detuning parameter pg, given a connecting solution (Pp,co) for p = pg. After we have established
the existence of this local continuation in Proposition 3.2, we show that it can be extended to all

p € V and thus prove the existence and uniqueness claims in the statement of Theorem 3.1.
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Proposition 3.2. Let (Py,co) € Wi™ x R be a connecting solution to (3.1) for some po € V and
for some c¢o € R. Then for each p near py there exists an unique (P,c) = (P(p),c(p)) € VVOQ’OO x R,
that depends C"'-smoothly on p, for which G(P(p),c(p),p) = 0, with c(py) = co and P(py) = Pp.
This function P(p) satisfies the boundary conditions lime_.+oc P(p)(€) = %1 and thus (P(p), c(p))

is a connecting solution to (3.1).

Our approach to proving the result above will be to invoke the implicit function theorem on the
operator G defined by (3.7). Consequently, in Proposition 3.7 we study the Frechet derivative of G,
which is given by

D1.2G(Po, co, po) (10, 0)(€) = —bFG(€) + (Aeg .L) (), (3.15)

where A, .1, is the linear operator associated to the linearization of (3.1) around the solution Py. We
shall establish that Theorem 2.5 applies to the operator A, ~.1, and that the derivative P{ is strictly
positive (Lemma 3.6). In particular, this means that P§ ¢ R(Aey~.2) and K(Aey~.2) 0 W™ = 0.
From this it is easy to see that D; »G is an isomorphism from W02 > x R onto L, which legitimizes
the use of the implicit function theorem.

We shall need the following technical lemma to prove that solutions to (3.1) which are close to
connecting solutions in the W?2° norm are in fact also connecting solutions. The proof of this result

closely follows the corresponding argument for v = 0 and we therefore refer to [20] for the details.

Lemma 3.3. Let 7 : R — R be a solution to (3.1) for some p € V and c € R. Define

po =l (), py = zggw(ﬁ), (3.16)

and assume that both uy are finite. Then
p- € =19 U{1}, py € {=1}Ulg(p), 1. (3.17)
The same conclusion (3.17) holds for
p- = lminfa(§), py = li?isipw(s‘) (3.18)

and similarly for the liminf and limsup at —oo.

Corollary 3.4. If (P,c) € Wg™ x R is a connecting solution to (3.1), then

—-1< P <1, R (3.19)
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Proof. Lemma 3.3 implies that —1 < P(£) < 1 for all £ € R. The strict inequalities now follow from

an application of Lemma A.8. O

Lemma 3.5. Let (Py,co) € We™ x R be a connecting solution to (3.1). Then for some quantities

Cy+ > 0 and € > 0 we have that

—14C_e 4 0(eP2H98) € o0,
(&) = (3.20)

1—Cre*+s +0(eP+79%), € — oo,
where \* € (0,00) is the unique positive eigenvalue of the linearization of (3.1) about x = —1 and

A5 € (—00,0) is the unique negative eigenvalue of the linearization about x = 1. The formulae for

P'(&) obtained by formally differentiating (3.20) also hold.

Proof. We consider only the limit £ — oo, as the proofs of the results for £ — —oo are similar.
Defining y(§) = 1 — P(£), we see that y satisfies the linear equation (2.2) with coefficients A4, (&)
given by (3.9) with ;1 =1 and z2 = P. Note that lim¢_,o, A;(§) = A, (p), thus this linear equation
is asymptotically hyperbolic. Proposition 2.4 now implies that y(§) decays exponentially. Using the
expression (3.9) together with the Lipschitz condition (b2) on the derivative of F, it follows that the
coefficients A;(&) approach their limits exponentially fast. One can now proceed as in the proof of

Theorem 2.5 to establish the claim. O
Lemma 3.6. If (P,c) € W™ x R is a connecting solution to (3.1), then P'(€) >0 for all £ € R.

Proof. We note that it is sufficient to prove that P/(§) > 0 for all £ € R, since Corollary A.7 then
immediately implies the strict positivity P’(£) > 0.

By (3.20) we see that there exists 7 > 0 such that P’(§) > 0 whenever |[¢| > 7 and such that
P(—71) < P(§) < P(7) whenever [¢| < 7. From this we have P({ + k) > P(&) for all £ € R, provided

that k& > 27. Now suppose that P’(£) < 0 for some £ and set
ko =inf{k > 0| P(§+ k) > P(&) for all £ € R}. (3.21)

Certainly ko > 0. Also, ko < 27 and P(§+ko) > P(§) forall§ € R.If0 < k < kg then P(+k) < P(&)
for some &, where necessarily || < 7. Therefore, there exists some &y, with || < 7, for which

P(& + ko) = P(&y). We can now define x1(§) = P(§ + ko) and z2(§) = P(§). Because x1(£) > x2(&)
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for all £ € R and z1(&o) = z2(§0), Lemma A.8 implies that P(§ + ko) = P(§) for all £ € R. This is a

contradiction, because P’(£) > 0 for all large |€]. O

Proposition 3.7. Let (Py,co) € Wo™ x R be a connecting solution to (3.1) for some po € V and
for some ¢y € R. Consider the linearization (2.2) of equation (3.1) about Py and let Ac, ~ 1 denote

the associated linear operator from W2 to L>®. Then the derivative of G,
Dl,gg(Po, Co,po) : W027OO xR — L°°, (322)
at the solution (Py, co), with respect to the first two arguments, is given by

D12G(Po, co, po) (¥, )(§) = —bPG(€) + (Acy.5.2)(€) (3.23)

. . . 2
and is an isomorphism from Wy x R onto L.

Proof. The fact that G is C'-Frechet differentiable follows from the fact that F is a C'-function
and the explicit formula (3.23) follows by direct differentiation of (3.7). The operator A, ~,r can be
easily seen to satisfy all the conditions of Theorem 2.5. In particular, z(§) = P}(&) satisfies the linear
equation (2.2), which by Lemma 3.6 gives the strictly positive p = P} € K, .1 in the statement of
Theorem 2.5. Thus, by Theorem 2.5, the kernel K, 4,1 of A, 1 is precisely the one-dimensional
span of Pj. The strict positivity Pg(0) > 0 implies that P ¢ W™, hence K(Acy 1) N W™ = 0.
In addition, the presence of the strictly positive p* € K(A7 | ;) guarantees 5 ¢ R(Acy,4,1) by
Theorem 2.1, which establishes the claim.

O

Proof of Proposition 3.2. The local continuation follows from the implicit function theorem, together
with Lemma 3.7. The limit at +oo follows from the observation that the quantity p_(p) in (3.18)
for P(p) varies continuously with p, together with p_(pg) = 1 and the identity (3.17). The limit at

—oo follows similarly. O

We now set out to give the proof of Theorem 3.1. Lemma 3.8 establishes the uniqueness claim
in Theorem 3.1. Theorem 3.10 will allow us to extend the local continuation in Proposition 3.2 to
a global continuation for all p € V, by proving that limits of connecting solutions are connecting

solutions to the limiting differential difference equation. This means that once we have established
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the existence of a connecting solution to (3.1) for one value of the detuning parameter, pg € V,
we know that (3.1) has a connecting solution for all values p € V. This is why we give an explicit
solution to a prototype differential difference equation in Lemma 3.11. By constructing a new family
(3.1), which mixes the original differential difference equation and the prototype system, we can
combine Theorem 3.10 and Proposition 3.2 to establish the existence of a connecting solution to our
original family (3.1) at one value of the detuning parameter p, as required.

We merely state the following lemma and refer to [20] for the complete proof, which closely

follows the corresponding argument for the v = 0 case.

Lemma 3.8. For each p € V there exists at most one value ¢ € R such that equation (3.1) possesses

a monotone increasing solution x = P(), satisfying the boundary conditions

gEIﬁI:looz(g) =+1. (3.24)

For each ¢ € R and p € V there exists at most one solution x = P(§) of (3.1), up to translation,

satisfying the boundary conditions (5.24).

The following result, concerning the linearization around the (unstable) equilibrium ¢(p), will
prove to be useful in establishing the boundary conditions z(+o00) = =+1 for limits of connecting

solutions z,,.

Lemma 3.9. For every p € V , v € R>¢ and ¢ € R there do not exist two monotone increasing

solutions x4 : R — R of equation (3.1) such that

lime, oz (&) =—1, limeooz—(&) =q(p), (3.25)
limg oo 24 (§) = q(p), limeooz1(§) = 1.

Proof. The case where v = 0 was considered in [28, Lemma 7.1], so we will assume v > 0. First

notice that
Ac,'y,Lo(p) (0) = _AZo(p) = _qu)(Q(p)a p) <0, (326)

which by Lemma A.5 implies that there do not simultaneously exist eigenvalues Ay < 0 < A for the
constant coefficient system L., defined in (3.13).
Now assume that there exist monotone increasing z_ and z satisfying conditions (3.25). Con-

sider y(€) = q(p) — z— (&), which is a monotone decreasing function on the real line, satisfying (2.2)
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with coefficients given by (3.9), with 21 = ¢(p) and z2 = x_(§). This linear equation satisfies all
the assumptions of Lemma A.1 and thus reasoning as in the proof of this lemma we see that for all
eR,

y'(§) = —By(¢) (3.27)

for some B > 0. Now take any sequence &, — oo, and let z,(§) = y(§ + &,)/y(&n). Then each z,
also satisfies z/,(§) > —Bz, (&) on R. As z,(0) = 1, we conclude that the sequence of functions z,, is
uniformly bounded and equicontinuous on each compact interval and so without loss we have that
2n(§) — 2(&) uniformly on compact intervals. From the differential equation (3.1) we see that we can
use the uniform bound on z], to obtain a uniform bound on z//(£), thus concluding that also z/,(£)
is equicontinuous on each compact interval. One now easily sees that z satisfies the autonomous
limiting constant coefficient equation associated to L. Moreover, —Bz(§) < 2/(€) <0 for all £ € R,
with z(0) = 1, so z(£) > 0 and z does not decay faster than exponentially. We may now apply
Proposition 2.2 to the solution z. We conclude that z(¢) = w(€) + O(e~(*+9¢) as ¢ — oo, where w
is a nontrivial sum of eigensolutions corresponding to a set of eigenvalues with Re A = —b < 0. The
positivity of z, together with Lemma 2.3, implies that the linearization about x = ¢(p) possesses a
nonpositive eigenvalue A3 < 0. Since A, 1., (0) < 0 we have Aj < 0. We can use similar reasoning
applied to x4 (&) to conclude that the linearization about & = ¢(p) must also possess a positive

eigenvalue Ay > 0. This yields a contradiction. (|

Remark 3.1. In the above proof we could not apply Proposition 2.2 directly to the function y(&),

as it may not be the case that y(§) approaches its limits y(+oo) exponentially fast.

The next theorem enables us to take limits of connecting solutions, which will be crucial in

establishing global existence of solutions.

Theorem 3.10. Let p, € V and v, € Rsq be two sequences satisfying v, — o and p, — po as
n — 0o, possibly with vo = 0. Let (P,(&),cn) denote any connecting solution to (3.1) with p = pn

and v = vn. Then, after possibly passing to a subsequence, the limit

lim P, (&) = Fo(&) (3.28)

n—oo
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erists pointwise and also the limit

lim ¢, = co (3.29)

n—oo

exists, with |co| < co. Furthermore, Py(§) satisfies the limiting differential difference equation

—70 Py (§) — coPy(&) = F(Po(€), Po(€+71),..., Po(§+7n), po) (3.30)

almost everywhere. In addition, we have the limits

Jim Po(€) = +1. (3.31)

Proof. Using the fact that the functions P, (&) satisfy P/ > 0, we may argue in a standard fashion
that, after passing to a subsequence, the pointwise limit Py(§) = lim,,—, o P, (§) exists for all £ € R.
Due to the limits lim, . P, (§) = £1, we have [~ P} (s)ds = 2. Writing F(§) = liminf,, .o P} (£)
we obtain, using Fatou’s Lemma,

/00 F(s)ds < 2. (3.32)

— 00

In particular, this implies that the measure of the set for which F(s) = oo is zero. Letting 3,, be any

sequence with (3, — 0 as n — oo, we have that, if we choose &y appropriately,

liminf 3, (P, (£) — P (£)) =0 almost everywhere . (3.33)

Now suppose that liminf, ., |c,| = co. Without loss assume ¢, > 0. Write ¢o = g(po) and fix a
point

g« € (qo,1). (3.34)

Let 2,(§) = Pn(cné + &), where &, € R is such that P,(£,) = g«. Then (3.1) in integrated form

gives us

3

e (@) 21(60) ~ (#0(&) ~ 2 (60)) = [ Flan(s)zals e ezl + ey ). o),
0

(3.35)

Again, because the x,, are monotonically increasing functions, we can pass to a subsequence for

which the pointwise limit 2(£) = lim,, o ,(£) exists and is continuous at all but countably many

/

' (§) = 0 almost everywhere, for a sequence

points. We have seen above that liminf, . Bnc, 'z

1

On — 0. After taking the limit lim inf,,_,~, we thus obtain, using 8, = ¢, — 0,

13
—(m(«f) - x(fo)) = / F(m(s), x(8),...,x(s), po)ds, (3.36)
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which holds almost everywhere. By redefining = on a set of measure zero, which does not affect the
right hand side of (3.36), we can assume this identity to hold everywhere. From this identity we also

see that z(€) is differentiable and satisfies

—2'(§) = @(x(¢), po)- (3.37)

Since z(§) < ¢, for almost all & < 0, we cannot have z(§) = 1 for some &, as this would imply
z(§) = 1 for all £&. Now z,(§) > ¢, for all £ > 0, hence also 1 > z(§) > g« for &€ > 0 and thus
(&) = —P(x(), po) < 0 whenever & > 0. On the other hand, z/,(§) > 0, hence 2/'(£) > 0, for all
. This contradiction implies that liminf, . |¢,| < oco. Thus, after passing to a subsequence, the
limit ¢ = lim,,_, ¢, exists.

Integration of (3.1) yields

13
o (PL(E — PL60)) —n (Pa(6) — Pa(0)) = / F(Pa(s), Pa(s + 1), ., Pals +7¢), pr)ds. (3.38)

Consider the case where vy > 0. Notice that y,(£) = 1— P, (&) is a monotone decreasing function
on the real line, which satisfies the linear equation (2.1) with coefficients given by (3.9), with 1 =1
and xo = P,. Referring to these coeflicients as A, ,,(£), we see that (2.2) satisfies the conditions of

Lemma A.1 and we hence obtain from the proof of this lemma

Yn(€) = —Bnya(8), (3.39)

. . -2 -
in which B, = /2% — 2204 &n

g S . Now there exists ag such that 0 > ag , > g, as the functions yy, (§)

are uniformly bounded and D1 F is a continuous function, which attains its maxima and minima on
compact sets. This means that the constants B,, are bounded, 0 < B,, < B for some B. From (3.39)
we now see that y,, and hence P} are uniformly bounded. From the differential equation (3.1) it
now also follows that the functions P/ are uniformly bounded. Thus P/ is an equicontinuous family,
allowing us to pass to a subsequence for which P/ () — Pj(§) and P,(§) — FPo(§) uniformly on
compact intervals.

Thus, taking the limit liminf,, o, in (3.38), we now obtain for all vo >0

€
—0(P5(&) — Py(&)) — co(Po(§) — Po(&o)) = / F(Py(s),Po(s+71),....,Po(s+7n), po)ds, (3.40)
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which holds for all £ € R if 79 # 0 and almost everywhere if 79 = 0. In case 79 = 0 and ¢g # 0 we
can again by redefining Py on a set of measure zero ensure that (3.40) holds for all £ € R. After
differentiation we see that Py(&) satisfies the differential difference equation stated in the theorem.

We now set out to prove the limits (3.31). Because Py(§) is a bounded monotonically increasing
function, the limits lime 400 Py(§) exist. We will refer to these limits as Py(£o0). When ¢o # 0,
the function PJ(§) decays exponentially, and when -y # 0, the function PJ'(§) decays exponentially.

Taking the limits £ — o0 in equation (3.30) we obtain
0= F(PO(:EOO)7 PO(:EOO)7 LR PO(iOO)a PO) = (I)(PO(:too)a pO)a (341)

which implies that

PO(iOO) € {71aQ(p0)51}' (342)

Since we know that P, (§) < 0if £ < 0 and P,(§) > 0 if £ > 0, we have that Py(§) < 0if £ < 0 and
Py(€) > 0if £ > 0 almost everywhere. In particular, if ¢(po) = £1 then the proof is complete as then
necessarily Pyp(£oo) = £1. Thus assume that ¢(pg) € (—1,1). Fix any points ¢; and g2 satisfying

—1<q <q(po) < g2 <1 andlet &,,(, € R be such that

Po) <qifor£<Cu, qu<Pul)<gofor(, <&<&, Pu(&)>gqforé>g, (343)

Without loss (we may always pass to a subsequence) we may assume that the limits &, — & and
Cn — Cp both exist, although they may possibly be infinite. It is enough to show that the difference
&, — (, is bounded. Indeed, if this is the case, and if &, and hence also (,, are bounded themselves,
so that & and ¢y are both finite, then Py(§) < ¢q for all £ < {p and Py(§) > g for all & > &,
which with (3.42) implies the limits (3.31). The case & = (o = oo cannot occur, since then either
Py(&) < q1 or Po(€) > go, hence Py(§) = £1 for all £ € R, which is a contradiction.

To prove that &, — ¢, is bounded, assume &, — (,, — oo and define

Tp (§) = Pu(§ +8&n), 2n—(§) = Pu(§ + Ca)- (3.44)

Upon passing to a subsequence and taking limits x,+ — x4 as above, we obtain solutions of (3.30)
which satisfy the four boundary conditions in (3.25) with ¢(pg) replacing ¢(p). However, this is

impossible by Lemma 3.9. O
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Lemma 3.11. Suppose that the function q : V — R associated to (3.1) satisfies q(p*) = 0 for some

p* € V. Then (3.1) with p = p* has a connecting solution (P(€),c) for some c € R.

Proof. First we consider the specific equation for some k > 0,

—ya" (&) — 2 (&) = 671 (a(€ — k) — 2(6)) — f(x(€)), (3.45)
in which f is given by
flx) = %ﬁxl) + 2vz(z® — 1), f = tanhk, (3.46)

for 2 € [—1,1]. Outside this interval f is modified to be a nonzero C'* function on the real line. It is
routine to check that x = tanh ¢ satisfies (3.45).
Now let g : [0,1] — [0,1] be any C' smooth function satisfying g(3) = 0 and g(2) = 1 and
consider the family of equations
—ya(€) — (€)= (1—g(p)(B7 (w(€ — k) —2(&) - £((6)))

+9(p)F(x(€ +7r0),...,z(E +7n), p")
for p € [0,1]. Tt is easy to see that this family satisfies the conditions (b1) through (b5), with ¢(p) =0

(3.47)

for all p € [0,1]. We know that at p = i the equation (3.47) has a connecting solution, namely ¢ = 1,
2 = tanh £. Due to Proposition 3.2, we see that solutions to (3.47) exist in a neighbourhood of p = i
and Theorem 3.10 allows us to extend this continuation to the interval (0, 1). This proves the claim,

as at p = 2 the system reduces to the specified equation (3.1) with p = p*. O

In case there is no value p* for which ¢(p*) = 0, the following lemma shows that we can choose
an arbitrary value py € V and embed the differential difference equation (3.1) with p = po into a
new family which does have ¢(p.) = 0 for some p*. We can then apply the same reasoning as in
the proof of Lemma 3.11 to the new family to obtain a connecting solution to our original family at
P = po-

Lemma 3.12 (see [28, Lemma 8.6] ). Consider the system

—vx"(&) — e’ (§) = Fo(z( + o), ..., x(§+71n)) (3.48)

satisfying the conditions (b1) through (b5) without the parameter p. Assume that ¢ = qo € (—1,1)
for the quantity in condition (b5). Then there exists a family (3.1), with V.= (—=1,1) and q(p) = p,

satisfying the conditions (b1) through (b5), which reduces to (3.48) at p = qo.
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We now have all the ingredients to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. One can use Lemma’s 3.11 and 3.12 to establish the existence of a solution
at some parameter p, € V, after which a global continuation for all p € V of this solution can be
constructed using Theorem 3.10 and Proposition 3.2. Uniqueness follows from Lemma 3.8. Here we

have assumed V is connected, if not, use this construction for each connected component of V. O

4 The Algorithm

In this section we present and analyze a numerical method for solving the nonlinear autonomous

differential difference equation
—ya”(§) — ca'(§) = F(2(€),7(€)), (4.1)

where we have introduced the notation ¢(¢) = (¢(§ +7r1), 0 +1r2),...,0(E + rN)) € RY. As in
the previous section, we demand that v > 0, r; # r; if ¢ # j and r; # 0 for ¢ = 1... N, where
N > 1. Throughout this section we will also assume F' satisfies the conditions (b1l) through (b5)
from Section 3.

Following Definition 3.1, a connecting solution to (4.1) is a pair (¢,c) € W' x R that satisfies
(4.1) and has the limits

Jim_¢(9) = £L (4.2)

Solutions to (4.1) correspond to zeroes of the operator G defined in (4.3), which in the present
notation is given by

G(¢,c)(€) = =" (&) — ¢/ (€) — F(6(£), 6(€))- (4.3)
The numerical method we use to solve the differential difference equation (4.1) consists of applying a
variant of Newton’s method to find a zero of the operator G which satisfies the boundary conditions
(4.2). Normally, applying Newton’s method to seek a zero of G would involve an iteration step of
the form

(¢n+1a Cny1) = (Qj)na Cn) — [DLQg@)na Cn)]_lg(¢na Cn)- (4'4)

To execute this step one would have to solve the linear differential difference equation
D1,2g(¢na Cn)(¢n+1; Cn+1) = D1,2g(¢na Cn)(¢na Cn) - g((bn; Cn)- (45)
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Since this is a computationally expensive procedure due to the presence of the shifted arguments [1],
we want to reduce their contribution as much as possible. To this end, we fix a relaxation parameter

w € [0,1] and introduce the linear operator Dy o F* : W2 x R — L, given by

D1 F*(¢,¢)(1,0)(€) = =" (€) — e’ (§) — D1F (¢, 9)¥(€) — pD2F (6, )9 (€) — b’ (€). (4.6

Here D;F(x,Z) denotes the derivative of F with respect to the first unshifted argument and
Dy F(x,7) denotes the derivative with respect to the shifted arguments. This operator D 2 F*(¢, ¢)
will play an important role in the variant of Newton’s method we employ to solve (4.1). In particular,

the iteration step in our method consists of solving the linear differential difference equation

D12 F"(¢n, cn)(dng1, Cng1) = D12F" (dns n)(Pns cn) — G(dn, Cn)- (4.7)

We note here that when p = 1, the iteration step (4.7) is equivalent to the Newton iteration defined
in (4.4). However, when p = 0, (4.7) is just an ordinary differential equation, which can be solved
efficiently using standard techniques.

It will be useful to rewrite (4.7) in the form

(¢n+1; Cn+1) = (d)n; Cn) - [Dl,Qf#(anv Cn)]ilg((bny Cn)- (48)

At this point it is not yet clear if this iteration step is well-defined. In particular, we will show that
for p close enough to 1, the operator Dy o F* (¢, cs) is invertible for all pairs (¢., ¢,) sufficiently close
to the solution (¢, ¢). The main theorem of this section roughly states that the numerical method
introduced above converges to a solution of (4.1). In order to make this precise, we need to define

what we mean by a point of attraction of the Newton iteration (4.7).

Definition 4.1. A pair (¢,c¢) € VVOQ’OO x R is a point of attraction of the Newton iteration (4.7) if
there is an open neighbourhood S C WOQ’OO x R, with (¢,c) € S, such that for any (4o, co) € S, the

iterates defined by (4.7) all lie in W™ x R and converge to (¢, c). O

Theorem 4.1. Let (¢,c) € VVOQ’OO x R be a connecting solution to the nonlinear autonomous differ-
ential difference equation (4.1). Then there exists € > 0 such that (¢, c) is a point of attraction for

the Newton iteration (4.7) for all p satisfying |u — 1] < e.
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Theorem 4.1 will be proved in a number of steps. We first prove that the Newton iteration (4.7)
is well-defined for appropriate choices of the parameter p and the initial condition (¢g, ¢o). Then we
will consider the linearization of (4.8) around the solution (¢, c) and prove that the spectral radius
of this linearized operator is smaller than one, which will allow us to complete the proof.

The first two lemma’s use the fact that Dl,gg(¢>,c) is an isomorphism to show that this also

holds for the operator Dy 2 F*(¢s, cs), for pairs (¢, c.) sufficiently close to (¢, c).

Lemma 4.2. Let (¢,¢) € Wg™ x R be a connecting solution to (4.1). Then there exists € > 0 such

that D12 F*(¢,c) is an isomorphism for all u satisfying |p — 1] < e.

Proof. We start out by noting that Di2F'(¢,c¢) = D12G(¢,c), which is an isomorphism from
W™ x R onto L. Tt follows from [31, Theorem 5.10] that [D;2G(¢,¢)]”! is a bounded linear
operator. We can thus write v = ||[D172g(¢, c)]’1|| and since D; 2G (¢, c) is a nontrivial operator,

0 < v < oo must hold. Noticing that

[[D1,2F" (¢, ¢)] — [D1,2F"* (¢, )|l = |1 — pal || D2F (¢, 9)|| (4.9)

and using the fact that ||D2F(¢),5)H < 00 as ¢ is bounded, we see that we can choose € > 0 such

that

I[D127#(8,0)] - [D126(6, )l < 5- (110)

whenever |p — 1| < e. Now fix € (1 —¢,1+ ¢) and let I be the identity operator on W™ x R.

Since

|7 = [D1,2G(¢, )] D1 2F* (9, c)]|
= I[D1.26(¢,¢)] 7 ([D1.26(6,¢)] — [D12F* (¢, 0)])|| < 550 =5 < 1,

Neumann’s Lemma implies that [D12G(¢, )]~ [D12F* (¢, c)] is invertible and hence D; 2 FH (¢, c)

(4.11)

has a left inverse. Because D1 2G (¢, ¢) is an isomorphism, it has a left and right inverse and so by
an analogous argument involving the identity operator on L*° the existence of a right inverse for

Dy 2 F*(¢, ) can be established. This completes the proof that Dy 2 F#(¢, ) is an isomorphism. O

For convenience, we define open balls By ; 5 in WO2 > x R given by

Byps = {(¢x,¢:) € W2 X R|[|(¥,0) = (¢s, )| < 6} . (4.12)
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Lemma 4.3. Let (¢,c) € VVOQ’OO x R be a connecting solution to (4.1). Then there exists ¢ > 0,
such that for all p € R with | — 1| < €, there is an open ball B = By s, for some 6 > 0, with the

property that the linear operator D1 o F*(¢x, i) is an isomorphism for all (¢«,c.) € B.

Proof. The proof is analogous to the proof of Lemma 4.2. One uses the fact that D 2 F*(¢,c) is

invertible and the observation that HDLQJ:M((,E,E) is continuous with respect to (¢,¢) in the norm

on WO2 "> x R. To establish this, one needs the local Lipschitz condition (b2) on the derivatives of F,
which implies the global Lipschitz continuity of D1 F on compact subsets of RV 1. Together with the
boundedness of all ¢, € WOQ’OO, this establishes that for fixed ¢. and for all ¢, with || — dx|| < C,
we have ‘DlF(qﬁ*,a*)(g) - D1F(¢**,$**)(§)’ < D||¢s — dux|| for some D < co. With this estimate

and a similar one for Do F', the continuity is easily established. O

We remark that Lemma 4.3 guarantees that for u close enough to 1, there exists § > 0 such
that the Newton iteration step given by (4.7) is well-defined whenever (¢, ¢,,) € By ¢,s. We can now

define the operator H" : By .5 — W02’°° x R given by
H"(§er02) = (64, ¢4) = [D12F" (62, 02)] 71 G(s ). (4.13)

Lemma 4.4. Let (¢,c) € We™ x R be a connecting solution to (4.1). Then there exists € > 0 such
that for all p satisfying |u — 1| < €, the operator H* defined by (4.13) is Frechet differentiable at
(¢, ¢). For these values of u, the corresponding derivative with respect to ¢, and c. at this point is
given by

D1 sH"(¢,c) =1 — [D12F*(¢,¢)] "' D1,2G(0,c). (4.14)

Proof. From Lemma 4.2 we know that there exists ¢ > 0 such that for all p satisfying |p — 1| < €,
Dy 2 F# (¢, ¢) is an isomorphism. From the proof of Lemma 4.2 we also know that for such p we have
|1 = [D1,2G(¢, ¢)] "' D1 2F*(¢,c)|| < 1. Now fix p satisfying | — 1| <.

Fix 8 > 0. We know that G is Frechet-differentiable at (¢, ¢), hence there exists §; such that

[1G (¢, ¢4) = G, ¢) = D1,2G(9, ) [(dx, i) = (&, O]l < B (¢, ¢4) = (¢, 0)| (4.15)

for all (¢«, cs) € Bg,c,s,- From Lemma 4.3 we know that there exists d2 such that Dy o F* (s, ¢) is an

isomorphism for all (¢., c.) € Bg c,s,. In the proof of Lemma 4.3 we have seen that || D1 2 F* (s, ¢s)||
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is continuous in ¢, and c,. Using this and the continuity of the inverse, we see that there exists

63 > 0 such that
[[[D12F*(¢,¢)] ™" = [D1.2F* (¢, )]~ [D12G(0, 0)]|| < B (4.16)
whenever [[(¢,¢) — (¢, ¢.)|| < 8. From (4.16) it also follows that when [[(, ¢) — (¢v,c.)|| < 8 we
have
[|[D1,2F* (¢, )] " [D1,2G (9, 0)]|| < B+ |[[D1,2F* (¢, )] [D1,2G(0,¢)]|| = B+ C (4.17)
for some finite constant C. Using the identity
[D1 2 F" (¢, )] = [D1,2F*(hs, ¢4)] " [D1,2G(, ¢)][D1,2G (6, ¢)] 7, (4.18)

we see that [|[D1,2F#* (¢, ¢.)] || < D(B+C) for some finite constant D, whenever ||(¢, ¢) — (¢« ¢i)|| < .

Now choose § = min(dy, d2, d3). Using the fact that (¢, ¢) = H* (¢, ¢) we obtain for all (¢4, ¢x) € By c,s

[ H* (94, ) = H(¢,¢) = [I = [D12F*(9, )] 7' D1,2G(9, 0)][(, ¢x) — (¢, )]

= [[D12F#(,¢)] 7 D1,2G(¢, ) [(hs ¢4) — (¢, €)] — [D1,2F (¢, )] 71 G(s 1)

< [ [DraF  (fus €))7 G (D0 €4) = G(&:€) = D12G(, ) [(¢n, ) — (@, ]| (4.19)
+ [l[D12F (¢, )]t — [D1,2FH (¢, )] 1 [D1,2G(8, ) [(¢, i) — (¢, 0)]]||

S DB+ C)B+ ) [[(@x; cx) = (&, ) -
This completes the proof that H* is Frechet differentiable. O

We can now use the fact that Dy 2F*(¢,c) is an isomorphism to establish the crucial fact that

the spectral radius of the linear operator D1 o H"(¢,c) is less than one.

Lemma 4.5. Let (¢,¢) € VVOQ’OO x R be a connecting solution to (4.1). Let 6* denote the spectral
radius of Dy oH"(¢,c). Then there exists € > 0, such that for all v satisfying | — 1| < €, we have

ot < 1.
Proof. Writing out the eigenvalue problem for Dy o H* (¢, ¢), we obtain the equation
(1 = @) [D12F"(¢, )]~ [D2F (¢, 9)3] — A, b) = (0,0), (4.20)

where A is the eigenvalue and (1,b) are the eigenfunctions. After applying D1 2o F*(¢, c) and using

the explicit form of D; 2 F* this is equivalent to
—D12F* N (,¢)(9,b) = 0, (4.21)
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in which
. 1
gA) =p+ ———. (4.22)

We know from Lemma 4.2 that there exists 6 > 0 such that D 2F*(¢,c) is an isomorphism for all

u satisfying |u — 1] < 4. If we now choose € = g, we see that for all p satisfying |u — 1] < € and for
all |\ > 1,

AN —1 g§+§r1g& 4.23
2 2

In particular, this means that for these u and A\ equation (4.21) has only the zero solution, as
D1 2 FF N (4, ¢) is an isomorphism. Thus for these ;1 there cannot be any eigenvalues A with || > 1,

proving that 6# < 1. O
We are now ready to complete the proof of Theorem 4.1.

Proof of Theorem 4.1. Fix 8 > 0 such that for all u satisfying | — 1| < 3, we have that the operator
H* is well-defined in a neighbourhood of (¢, ¢) and Frechet differentiable at (¢, ¢), together with the
inequality 6# < 1, where ¢* is the spectral radius of Dy 2H"(¢,c). Now fix p satisfying |p — 1| < £,
write H = H* and 6 = 6" and choose € > 0 such that 6 + ¢ < 1. Let H? be the p-fold iterate of H.
Since H is Frechet-differentiable at (¢, ¢), so is HP. From the chain rule it follows that D 2 H? (¢, ¢) =
[D1,2H (o, c)]P.

From the Gelfand and Mazur formula [32, Theorem 10.13] for the spectral radius &, it follows

that we may choose p such that

[[D12H (¢, o)) < (6 +€),
(4.24)
(G+eP+e<l.
Let s be an integer. From the Frechet-differentiability of H® we know that there exists § > 0, such

that for all (¢«,cs) € By s and for all 1 < s <p,

[H* (¢, ¢x) = H(h; ¢) = [D1,2H (6, 0))* (9, ¢4) — (9, 0)][| < €[(ds ) — (&, 0)| - (4.25)

With this we can compute

[H(hss ) = (0,0 < [HH (¢, ¢0) = H (9, ¢) = [D12H (¢, )*[(¢, ¢4) = (9, )]
HD12H (0; [ [[(0s, ) = (8, 0)| (4.26)
< ([P12H (9, )| + ) [[(ds, c2) = (9,0 -
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Writing
w = max (e,maX{H[DLgH(qb, Plls=1.. .p}), (4.27)

we see that we can ensure H*(¢o,co) € By, for s = 1...p by choosing (¢o,co) € By ¢, /20 For

s = p equation (4.26) reduces to

[HP (0, c2) = (¢, )| <[(6 + )P + € [[(da, ) — (9,0 - (4.28)

Combining everything, we see that by choosing (¢, co) € By c 5/2w all the Newton iterates lie in the
ball By 5. Now choosing § > 0 so small that H is well-defined on By s, we see that the Newton

process is well-defined and satisfies

T (60, e0) — (6.0)] < Tim 2u)((6+ 0 + ) | (0.c0) — (@0 =0, (4.29)
This concludes the proof of the theorem. O

Remark 4.1. It is not clear if Theorem 4.1 holds for u = 0. Setting u = 0 in the Newton iteration
step (4.7) is easily seen to be equivalent to making the approximation 5n+1 = En Intuitively, this
approximation should become increasingly accurate as the iterates ¢, converge to the solution of
(4.1). In addition, the equations (4.9) and (4.10) from the proof of Lemma 4.2 give us information
about the values of € which satisfy the claim in Theorem 4.1. In particular, smaller values of || Do F ||
give us larger possible values for e. Referring back to (1.6), we see there that | DoF || is proportional
to the parameter «. Since we are interested in solutions to (1.6) far from the continuous limit, i.e.,
for small values of the parameter «, these observations lead us to believe we can take p = 0 in many

cases of interest. See Section 5 for a further discussion and some numerical examples.

5 Examples

In this section we present some numerical results obtained by our algorithm in order to illustrate
some of the key phenomena encountered in the qualitative study of lattice differential equations,
together with some of the technical difficulties involved with the numerical computation of solutions
to such equations. We note here that all the Newton iteration steps (4.7) which were executed in

order to obtain the results in this section were performed with p = 0.
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In the literature it has by now become somewhat classic to study travelling wave solutions to
the spatially discretized reaction diffusion equation (1.2). The simplest corresponding differential

difference equation is given by

—cd'(§) = a¢(€ +1) + &€ — 1) = 26(€)) — (6(§)* = 1)(¢(€) — p), (5.1)

where a > 0 and p € (—1,1) is a detuning parameter. It has been widely studied both numerically
and theoretically [1, 5, 10, 14, 16, 24, 36, 37]. The relative simplicity of (5.1) and the fact that
solutions exhibit many of the interesting features mentioned in the introduction ensure that this
equation is an ideal test problem for any differential difference equation solver.

In [20] (5.1) was solved numerically by adding a small diffusion term —v¢" (£) to the left-hand side
of (5.1) and our results were compared to previously established solutions in [1, 16]. In particular,
we remark that our implementation allows us to choose v = 3 x 10719, while up to now the smallest
possible choice for v was given by v = 10~ [1]. The phenomenon of propagation failure is clearly
visible from the results for a = 0.1 and the corresponding wave profiles already reach their limiting
forms at v = 1075,

We wish to empasize here that, in contrast to the presentation in [16], the formulation of the
algorithm given in the previous section allows us to consider differential difference equations which
involve a nonlinear mixing of shifted terms and ordinary terms. In this section we illustrate this

feature by numerically studying the differential difference equation

—7¢"(§) — cd/(§) = artanh ($(€ + 1) + ¢(§ — 1) — 26(¢)) — f(8(£), p)- (5-2)

Here ~, a > 0 are two positive parameters and f is the cubic nonlinearity given by

f(x,p) = (a® = 1)(x - p), (5.3)

where p € (—1,1) is a continuation parameter. The solutions of (5.2) were required to satisfy the
limits

Jim 6(€) =1, Jim o(¢) =1 (5.4)
and were normalized to have ¢(0) = 0. Equations similar to (5.2) play an important role when

studying Glauber type Ising models [12] in material science.
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Fig. 2: In (a) the waveprofiles ¢p(§) have been plotted for solutions to the differential difference
equation (5.2) with v = 107% and o = 0.1, at different values of the detuning parameter p. For
presentation purposes the curves have been shifted by different amounts along the £-axis. In (b) the
p(c) relation has been plotted, i.e., for each value of the detuning parameter p the corresponding
wavespeed ¢ is giwen. The solid dots represent the wavespeeds corresponding to the curves in (a),
which have been continued to p < 0, using the observation that ¥(§) = —p(—&) is a connecting
solution with wavespeed —c if $(§) is a connecting solution with wavespeed c. From (b) it is easily

seen that there exists a nontrivial interval of p in which ¢ ~ 0, hence propagation failure occurs.

It is easy to verify that the family (5.2) satisfies all the requirements (b1) through (b5). Also note
that if (&) is a solution to the problem (5.2) satisfying the limits (5.4) at some parameter p = pg
with wavespeed ¢ = ¢, then ¥(§) = —¢(—¢&) is a solution to the same problem with p = —py and
wavespeed ¢ = —¢g and also satisfies the limits (5.4).

The phenomenon of propagation failure has been studied extensively in [28]. In particular, in
Corollary 2.5 of [28] it is shown that for our family (5.2) with v = 0, there exist quantities —1 <
p— < p+ <1, such that (5.2) only has connecting solutions with wavespeed ¢ =0 for p_ < p < py.
It may happen that p_ < p4, that is, that there is a nontrivial interval of the detuning parameter
p for which the wavespeed vanishes. In this region one generally expects the solutions to become

discontinuous. However, since all the numerical computations were performed with v > 0, which
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Fig. 3: In (a) the waveprofiles ¢(&) have been plotted for solutions to (5.2) with v = 10"%* and o = 5,
at different values of the detuning parameter p. The wavespeeds for these solutions are given in (b).
The calculations to obtain the solution curves in this figure were performed on the finite interval
[—20, 20]. Notice that in (b) there is no nontrivial interval of p for which ¢ = 0. Indeed, the solution

curves in (a) remain continuous as p — 0.

forces the solutions to remain continuous, it is a priori not clear if one can accurately reproduce the
solution profiles at v = 0 and thus actually uncover the propagation failure. The essential tool here
is Theorem 3.10, which establishes that if we have a sequence of solutions P, (§) to (3.1) with v = 7y,
where 7, — 0, a subsequence of the functions P, will convergence to a solution at v = 0. Ideally,
this convergence should occur at a value for the parameter v which can be handled numerically and
the solution curves should remain computationally stable below this value. This was the case for the
solutions to (5.1) calculated in [20] and we show here that the same property holds for the problem
(5.2) currently under investigation.

In Figure 2 the calculated solutions to (5.2) are presented, together with their wavespeeds. One
sees clearly from Figure 2(b) that there is a nontrivial interval of the detuning parameter p for which
the wavespeed ¢ vanishes. Looking at Figure 2(a), one sees that the solutions for these values of p
exhibit step-like behaviour. In the calculations we used v = 1076, which thus indicates that for

~ small enough, one can be confident that the effects of propagation failure will be observed and
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Fig. 4: In (a) waveprofiles y(§) for solutions to (5.2) at different values of v are given, for fized p =0
and o = 0.1, demonstrating the robust convergence in the v — 0 limit and showing that already at
v = 1075 the waveform has attained its limiting profile. In (b) solutions y(&) to (5.2) at a =5 and

a = 10 in the critical case p = 0 are given. The parameter v was fived at 1074,

accurate predictions can be made about the parameter values at which it will occur. Propagation
failure does not occur at each value of a, as the p(c) curve in Figure 3(b) shows. Notice that the
solutions in Figure 3(a) indeed remain smooth as p — 0. We remark here that the wavespeed
necessarily satisfies ¢ = 0 when p = 0, but it is clear that for this specific system (5.2), the solutions
only exhibit discontinuous behaviour when the wavespeed vanishes for a nontrivial interval of the
detuning parameter p.

In Figure 4(a) the solution curves to (5.2) have been plotted for a number of different values
of 7, ranging from v = 1072 to v = 3 x 1071°, The transition from smooth to steplike solutions
is clearly visible and already occurs at v =~ 10~3. Notice that the solution curves remain stable for
7 =107%to v = 3 x 1071%, while the curve for v = 10~* does not differ too much. One sees here that
in this example computations with v ~ 10~5 will provide an excellent approximation to the actual
solutions with v = 0. In particular, the computations indicate that the discontinuous behaviour due
to propagation failure, which occurs at v = 0 and ¢ = 0, is already visible at v = 10~°. Indeed, upon

recalculation of the curves in Figure 2 using v = 1078, the results were observed to remain exactly
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the same.

When we take ¢ = 0 in the Newton iteration (4.7), we are neglecting the presence of the shifted
terms Do F'. In particular, referring to (4.9) in the proof of Lemma 4.2, one expects that when
the norm of the shifted term Dy F becomes large, problems will arise with the invertibility of the
operator Dj 2 F* and hence with the convergence of the algorithm. In our case, the importance of the
shifted term is given by the parameter a. For large «, the hyperbolic tangent term in (5.2) becomes
increasingly important. Nevertheless, by using a suitable continuation scheme, we are able to obtain
solutions to (5.2) for « =5 and @ = 10 at v = 10~* and p = 0. These solutions have been plotted in
Figure 4(b). At these levels of « the shifted term has become the dominant term. If one wishes to
increase « even further, it no longer suffices to take pu = 0 in (4.7). It is however quite satisfactory
that this choice for u can be used for practical purposes up to these levels of «, which are already

far from the interesting case a = 0.1.

6 Extensions

Although all the theory developed in this paper applies only to one dimensional families (1.1) that
satisfy the conditions (bl) through (b5), it turns out that the application range of the numerical
method is much broader. In addition, interesting models exist which lead to differential difference
equations that violate the above assumptions. To gain some insight into these issues, we numerically
study two important systems that are not covered by the theory developed in this paper, which both

give rise to novel dynamical behaviour.

6.1 Ising models

In this subsection we numerically study the differential difference equation given by

() — /() = o~ 0(E 2 + 66— 1)+ H(E+1) — 70 +2) — 30(6)) — F(H() ), (6.1

where f again denotes the bistable cubic nonlinearity f(x,p) = (22 — 1)(z — p) for some parameter
p € (—1,1) and a > 0 is a strictly positive parameter. We again impose the limits ¢(+oo) = +1

and the normalization condition ¢(0) = 0 and again take y = 0 when performing the iteration steps

37



127 0.6 "
1.0 _/
08 04 ./
0.6 - .\/
0.4 4 0.2 T
0.2 T
& 0.0+ T 004 \.
3 1 aQ .
0.2 |
1 -0.2 ]
-0.4 |
4 4 |
067 0.4 -/
0.8 -/
-1.0 0.6 -/
B e e o o T S e s B e — 7
14 12 10 8 6 -4 2 0 2 4 -0.06 -004 -002  0.00 0.02 0.04 0.06
3 [

Fig. 5: In (a) the waveprofiles ¢(£) have been plotted for solutions to (6.1) with v = 1075 and
a = 0.042, at different values of the detuning parameter p. The corresponding wavespeeds for these

solutions are given in (b).

(4.7). The interesting feature in (6.1) is that the coefficients in front of the shifted terms ¢(¢ + 2)
are now negative, which implies that this equation does not satisfy the assumption (b3) introduced
in Section 3. In particular, we no longer have any guarantee that (6.1) in fact has a solution or that
the numerical method will be able to find it.

Equation (6.1) with v = 0 is an example of a class of differential difference equations which was
proposed in [4] to provide a discrete convolution model for Ising-like phase transitions. The equation
was derived by considering groups of atoms arranged on a lattice and computing the gradient flow
of a Helmholtz free energy functional. This energy functional takes into account interactions within
each group of atoms together with interactions between groups, thus incorporating both local and
non-local effects into the model. Due to the nature of the physical forces involved, the long-range
interaction coefficients can be both positive and negative.

Unnormalized solutions to (6.1) with v = 0, ¢ = 0, fixed p and sufficiently small & > 0 were
analyzed in [4]. In particular, for each sufficiently small o > 0 it was shown that there exist three
intervals I;(a) for 1 < j < 3, such that for any two disjoint sets S, Se C Z, there exists a unique

(unnormalized) solution u to (6.1) that satisfies u(x) € I; whenever |z] € S;, for all 1 <i < 3. Here
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we have defined S3 = Z \ (S1 U S2). We remark here that —1 € int(/;) and 1 € int(/2). From this it
is clear that the set of solutions to (6.1) with v = ¢ = 0 has a rich structure.

In Figure 5 the results of an application of the numerical method to (6.1) with v = 107 and
a = 0.042 are displayed. The transition from smooth solution curves to discontinuous step functions
as p approaches the critical value p = 0 is clearly illustrated. Notice that in contrast to the results
from the previous section, the solution curves are no longer monotonic and in addition are no longer
restricted to the interval [—1, 1]. The values taken by the step functions in Figure 5 are in agreement
with the predictions from [4] and these results again illustrate that the algorithm is robust enough

to be able to uncover some of the behaviour at v = 0.

6.2 Higher Dimensional Systems

Up to now all the theory has been developed for scalar differential difference equations of the form
(3.1). The question of course immediately arises if the results can be extended to higher dimensional
systems and if the numerical method is able to handle them as well. In this subsection we briefly
discuss some of the issues involved, using a bistable reaction-diffusion equation on a one dimensional
lattice with spatially varying diffusion coefficients as an example. Specifically, we will study the
system

ui(t) = o (uj+1(t) +uj_1(t) — 2uj(t)) — (u?(t) — 1) (uj(t) — p), jez, (6.2)
where p € (—1,1) is a detuning parameter and the coefficients «; are periodic with period two, i.e.,
we have a2 = o for all j € Z.

Lattice differential equations of the form (6.2) arise naturally when modelling diffusion processes
in discrete systems which are spatially periodic. As a specific biological example we mention a model
that describes the behaviour of nerve fibers by employing an electrical circuit model for the excitable
fiber membrane [23, Sec 9.3]. One considers myelinated nerve fibers that have periodic gaps, called
nodes, in their coating. Assuming a one dimensional grid of nodes and writing V; for the voltage at

node j, one derives the equations [23]

: 1 .
P(CVj + Lion(V5)) = MJ_TR(VJ‘H +Vis1—2Vj), jELZ (6.3)

Here p is the perimeter length of the fibre, C' is the capacitance, L is the length of myelin sheath
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Fig. 6: Waveprofiles ¢,(§) and ¢.(£) have been plotted for solutions to (6.4) with oo = 1.5, ae = 1.7
and v = 1075, In addition to the global shift for different values of p, the curves for ¢. in (a) have
been shifted by 1 along the &-axis relative to their accompanying ¢, curves. This additional shift has

not been applied to the curves in (b).

between nodes, R is the resistance per unit of length and p; is the length of node j. Allowing the
node length 11; to vary periodically among nodes and remarking that a cubic nonlinearity is a natural
form for the ionic current o, (V'), one sees that (6.3) transforms into a system of the form (6.2).
As in previous sections, we numerically analyze the system (6.2) by adding a small artificial
diffusion term and looking for travelling wave solutions. In particular, the points on the lattice are
split into two groups, called even and odd, which admit their own waveforms ¢., ¢, and diffusion
coefficients ae, . Substituting the travelling wave anszatz ugi(t) = ¢e(2k — ct) and ugpy1 =

¢o(2k + 1 — ct) into (6.2), we arrive at the two dimensional differential difference equation

—V65(§) = cd,(€) = o (Pe(€ + 1) + (€ — 1) — 204(€)) — 15(¢3(6) — 1) (d0(€) — 1),
—YGL () — e (€) = e (Po(§ + 1) + G0 (€ — 1) = 20¢(&)) — 15(2(8) — 1) (de (&) — p).-

(6.4)

In addition, we impose the asymptotic limits ¢,(+00) = £1, ¢e(+00) = 1 and introduce the phase
condition ¢,(0) = 0 in order to control the translational invariance of (6.4).
In contrast to previous sections, it was necessary to take u = 1 when performing the Newton

iterations (4.7) needed to numerically solve (6.4). The results can be found in Figure 6, where
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Fig. 7: In (a) the wavespeed plot for the solutions to (6.4) with ay = 1.5, ae = 1.7 and v = 107
is given. Notice the nontrivial interval of the detuning parameter p for which ¢ = 0, indicating that
propagation failure occurs for the periodic diffusion problem (6.2). In (b) the wavespeed plot for the
constant diffusion system (6.5) with o = 1.6 and v = 107> is given. Notice the existence of two
regions for which ce # c,. We call these regions period two bifurcation regions. The presence of
these regions demonstrates that, unlike one dimensional systems, higher dimensional systems do not

necessarily have unique solutions.

solution curves to (6.4) with a, = 1.5, @ = 1.7 and v = 107° have been plotted for various values
of the detuning parameter p. The corresponding wavespeeds can be found in Figure 7(a). It is clear
from the latter wavespeed plot and the steplike behaviour exhibited in Figure 6(b) that propagation
failure can occur for the discrete periodic diffusion system (6.2). We also mention the interesting
fact that as the norm of the detuning parameter p increases, the two waveprofiles ¢. and ¢, become
increasingly alike, indicating that the significance of the diffusion term in (6.4) decreases as |p| — 1.

At the moment it is unclear if we have existence and uniqueness of solutions to equations of
the form (6.4) and if the convergence theory established in this paper for the Newton iteration
(4.7) continues to hold. Some of the arguments used to derive the current results are strictly one
dimensional in nature and do not generalize trivially to higher dimensions. It will be a topic of

future research to address these issues, but for the moment we finish by numerically illustrating that
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extending the theory to higher dimensions is not simply an exercise in bookkeeping.
Note that when a, = a, (6.4) is guaranteed to have at least one solution. This can be seen by
choosing ¢, = ¢. and applying Theorem 3.1 to the resulting equation. However, in [15, 20] the two

dimensional system

_'Yd)/o/(g) - Co¢;(€) = Oé((be(f + 1) + qbe(g - 1) - 2¢o(€)) - 15(¢§(€) - 1) (¢o(€) - P);
*’Vd)g(g) - Ce(b/e(é.) = a(¢o(£ + 1) + ¢o(£ - 1) - 2¢e(£)) - 15(¢g(£) - 1) (¢6(£) - P)-

(6.5)

was analyzed with the boundary conditions ¢.(+oo0) = £1 and ¢.(0) = 0 for * = o,e. A corre-
sponding wavespeed plot can be found in Figure 7(b) and the interesting feature is the presence of
solutions with ¢, # c., indicating that for the two dimensional system (6.5) uniqueness of solutions

is lost.

A  Proof of Theorem 2.5

The aim of this section is to provide some basic results on the class of scalar differential difference
equations encountered when studying (1.1) and to use these results to prove Theorem 2.5. We will
mainly be concerned with the subclass of linear equations (2.1) that arises when linearizing (1.1)
around solutions. However, we shall also provide a number of comparison principles for solutions to
the nonlinear equation (1.1) which can directly be applied to the linear equations mentioned above.

The first result gives conditions under which (2.2) admits no positive solutions which decay
superexponentially. This is especially useful in combination with Proposition 2.2, as in the absence
of superexponentially decaying solutions this Proposition allows us to obtain asymptotic descriptions

of the solutions to (2.2).

Lemma A.1. Consider the homogeneous equation (2.2) and let x : J# — R be a solution to this
equation on J = [1,00) for some T € R. Suppose that Assumption 2.1 holds, possibly with a; = 0
for one or more 1 < j < N. Assume further that x(£) > 0 for all £ € J#, but that there does not
exist an R > 0 such that (§) = 0 for all £ > R. Then x does not decay superexponentially. The

analogous result for J = (—oo, 7] also holds.

Proof. Without loss we shall also assume J = [1,00), as the case of J = (—o0, 7] can be treated by
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a change of variables ¢ — —¢&, which does not change the sign of . For convenience, we introduce
the quantity ap = min(ay, % — €), where € > 0 is an arbitrary number.

We start out by noting that we can rescale equation (2.6) by defining y(¢) = e*x(€), where A
can be chosen appropriately. It is easy to see that y(£) satisfies the following differential difference
equation

e c., , c 1
y'(§) = (2A - ;)y (&) = A(A - ;)y(f) =

Since y(&) > 0 for all £ € J#, we have the inequality

v <@ - S+ (20— 9 - D)y, (A2)
v Y Y
Now choosing A = % we obtain
y"(§) < By(§), €, (A.3)
in which B = % — % > 0. Using a standard argument for ordinary differential equations which

can be found in [20, Lemma A.1], one sees that for arbitrary &y € J,
y(g) < Cle\/ﬁ(ifﬁo) + CQG*VE(E*EO) (A4)

holds for all £ > &y. The coefficients C; and C5 in this expression are given by

C1 = 525 (v/(€0) + VBy(&)).
Co = 55 (— v'(&0) + VBy(%))-

From the nonnegativity of y(£) we see that we must have C; > 0, as otherwise (A.4) would imply

(A.5)

that y(£) < 0 for sufficiently large £. From this we conclude
Y (&) > —VBy(&), & €, (A.6)
which immediately implies that y(£) and hence x(§) cannot have superexponential decay. o

The following lemma will be crucial to establish comparison principles for solutions to the non-
linear equation (1.1). It can be easily derived by employing the scaling argument introduced in the

proof of Lemma A.1.

Lemma A.2. Let x : J# — R be a solution to (2.1) on J = [1,00) for some T € R and suppose
that Assumption 2.1 holds, possibly with a;j = 0 for one or more 1 < j < N. Assume further that

2(€) >0 for all € € J#. Then if (&) = 0 for some & € J, we have x(€) = 0 for all £ > &.
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We now restrict ourselves to constant coefficient equations

—ya"(€) — ca’ (€) — Lo(we) = 0 (A7)

that satisfy Assumption 2.1. Our goal will be to obtain detailed information about the eigenvalues
of such systems. This will allow us to give precise asymptotic descriptions of solutions to the nonau-
tomatous linear equation (2.6) and to provide conditions for which (A.7) is hyperbolic. To this end,

we introduce the quantity
N
Ay = 7AC177L0(0) = ZAj,Ov (A.8)
j=0

associated to the constant coefficient operator Ly. The following lemma relates the existence of

complex eigenvalues of (A.7) to the sign of the characteristic function A, 1, (s) for real values of s.

Lemma A.3. Consider the constant coefficient equation (A.7), suppose that Assumption 2.1 holds
and in addition assume that As; < 0. Consider an arbitrary a € R. If Ac .1, (a) > 0, then there do

not exist any eigenvalues A € C such that Re A = a except possibly A\ = a itself.

Proof. Note that Ago < 0, since As; < 0 and Ao > 0 for 1 < j < N. Writing A = a + in with

a,n € R, we compute

A+ A2 + Ag o |ca + ya2 — 4% + Ago + i(2aym + en)|®

|ca+ya® + Ago|” + 12 (P72 + 2ave + 2a%y2 + ¢ — 2y Ag )
- }ca +va? + A0,0|2 +n?p(a),
where p is a second degree polynomial. It is elementary to see that
p(a) > %CQ +0°y% = 2740 > 7°y* > 0.
We thus have
eA+2% + A070‘ > ‘ca +va? + Aol (A.9)

with equality if and only if A = a.
Now suppose that A = a + in satisfies A. ,,1,(A) = 0 for some real n and that A, r,(a) > 0.

Then using (A.9), we arrive at

N N
ca+va® + Ago| < JeA + 9N + Aoo| = | D Aj0eT| <D Aj0e™T < —(catva® + Agp). (A.10)
=1 =1
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By examining the first and last terms in (A.10), we see that the three inequalities have to be
equalities. This can only be if A = a, from which the claim immediately follows.

O

Notice that under the assumptions of the previous lemma, we have A, 1,(0) > 0 and A <

¢v,Lo
0. The behaviour of the characteristic function is thus easy to analyze on the real line and we can

use the result above to establish the following two claims about the eigenvalues of (A.7).

Lemma A.4. Consider the equation (A.7) and suppose that As; < 0 and Assumption 2.1 is satisfied.
Then equation (A.7) is hyperbolic. Furthermore, there exists precisely one real positive eigenvalue
AT € (0,00) and precisely one real negative eigenvalue A\~ € (—00,0) and each of these eigenvalues is
simple. The eigenvalues A\~ and A* depend C' smoothly on ¢ and the coefficients Aj . In addition,

we have that

ON~ Ot
—_— d — . Al
e <0 an e <0 ( )
All the remaining eigenvalues satisfy
Re) € (—o0, A7) U (AT, 00), ImA#0. (A.12)

Lemma A.5. Consider the equation (A.7) and suppose that Ay, > 0 and Assumption 2.1 is satisfied.

Then either all real eigenvalues of (A.7) lie in (0,00), or else they all lie in (—o0,0).

We now shift our focus to nonlinear differential difference equations of the form

—y2"(§) = ca’(§) = G(& x(§), x(§ +r1),..., 2§ + 7). (A.13)

In the automatous case we write

—y2"(&) — ca'(§) = F(2(€), 2(§ +11),..,2(€ +7n)). (A.14)
We will impose the following conditions on (A.13).

Assumption A.1l. The parameter v satisfies v > 0 and the shifts satisfy r; # r; when i # j and
ri # 0. There is at least one shifted argument, i.e. N > 1. The function G : R x RNTL — R, written
as G(&,u), where u = (ug,u1,...,uy), is C1 smooth and the derivative DoG of G with respect to

the second argument u € RN*Y is locally Lipshitz in w. In addition, for every & € R we have that

%&“)>o, we RN 1< <N. (A.15)
Uj
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The following lemma roughly states that solutions to (A.14) are uniquely specified by their initial

conditions. The proof is almost completely analogous to that in [28], so we omit it.

Lemma A.6. Let z; : J — R for j = 1,2 be two solutions of equation (A.13) with the same

parameters ¢ and v on some interval J. Suppose that Assumption A.1 holds and that
501(5) = I?(é)v T+ Tmin < § <7+ Tmax, (Alﬁ)

for some T € J for which [T + Tmin, T + Tmax] C J. Then

21(6) = 22(6), £ J*. (A.17)

We remark here that in combination with Lemma A.2 the above result yields the following useful

corollary.

Corollary A.7. Consider the linear differential difference equation (2.1) and suppose that Assump-
tion 2.1 holds. Let x; : J — R for j = 1,2 be two solutions to (2.1) with the same parameters ¢ and

7 on the interval J = [1,00) for some T € R. If for all ¢ € J# we have

x1(8) > x2(8), (A.18)

with equality x1(&) = x2(&) for some & € J, then we have

21(§) = x2(8), &€ J*. (A.19)

Suppose that x; and x5 are both bounded solutions of the nonlinear autonomous differential
difference equation (A.14) with the same parameters ¢ and ~, where v > 0. We have seen in Section
3 that the difference y(&) = z1(£) — z2(§) satisfies the linear homogeneous equation (2.2) with

coeflicients given by

dt. (A.20)
u=tm(z1,£)+(1—t)7(z2,£)

o= [

If Assumption A.1 holds for the equation (A.14), it is easy to see that 4;(¢) > 0 for all £ € R

and for all 1 < j < N. Since the derivatives 6;5@) are continuous, we can use the fact that z1(§)
J

and z2(§) are uniformly bounded to establish that the coefficients A;(§) are uniformly bounded for
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0 < j < N. The continuity of these coefficients follows from the Lipschitz condition on the partial
derivatives of F. This means that our linear equation (2.2) with coefficients (A.20) satisfies all the
assumptions of Lemma A.2. Applying this result to the difference x1(§) — 22(§) and invoking Lemma

A.6, we obtain the following useful comparison principle.

Lemma A.8. Let z; : J#* — R for j = 1,2 be two bounded solutions of the nonlinear differential
difference equation (A.14) with the same parameters ¢ and v on the interval J = [1,00) for some

7 € R. Suppose also that Assumption A.1 holds and that
21(€) > w2(6), £ T (A.21)

Then if z1(&0) = x2(&) for some &, we have x1(€) = x2(&) for all € € J*.

In order to establish uniqueness of solutions to (1.1), we shall need a comparison principle for

solutions to (A.14) which have different wavespeeds.

Lemma A.9. Let z; : J# = R for j = 1,2 be two bounded solutions of the nonlinear autonomous
differential difference equation (A.14) with parameters v = v; and ¢ = ¢; on some interval J = [T, 00)
for some T € R. Suppose that Assumption A.1 holds and that v3 = o > 0, but that ¢y > co. Also

assume that

21(6) = 22(€), €€ J7 (A.22)

and that x2(€) is monotonically increasing. Then if x1(&y) = x2(&o) for some &, we have that

x1(&) = x2(&) is constant for all £ > &.
Proof. We start out by noticing that the difference y(§) = x1(€) — z2(£) satisfies the linear equation
c & 1Y
1 2
y'(€) = _7551(5) + _5512 - ; ZAJ y(€+ 1), (A.23)

where the coeflicients A; are again given by (A.20).
We have already seen that the coefficients A;(¢) are uniformly bounded for 0 < j < N and that
A;(€) > 0for all £ € R and for 1 < j < N. We can thus write Ag(€) > ap, for some ay < 0. Now

using the fact that z5(£) > 0, we have

~ (8 < Za(6), (A.24)



which allows us to conclude

y'(€) < —%y'(&) - %y@. (A.25)

Upon defining z(§) = e%gy(f), we obtain

C% (7))

Z"(€) < (4—72 - 7)2(5) = Bz(¢), (A.26)

where B > 0. We now proceed as in the proof of Lemma A.1 to conclude that z(§) = 0 for all £ > &g,
which implies z1(§) = x2(€) for all € > &;. Referring back to (A.14), we see that for £ > &y + rmin
we must have ¢z (§) = coxh(§). However, as also z}(§) = x5(§), we must have z}(§) = x54(§) = 0.

This establishes the claim. O

We are now ready to provide the proof of Theorem 2.5 and we note here that the preparations

in this section allow us to follow closely the proof of [28, Theorem 4.1].

Proof of Theorem 2.5. Denote the limiting constant coefficient operators at +oo by L. Then it
follows from Lemma A.4 that the equations (A.7) with Ly are both hyperbolic. In fact, the same
result holds for the family of constant coefficient operators % ((1—p)L_+ (1+p)LT) for =1 < p <1,
which connects L_ to Li. Theorem 2.1 thus guarantees that A., r is a Fredholm operator with
ind(A¢~,z) = 0. Corollary A.7 immediately implies that the nontrivial solution p satisfies p > 0.

Using Proposition 2.2 and Lemma A.4, we obtain the asymptotic expressions

CPer 8 4 0(eP=F98) ¢ - —oo,
OES S S (A27)
Ch e 8 + O(eP+798) ¢ — o0,

for some € > 0, with finite exponents
—00 <AL <0<\ <o0. (A.28)

Since p does not decay superexponentially and is strictly positive, Proposition 2.2 and Lemma 2.3
imply that both C% > 0. Suppose that there exists some @ € K(A. 1) which is linearly independent
of p. By adding some multiple of p and replacing « by —x if necessary, we may assume that x satisfies
a similar asymptotic expansion (A.27) with C? < 0 and C7{ = 0. Because z is not identically zero,
Lemma A.6 implies that there exist arbitrarily large & for which x(§) # 0. If 2(£) < 0 for all large

&, then the same reasoning as applied above to conclude that C¥ > 0 in the expansion (A.27) leads
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to a contradiction with C'{ = 0. This means there even are arbitrarily large £ for which 2(§) > 0.

From this it immediately follows that there exists ug > 0 such that

p(&) — pox(§) <0, (A.29)

for some ¢ € R. We now consider the family p — pxr € K.,z for 0 < p < po. The asymptotic

expressions for p and x ensure that there exist 7, K, A € R such that
p(&) — px(€) > Ke ™Ml >0, €] > 7, 0<p< po. (A.30)

Now define

ps = sup {u € [0, po] | p(§) — pa(§) = 0 for all £ € R}. (A.31)

By definition it follows from (A.29) that p. < pg. Obviously, we have the inequality p.x(£) < p(€) for
all £ € R, but actually it is easy to see that also p.x(&o) = p(&o) for some &y € [—7, 7]. From Corollary
A.7 it now immediately follows that p.xz(§) = p(§), but this contradicts the linear independence of
x and p, establishing dimK(A.,z) = 1. To complete the proof, it is enough to show that there
exists a p* € IC(AZV,Y’ 1) which satisfies p* > 0, as the strict positivity then follows immediately from
Corollary A.7. Thus assume to the contrary that p*(£1) > 0 > p*(&2) for some &1,&> € R. Lemma
A.6 guarantees that we may assume that |£1 — &2| < Tmax — "min. This means that there exists a
continuous function A : R — R such that [*_ p*(§)h(£)dé = 0, with supp(h) C [r1,72] for some
71, To € R satisfying 79 — 77 < Tmax — "min- Theorem 2.1 now implies that there exists an = € W20
such that A, .z = h. We now consider the family of such solutions « 4+ pup for © € R. Noting that
x satisfies the homogeneous equation (2.2) for large |¢| and using similar arguments as above, one
argues that there exists a p* € R such that y = a + p*p satisfies y > 0 and y(§) = 0 for some
& € R. Since (—00, 71 + Tmax| U [T2 + Tmin, 00) = R, we may use Lemma A.6 to conclude that y(&)
does not vanish for all large |¢]. By possibly making the substitution £ — —¢, we may assume y(&)
does not vanish for all large £&. However, Lemma A.2 now implies y(§) = 0 for all £ > &g, which gives

the desired contradiction. O

49



B Implementation Issues

Performing the iteration step defined in (4.7) with 4 = 0 amounts to solving a boundary value
problem on the real line. This observation in principle allows one to perform the Newton iterations
requiring the help of a boundary value problem solver for ordinary differential equations only, if
one truncates the problem to some appropriate finite interval [T_,T}] with T_ < 0 < T%. In our
C++ implementation, the boundary value problem solver COLMOD [8] was used at each iteration
step. Since the boundary value problem which has to be solved has degree three, three boundary
conditions need to be specified at each step. These conditions were chosen to be ¢(T+) = £1 and
#(0) = 0, in order to pick out the unique translate. In addition, when evaluating the delay and
advanced terms in (4.7), the iterates were taken to satisfy ¢(£) = —1 whenever £ <T_ and ¢(§) =1
for £ > T, . In the literature, other sets of boundary conditions have been proposed, which require
that at the boundary points £ = T.L solutions are matched up with the exponential eigenfunctions
of the corresponding linearization. However, since solutions have exponential behaviour at oo, the
distinction between these two sets of boundary conditions vanishes numerically if the interval is
chosen to be large enough.

In order to perform the iteration (4.7) with g # 0, the COLMOD code was adapted, roughly
along the lines of [1, 2], to collocate the delay and advance terms directly. This required the usage
of extra memory space to accomodate the larger matrices involved and the use of a different linear
system solver to allow for non block-diagonal matrices.

It remains to specify how a suitable starting value (¢o,cp) can be supplied for the Newton
iterations. It turns out that this is very hard in general: very often the algorithm requires a very
accurate initial guess to converge. One has to use the technique of continuation to arrive at a
suitable starting value. In general, this means that one starts by solving an ”easy” problem to a
certain degree of accuracy and gradually moves toward the "hard” problem, using the solution of one
problem as the starting value for the next problem which lies "nearby”. As an example, we mention
that a continuation scheme for the family (5.2) can involve varying combinations of the detuning
parameter p, the size of the delay term a and the size of 7. The continuity in parameter space which

was established in Proposition 3.2 shows that this is indeed a feasible strategy.

50



References

[1]

[10]

[11]

Abell, K. A., Elmer, C. E., Humphries, A. R., and Vleck, E. S. V., Computation of Mixed Type

Functional Differential Boundary Value Problems. Submitted to SIAM J. Dyn. Sys.

Bader, G. (1985), Solving Boundary Value Problems for Functional Differential Equations by
Collocation. In: U. M. Ascher and R. D. Russel (eds.): Proceedings in Scientific Computing,

Numerical Boundary Value ODFEs, Vol. 5. pp. 227-243.

Bates, P. W., Chen, X., and Chmaj, A. (2003), Traveling Waves of Bistable Dynamics on a

Lattice. SIAM J. Math. Anal. 35, 520-546.

Bates, P. W. and Chmaj, A. (1999), A discrete Convolution Model for Phase Transitions. Arch.

Rational Mech. Anal. 150, 281-305.

Bell, J. (1981), Some Threshold Results for Models of Myelinated Nerves. Math. Biosciences

54, 181-190.

Cahn, J. W. (1960), Theory of Crystal Growth and Interface Motion in Crystalline Materials.

Acta Met. 8, 554-562.

Cahn, J. W., Mallet-Paret, J., and Van Vleck, E. S. (1999), Traveling Wave Solutions for

Systems of ODE’s on a Two-Dimensional Spatial Lattice. SIAM J. Appl. Math 59, 455-493.

Cash, J. R., Moore, G., and Wright, R. W. (1995), An Automatic Continuation Strategy for
the Solution of Singularly Perturbed Linear Two-Point Boundary Value Problems. J. Comp.

Phys. 122, 266-279.

Chi, H., Bell, J., and Hassard, B. (1986), Numerical Solution of a Nonlinear Advance-Delay-

Differential Equation from Nerve Conduction Theory. J. Math. Bio. 24, 583-601.

Chow, S. N., Mallet-Paret, J., and Shen, W. (1998), Traveling Waves in Lattice Dynamical

Systems. J. Diff. Fq. 149, 248-291.

Chua, L. O. and Roska, T. (1993), The CNN paradigm. IEEE Trans. Circuits Syst. 40, 147-156.

o1



[12]

[16]

[17]

[19]

[20]

[23]

Elliott, C. M., Gardiner, A. R., Kostin, L., and Lu, B. (1994), Mathematical and Numerical
Analaysis of a Mean-Field Equation for the Ising Model with Glauber Dynamics. In: Chaotic

Numerics, AMS, Vol. 172. pp. 217-242.

Elmer, C. E. and Van Vleck, E. S. (1996), Computation of Traveling Waves for Spatially Discrete

Bistable Reaction-Diffusion Equations. Appl. Numer. Math. 20, 157-169.

Elmer, C. E. and Van Vleck, E. S. (1999), Analysis and Computation of Traveling Wave Solu-

tions of Bistable Differential-Difference equations. Nonlinearity 12, 771-798.

Elmer, C. E. and Van Vleck, E. S. (2001), Traveling Wave Solutions for Bistable Differential

Difference Equations with Periodic Diffusion. SIAM J. Applied Mathematics 61, 1648-1679.

Elmer, C. E. and Van Vleck, E. S. (2002), A Variant of Newton’s Method for the Computation of

Traveling Waves of Bistable Differential-Difference Equations. J. Dyn. Diff. Eqn. 14, 493-517.

Erneux, T. and Nicolis, G. (1993), Propagating Waves in Discrete Bistable Reaction-Diffusion

Systems. Physica D 67, 237-244.

Fife, P. and McLeod, J. (1977), The Approach of Solutions of Nonlinear Diffusion Equations to

Traveling Front Solutions. Arch. Rat. Mech. Anal. 65, 333-361.

Hankerson, D. and Zinner, B. (1993), Wavefronts for a Cooperative Tridiagonal System of

Differential Equations. J. Dyn. Diff. Eq. 5, 359-373.

Hupkes, H. J. and Verduyn-Lunel, S. M. (2003), Analysis of Newton’s Method to Compute
Travelling Wave Solutions to Lattice Differential Equations. Technical Report 2003—09, Math-

ematical Institute Leiden.
Tooss, G. (2000), Traveling Waves in the Fermi-Pasta-Ulam Lattice. Nonlinearity 13, 849-866.

Tooss, G. and Kirchgéissner, K. (2000), Traveling Waves in a Chain of Coupled Nonlinear Os-

cillators. Comm. Math. Phys. 211, 439-464.

Keener, J. and Sneed, J. (1998), Mathematical Physiology. Springer—Verlag, New York.

52



[25]

[26]

[34]

Keener, J. P. (1987), Propagation and its Failure in Coupled Systems of Discrete Excitable

Cells. SIAM J. Appl. Math. 47, 556-572.

Laplante, J. P. and Erneux, T. (1992), Propagation Failure in Arrays of Coupled Bistable

Chemical Reactors. J. Phys.Chem. 96, 4931-4934.

Mallet-Paret, J. (1996), Spatial Patterns, Spatial Chaos and Traveling Waves in Lattice Differ-
ential Equations. In: Stochastic and Spatial Structures of Dynamical Systems, Royal Netherlands

Academy of Sciences. Proceedings, Physics Section. Series 1, Vol. 45. Amsterdam, pp. 105-129.

Mallet-Paret, J. (1999), The Fredholm Alternative for Functional Differential Equations of

Mixed Type. J. Dyn. Diff. Eqn. 11, 1-48.

Mallet-Paret, J. (1999), The Global Structure of Traveling Waves in Spatially Discrete Dynam-

ical Systems. J. Dyn. Diff. Eqn. 11, 49-128.

Mallet-Paret, J. (2001), Crystallographic Pinning: Direction Dependent Pinning in Lattice Dif-

ferential Equations. preprint.

Mallet-Paret, J. and Verduyn-Lunel, S. M., Exponential Dichotomies and Wiener-Hopf Factor-

izations for Mixed-Type Functional Differential Equations. to appear in J. Diff. Eq.
Rudin, W. (1974), Real and Complex Analysis. McGraw—Hill, New York.
Rudin, W. (1991), Functional Analysis. McGraw—Hill, New York.

Strunz, T. and Elmer, F. J. (1998), Driven Frenkel-Kontorova model I. Uniform Sliding States

and Dynamical Domains of Different Particle Densities. Phys. Rev. E 58, 1601-1611.

Strunz, T. and Elmer, F. J. (1998), Driven Frenkel-Kontorova model II. Chaotic Sliding and

Nonequilibrium Melting and Freezing. Phys. Rev. E 58, 1612-1620.

Wu, J. and Zou, X. (1997), Asymptotic and Periodic Boundary Value Problems of mixed FDE’s

and Wave Solutions of Lattice Differential Equations. J. Diff. Eq. 135, 315-357.

Zinner, B. (1992), Existence of Traveling Wavefront Solutions for the Discrete Nagumo Equa-

tion. J. Diff. Eq. 96, 1-27.

93



[37] Zinner, B. (1992), Stability of Traveling Wavefronts for the Discrete Nagumo Equation. J. Diff.

Eq. 96, 1-27.

[38] Zinner, B., Harris, G., and Hudson, W. (1993), Traveling Wavefronts for the Discrete Fisher’s

Equations. J. Diff. Eq. 105, 46-62.

o4



