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Abstract

We consider bistable reaction diffusion systems posed on rectangular lattices in two or more spatial dimen-
sions. The discrete diffusion term is allowed to have periodic or even negative coefficients. We show that
travelling wave solutions to such pure lattice systems exist and that they can be approximated by travelling
wave solutions to a system that incorporates both local and non-local diffusion.
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1 Introduction

In this paper we consider the family of non-local systems

N

wg(x,t) = Yugq(x,t) + Z Ajlu(z +rj,t) —u(z,t)) + f(u(:c, t) ;p), (1.1)
j=0

parametrized by p € V' C R. The diffusion constant satisfies v > 0, the function u takes values in R™
for some n > 2, the real (n x n)-matrices A; have non-negative entries and the Jacobian D f(-; p) has
non-negative off-diagonal elements. The shifts g < 71 < ... < ry can be taken to be both positive
and negative, i.e. 7o < 0 < rn. We are interested in nonlinearities f that are bistable. In particular,
writing 0 = (0,...,0) € R" and 1 = (1,...,1) € R", we assume that f(0;p) = f(1;p) = 0 are two
stable equilibria for all p € V' and that all other equilibria in the cube [0, 1] are unstable.

We are particularly interested in travelling wave solutions of (1.1) that connect the two stable
equilibria. Such solutions can be written in the form u(z,t) = ¢(z — ct) for some wave speed ¢ € R
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and some wave profile ¢ : R — R"™ that satisfies the limits

Jim 6 =0, lm g(¢)=1. (1.2)

It is not hard to see that this pair (¢, ¢) must satisfy the differential equation

N
—cd/(€) = 79" () + Y Aj[p(E +15.8) — S(E)] + F(5(E) 1 p)- (1.3)

=0

Due to the presence of the shifts in the argument of ¢ that are both positive and negative, the
system (1.3) is referred to as a functional differential equation of mixed type (MFDE).

Our contribution in this paper is to show that for each v > 0, (1.1) has a family of travelling
wave solutions, parametrized by p € V. This family depends smoothly on the parameter p whenever
~ > 0 or the wave speed c is non-zero. In addition, upon fixing the parameter p, travelling waves for
(1.1) with v = 0 can be approximated by a sequence of travelling waves for (1.1) with v =, | 0.
As such, we generalize previous results obtained in [23, 28] for scalar versions of (1.3), i.e., where
n=1.

Lattice Differential Equations

Let us emphasize here that our interest in (1.1) is rather indirect. Indeed, our primary motivation
for this paper comes from the study of differential equations posed on lattices in two or more spatial
dimensions. Consider for example the system

d
g Wis = Qij[tirn g+ uigen iy +uigon = dugl + g(uig, p), (1.4)

posed on the two dimensional lattice (i,j) € Z2. A typical smooth family of bistable nonlinearities
is given by the cubics

g(u;p) =u(u—p)(1 —u), (1.5)

with 0 < p < 1. We now discuss a number of different scenario’s for the diffusion coefficients a;.

Positive Diffusion In the spatially homogeneous case a;; = o > 0, the LDE (1.4) reduces to the
system

d

—u

dt
which is often referred to as the two dimensional discrete Nagumo equation. It has been used to
describe phenomena such as phase transitions in Ising models [3], and to develop pattern recognition
algorithms in image processing [8, 9]. Many authors have studied this LDE, focussing primarily on

the richness of the set of equilibria [26] and the existence of travelling wave solutions [28, 39].
The LDE (1.6) with o = h™2 can be seen as the discretization of the PDE

ij = Uit + i1 + o1y + w1 — 4ugg] + g(uig, p), (1.6)

Ou = Au+ f(u) (1.7)

on a two dimensional grid with node spacing h > 0. However, the two equations are known to display
significant differences in dynamical behaviour, especially when a > 0 is small and one is far away
from the continuous limit. In order to illustrate this, let us consider waves that travel through the
lattice in the direction (o1, 02) = (cos 6, sind).

Substituting the Ansatz

uij(t) = ¢((i, §) - (01, 02) — ct) = ¢(io1 + joo — ct) (1.8)



into (1.6), we arrive at the system

—c¢'(§) = a(€ + 1) + (€ + 02) + d(§ — 1) + &6 — 02) — 48(E)] + g(¢(€)ip) =0, (L.9)

which is a scalar version of the MFDE (1.3) with v = 0. As above, we require the limits

lim ¢(¢) =0, lim ¢(§) = 1. (1.10)
{——o0 £—+o0

Notice that the direction (o1,02) appears explicitly in the travelling wave MFDE (1.9), which
does not happen for the PDE (1.7). As a consequence, the LDE (1.6) admits spatial anisotropy in
the sense that the wave speed ¢ depends on the angle 6 of propagation through the lattice. Numerical
illustrations of this fact can be found in [12, 19, 23].

Notice furthermore that the travelling wave MFDE (1.9) becomes singular in the limit ¢ — 0.
One of the consequences of this fact is that typically an entire range of values of p can exist for which
the wave speed satisfies ¢ = 0. This phenomenon is called propagation failure and does not occur for
the PDE (1.7). It has been studied extensively in [5], where one replaces the cubic nonlinearity g by
an idealized cartoon nonlinearity to obtain explicit solutions to (1.9). For each propagation angle 6,
the quantity p*(0) is defined to be the supremum of values p > % for which the wavespeed satisfies
¢ = 0. Tt is proven that this critical value p* () typically satisfies p* > %, depends continuously on 6
when tan @ is irrational and is discontinuous when tan 6 is rational or infinite. By now there is plenty
of numerical [12, 23] and theoretical [18, 29] evidence to suggest that this behaviour is not just an
artifact of the idealized nonlinearity g, but also occurs in the case of the cubic nonlinearity (1.5).

Periodic Diffusion One of the advantages of using the discrete system (1.4) is that it is relatively
easy to model spatial inhomogeneities. Many physical systems have a periodic spatial structure
[13, 15, 33], so it is natural to study (1.4) with coefficients «;; that vary in a periodic fashion. For
example, let us suppose that «;; = a, > 0 whenever i + j is odd and «o;; = o, > 0 whenever ¢ + j
is even, with a, # a.. Upon writing

{ (bo(iol + jogs — ct) for odd i + 7,
uij(t) = _ . (1.11)
Pe (wl + jog — ct) for even i + j,
we find the travelling wave MFDE
—cdl(§) = Ge(E4 1) + Pe(€ — 01) 4 P (€ + 02) + Pe(€E — 02) — 400 (€) + g(00(€): p), L12)
1.12

—c,(§) = Qo(§+ 1) + (€ — 1) + (€ + 02) + @o(§ — 2) — 4e(§) + g(‘be(f);p)a

which clearly can be written in the form (1.3) with v = 0. Compared to (1.9), much less is known
about (1.12). In §3.1 we discuss this issue further and show how general periodic diffusion problems
fit into our framework.

Negative Diffusion Although PDEs with negative diffusion are typically ill-posed, the discrete
system (1.4) with a;; = a < 0 does not suffer from this problem. In [36] phase transitions are
discussed for a grid of particles that have visco-elastic interactions, which leads naturally to an LDE
with negative diffusion. We refer to [4] for an analysis of this problem on a one-dimensional lattice.
In §3.2 we discuss a two-dimensional lattice with negative diffusion and show how the framework in
this paper can be used to construct travelling waves for this system.

Continuous vs Discrete Laplacian

Let us briefly discuss our reasons for including the second derivative term in (1.3), which clearly does
not appear in the travelling wave equations for the LDEs discussed above. First of all, as we have seen



above, very interesting features of LDEs arise in the regime where waves are pinned to the lattice.
Since the travelling wave systems (1.9) and (1.12) become singular as ¢ — 0, numerical methods
have considerable trouble resolving the shape of the wave profiles in this regime. As illustrated in
[1, 12, 19, 23], this difficulty can be overcome by adding a small second order term as in (1.3). By
understanding the limit v | 0 we can hence study how well numerical methods can resolve the fine
structure of propagation failure.

Besides this technical issue, there is also a physical reason to introduce a local diffusion term
n (1.1). Such a term arises naturally if we consider systems which have local as well as nonlocal
interactions and it allows us to perform continuation from systems with a continuous Laplacian
to systems with a discrete Laplacian. We refer to the Frenkel-Kontorova equations [34, 35] as an
example in solid-state physics where this is useful.

Existence of Waves

By now, many authors have considered the existence of wave-like solutions for dissipative LDEs,
using a varied palette of techniques. A significant portion of the work has focussed on spatially
homogeneous LDEs with positive discrete diffusion. The seminal work of Weinberger [38] is applicable
to both PDEs and LDEs and contains results on the existence of travelling waves primarily for
monostable nonlinearities, but also for bistable systems. Using index theory, Zinner [39] established
the existence of travelling waves for the discrete Nagumo equation posed on a one dimensional lattice.
Mallet-Paret developed a linear Fredholm theory in [27] for MFDEs and employed this in [28] to
obtain structural results for scalar versions of (1.1) with v = 0. Bates, Chen, and Chmaj [2] used
implicit function theorem arguments to obtain the existence of travelling waves for LDEs with long
range interactions that can be both attracting and repelling. In [22] Hupkes and Sandstede developed
a version of singular perturbation theory to construct travelling waves for the two-component discrete
FitzHugh-Nagumo system. In [21] modulated travelling waves were constructed using a global center
manifold analysis for (1.1) with v > 0. Finally, in a series of papers [31, 32] Shen studied scalar
versions of (1.1) with v > 0, but with a time dependent nonlinearity. She employed comparison
principles to obtain existence, uniqueness and stability results for wave-like solutions.

Main Techniques

Roughly speaking, the arguments used to establish our main results can be split into two main parts.
In the first part, we fix the parameter p and the constant v > 0 and construct a travelling wave
solution for (1.1). In the second part, we show that travelling waves persist under small perturbations
of p and 7. This allows us to take the limit v — 0 and obtain families of travelling waves for (1.1)
even for v = 0.

The techniques we use to attain the first goal differ from the approach taken in [23, 28]. Indeed, the
latter papers construct a global homotopy that transforms the system (1.1) into a reference system
that admits explicit solutions. The problem is that this homotopy needs to be embedded into a
so-called normal family that satisfies a number of detailed technical constraints. It is unclear how
these conditions can be naturally generalized to higher dimensional systems.

In this paper, we avoid using any global homotopies or topological arguments and directly con-
struct travelling waves for (1.1) with v > 0. In particular, we do not follow the route taken in the
classical papers [11, 37] where travelling waves are constructed for PDE versions of (1.1) with v > 0
that do not contain the non-local terms, but may include convective terms. Instead, we base our
approach on the elegant techniques developed by Chen [6], who studied scalar versions of (1.1) with
v > 0 and constructed travelling waves using only comparison principles. In §4-§7 we adapt these
results for use in our higher dimensional setting. Although the main spirit of the arguments remains
the same, significant modifications need to be made in order to account for the increased complexity
of the cube [0, 1]™ that contains the dynamics of (1.1) as compared to the interval [0, 1].



The analysis in the second part of this paper does build upon ideas introduced in [28] for v = 0
and [23] for v > 0. In particular, if (¢, ¢) is a travelling wave solution to (1.1), we consider the linear
operator

N
[Ac0)(6) = 70" (€) = ev'(€) = D Ajlv(€ + 1) = v(€)] = DLf($(€); p)o(€) (1.13)
j=0

associated to the linearization of (1.3). We show in §8 that A. . is a Fredholm operator and has
a one-dimensional kernel that is spanned by ¢'. The main difficulty is that one needs to rule out
potential kernel elements that decay as £ — +oo at a rate that is faster than any exponential.
Indeed, the ad-hoc arguments used in [28] for this purpose cannot be immediately transferred to the
high-dimensional setting of (1.3).

Once established, the Fredholm properties of A, allow the use of an implicit function theorem
argument to construct a local branch of travelling wave solutions to (1.1) that depend smoothly
on the parameter p. Let us emphasize here that we expect the results for A., to be useful in
further applications. Indeed, when considering LDEs posed on one-dimensional lattices, the Fredholm
properties of similar operators have been used to study the stability of waves [20], glue waves together
[24] and analyze singular perturbations [22].

Let us mention that recent results obtained in [7] actually cover some of the cases considered
here. Indeed, in [7] the authors construct travelling wave solutions to LDEs that are posed on one
dimensional lattices and have periodic diffusion. It turns out that whenever the pair (oy,03) is
rationally related, one can construct a one-dimensional LDE covered by [7] for which the travelling
wave system is equivalent to (1.12). However, the techniques used in [7] differ considerably from those
used here. In particular, they work only for v = 0 and as such cannot account for the transition
v 1 0. In addition, the intricate parameter dependence of waves is not studied.

We conclude this introduction by giving a brief overview of the structure of this paper. In section
§2 we state our assumptions and main results and in §3 we show how these results can be applied
to two specific examples. In §4 we state some basic comparison principles for (1.1). In §5 we study
spatially invariant solutions to (1.1) and analyze the separatrix that divides the basins of attraction
for the two stable zeroes of f. In §6-§7 we consider the evolution of a smooth initial condition for
(1.1) with v > 0 and prove that it converges to a travelling wave. In §8 we study the travelling
wave system (1.3) directly. In particular, we generalize the local continuation results obtained by
Mallet-Paret [28] to the current high-dimensional setting. Finally, in §9 we prove our main results.
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2 Main Results

In this section we state our main results. We recall our main family of non-local systems

N

Opu(x,t) = yOpgu(x,t) + Z Ajlu(z +rj,t) —u(z, t)]) + f(u(w, t) ;p), (2.1)
3=0

parametrized by p € V', where we take V to be a closed subset of R. The diffusion constant satisfies
v > 0, the shifts are ordered as ro < r; < ... < ry and the function u takes values in R™ for some
n > 2. For convenience, we introduce the quantities

Tmin = min_7;, Tmax := Iax r;j. (2.2)
0<j<N 0<j<N

Before we state the rest of our assumptions on (2.1), we need to introduce some notation. First
of all, we recall the shorthands 0 = (0,...,0) € R and 1 = (1,...,1) € R®. Whenever B and C



are two (p x ¢)-matrices, we use the notation B > C' to indicate that B;; > C;; holds for all integers
1<i<pand1l<j<gq, while B> C implies that B;; > Cj; for all such ¢ and j. The relations
< and < are defined in the analogous fashion. Obviously, all these orderings transfer naturally to
vectors.

We start by stating our assumption on the matrices {A;}. Roughly speaking, all these matrices
must be non-negative and together they must mix all the components of w. Since adding a shift
ry+1 = 0 does not affect (2.1), we caution the reader that this condition should be read together
with (2.5) below.

(HA) For all 0 < j < N, the n x n-matrix A; satisfies A; > 0. In addition, the matrix

N
A=A (2.3)

=0

is irreducible, in the sense that for each pair (i,j) € {1,... ,n}? that has i # j, there exists an
integer k > 2 and a sequence /1, ... ¢ with £; = ¢ and ¢, = j such that

A£1€2A62€3 s Afkflfk 7é 0. (24)

The following three conditions pertain to the nonlinearity f. They state that for each parameter
p € V, the function f(-;p) is order preserving in the terminology of [16] and bistable when restricted
to a neighbourhood of the cube [0, 1]™.

(Hf1) The function f: R™ x V — R™ is C?-smooth. In addition, for any p € V and u € R", there
exists k = k(u, p) > 0 such that
Dif(u;p) > A~ w(u,p)I. (2.5)

(Hf2) For all p € V, we have f(0;p) = f(1;p) = 0. In addition, if for some p € V and A € C we
have

det[Dyf(v;p) — Al =0, (2.6)
with either v = 0 or v = 1, then in fact Re A < 0.

(Hf3) For all p € V, the set of vectors ¢ € R™ for which 0 < ¢ < 1 and f(g¢; p) = 0 both hold is finite.
In addition, for each such ¢ there exists a A € C with Re A > 0 such that

det[D;f(q;p) — \] = 0. (2.7)

Our final two assumptions are technical conditions on the structure of the system (2.1). In particular,
(HS1) states that any off-diagonal elements of D; f — A are either identically zero or strictly positive.
This should be compared to condition (ii) in [28, §2]. The second condition (HS2) states that it is
impossible to rewrite (2.1) in such a way that all the shifts are either non-negative or non-positive.
Let us emphasize that we fully expect our results to remain valid without this condition. The only
reason that we include it is to keep our arguments in §8 readable. Indeed, the proofs in [28] often
have to use separate techniques for the two special cases ryi, = 0 and rpax = 0. In our current high
dimensional setting this would become even more convoluted.

(HS1) Consider any pair (k,l) € {1,...,n}? with k # [. Then for each p € V, the function

g(u) = fi(u;p) — Apw (2.8)

either satisfies 9y, g(u; p) > 0 for all u € R™ or 9,,9(u; p) =0 for all u € R™.



(HS2) Pick any p € V and 0 € R™ and consider the function @ that is given by u;(x,t) = u;(x + 0y, ).
For any choice of N > 1, F: (R")®+! S R and 7y <71 < ... < 7 that allows us to rewrite
(2.1) as

Ou(z,t) = y0ppt(x, t) + F(u(x +7o),... ,u(z +7g)), (2.9)
we have 7o <0 <7g.

Our first main result states that (2.1) admits a smooth family of travelling wave solutions whenever
v > 0.

Theorem 2.1 (cf. [23, Thm. 3.1]). Suppose that (HA), (Hf1)-(Hf3) and (HS1)-(HS2) are all sat-
isfied. Then for any v > 0, there exist C'-smooth functions ¢, : V — R and Py : V — W%>®(R,R")
that satisfy the following properties.

(i) For any p € V, the function P = Py(p) has the limits

lim P(¢) =0, lim P(€) =1 2.10
Jim_P(g) JimP(©) 210
and satisfies P’ > 0.
(ii) For any p € V, the function
ula, ) = Py(p) (= — e, (p)) (2.11)

satisfies (2.1).
(iii) Consider any P € W2 (R, R") that satisfies the limits

lim P(¢) =0, lim P(¢) =1 (2.12)

£——o0 oo

and suppose that u(z,t) = P(x — ct) satisfies (2.1) for some p € V and ¢ € R. Then we have
c=cy(p) and P(-) = Py(p)(- — ) for some ¥ > 0.

Our second main result shows that the travelling waves obtained in Theorem 2.1 can be used to
approximate solutions to (2.1) at the critical value v = 0.

Theorem 2.2 (cf. [23, Thm. 3.10]). Suppose that (HA), (Hf1)-(Hf3) and (HS1)-(HS2) are all
satisfied. Consider two sequences 7y, > 0 and p, € V, that have v, — v« and p, — p. asn — o for
some v, > 0 and p, € V. Then, possibly after passing to a subsequence, we have ¢+, (pn) — ¢« € R
and the limit

Pu(€) = lim P, (p,)(€) (2.13)

exists pointwise. The function P, is non-decreasing and satisfies the limits

lim P,(¢) =0, lim P,(¢) = 1. (2.14)

- —o0 oo

If either . > 0 or ¢, # 0, then the function u.(x,t) := P.(x — c«t) satisfies (2.1) with v = v, and
p = ps«. On the other hand, if v« =0 and c. = 0, then the time-independent function

us(x, 1) = lglgcl P.(¢) (2.15)

satisfies (2.1) for allx € R and t € R.



Our final main result describes the structure of the family of travelling wave solutions to (2.1) at
~v = 0. As in [28], the wave speed is uniquely defined for all p € V, but wave profiles are only unique
if ¢ #0.

Theorem 2.3 (cf. [28, Thm. 2.1]). Suppose that (HA), (Hf1)-(Hf3) and (HS1)-(HS2) are all sat-
isfied and fix v = 0. Then there exists a continuous function co : V. — R that satisfies the following
properties.

(i) Writing V., CV for the open set where co(p) # 0, the function co is Ct-smooth on V.

(ii) There exists a C*-smooth function Py : V. — WBH°(R,R") such that for any p € Vi, the
function P = Py(p) has the limits

lim P(¢) =0, lim P(¢) =1, (2.16)

§——o0 £—+o0
satisfies P! > 0 and generates a solution to (2.1) with v =0 by writing
u(z,t) = Pz — colp)t). (2.17)
(i1i) For any p € V' \ Vi, there exists a non-decreasing function P : R — R™ that has the limits
lim P(§) =0, fEToo P¢) =1, (2.18)

R
such that the time-independent function
u(z,t) = P(x) (2.19)
satisfies (2.1).
(iv) Consider any ¢ # 0 and a function P € WL (R, R™) that satisfies the limits
EEr_noo P& =0, {El—il-loo P =1. (2.20)
Suppose that u(x,t) = P(x —ct) satisfies (2.1) with v = 0 for some p € V. Then we must have
c=co(p) and P(-) = Py(p)(- — 9) for some 9 > 0. In particular, one has p € V.
(v) Consider any non-decreasing function P : R — R"™ that satisfies the limits

Jim P€)=0,  lm P(-1. (2.21)

If u(z,t) = P(x) satisfies (2.1) with v =0 for some p € V', then we must have p € V' \ V..

3 Examples

In this section we illustrate our main results by considering two examples, both of which are posed
on the two dimensional spatial lattice Z2. We use the nearest-neighbour discrete Laplacian
[Ajulij = wig1,j + Wim1j + Ui 41 + Ui j—1 — dugj, (3.1)
together with the next-nearest-neighbour version
[Axu]ij = Uil b1 T U1 -1+ Wit b1+ Ui—1 -1 — du . (3.2)

In the first example, the diffusion coefficients are positive but spatially periodic. The second example
considers a system that is spatially homogeneous, but that has negative nearest-neighbour diffusion.
We show how the problem can be transformed into an equivalent spatially periodic system with
positive diffusion coefficients. In both cases we establish that the assumptions (HA), (Hfl)-(Hf3)
and (HS1)-(HS2) are all satisfied under reasonable conditions on the nonlinearity.



3.1 Periodic Diffusion
In this example we study the system
Uiy = oj[Aqulij + gij(uiz; p), i,J € L. (3.3)
The diffusion coefficients satisfy a;; > 0 and the system is periodic in the sense that there exist
integers p > 1 and ¢ > 1 such that the identities
Qij = Qitp,j = Qijrg,  Gij = Gitp,j = Jij+a (3.4)

hold for all 4,5 € Z.
Let us decompose any pair (i,5) € Z? as

i =141p + ig, 0<ia<p, J =719+ j2, 0<j2<gq (3.5)
Introducing pq functions v?272 : Z2 x R — R, we write
i (t) = 027 (1) (3.6)
and look for a travelling wave solution

Uzj,ji) (t) = ¢12,j2 (iyl + jVQ - Ct)v (37)
which travels through the lattice in the direction (vq,v2). Here for each pair of integers 0 < iy < p
and 0 < jp < g, the function ¢, j, : R — R satisfies the limits

lim ¢i2,j2 (g) =0, lim ¢i2,j2 (5) =1 (38)

§——o0 £—+o0

The travelling wave system can be written as

=i, i, (§) = iy gy [Pin 1,55 (§ + V1) + iy o1 (§+ 1) + Biy—1,5,(§ — 1) + Piy jo—1(§ — 12)]

+9is 2 (12,52 (€); )5 )
3.9

with the understanding that ¢i,+p.j, = @iy jotq = Pis,jo- Upon embedding R? x R? into RPY, this
can be written as an equation of the form (1.3) with n = pq.

The assumptions (Hf1)-(Hf3) and (HS1) can be satisfied by picking each of the nonlinearities f;;
to be bistable, e.g.

gij(w;p) =u(l —u)(u—p), 0<p<L (3.10)

The irreducibility of the matrix A appearing in (HA) follows easily from the fact that each point
in the grid Z? can reach any other point by a series of vertical and horizontal jumps of unit length,
mirroring the interactions encoded in the operator A . Finally, to verify (HS2) it suffices to consider
o € R? x R? and look at the components of (3.9) for which oy, j, is maximal and minimal. The
former components are guaranteed to have at least one positive shift and the latter components have
at least one negative shift.

3.2 Negative Diffusion

In this example we consider a model that has repelling nearest-neighbour interactions and attracting
next-nearest-neighbour interactions. In particular, we consider the system

Ui = ofAyulij + BlAxuli; + g(uis;p), ,jE€ZL (3.11)



with o < 0 < 8. Let u;; = v;; for i+ j even and u;; = w;; for i+ j odd. Then (3.11) can be rewritten
as

Uij = alwitry +wioy +wige w1 — 4vig] + BlAK]; + g(vigi p),
. 3.12
Wij = afvigry +vic1g i+ vigo1 — dwig] + BlAxwli; + g(wis; p). (312)
The equilibrium solutions satisfy
0 =4da(w —v) + g(v; p), 0=da(v —w) + g(w; p), (3.13)

which is the same pair of equations as encountered in the one dimensional setting of [4] upon replacing
4a by 2.
Picking any pair of equilibria (v_,w_) and (vy, w4 ), let us introduce the new variables

= (=) (g — ),
j ’ (3.14)
vij = (wij—w_)/(wy —w_).
Using these new variables (3.12) transforms into the system
Fij = delyirrg Y1 T Yign Ui — 42i] + BlAxali; + ge (@i p), (3.15)
Ui = dolmiyry + Tiorg + Tig1 + Tigo1 — 4] + BlAYli; + 90 (vigi p),

with modified diffusion constants
de = a(wy —w-_)/(vy —v-),  do=a(vy —v_)/(wy —w-) (3.16)

and modified nonlinearities

oeleit) = (e =0 ol v o)
trtm (e —vo) = (we —w)) F (oo ),

golyip) = (wy—w ) lg((wy —w_ )y +w_;p) (3.17)
+w+ w_ [ ((w+_w*)_(v+_07)>—(U,—’wi)],

In order to have d.,d, > 0 it suffices to demand (wy — w_)(vy —v_) < 0. Different choices for
equilibria that satisfy this requirement are listed in the table in section 5.3 of [4] for the cubic
nonlinearity g(u; p) = u(1 — u)(u — p).

Upon looking for a travelling wave solution

25 (t) = gr(ivy + jua —ct),  yij(t) = do(ivy + jro — ct), (3.18)

we can write the resulting travelling wave system as

7
—cd(§) = Y Ajlo(€ + ;) — (O] + F(9(€): ) (3.19)
j=0
Here the shifts are given by
To = V1, T =V, rg = —V1, r3 = —la,
(3.20)
r4=01+02, T5=01—02, T¢=—01+02, T7=—01—02,
while the matrices A; > 0 are given by
0 d.
Ag=A1 =Ay = A3 = d 0)° Ay =A5=A¢= A7 =01 (3.21)
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and the nonlinearity f is defined as

[~ 9e(P15p) + dde(P2 — 1)
Floe) = (go(¢z;p) +4d, (1 — @)) | (8.22)

This allows us to compute

. _ _(Dl e(d)l; )+4de) 4d.
pisee = (PG Do +44,)
_ ([Dlg((m_ — v )1 +v_;p) + 4a] 4d, )
4d, —[D1g((wy —w_)us +w_;p) +4a])

(3.23)

We note that 8 does not affect the location of the equilibria or their stability. Clearly the irreducibility
condition on A is satisfied together with (Hf1), (HS1) and (HS2). In addition, the bistability criteria
(Hf2)—(Hf3) can be verified by studying the table in [4, §5.3]. In the bistable case, we hence see that
(3.12) admits a travelling wave solution that connects (v_,w_) to (v4,wy).

4 Preliminary Results

In this section we obtain preliminary results on the nonlinear system

ou(z,t) = [Du](z,t) + f(u(z,t)). (4.1)
Here we have introduced the nonlocal differential operator
[Du](z,t) = yOppu(z, t) + [J x u](x,t), (4.2)
in which
N
[Txu)(z,t) = Aju(z +rj,t) — u(x, t)]. (4.3)
j=0

We impose the following condition on the nonlinearity f to reflect the fact that we have dropped
the dependence on the parameter p.

(h)sa The function f : R™ — R”™ satisfies the conditions (Hf1)-(Hf3) with the understanding that
V ={0} and f(-;0) = f(").
Before we proceed, we need to fix the function space in which we will consider (4.1). To this end,
we introduce the spaces

BCOR,R") = {u€ CRR") |||ullpco = supecg [u(§)] < oo},

n n 4'4
BC*RRY) = {ueC?RR") | [lull poe = max{[lull peo , ]l po - [ poo} < 00},

We also introduce the set X' that contains all functions v € L*(R x [0,00),R™) that satisfy the
following two properties.

i), For all t > 0 we have u(-,t) € BC?(R,R") and d,u(-,t) € BC°(R,R™).
x

(ii), Ast | 0 we have the uniform limit

sup |u(z,t) — / Z(x — ', t)u(z’,0)dz’| — 0, (4.5)
zeR —00
in which Z denotes the standard heat kernel
2(6,1) = ——expl- 5] (1.6)
1) = exp|—=>]. .
Vant P 4t
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In particular, functions in X' can be spatially discontinuous at ¢ = 0 and temporally discontinuous
as t | 0. To accomodate functions that are smooth for all ¢ > 0 we introduce the subset

X ={ue X |u(-0) € BC*(R,R™)}. (4.7)

Our first two results state a comparison and regularity principle for (4.1). The proof of the comparison
principle closely follows the arguments developed in [6, Thm. 5.1].

Proposition 4.1 (cf. [6, (C2)]). Consider the nonlinear system (4.1) with v > 0 and suppose that
(HA) and (h)s; are satisfied. Let u,v € X' be a pair of functions that satisfy the uniform bounds

-1 < u(z,t) <2, -1 <w(x,t) <2, zeR, t>0, (4.8)
together with the differential inequalities
u(z,t) > [Dul(z,t) + f(u(z,t)), v(z,t) < [Dv](z,t) + f(v(z,1)), t>0 (4.9)
and the initial inequality
u(z,0) > v(x,0), z eR. (4.10)

Then if v = 0, the inequality u(z,t) > v(z,t) holds for all x € R and t > 0. On the other hand, if
~v > 0, then there exists a continuous matriz-valued function

7yt R x (0,00) — RZE" (4.11)

that does not depend on u and v, such that the lower bound

1
u(z,t) —v(z,t) > n,y(amt)/o [u(o,0) — v(0,0)]do (4.12)

holds for all x € R and t > 0.

Proof. First assume that v > 0. Upon writing w(z, t) = u(z,t) — v(x,t) together with

1
Z(x,t) :/0 Df(v(z,t) + dw(z,t))dd, (4.13)

the estimate

ow(z,t) > [Dw](z,t) + f(u(z,t)) — f(v(z,t))

(4.14)
= [Dw|(z,t) + Z(z,t)w(x,t)

holds for all ¢ > 0. In order to show that w(z,t) > 0 for all ¢t > 0 and = € R, let us assume to
the contrary that this is false. In particular, suppose that there exist ¢, > 0, z, € R and an integer
1 <i < n for which w;(z,,t,) = —9 < 0. Picking € > 0 and K > 0 in such a way that 9 = ee?/*
we can now define

T :=sup{t > 0 | w(zx,t) > —ec* 1 for all x € R}. (4.15)

The requirement (4.5) together with the convergence (ii)x implies that 0 < T' < ¢,. In addition,
there exists an integer 1 < i < n with

iré% wi(z,T) = —ee?XT (4.16)
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since otherwise the lower bound (4.14) together with the inclusion w(-,T) € BC?*(R,R") would
allow the constant T to be increased. Without loss of generality we may therefore assume that
w;(0,T) < —%e2KT.

Consider now the function

3
w”(x,t;0) = —6(1 + Uz(x))e2Kt1, (4.17)
in which ¢ > 0 is a parameter and z : R — R is a smooth function that has z(0) = 1, z(£o0) = 3,
1<z <3and |2”| < 1. Write 0, € (4, 1] for the minimal value of o for which w(z,t) > w™(z,t;0
holds for all (x,t) € R x [0,T]. Since
- 3 2Kt 9 okt
w” (oo, t;0.) = —6[1 +30.]e" ' < —g¢e 1, (4.18)

there exist 1 <ip <n, 9 € R and 0 <ty < T such that wy, (w0, t0) = w;_(zo,t0;04). The definition
of o, now implies that

Oywiy (wo,t0) < ywy, (To,to;04),
Opwig(To,t0) = Oww; (2o,t0504), (4.19)
8xxwi0(z0at0) > axa:wl_o (x07t0;0'*)a

which in turns leads to the estimate

—£6K€2Kt0 > 815’11);0({,60,750) > (9,511)1‘0 (l‘oﬂf())

> [Dw]i, (0, t0) + [Z(z0,t0)w(To, o),
= YDy (20, o) + X ;Lo [Ajw(w0 + 75, t0)]ig + [(Z(0, to) — A)w (o, to)]ig
> Pyaa:xw;o (an tO) + Z;VZO[AJ‘H)_(LL'O + 7y, tO)}ig + [(I(,’Bo, to) — A)w_($07 tO)}ig-

(4.20)

In the last inequality we used the fact that all non-diagonal elements of Z(z, tg) —.A are non-negative,
where A is the matrix appearing in (HA). In particular, we obtain the bound

N
—ZeKe”“o > —3e[y+2> |A;|+ || D f]|]e*K. (4.21)
j=0

This leads to a contradiction upon choosing K > 1 to be sufficiently large, showing that indeed
w(x,t) > 0 for all z € R and ¢ > 0.

From now on, we assume that v > 0. We pick x > 1 in such a way that Z(z,t) > «I + A holds
for all z € R and ¢ > 0. Writing @(x,t) = e**w(x,t), we obtain the differential inequality

N
Oy (2,t) > Y0pa@(,t) + Y Aji(z +7j,t),  t>0. (4.22)
7=0

Similar arguments as above show that w(z,t) > Z(x,t) > 0 for (z,t) € R x [0,00), where Z € X can
be represented as

Z(x,t) = [z Zy(x—2' t)w(z’,0)dz’

N ot N (4.23)
+2 im0 Jo Jp Zo(x — 2t — 8) AjZ(" 4 1j, 5)da' ds,
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in which we have used the rescaled heat kernel

Zy(&,t) = Z(§71). (4.24)
Indeed, notice that z(x,0) = w(x,0) while also

N
Oz(x,t) = YOpe2(x, t) + Z A;jZ(x +1j,t), t>0. (4.25)
j=0

Using the fact that A > 0 for some integer ¢ > 0, one can use a standard bootstrapping argument
to construct the function 7, that satisfies the desired properties. O

Proposition 4.2 (cf. [6, C4]). Suppose that (HA) and (h)g,; are satisfied and consider any u € X
that satisfies (4.1) with v > 0 for all t > 0. Suppose furthermore that 0 < u(x,0) < 1 holds for all
x € R. Then we have

sup [[u(-, )| gz < 00. (4.26)
>0

Proof. By the comparison principle we have 0 < u(z,t) < 1 for all ¢ > 0. The uniform bounds on
O,u and J,,u can now be obtained by combining the parabolic regularity results obtained in [25,
Chp. V, §3, Thm. 3.1.] and [25, Chp. VII, §5, Thm. 5.1.]; see also [10, Thm. A.8]. O

Before stating our next result, we need to introduce some notation. First of all, we note that the
Perron-Frobenius theorem [14] in combination with (Hf2) implies that the largest eigenvalue \; of
the matrix D f(0) is simple and that we can pick v; € R™ in such a way that

Df(O)Ul = )\l’Ul, N < 0, v > 0, |’Ul‘ =1. (4.27)

In addition, upon writing A, for the largest eigenvalue of D f(1), we can pick v, € R" in such a way
that

Df(1)v, = Ay, Ar <0, vy >0, lvn| = 1. (4.28)

Furthermore, we introduce a C'°°-smooth function H; : R — [0,1] that satisfies 0 < H/ < 2,
0< H/ <4, H (1) =0 and H,(1) = 1. For convenience, we also use the function H_ =1— H,.
Finally, we write

H(E) = H_(§v + Hy(§)vr (4.29)

Throughout the remainder of this section we use these functions to construct sub and super-solutions
to (4.1) that approximate travelling waves.

Since |v| = |vr| = 1, we see that [H(§)| < 1 and [[DH](E)| < kx, with ky = 4y + 2n||A|.

Proposition 4.3. Consider the nonlinear system (4.1) with v > 0 and suppose that (HA) and
(h)g, are satisfied. Consider any v € X that satisfies (4.1) for all t > 0. In addition, suppose that
Ozu(z,t) > 0 for allz € R and t > 0 and that the following limits hold for all t > 0,

lim wu(z,t) =0, lim u(zx,t) = 1. (4.30)

r— —00 r— 00

Finally, suppose that there exists a C'-smooth function & : [0,00) — R with ||¢||, < co such that
for every § > 0, there exist constants M = M(0) > 1 and k = k(§) > 0 that allow us to write

|u(z,t)| < & forz < &(t) — M, |1 —wu(z,t)| <0 forx>E&t)+ M (4.31)

14



together with
Ozu(x,t)(t) > K1 for |x —E&(t)] < M + 2+ ("rmax — Tmin) (4.32)

for allt > 0.
Then there exist constants o1 > 1 and § > 0 such that for all sufficiently small § > 0, the
functions

wh(z,t) = ul@+016(1—eP),t) +0e P H(z+016(1 — e P) —£(t))

w(z,t) = u(z—o016(1— e*ﬂt)’t) _ 5e’ﬁt7-l(x —015(1 — e Pty — §(t)) (4.33)

satisfy the differential inequalities
ow™ (z,t) > [DwT](z,t) + f(wt (z,t)), dw™ (z,t) < [Dw™|(z,t) + f(w (z,1)) (4.34)
for allt > 0.

Proof. We will only consider the function w*, as the statements concerning w~ can be handled in
a similar fashion. For convenience, we introduce the shorthand y = = + 016(1 — e~#*) and compute

dwt(z,t) = Owuly,t)+ Borde P d,u(y,t) + de Pt (Boare Pt — & (1)) H' (y — £(t)) (435)
—Bse Pt H(y — £(t)).
In particular, upon writing
Tt (x,t) = 0wt (2,t) — [Dwh](z,t) — f(wT(z,1)), (4.36)
we may compute
Tt (@,t) = [Dul(y,t) + f(uly.t)) — [DwF](z,1) — f(w*(z,1))
+B010e P 0,u(y,t) + de P (Boore™ Pt — &' (1)) H! (y — £(1))
—Boe P H(y — (1))
(4.37)

£y, ) = f (uly, 1) +0e= " H(y — £(1)) ) — e~ [DH](y - £(1))
+Bo10e P 0,u(y,t) + de P (Boore™ Pt — &' (1)) H! (y — £(1))
e A H(y — €(1).

Pick dp > 0 and 3 > 0 to be sufficiently small to ensure that D f(u)v, < —28v, holds for all v that
have |u — 1] < dp, while also D f(u)v; < —205v; for all u that have |u| < dg.
Restricting our attention to the setting y > M (d¢) + £(t) + 1 — r'min, We see that

[DH](y —&(t) =0,  H(y—&@) =0,  Hy—&(t) =, (4.38)
which implies that
T, t) = T (a,t) = f(uly,t)) = f(uly,t) + s~ v, ) — Boe™Flu,. (4.39)

We may now estimate

| T () + 5efﬁth(u(y, t))vr + ﬁdvrefﬁﬂ < % ||D2f|| 5270 p,|?. (4.40)
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In particular, by choosing a sufficiently small § > 0, our choice of 5 > 0 ensures that
1
T T (x,t) > 565vre*ﬁt > 0. (4.41)

A similar estimate can be obtained for y < £(t) — M (dg) — 1 — rmax.
We now turn to the case that |y — £(¢)| < M(d0) + 2 + max — "min, Which allows us to estimate

|TH (2, t) — Borde P ou(y,t)| < ||Df]| e Pt + e Plry
+262B01e7 2Pt + §||¢'|| e =Pt + Boe Pt (4.42)
Se—Pt [ IDfI + Ky + 208a1e= P+ ||€'|| + 6].

In particular, upon choosing
o1 =487 K(80) T I DFI + wae + €' + 5] (4.43)

and subsequently restricting ¢ to ensure that

1
5 < <n(dy), (4.44)
the desired conclusion J ¥ (x,t) > 0 follows easily. O

Corollary 4.4. Consider the setting of Proposition 4.3. There exist constants oo > 1, 03 > 0 and
B > 0 such that for any sufficiently small 6 > 0 and any pair w* € X that satisfies (4.1) together
with the initial bounds

wt(z,0) < u(x,0)+ 51, w™ (x,0) > u(x,0) — 01, (4.45)

the inequalities

g
+

E
=
A\

u(z + 026(1 — e7Pt),t) 4 o3de P!,

4.46
u(z — 026(1 — e7Pt),t) — o3de P!, (4.46)

g|
&
=
v

hold for all t > 0.

Corollary 4.5. Consider the system (4.1) with v > 0 and suppose that (HA) and (h)s,; are satisfied.
Suppose furthermore that there exists a pair (P,c) € BC?*(R,R") x R that satisfies the limits

lim P(&) =0, lim P(¢) =1, (4.47)
£——o0 £—+o0
has P'(€) > 0 for all £ € R and yields a solution to (4.1) upon writing u(x,t) = P(xz — ct).
Then there exist constants oo > 1, 03 > 0 and 3 > 0 such that for any sufficiently small 6 > 0
and any pair wt € X that satisfies (4.1) together with the initial bounds

wt(z,0) < P(x) + 01, w”(x,0) > P(x) — 1, (4.48)
the inequalities
wh(z,t) < P(z+020(1 —e P —ct) + o36e P, (4.49)
w(z,t) > Pz —020(1—e P —ct) —o36e P,

hold for all t > 0.
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5 Spatially Invariant Solutions

Throughout this section, we study the class of spatially invariant solutions to our main nonlinear
system (2.1). In particular, we consider the initial value problem

u'(t) = f(u(t)), uw(0) =ug € R (5.1)

and impose the following condition on the nonlinearity f to reflect the fact that we have dropped
the dependence on the parameter p.

(h)gs The function f : R™ — R™ satisfies the conditions (Hf1)-(Hf3) for some irreducible matrix
A >0 € R"" with the understanding that V' = {0} and f(-;0) = f(-).

We use the notation u(t) = ®(¢;ug) to refer to the unique solution of the initial value problem (5.1).
In addition, we are interested in the linearized problem

V'(t) = Df(®(t;uo))v(?), v(0) = vy € R” (5.2)

for any ug € R™ and write v(t) = W(t; ug)vp to refer to the solution of this system.
The eigenvectors v; > 0 and v, > 0 introduced in (4.27) - (4.28) can be used to introduce a
convenient forward-invariant set for (5.1) that is slightly larger than the cube [0, 1]™.

Proposition 5.1. Consider the nonlinear ODE (5.1) and suppose that (h)ss is satisfied. Then there
exists €, > 0 such that for each 0 < € < 2¢, the set

Ke) ={ueR" | —evyy <u<1+ev,} (5:3)

satisfies ®(t; K(€)) C K(e) for allt > 0. In addition, if f(q) =0 for some q € K(e,) \ {0,1} then in
fact 0 < g < 1.

Using the constant €, > 0 introduced above, we write K, = K(e.). We recall that the w-limit set
for any u € R" is defined by

wh(u) = {v € R™ | there exists a sequence t; — 0o with klim D(ty;u) = v}. (5.4)

Note that (Hf2) implies that both 0 and 1 are stable. In particular, if 0 € w(u) for some u € R®,
then in fact we have lim;_, o, ®(t;u) = 0, with a similar statement for 1. A second consequence of
(Hf2) is that the sets

B(0)={ue K, |w'(u)={0}}, B1)={uek,|w(u)={1}} (5:5)

are both open in IC,. Our main focus in this section is the separatrix that divides B(0) and B(1). In
particular, we introduce the set

W, = {u € K, for which {0,1} Nw™(u) = 0}, (5.6)
illustrated in Figure 1(i). In addition, for any ¢ € Wi, we introduce the suggestively named space
T(q) =0U{v e R" | ¥(t;q)v ¢ REy URZ, for all £ > 0} (5.7)
and write
TOW.) ={(g:¢) [ g € Wi and ¢ € T(q)}- (5-8)

Our first main result summarizes some useful properties of the separatrix W, and validates the
notation used in the definitions above.
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Fig. 1: Panel (i) illustrates the definitions of K« and Wy and depicts a number of trajectories under the flow
®. Panel (ii) highlights the relation between the definitions of the tangent spaces P(q) and ’Pi (q). Finally,
panel (iii) represents the tubular neighbourhood U(d1) and the constant ry.

Proposition 5.2. Consider the nonlinear ODE (5.1) and suppose that (h)ss is satisfied. Then the
following properties hold.

(i) The set W, is compact and satisfies @ (t; W) C W, for every t > 0.
(i) Consider any continuous path T : [0,1] — K, that has T'(0) € B(0), I'(1) € B(1) and
[(t1) <T(t2), (1) # D(t2) (5.9)
for all 0 < t; < to < 1. Then there is precisely one 0 < t, <1 such that T'(t,) € W.

(iii) The set W, is an (n — 1)-dimensional submanifold of K. that is Ct-smooth. For any q € W,
the tangent space to W, at q is given by T(q).

() There exist constants K > 0 and o > 0 such that for all ¢ € W, and ¢ € T(q) we have
W (t; )| < Ke ' [v] [W(t:q)1] . (5.10)
(v) For every e > 0 there exists ¥ = ¥(e) > 0 such that
|U(t;q)1| > de (5.11)
holds for all g € W, and all t > 0.

Our next point of concern is the construction of a tubular neighbourhood around the separatrix
W, To this end, we pick any ¢ € W, and consider the following subset of T'(q),

T(q)={Y €T(q) |1+ >0} (5.12)

In addition, for any §; > 0 and ¢ € W, N[0, 1]™, we consider the restricted sets

@i(Q) = {ve Jj(Q) | q— 011+ €[0,1]"}, (5.13)
Ti(q) = {YeT(q)|q+a[l+v]el0,1]"},
as illustrated in Figure 1(ii). For any é; > 0, these sets allow us to define the regions
U6 = e USR] frsome g e W N0V ET @)
Ut (@) = {uel0,1]" |u>q—a[l+]for some g € W, N[0,1]",¢ € T5 (q)},
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together with the tubular neighbourhood
UG1) =U(6)NUT(61) C [0,1]" (5.15)

depicted in Figure 1(iii). The final two main results of this section establish some useful properties
of this tubular neighbourhood that will play an important role in the construction of sub- and
super-solutions for (2.1).

Proposition 5.3. Consider the nonlinear ODE (5.1) and suppose that (h)ss is satisfied. Then the
following properties hold.

(1) Pick a sufficiently small 61 > 0 and consider any continuous path T' : [0,1] — [0,1]™ that has
'0)=0,T(1) =1 and T'(t1) < T(t2) for all 0 < t; <ty < 1. Then there exists t; < t, < t,
such that

T(ts) =qeW.N0,1" (5.16)
together with

L) =q—al+d],  T(t) =q+ a1+ (5.17)
for some Yy € Ty, (q) and ¢, € Ty (q).

(i1) For any sufficiently small §1 > 0, there exist constants ¥ = 9(d1) > 0 and T =T(61) > 1 so
that for every ¢ € W, N[0,1]"™ and every pair ¢y € Ti(q) there exist two functions

5. (t) = ¢, (t;q,0+) € C'([0,00),R™) (5.18)
that satisfy the initial conditions
¢5,(0) =q—ai[L+v-],  ¢5(0) =g+ [l +7], (5.19)
together with the estimates
0<¢;(t)<&l, (1-0)1<¢f(t)<1, t>T (5.20)
and the differential inequalities
%qsgl (t) = f(o5, (1)) > 01, %qs;l ()= f(of (1) <—v1,  t>0. (5.21)
Proposition 5.4. Consider the nonlinear ODE (5.1) and suppose that (h)ss is satisfied. Then there
exists a constant Ky such that for any §, > 0, any g € W, N[0, 1]"™ and any
v € Ry URE, |v] > Ky 61, (5.22)
we have ¢+ v ¢ U(d1).

Throughout the remainder of this section we treat (h)ss as a standing assumption and provide the
proofs of Propositions 5.1-5.4. We start by establishing that the vector field of (5.1) points inwards
on the boundary of K(e).

Proof of Proposition 5.1. Since v; > 0 and Df(0)v; = Nu; for \; < 0, we can pick € > 0 to be
sufficiently small to ensure that D f(—tev;)v; < %vl for all 0 < ¢ < 1. This implies that

1
fl—ev) = —e/o Df(—tev))v; > —e%vl > 0. (5.23)
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Similarly, we can ensure that f(1 + ev,) < 0. Now, consider any u € 9K (€). Suppose that for some
integer 1 < i < n we have u; = —e(v;);. We may then compute

fw)i = fl—ew)i+ >, [ 05 fi(—e(1 = tyoy + tu) (uj + e(vy)) di

(5.24)
> f(—ev); + Zj;éi Aij(uj + €e(vg);) > 0.

A similar argument shows that f(u); < 0 if u; = 1 + €(v,-);. In particular, the vector field f points
inwards on 0K (e), establishing that KC(e) is forward invariant under the flow ®.

We now turn to the claim concerning the equilibria. Let us first show that any ¢ € 9[0, 1]\ {0, 1}
must have f(g) # 0. Assuming to the contrary that f(g) = 0, we introduce the three sets

¥ ={i|q =0}, Yo ={i|q =1}, Y3={jl0<q; <1} (5.25)

and observe that either ¥; or s is nonempty. If 3; is non-empty, then for every i € ¥; we can
write

1
o= fari= ¥ [ ostagaz ¥ Ao, (5.26)

JEXUX3 JEXUX3

which shows that A;; = 0 whenever ¢ € ¥; and j € Y2 U 3. Since both these sets are non-empty,
this contradicts the irreducibility of A. A similar contradiction can be obtained if 35 is non-empty.

To complete the proof, let us suppose that there exists a sequence e, — 0 and g € K(ex) \ [0, 1]
with f(gr) = 0. After passing to a subsequence, we must have g, — ¢. € 9[0,1]" with f(q.) = 0,
which implies that ¢. € {0,1}. This is impossible due to the stability assumption (Hf2) on these
ZETroes. U

Proof of Proposition 5.2(i). The compactness of W, is a consequence of the disjoint union
K.=B(0)UB(1)UW.. (5.27)
In addition, the nature of w-limit sets implies that W, inherits the forward invariance of K,. O

In order to prove item (ii) of Proposition 5.2, we need to understand the topology of Wi. In
particular, we show that W, is completely unordered.

Lemma 5.5. For any pair p,q € W, that has p # q, neither of the two inequalities p < q and ¢ < p
can hold.

Proof. Without loss of generality, let us suppose that p < ¢q. The comparison principle now implies
that for any ¢ > 0 we have

®(t;p) < (3 9). (5.28)
Pick any ¢, > 0 and consider the ray
L={ueR"|u=9D(ts;p) + (1 — F)P(ts;q) with 0 < ¥ < 1}. (5.29)

A result due to Hirsch [17, Lem 4.3] states that the set of u € L that do not converge to an equilibrium
is at most countable. Therefore, since the set of equilibria in K, is finite, there exist uy,us € L with
uy < ug that both converge to the same equilibrium ¢,. Now, we must have ¢, # 0 and ¢, # 1
since otherwise ®(¢; p) — 0 or ®(¢;¢) — 1 as t — oo. In particular, by Proposition 5.1 and (Hf3) the
equilibrium ¢,, must be an unstable equilibrium. Obviously, u; and us both lie on the center-stable
manifold W (¢ ) and ®(t;u1) < ®(t;ug) for all ¢ > 0.

Let us write Ao, > 0 for the largest eigenvalue of D f(gs) and vs, > 0 for an associated eigen-
vector. In addition, we write V** C R™ for the subspace spanned by the generalized eigenvectors of
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Df(g) that are associated to eigenvalues that have Re A < 0. We claim that any non-zero v € V°*
cannot have v > 0 or v < 0. Indeed, if this is the case, then by the comparison principle we have
U (t; goo)v > 0 for every ¢ > 0, which allows us to pick g and € > 0 with U(¢g; ¢oo)v > €Voo. This
implies that W(t + to; goo )v > €e*>'vy, which gives a contradiction. In particular, there exists C' > 0
such that for any non-zero v € V¢ we have

v+ ]| C1 ¢ RY,, v—[v]C1 ¢ RZ,. (5.30)

In the vicinity of geo, the center-stable manifold W¢(¢.,) can be written as a graph over V°*.
However, in view of (5.30) this contradicts the fact that ®(¢; u1) < ®(¢;ug) must hold forallt > 0. O

Proof of Proposition 5.2(ii). Write I'x = {I'(t)}}_, and note that ', is a closed subset of K.. The
existence of ¢, follows from the fact that the non-empty sets B(0) NI, and B(1)NTI, are both open in
T'«, which means they cannot cover I, together. The uniqueness of ¢, follows from Lemma 5.5. [

We now set out to address the smoothness of the manifold W,. To this end, we pick any v € R™
and introduce the hyperplane

Vu={v eR" | (v,1) = (u,1)}, (5.31)

in which (-, -) denotes the standard inner product on R™. In particular, V,, contains u and is perpen-
dicular to 1. For any ¢ > 0, we also introduce the open subset

Vs ={veV,|lv—u| <d} (5.32)

As a first step, we modify an argument due to Hirsch [16] which allows us to show that W, is a
Lipschitz-smooth manifold of dimension n — 1.

Lemma 5.6 (cf. [16, Thm. 3.1]). Consider any ¢ € W, for which q ¢ OK.. Then there exists a
constant § > 0 and a Lipschitz-smooth function p = pg : V; 5 — R such that

v+ p(v)l € W, (5.33)
forallv e V,;.

Proof. Pick € > 0 to be sufficiently small to ensure that the two points g4 := q & €1 satisfy g+ € K.
but ¢ ¢ OK,.. Lemma 5.5 implies that ¢— € B(0) and ¢+ € B(1). Since both these basins of
attraction are open, there exists § > 0 such that V,_ s C B(0) and V,, 5 C B(1). Proposition 5.2(ii)
now implies that for every pair v+ € V,, s that is related by vy — v_ = 2¢l, the line between v_
and vy has a unique intersection with W,. This intersection point can be used to define p(v) for
_1 1
’U—§’U_+§’U+€V7§.
To see that p is Lipschitz continuous, consider two sequences vy, Uy in V, 5 that have

lo(v) — p(0k)| / |vk — Vx| — o0 as k — 0. (5.34)
Write 7 : R™ — V), for the linear projection onto V, along 1. Upon defining

W = Vi + p(vk)l, Wy, = Vg + p('ﬁk)l, (535)
we obviously have

Vg = TWg, 6k = 7T{17k. (536)

In addition, we can compute

|wy, — wk| /[ [vg — V| > | |p(vr)1 = p(Uk)1| — |vg — Vk| |/ |k — Vx| — o0, (5.37)
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which implies that
|wy, — Wi / |vg — Vx| — 00 as k — oo. (5.38)
Upon writing ay = [wy, — W]/ |wi — Wk|, this shows that
lag| /[ |mag] =1/ |rag| — oo as k — oo, (5.39)

which means that 7oy — 0 as k — oco. Switching v, and vy for the appropriate values of k, this
implies that aj, — 1/ |1] as k — oo which shows that oy, > 0 for some integer k. > 0. However, the
resulting inequality wy, > wy, contradicts Lemma 5.5. O

Before we can obtain additional smoothness properties for the separatrix W,, we need to develop
some preliminary results for the tangent space T'(W,). In particular, we set out to prove part (iv) of
Proposition 5.2, which provides an exponential separation for the linearized flow ¥ acting on T'(q)
and on the perpendicular direction 1.

Lemma 5.7. The set T(W,) N (W* X S"fl) s compact in R™ x R™.

Proof. Consider any sequence {(gr,¥r)} € T(W,) that has |¢x| = 1 for all & € N. Passing to a
subsequence, we find ¢z — ¢, € W, and ¢, — 9, € S~ ! as k — oo and it suffices to show that
Y« € T(q«). If not, there exists T' > 0 such that

U(T;q.)0. € R%, URZ,. (5.40)

The proof of the comparison principle in Proposition 4.1 now implies that for all ¢ > 0 we actually
have

U(T +t;q.) € R URL,. (5.41)

Basic continuity properties can now be used to show that for all ¢ sufficiently close to ¢, and all v
sufficiently close to ¥, we have

(T +t;9)Y € Ry URE, (5.42)
which leads to a contradiction. O
Lemma 5.8. There exists 6, > 0 such that
U(t;9)1 > 6. [W(t;9)1] 1 (5.43)
holds for all g € W.
Proof. Fixing q € W, let us consider the function
g(t) = V(t;q)1/ [¥(t; q)1]. (5.44)

Upon writing ¢(t) = ®(¢;¢q), a short computation shows that we may write ¢'(t) = g(t,g(t)) after
introducing the function

G(t,g) = Df(q(t))g—g(Df(q(t))g,91). (5.45)

By construction, we have g(t) € S*™"! NRZ, for all ¢ > 0. Let us suppose that we have a sequence
ty — oo with g(ty) — ORZ,. By compactness, we may a pass to a subsequence for which g(tx) — g«
for some g. € OR%,NS" 1. Arguing similarly as in the proof of Proposition 5.1, the conditions (Hf1)
and (HA) imply that there exists at least one integer 1 < i < n with (g.); = 0 and G;(¢,g.) > 9 >0
for all ¢ > 0. Using the fact that ¢(¢) remains in the compact set W, for all ¢ > 0, we hence see that
there exists 0 > 0 such that G;(t,g) > 39 > 0 whenever |g — g.| < 8. This however precludes g(t)
from approaching g, and hence leads to a contradiction. O
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Proof of Proposition 5.2(iv). For any ¢ € W, and v € T(q) NS"~!, we introduce the two functions
Py(t) = U(t; q)v and ¢, (t) = U(t; q)Abs(v), where Abs(v) € RZ, is the vector given by Abs(v); =
|v;|. Remembering that we cannot have v > 0 or v < 0, the comparion principle now implies that
for all t > 0 we have

—0p,q(t) < Py q(t) < Dy q(t). (5.46)

Pick any T, > 0. We now claim that there exists 0 < ¢ < 1 such that for all (¢,v) € T(W,) with
|v| = 1, we have

719¢U74(T*) S 1/}U,q(T*) S 19¢v,q(T*)- (547)

If not, there exist sequences (g, vi) € T(Wi), ir € {1,...,n} and 0 < 9 < 1 with |vg| = 1 and
Y, — 1 such that

ijk,% (T*)Zk| > ﬁk¢”k»gk (T*)Zk (5'48)

Lemma 5.7 shows that after passing to a subsequence, we have g — q. € Wi, v, — v, € T(gx) and
ix, — 1. Continuity properties of ¥ now imply that

W)v*,q* (T*)l* = d)v*,q* (T*)i*v (5'49)

which gives a contradiction. Using the fact that Abs(ty, ¢(T%)) < ¥¢, ¢(Ts), we may iterate (5.47)
to obtain

0" W(KT;q)1 < =070y 4 (KT%) < by g (RT2) < 970y q(KT,) < 9PW(KTi; )1, (5.50)
which suffices to complete the proof. O

In order to establish that the separatrix W, is C'-smooth, we need to study the smoothness of
the map v — p4(v) introduced in Lemma 5.6. In particular, we show that the sets T'(¢) are in fact
vector spaces that can be used to describe the derivatives of the map p,.

Lemma 5.9. Pick any ¢ € W, and consider ¢1,vo € T(q). If either 11 < o or w1 > 1 holds,
then in fact 11 = 1s.

Proof. Let us suppose for concreteness that 1, < 19 but 11 # 5. For all ¢ > 0, the comparison
principle now implies that

U(t; @)1 < U(t;q)a. (5.51)
In particular, there exist ¢, > 0 and € > 0 such that
U(te; q)[1h1 + €1] < U(ts; q)tha. (5.52)
Lemma 5.8 and Proposition 5.2(iv) together imply that for sufficiently large T' > 0 we have
U(t, +T;q)[¢1 +€1] > 0. (5.53)
This however implies that also W(¢, + T; q)¢2 > 0, which contradicts the fact that 5 € T(¢). O

Lemma 5.10. Recall the hyperplane Vo defined in (5.31). For each q € W, there exists a bounded
linear map 74 : Vo — R such that for any v € Vy we have

v+ (14v)1 € T'(q). (5.54)

In particular, the space T(q) is an (n — 1)-dimensional vector space.
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Proof. We first show that T'(q) is a vector space. Observe that the definition (5.7) directly implies
that for any A € R we have \i) € T'(q) whenever ¢ € T(q). Suppose now that there exist ¢, 12 € T(q)
with ¢ + ¢ ¢ T(q). This implies that there exists ¢, > 0 such that

W (te; q)ibr + U(ts; q)the > 0, (5.55)

possibly after switching 11 — —; and ¥ — —1bo. In particular, we have W(t,; )11 > —U(ts; q)o.
This however contradicts Lemma 5.9 since both W(¢.; ¢)¢1 and ¥(t,; q)1 are contained in T(@(t*; q))
Let us now consider the open sets

Vilg) = {¥ eR™|T(t,;q)y > 0 for some t, > 0}, -
V_(q) = {¢ €eR™|¥(t.;q)y <O for some t, > 0}. (556)

Pick any v € Vy. By choosing A = 2|v|, we can ensure that v = A1 € Vi(g). The non-ordering of
T'(q) now implies that there exists precisely one 7 € (—A, \) such that v 4+ 71 € T'(¢), which can be
used to define the value 74v. O

Lemma 5.11. Consider any ¢ € W, for which q ¢ OK.. The function p = pg : Vg6 — R defined in
Lemma 5.6 is C1-smooth, with

Dp(v) = To(y,  q(v) = v+ p(v)1. (5.57)

Proof. We start by showing that p is differentiable at ¢. Pick any vy € Vo with |v| = 1. Let hy be a
sequence of real numbers with hy — 0 and consider the sequence

ay = hik[p(q + hivo) — pl(g)] = hikp(q + huvo), (5.58)

where we used p(q) = 0. The Lipschitz continuity of ¢ implies that ay is bounded. It hence suffices
to show that for any convergent subsequence oy — o, we in fact have o, = 7,v9. Suppose therefore
that o # T4v0 and introduce the vectors

vp = q+ hgvy € Vq,a, Wg = Vg + p(vk)l € W,. (559)
By construction, we have
wy = ¢+ hg[vo + agl]. (5.60)
Upon writing
2 (t) = @t wi) — (¢ q), (5.61)
together with ¢(t) = ®(¢; q), we may compute
, 1
7(t) = [fy Df(a(t) + s2r(t)) ds]an(t)

in which we have N(t,z) = O(|z>) and DN (t,2) = O(|z|) as z — 0, uniformly for ¢ > 0. In
particular, we may write

(5.62)

2k(t) = W(t;9)2,(0) + \I/(t;q)/o (- s;q(5))N (s, 21(s)) ds. (5.63)
Notice that

zk(0) = hglvo + ax] = hip + Ohil + o(hy) as k — oo, (5.64)
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with ¢ = v + (14v0)1 € T(q) and ¥ = a,. — 7409 # 0. In particular, there exists ¢, > 0 such that
U(ty; q) [+ 91] € RL, URL,,. (5.65)

This means that for sufficiently large k¥ we must have either zj(t.) > 0 or zx(t.) < 0, which violates
the non-ordering property of W, established in Lemma 5.5. Similar arguments can be used to show
that p is differentiable at all points v € V5.

To see that (¢,v) — 7,v is continuous, consider a sequence vy — v, € Vy and g — ¢« € Wh.
Writing ¥y = vg + (74, v%)1 € T'(gx), we observe that the sequence {t¢,} is bounded since {vy} is
bounded and |74, ]| < 2. Consider an arbitrary convergent subsequence ¢, — 1. € R™. Recalling
the linear projection 7 : R™ — V), onto V) along 1, we note that 7wy = vg, which in turn implies
that 7, = v.. Since T(W,) is closed, we have ¢, € T'(¢«), which shows that

Yo = s + (T, ™)1 = vs + (74, 04)1, (5.66)
as desired. O

We now proceed to establish part (v) of Proposition 5.2. The main idea is that ¥(t;q)1 can-
not decay exponentially as t — oo, since a nonlinear argument would then allow us to show that
®(t; g + €l) cannot converge to 1 as t — oo for all small € > 0.

Lemma 5.12. For every K > 0 and € > 0, there exists a constant T, such that for every q € W
we have

U(t.;q)1] > Ke™ (5.67)
for some t, = t.(q) that has 0 < t, < T..

Proof. Arguing to the contrary, there exist two constants K, > 0 and ¢, > 0 together with two
sequences T — oo and ¢ € W, such that

U (t;qp)l| < Keem ' for all 0 <t < Tj,. (5.68)
After passing to a subsequence, we have g, — ¢« € W, as k — oo and by continuity also
|W(t;q.)1] < Kye ! for all t > 0. (5.69)

In order to show that this cannot happen, we will construct a super solution to the nonlinear ODE
(5.1). In particular, we write ¢.(t) = ®(¢; ¢«) and consider the function

u(t) = qu(t) + 01(1 + 5:C) ¥ (t; g4 )1, (5.70)
in which the constants C' > 1 and §; > 0 remain to be determined. Upon writing

d

TH(t) = Eu+(t) — f(ut (), (5.71)
we may compute
TT(t) = f(a®) +Df(qu(t)61(1 4 6:Ct) U (¢t q.)1 + 67CU (¢ g.)1
—F(gu(t) + 01(1 + 6:01)¥(t; ¢)1)
= —[f(g(t) + 01(1 + 50V (t; .)1) — f (g (1)) (5.72)

—Df(q.(t))01(1 + 6:Ct)U(t; q4)1]
+02CU(t; ¢, ) 1.
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In particular, we find that
|TH(t) = 03CU(tq)1] < L||D2f]|63(1+ 6:1C1)2 [W(t; qu)1]*. (5.73)

In view of Lemma 5.8, it is possible to choose C' > 1 in such a way that we have
CVU(t;q.)1 > 2K, || D*f|| [¥(t; q.)1] 1 (5.74)
for all ¢ > 0. In addition, the assumption (5.69) allows us to choose §; > 0 in such a way that
(1+6,0t)? |¥(t; ) 1| < 2K, (5.75)
for all t > 0. These choices ensure that for all ¢ > 0 we have
|TH(t) = 63CV(t;q.)1| 1 < 365CU(t;¢.)1 (5.76)

and hence J*(t) > 0. In particular, u™(¢) is a super solution for (5.1), which means that for all
t > 0 we have

ut(t) > @(t;ut(0) > q.(t). (5.77)

However, after possibly decreasing the size of §; > 0 and increasing the size of e, > 0 that appears
in the definition of W,, we see that CID(t; ut (0)) — 1 as t — oo. This is precluded by the definition
(5.70) which requires u™ (t) — q.(t) — 0 as t — oc. O

Proof of Proposition 5.2(v). Recall the constant 6, > 0 from Lemma 5.8 and pick K > 0 in such
a way that Kd, > 1. Recall the constant T, = T\ (K, ¢€) from Lemma (5.12) and choose ¥ > 0 to
ensure that

| (t;q)1| > for all ¢ € W, and 0 < ¢ < T, (5.78)
which is possible by compactness. For every ¢ € W, we may estimate
U(t(q); @)1 > 0. [U(t(q); @)1 1 > Ko (D1 > 701, (5.79)
In particular, for any ¢ > 0 there is a chain 0 :=ty < t; < ... < t; with
ti—tio1 <T., t—t;<T.,  W(tiq)l>e 1 (5.80)
for all 1 <4 < ¢. This implies the desired conclusion
|U(t;q)1| > e 9 > e 0. (5.81)
O

In the final part of this section, we provide proofs for Propositions 5.3-5.4. We start by establishing
some basic properties of the restriction spaces T'(q) and Ti (¢), which will be used to construct the

functions qbéil mentioned in part (ii) of Proposition 5.3.

Lemma 5.13. The spaces f(q) and fi(q) satisfy the following properties.

(i) There exists a constant C > 1 such that
I<1+9y|[<C (5.82)

holds for any q € Wy and any ¢ € f(q)
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(ii) There exists a constant & > 0 such that for any ¢ € W, and any v > 0, the inequalities
lgtv—ql =9, [g—v—q| =V (5.83)
hold for all ¢ € W.

(iii) For all sufficiently small 1 > 0, there exists a constant € = €(61) > 0 such that for any
q €EW.NI0,1]" and any pair Y4 € Téil(q), the vectors

u_ =q—00[1+9Y_]+e€l, Uy =q+ 01+ 1] —el, (5.84)
satisfy the inequalities
0<u_<gq_, g+ < uy <1, (5.85)
for some pair qr € W In particular, we have the limits
tlg& O(t;u_) =0, tlglolo O(t;uy) =1. (5.86)

Proof. The lower bound in (i) is trivial, since we cannot have 1) < 0. The upper bound in (i) follows
from the fact that the function

G :TOW.) N (Wi x S”fl) —R (5.87)
defined by
Gq,9) = max {91}/ min {6} <0 (559)

is well-defined and continuous.

Restricting ourselves to sufficiently small v € RZ,, the statement in (ii) follows from the com-
pactness of 7 (W,) together with the fact that any ¢ € T(q) cannot have ) < 0 or ¢ > 0. For
large |v|, we can use the compactness of W, together with the fact that ¢ v ¢ W,. Finally, the
statements in (iii) follow directly from (i) and (ii). O

Lemma 5.14. There exists a constant K > 0 such that for any pair wy € K, that has w_ < wy,
the function

Bt) = Bt w_wy) = e KD(tw_ )+ (1— e KBt w,) (5.89)
satisfies the estimate
§(0) ~ F(6(1)) = gKe " [B(tw,) — @(t0)] > 0 (5.90)
for allt > 0.
Proof. Writing J (t) = ¢/(t) — f(¢(t)), we can compute
Jt) = Ke K [(twy) — D(t;w-)]

5.91
e M f(@(tw-)) - f(6(1)] + (1 —e M [f(2(twy)) — f(6(1)]- 20

This allows us to estimate
T () = Ke X [@(twy) — @(tw-)]| < e 5| Df|[6(t) — @(t;w-))|
+(1—e ") DS e(t) — ®(t;ws)]
e K DS (1 — e~ ) [@(twy) — (4 w-)]
+(1—e M) Df e R |0t wy) — R(t;w-)]
< 27K D@ (tws) — P(tw-)] -

IN

(5.92)
The desired bound (5.90) now follows upon choosing K =4 ||Df]. O
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Proof of Proposition 5.3(1). The existence of ¢, follows directly from Proposition 5.2(ii). The exis-
tence of ¢; and ¢, follows from the fact that the (n — 1)-dimensional space T'(g) can be written as a
graph over the plane V), which is perpendicular to 1. O

Proof of Proposition 5.3(ii). We restrict ourselves to constructing the function ¢y (t). Recall the
eigenvalue A; < 0 and the eigenvector v; > 0 for D f(0) that were defined in (4.27). Note that there
exists a positive cone C C RY,, together with a constant £ > 0 such that v; € int(K) while

1
flu) < 5 I (599
for any u € Cy, in which
Co ={uelC]|ul <k} (5.94)

Since \; is a simple eigenvalue for D f(0) and v; is the only eigenvector of D f(0) in RZ, it is possible
to choose a second cone C’ and constant x’ > 0 in such a way that

v €int(C") c ' cC, K < K, (5.95)
both hold, together with the trapping bound
O(t;u') € C, for all t >0 and u’ € C,r. (5.96)
For any §; > 0, ¢ € W, N[0,1]™ and ¢ € féj (¢), we now introduce the pair of vectors
w_ =w_(61,¢,%) = q— 61+ ], wy = wy(61,q,¥) = q—61[1 +¥] + €(61)1, (5.97)

using the quantity €(d;) defined in Lemma 5.13(iii). Since both wy € B(0) and wy > 0, we find
that there exists a time T such that ®(tf;wy) € C., for some pair 0 < ¢t < T. By compactness,
this time T' = T'(41) can be chosen to be independent of the pair (g, ).

We now construct ¢5 by recalling the function ¢ from Lemma 5.14 and writing

¢§1 (t) = ¢(751 (t);w77w+)’ (598)

where 75, : [0,00) — [0,00) is a Cl-smooth function that has s, (t) = t for all 0 < t < T(8y),
together with

0<v5,t) <1,  T(6) <75t <T(1)+1,  t>T(). (5.99)
Notice that
05 (1)~ F(95,(0) = %08 (0w ws) — F(olaDrwwi)). (5.100)
By compactness, there exists a constant vy = v1(d1) such that
O(t;wy) — (6 w-) > 111, 0<t<T(0)+1, (5.101)
independent of the pair (g,v). In particular, for some constant vy = () we have

¢ (vs(t);wo,wy) — f(P(ys(t);w_,wi)) >wel,  t>0. (5.102)

In addition, there exists v3 = v5(d1) such that

—f(o(s(t);w—,wy)) > v, t>T(6), (5.103)
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since ®(t;wy) € Cy, for all t > T'(61) and @(7s(t); w—, w4 ) is bounded away from zero uniformly for
the choice of (g, ). In particular, for all ¢ > T'(6;) we have

505, (0 = F(05,8) = %O (5w, wi) = (9050 w-,wy))]
—[1 =@ f (e(rs(t); w—,wy)) (5.104)
> 5t el + [1 — 5(t)]vsl,
which completes the proof. O

Proof of Proposition 5.4. Recall the constants C' > 1 and ¢ > 0 appearing in Lemma 5.13. Items
(i) and (ii) of this lemma imply that it suffices to choose ky = C(1+971). O

6 Existence of Travelling Waves - Initial Estimates

In this section we return to the nonlinear system
atu(xa t) = [DUKIE, t) + f(u(xa t))v (61)

in which the non-local differential operator D is defined in (4.2). Throughout this section we restrict
ourselves to the setting v > 0. In addition to the condition (h)gs, we need to impose the following
assumption on the separatrix W, introduced in §5.

(HW) There exist constants € > 0 and ¢ such that the inequality
W(t:q)1] > Vet (6.2)
holds for all ¢ € W, and t > 0.

This condition is slightly stronger than the statement in Proposition 5.2(v). However, in the sequel
we will use the fact that arbitrarily small perturbations of the system (6.1) are sufficient to ensure
that (HW) does in fact hold.

In order to show that (6.1) admits a travelling wave solution, we will consider the long term
behaviour of the function u, € X that satisfies (6.1) for all ¢ > 0 and has the initial profile

ui(z,0) = %(1 + tanh(z))1. (6.3)

Notice that u.(-,0) is strictly increasing, while lim,_,_ o u.(2,0) = 0 and limg_,; o us(z,0) = 1.
Our first main result in this section shows that these properties persist for all ¢ > 0. In particular,
upon introducing the spaces

&(0) = {0<wv <41 for which v; = § for some 1 <i < n},

6.4
E-(0) = {(1-0)1<wv <1 for which v; = (1 — ) for some 1 < i <n}, (64)

we see that for each ¢ > 0, the function wu.(-,¢) has unique intersection points with & () and
E,(0) whenever 6 > 0 is sufficiently small. Our second main result states that the distance between
these intersection points can be uniformly bounded for ¢ > 0. This key property allows the use of
compactness arguments in §7 to show that u, converges to a travelling wave.

Proposition 6.1. Consider the system (6.1) with v > 0 and suppose that (HA), (h)s; and (HW)
are all satisfied. Then the function u, satisfies the following properties.

(i) For each t > 0, the function u.(-,t) is strictly increasing and satisfies the limits

lim  w.(x,t) =0, lim w.(x,t) = 1. (6.5)

r——00 r—00
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(ii) Pick a sufficiently small 6 > 0. For every t > 0, there exist unique quantities

& (0) <& (10) < &(t) <& (10) < &8 (t;9) (6.6)
with the property that
w (&7 1) € &1(8),  wl(&,t) € £,:(6) (6.7)
together with
Ui(€ort) = go € W N [0,1]",  wn(§7,1) = go — 1 + 4], m®3ﬂ=%+ﬂl+%%

for some pair i € fg (¢o) and ¥, € f;(qo); see Figure 2.

(i11) For each sufficiently small 6 > 0, there exist constants € = €(§) > 0, C = C(§) > 1 and
T =T(5) > 1 such that for allt > 7 > 0 we have

& (6) < &H(mo)+2e + Ot —7),

§(18) > & (rid) — 2 — Clt — 1), (6.9)
while for all 7> 0 andt > 7+ T we have
EHt0) < & (Ti0) +2 1+ Ot — ),
£ (68) > E(r:8) —2 — Ct— 7). (6.10)
(iv) There exists a constant 6 > 0 and a constant hy > 1 such that for all t > 0 we have
& (1;0) = &' (t:0) < ha. (6.11)

Corollary 6.2. Consider the setting of Proposition 6.1. For every sufficiently small 6 > 0 there
exists m1(8) > 1 such that for all t > 0 we have

&5 (t:0) — & (£:0) < ma(9). (6.12)
Proof. Pick a sufficiently small 6 > 0 and pick ¢ > T = T'(§). We may then compute
§(t:0) =& (1:0) < & (t—T50) =& (t—T10) +4e ' +2CT
< hi+4e ' +2CT.

(6.13)

For 0 <t < T, one can use the continuity of the quantities £ and &~ with respect to ¢. O

Throughout the remainder of this section, we treat (HA), (h)gs and (HW) as standing assump-
tions and fix v > 0. Roughly speaking, our approach towards establishing Proposition 6.1 is to adapt
Lemma’s 3.2 and 4.3 from [6] to our higher dimensional setting. The chief obstacle is that we need
to accomodate for the flow along the separatrix W,. Indeed, in the scalar context of [6] this flow is
trivial as the separatrix consists of a single point.

Lemma 6.3 (cf. [6, Lemma 3.2]). Recall the functions ¢F defined in Proposition 5.3 and the
functions Hy defined in §4. For any sufficiently small 6 > 0, there exist constants € = €(d) > 0 and

C = C(6) > 1 such that for any g € W.N[0,1]", any pair ¢y € f&i(q) and any 6 > 0, the functions
wh(z,t) = (140v)Hy (14 €@+ Ct)) + ¢35 (t+6;q, 0 )H_(1+ €z + Ct)),

w(a,t) = —duH_(e(x —Ct) —1) + ¢} (t+0;q,94)Hy (e(x — Ct) — 1) (6.14)

satisfy the differential inequalities (4.84).
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(i)

Fig. 2: Panel (i) illustrates the definitions of §; (t;0) and & (;6), the spatial coordinates where ux(-,t
E1(8) and E.(8). Panel (ii) zooms in near q.(t) and illustrates the definitions of &' (t;) and & (
spatial coordinates between which ux(-,t) is guaranteed to be inside the tubular neighbourhood U(J).

) crosses
t;0), the

Proof. We will prove the statement only for w™ and # = 0, the arguments for w™ and 6 > 0 being
analogous. Writing y = 1 + ¢(z + Ct), we compute

Oy (w,1) = eC(1 + dv ) H' (y) + [05 ] () H-(y) + eCg () H' (y). (6.15)
In particular, upon writing
T (z,t) = gwt (z,t) — [DwT](z,t) — f(w' (z,1)), (6.16)
we obtain
T, t) = eC+6v)H(y) + o5 ] () H-(y) + eCoy () H (y)
—[D(1+ bvr)Hy|(y) — [Doy (1) H-](y)
—f((1+ v Hy (y) + 65 () H-(y)) (6.17)
(1 + v, — 65 () HL(y) — F((L+ Fo) B ) + 05 (DH_(3)
— [P+ bv)Hil(y) — [Dos () H-(y) + [¢5]' () H-(y)-

Possibly after decreasing the constant €(§) in Lemma 5.13, we have 1 + v, — ¢5 (t) > 26v, > 0 for
all ¢ > 0. In addition, using the fact that the differential operator D vanishes on constant functions,
it is not hard to see that

[D(1 + dv,) H.](y) + [Do5 () H_](y) — 0 as € — 0, (6.18)

uniformly for ¢ > 0 and y € R. Finally, the inequality (5.21) implies that there exist k = k(d) > 0
and v; = v1(6) > 0 such that

[05 ) (OH-(y) — f((1+ 0vr) Hi(y) + &5 (VH-(y)) > 111 (6.19)

whenever H, (y) < x or H_(y) < . In particular, for all such y we can arrange for J*(z,t) > 0 by
picking a sufficiently small € > 0.

On the other hand, there exists vy = v5(d) > 0 such that H (y) > v, for all y € R for which
k < Hy(y) <1— k. Choosing C > 1 to be sufficiently large ensures that also J 7 (x,t) > 0 for these
values of y. O

Proof of Proposition 6.1(i). At t = 0, the statements follow directly from our choice (6.3) for
Uy (z,0). The fact that wu.(-,t) is strictly increasing for ¢ > 0 follows from the comparison prin-
ciple and the fact that w.(-,0) is strictly increasing. For each fixed ¢ > 0, the limits (6.5) can be
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obtained by studying the functions w* constructed in Lemma 6.3 and taking the limits § — 0 and

0 — oo. O

Proof of Proposition 6.1(ii). The existence of & and ¢, follows from Proposition 5.2(ii). The exis-
tence of & and & follows from Proposition 5.3(i), while the existence of ¢ and & follows from
the limits (6.5). The uniqueness of all these quantities follows from the fact that w.(-,¢) is strictly
increasing for all ¢ > 0. O

Proof of Proposition 6.1(iii). We first focus on the bound (6.9) for & (¢;6). By choosing 6 > 0 to
be sufficiently small, we can ensure that there exists a 6 > 0 and a pair ¢ € W, and ¢, € f; (q)
such that ¢f (0;¢,1+) < u, (&1 (7,6),7) while also ¢ (0+1t;q,v¢+) ¢ U(J) for all ¢ > 0. In particular,
recalling the function w~(x,t) = w™(x,t; 4, q, ¥4, 0) from Lemma 6.3, we see that

u(z,7) > w (z+ Cr — & (T,0),7). (6.20)
Now, for all ¢ > 7 we have
w” (2 + Ot t) = ¢f (t+0;q,904) ¢ U(0), (6.21)
which by the comparison principle implies that
& (t,8) <2+ Ct— Cr + &5 (7,9), (6.22)

as desired. The bound for §l+ follows in a similar fashion.
We now turn to the bound (6.10) for & (¢;6). Write ¢ = ¢o(7) and ¢_ = 9;(7) and recall the
function wt(x,t) = w*(x,t; 8, q,1%_,0) from Lemma 6.3. For all x € R, we have

u(z,7) < wt(z— & (7,6),0). (6.23)
Notice furthermore that
wh (=2 = Ct —7),t —7) = ¢5 (t — T5q,-). (6.24)

Recall the constant T' = T'(¢) introduced in Proposition 5.3(ii). Since ¢; (t —7;¢,1—) < §1 whenever
t > 7+ T, the comparison principle implies that for all such ¢t we have

& (t,0) > =2 = C(t—7)+ & (1,0), (6.25)
as desired. The bound for & follows in a similar fashion. O

In order to establish item (iv) of Proposition 6.1(iii), we need to understand the flow of (6.1)
near the separatrix W,. The condition (HWW) roughly states that this separatrix is repulsive. Since
solutions to (6.1) that have small spatial derivatives locally tend to follow the flow of the ODE (5.1),
it is reasonable to expect that u,(-,t) cannot become very flat near the separatrix.

In order to make this precise, we pick ¢ € W, and introduce the notation

By(t) = Df(®(t:q))- (6.26)
Before considering the full nonlinear system (6.1), we focus on the linearized system
Ow(z,t) = [Dv](z,t) + By(t)v(z,t) (6.27)
in the next series of results. We use the notation Hy to refer to the Heaviside function defined by

Hy(z) =0 for z < 0, Hy(z) =1 for x > 0. (6.28)
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Lemma 6.4. For all sufficiently large T > 1, there exists £ = £(T) > 1 such that for any q € W
and any ¥ € T(q), the function w € X that satisfies the linear PDE (6.27) with the initial condition

w(z,0) = Ho(z)[1 + 9], (6.29)
satisfies the bound
W, T) > JUTigL, 2> (6:30)
together with
w(z,T) < %\II(T; q)1, x < =€ (6.31)

Proof. Pick any ¢ € W, and ¢ € f(q) and consider the function
w(z,t) = Hy(—1+ ex)V(t;q) (1 + ¢) — vt¥(t; )1, (6.32)

where € > 0 and v = v(€) > 0 remain to be determined. Upon writing

T (z,t) = Ow™ (z,t) — [Dw™](z,t) — Be(t)w™ (z, 1) (6.33)
and introducing the new variable y = —1 + ex, we may compute
T (x,t) = Hi(y)By(t)¥(t;q)(1+ ) —v¥(t;q)1 — viB, (1) (t;9)1

—[DU(t;q)(1 + ) Hy(y)
—H, (y)By(£)¥(t;q) (1 + ¢) + vtBy(t)¥(t; )1
= —v¥(t;q)1 — [DY(t;q)(1 +¢)Hi](y).

(6.34)

By Proposition 5.2(iv), Lemma 5.13 and the assumption (HW), there exist constants K > 1 and
¥ > 0 such that

KU(t:q)1 > U(t;q)(1 + ¥) + 91 (6.35)
forallt>0,q€ W, and ¢ € f(q) In particular, since
[DvH4](y) — 0 as e — 0, (6.36)

uniformly for v € S"~!, we can choose v(e) > 0 in such a way that J~(x,t) < 0 holds for all
x € R and ¢t > 0, while also v(¢) — 0 as € — 0. In particular, by the comparison principle we have
w(z,t) > w (x,t) for all z € R and ¢ > 0.

Recall the constant d, from Lemma 5.8. Upon choosing a sufficiently large 7" > 1, Proposition
5.2(iv) implies that

W(T5q)] < 60 (T )1 (637

for all ¢ € W, and ¢ € f(q) We now choose €, > 0 in such a way that v(e,)T < % and write
&€ =2¢;1. For any z > £, we can now use Lemma 5.8 to estimate

w(z,T) = U(T;q)(1+1) —Tv(e)¥(T;9)1
U(T;q)1 — 156 [¥(T;9)1| 1 — 59(T; )1
U(T;9)1 — 359(T;9)1 — 159(T; q)1
%\I/(T; q)1.

Y

(6.38)

Y
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The lower bound (6.31) can be obtained in a similar fashion by studying the function
wh (z,t) = Hy(1+ ex) U (tq) (1 + ) + vt¥ (¢ q) 1. (6.39)
O

Lemma 6.5. There exists a constant C' > 1 such that for any ¢ € Wi and any ¢ € f(q), the
function w € X that satisfies the linear PDE (6.27) with the initial condition

w(z,0) = Ho(x)[1 + 9], (6.40)
satisfies the bound
|Ow(z, )| < Ct~V2 W (t; )1 (6.41)
forallz € R and t > 0.

Proof. We write y(-,t) for the Fourier transform of d,w(-, t), i.e.,

y(v,t) = /OO e~ "Tow(x,t) da. (6.42)

—00

Fixing v € R, a short computation shows that the function y(v, -) satisfies the ODE
N
Ory(v,t) = [—? + (€™ = 1)A; + By()]y(1, 1), (6.43)
§=0

for ¢ > 0, with the initial condition
y(v,0) =1+ (6.44)

Let us now consider the non-local system

N
opv(z,t) = —y2u(a,t) + Z Ajlv(x +rj,t) —v(z,t)] + Bg(t)v(x, t). (6.45)
§=0
Upon writing
v(x,t) = ey (v, t), (6.46)

one readily sees that v and hence also ¥(z,t) := Rewv(z,t) solve (6.45). In view of the initial estimate
—(1+¢) <(x,0) = cos(va)[1 +¢] <1+, (6.47)

the comparison principle implies that
[3(x, 0] < e W (tq)[1 + 0. (6.48)

A similar result holds for the imaginary part of v(x,t), which in view of Proposition 5.2(iv) and
Lemma 5.13 yields the estimate

(v, )] < 2¢77 W (t q)[1+ ] < Cre 7 M (t9)1 (6.49)

for some C; > 1. In particular, we may compute

1 > wx Cl > —y?
ol = 5= [ emnnan| < S [ e ] s an). (6.50)
which establishes the desired bound. O
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Lemma 6.6. Recall the constant ky that appears in Proposition 5.4. There exists a constant T, > 1
such that for any g € W and any pair ,, ¥, € T(q), there exists & = &x(q; ¥y, ) € R such that
the solutions vy, wyr € X to the linear system (6.27) with the initial conditions

vr(z,0) = Ho(2)[1 + 1y], wr(z,0) = —Ho(—x)[1 + 4], (6.51)
satisfy the inequalities
[vr(&x, T4)| > 3k, |wr (&, T)| > 36y (6.52)
Proof. First of all, we claim that for all ¢t > 0 we have the limits

lim wvy(x,t) =0, lim wvr(x,t) = P(tq)[1 + ], (6.53)

T——00 T— 00
together with their analogues

xgmm wr(z,t) = =¥ (t;q)[1 + Yuw), mEI—iI-loo wy(z,t) =0. (6.54)
Indeed, the comparison principle shows that 0 < vy(x,t) < U(t; q)[1 + ¢,] for all x € R and ¢ > 0.
The limits in (6.53) can now be read off from the subsolution w™ (z, ) and the supersolution w* (z,t)
constructed in (6.32) and (6.39). The limits for w; follow after the replacements w; — —wy and
T - —.

Upon writing

wr(z,t) = wr(x,t) + U(t;qo)[1 + Y], (6.55)

Lemma 6.4 implies that after picking a sufficiently large T > 1, we have

4 - 1
(™). T) 2 p¥(T59)1,  wr(=¢(T),T) < 2 ¥(T;9)1. (6.56)
Possibly after increasing T', we can ensure that
6
V(T3 )L +4o] < 2 ¥(T59)1. (6.57)

Using the fact that both v;(-,T") and w;(-,T') are non-decreasing functions, we see that the inequal-
ities

4 ~ 1
vr(@,T) = £ Ho (z —&M)¥(Ti9)1,  wr(2,T) < V(T + Ho(z +&(T))¥(T;9)1  (6.58)
hold for all z € R. In particular, we obtain
~ 1 5
wr(z,T) < g\II(T;q)l—F Zv;(m—i—Q&(T),T). (6.59)

The comparison principle now implies that for all ¢t > T we have

U}](l’,t) = 1’171(%15)*‘1’(75;(1)[1+1/Jw]
< %\I/(té )1+ 3“1(37 +26(T),t) — V(t;q)1 — V(t; q)Yw (6.60)
< =301+ Sur(a,t) + SCETRE2 W (t )1 1+ [ (t; q)u| 1.

In view of (HW), it is possible to pick T, > T in such a way that

4 15 ) _
_g“I](T»G q)1+ Z“Ml + §§(T)CT* 12 (U(Te; @)1 1 + [U(Ts;¢)0w| 1 < —3ryl (6.61)
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1

| 1+, q+01[1+ )] . +6l[1:-L)_J
vr(-,0) vrr(+,0) vrr(-, 0)
0 0 q q X q,
—hy o
“ q = 0i[1+ 1)
—[1+ 1y wy(+,0) q— 01+, wir(+,0) wirr(+,0)
0

(i) (ii) (iii)

Fig. 3: Panels (i)-(i11) illustrate the initial conditions for the functions vr through vrrr and wy through wrrr
described in Lemma’s 6.6 - 6.8.

holds for all ¢ € W, and v, € f(q) The requirements in the statement of this result can now be
satisfied by choosing &, = £.(q,%,) to ensure that

lvr(&s, Ts)| = 3ku- (6.62)
m

We are now ready to turn to the full nonlinear system (6.1). We use the linear solutions vy and
wy defined above to obtain upper and lower bounds on solutions to (6.1) that have increasingly
intricate initial conditions; see Figure 3.

Lemma 6.7. Recall the constants Ty and &« = £.(q, ¥y, ¥y) introduced in Lemma 6.6. There exists

a constant 8, > 0 such that for any ¢ € W, N [0,1]", ¥, € fg’;(q) and 1, € fé_l (q), the solutions
vir,wry € X to the nonlinear system (4.1) with the initial conditions

vrr(z,0) = q + 51 Ho(2)[1 + vy, wrr(2,0) = q — 61 Ho(—2)[1 + 1] (6.63)
satisfy the inequalities
vrr (&, Ti) > @(t; 9), wrr (&, Tv) < @(t;9), (6.64)
together with the estimates
lvir(§e, Ti) — @(E q)| = 201k, lwrr (e, Ts) — @(E )| = 2016y (6.65)

Proof. We set out to construct a sub-solution for v;;. To this end, we recall the function v;(z,t) =
vr(z,t; q,1,) from Lemma 6.6 and write

v (2,t) = ®(t;q) + S1vr(z, t) — S3CLY (L5 ¢)1, (6.66)
together with
T~ (,t) = 8o (,t) — [Dv (2, 1) — f (v (x,1)). (6.67)
Writing ¢(t) = ®(t; q), we compute
T (z,t) = [f(q@®) + 61[Dvr)(z,t) + 61 By(t)vr(z,t) — 6CU(t;9)1 — 63CtB, (1) V(5 9)1

—01[Dur)(z,t) — f(q(t) + drvr(w,t) — 03CTEW(¢;q)1)
= —[f(a®) + drv1(x,t) — 57CtU(t;q)1) — f(q(1))
—Df(q(t)[d1vr(x,t) — 6FC(t; q)1]] — 6TCU(t; )1
(6.68)

36



In particular, we see that
- 2 1 2 2 2
| T~ (2,0) + 670U (tq0) 1| < 5 [|Df] 63 (s, t)| +6:C [ U (t59)1] ). (6.69)

We now choose C > 1 in such a way that
CU(t;q)1 > 4||D*f| Jor (z,t)]* 1 (6.70)
holds for all x € R and 0 < ¢t < T,. In addition, we choose d; to be sufficiently small to ensure that
482CH U (t;q)1)* 1 < U(t; )1 (6.71)
for all 0 <t < T,. This ensures that for all such ¢ and x we have
T~ (2,t) + 03CU(t;q0)1| 1 < L63CV(t;90)1, (6.72)

which shows that J (z,¢) < 0 for all z € R and 0 < ¢ < T,. Since v~ (2,0) = vrr(z,0), the
comparison principle implies that vrr(z,T%) > v~ (x,T) for all z € R. By further decreasing d; to
ensure that

§CT, | V(T )1] < Ky, (6.73)

the first estimate in (6.65) can be obtained. The estimate for wy; can be obtained in a similar
fashion. 0

Lemma 6.8. Recall the constants T, and &, = &.(q, ¥y, V) introduced in Lemma 6.6, together with
the constant 61 > 0 introduced in Lemma 6.7. There exists a constant hy > 1 such that for any
g € WiN[0,1]", any ), € Tg’;(q) and any Y., € Ty (q), the solutions virr, wrrr € X to the nonlinear
system (4.1) with the initial conditions

vrrr(2,0) = qHo(x + h2) + 61 Ho(z)[1 + 1],
6.74
wrrr(z,0) = (1= Ho(z — he))q+ 1Ho(z — ho) — 61 Ho(—2)[1 + thy,] (6.74)
satisfy the inequalities
vrrr(€x, Ti) > ®(t5q), wrrr (&, Ty) < O(t; q), (6.75)
together with the estimates
lvrrr(&s, Ts) — ®(t; q)| > d1ku, lwrrr(&x, Ts) — ®(t;q)| > 01k (6.76)
Proof. For any v3 > 0, we introduce the C1([0,00), R) function
_f tevs? for0 <t < 1/:;1,
Gus (1) = { vyle ! for t > v L. (6.77)

0 for ¢t > 0, together with g,,(0) =0, g/, (0) =1 and 0 < g,,,(t) < v3 'e™!. We

Notice that g, (t) >
= ®(t; q) and consider the function

again write q(t)
v (z,t) = vrr(z,t) — q(t)H- (1 + e(z — & — C1(t — T2))) — kate'1 — Cig,, (¢)1, (6.78)

in which the constants € > 0, 5 > 0, v3 > 1, C1 > 1, ko > 0 and C3 > 1 remain to be determined.
As before, we set out to show that J(x,t) <0 for all z € R and 0 < ¢t < T, in which

T (z,t) = v~ (z,t) — [Dv |(z,t) — f(v (2, 1)). (6.79)
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Upon writing y = 1 + e(z — & — Cy(t — 7)), we may compute

T (z,t) = [Dur(z,t)+ f(vrr(z,t) — f(q(t))H (y) + Creq(t)H (y) — rk2e”?'1 — vorote’2'1
—C3g,, ()1 — [Durr](x,t) + [Dg(t) H-](y)
—f(vir(@,t) — q(t)H-(y) — Kate”2'1 — C3g,,(t)1)
= f(orr(@,t) = f(orr(e,t) — q(t)H-(y) — wate’*'1 — Cs0,, (t)1) — f(q(t)) H-(y)
—ria(1 + vat)e”'1 — Cag,, (1)1 — Creq(t) HY (y) + [Da(t) H-(y)-
(6.80)

Before we proceed further, we claim that for all 0 < ¢ < T, we have the limit

lim wyy(x,t) = q(t). (6.81)

Tr— —00

Indeed, after the substitution C — —C in (6.66), the function v~ constructed there is in fact a
super-solution for vyy. The limit (6.81) now follows from the limits (6.53).

For any 9 € (0,1), we write yy for the unique y € R that has H_(y) = ¢ and introduce the
constant

M(e) = sup lvrr(z,t) —q(t)]. (6.82)
0<t<T.,y<yi-e

Since z = z(y,t) = ey + & + C1(t — Ty) and y;_ — —1 as € | 0, the limit (6.81) implies that
M(e) - 0ase 0.
Let us now introduce the notation
G(z,t) = | T~ (x,t) + k2(1 + vat)e”?'1 + Csg), (t)1 + Creq(t)H' (y)| - (6.83)
Whenever y < y. and 0 <t < T, we can use f(0) = 0 to obtain the estimate

G(z,t) < |florr(z,t)) = fla®)] + 1 = H-(y)[ |/ (q(t))]
HIDS [vrr(z,t) — q(t)] + (1 = H-(y))a(t)] + [r2te” 1| + |Cagu, (1)1 ]
+[Dg(t) H-](y)]
< 2([DfII M(e) + el f (g + 1D a(®)])
+I[Da(t)H-](y)| + rate”" [ DFI|[1] + Cagu, (t) [ DS [1].
(6.84)
We now fix vy = 2||Df|| |1|. In addition, we choose

Ry = ka(€) = 8[|Df]| M(e) +46qseuvl3 @I+ DSl all +4  sup [[DgH_|(y)] (6.85)

qEW.,yER

and remark that ko(€) — 0 as € | 0. By appropriately restricting € > 0 we can hence ensure that

Ko (€)Tue2 T < ~61my. (6.86)

DO | =

With these restrictions in place, we obtain the estimate

1 1
G(x,t) < kate™' | Df|| 1] + ZHQ + 031/—3@_1 IDf]lI1]. (6.87)

38



We now pick C5 > 1 in such a way that
Cs = 4 sup [|f(g)| + [[Df]] lq]] (6.88)
qEW,
and v3 > 1 to ensure that

vz > 4ky 'Cse™ 1 ||DFI 1], Cavgt < ~d1ky. (6.89)

N | =

The first condition on v3 ensures that
Gz, t) < Lrowote™' + 1k, (6.90)

which in turn implies that 7~ (z,t) < 0 whenever y < y. and 0 < ¢ < T,.
Whenever y > y., we can use the inequality H_(y) < € to estimate

Ga,t) < elf(a®)|+ IDF] [ela(t)] + rate™'1 + Cag,, (1)1]
+[Da(t)H_)(y)] (6.91)
< e(If@®)] + D1 1a(t)]) + [Da(t) H-1(y)] + [zt + Cagu, (O] | DI 11.

This estimate is stronger than (6.84), so we do not have to consider it further.
It remains to consider the case that y1_. <y < y. and 0 < ¢t < T,. In this case we may estimate

Gx,t) < H_(y)|f(a@®)]+ IDFIl [H-(y) la(®)] + rate*"1 + Csgy, (1)1]

+[[Dq(t)H-](y)]
(6.92)
< H-(y)|fa@)+ DI H-(y) lq(t)]
+1[Dg(t)H-](y)| + wate”" ||DF|| 1| + Cs e [[Df]| [1].
Our restrictions on ks, vo and v3 now yield
Gz, t) < H_(y)|fla@)|+ IDfI H-(y) la(t)] (6.93)

+ 3 kavate”?t + Sho.
In addition, the restriction on C5 implies that there exists t, > 0 such that

Cgy,(t) = 2[f(q(®)[ + 2| DS a(t)]| (6.94)

holds for all 0 <t < t,. This shows that J (z,t) <0 for 0 <t < t,.
Now, there exists ¥ > 0 such that

q(t) =91 (6.95)

holds for all ¢ > t,., independent of the choice of ¢ € W, N [0,1]™. In particular, we can choose
C1 = C1(€) > 1 in such a way that

Creq(t)H' (y) > H_(y) sup [|f(q)]+ DSl lql]1 (6.96)

qEW,

and hence J~(z,t) <0 holds for all y;_. <y < y. and t, <t <T,.
To complete the proof, we can pick

hy >2¢7t — €, + C1(e)Ts, (6.97)
which ensures that
vrrr(z,0) > v~ (x,0), x €R. (6.98)

The desired inequality (6.76) for v;;; now follows from the comparison principle together with the
choices (6.86) and (6.89). The inequality for wrr; can be established in an analogous fashion. [
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Proof of Proposition 6.1(iv). Recall the constants Ty and &, = £.(g, %y, 1) introduced in Lemma
6.6 and the constant d; > 0 introduced in Lemma 6.7. In addition, recall the constant ho > 1 and
the functions vyry, wyrr introduced in Lemma 6.8.

For any tg > 0, we set out to show that

& (to+ T 61) — & (to + T, 01) < max{&; (to, 1) — &' (to, 01), 2ha}. (6.99)
Without loss of generality, we will assume that &,(tg) = 0. We write
hy = max{¢&, (to,01), h2}, h_ = min{¢ (to, 1), —ha}, (6.100)
which shows that for all z € R we have
s (2, t0) = vrrr(z — by, 05 g0 (to), ¥r(to)), u(z,to) < wrrr(z —h-,05¢(t), ¥i(to)). (6.101)
In particular, the comparison principle implies that

u*(£*7t0+T*) Z UIII(S* 7h+7T*;q<>(t0)7wT(t0))7

(6.102)
e (&arto + 1) < wrrr(&e — h—, Ty qo(to), Yi(to))-
Using the definition of ky, we see that
u(és +hy to+T.) €UT(61) \U(61), w(&e +hoyto+Ty) €U (61) \U(b1). (6.103)
In particular, we find that
E7(to+Tuy01) <&+ hyy, & (to+Tuy01) > &+ he, (6.104)
which shows that
& (to+ T, 61) — & (to + Ts, 61) < hy — he < max{2hs, &, (to, 61) — & (to, 61)}, (6.105)

as desired. In order to establish the uniform bound (6.11), it now suffices to note that for all
0 <t<T,, we have

& (,01) = &(t,01) < &5(0;0) — &7 (0;0) +4e ! + Ct

< €H0:0) ~ & (0:0) + 47! 4 OT., (0100
by Proposition 6.1(iii). O
7 Existence of Travelling Waves - Convergence
The preparations in §6 allow us to return to the nonlinear system
du(z,t) = [Du](z,t) + f(u(z,t)) (7.1)

and establish the existence of travelling waves. In particular, in this section we set out to prove the
following result.

Proposition 7.1. Consider the nonlinear system (7.1) with v > 0 and suppose that (HA), (h)s,
and (HW) are all satisfied. Then there exists a constant ¢ € R and a function P € W2 (R,R")
that satisfies the limits

lim P(¢) =0, £lim P =1, (7.2)

£——o0
has P’ > 0 and yields a solution to (7.1) upon writing
u(x,t) = P(x — ct). (7.3)
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Our approach towards proving the above result closely follows the arguments used in steps 3 and
4 of [6, §4]. In particular, we consider the evolution of the solution u, € X to (7.1) that has the
smooth initial profile (6.3). Combining regularity results with the comparison principle, it is possible
to show that in an appropriate comoving frame u, converges temporally to a function U, which in
turn must be the profile of a travelling wave solution to (7.1).

Throughout the remainder of this section we fix v > 0 and treat (HA), (h)ss and (HW) as
standing assumptions. We also recall the functions &, fli and ¢&F defined in Proposition 6.1.

Lemma 7.2. For every M > 0 there exists a constant nyr > 0 such that
Ozt (x + &6 (8),t) > 1 (7.4)
holds for allt >0 and —M <z < M.

Proof. Applying Proposition 4.1 to the functions u(z,t) = u.(z + h,t +7) and v(x,t) = u(x,t +7)
and subsequently taking the limit A — 0, shows that
y+1
Opus(z,t+7) > ny(x — 9y, 1) / Ozt (o, 7) do (7.5)
y

holds for all ¢ > 0, 7 > 0 and z,y € R. In view of Lemma 5.13(ii), there exists a constant vy > 0
such that for all 7 > 0 we have

|u* (E,T(T;(Sl),T) — Uy (§l+(7';51),7')| > . (7.6)
In particular, there exists a constant 5 > 0 such that for all 7 > 0, there exists y, € R that satisfies
Eo(T) = <& (1,01) <yr <E(1,01) =1 < &(7) + ha — 1, (7.7)

together with an integer 1 < i, < n so that

yr+1
/ Oia (0, 7)]s. do > . (7.8)

-

This means that for all 1 < j <n and 7 > 0 we have
[Ozus(z, 7+ 1)]; > ny(T — yry 1) i, 12 > 0. (7.9)
Notice that (6.9) and Corollary 6.2 imply that

Eo(T+1) —&(T)] < &H(r,01) =& (7,61) +4e™1(01) +2C(01)
< m1(51)+46_1(51)+20((51).

(7.10)

In particular, for each M > 0, the quantity x — y, appearing in (7.9) can be uniformly bounded for
all 7> 0 and x € R that have |z — &, (7 + 1) < M.

In order to complete the proof, it now suffices to establish (7.4) for 0 < ¢ < 1. This can be
achieved by using regularity and the fact that O,u.(z,t) > 0 for all z € R and ¢t > 0. O

Lemma 7.3. There exists a C'-smooth function U : R — R™ and a sequence t; — oo such that
u, (- +&(t),t) = U, j— oo, (7.11)

where the convergence is in the space BCY(R,R™). In addition, we have the inequality U’ (€) > 0 for
all £ € R together with the limits

lim U(¢) =0, lim U(¢) = 1. (7.12)

[ — €00
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Proof. Since the family {u. (- +&(t),t) };>0 consists of strictly increasing bounded functions, there
exists a sequence ¢t; — oo and a non-decreasing function U such that the pointwise convergence

ue(§+&(t))t;) = UE),  j— o0 (7.13)

holds for all £ € R. Obviously, the bounds 0 < U < 1 carry over from the corresponding bounds for
uy. In addition, we have U(0) € W, N [0,1]™ by compactness. In view of Corollary 6.2, the limits
(7.12) can be obtained by observing that for all 6 > 0 we have

U(—=mi(0)) <41, U(m1(6)) > (1 —6)1. (7.14)

Proposition 4.2 implies that there exists Cq >> 1 such that [9yu.(z,t)] < Cy for all z € R and ¢t > 0.
Combining this estimate with Lemma 7.2, we obtain the inequality

Mel+1hl <UE+h) = U(E) < Cihl (7.15)

for all 0 < h < 1. Applying Corollary 6.2, we see that the convergence u. (- + &(¢;),t;) — U holds
in BC°(R,R™). Another application of Proposition 4.2 yields a uniform bound on 8,,u., which
combined with the Ascoli-Arzela theorem shows that in fact U € C*(R,R"). Finally, the lower
bound in (7.15) yields U’(§) > 0 for all £ € R. O

We now introduce the function U € X that solves the nonlinear system (7.1) with the initial
condition

U(z,0) =U(x). (7.16)
The uniform convergence (7.11) implies that for every § > 0, we have the inequalities
Ui (@ + &6 (t5), 1) — 01 < U(x) < usl(z + & (t5),t5) + 61 (7.17)

for all sufficiently large integers j. In view of Lemma 7.2, all the conditions of Corollary 4.4 are
satisfied, which shows that for all sufficiently large j and all ¢t > 0 we have

Ux,t) > ua(r+&(t) +020(1 — e Pt + ;) — o35 P11

- (7.18)
Ur,t) < ue(r+&(t) +020(1 — e Pt +t;) + o3de P
Sending j — oo and subsequently é — 0, we find
Hmsup w. (z + &6 (t;), t; + 1) < U(x,t) < liminf u, (@ + & (t;), t; +t) (7.19)
j—o0o J—o0

for all x € R and ¢ > 0. Using similar arguments as in the proof of Lemma 7.3, this shows that
Ua(- 4 &olty) ty + 1) = U(t), = o0, (7.20)

where the convergence is in the space BC°(R,R").

Lemma 7.4. For allt > 0, we have the limits

lim 0,0 (z,t) = 0. (7.21)

|z]—+o0

Proof. There exists C > 0 such that the estimate

|¢Hc2([o,1],Rn) (7.22)

holds for any ¢ € C?([0, 1], R™). Proposition 4.2 provides uniform bounds on 0,,u., which can be
combined with Corollary 6.2 to yield

lim  sup Oyu.(§+&(t),t) =0. (7.23)

P70 >, t>1

2
160,18y < C Ml oo.17,8m)

In particular, an application of Ascoli-Arzela shows that for each ¢ > 0, the convergence (7.20) holds
in BC*(R,R™). The limits (7.21) now follow from (7.23). O
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Corollary 6.2 implies that there exist g > 0 and mg > 1 such that
us (T —mo, 1) — o1 < uw(w,0) < us(x +mo, 1) + do1. (7.24)
Corollary 4.4 hence yields the estimates
Ue(2,1) > u(x —mg — g260(1 — e Pt + 1) — 0300711,

7.25
Ue(7,1) < us(x 4+ mg + 260(1 — e Pt + 1) + o300 P11, (7.25)

Setting t = ¢; and sending j — oo, we can use the convergence (7.20) to obtain
U(z —mo — 0200,1) < U(z) < U(x + mg + 0280, 1) (7.26)

for all x € R. This allows us to define two constants &, < £* with
Eo=swp{¢ |U(+&1)<UC)}, & =mf{¢|U(+&1) > UM} (7.27)
Lemma 7.5. We have &, = £*.

Proof. Assume to the contrary that £* > £,. Then we have (7(90 +&,1) < Ulx) for all € R, but
U(-+ &, 1) #£ U. This means that U(z +&,,2) < U(z, 1) for all 2 € R. In particular, for any M > 1
there exists h = h(M) such that

Uz + & + 202h,2) < U(x,1) (7.28)
holds for all z € [~M, M]. In view of the bound (7.21) on d,U, we can ensure that the inequality
Uz + & + 02(2+ 03)h,2) — hl < Uz, 1) (7.29)

holds for all 2 € R by fixing a sufficiently large M > 1 and picking h = h(M).
The uniform convergence (7.11) implies that for all sufficiently large integers j and all x € R we
have

ulety) — b < UG- &) Sl ) + 0 (7.30)
which in turn implies that for all t > 0 and x € R we have
g (x — gag,t +t;) — gagl <U(x — Eo(t)), 1) < un(z+ g()’g,t +t;) + gogl. (7.31)
Combining this with (7.29) implies that
wi(x + &+ 02(5 + o3)h,t; +2) — (1+ To3)hl < ue(a,t; +1). (7.32)

A final application of the comparison principle now shows that for all t > ¢; + 1 and all x € R we
have

3 1
(@ + &+ Joa(1 4 os)h t+1) —o3(1 + 1ag)he*ﬁﬁ < ui(z,t). (7.33)

Writing @ = £ 4 & (tx) together with ¢ = ¢ and subsequently sending k — oo, we may use (7.20) to
obtain

~ 3
which contradicts the definition of &,. O

Proof of Proposition 7.1. The argument used in the proof of Lemma 7.5 can be repeated for any
1 <t <2, which implies that for all 1 <t < 2 we have

Ula,t) = Uz —c(t)) (7.35)

for some function ¢(t). Since U satisfies (7.1), one sees that ¢(t) must be a constant, which implies
that U is a travelling wave solution to (7.1). O
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8 Persistence of Travelling Waves

In this section, we turn our attention directly to the travelling wave MFDE

N
—yu"(€) —eu(€) = ) Ajlulé + 1) — w(©)] + f(u(€)). (8.1)
7=0

In order to reflect the fact that we have dropped the dependence of the nonlinearity on p, we impose
the following condition.

(h)gs The conditions (HA), (Hf1)-(Hf3) and (HS1)-(HS2) are all satisfied with the understanding
that V' = {0} and f(-;0) = f(-).

The main goal is to show that the techniques developed in [23, 28] for scalar versions of (8.1) can
be adapted to the current high dimensional setting. Although the broad ideas used in [28] continue
to work, there are important technical details that need to be addressed. Briefly stated, the problem
is that unlike scalars, non-zero matrices cannot necessarily be inverted.

Our first main result states that (8.1) cannot simultaneously have heteroclinic solutions that
connect the two stable equilibria to an unstable equilibrium. This is an essential ingredient towards
understanding the limiting behaviour of wave profiles as system parameters are changed.

Proposition 8.1 (cf. [28, Lem. 7.1]). Consider the nonlinear MFDE (8.1) with v > 0 and sup-
pose that (h)ss is satisfied. Consider any g, € R™ that has 0 < g, < 1 together with f(q.) =0. Then
there do not simultaneously exist non-decreasing solutions u_ and uy to (8.1) that have

lim u_(§) =0, lim w_(§) = g, lim uq(§) = gx, lim wy(§) =1. (8.2)

§——o0 §—+o0 §——o0 §—+o0

Our second main result concerns the linearization of (8.1) around a solution u = P, which we
write as

N
—"(€) = e'(&) =Y A€+ ;) — v(&)] + DF(PE))v(&). (8.3)
7=0

For convenience, write s, = 1 if v = 0 and s, = 2 if v > 0. We introduce the operator
Acqy : W (R,R™) — L (R,R") (8.4)
associated to the linear MFDE (8.3) that acts as

N
[Ac/](€) = =70 (&) = v/ (§) = > Aj[v(€ +75) — v(&)] — Df(P(&))v(8). (8.5)

j=

(=)

We also introduce the formal adjoint A}, : W*(R,R") — L>*(R,R") that acts as

Ajlv(§ — 1) —v(©)] = DF(P(E))v(6). (8.6)

M-

I
=)

[AZ,0)(€) = —"(§) + cv'(€) —

J

Our second main result gives conditions under which A, , is a Fredholm operator with a one dimen-
sional kernel and zero index. As in [28], this result allows us to use the implicit function theorem to
show that solutions to the nonlinear system (8.1) persist under small changes of system parameters.
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Proposition 8.2 (cf. [28, Thm. 4.1]). Consider the linear MFDE (8.3) with v > 0 and y+|c| > 0
and suppose that (h)ss is satisfied. Suppose furthermore that for some a > 0 the function P €
BC(R,R™) has the asymptotics
POI=0(eK), €= -0, |[PE)-1=0(F), £—+o0. (87
Finally, suppose that that there exists a nontrivial solution p € W*»>°(R,R"™) to (8.3) that has
p(&) > 0 for all £ € R. Then the operator A, is a Fredholm operator with
dim Ker(A. ,) = dim Ker(A7 ) = codim Range(A. ;) = 1. (8.8)

In addition, the element p € Ker(A. ) satisfies p(§) > 0 for all§ € R and there exists p. € Ker(A7 )
that has p.(&) > 0 for all £ € R.

The crucial ingredient in the proof of these two results is a detailed understanding of the asymp-
totic behaviour of solutions to (8.1). One expects that if a solution approaches an equilibrium ¢, the
asymptotic behaviour can be understood by studying the autonomous system

N
—ev'(§) = 1"(€) + D Ajlo(€ +15) — v(€)] + DF(9)u(6): (8.9)
j=0
In particular, in the first part of this section we analyze the characteristic function
N
Acg(z) = 72" —cz =Y Aj(e”7 —1) — Df(q) (8.10)
j=0

and look for pairs A € C, w € C" that have A, , 4(A\)w = 0. Indeed, any such pair yields a solution
to (8.9) upon writing v(¢) = e*w and one hopes that the leading order behaviour of solutions to
the nonlinear system (8.1) can be expressed in terms of such eigensolutions. A result along these
lines can be found in [27, Prop. 7.2]. However, when dealing with MFDEs, there is a possibility that
solutions approach their limits at a rate that is faster than any exponential. In the second part of
this section, we will develop comparison principles and find a specific restatement of (8.3) that will
allow us to rule out this pathological possibility.

Our analysis of the characteristic function (8.10) is aided considerably by earlier work in [7]. In
particular, upon writing

N
Ag(N) =) A5 —1) + Df(q), (8.11)

j=0
the authors studied the eigenvalue problem
o = Ag(MNv, v >0, (8.12)

which is closely related to (8.10). By Perron-Frobenius [14], this problem has a unique solution pair
= pg(A), v =1v4(A) > 0 for each A € R. The results in [7] state that p, is analytic and strictly
convex, with pq(A) — 0o as A — zoo. In particular, for any 0 < ¢ < 1 and A1 # Ay we have the
inequality

oM + (1= D)) < tg(n) + (1= Dptg(ha). (3.13)
Upon introducing the polynomial . ,(A) = —yA% — ¢\, we see that any A € R that solves
Yery(A) = p1g(A) (8.14)

automatically has A, 4(A)vg(A) = 0. Vice-versa, if A. 5 4(A)v = 0 for some non-zero v > 0, then
(8.14) must be satisfied. Since ¥”(A) < 0 and p is strictly convex, (8.14) has at most two real
solutions. The next three results explore the relation between the functions pg and A 4 4.
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Lemma 8.3. Suppose that (h)ss is satisfied and pick any solution to f(q) = 0 for which the equation
det[Df(q) — AI] = 0 has no solutions with Re X > 0. Then (8.14) with v > 0 has precisely two real
solutions A= < 0 < AT,

Proof. This follows from the fact that our assumption on ¢ implies that 114(0) < 0 while on the other
hand ., (0) = 0. O

Lemma 8.4. Suppose that (h)ss is satisfied and pick any solution to f(q) = 0 for which the equation
det[Df(q) — M| = 0 has at least one solution with Re X > 0. Then for any pair A~ < 0 < AT, the
equation (8.14) with v > 0 cannot be satisfied for both A = \*.

Proof. This follows from the fact that our assumption on ¢ implies that 114(0) > 0 while again
Ve (0)=o0. [

Lemma 8.5. Suppose that (h)ss is satisfied, pick any g € [0,1]™ for which f(q) = 0 and consider the
autonomous sytem (8.9) with v > 0. Suppose that (8.14) has two distinct solutions A\~ < A*. Then
the characteristic equation det A, - 4(2) = 0 has two simple roots at z = \E. In addition, consider
any z € C\ {\7, A"} for which det A. . 4(2) = 0. Then either Rez < A~ or Rez > AT must hold,
where equality is only possible if v = ¢ = 0. If in fact Imz = 0, then we cannot have A, 4(2)v = 0
for any non-zero v € R%,,.

Proof. For convenience, we introduce the shorthand 1)(\) = 1. ()). Note that A* are simple roots
to (8.14), which means ' (\*) # ,u;()\i). In order to show that z = A* are also simple roots of
det A. - 4(2) = 0, we must show that

d
P det Ac y,q(2)z=2+ # 0. (8.15)

To see this, we introduce the function
F(, z) = det[p] — Ay(2)], (8.16)

which clearly satisfies F(14(A), A) = 0 for all A € R. In addition, since 14()) is a simple eigenvalue
for A4(X) we must have D1 F (p1q(X), A) # 0. The implicit function theorem now yields

4y (N) = = DaF (110 N) D1 (g V), ). (5.17)

Upon writing G(z) = det A, 4(2), we obviously have G(z) = F(¢(z), z). We may hence compute

G'(z) = DiF(¥(2),2)¢'(2) + DaF (¢(2), 2), (8.18)
which yields
G'(AF) = DiF(L(F),X5) P (AF) + Do F (p(AF), AF)
= D1F (ug(AE), M) (AF) 4+ DoF (g (AF), AF) (8.19)

= DiF (g (A5), AF) [ (AF) = g (A))]-

In particular, we have G’(A*) # 0, as desired.

Let us now consider a pair (z,v,) € C x C" that has A, , 4(2)v, = 0. In addition, let us suppose

that A\~ < Rez < AT but z # A*. Upon writing z = A + iv with A\, € R, let us consider the
nonlocal system

O(z,t) = YOpev(x,t) + (YA2 + cA)v(z, 1) (5.20)

8.20

+ 30 AjleNiv(a + ry,t) — v(a, 1) + Df(q)v(x, t).
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A short calculation shows that the two functions

v(z,t) = Re e (e=(exzne), (8.21)
w(g;7 t) = e(uq(A)+’yA2+c)\)th(/\)7
both satisfy (8.20). Since vg(A) > 0, there exists k > 0 such that
—rkw(z,t) <wv(z,t) < kw(x,t) (8.22)

holds for all z € R and ¢ > 0. If A= < A < AT, then w(z,t) — 0 as t — oo, which contradicts
the fact that [|v(-,t)||,, does not decay. Let us therefore suppose that either A = A*. In this case
w(x,t) = vy(N) is constant in time and space. However, by appropriately choosing x we can ensure
that v(z,0) < kw(x,0) with equality v;, (z.,0) = kw;, (z.,0) for some (but not all) z, € R and
1 <4, < n.Ify > 0, the comparison principle stated in Proposition 4.1 implies that v(z,t) < kw(z,t)
for all ¢ > 0, which contradicts the fact that

v, ((c+ 29\t + z4, t) = v;, (24,0) = Kw;, (2+,0) = Kw;, (T4, 1). (8.23)

If v = 0, we can only conclude that v(z,t) < kw(x,t) for all ¢ > 0. If however also ¢ # 0, then for
all small ¢ > 0 we have

Vi, (Ts, ) < 0;, (24, 0) = Kw;, (24, 1), (8.24)

but also
s, (2, 27 |ve| ) = kwy(as, 2 [ve| ). (8.25)
This violates the uniqueness of solutions to (8.20) with v = 0 and hence completes our proof. O

We now turn our attention to the linear system

N
(&) — (&) =Y Aju(€ +15) + B(€)v(9), (8.26)

Jj=0

together with its inhomogeneous counterpart

N
(&) — e’ (&) =Y A& +15) + BE)v(€) + h(&). (8.27)

=0

We remark that (8.26) reduces to (8.3) upon writing B(§) = Df(P(£)) — A. Alternatively, if u; and
us both satisfy (8.1), the difference v = u; — uy satisfies (8.26) with coefficients

B(¢) = /0 (D (ua(€) + o (ur (€) — ua(€))) — A] dor (.28)

This motivates the following condition on the function B.

(hb) We have B € L*°(R,R™*") and there exists £ > 0 such that B(§) + I > 0 for all { € R. In
addition, for any pair (,7) € {1,... ,n}? with i # j we either have B;;(£) = 0 for all ¢ € R or
Blj(f) > ki >0 for all £ € R.

In order to generalize the results in [28], we need to exploit some freedom that we have in the
formulation of the MFDE (8.26) that is not present in the scalar case. In particular, for any v €
L>*(R,R") and o € R", we introduce the new function v” that has

v7 (§) = vi(§ + 77). (8.29)
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A short calculation shows that the homogeneous system (8.26) is equivalent to the system

—7Decv?(€) — cDev? (€) = [J707](§) + Biag (§)v7(8), (8.30)

in which we have introduced the matrix valued function

[Biaglir (&) = Bii(§ + 04)0ir (8.31)
together with the operator
N n
:ZZ zk'Uk f"""] +Uz_0'k +Zsz €+az)vk(£+az_ak) (8'32)
7=0 k=0 k#i
For convenience, we introduce the index set
T={0,... ,N+1} x{1,...,n}? (8.33)
and rewrite the operator J7 as
T70li(€) = Y SuBu©ul& + i+ ok — 1), (8.34)
(4,k,1)eT

using appropriately defined scalar functions {ﬁ;’kl}

The assumption (hb) implies that there exist constants {aﬁl} that do not depend on ¢ such that
the inequalities

0 < ajyy < 678 < ajy, (J,k,1) €T, (8.35)

hold for all o € R™ and ¢ € R. Furthermore, (hb) implies that the constants can be chosen in such
a way that =0 automatically implies that also a;rkl = (0. We now introduce the sets

77 = {(k 1) €T |aj, >0andr;+o, — o <0},
7§ = {(U.k1) €T |ay, >0andr;+o,—o0r =0}, (8.36)
77 = AUk 1) €T |y, >0and r; + o — oy > 0}

In addition, we introduce the quantities

p .
min — _ in_r; + o — oy,

G, max 7r; + o — 0y, (837)
WVEL _

T ax =
(kD ETS

with the understanding that extrema over empty sets are taken to be zero. Finally, we introduce the
sets

Y7 = {le{l,...,n} for which (j,k,1) ¢ 77 foral 0 < j < N+ 1and 1 <k <n},
%7 — {le{l,....n} for which (j,k,}) ¢ T7 forall 0<j < N+land 1<k <n}, 50
together with the pair of projection operators
o . DN n o, (% 1€ Egtv
77 :R* - R", [ﬂ'i’U]z—{ 0 i¢xq. (8.39)

For some of our results we will need to impose the following condition, which should be compared
o (HS2).
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(hs) For all ¢ € R"™ we have Z% # () and Z7 # 0.

Lemma 8.6. Suppose that (hb) is satisfied. There exists o, € R™ such that for every (j, k,1) € I7
we have (§', k', k) € I7* for some pair 0 < j' < N+ 1 and 1 < k' < mn.

Proof. We consider the weighted graph

G = (V(G),£(G) wg) (8.40)
with vertices
V@G)={1,... ,n} (8.41)
and (repeated) directed edges
EQ) ={G k1) €T ajy >0}, wg(ikD) =rj+on o, (8.42)

with the understanding that the edge (j, k,!) points from k to . Stated in terms of this graph, we
need to prove that every vertex that has an outgoing edge with negative weight, must also have an
incoming edge with negative weight.

-~

For each o, we write L(o) C V(G) for the set of vertices that are part of a directed loop with
negative weight, i.e. we say k € L(o) if for some £ > 2 there exists a sequence

ki,... ke, ki=ki=k (8.43)
together with a sequence

j17"' 7.7.(71 (844)

such that for all 1 <i <{¢—1 we have (j;, ki, kivr1) € Z°.

~

In addition, we write C(o) C V(G) for the set of vertices that are reachable from £(o) via negative
weight edges. More precisely, we say k € C(o) if for some ¢ > 1 there exists a sequence

ki,... ke, k1 EE(O’), ke=k (845)
together with a sequence

jla"' 7.7.(71 (846)

such that for all 1 <4 < £ —1 we have (j;, ki, ki+1) € Z2. Obviously, we have L(o) C C(0).
We remark that it suffices to find o, such that & € C(o.) holds whenever (j,%,1) € Z°*. We
therefore write

P(o) = {(jo k) € T7 | k ¢ C(0)} (8.47)
for the set of problematic edges. In addition, we write
Puin(0) = {(j, k1) € P(o) | wg(j', k', ") = wg(j, k,1) for all (', k", 1) € P(0)} (8.48)

for the set of minimally weighted problematic edges, together with

-~

Viin(0) = {k € V(G) | 3(J, k,1) € Pumin(0)} (8.49)

for the set of vertices with outgoing minimally weighted problematic edges.
We start at o, = 0. If P(0,) = (), we are done. If not, we write

[Uo]k it k ¢ Vmin(ao)»

oR(t) = [oo]k + te[k] if k € Viin(0s),

(8.50)
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where £[k] > 1 is the length of the longest chain of directed edges in Ppin(0,) that originates from
k. This integer is well-defined because Ppin(0,) can contain no loops.
Our choice of o(t) ensures that the weights of edges in P, are strictly increasing as ¢ increases.

In particular, we may write ¢, > 0 for the first time ¢ > 0 for which either wg(t) (4, k,1) > 0 for all

(4, k,1) € Pmin(0oo) or for which there exists (j, k,1) € £(G) with either k ¢ C(o,) or | ¢ C(o,) such
that

wl® (G, k, 1) < wl G K1) for all (7, K1) € Pain(0)- (8.51)
Varying t does not affect the weights of edges between elements of C(o,). In particular, we have
C(os) C C(o(ts)). (8.52)

We can hence set o, = o(t.) and repeat the process. Since the minimum weight of the edges in P(o,)
increases with each step by an amount that is bounded away from zero, we will have P(c,) = 0 after
a finite number of steps. O

Lemma 8.7. Suppose that (hb) and (hs) are satisfied. There exists o.. € R such that for every
1 <1< n there exists a pair 0 < j < N+ 1 and 1 < k < n for which (j,k,1) € 7. In particular,
Zi** — @

Proof. We continue using the setup developed in the proof of Lemma 8.6 and write o, for the vector
constructed there. The assumption (hs) implies that C(o,) is non-empty. We write C°(o,) for the
complement of this set. If C¢(o.) is empty, there is nothing to prove. We now introduce the function
o(t) by writing

0]k if k € C0,),

or(t) = (0. +t  if k€ C(0y).

(8.53)

Notice that at ¢ = 0, all edges between C(o,) and C°(c,) have non-negative weight. In addition,
the weights of edges internal to C(o,) and C¢(o,) remain unchanged upon changing t. However, the
weights of edges pointing from C(o,) to C¢(o.) decrease as t increases, while the weights of edges
that point from C°(o,) to C(o.) increase as ¢ increases. In particular, there exists ¢, > 0 for which

C(oy) C Clo(ts)), C(oy) #C(o(ts))- (8.54)
This process can be repeated as often as needed to find 0., € R™ for which C¢(0..) = 0. O

With these preparations in hand, we are ready to formulate two comparison principles for (8.27).
These should be seen as the analogue of results obtained in [28, §3] for v = 0 and [23] for v > 0.
The latter case is easier to handle because the comparison principle from §4 can be invoked.

Proposition 8.8. Consider the inhomogeneous system (8.27) with h(§) > 0 and suppose that (HA),
(hb) and (hs) are satisfied. Fiz v > 0 and ¢ € R, with either v > 0 or ¢ # 0. Consider any function
v € W (R, R™) that has v(§) > 0 for all £ € R and satisfies (8.27) for all € € R. If there exists a
pair (ig, &) € {1,... ,n} X R with v,y (&) = 0, then in fact v(§) =0 for all £ € R.

Proposition 8.9. Consider the homogeneous system (8.26) with v = ¢ = 0 and suppose that (HA),
(hd) and (hs) are satisfied. Consider any function

v e L®(R,R") (8.55)

that satisfies (8.26) withy = ¢ =0 for all ¢ € R and has v(§) > 0 for all £ € R. Suppose furthermore
that there exists ig € {1,... ,n} and 7 € R for which

Then we have v(§) = 0 for all £ € R.
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Lemma 8.10 (cf. [23, Cor. A.7]). If v >0, all the statements in Proposition 8.8 are valid, even
if (hs) is not satisfied.

Proof. Since h(§) > 0, we observe that U(x,t) = v(x — ct) satisfies the differential inequality
O(x,t) = 0pu¥(w,t) + 3o A0 +75,t) + Blx — ct)o(x,t) + h(z — ct) @57
> 0, 1) + X0 AgU(E + 15,1) + Bla — et)o(a ), '

which is covered by the comparison principle stated in Proposition 4.1. In particular, if v does not
vanish everywhere, we must have T(z,¢) > 0 for all x € R and ¢ > 0. This contradicts the fact that
Vi (60 +ct, t) = Vi, (50) =0. O

Lemma 8.11 (cf. [28, Lem. 3.1]). Consider the inhomogeneous system (8.27) with h(§) > 0 and
suppose that (HA) and (hd) are satisfied. Fix v = 0 and ¢ # 0 and consider any function v €
WLoo(R,R™) that has v(€) > 0 for all € € R and satisfies (8.27) for all £ € R. Suppose furthermore
that there exists a pair (ig, &) € {1,... ,n} x R such that v;,(§o) = 0. Then if ¢ < 0, we have

’U(é-) = 0) 5 S 50 + N7 min, (858)

while if ¢ > 0 we have

v(€) =0,  £>& + NTmax. (8.59)

Proof. We restrict ourselves to the case ¢ > 0. Notice that for any 1 < i < n and &, € R for which
v;(€x) = 0, the system (8.27) implies that v}(£.) < 0. In particular, a standard differential inequality
now implies that v;(§) = 0 for all £ > &,. In addition, a necessary condition for v}(£,) = 0 is that

[AJive(6 +71;) =0, 1<f<n, 0<j<N. (8.60)

Using condition (HA) repeatedly, we now see that for all 1 < ¢ < n there exists § < £, + nrmax for
which vy(&) = 0, which completes the proof. O

Lemma 8.12 (cf. [28, Lem. 3.3]). Suppose that (HA) and (hb) are satisfied and fir T € R, v > 0
and ¢ € R, with v+ |¢| > 0. Recall the vector o, € R™ defined in Lemma 8.6. Consider any function

v € L((—00, 7 + 1%, R™) (8.61)

max

that satisfies the homogeneous system (8.30) for all £ < 7 and suppose that

v7* (&) =0, THr <EL< T4 (8.62)

max
Suppose furthermore that v7= (&) # 0 for some &, < T+ 1rys.. Then there exists two pairs

(i,&) e{l... npx (00,7 +rif],  (i4,84) €{L,...,n} x (=00, 7+ 775l (8.63)

that have |£4 — &_| < |r?*

min

together with

Vi_ (57) <0< Vi (er) (864)

Proof. Without loss of generality, we suppose that 7 = 0 and o, = 0. It suffices to show that there
exists & > 0 such that (8.62) together with the inequality

U(E) S 07 27ﬂmin § 5 S Tmin, (865)
automatically imply that

Ul(f) =0, —0 + Trmin < f < Tmin, 1<li<n. (866)
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We pick § > 0 in such a way that r; < —26 whenever r; < 0. Let us now consider any (j,k,1) € 7°
and any &, € R that has

_(5 + T'min S f* + Tj S Tmin- (867)

Our choice of 6 > 0 shows that rpyi, < & < 0, which means v'(§) = v"(§) = 0 and v({ +r) =0
whenever 0 < r < rpax. In particular, (8.30) now implies that

vl(é* + T'j) =0. (868)

In particular, we have established (8.66) for all [ ¢ X° .
Upon writing w(¢) = 7% v(€) and viewing this as an element of R™, with m = #X° | the properties

described in Lemma, 8.6 allow us to write

—yw"(€) — cw'(€) = Ly (§)eviw + g(¢), (8.69)
where L, (§) is a linear operator mapping C([0, rmax), R™) into R™ and [evé‘w}(@) = w(¢ + 0) for
0 <6 <rZ,.. The function g(¢) incorporates the contributions from (I — 7% )v and satisfies

g(g) = Oa 75 + T'min S € S T'min - (870)

In particular, the uniqueness of solutions to advanced equations now implies that also w(§) = 0 for
—6 + Tmin < € < rmin, as desired. 0

Lemma 8.13. Consider the inhomogeneous linear system (8.27) with h(§) > 0 and suppose that
(HA), (hb) and (hs) are satisfied. Fir 7 € R, v = 0 and ¢ # 0. Consider any function v €
WLoo(R,R™) that satisfies (8.27) for all £ € R and suppose that

v(€) =0, E>T (8.71)
Suppose furthermore that v(§) > 0 for all € € R. Then we have v(§) = 0 for all £ € R.

Proof. Recall the vector 0., € R™ defined in Lemma 8.7. Since v vanishes on a half line, it it clear
that v7=+ vanishes on an interval of length 77+ — r7%*. We can now proceed as in the first part of

the proof of Lemma 8.12, noting that in this case X7 = (). O

Proof of Propostion 8.8. If v > 0, the claim follows from Lemma 8.10. If v = 0, then Lemma 8.11
implies that v vanishes on an entire half-line. Possibly after substituting £ — —¢, Lemma 8.13 can
be used to extend this conclusion to the full line. O

Lemma 8.14 (cf. [28, Lem. 3.3]). Suppose that (HA), (hb) and (hs) are satisfied and fiz T € R.
Recall the vector o4, € R™ defined in Lemma 8.7. Consider any function

v7 € L ((—o0, 7 + ri ], R™) (8.72)

max

that satisfies the homogeneous system (8.30) with v = ¢ =0 for all £ < T and suppose that

v (§) =0, THrle <ELS T+ (8.73)

min max

T sk
min*

Suppose furthermore that v7* () # 0 for some & < T+ Then there exists two pairs

(i) ef{l,..onpx(—oo,m il (i 60) €{L.. np x (—oo, 7+ il (8.74)

that have |£4 — &_| < |rZ*

min

together with

o7 (€2) <0 <7 (E). (8.75)
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Proof. We can proceed as in the first part of the proof of Lemma 8.12, noting that (hs) again implies
that X7 = (. O

Proof of Proposition 8.9. Picking any pair (j,lo) € {1,...,n}? for which [A;];y;, > 0, we must have
v, (§) = 0 for all £ > 7+ r;. In view of the irreducibility assumption (HA), we can repeat this
argument to show that v(§) = 0 for all £ > 7 + nryax. We can now apply Lemma 8.14 to conclude
that in fact v(€) = 0 for all £ € R. O

As a final preparation before we turn to the proof of Propositions 8.1 and 8.2, we need to rule
out the possibility that solutions to the homogeneous system (8.26) decay at a rate that is faster
than any exponential. For v > 0 we can proceed exactly as in [23], but for v = 0 we need to exploit
the special properties of the restated system (8.30).

Lemma 8.15 (cf. [23, Lem. A.1]). Consider the homogeneous system (8.26) and suppose that
(HA) and (hb) are satisfied. Fix v > 0, c € R and 7 € R. There exists a constant 9 > 0 such that
any function

Ve Wzvoo([T_Tmimoo)aRn) ﬂLOO([T7 oo)’Rn) (876)

that satisfies (8.26) for all € > 7 — ryin and has v(§) > 0 for all £ > T, must have

d
& |’U(£)| Z - |’U(§)| ) 5 Z T — Tmin- (877)
Proof. Upon writing
w(€) = e u(E), (8.78)
a short computation shows that for all £ > 7 — ry;, we have
9 N
" c — 5=
—yw"(€) + —w(€) = Y Aje” T w(E + ;) + BEw(E). (8.79)
4 =

Recalling the constant k£ > 0 appearing in (hb), we can use this to estimate

W'(&) = Sw(©) - LN Ae Fw(E + 1) — LBEw(E)

< [+ 2w, (8.80)

We now write K = [40—22 + %m]l/ 2 and fix an arbitrary & > 7 —rmin. A standard differential inequality
shows that for every integer 1 < i < n, we have

w;(€) < CpeXE0) 4 Oy jemKE80), § = &o, (8.81)
in which
1 1
Cri = gz [Bwi(&o) + wi(&)],  Cai= ¢ B wi(€o) — w;(&o)]- (8.82)
Since w > 0, we must have Cy; > 0 for all 1 < ¢ < n, which implies w' (&) > —Kw(&). The bound
(8.77) follows directly from this. O

Lemma 8.16 (cf. [28, Prop. 4.5]). Consider the homogeneous system (8.26) and suppose that
(HA) and (hb) are satisfied. Fix v =0, ¢ # 0 and 7 € R. There exist constants R > 0, 9 > 0 and
o € R™ such that any function

Ve WLOO([T_TminaOO)aRn) mLOO([T’ OO),R”) (883)
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that satisfies (8.26) for all & > T — rmin and has v(§) > 0 for all £ > 7, must have

d
1z W@l = -0, =T+ R (8.84)
Proof. We restrict ourselves to the case ¢ > 0, noting that the case ¢ < 0 can be treated similarly.
We recall the constant o, appearing in Lemma 8.6 and pick o = o,. Choosing R = —ruyin + 2|0,
an initial estimate shows that for all £ > 7 4+ R we have
Dev?(§) = = [J707](§) = ¢ B ()07 (§) < ¢ h07(9). (8.85)

In particular, upon writing v = ¢~ 'k and w(¢) = e *$v7(€), we have w'(¢) < 0 for € > 7+ R.
For any 1 < ¢ < n, we write e; € R™ for the standard unit vector (e;); = J;;. Using these vectors,
we construct the matrix

A7 = Z aj_kle”(rﬁ"’“_”’)eke;. (8.86)
(4,k,DET

We now pick € > 0 to be so small that r; + o, — 07 < —2€ holds for all (4, k,1) € Z7. In addition, we
pick any &1 > 7+ R — Tmin + €. For any 7+ R — rpin < € < &1, we have the inequality
w'(€) = —ct > GkDET ekﬁ?kl(g)ey(rﬁakig’)wl(ﬁ + 1+ ok — o)
—¢ 1 [Bfiag (&) + Klw(§) (8.87)
—cPATw (€ — 2e).

IN

Integrating (8.87) from &; — € to &1, we obtain
w(&) —w(€ —€) < —ec LA w(E; — 2€). (8.88)
Discarding the term w(&;) > 0, this gives
ec AT w(E — 2¢) < w(& —e). (8.89)
Let us now consider any v > 0 that has A°v = 0. Since A% > 0, it is not hard to see that
(I — w%)v = 0. In particular, upon writing X = Ker(A%), we can pick Kxx C R” and £ C R™ in
such a way that we have the decompositions

R'=K.®K, K=Kg: @spanjego {e}, 77 (Kyo) = {0} (8.90)

There now exists a bounded operator Q : Range(A%) — K such that the identity A% v = w implies
that

v= Q0w+ qs1 + gx (8.91)

for some g1 € Ky1 and gs € span;cxo {e;}. By compactness, there exists ez > 0 such that for all
q € Ks1 with |g| =1 we have

min ¢g; < —e max ¢; > €s. 8.92
1§i§n% 2 1§i§nqz 2 ( )

If we require v > 0 in (8.91), we may hence estimate

lgs | < C1|Qu (8.93)
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for some C; > 0. In addition, since our special choice of o implies that 77 A% = 0, there exists a
constant Cy > 0 such that the inequality

|(I =77 )| < Co |(I =77 )w| (8.94)

holds whenever A% v = w for some v > 0.
The estimate (8.89) now implies

|(I — 77 )w(&r —2€)| < ce 'O |(I — 77 )w (&1 — €)| . (8.95)
In particular, for all £ > 7+ R — 7in and 0 < 6 < € we have
|(I =70 )w(& = 6)| < [(I —77)w(€ —€)| < ce 'Co|(I — 77 )w()]. (8.96)

Repeating this estimate a sufficient number of times, we see that there exists a constant C'5 > 0 such
that for all £ > 74+ R — 2ryin + 2 |o| we have

’(I — 1) w(€ + rmin — 2 |a|)‘ < C4 ’(I — Wf)w(f)’ . (8.97)
Using the fact that ajkl = 0 whenever =0, this allows us to compute

w'(§) > —ct E(j,k,l)eIi ekajkle”('“f‘*‘f’k—‘”)[(l —r w41+ 0or — o))

1 Z(j,k,l)eIgUIi eka;rklel/(rﬁrak—oz) [w(€ + T+ o — o)l

) (8.98)
= [Biag (&) + Kw(§)
> —Cylw(§)|1
for some constant Cy > 0. Since w > 0, this yields
d
g [W(©OF = 2w(©),w'(€) = ~20(w(§), 1 ()] = ~2C4 1] () (8.99)
for all £ > 7+ R — 2rmin + 2|o|. Upon increasing the constant R appropriately, this estimate is
sufficiently strong to complete the proof. O

Lemma 8.17. Consider the homogeneous system (8.26) and suppose that (HA), (hb) and (hs) are
satisfied. Fix v =0, c=0 and 7 € R. There exist constants K >0, b >0, R >0 and o0 € R" such
that any function

v € L=([r, 00), R") (8.100)
that satisfies (8.26) for all & > 7 — rmin and has 0 < v(&) < v(&1) whenever T < & < &, must have
07 (£1)] < K780 |07 (&) (8.101)

forallT4+ R <& < &.

Proof. We recall the constant o,. appearing in Lemma 8.6 and pick ¢ = 0... As above, we pick
€ > 0 to be so small that r; + o, — oy < —2¢ holds for all (j,k,1) € Z%. Upon writing

A7 = N ajuend, (8.102)

4,k €T
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we can pick R = —7pin + 2|o| and obtain the estimate
AZv7(§=2€¢) < Y knere BTV (E+ 715 + ok —01)
= - Z(j,k,l)gzguzi ekﬁgm(g)vf(f +rj+or— o1)
—Biag ()07 (€)

< r?(8)

(8.103)

for all £ > 7+ R. Arguing as in the proof of Lemma 8.16 and remembering that 37 = (), we see that
there exists Cy > 0 such that

[v7(§ = 26)] < Ca 07 (€)] (8.104)

holds for all £ > 7+ R. Repeating this estimate and exploiting the fact that v is nonincreasing yields
the desired bound (8.101).
O

Proof of Proposition 8.1. It suffices to show that the existence of u_ implies that A, 4 4. (A_)v_ =0
for some A_ < 0 and non-zero v_ € RZ, while the existence of u4 implies that A. 4. (Af)vy =0
for some Ay > 0 and non-zero vy € RZ,. Indeed, Lemma 8.4 precludes these two consequences from
occurring simultaneously. -

Assuming the existence of u_, we write y(£) = ¢« —u—_(§) and observe that y(§) > 0 for all £ € R
because u_ is non-decreasing. Either Proposition 8.8 or 8.9 imply that in fact y(£) > 0 holds for all
¢ € R. Pick a sequence &, — oo and define the functions z, (&) = y(€ +&,.)/ |y(&,)|, which all satisfy
|2, (0)] = 1. After passing to a subsequence, we have the pointwise convergence z, — z for some
non-increasing function z € L= (R, R™). We claim that z satisfies the autonomous system (8.9) with
q = g« and does not decay faster than exponentially as £ — oo.

To see this, we will assume without loss of generality that o, = 0.« = 0 holds for the constants
appearing in Lemma’s 8.16 and 8.17. If v + |¢| > 0, we can use either Lemma 8.15 or Lemma 8.16
to conclude that

d
0> 1z |20 (E)] = =1 |2n(£)] (8.105)

for all £ € R. In particular, since |z,(0)| = 1, the sequences z, and vz/, are uniformly bounded
and equicontinuous on each compact interval, which implies that the convergence z, — z is in
fact uniform on such intervals. To see that z satisfies (8.9), it now suffices to look at an integrated
version of (8.9), as in [30, Proof of Thm. 3.1]. In addition, the estimate (8.105) carries over to z,
which together with |z(0)] = 1 shows that z does not decay faster than exponentially as £ — co. On
the other hand, if v = ¢ = 0, then the fact that z solves (8.9) is immediate and we can use Lemma
8.17 to rule out the faster than exponential decay of z.

Applying either [27, Prop. 7.2] or an argument similar to the proor of [28, Lem. 5.3], we now
obtain the asymptotic expansion

l
2(6) = Ki(©pi(§e e + 0>, £ - oo, (8.106)

i=1

for some b > 0 and £ > 1, in which each Kj; is a scalar function that never vanishes. Furthermore,
K; is periodic if ¥ = ¢ = 0 and the shifts {r;} are rationally related, but constant otherwise. In
addition, each p; is a C"-valued non-zero polynomial for which & — p;(£)e~%¢e™€ is an eigensolution
o0 (8.9). Since z(§) > 0, we must have v; = 0 for each 1 <1 < £, together with

v = 511330 ¢maesip, (€) € RY,. (8.107)

In particular, we must have A, 5 4. (—b)v; = 0, as desired. O
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Proof of Proposition 8.2. We first use the spectral flow theorem [27, Thm. C] to show that ind(A. ) =
0. In particular, let us write

M) = (1 =0)Df(0) +IDf(1) +v(I)1, (8.108)
where the scalar function v satisfies ¥(0) = v(1) = 0 and is further determined below. In addition,

we write

Ay(2) = 2% —cz — ZAj(e"j —1) = M(9). (8.109)
3=0

Since off-diagonal elements of M (1)) are non-negative, we can introduce the functions A\;(¢9) and
Ar(9) that track the roots A\~ and A* featured in Lemma 8.5, where we use the function v to ensure
that these two roots never collide. Since the characteristic equation

det Ay(z) =0 (8.110)
has no solutions with A;(9) < Re z < A.(9), we can use the inequalities
Ai(0) <0 < A (0), A1) <0< A (1) (8.111)

to conclude that every root of (8.110) that crosses the imaginary axis as ¢ is increased from zero to
one must also cross back. In particular, the crossing number for this transition is zero, as desired.

Proposition 8.8 immediately implies that p > 0. Either Lemma 8.15 or Lemma 8.16 imply that
p(&) does not decay faster than exponentially as £ — +oo. In particular, we can use Lemma 8.3 and
[27, Prop. 7.2] together with the inequality p > 0 to obtain the asymptotic expressions

CPv_e -l 4 O(e=A-H+9IEl) | ¢ & o0,
p(€) = { Ch vy e M+1El 4 O(e=Outalel)] ¢, oo, (8.112)
for some € > 0, with
Al >0, Ar >0, v_ >0, vy >0 (8.113)

and positive constants C% > 0.

Suppose that there exists some « € Ker(A. ) that is linearly independent of p. By adding some
multiple of p and replacing x by —x if necessary, we may assume that x satisfies a similar asymptotic
expansion (8.112) with the same quantities (8.113) but with C? < 0 and C7 = 0. We claim that
there exists an integer 1 < ig < n and &, € R for which z;,(&p) > 0. Indeed, assuming to the contrary
that z(£) < 0 for all £ € R, we may argue as above to conclude that z(£) < 0 for all £ € R and
hence also C{ < 0, in contrast to our assumption. By choosing a sufficiently large p1o > 1, we hence
see that

Diy (&0) — poxi, (&) < 0. (8.114)

We now consider the family p — uz € Ker(A. ) for 0 < g < pg. The asymptotic expressions for p
and x ensure that there exist 7, K, A € R such that

p(€) — px(&) > Ke Né1 > 0, €| > 7, 0<pu< po. (8.115)
This allows us to define the quantity

o = sup {j1 € 0, o] | p(€) — pa(€) > 0 for all € € R}. (8.116)
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In view of the asymptotics (8.115), we must have p;, (&) — px;, (§x) = 0 for some integer 1 < i, < n
and &. € R. As above, this however immediately implies that p(§) = p.x(€) for all € R, which
establishes dim Ker(A. ) = 1.

It now suffices to show that there exists a nontrivial p, € Ker(Az,,y) that satisfies p, > 0, since
the strict inequality p. > 0 can then be obtained by repeating the arguments used above for p.
Assuming to the contrary that (p.)i, (§+) > 0 > (p«)i_(§-) for two pairs 1 < iy < n and {4 € R,
we remark that Lemma 8.12 implies that we can pick a compactly supported continuous function
h:R — RY, for which

| w@nenac=o (8.117)

In particular, we have h = A ,x for some bounded function z : R — R".
Since x satisfies the homogeneous system (8.26) for all sufficiently large |£|, we see that x enjoys
the asymptotic expressions (8.112). In particular, the quantity

pr =1inf {p € R | 2(§) + pp(§) > 0 for all £ € R} (8.118)

is finite and we may write y = x 4+ p.p. Obviously, we have y(£) > 0 for all £ € R, but y may not
vanish identically since A,y = h. Proposition 8.8 now implies that in fact y(§) > 0 for all £ € R.
In particular, y also enjoys the asymptotic expression (8.112) with constants CY. > 0. This however
means that for all sufficiently small ¢ > 0 we have y — ep > 0, which is a direct violation of the
definition of . O

9 Proof of Main Results

In this final section we prove the main results formulated in §2 for the family of nonlocal systems

Opu(z,t) = [Du](w,t) + f(u(w,t);p). (9.1)

In order to accomplish this, we study how solutions to the travelling wave MFDE
N
—yu"(€) — e/ (§) = > Aj[u(§ + ;) — u(©)] + f(u(€); p) (9.2)
7=0

behave as the parameter p is varied, paying special attention to the singular limit v — 0. In particular,
we establish the following key result, which is stronger than Theorem 2.2 and instrumental in the
proof of the remaining theorems.

Proposition 9.1. Suppose that (HA) and (Hf1)-(Hf3) are satisfied and consider a sequence
(Yns €ns P Pa)nen € [0,00) X R x V x W (R,R") (9:3)

for which v, +|cn| > 0 for alln € N and for which we have the limits v, — v« > 0 and p, — p« €V
as n — oo. Suppose furthermore that for every n € N, the function P, has P (§) > 0 for all ¢ € R,
solves the travelling wave MFDE (9.2) with ¢ = ¢p,, v = v and p = p, and satisfies the limits

lim P,(&) =0, lim P, (&) =1. (9.4)

§——o0 £—o0
Then, possibly after passing to a subsequence, we have ¢, — ¢, € R and the limit

P.(€) = Tim P, (&) (9.5)

n—oo
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exists pointwise. The function P, is non-decreasing and satisfies the limits

lim P.(§) =0, 5ET<><> P.(¢) =1. (9.6)

[

In addition, for almost all & € R the function Py satisfies the MEDE (9.2) with v = v, ¢ = ¢x and
P = P

Our proof of the above result is largely based on ideas developed in [28, Thm. 2.3] and [23, Thm.
3.10]. However, we borrow a technique from [6] in order to establish that the wave speeds {c,} are
bounded.

Lemma 9.2 (cf. [6, Thm. 3.5] ). Consider the setting of Proposition 9.1. We have the uniform
bound

sup |e,| < oo. (9.7)
neN

Proof. Pick any n € N and write f,, = f(-; pn), together with
[Dpu](z,t) = ypOpgu(x, t) + [J * ul(x, ). (9.8)

In addition, write v, > 0 and v > 0 for the eigenvectors described in (4.27) for Df,,.
Pick § > 0, € > 0 and C > 1 and consider the function

w,, (z,t) = —6vL H_(e(z — Ct)) + (1 — 6v}, ) Hy (e(z — C1)). (9.9)
Upon writing
Ty (2,8) = Bwy (,1) — [Dywy (,1) — (w0, (1) (9.10)
and introducing the shorthand y = e(z — Ct), we may compute
T (x,t) = Cedvl, H (y) — Ce(1 — dvy) H', (y)
+0[Dnvy, H-](y) — [Dn(1 — dv;,) Hy ] (y)
(= SV H_(y) + (1= 605 H, (y) )
= —Ce(1 - dvj, + dvy)HY, (y)
+0[Dnvl, H-](y) — [Dn(1 — 6v;,) H+ ] (y)

~fa(( = B0 H- () + (1= ) H ().

(9.11)

in which we have used H' (y) = —H’, (y). We now pick § > 0 to be sufficiently small to ensure that
there exist constants x > 0 and 99 > 0 such that for all n € N the inequality

fu (= OVLH-(y) + (1 = 0, Ho (1)) > 01 (9.12)

holds whenever |H_(y)| < k or |H4(y)| < k. This is possible because of (Hfl) and the convergence
pn — p« € V. In addition, we pick € > 0 to be so small that
0,
[[Dudel, H ) (y) — [Du(1 — 80f) ) (9)]| < 5 (9.13)
holds for all y € R and n € N. This is possible because we have a uniform bound on ~,. Finally, we
pick C' > 1 to be so large that for all n € N we have

Ce(1 = 0o}, + S ) Hy(y) > 31+ | fu(— 00bH_(y) + (1 - 5UIL)H+(y))‘ 1 (9.14)
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whenever k < H, (y) < 1 — x. This is possible because H’ (y) is bounded away from zero on this
region. Note that these choices ensure that J, (z,t) <0 for all z € R and ¢t > 0.
For each n € N there exists a constant 8,, > 1 such that

P, (z+6,) > w, (x,0) (9.15)
holds for all € R, while also
P, (zs — 0,) < w, (z«,0) (9.16)
for some x, € R. The comparison principle stated in Proposition 4.1 now implies that
P, (z+ 60, — cpt) > w, (z,t) = w, (x — Ct,0). (9.17)

We claim that this implies that ¢, < C. Indeed, if this is not the case, a contradiction can be
obtained by choosing t = 20,,(c, — C)~! and x = z, + Ct. Since the constant C > 1 does not
depend on n, we have obtained a uniform upper bound for the wave speed. A similar argument can
be used to obtain a uniform lower bound. O

Proof of Proposition 9.1. The existence of the limiting function P, follows from the fact that P, > 0,
while the existence of ¢, € R follows from Lemma 9.2. Arguing as in the proof of [23, Thm. 3.10], we
can conclude that P, satisfies the MFDE (9.2) with v = 7., ¢ = ¢, and p = p, for almost all £ € R.
In addition, if either v, > 0 or ¢, # 0, then (9.2) is in fact satisfied for all £ € R. Finally, both limits

v_ = 5lim P.(&) >0, vy = 5lim P <1 (9.18)
——00 ——+00
exist and satisfy f(vy;p.) =0.
The key issue is to show that

v_ =0, vy = 1. (9.19)

To see this, let us pick 6 > 0 in such a way that f(v;p.) = 0 has no solutions v € [0,1]™ \ {0,1}
that have either |v| < d or |[v — 1| < §. We then consider the two sequences {¢;, },{¢;} C R that are
uniquely determined by the identities

[Pa(C =0, [Pal¢) — 1] =0 (9.20)

By shifting the functions P, appropriately, we may assume that ¢, < 0 < ¢ holds for all n € N

Note that it suffices to show that ¢;" — ¢, is bounded. Indeed, this means that the sequences ¢;F are

both bounded separately, which in view of our choice of § > 0 directly implies the limits (9.19).
Arguing by contradiction, let us assume that ¢, — ¢, — oo and define the functions

Arguing as above, we may pass to a subsequence for which we have the pointwise limits z, — z
and z,,, — x}, where both 2F solve the MFDE (9.2). In addition, using the fact that there do not
exist 0 < q1 < g2 < 1 for which f(q1) = f(¢g2) = 0, we have the identical limits

lim z, =¢= lim 2 9.22
Jm 2l =g= lim z (9.22)
for some 0 < ¢ < 1 that has f(¢q) = 0. Proposition 8.1 now gives the desired contradiction. O
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Proof of Theorem 2.1. For each p € V, the existence of P,(p) and ¢, (p) can be obtained by approx-
imating the nonlinearity f with a sequence of nonlinearities f,, that satisfy the assumption (HW)
and using Proposition 9.1 to show that the travelling waves obtained in Proposition 7.1 converge to
a travelling wave for (9.1) with the desired nonlinearity f.

In view of the preparatory results obtained in §8, the uniqueness of this pair P, (p), ¢,(p) can be
obtained by following the proof of [28, Prop. 6.5]. In addition, the smooth dependence of P, and ¢,
on the parameter p can be obtained by following the proof of [23, Prop 3.2] and invoking Proposition
9.1. O

Proof of Theorem 2.2. The statements follow directly from Proposition 9.1. O

Proof of Theorem 2.3. For each p € V, the existence of the wave speed ¢y and the profile P
described in (ii) and (iii) follows upon using Proposition 9.1 to write ¢y = lim,_gcy(p) and
P(¢&) = limy_,9 Py(p)(€), where the limits are taken after passing to an appropriate subsequence.
In view of the preparatory results obtained in §8, the smoothness properties in (i) and (ii) can be
obtained by following the proof of [28, Prop 6.4], while the uniqueness claims in (iv) and (v) can be
established as in the proof of [28, Prop. 6.5]. O
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