G. Jin

Fredholm index of nonlocal differential operators via
spectral flow and exponential dichotomy

Bachelor thesis

August 15, 2018

Thesis supervisors: Dr. H.J. Hupkes
W.M. Schouten Msc

Leiden University
Mathematical Institute



Contents

(1 _Introduction|

[L.1 Practical aspect|. . . . . ... ... ... ... L.

1.2 eoretical aspect| . . . . . .. . ... ...
[1.2.1  Fredholm operator| . . . . . .. ... ... .. .. ..

11.2.2  Fredholm index and roots of characteristic equation|

11.2.3  Exponential dichotomy| . . .. .. ... ... .. ..

[2  Settings, definitions and main results|

.............................

[2.2 Sobolevspaces| . ... .. ... oo oo
|2.3 Asymptotically hyperbolic system|. . . . .. ... ... ...
P4 Main Resultsl . . . . .« o oi o

B Preliminarics

[3.1 Roots of analytic functions| . . . ... ... ...... ...

3.2 Interchanging limits| . . . ... ... ... ... ... ....
B3 Fourier Transforml . . . .. ... .. ... ... .. .....
3.4 Laplace transtorm and shitting the path of integration| . . .
4__Proof of Theorem BI
|5 Asymptotic behavior of solutions|
5.1 Step (1) of theprooff . . . . ... .. ... ... ... ...
5.2 Step (2) of theproof| . . . . ... ... ... ...
5.3 Step (3) of the prooff . . . . .. ... ... ...
6 Proof of Theorem C|

[7__Exponential dichotomy|

.1 Decompositionof Tr.,)| . . .. ... ...
7.1.1 Characterization of the term M. . . . .. ... ..
7.1.2 Characterization of the term M2 . . . ... . . ..

7.1.3 Characterization of the remaining terms R, and RZ. |
7.2 Characterizations of Tp.[. . . . . ... ... ... L.
.3 Proof of exponential dichotomy| . . . . . ... .. ... .. ..

0 DWW wWw

10
11
12

14
14
14
15
16

17

20
22
24
25

26



1 Introduction

1.1 Practical aspect

One of the most well-known equations that is used to model the spread of genetic traits and the propagation
of nerve pulses in a nerve axon, is the Nagumo—equation , which is given by

ou 8%u

S = Do + 1), (11)

with D > 0 the diffusion constant and f(u) a non-linear term that typically looks like
flw) =u(l —u)(u —a), (1.2)
where 0 < a < 1. A discretisation of yields the equation
Up = D(Uup—1 — 2up + Unt1) + f(un), n€Z (1.3)

where n can be interpreted as a certain space variable, for instance on a lattice, and ¢ € R the usual time
variable. To find a traveling wave solution, we substitute the Ansatz wu,,(t) = U(n+ ct) into (1.3]) and obtain
the equation |19],

cU'(z2) =D({U(2—1)=2U(2) + U(z+ 1)) + f(U(2)), z=n-+ct. (1.4)

Such equations are called functional differential equations of mixed type (MFDEs), which typically have a
shift in their arguments.

Note that in , when interpreting n as some space variable, the derivative ., depends only on the function
value of its two nearest neighbours (u,—1 and u,4+1) and itself (u,). Equations like , which has only a
finite range of interactions with its neighbours, have been studied by John Mallet-Paret in .

However, there are also models where one has to look at equations with a infinite range of interactions

. For example, in the paper of Schouten and Hupkes , they study the discrete infinite-
range FitzHugh-Nagumo equation

. K > _ k2
Uj=—= Y e " [ujpr +uj—r — 2u;] + f(u;) — wy,
7 hZ; [J+ J J] (]) J (1.5)

w; = [pu; — yw;l,

where f is given by (1.2) and h,k, p,7 > 0 are constants. Plugging in the traveling wave Ansatz u;(t) =
Un(hj + cpt) and w;(t) = Wy (hj + ct) and writing & = hj + ct gives the MFDE

e R UL (€ + kh) + Un(€ — kh) — 2Un()] + f(Un(€)) — Wi (€),

NE

cnUn(€) = %

b

B Wi (€) = [pUn(€) — YW (£)].

Such equations are used to model the dynamics of large neuron networks Equation (3.31)].

1.2 Theoretical aspect
1.2.1 Fredholm operator

Several of the main results of this thesis concern Fredholm operators and Fredholm index. Therefore, we
will give their definitions.

Definition 1.1. Let X,Y be two Banach spaces. A bounded linear operator T : X — Y is a Fredholm
Operator if the following holds:



o The kernel K(T') C X is finite dimensional;
o The range R(T) C Y is closed;
e R(T) has finite codimension in'Y .

Recall that the codimension of a subspace Z C Y is defined as dim(Y/Z), namely the dimension of the
quotient group Y/Z. In case that Y is finite dimensional, we have that codim(Z) = dim(Y") — dim(Z2).

The Fredholm index of a Fredholm operator T is defined as
ind(T) = dim K(T') — codim(R(T)). (1.7)

The most simple examples of Fredholm operators are the matrices. Recall the following formula for matrices.

Dimension formula for matrices: For A : R™ — R™ a matrix, we have
dimker(A4) +rk(4) = n. (1.8)
This gives us a very easy way to calculate the Fredholm index of A, namely
ind(A) = dimker(A4) — codim(A)
= dimker(A) — (m — rkA)
= dimker(A4) — (m —n + dim ker(A4))

=n-—-m.

(1.9)

We see that if A is invertible, then we must have ind(A) = 0, which means m = n and that is a well-known
result in Linear Algebra.

For matrices, we also have the Fredholm alternative theorem, which relates the range of a matrix to the
kernel of its adjoint.

Theorem 1.2 (Fredholm Alternative Theorem). Let A € Mat(m x n,R) be a m x n real valued matriz and
b€ R™. Then we have

Az = b has a solution < Yy € ker(A"): (y,b) =0
where {,) is the standard inner product on R™.

One way to interpret this theorem is if we have a inhomogeneous equation Ax = b, we can check the
existence of a solution by checking the orthogonality of the inhomogeneous term b with the solutions of the
homogeneous adjoint equation. This allows us to avoid solving an inhomogeneous equation.

The same idea can also be applied to differential equations. For example, consider the linear first order
differential equation

z=ax+ f, a>0 f bounded and continuous on R. (1.10)

Suppose we are interested in the existence of an unique solution that is bounded on R, for each bounded and
continuous f. One way to investigate this is to solve the equation explicitly. Therefore, we first examine the
homogeneous equation

T =ax (1.11)
which has the general solution
z(t) = Ce™. (1.12)

To solve the inhomogeneous equation, we use the method of variation of parameters and consider C as a
function of ¢

x(t) = C(t)e™. (1.13)



Substituting this into the equation yields
t
Clt)= [ fls)e®ds+ K. (1.14)
to
Hence, we obtain the solution to the inhomogeneous equation
t
z(t) = e < f(s)e™*ds + K) . (1.15)
to

Note that ftio f(s)e™**ds < oo due to the assumption that f is bounded on R. By choosing K =

— ft(;o f(s)e=*3ds, it can be shown that x(t) is the unique solution that is bounded on R, for each bounded
and continuous f.

We can also analyze this problem from an algebraic point of view by defining the differential operator

Apz(t) := (jt - a) x = (jl—f(t) —ax(t). (1.16)

Then, equation (1.10)) can be written as
Az =, (1.17)

which has the form Az = b as in Theorem [I.2] In this way, questions about the existence and uniqueness of
the solutions of are equivalent to asking whether Ay, is an isomorphism.

If Ay, satisfies similar Fredholm properties like in (Theorem (which is true according to Theorem |A|in
Section, then we can solve the equation by considering the kernel of the adjoint operator, which is defined

(AL)* == <_d - a) (1.18)

that has the adjoint property
<AL-T7y> = <.’17, (AL)*y>a T e LP? Yy e L1 (119)

for 1 <p,q < oo and (f,g) = ffooo f(s)g(s)ds is the dot product. Note that the minus sign in 1] comes

from verifying (1.19)) using integration by parts.
We observe that the kernel of the adjoint consists of the solutions of the homogeneous equation

' = —at, (1.20)
which are
z(t) = Ce ™ (1.21)

for C' € R. Since we are looking for bounded solution on R, we must choose C' = 0. Hence, according to the
Fredholm alternative theorem, this implies that the range of Ay is equal to its codomain, which means that
Ay is surjective. Similarly, we can show that the kernel of Ay, is also trivial. Hence, we see that Ay is an
isomorphism, which agrees with our former conclusions.

It might seem very unnecessary to analyze (1.10) with this algebraic approach since we know how to solve
(1.10) explicitly. But when dealing with equations like ([1.4) which are not standard ODE, the operator Ap
can give us more insight about the solutions of such equations.



1.2.2 Fredholm index and roots of characteristic equation

Let us now consider the next example of one-dimensional first order linear equation

& =a(t)z + f, f bounded and continuous on R, (1.22)
where
) -1 ift>0 (1.23)
a(t) = .
1 if t <0.

Suppose we would like to calculate the Fredholm index of the Ay operator for this system, which is

Ap = % —a(t). (1.24)

By definition, we have ind(Ar) = ker(Ar) — codim(R(Ar)). We will first examine the kernel

o —z(t) ift>0
z@y_{ﬂﬂ if t < 0. (1.25)

It is well-known that the general solution is given by

Ce t ift>0
£) = = 1.26
z(?) {Dd ift <0 (1.26)

Since we are looking for bounded and continuous solution, we require that C' = D. This shows that the
kernel has dimension one.

For codim(R(AL)), we can show that Ar is surjective with the method of variation of parameters. Indeed,
for all K € R, we have the bounded continuous solution

et (fot f(s)esds + K) t>0

=) = et (7 fto f(s)e *ds + K) t<0

(1.27)

for each f. Hence, we conclude that codim(R(Ay)) = 0 and thus ind(Az) = 1.

We can also calculate the index through another approach. Since Ap is a Fredholm operator and has
similar property as in (Theorem [1.2), we have that codim(R(Az)) = dimker((Az)*). This means that to
calculate the index, we only need to examine the kernels, which are solutions of a linear homogeneous system.
For a linear homogeneous equation z’(t) = Ax(t), we have x(t) = e Mv is a solution if and only if A and v
are respectively the eigenvalue and eigenvector of A. Hence, finding a solution is equivalent to solving the
characteristic equation det(s/ — A) = 0. For the kernel of Ay, we have for ¢ > 0, the “positive” linear system
a'(t) = —x(t), which means we need to look at the characteristic equation

Ay(s):=s+1. (1.28)
While for ¢ < 0, we have the “negative” linear system z’(¢) = x(¢) and
A_(s):=s—1. (1.29)

We see that we have one stable eigenvalue for ¢ > 0 and one unstable eigenvalue for ¢ < 0. This means
that both systems have a one dimensional solution spaces(which we require to only contain bounded and
continuous solutions). Intuitively, we would like to “paste” these half-line solutions to create a solution on
R. But since we also require the solution to be continuous, this means that although we have two degree
of freedoms from the two system, we lose one degree of freedom by solving a system of equation for the
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parameter at ¢ = 0. This gives us dimker(Az) = 1.
For the kernel of the adjoint, we have

i(t) =

{x(t) ift>0 (1.30)

—a(t) ift<0,

which clearly does not have non-trivial bounded solution. Hence, we again conclude that ind(A) = 1.

Consider now the d-dimensional linear equation

z(t) = A(t)z(t) (1.31)
where
)AL ift>0
Al = {A_ it <0, (1.32)

with A4 and A_ constant matrices that only have real eigenvalues. Suppose Ay has m stable eigenvalues
and A_ has n unstable eigenvalues. Then, for ker(Ay) we have the following bounded solution

C et - Chy /\mtm t>0
(1) —{ et ey (1.33)

| DyeMtwy + -+ Dpetw,  t<0.

and just as above, we would like to create a solution on R by “pasting” them. But in order to assure the
continuity, we need to solve the d-dimensional system of equation

Clvl ++Cm'l)m :Dlwl + +ann (]‘34)
If vy, ,Vm, w1, - ,ws is a basis for R? for certain s < n and s +m = d, then we can rewrite (1.34) to
Civy + -+ Cruyy + Dywy + -+ - + Dyws = Dy ywsyy + -+ + Dpwy,. (1.35)

We see that a solution to this equation requires d fixed parameters, which leaves us only m + n — d free
parameters to choose. Hence, we conclude

dim(ker(Ar)) =m+n—d. (1.36)

In case dimker((Ap)*) = 0, we would have calculated the index by only considering the eigenvalues.

This intuition turns out to hold in a more general case. It is shown in Theorem 2.1] that for linear
ODE 2/ (&) = A(§)z(§) such that limg_, 4o A(£) both exist, the index can be calculated by the formula

index = dim W*(A_) — dim W"(A,), (1.37)

where Ay = lime_, 1o A(€) and dim W™ (A) is the number of unstable eigenvalues (counting with multiplic-
ity) of a matrix A. Note that formula is exactly with dim W*(A_) = n and dimW"*(A;) =
d — m. Formula also shows that the calculation of the index is only a matter of finding the roots of
the characteristic equation, which allows us to avoid solving the differential equation itself. Furthermore,
it shows that the index depends only on the limiting matrices, which is not very surprising since only the
asymptotic behavior of a continuous solution determines its boundedness on R.

However, in case we consider an equation which has a shift in its argument, for example
z(t) =x(t+ 1), (1.38)

then, the formula in does not hold. This is typically because the characteristic equation, which is
defined as A(s) = s — €°, has infinitely many zeros in the complex plane. As a consequence, one of the
dimension in can be infinite.

Hence, we need a generalized version of . This is done by counting the number of eigenvalues that
crossed the imaginary axis during a certain continuous path (See Theorem B and C, Section .
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1.2.3 Exponential dichotomy

In ODE, we know that the initial value problem is well-posed. In other words, given a specific initial value
condition, one can find a unique solution that satisfy such condition. For MFDESs, we have a similar question.
Suppose we have a continuous function ¢ € C(]—1,1];R) as a initial profile, can we extend such a ¢ to a
solution of on the whole real lines or at least on the half-lines [0, 00) or (—oo,0]. Unfortunately, this is
typically not the case. However, one can use exponential dichotomy to study the state space C([—1,1];R),
which is a powerful tool to analyze such ill-posed initial value problems and to construct traveling pulse
solution to the discrete FitzHugh-Nagumo equations (see ) The idea is to split the initial profile ¢ into
two components ¢; and ¢, that each can be extended on the half-lines, instead of trying to find a solution
that extend ¢ itself. In other words, one has the splitting

C(-L1R)=PaQ (1.39)

where @ contains all initial conditions ¢ € C([—1,1];R) for which a bounded continuous function x[¢] :
[-1,00) — R exists such that z(§) is a solution for £ > 0 and (&) = ¢(§) for —1 < & < 1. Similarly, P
contains all initial conditions that can be extended on the negative half-lines [—00, 0).

We say that the initial state space C'(]—1, 1]; R) has a dichotomy if (1.39) holds. If in addition, we have the
estimates

2]l < Ce™ Y lle-1,11m), (1.40)

for ¢» € @ and similar estimations for the space P, then we say that C([—1,1];R) has an exponential
dichotomy. We shall see (Proposition|7.5)) that in case the shifts for (2.1]) are bounded, we have an exponential
dichotomy for a certain initial state space.



2 Settings, definitions and main results

2.1 Settings
The system that we are going to study is given by

o0

7€) = D Aj(©w(E +r5) +h(E) (2.1)

for which r; € R are called the shifts. As a matter of notation. we require that

7“1:0

e (2.2)
rj #rpif § # k.
For the matrices 4;(§) : R — C*4_ we require that they are uniformly bounded and we define
[ A1l := sup|A;(£)]- (2.3)
£eER
Moreover, we require
D 1A el < oo (2.4)
j=1
for a certain [ > 0. Note that this is the same condition as proposed in .
For ¢ € R, we define the linear functional L(¢) : L%°(R,C¢) — C? with
L)) = Y 4i(©)d(r)), ¢ € L™(R,CY). (2.5)
j=1
Then we can write (2.1) as
a'(§) = L(&)xe (2.6)

with z¢(0) = z(€ +6).
Note that L is well-defined because from (2.4) we know that > >2 [|[A;| < >2°2 [|A]e'"! < 0o. Hence, we
have that

Z 14;(©)d (€ + )l < > 1451l ¢llze < co. (2.7)

j=1
So indeed Z;’;l A;(&)d(€ + 1j) converges.

In case the matrices don’t depend on £, we have the constant coefficient operator

Lop = i Ajod(r;). (2.8)
iz
Then becomes
2'(§) = Lowe + h(§) = i Ajox(§+15) + h(§) (2.9)
iz
or in the homogenous case
2'(€) = Lowe. (2.10)

9



Associated to equation (2.6) we define the linear operator Ay : W?(R,C?%) — LP(R,C%) by

(ALg)(€) = ¢ () = LE)(B(€) = ¢'() = Y Aj(O)e(& + 7)) (2.11)
j=1
The adjoint equation of is the equation defined as
y' (&) = L™ (&)ve, (2.12)
where
L ()¢ ==Y Aj(€—r) (& — 1) (2.13)
j=1

and A; (€ —r;)* denotes the adjoint of the matrix A;(& — ;).
For the adjoint equation we define the adjoint operator A} of Az to be

(AL9)(E) = () + L (Oye = —' () = D_ Aj(€ —15)"y(§ —1))- (2.14)
j=1
That is, A5 = —Ap-. It is verified in [2| Proposition B.2] that the identity
| @U@ - [ Wn@ea (215)

holds for all x € WHP(R,C%), y € WH(R,C?), where p~! + ¢~ = 1.

2.2 Sobolev spaces

Recall the spaces of L£P functions

LP(R,C%) = {f : f is measurable and || f|, < oo}, (2.16)

I = (/. flpdk)é 2.17)

for 1 < p < oo and A is the Lebesgue measure. For p = oo, we have

[ fllsc = esssuplf|, (2.18)

where

where
esssup|f| = inf{a € R : \|f]7*((a, 00)) = 0}. (2.19)

Recall the equivalence relation f ~ g < f =g, a.e.. This gives us the quotient space
LP(R,C%) := LP(R,C%)/ ~ , for 1 < p < co. For simplicity, we shall write L for the space LP(R,C%).

For 1 < p < oo, we denote the Sobolev space WP as the set

WhP .= {f € L? : f is absolutely continuous and f’ € LP}. (2.20)
with the norm ||.||y1.» defined as
I llwre = 1fllce + 1l e (2.21)
Furthermore, Thm 8.8] yields that if f € W1P then also f € L, and we have that
[fllze < Clfllwre (2.22)

for some C' > 0.

10



2.3 Asymptotically hyperbolic system
For Ly as in (2.8)), we define the characteristic equation Ay : D C C — C4*4

Apy(s)=sI =Y Ajoe™s. (2.23)
j=1

We have the following remarks regarding the characteristic equation (2.23)).
Remark 2.1.

(1) In case the shifts are zero, we obtain the familiar characteristic equation A, (s) = sI — A which is
defined in Linear Algebra.

(2) Condition ensures that the sum Y22 | Ajoe®s converges absolutely for [Re(s)| < 1. Hence, Ap,(s)
is well-defined inside this strip.

(8) It is proven in [4 Proposition 2.17] that s — Ap,(s) is holomorphic in the region |Re(s)| < L.

(4) By (3), it follows that det(Ar,(s)) is holomorphic in the region |Re(s)| < I, since it is a polynomial
expression of holomorphic functions.

(5) We have that X is a root of the equation det(Ar,(s)) = 0 if and only if z(&) = e v is a solution of
from some vector v # 0. Hence, we also call A\ an eigenvalue.

(6) The characteristic equation satisfies the asymptotic formula
Ar,(s) =sI+0(1), [Im(s)] = o0 (2.24)
uniformly in each vertical strip |Re(s)| < k < 1.

Definition 2.2. We call a system with constant coefficients hyperbolic if for all y € R, we have
det(Ar, (iy)) # 0. (2.25)

Lemma 2.3. Recall the constant coefficient operator Lo as in (2.8). Then, det(Ar,(s)) has only finitely
many zeros in the region |Re(s)| <.

Proof. For s # 0 we have that Ay, (s) =1—1 Z;’;l Aj e’ . From the asymptotic formula above it follows

S
that || > i1 Ajoei|| <1 when [Im s| > M for certain M > 0. Then Ar,(s) is invertible. So det(Ar,(s))
has no zeros for |Im(s)| sufficiently large. Suppose now that in some compact region |Re(s)| < I, [Im(s)| < M,
that the holomorphic function det(Ay,(s)) has infinitely many zeros, which means there is a sequence of
distinct zeros {);}72;. By the Bolzano-Weierstrass theorem this sequence has a convergent subsequence.
So the set {z € C : det(AL,(s)) = 0} has an accumulation point. So by the identity theorem for analytic
functions [5) Theorem II1.3.2], we have that det(Ap,(s)) is the zero function. By the asymptotic formula
above, this is clearly a contradiction. O

Definition 2.4. A system L is called asymptotic hyperbolic to +00 if there is a hyperbolic constant coefficient
system L with

Le(9(8) = 3 Asee(& + 1)) (2:26)
and an My (€) such that
L()(¢(€)) = L+(6(€)) + M (§)((£)) (2.27)
with
(dm M (E)] = 0. (2.28)

11



2.4 Main Results

Before we establish our main results, we will first state the following theorem that is proved by J.M.Bos [2
Theorem 1.4], which is a generalization of |1} Theorem A].

Theorem A. (The Fredholm Alternative) Assume L as in is asymptotically hyperbolic. Then for
each p with 1 < p < oo, the operator Ar, from WYP to LP is a Fredholm operator. The kernel KY C W
of A is independent of p, so we denote KY = Kr, and similarly K7 . = K5 . = Kp« for the kernel of the
operator A} associated to the adjoint L*. The range Ry C LP of Ay, in LP is given by

RY = {h € LP| /OO y(EYh(E)dE =0, for ally € Kp+}. (2.29)

In particular
dim K« = codimRY, dim Ky = codimRY ., ind(AL) = —ind(A}), (2.30)

where ind denotes the Fredholm index.
Finally, when L = Ly is a hyperbolic constant coefficient operator, we have

codimRY =0, dimKr, =0, ind(AL,) = 0. (2.31)
In particular, Ar, is an isomorphism.
Note that in the statement of Theorem A we have that K} C WP C LP, for each p, and similarly for K.
In particular, Ky« C L7, where % + % = 1. So by Hoélder’s inequality, the integral in exists.
With theorem A as our tool, we are able to establish the following two theorems which are generalizations
of [I} Theorem B] and (1} Theorem CJ.

Theorem B. (The Cocycle Property) Assume L is asymptotically hyperbolic. Then the Fredholm index
of Ay, depends only on the limiting operators Ly , namely the limits of L(£) as £ — f+oo. Denoting

ind(Ap) = o(L—,Ly), (2.32)
we have that
L(Ll, L2> —|— L(LQ, L3) = L(Ll7 L3) (233)

for any triplet (L1, Lo, L3) of hyperbolic constant coefficient operators.

As mentioned earlier, in the case of an ODE 2/(§) = A(£)z(&), the index can be calculated by the formula
Theorem 2.1]

WL_,Ly)=dimW*(L_) — dim W*(L,) (2.34)

which immediately implies the cocycle property stated above. However, in the general case with shifts,
formula (2.34]) does not hold. This is typically because dim W* = oo for either L, or L_. Nevertheless, the
index can be calculated by the spectral flow formula, which generalizes (2.34)).

Theorem C. (The Spectral Flow Property) Let Lg,n’ forn >0, =1 < p < 1, be a continuously
varying one parameter family of constant coefficient operators such that the corresponding matrices satiesfy
Z;'io |A§,O|e”|”| < oo for all =1 < p < 1, and suppose the operators Ly = Loi;] are hyperbolic. Suppose
further there are only finitely many values

{PlaPQW" ,PJ} C (_1a1) (235)
of p for which Lg,n is mot hyperbolic. Then
o(L-, Ly) = —cross(Lg ) (2.36)

is the net number of eigenvalues of which cross the imaginary azis from left to right as p increases
from —1 to +1.

12



Here, we use the same definition of cross(L”) that is defined in |1] as follow: Let {)‘j,k}1ﬁ1 denote those
eigenvalues of equation , with Lo = L{’, on the imaginary axis, Re(); ) = 0. We list these eigenvalues
with repetitions, according to their multiplicity as roots of the characteristic equation. Let M; be the sum
of their multiplicities. For p near p;, with +(p — p;) > 0, this equation has exactly M; eigenvalues (counting
multiplicity) near the imaginary axis due to Rouché’s Theorem (see Proposition for more justification),
MjLi with Re(\) < 0, and M]Ri with Re(\) > 0, where MjLi + MJRi = M;. The net crossing number of

eigenvalues at p = p; is therefore given by M jR+ - M jR‘. As such, we define

J
cross(L?) = Y (M — M{*). (2.37)

j=1

Note that in the case of ODE, the characteristic equation A(s, p) = s — A(p) has only finitely many zeros
during the entire continuous path that is parametrized with —1 < p < 1. Hence, we can calculate the cross
by only considering the difference in the number of unstable eigenvalues between the limit operators, which
are the endpoints of such continuous path. This gives exactly .

These two results are also given in the paper of Scheel and Faye . But instead of using abstract compact
operator theorems as in , we will follow the outline in [1f by examining the Laplace transform of and
obtain the above two results through explicit calculations. Furthermore, we will work out some of the claims
that were made in . We shall also see that by considering the Laplace transform of , we are able to
prove similar exponential dichotomy result as in 7 which is stated below.

Proposition A. Let L be as defined i with coefficients that satisfies condition for a certain

71 > 0 and suppose that the shifts as in are bounded and the closure of the set of shifts are countable.
Pick n € R with |n| < 7 such that the characteristic equation Ar(s) as in is invertible for all s € C
with Re(s) = n. Then we have the splitting

C([Tmin7 rmax]; (Cd) = PL(T]) 2] QL(n) (238)

where Qr,(n) is the set of right half-line solutions x : [Fmin, 00) — C% such that x(£) satisfies equation
and the bound |z (£)| < Ke", for certain K > 0 and for all ¢ > 0. Similarly, Pr(n) is the set of left half-line
solutions y : (—00, Tmax] — C¢ such that y(&) satisfies and has the bound |x(€)| < Ke" for all € < 0.

The proof of this proposition also follow the same idea as in Proposition 5.6].
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3 Preliminaries

3.1 Roots of analytic functions

Theorem 3.1 (Rouché’s theorem). Suppose f,g: U — C are analytic functions on an open set U C C. If
Dy C U is bounded and has continuous boundary and if for each z € 0Dy,

1f(2) = g(2)| <[f(2)| + lg(2)], (3.1)
holds, then the number of zeros of f in Dy equals the number of zeros of g in Dg, counting the multiplicities.

Proof. See [6] Lemma 2.3.3]. O

3.2 Interchanging limits

We recall the following theorems that allow us to exchange integrals, sums and limits under certain conditions,
which will be used in many of the proofs in this thesis.

Theorem 3.2 (Tonelli-Fubini). Let (X, Ay, u1), (Y, Ao, pu2) be sigma-finite measure spaces and
f: X XY = [—o00,00] be Ay ® Az-measurable. If one of the three conditions

/}(Llf(x,y)\d(u1®uz)<m, /X/Y|f(fv,y)ldﬂzdu1<oo, /X/Y|f(gj’y)|duldMQ<OO (3.2)

holds, then we have

//f(af,y)d(m@uz):/ / f(x,y)duzd/n:/ f(@,y)dpadps. (3.3)
xJy xJy Y
Proof. See Tonelli and Fubini Theorem)]. O

Theorem 3.3 (Interchanging limits and sums). Let F(z) := Y o~ fo(z) with f, : [a,b] = R be continuous
functions. If the sum converges uniformly on [a,b], then F is also continuous and

lim F(z) =) lim f,,(2). (3.4)

z—c
Proof. Pick an N € N such that ‘ZZOZNH fn(x)‘ < €/3 for all z € [a,b]. Choose a sufficiently small § > 0
such that for |x — ¢| < §, we have

N

S hal@) = fale)+ D fal@) = fale)| <3-¢/3="e. (3.5)

n=1 n=N+1

<

O

Remark 3.4. For limits like x — —oo and x — oo, we may also bring it inside the summation if the sum
converges uniformly on respectively (—oo, c| and [d, 00) for certain c,d € R.

Theorem 3.5 (Termwise Differentiation). Suppose that f, : [a,b] — R is C on [a,b] (at the endpoints of a
and b this means one-sided derivative) for n > 1 and suppose furthermore that

(1) >0 fu(zo) converges pointwise for all o € [a,b].
(2) Y00 fh(x) converges uniformly on [a,b].
Then, for the function F(z) =Y, fo(x), we have that
(3) F(z) is differentiable for x € [a,b] with F'(x) = >, fr(z).

14



(4) F(z) converges uniformly on [a,b].

Proof. See Theorem 2]. O
Theorem 3.6 (Termwise differentiation for analytic functions). Let f1, fo, -+ : D — C, D C C open and

non-empty, be a sequence of analytic functions which converges locally uniformly. Then the limit function f
is analytic and the sequence of the derivatives (f),) converges locally uniformly to f'.

Proof. See [5] Theorem II1.1.3]. O

Lemma 3.7. Let
fO,flvaa"':D_)(CvDC(C (36)

be a sequence of continuous functions which converges locally uniformly to f. Then for any piecewise smooth
curve «: [a,b] = D, we have

lim n@ﬂ<=/f«wc (3.7)

n—oo

Proof. See |5 Remark II1.1.2]. O

Lemma 3.8 (Differentiation lemma). Let I be a non-degenerate (meaning, containing more than one point)
interval in R, and f: I x Q — R be a function with the properties

(a) w— f(z,w) is p-integrable for each x € I;
(b) ©— f(x,w) is differentiable on I for each w € Q, the derivative at x being denoted by f'(x,w);
(c) there is a p-integrable function h > 0 on Q such that
If/ (z,w)| < h(w)  for all (z,w) € I x Q. (3.8)
Then, the function defined on I by

wuwszuwmww (3.9)

is differentiable, for each x € I the function w — f'(x,w) is p-integrable, and
o' (x) = /f’(x,w)u(dw) for every x € I. (3.10)

Proof. See Lemma 16.2]. O

3.3 Fourier Transform

We recall the formula for the Fourier Transform f € L? (or sometimes denoted as F(f)) of a function f € L2,

and the formula for the inverse transform § of any g € L? (or sometimes denoted as F~1(f)), which is given
by

N o0 _ 5 1 oo i

foy = [ e 99 =5 [ egtnan (3.11)

Following |1lpage 8], if f or f is not integrable, then we define the integrals in 1) differently. For f € L2,
we define (3.11)) as

Q
f(n) = lim e N f(€)de, (3.12)

Q—o00 —-Q

which converges according to [I}page 8].

The Fourier transform can be also defined in the language of distributions. For f a tempered distribu-
tion, the Fourier Transformation F(f) of f is given by

(F(1), ) = (£, F(C)) (3.13)
|20 Definition 2.12]. The Fourier Transform is an isometric isomorphism on L? [7| Chapter 5.64].

15



3.4 Laplace transform and shifting the path of integration

For a function f : [0,00) — C¢ that satisfies f(£) = O(e™*) as £ — oo (we used the big oh notation, which
means that e f(¢) is bounded as & — o), we define the Laplace transform f of f (sometimes also denoted

as L(f)) to be

(oo}
fo)= [ e riepi (314)
0
for complex s satisfying Re(s) > —a. In fact, f is holomorphic for such s. The inverse transform is given by
1 k+iQ
f(€) = =— lim e f(s)ds, (3.15)

271 Q—o0 k—iQ

for any k > —a, with £ > 0. The integral (3.15) is taken in the Fourier sense as explained above. This
Laplace transform is related to the Fourier transform as follows: let g € L? be given by g(&) = e *¢ f(&) for
i?) 15))

€>0,and g(§) =0 for £ < 0. Then g(n) = f(k + in). With this last relation, one can easily derive
from the inverse Fourier transform.

For a meromorphic function g in a region of the complex plane, and A\ € C a pole of ¢ in that region,
we recall the residue theorem [5] Theorem I11.6.3.]

1
res(g,\) = s)ds
0N =5 [0

T 2mi
with e sufficiently small.

Following page 8], for f(¢) = O(e %) as & — oo such that for some b > a the Laplace transform f
is meremorphic in the closed half plane Re(s) > —b and is holomorphic on the vertical line Re(s) = —b, then
we may shift the path of integration in (3.15]) to the line Re(s) = —b and obtain

~ 1 —biQ
= i, &3
F(©) =D res(ecf, ) + 5 lim_ L s, (3.16)
where for £ € C, e¢ : C — C is defined as
ee(s) = €. (3.17)

The sum in (3.16) is taken over all poles A of f in the strip —b < Im(s) < —a. Furthermore, we need the
next three extra conditions in order to shift the path of integration

e f has only finitely many poles in —b < Re(s) < —a;
e f(s) — 0 uniformly in the strip —b < Re(s) < k, as |Im(s)| — oo;

e the function 1 — f(—b+ in) belongs to L2.
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4 Proof of Theorem B

To prove theorem B, we shall use a classical result about Fredholm operators, which states that the Fredholm
index is a locally constant function. This means that on a connected domain, the Fredholm index is a constant
function. As a consequence, we shall see that the Fredholm index stays constant if we vary the Fredholm
operators continuously.

Lemma 4.1. The set Fred(X,Y) of Fredholm operators between Banach spaces X and Y is a open subset
of B(X,Y), the set of bounded linear operators from X toY. Furthermore, the function

ind : Fred(X,Y) — Z

1s locally constant.

The proof of this can be found in ﬂgl] We will also use the following two results.

Lemma 4.2. Let f: X — Y be a locally constant function between two topological spaces X and Y. If X
is connected, then f is constant on X.

Proof. Let g € X and ¢ = f(xg). Consider the set A := {& € X|f(z) = ¢}. By the definition of locally
constant, for each x € X, there exists an open U, C X such that x € U, and f(U,) = f(x). Hence, we have

Ac | U, cA (4.1)

r€EA

Thus, A is open. We now consider B := X \ A. Then we also have

Bc |JU.cB (4.2)
zeB

Hence A is also closed. By the definition of connectivity, we have that A = X or A = (). Since 29 € A, we
have A = X. Thus f is constant on X. O

Lemma 4.3. Let X,Y,Z be topological spaces and f : X — Y and g : Y — Z be such that g is locally
constant and f is continuous. Then go f is also locally constant.

Proof. Let xo € X, then f(xg) € Y. Because g is locally constant, there exists a Uy(,,) C Y open that
contains f(xo) and such that g(Up,,)) = g(f(20)). Since f is continuous, we have that Va, := f 1 (U (zy)) C
X is open and contain xg. By definition we have g(f(Va,) = g(f(z0)). Hence g o f is indeed also locally
constant. O

Sketch of the proof of Theorem B. The proof for Theorem B is identically to |1, Theorem B]. Therefore,
we will only give a sketch of this proof and work out some of the claims in the proof. To prove that the
Fredholm index of Ay depends only on the limiting operators Ly. we construct the following (continuous)
homotopy

LP(€) = (1= p)L°(§) + pL'(€) (4.3)

between two operators L°, L' that have the same limit operators, Then L” is asymptotically hyperbolic,
since we have the limit

lim L7(€) = (1 - p) lim L%(¢) +p lim L'(€) = (1 — p)Ls +pLs = Ly (4.4)

§—o0 §—o0 £—o0

and the same holds for £ — —oc.
Therefore, by theorem A, and the above Lemma’s, we have that ind(Azo) = ind(Az1). So indeed the index
depends only on the limiting operators.
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To prove the cocycle property (2.33)), we will again construct a homotopy. Let L1, Ly and L3 as given
in the statement of the theorem. For 0 < p < 1, consider the system 2/(§) = LP()z¢, given by

Z(€) = (1= H(§))L122¢ + H(§)R(p)La,sR(—p)ze (4.5)
in twice the number 2d of variables, where
~ (x() _ (Ljx [ cos(F2)I; sin(Z2)Iy
2(&) = <y(§)> s Ljpze = <Liy§> , R(p) = (_ sin(%%p);d cos(’ip)ld> ) (4.6)

with H is the Heaviside function, thus H(§) = 0if £ <0en H({) =11if £ > 0, and I is the d x d identity
matrix.

We will check that is asymptotically hyperbolic for each p, which is only claimed in the proof of
Theorem B.

For £ — —oo, we have

lim (1 —a(€))Li2 + a(§)R(p)L2sR(—p) = L1 2. (4.7)

{——o0

We will show that Lj 5 is hyperbolic, which by definition means that det(slaq — Z;’il Bje®i) # 0 for s € C
with Re(s) # 0 and B; the matrices corresponds to the operator L; 2. Note that we have the following

expression for Bj.
Al 0
Bj = ( Oj A2> ) (48)
J

where A} is the j-th matrix of system L. Hence, we have

= _ slq—> 00, Altei 0
det(slag — B;e®™7) = det ( J=1"" 0o o
; ’ 0 sla =352, Aje™™ (4.9)
= det(AL1 (S)) . det(ALz (S)),
since Ly and Lo are hyperbolic, this gives that L 5 is indeed hyperbolic as well.
For the +oco limit operator,
lim (1 —a(£))L12 + a(§)R(p)L23R(—p) = R(p)L23R(—p). (4.10)

£—o0

We want to show that K := R(p)Ls 3R(—p) is hyperbolic for each p. Denote C; for the matrices correspond-
ing to the system K. Then, we have the following expression for C;

R(p)AFR(—p) 0 )
C; = < J : (4.11)
’ 0 R(p)A3R(—p)

Hence we have

. sr]- _ Z 1 R( ) R(_p)eST‘j 0
det(slzq — z:l Cje’7) = det ( = slg— Y52, R(p)A3R(—p)e"

=

sla—R(p) (Y52, A2e™™ ) R(—p) 0
0 sla— R(p) (X521 A%e”™s) R(=p)
=det | sIy— Z A2 i | R(—p) | -det | sIs — R(p) Z A?e‘"’j R(-p)

(4.12)

18



where the last equality follows from the fact that R(—p) = (R(p))~! for each 0 < p < 1 (note that it has
the form of a rotation matrix) and that similar matrices have the same eigenvalues. Hence, we see that K
is indeed hyperbolic and thus gives a homotopy of Fredholm operators.
The proof now continues identically as in |1, Theorem B.

O
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5 Asymptotic behavior of solutions

Before we proceed to the proof of Theorem C, we will first give a result about the asymptotic behavior
of solutions of the inhomogeneous constant coefficient system . This result will be useful for proving
Theorem C. It will also give us important tools to establish the results in upcoming sections regarding
exponential dichotomies.

We will first show that if A is an eigenvalue of the homogeneous system and if f is any C? valued
function which is holomorphic in a neighbourhood of A in C, then for ¢ > 0 sufficiently small, the function

L e5¢ s) "L f(s)ds
| /M_E Ary(s) "1 f(s)d (5.1)

21

z(&) = res(egAzolf, A) =

is an eigensolution of (2.10|) corresponding to A. Here, e¢ is as in (3.17) and with eigensolution we mean a
solution of the form e*$p(¢) for p(¢) a polynomial. We will first show that x defined as in (5.1) is a solution

for ([2.10)).

We have that

P(E) = = €A L (s) f(s)ds, w(€+7) = —— / N TR (TR

27T’L \s—)\\:e 27T’L

Note we can bring di into the integral due to the Leibniz rule. By direct substitution into |D we have
on the right-hand side

2 Asorle+ri) =5 Z / A= €8e™ ALy ()7 f(5)ds. (5:3)

j=1

Recall that Ap,(s) is an analytic function in a certain region (which contains ). So the function h(s,§) :=
e*¢esTi A, (s)"1f(s) is an analytic function of s in a neighbourhood of \ except at the point s = \. But
since we are integrating over the curve |s — A\| = ¢, we may switch the summation and the integral above due
to Lemma This yields

o0

ZAjyox(errj) /| e ZA] 0ee I Ar, ()71 f(s)ds

Jj=1

J T e ) o) (5.0
- set s)" f(s)ds — e* f(s)ds
/|s g Bl S le)d / f(s)d

|[s—A|=e€
Note that the latter integral is zero because it is a integral of an analytic function over a closed curve. This

yields

ZAj,ox(f +r;) = / se** A, (s) 71 f(s)ds = 2/ (€). (5.5)

=1 |s—A|=€
Hence, (&) indeed satisfies the homogeneous equation. Now we want to show that z() is an eigensolution,

i.e. that is of the form x(¢) = e p(€) for some polynomial p. This is done by substituting the Taylor and
Laurent series of the functions

s (s — Mg .
eE:eMZ(ﬂ), Ar,(s Z Ci(s—A (5.6)
j=1
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Substituting these power series into (&) gives

x(§) = ! asi% S oiis =N ds

27i [s—X|=e

= = (5.7)
1 / — (s —\)7¢ > ‘
=M § ASNAVAR N I E Ci(s —\)J
e - . (s —A) | ds.
270 Jjs—x|=e = 4! Py ¥

We have that the function s — Z;‘; 0 % . Z;‘;— 1 Cj(s—A)? is an analytic function in a neighbourhood
of A with in A\ a pole. So by the residue theorem, we obtain

z(€) = e res(h, \). (5.8)
Note that the residue is equal to the coefficient of the (s — A\)~! term, which is a polynomial in &.

We are now able to establish the following result, which is similar to |1} Proposition 6.1].

Proposition 5.1. Let 2 : R — C¢ be a solution of equation for almost all € € R, with some h : R — C?.
Let n > 0 be such that the system of satisfies Z;‘;l |Aj70\e’7‘r-7“ < 00. Assume for some real numbers
—n<a<b<mn that

|2()] < Ke ¥, ¥ € € R, h(¢) = O(e™™), ¢ — o0. (5.9)
Then for every € > 0, we have that
2(€) = 2(€) + O(e™"™%), £ = o0, (5.10)
where z is an eigensolution corresponding to the set of eigenvalues
A={AeC|-b< Re A< —a,det(AL,(N\)) =0}. (5.11)

The analogous result for & — —oo also holds, for which the assumption is replaced by a > b and the statement
is replaced by x(€) = 2(&) + O(e~(+9IE) ¢ - —oo.

The proof for this proposition follows the same idea as in |1, Proposition 7.1], which can be summarized into
the following steps,

(1) We apply the Laplace transform to equation (2.1]) and rewrite the transformed equation into the form

Ay (s)E(s) = 1(s) + h(s), (5.12)
where
o0 0
0 =2(0) = 3 A [ (e e (5.13)

We shall see that equation (5.12]) will give us an extension of Z(s) to a meromorphic function.

(2) We will then apply the inverse Laplace transform to the function Z(s), where we will shift the path
of integration to pick up the residues, which are eigensolutions according to (5.1). In other words, we
shall obtain z(£) = 2(§) + w(§), where z(£) is the residue and w(&) the remaining term.

(3) Finally, we shall show that w() has the desired bound.

We shall go through these steps individually in the following sections.
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5.1 Step (1) of the proof

Let x be a solution that satisfies the conditions in the statement. We perform the Laplace transform of (2.1)).
For |a| < Re(s) <7, the left hand side yields:

e = [ " el (€)de = [ ()] + / " sesa(e)de

(5.14)
= —x(0) + sZ(s).
The right-hand side yields
> Agorle+r)+h©) | = [N Aynle + e+ i) (5.15)
j=1 0 j=1
Proposition 5.2. The Laplace transform of equation can be written in the form
Ary(5)E(s) = ¢(s) + h(s) (5.16)

with

Z /_ et e, (5.17)

J

Proof. We will first show that the sum

—;

o0 0
T:= ZA]«,O/ e Sx (& +rj)dE (5.18)
j=1

converges absolutely and uniformly for |[Re(s)| < n. This implies that t(s) is an analytic function for
|Re(s)| < n, since it is an infinite sum of analytic functions that converges uniformly (recall Theorem [3.6)).
A first estimate yields

|I|<Z|AJ0|/_ z(€ +7;)dE| = Z\AJO|I (5.19)

Note that if |Re(s)| < 1, we have Re(s) + a < n+ a and —Re(s) + a < n+ a. Furthermore, for r; > 0, we
have that 0 < & +r; < r;. Hence, we can estimate

0 0
e e )

T =T

0
S/ e ()€ gre—alétrs) ge

—r;

0
< Ke—ars / o~ (Re(9)+a) g
—T‘j (5.20)

< Koo / " Re(o)a)e g
0

< Ke 97 / ’ et ge
0

K
n+a

< 677|Tj|.
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In contrast, for r; < 0, we have r; < ¢ +7; < 0. Hence, we can estimate

751 ;1
Z; < / e Ea (€ +ry)de| < / e R (€ 4 rj)|dé
0 0

751
</ e—Re(s)€ jge=alé+ny| g
0

|75
< / e ()€ greal&tni) ge
0

(5.21)
|75
< Koo / 7 (—Re(s) e g
0
751
< Keolril / e(Mta)Eqe
0
< Lenm\.
T n+ta
Note that |a| # 7 so we are not dividing by zero. We now make the following estimation
D 14501Z <D 1450l el < > 14500l < oo, (5.22)
— — n+a n+a <
j=1 j=1 j=1
Thus, we see that this sum indeed converges absolutely and uniformly, if |Re(s)| < .
We return to our Laplace-transformed equation:
e} 0 o 0
sz(s) = z(0) + / e ¢ Z Ajox(§+r;)dE — Z Aj’o/ e SSx (€ +rj)dE
0 . . —r;
Jj=1 Jj=1 J
- 0 N (5.23)
#3 g0 [ ale s e b
j=1 =7

which we can rewrite to

-7y

[e'] 0 00 0o
s(s) — Z Aj,o/ e %x(&+r;)dE - / e st Z Ajox(€ 4 1;)de = p(s) + h(s). (5.24)
=1 0

j=1

In order to write it in the form of (5.16]), we would like to apply Fubini’s theorem to the expression
Jo e 3002, Ajox(€ + 7)€ To do this we must show that this integral is bounded.

| Xl ajontemlds < [ e M08 ST g ollale + 1)l
0 5 0

i=1 Jj=1

< / eReES ™ |4 o KeolE g

0 =

S/ e~ Re@ENT | 4, | KelalE+ImiD gg
0 ; g (5.25)

< /°° eROHADE S AL | Kelolm| g

0 =

<3 |Ajpl el /°° o~ Re(o)+la)é g
i=1 0

A
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Thus, we may indeed apply Fubini and the left-hand side of the above expression becomes

(oo}

N 0
0(6) 4Rl = si(s) = Y Ao [ et s~ [ *SEZAjoxsm)ﬁ
1

j= T

— si(s iAJO/O e~ (E + ry)dE — ZAJO/OO e~ u(€ +1j)de
= = 0 (5.26)
— i) = > g /0 e aE)dE 3 Ao | ereniaeas
j=1 =1 7
= AL, (5)Z(s). ]
This yields equation . O

We note that gives that # and h are holomorphic in the half planes Re(s) > —a and Re(s) > —b
respectively. Moreover, we have that 4 (s) is holomorphic if Re(s) < n (see Proposition . Because
—b < nand —a < 7, we can extend the analytic function  uniquely to a meromorphic function in the region
—b < Re(s) < —a with relation ((5.12)). In other words, we have the meromorphic function

{AL;(S)(¢(5)+ZL(S)) if —b<Re(s) < —a

4(&) = (5.27)

z(s) if Re(s) > —a.

5.2 Step (2) of the proof

Since z satisfies the growth condition |z(&)| < Ke~?l¢l for all ¢ € R, we have for any k > —a, the inverse
Laplace transform

z(§) = — lim 3 (s)ds (5.28)

for £ > 0 (recall Section [3.4)).

We would like to shift the path of this integral to the line Re(s) = —b and obtain the residues. In or-
der to perform this shift, we need to show the following (recall Section .

(1) g has only finitely many poles in the strip —b < Re(s) < —a;
(2) 9(s) — 0 uniformly in the strip —b < Re(s) < k, as [Im(s)| — oc;
(3) the function k +— §(—b + ik) belongs to L?.

Since the only singularities of §(&) in the strip —b < Re(s) < —a are the roots of Ay, (s), for which there
are only finitely many. Hence, (1) is indeed true.

We have that ¢ and h are uniformly bounded on the vertical strip —b + ¢ < Re(s) < k for each k < n (note
that —n < —b + € since b < n). This is obviously true for h. For 9, this is also true by the estimation in
(5.22)). Together with the fact Azol(s) = O(|s|™1), we have §(s) = O(|s|~!), uniformly as [Im s| — oo, on
each such strip. This verifies (2) and (3). Hence, we may shift the path of integration.

Assume that € > 0 is small enough such that the strip —b < Re(s) < —b + €/2 does not contain any
eigenvalues and also that —b + €/2 < k. Then, together with the above observations, we shift the path of
integration in (5.28) to the line Re(s) = —b + €/2 and obtain

1 —bte/2+i02

. s€~
z(§) = 2(§) +w(¢ Zres e, N), w(&) = 57 Qh_r)réo e e*g(s)ds. (5.29)

Recall that in this way z is an eigensolution to (2.10)).
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5.3 Step (3) of the proof
It remains to show that

w(€) = 0(e”79%), ¢ = 0. (5.30)
We know that the function ¢ — §(—b-+e/2+it) is in L?. Hence, we can take its Inverse Fourier Transformation.

Q

1
125 FU (bt e/2 + i) (©) = o im [ S5(-bt c/2 4 in)d
271 Q—o0 -0
1 —b+e/2+iQ2
= — lim e(Hb=¢/2)8 5 5) ds
271 Q—o0 7b+6/27iQ (531)

—b+e/2+zQ
= 6(17_6/2)5 lim / $4(s)ds
2mi Q=00 J_yie/a—in

= 0=/ (g).

eSu() = ePw(§) if £ <0.
that v € L?(R,C?). Hence it follows that v € L'(R,C?). Because z satisfies the homogeneous equation,

we have that w, like z, satisfies the inhomogeneous equation. For £ > 0, we conclude that v satisfies the
equation

—e€g = eb—e)¢ ife>0
Let u(€) = e~ /?%w(€) and v(€) = {e ull) = ¢ w(§) iz By the above calculation, it follows

V(€ =0b—eu@)+ Y e CTIA e +r)+ D> e A gu(E+1y) + ePTIR(E). (5.32)

j:r; >0 j:r;<0
We want to show that the right-hand side is integrable on [0, c0), which means we only need to show that

D >0 e~ =i A, gu(€ + 1)) + D jir;<0 e i Aj ov(€ + rj) is integrable. Using Fatou’s lemma, we can
estimate

/ Z ei(bie)TjAj)O'U(g + Tj) + Z eiijAj,O,U(g + rj) dé‘
0

giri >0 7:r; <0

S/o > eI A; gu( +ry) d§+/0 D e A gu(€+ry)|dE

jir; >0 im0
< 3 Msale 0 [Tlate a3 14l [Clote e (s
jir; >0 jir <0
<lolly D 1A ole™ + [lolly > 14;0le™!
Jir; 20 jiri<0
<ol Y 1Az0le™!
J=1

< 00.

This shows that v'(€) is integrable on [0, 00). Therefore, we can write v(§) = v(0) + f s)ds, for £ > 0.
Hence, we conclude that v(€) is bounded as £ — oco. This means that indeed w(&) = (e (b 6)5)

For the analogous result for & — —oo, the proof is similar. The Laplace Transform is then carried out
from —oo to 0, and instead of shifting the path of integral to the left, we shift it to the right for the { - —oc0
case.
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6 Proof of Theorem C

The goal is to calculate the index ¢(L_, L) given two hyperbolic limit operators L_ and L. Suppose as in
the hypothesis of Theorem C, we have a continuous varying path of constant matrix coefficients o(p), with
—1 < p <1 such that (with a little abuse of notation) oc(—1) = L_ and o(1) = L4. Then, we can look at
the index of

W(L_,L,), (6.1)

where L, is the system with o(p) as coefficients. Since o(p) is continuous and the Fredholm index stays
constant under continuous path, this means that ¢(L L,) = «(L_,L_) = 0 as long as L, is hyperbolic, which
is the case when the corresponding Ay, (s) has no eigenvalues on the imaginary axis, according to Theorem
A. This shows that during the path o(p), a change of index happens only when the corresponding eigenvalues
cross the imaginary axis. Theorem C tells us exactly how the index changes during such a cross.

The idea of proving Theorem C is to approximate the family Lf of operators in the statement with a
generic family. We will then show that the crossing number for the approximation is unchanged.

To formalize the ideas above, we start by introducing the following notations and definitions.
Throughout this whole section, we will keep the shifts r; fixed. For > 0, we define the following vector
space over C

O/(CP) = {A = (Ay0, A0, ++) 0 D [Ajole" < 00, Ajg € ) (6.2)

Jj=1

It is easy to verify that this is a vector space. We choose the norm [|All, = 3772, |Ajole""s!l. Note that if
N1 < 12, then 6}72 - K}h. We denote paths in this set by

o:[-1,1] — K;(Cdx‘j)

between coefficients o(+1) = A;. We say that such a path is continuous if it is continuous with respect to
the [|All, norm. Note that if 7; < 72, then a continuous path in €,172 is also continuous in é,lh.

We will now show that cross(L”) as in (2.37) is well-defined.

Proposition 6.1. Let o : [-1,1] — E}]((CdXd) be a continuous path of coefficients. Denote g(s,p) :=
sI =372, Ajo(p)e’’s and h(s, p) = det(sI =3 77 Ajo(p)e™’?), where {Ajo(p)}j>1 = o(p) and [Re(s)| < n.
Then for each py € [—1,1], there exists a 6 > 0 and an € > 0 such that for all p € [—1,1] with |p — po| < 9,

we have that g(s,p) and g(s, po) has the same number of zeros, counting with multiplicities, in the region
R, :={s € C:Re(s) < €}.

To prove this proposition, we need the following lemmas as support.

Lemma 6.2. Let o : [—1,1] — £L(C™%) be a continuous path of coefficients. Denote g(s,p) := sI —
Z;‘;l Ajo(p)e’ where {A;o(p)}j>1 = o(p) and |Re(s)| < n. Then there exists an M > 0 such that if
Im(s)| > M, then g(s,p) is invertible for all p € [—1,1]. In other words, there are no eigenvalues for all
p € [—1,1], if |Im(s)]| is large enough.

Proof. We have |Z;i1 Ajo(p)e’| < ||A(p)|l5. Since [—1,1] is compact and o(p) together with the norm
function are continuous, we have that [|A(p)[|, < max,c(—1,1][|A(p)|l, =1 N. Now choose M such that
N/M < 1. O

Lemma 6.3. Leto : [-1,1] — ék(CdXd) be a continuous path of coefficients. Let D = {s € C: |Re(s)| < n}.
Denote g(s, p) := sI =372, Ajo(p)e’™ and h(s,p) := det(sI—3°72) Ajo(p)e™?), where {A;o(p)}j>1 = o(p)
and s € D. Then h(s, p) is analytic in s for all p € [—1,1], and h is uniformly continuous in p, which means
for all pg € [—1,1], there exists a 6 > 0 such that for all p with |p — po| < 8, we have |h(s, p) — h(s, po)| <€,
for all s € D.
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Proof. Since h(s,p) = det(g(s, p)), we have that h(s, p) satisfies the above statements if g(s, p) does, since
the determinant is polynomial.

The analyticity follows from Remark and the uniform continuity follows from the assumption that o is
continuous in p with respect to the ||A(p)||,, norm. O

Proof of Proposition[6.} Since h(s, po) has only finitely many zeros, we take e; > 0 such that there are no
roots on the vertical line |Re(s)| = €;. Furthermore, from Lemma there is an M > 0 such that h(s, p)
has no roots for all p € [—1,1], if [Im(s)| > M. Let OR := {s € C : |Re(s)| = €1,|Im(s)] = M}. Then
€ := mingesr |h(s, p)| > 0 since there are no roots on OR. Lemma now gives us a 0 > 0 such that for all
p € [—1,1] such that |p — po| < 0, we have |h(s, p) — h(s, po)| < € < |h(s,po)| on R. Hence, we may apply
Rouché’s theorem and conclude that h(s, p) and h(s, pg) have the same number of zeros inside the region
bounded by OR. The last statement follows by choosing R, = R,,. O

For any continuous path o, we define
NH(o) = {p € [-1,1] |equation (2.10]), with coefficients at A = o(p), is not hyperbolic}. (6.3)

Thus o satisfies the conditions of Theorem C if and only if NH(c) C (—1,1) is a finite set.

For |y| < n, it will be useful to introduce the shift operator

Sy i 45 (CY) = £y | (CPD), (6.4)

(A1,0,A20, ) = (Ao +71,e 72 Az 9,6 " A3, - ).

This transformation S, arises from the change of variables y(£) = e7¢x(£) in equation (2.10). It is clear that
this is well-defined and one can easily check that

ASF\/LO(S) = ALO (S - 7)' (66)

That is, the operator S, shifts all eigenvalues to the right by an amount ~.
For convenience, we define the function

1 x>0
sign(z) =40 x=0 (6.7)
-1 z<0.

In order to follow the proof of [I} Proof of Theorem C], we will introduce the following definitions of classes
of constant coefficients.

Definition 6.4. We say the constant coefficient equation , with @) (or simply the coefficients
themselves) satisfies Property Gy if there exists at most one 7 € R such that A = i1 is an eigenvalue, and
if moreover, this is a simple root of the characteristic equation det Ap,(s) = 0.

Remark 6.5. Note that the coefficients A; o can be complex matrices, which means the in general eigenvalues
does not have to occur in complex conjugate pairs.

Definition 6.6. Let o € C([—1, 1],6}] (C4*) be a smooth one parameter family of coefficients for , We
say the corresponding family of equations (@ (or simply the coefficients themselves) satisfies Property
G if

(i) for each p € [—1,1], equation with coefficients at A = o(p) satisfies Property Gy,
(ii) at p = %1 equation is hyperbolic,

(7ii) all eigenvalues X = X(p) of equation on the imaginary azis Re(A(po)) = 0, for some p = pgy €
(—1,1), cross the axis transversely with p, that is Re N (po) # 0.

Remark 6.7. Note that for the above definition we implicitly assumed that Re(X\) is a differentiable function.
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We also note that a family of constant coefficient equations satisfying Property G also satisfies the hypotheses
of Theorem C'. This is mainly due to the following result.

Lemma 6.8. Let f : [a,b] — R be differentiable. Suppose there is no x € [a,b] such that
f(z) = f'(x) =0. Then f has only finitely many zeros.

Proof. Suppose f has infinitely many zeros. Then we have a distinct sequence of zeros of f, namely {z,,}32; C
[a,b]. By the Bolzano-Weierstrass theorem, there exists a convergent subsequence. Hence, we may assume
without loss that the sequence {z,,}22, converges. Let x := lim,_,o 2y, then = € [a, b] since [a, b] is closed.
Because f is continuous, we have f(z) = 0. Then we have
Ty) — flz 0
f(z) = lim flan) = fz) = lim ——— =0, (6.8)

n—oo |x, — x| n—oo |z, — x|
which is a contradiction. O

Let Aj(p) denote the eigenvalue as in (iii) above for which Re A\;(p;) = 0, with p; € NH(c). We shall also
denote

Re X(p;) = pj # 0, (6.9)
and we note that
J
cross(L?) = Zsign(Re Ni(pg)). (6.10)
j=1

The following result shows that paths satisfying Property G, and joining given coefficients A, are dense
among all continuous paths joining these endpoints.

Proposition 6.9. Let 0 € C([—1, 1],(717(Cd><d)) be such that the corresponding parameter family of differ-
ential equations , with (@, satisfies the hypotheses of Theorem C. Then given € > 0, there exists
&([—1,1],£H(C?*9)) for certain | > 0, such that

(i) 6(£1) = o(£1)
(i) lo(p) —a(p)| <€ for all p € [-1,1]
(iii) the family of differential equations , with @), satisfies Property Gy.

In order to prove this, we will first refer to a result which shows that continuous path o : [—1,1] — £}(C**)
can be approximated by a path & that satisfies property Gy. The proof of this can be found in Chapter
4].

Proposition 6.10. Fiz any two points AL € E},(CdXd), and assume for some 1 < j < k that r;/ry is
irrational. Then there is a residual (and thus dense) subset Y C X of the space of curves

X ={oeC'([-1,1],£,(C™?))|o(£1) = AL}
joining these points, such that for any o € Y, and for any p € (—1,1), o(p) satisfies property Go.

Remark 6.11. The condition that rj/ry has to be irrational is not a restriction, since we can always
introduce an additional shift v with a zero coefficient matriz A, = 0.

Proof of Proposition [6.9] By Proposition [6.10] we may assume without loss that o in the statement of
Proposition satisfies Property Go. Note that o may not have a finite NH(o) as defined in after
applying Proposition It is enough to perturb o to a nearby ¢ with the same endpoints, such that all
eigenvalues cross the imaginary axis transversely with p.

Claim: There exists an €; > 0 such that for all eigenvalues A of equation (2.10)) satisfying |Re A| < 1,
for any A = o(p), are simple. Moreover, the eigenvalues in this region are locally parametrized by a smooth
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function (at least C'') on some maximal open interval I C (—1,1) for which |[Re A(p)| < €. Finally, there
are only finitely many of such parametrizations.

Proof of the claim: Let NH(c) be as defined in (6.3). Then NH(c) is closed, because for each p € NH(o)®,
we have that o(p) is hyperbolic. Let g(s,p) = det(Ap,(s)). By Proposition there is an open neigh-
bourhood of p such that o(p) is still hyperbolic. Clearly we also have NH(¢) C (—1,1) is bounded, hence it
is compact. Note that the set NH(o) is a union of closed intervals and/or singletons, since the eigenvalues
varies continuously and some eigenvalues might remain on the imaginary axis for certain time (see Figure .

e
™
e
X
X
rm
—

—1
-1

Figure 1: An example of possible configuration for the set NH(o). It consists of closed intervals and singletons,
depending on whether the eigenvalue remains on the imaginary axis.

For each p* € NH(o), we have that due to property Gy, there is only one \,- that lies on the imaginary
axis and is simple. Applying the implicit function theorem to the function det(A e (s)) yields an open
neighbourhood of A,«, such that A,- can be parametrized uniquely and smoothly (at least C1) on an open
interval around p* and A,- remains simple. In case p* lies in an interval J of NH(c), we may extend this
parametrization to be on an open interval such that the boundaries of J are also covered, since we have a
unique smooth parametrization for each p € NH(o) and an interval is connected (see Figure [2)).

A(p)

Im(s)
>\

Re(s)

Figure 2: For each p in such an interval J of the set NH(c), we can find a open neighbourhood of p to locally
parametrize the simple eigenvalue on the imaginary axis. By “gluing” these parametrizations together
(which we may do since the conditions of the implicit function theorem guarantee the overlap between the
parametrizations), we obtain a parametrization with a domain that covers J.

Moreover, J is compact, thus we have due to Proposition [6.1|a minimal e3 such that the only eigenvalue inside
the strip {s € C||Re(s)| < €3} is the eigenvalue that lies on the imaginary axis, for all p € J. This shows that
for each such interval J there exists an e, such that inside the strip {s € C||Re(s)| < €4} the eigenvalue can
be smoothly parametrized on a maximal open interval U (that covers J) for which |[Re A(p)| < €4 (meaning
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that outside this maximal interval, the eigenvalue has real part greater or equal to e4). Since we can find
such an U for each intervals and singletons of NH(o). We have due to the compactness of NH(c) finitely
many of such coverings which we denote as | J;_, U;. This yields a minimal ¢ for all p € NH(o), such that
all eigenvalues inside the strip {s € C||Re(s)| < €1} can be parametrized on a maximal open interval for
which [Re A(p)| < & (see Figure [3).

Im(s)

N\J

Figure 3: An example of the trajectories of the eigenvalues. As explained above, we can find an € > 0 such
that the strip {s € C : |Re(s)| < €} “isolates” all other eigenvalues from the one simple eigenvalue inside
the strip that we can parametrize with the implicit function theorem. This parametrization is defined on a
maximal open interval for which the eigenvalue remains inside the strip.

Let W = (=1,1) \Uj_, U;. Let & = inf,ew{|Re(N)| : X is an eigenvalue of o(p)}. Suppose & = 0, then
there exists a sequence {p,}52; such that there is a corresponding {A,}52; such that |[Re(\,)] — 0 as
n — oo. With Bolzano-Weierstrass theorem we may assume without loss of generality that p,, converges
to a certain p € [—1,1]. Note that p ¢ NH(o). Therefore, it follows from Proposition that there exists
a 6 > 0 such that for all p with |p — | < 0, that g(s,p) has no roots near the imaginary axis, which is a
contradiction to the assumption that Re(\,) — 0 as n — oo. Hence €3 > 0. We now take e; = min{éy, és},
and the claim now follows. Note that due to the hyperbolicity at +1, there exists an e; such that are no
eigenvalues in the strip |Re(z)| < €1, for p € [-1, =1 4+ €3] U [1 — €2, 1].

The proof now proceeds the same as in 1} Proof of Proposition 8.1]. O
Remark 6.12. If ¢ is small enough then one has
cross(Lf) = cross(Lf). (6.11)

This is simply a consequence of the fact that as the eigenvalues are roots of a holomorphic function, in any
bounded region they vary continuously as a set in the Hausdorff topology (this follows from the Rouché’s
theorem,).

We will need the following lemma, which is stated in |1} Lemma 8.2].

Lemma 6.13. Let f(s,p) and f(s,p), for (s,p) € C xR, be two d x d matriz valued functions which are
holomorphic in s in a neighbourhood of Ao € C, and which also are C' in p in a neighbourhood of py € R.
Denote g(s, p) = det f(s,p) and §(s, p) = det f(s,p). Assume that

f(s7p0) = f(S»PO) (612)
identically in a neighbourhood of s = \g, and that

Q(AOaPO) = 07 Dlg(sap0)|s=)\o 7& 07 (613)
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where Dy, denotes the derivative of a function with respect to its k-th argument.

Denote by s = A(p) and s = A(p) the unique solutions of g(s,p) =0 and §(s,p) = 0 near s = Ao, for p near
po (note the uniqueness follows from the implicit function theorem). Assume that

Re X(pg) = ReX = #0, (6.14)

that is, the two roots A(p) and S\(p) cross the imaginary axis transversely with the same horizontal speed and
direction. For 0 < g <1 set

f(s,0.8) = (1= B)f(s,p) + Bf(s,p), gls,p,B) = det f(s,p, ) (6.15)

and let s = A(p, B) denote the unique solution of g(s, p, 5) = 0 near s = Ay, for p near py and all g € [0, 1].
Then for (p, B) near {po} x [0,1], we have that

Re A(p, B) = Re Ao if and only if p = po. (6.16)

The following result |1} Proposition 8.3] shows that, without loss, we may assume the eigenvalues cross the
imaginary axis by means of a rigid shift of the spectrum.

Proposition 6.14. Let o € C’l([—l,l],(ﬁ,l,((cd”l)) be a one parameter family of coefficients for
satisfying Property Gi. Then there exists another such & € C*([—1,1], (¢}(C?*9)) for certain | > 0, joining
the same endpoints 6(£1) = o(+1), and also satisfying Property G1, such that NH(¢) = NH(o), with NH(o)
defined in . Moreover, at each p; € NH(o), we have p; = fij, with fij corresponding to the family
0. Thus the eigenvalues of the two families o and & cross the imaginary azis at the same values of p, and
moving in the same direction, left or right.

In addition, the family ¢ has the form

7(p) = Su;(p-py)0(P5) (6.17)

for p in a neighbourhood of each p;. That is, for the family ¢ the eigenvalues cross the imaginary axis by a
shift of the entire spectrum to the left (u; < 0) or to the right (u; > 0) for p near p;.

Proof. The proof is identical to |1} Proposition 8.3]. However, we will add some details to the proof. Let
€ > 0 be small enough that [p; — €, p; +¢€] C (—1,1) are disjoint intervals for p; € NH(¢), and such that also
for all 4, |u;(p — pj)| < nfor |p— p;| < e Let I = max;c;{|u;|e}. Define 6 : [—1,1] — £}(C*?) by

6(p) = Suj(p—pj)g(pj)v lp—pjl <€ (6.18)

with 6(p) arbitrary for other values of p. Letting L{ and I:g denote the operators associated to ¢ and &
respectively, we set Lg’ﬁ = (1— pB)L§ + BL§ and consider

Apps(s) = (1= B)Arg(s) + BAy(s) (6.19)
for0 < p<1.

Claim: The function f(s,p) = Aps (s) and f(s,p) = Ap r(s) are C' in a neighbourhood of p;, for all
J

Proof of the claim. We know that &(p) = Sy, (p—p,
115 (p — p;) is clearly C* near p;. So we only need to show that Ape(s) is C" in a neighbourhood of p;.

From the assumption that o is continuous with respect to the ||A]|, norm, it is immediate that f(s, p) is
continuous near p; . In fact, f(s, p) is uniformly continuous in p for all s € C with |Re(s)| < 7, which means
that there exists a § > 0 such that for all p with |p — po| < d, we have |f(s,p) — f(s,po)| < €, for all s with
[Re(s)] < 1.

We also assumed that o is differentiable in p with respect to the ||A||,, norm. Denote o’(p) = (A} (p), A5(p),- - - ).

Then we have that a%f(s, p) = a% (5] - Z;’;l Aj(p)e”j>. However, since o is C! with respect to the [|A]|,,

yo(p), we have that Aze(s) = Ape(s — p;(p — pj)) and
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norm, it easily follows that 3% (sI - Z;’il A, (p)e”y) =— Z;’il A’ (p)e’rs. The only thing we need to verify
is that o/(p) € 8717. This follows from the triangle inequality:

— ()], + | 2L =)

for h close to 0. O

” O'(p + h) — U(/))
h

o’ ()l < Il < o0

The proof now proceeds the same as in |1} Proposition 8.3] O
Remark 6.15. Clearly, cross(L) = cross(Lf) for the operators L and L{ associated to o and &.

Before we proceed to the next proposition, we will first need the following lemma regarding solutions of
certain type of non-hyperbolic system.

Lemma 6.16. Let Ly be given as in @ If Ly has only one simple eigenvalue i7] on the imaginary axis
(i.e. det(Ap,)(i) = 0). Then we have that Kr C WP for 1 < p < oo, where Ky, is the kernel of Ar.
Furthermore, for x € K1, we have z(§) = e"v, for a kernel element v € C? associated to Ar,(i7).

Proof. The proof for K, C WP, for 1 < p < oo is already done in [2} Proposition B.1]. Also, according to
the proof in [2| Theorem 3.7], for x € WP a solution of (2.10)), we have that the Fourier transform of (2.10))
is given by

int(n) = ZAjﬂei"” z(n). (6.20)
j=1

Hence Ap, (in)&(n) = 0. Because we know that only for n = 7, we have that det(Ar,(i7)) = 0, we have that
Z(n) =01if n # 7. And for n = 7}, we have that @(7) € ker(Ar,(i7)). But since we know that 47 is a simple
eigenvalue and thus has algebraic multiplicity equal to 1, we know that dimker(Ar,(i7)) = 1. Hence we
know that #(7) = Av for some eigenvector v € C%. Hence we have that (1) = A\vd(n — 7). Now taking the
inverse-Fourier transform of 2:

g = @ F o= [ " st — ) F 1O (m)dn

= XF (1)
oo [P (6.21)
= % N ¢ (x)dx
AU s
= (32, ¢(a)
7T
So indeed we see that z(¢) = v with a kernel vector v € C. O

Proposition 6.17. Suppose that s = ir, with r € R, is a simple eigenvalue of equation , and suppose
there are no other eigenvalues with Re(\) = 0. Then for v € R with |y| > 0 sufficiently small, we have that

t(S—y Lo, SyLo) = —sign 7. (6.22)

Proof. The proof of this proposition is identical to [1, Proposition 8.4], where a change of variable is used
to calculate the index. However, instead of using (1, Proposition 7.1] in that proof, we use Proposition
which is a similar result but stated in our setting with infinite shifts. During this proof, Lemma [6.16]is also
used. O

Proof of Theorem C. With all the results stated above as tools, the proof for theorem C is identical to
Proof of Theorem C]. O
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7 Exponential dichotomy

Recall from Proposition [5.1], we obtained the following equivalent expression for the Laplace transform of
equation

o0 0

AL, (s)E(s) = 2(0) = >_ Ajo / eS8 (€ 4 ry)de, (7.1)

=1 =7
if h = 0 and the solution z(&) has certain exponential behavior.
By considering a strip in the complex plane where Ay, (s) is invertible (let us say for the strip Re(s) = b for
certain b € R), we were able to perform the inverse Laplace transform and obtain a solution

b+i2

o0 0
w(§) = 1 lim eESAzﬂl(s) x(0) — ZALO/ e n(e+ r;)dg’ (7.2)
j=1

271 Q—o0 b—iQ —r;

on the half-line £ € [0, 00), that also has certain exponential behavior.

This does not seem very surprising, since we started with a function that already is a solution and has certain
exponential property. However, it does raise a question of whether w(¢) can still be a solution on the half
line [0, 00), if we were to replace x by some arbitrary continuous function ¢.

Assume that the shifts are bounded, i.e. there exist rmin < 0 < ryax With rmim < 1 < rpax for all
j > 1. Inspired by the above observation, for a continuous function ¢ € C([rmin, Pmax); C%) and v € C?, we
introduce the following expression

+iQ2 0 Tj
Tialool) = g dim [ e an(o) (=304 [ e oo | as (1)
n j=1

—i)

where 1 € R is such that Ay (s) is invertible. We shall see that this is well-defined (also if ¢ is not continuous
at £ = 0) and it provides a powerful tool to split each function ¢ into components that can be extended to
half-line solutions for the homogeneous differential equation. In other words, we will show that the initial
state space C([Fmin, Tmax); C?) has an exponential dichotomy.

In this section, we closely follow the outline of §5], which describes a similar result in the setting
where the variable z in (2.1} with h = 0) takes values in a Banach space with finitely many shifts. For
convenience, we introduce the set

R = {0} U{-r;}7<,- (7.4)

Throughout this section, we shall always assume that our system is autonomous. Hence, we simply write L
instead of L. We will also fix the shifts and use 7 to denote the positive number such that (2.4) is satisfied.
Furthermore, we shall assume that the closure R is countable. We also assume without loss of generality

that R = R, since we can always add extra shifts by adding zero matrices.

In order to formulate results regarding the 7r,-function, we introduce the following same notations as

in §5].

For any n € R and any interval I C R, we introduce the function space

BC,(I,C%) = {z € O(I,C%) : ||z, := 55161[1) e |z(€)| < 0o} (7.5)

In other words, for z € BC,(I,C?%), we have that x is continuous on I and satisfies |z(¢)| < Ke" for some
constant K > 0.

We will also define the following two families
BC2(C*) = BCy((—00, Tmax); C?),
BC',SB((Cd) = BCy(rmin, 00); CY),
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together with the solutions spaces

PBr(n) = {z € BCT(C?) : 2/ (¢) = Levew, for all £ < 0},

Q1.(n) = {z € BCZ(C?) : y/(€) = Levey, for all £ > 0}, 7
where we have defined the function
levex](o) = x(€ + o) for all Tmin < 0 < max. (7.8)
The initial segments of these solutions are contained in the spaces
Pr(n) = {6 € C([Fmin, "max); C%) : ¢ = evox for some 2 € Pr(n)}, (7.9)
QL(n) = {¢ € Cl[rmin, rmax); C?) : ¢ = evoy for some y € Qr(n)}.
In order to allow solutions of to have a jump discontinuity at & = 0, we introduce the notations
BC, (C%) = BO,((~o0,0:C), 710,
BC; (C?) = BCy ([0, 00); €Y,
together with the families of functions spaces
BC, (€)= C([rmm, 0}, C%) x BC; (), -

BC, (C%) = BC, (C%) x C([0, rmasl; C?).

—o
For § = (y1,y2) € BC ", we write for £ # 0 that §(£) = 11,00 + ¥21(0,00). We write §(07) := lime o §(&)

— D
and §(07) := limgpo §(€) to resolve the ambiguity at & = 0. For any 0 < § < —ry, and § € BC, , we
introduce the notation

&vef = (¢, 0") € C[rmin, —€J;C?) X C([—, Pmax); C%) (7.12)
where
l _ J€+0) rmin<o<—E
ol = {y(O) 0 =€
et o) fcos (7.13)
T o) = Yy a - 0 = Tmax
) {gm A
We then write
Licveg= Y Ajg"(rj)+ > Aje"(r)+ > Aj¢l(r;). (7.14)

rj=—¢ ri>=¢ rj<—=¢

The plus sign hence stands for the fact that every reference to §(0) is interpreted as §(07).

—O
For & € BC,, and —7pae < € < 0, we again write évei = (¢!, ¢") with (¢!, ¢") defined as in (7.13), with
replaced by &. We then write

Lo&vei= Y Ajdl(r))+ > Aj0"(r)+ D A;d(r)). (7.15)

rj==§ rj>—§ rj<—¢§

Note that any discontinuities in the functions £ — E+e’§/5;9 and & — E_e?\/gﬁ; only occur when £ € R. Hence
for £ ¢ R, we simply use the notation L since there is no cause for confusion.

We are now ready to introduce the solution spaces

Bu(n) = {& € BC, (C?) : /(€)= Lévei, for all € € (~00,0) \ R}, r.16)
~ —® A .
Q1(n) = {§ € BC, (C*) : §/(€) = L&v¢jj, for all £ € (0,00) \ R},
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together with the associated initial segment spaces

Pr(n) = {6 € C([rmin, 0); C%) x C([0, rmax]; CY) : ¢ = vy for some 2 € B (n)}, (717
QL) = {d € C([rmin, 0; C%) x C([0, max]; C%) : ¢ = &0 for some § € Q1 ()} '

We are now ready to state the following main results regarding the expression 7r.,, which are all similar to
the results as in §5].

Proposition 7.1. Let L be as defined in (@) with coefficients that satisfy condition for a certain
7 > 0. Pick n € R with |n| < 7 such that the characteristic function Ar(s) is invertible for all s € C with
Re(s) = n.

Then for any ¢ € C([rmin,0]; C%) x C([0, rmax); C4) and any v € C, the symbol 'TLW[QAS,U] (&) introduced in
is well-defined for € # 0. In addition, we have

Ty.[d,0] € BC, (CY), for & <0, (7.18)
Tri6,v] € BCH(C?), for & > 0. (7.19)
The limit at zero exists both side and the jump of discontinuity is given by
Trin[6,0](07) = Tai[9,0](07) = v. (7-20)
Moreover, there exists a constant K > 0 that does not depend on dg and v such that
1720l 0l ety + 1Tzl ol s oy < KTIBoc + o], (7.21)
where ||@||so denotes the supremum norm.

The map 7z, can be used to relate functions in ‘1A3L(77) and flL(n) back to their initial segments. The
following result is a consequence of Proposition [5.1}

Proposition 7.2. Let L be as defined in (@ with coefficients that satisfy condition for a certain
7> 0. Pickn € R with |n| <17 such that Ar(s) is invertible for all s € C with Re(s) = n.
Then for any ¢ € Qr(n) we have

Q(&) = Trsyl€vod, 4(07)](€) (7.22)
for all € > 0, while for any p € P (n) we have
P(§) = —Trm[Evop, pO7)](E) (7.23)
for all € < 0.

Proof. The proof is identical to proof of Proposition 5.3], where almost-everywhere pointwise convergence
of the inverse Laplace transform is used. A shift of integration of path is also used in that proof, which is
justified similarly as in the proof for Proposition [5.1] O

Let n be such that Ap(s) is invertible for Re(s) = 7. As in Equation (5.11)], we introduce the two
operators

E@L(ﬁ) £ C([rmin, 0J; (Cd) x C([0, rmax]; (Cd) — EE'?((CUZ), (7.24)
EﬁL(n) : C([Tmina 0]7 (Cd) X C([Ov rmax]; (Cd) — @?(Cd) (725)
with
e Tl 6000)](6) £€>0and £ =0T
Fau o) = {03@) + Tiiald, B00)()  Tmin < § <0 and £ =0, (7.26)
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together with

- ~TLinlé, H(0)](¢ §<0and{=0"
(B, 0y 31(€) = { - nl #OTNE) - (7.27)
¢(£) - 7—L;77[¢? ¢(O )](6) 0< € S Tmax and € =0 )

which leads us to the following direct consequence of Proposition
Corollary 7.3. Consider the setting of Proposition . Then for any (/B € PL(n) we have

¢ =&oEp, ()0, (7.28)
while for any ¢ € QL(n) we have

6 =&0Eg, (1 0- (7.29)

The next result shows that for a general ¢?7 its image under the operators E@L(n) and EﬁL(n) are solutions
on the half-lines. Furthermore, it shows that these solutions are exponentially bounded.

Proposition 7.4. Let L be as defined in (@ with coefficients that satisfy condition for a certain
71> 0. Pickn € R with |n| < 7 such that AL(s) is invertible for all s € C with Re(s) = .
Then for any ¢ € C([rmin, 0); C?) x C([0, rmax); C?), we have the inclusions

E@L(n)(i5 €01 (n),

PP (7.30)
Ep, (i € Br(n).
In addition, there exists constants K > 0 and € > 0 that do not depend on (Z) such that the estimates
‘[Eéam‘%](f)‘ < Ke16(0)] + 1|6 (7.31)
hold for all £ > 0, while the estimates
15,y B1(©)] < Kel™O[160%)] + 4] (732)

hold for all £ < 0.
Note that if ¢ € C([Fmin, Tmax); C%), we will then obtain continuity at ¢ = 0 for the operators [EﬁL (n)q{&](f)
and [E@L(n)(ﬁ] (&) due to identity 1} Hence we have the restrictions

Ep, (i (C([rmin, Tmax); C1) € BC(C?),  Eg, () (C([rmin, rmax]; C%)) € BCE(CY). (7.33)

This shows that the operators F Pr(n) and E@L(n) can be interpreted as the projections operators that give

us the desired exponential splitting of the state space C([Fmin, Tmax); C¢).

Proposition 7.5. Let L be as defined in @) with coefficients that satisfy condition for a certain
71> 0. Pickn € R with |n| <7 such that Ap(s) is invertible for all s € C with Re(s) =n. Then the spaces
Pr(n) and Qr(n) are both closed and we have the splitting

C([Fanins Tmax]; C%) = Pr(n) ® Qr(n) (7.34)
which can be made explicit by writing
¢ = eVOEﬁL(n)gﬁ + evOE@L(n)¢ (7.35)
for any ¢ € C([min, Tmax]; C?).
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7.1 Decomposition of 7.,

To obtain the above results, we need a more detailed understanding of the 7r,, function. This is done by
splitting the function 7., into different components by isolating the slowest decaying portion of Azl(s) and
study them individually. In other words, we introduce the expression

1 Le* — al

Rp.a(s) = Ap(s)™ - s — aI (s —a)?

(7.36)

with o € R and o # Re(s). We recall that Le® = >, A;e®s

Lemma 7.6. Let L be as defined in (@ with coefficients that satisfy condition for a certain 11 > 0.
Pick n € R with |n| < 1 such that Ap(s) is invertible for all s € C with Re(s) = 7.
Then for a #n and || < 17, there exists constants € > 0 and K > 0 so that

K
[Rpa(s)] < 5 (7.37)
for all s € C with |Re(s) —n| <e.
Proof. The proof uses geometric series and is identical to Lemma 5.7]. O

To exploit the decompositions of ((7.36)), we define the following expressions:

1 e 1 Les —
ML) = =— lim ess 2 =2 v,
210 Q=00 J,_iq s—a  (s—a)?

1 1 n+ioco (7.38)
RA[IE) = 5 / e Rpa(s)vds
n—100
together with
. T O I | Les —al [ & o
MO = 5 g [ e | o ] (S [ dtean | as
n—i — .
’ J (7.39)

“+i00 [ee]
RO = o [ Ruals) (34, [ e do)io | as.
n =

0
2mi —100 Tj

Note that we have dropped the limit with respect to 2 in the expressions for R}, and R?, because Lemma
shows that the integrands are integrable.

The expressions (7.38) and (7.39) give us the following decompositions of Tz,
TLinl$,0](§) = My [0](€) + ME[]() + Ra[0](€) + RIS (€). (7.40)
For convenience, we recall the Heaviside function

£E>0
£€=0 (7.41)
£<0.

H(£) =

S = =

To shorten the notations, we will sometimes denote 1[@](s) := Z;ozl A [ e (@) @(o)do, inspired by
(G.13).

Our next goal is to gain a more explicit expressions for the terms in ((7.40|). This is mainly done by computing
the following integrals.
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Lemma 7.7. For any a > n and £ € R, we have

n+1i$2 1
57 Qh_r}(l)o o et* - adS = —e®H(=¢) (7.42)
and
1 gim / e RN S —Ee™ H(—¢). (7.43)
2mi Q=00 Ju_iq (s —a)?
Proof. see Lemma 5.8]. O

For £ # 0, the above integrals can be calculated using the Jordan’s lemma and the residue theorem. For
& > 0, this explicit calculation can be found in [[11]. During the calculation in 11}, it shows that for £ > 0
and Cq := n + Qe for F<t< 37”, we can estimate the error term

1
/ et ds
Ca S —«

where €(2) — 0 if Q@ — oco. This comes from the fact that ﬁ — 0, for |s] — oco. For & < 0, we take
Dgq =1+ Qe for —5 <t < % and follow the same estimation as in . ‘We then obtain

€(Q)mens

z [1— et (7.44)

<

< €(Q)/ |e§(n+§2 COs(Q)—HQsm(O))‘ . |Qi67'9|d9

i
2

™

< ()€™ / T Eeos(0) gy
3

< 2¢(Q)Qe" / T et9sin0) g (7.45)
0

< 26(9)96’75/2 42304
0

e(Q)ment
€]

< [1— e l€19),

Hence, for £ # 0, we see that the error is bounded by the function E(&,Q) := %(1 — e %IEl), where

the function £ — %(1 — el is a bounded function for all ¢ € R and all Q > 0. This means we can

make the estimation |E(&,Q)| = F(£,Q) < e(Q)me" M, where M is the constant that bounds the function
£ %(1 — e~ ®IEl). We now make the following conclusions.
Remark 7.8.

(1). For any fized n € R, the error term satisfies the limit E(£,Q) — 0, as Q — oo, uniformly for every
compact sets of £.

(2). If n =0, then E(§,Q) — 0, as Q — oo, uniformly for all £ € R.

(3). If n > 0, then, for any c € R, E(£,Q) — 0, as Q — oo, uniformly for all £ € (—o0,c).
(4). If n <0, then, for any a € R, E(£,Q) = 0, as Q — oo, uniformly for all £ € (a,0).
(5). Forn #0, it does not hold that E(§,Q) — 0, as Q — oo, uniformly for all £ € R.

We shall see that (5) is the reason that we make the boundedness assumption for the shifts.

38



7.1.1 Characterization of the term M.

With Lemma 7.7 in hand, we can determine the following explicit expression for M. [v] and obtain charac-
terizations similar to Lemma 5.9].

Proposition 7.9. For M} as defined in with o > n such that |a| < 77, we have the explicit expression

ML = | —e*¢H(- ZA@““*”)(éw) (—(€+ 7)) + ate® H(—¢) | v. (7.46)
j=1

Proof. In order to obtain the above expression using Lemma [7.7] it only remains to show that we may apply
Fubini to the following expression

1
B Es - ST
o lim i € (S 2 E A e’"iuds. (7.47)

Observe that
n+ioco 1 0 n+1i00
/ egsﬁ ZAjeSij ds < / [ E— ZA el ds
n—i (8 Oé) n—1i |

n+ioco 1 ~ (748)
< / ené 5 Z |Aj|e"|7’f||v|ds
n - 1

a|2j

Hence, we have that the integrand in (7.47) is L' and thus we may drop the limit with respect to € sign.
Furthermore, we have shown that we may apply Fubini. O

Lemma 7.10. For any o > n such that |a] < 7 and sufficiently small € > 0, we have the function

C? 3 v ML])(€) € BC, (C) N BC; (CY) (7.49)
is well-defined and bounded. For each fized v, we have the jump discontinuity
ME[](0F) = ML[](07) = v. (7.50)

Proof. Identity (7.49) is is clear for terms like e®*H(—¢) and afe®®H(—¢). We will mainly examine the
summation term, for £ < 0

TOHOSIN A&+ 1) e ETTIH (= (6 4 1y)) Z |Ajlelm D Eleos | H (& + 1y)]
=t =t (7.51)
+ Z | Al DE 3 | H (€ +15)].
j=1

This is bounded for all £ < 0, for € > 0 sufficiently small. For £ > 0, we have that H(—({ 4 r;)) = 0 for
& > M with certain M > 0, since the shifts are bounded. Thus, the bounds in ([7.49)) indeed hold.

Note that the series > >2; A;e*ET73)(& + r;)H(—(£ 4 7;)) is (locally) normal convergent in ¢. Hence, we
have

Ay e S (E 4 H(— (€ +75)) + age® H(—€) | v

Mg

lim ML [2](6) = lim | —e*¢H(~6) -

£10 £10 1

<.
Il

= lim —e** H(—¢)v —

lim lim AT (€ + 1)) H (= (€ +ry))v + limage H(=gv (752)

™8

<.
=

— o ST A () H(= (),

Jir; 70
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while

lim ML[](€) = lim | —e*H(—¢) =) Aje

&40 €10

KMS

Je T (E 4 H(—(E+ 1)) + ale™SH(=E) | v

J

Mg

= lim —e** H(—¢)v —

i li Aje S € + 1) (=€ + )0 + limage® H(—)v  (753)

§10

<.
I
—

> A () H = ()

Jir; 70
Thus, we obtain identity (7.50)). O

We will show that M} also has a continuous derivative for £ € R\ R.

Proposition 7.11. M. [v] is continuously differentiable on R\R and we may apply term-wise differentiation
and obtain

ML) (€) = aMl v Z A AV H (= (€ +15))v 4 ae® H(—€)v. (7.54)

Proof. We make the following computations. For £ € R\ {0}, we have

d « _ (07
e CH(—¢)] = —ae® H(-£) (7.55)
and
L lage € H(—6)] = ac™€H(—€) + a’€e ¢ H(—€). (7.56)

dg

We would like to compute M. [v](§) by term wise differentiation, i.e., we want to show that

ZA (& 4 ry) H (= (€ +15))

;-.

p”qg -

1 [ & A e ) H(-(€+ 1)) (7.57)

J

L

4y [0e D€ 4 ) H(= (64 7)) = " E I H(=(E +1,))]

<.
Il
—

In order to do this, we need that the derivative terms > f1(£) (thus the last sum of ((7.57 - are locally C*
in £ € R\ R and converge locally uniformly in £ € R\ R . The C'-condition is clearly true, for the locally
uniform convergence, we can estimate

1451 [aeE € ) H(=(€ + 1)) = €D H(— (6 + 1)

j=1
< S A | e
j=1
<D 1A llafe ] +Z|A [lerle 7| +Z\A &+ (7.58)
j=1 j=1 j=1
< lafl¢le®® D 14;1e% + [arle® max{|rmi], rmax} Y [A;1€77 4y |Ajle™
J=1 j=1 j=1
oo
< (Ja[€e7 + e max{[rmin], Pmac} +¢7¢) D [4y]e".
j=1
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From the above expression we see that the sum indeed converges locally uniformly for every compact sets
of £&. Hence, we may perform term wise differentiation. With some algebraic manipulation, identity ([7.54)
follows. m

Lemma 7.12. For ML [v]’ as defined in , we have for all j > 1 the discontinuity
ML) (—rF) - M}X[v]’(—r;) = Ajv. (7.59)

J

Proof. We note that for ry # 0, the jump only comes from the summation term of (7.46)). Hence, we exploit

lim — > A D H(—(E+ 7))
j=1

El—rk
=) lim —A;e*ETIH(—(€ + ;)
P (7.60)
= 2 AT o= ) dim AT H(—(E )l
Jirj<rg Jiri>TE Sk
= — Z AjecTTatTily,
Jiri<ry
while
lim — Y A;e® S H(—(6+ 7))
[im Z j (=(€+75)
= lim —A;e® ST H(—(€ +7))v
=t (7.61)
= Y ATy R T dim A S H (¢ 4 )
Jiri<ri Jiri>ry =T
= — Z Ajea(—rk-FTj)v_Akv’
Jiri<rg
which gives us identity (|7.59)). O

At last, we will substitute the expression M} [v] into the differential equation (2.10)). To shorten the notation,
we introduce

Hoaas [0)(6) = MG []'(€) — Leve Mg [u]. (7.62)

By direct computation, we then have

Han [0](€) = D Ap Y Ayt EFm) (€ gy ) H(—(€ + i +15))v
e (7.63)
— 20> AG(€ + 1) STV H(—(€ +1))o + a6 H ()

j=1

for all £ € R\ R. Note that all sums in (7.63)) converges due to condition (2.4), which is assumed to hold for
certain 77 and by assumption we also have |n| < 7.
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7.1.2 Characterization of the term M?2.

We will now study the term M?2, for which we will first state a result regarding the following two terms.
For any a € R\ {n}, any ¢ € L?([Fmin, "max); C?) and any 6 € [rmin, "max), we define the two expressions

(1) 2 77+zQ 9 0 R
Ta0[2)(8) = omi Ql_fgo/ P /9 e 7 ¢(o)dods,

. o R (7.64)
Tapld)(€) = i nglgo o e G a)26 /9 e 7 ¢(o)dods.

Note that both expressions are zero if § = 0. Then, we have the following characterizations of the expressions

in (7.64)), which is Lemma 5.10).

Lemma 7.13. Suppose that rmin < 0 < rmax and pick & > 1 and 0 € [Fmin, 'max] \ {0}. Then for all
sufficiently small € > 0, the maps

L?([Pmin, Tmax); C?) 3 ¢ — j Y[d] € BC,(R;C%) N BC,,.(CY)nBC;(CY),
L2([Fanins max); €%) 2 6 = T ) [d] € BC,(R; C) N B, (C4) N BO;_(CY), (7.65)
L?([Fmin, Tmax); C%) 3 ¢ — j 2[4 € BC,(R;CH n BC,, (C)nBC;_(C?)

are well-defined and bounded. Upon fizing ¢ € C([Fmin, 0]; C?)x C ([0, Fmax); C%), we have the explicit identities
0
TS =~ [ H(o — €~ o) d(o)do

max{0,£+6} R
= —e(&+0) / e~ ¢(o)do
max{0,£+0}

(7.66)

together with

0
T =~ [ (€40 ) (s — ¢~ 0)dlo0)do

max{0,£+6} R (767)
_ _pal&t0) / €+ 60— 0)e " d(0)do,
max{6,£+0}

which both hold for any £ € R.
In addition, for any & ¢ {0,—0}, we have

TR0 (€) = T 18)(E) — sign(0) d(€ + 0) Linin{—p.0y<e<max{6.0}» (7.68)

while for any € € R, we have

TN (©) = 2T E)101©) + TLJ81(E). (7.69)
In particular, if § < 0, then we have
TN € BC,((—00,00;C%) N C([0, ~6);C%) N BC, ([0, 00); C?) (7.70)
with jumps

T (0F) = T (07) = 6(6),

; ’ X (7.71)
T8N (—0%) = TV (—67) = —g(07).
On the other hand, if 0 > 0, then we have
TG € BC,((—00, —6];C%) N C([-6,0];C%) N BC, ([0, 00); C?) (7.72)

42



with jumps

TL91(0%) = T8 (07) = 6(0),
5 [ 1(+ ) - . [IH 0=90) ) -
TN (%) = T (~07) = —d(07).

With Lemma as tools, we will now determine an explicit expression for M2. Recall that by definition,
we have

n+iQ2

M0 = gz i [ [ Gmap] (X [ o
n—i

Lemma 7.14. For any o > n with || < 7. We have the explicit expression

1 n+i2 . 1 00 0 ) o
1 0 n+iQ
A lim [ (o) / e ——dsdo (7.75)
27” Qi}oo Tj n—iQ2 S —

Z Jélzj

for all € € R.
Proof. Fix € € R. We observe that

S / FE Y / —s(a=1)
n—i$2 s —« ! T

[t

> 77+ZQ 1
R

j=1 3 3
(7.76)
Note that ¢ € C([rmin, 0], C%) x C([0, "max], C%), so it is bounded. If 5 = 0, this gives
Z/ Y / ) (Vo d5<z/ oo sl18llelrs
_1Jn—1 r;
=t . (7.77)
. _ i 1
) 751
S et [ s <o
Jj=1
If n # 0, we have
n+LQ 0 .
Z / —S<U—Tj>¢>(a)da ds
n—i$)
i/+ Al Lo, ]
< " —— A |||l cosign(r;) [e"” - ] ds 7.78
=y ls—alY il U (7.78)
< S A IBlesignty [ e - 1] [ e L <
< ; coSIgN(T —e€ —_ — e S 0.
= Y nlJy—io s —al

Hence, we may apply Fubini and obtain

/n+m o 1 i 0 ( > f: n+iQ o 1 0 ( >
e’ A-/ e T ¢(o)do | = / es® A-/ e\ ¢(o)do. 7.79
e S | (0) ] (o)do. (779

Ti




Hence we have

_ 4]
17-HQ . (7.80)
= i lim ;/ﬁ / sl ) .

By applying Fubini to the summands, we have that

1 9] n+i2 . 1 0 ( .
— I S A —s(o—r;
i 1 2 / ey [ i) daas

J

1 ) 0 ntiQ (7.81)
= — 1 A 2 €(§ o+r;) _ — d do.
271_71 Qg%c; J /Tj (b(o-) /r\]_iQ 5 _ Sao
We will now show that
1 o0 0 n+i§2 (5 ey 1
— i A T d d
27.(.2 QI—I;I;OJ; J [j d)(a_) ‘/niQ s _ saoc
L& 0 i€ . (7.82)
=——Y A i ) s(€=otri) _—_ dsdo.
2me Jzz:l e v ¢(o) /77—i9 © s—a i

As mentioned in Remark we have that the limit in (7.42)) holds uniformly for every compact sets of .
Because our shifts are bounded, we have that | — o + 7| < M for all j and all ¢ € [Fimin, "max]. Hence, we
can find an N € R such that for all @ > N

oo 0 n+iQ n+i§2
> 4 / #(0) / es(E- U+m> dsda—ZA / b(0) li
j=1 rj n—1i$2

) lim e S — Y
Q—)oo i S — «
o 0 n4iQ 1 n+iQ 1
< Z |4, / o(o) / S0t~ _ds — lim e &7t _—_ds | do
; iQ S —« Q—o00 n—iQ S — «
]:
e o] +1Q 1 n+iQ
Z |A; I/ |b(o e E=o+) 2 s lim &) s do (7.83)
j=1 Ss—« Q—o0 n—iQ S —
& Tmax n+iQ2 1 n+iQ
< Z |4, 118]l0 / es(E—otrj) ds — lim es(E—0+r;) ds| do
j=1 Tmin n—iQ s —« Q=00 ) s0 S—
Z A |||¢||oo Tmax — Tmin)-
Thus, we see that - is justified. Applying Fubini again to the summands yields . O
Lemma 7.15. For any a > n with |a] < 7. We have the explicit expression
n+i$2 5 Le 00 ( . (2)
- s —s(o—rj _ A 784
2mﬂl—r>léo/ s—a2ZA/ $(o)do = ZAkZ jcw] P&+ k) (7.84)

for all £ € R.
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Proof. Fix £ € R. By definition, we have

1 i Led &
— lim 655

—s(o—rj) 1
21 Q=00 J,_i0 (s — a)? ZA / ?é(0)do
n+iQ

1
I [ ST —s(o—rj) 7
27riﬂh—r>r;o n—iQ s—a2ZAke ZA / ¢(o)do

Tj

(7.85)

We estimate

ZAke

n+ioco 0 0 R
/ %] | |2 ZAj/ e ") (o) do | ds
n—i s—« = r;

. 0 (7.86)
n+ico [eS) R
<ot [ e Z e S| [ oo ()

ds.
Jj=1

J

Since the sum -, |A;|e"™ converges, we can bring it outside the integral to obtain
c nHico 00 o0
) Nk
‘ /'fl—ioo |5*O“2 ZlAkle .
o0 n+ico
<3 | Aglener) /
1

0
e_s(g_rj)(b(o)da
T

ds

e ") (o) do | ds

e 100
) n+ico 1 ) 1 _ 1 (7.87)

< Z | Ag|en(EFTe) /_4 P Z |Aj|sign(r;) [ne”” - 77} ds

k=1 o0 j=1

- = 1 1] [t g
o S e Sy [Ler 1] [ L

k=1 j=1 n N1 Jn—ico |s — af
< 0.

Hence, we see that the integrand of (7.85)) is in L', which allows us to drop the limit sign with respect to Q
This yields

1 77+’LQ

SR > 0 R
P Es = STk . —s(o—7rj)
27i nglgo » € (s —a)? ZAke ZAJ / e ¢(o)dods
n—1iQ) 1 = ”;

1 n+ioco

Lo ? (7.88)
- Es ALeSTE A —s(o—rj) 1 )
omi ), i e G_a) ; k€ ; y /Tj ¢(o)dods

Furthermore, it follows from the estimates in (7.86]) and ([7.87)), that we may apply Fubini to switch the sums
and the integral. Hence, we obtain

1 n+ioco

1 oo 0o A
- Es A5k A/ —s(o—rj) dod
270 J oo ¢ (s — a)? ; ke Jz::l J $lo)dods

T

0o oo 1 n+ioco . i, 1 0 s(o—r) 2
"R AN g [ [ e
2

}: E: T2 (A& +rh).
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Proposition 7.16. For any a > n with |a] < 7. We have the explicit expression
o0
&) =Y AT 166) + ZAk ZA TELDNE + ) — aZA TELA1E). (7.90)
j=1 j=1
for all € € R.
Proof. Fix ¢ € R. This follows from Lemma and Lemma O

Remark 7.17. For the proof of Proposz'tion we were able to bring the limit inside at because
our shifts are bounded (see Remark IE) However, for unbounded shifts we may not. Hence, more work has
to be done if we wish to generalize our results to unbounded shifts.

We also obtain the next similar result regarding M2 as in Lemma 5.11].

Lemma 7.18. For a > n with |a| < 7 and for any sufficiently small € > 0, we have
M2[§] € BC,(R,C%) N BC,, (C) N BC,_(C%) (7.91)

for any (]B € L%([Pmin, Tmax); C9).

Proof. We first estimate the terms

o0 o0
e~ EOE S 4,7 (4] Z | A, el (rE0)E gar

j=1

max{0,§+r;} R
/ e~ ¢(o)do|. (7.92)
max{r;,{+r;}

It is clear that is bounded on a compact interval of £. Moreover, due to the boundedness of the shifts,
we have that the integral on the right-hand side becomes zero for £ sufficiently large. Also, for £ sufficiently
close to —oo, we have that the integral becomes |f e‘o‘”¢( )do|, which is a bounded term that does not
depends on £. Because a > 1 by assumption, we have that o — (n+4d) > 0 for § > 0 sufficiently small. Hence
we conclude that the first term of Mo(, ) satisfies the bounds in

We proceed to estimate the term

()¢ Z A ZA T (B + )
(7.93)

max{0,{+ri+r;} R
/ e E+ry+r;—o)p(o)do

< Z | Al Z |A;|elem (1£E galritry)
e =1 ax{r;,{+rr+r;}

Again, we see that the integral on the right-hand side is zero for ¢ sufficiently large, and for & sufficiently
close to —oo, the integral becomes

0
/ e E+ry+r;— J)gg(o)do

J

_ ’ (7.94)
|£+,r,k‘e—a7j e T

+ry+r
w+7+ :

| | a

< 16l [

We see that the exponential term does not depends on &, which means that the term e(®~"%9)¢ ig conserved.
Because a — (4 6) > 0, we have that e(*~(1%9))¢|¢| is bounded for & < 0. Terms that are independent of

2)

¢ also stay bounded together with the sum. Hence, we conclude that the second term of M(g satisfies the

bounds in 1] Since the third term of Mc(yz) can be estimated similarly as the second term, we conclude
that the bounds in ((7.91)) are justified. O
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We will now determine the derivative of M2. We need the following lemmas.

Lemma 7.19. The sum

S 4,780 161'(€) (7.95)
j=1

with JY 10" (€) as defined in , converges locally uniformly in &, for all § € R\ R.
Proof. We first estimate

Z A; jo(zlr)J ¢] Z Aj ajo(zlgj [¢](£) - AjSign(rj)é(g + rj)]lmin{frj,O}<§<max{frj,0}

j=1 Jj=1

Z |A ||OL‘7(§ITJ A](£)| + Z |AJ | ‘é(g + Tj)|]]-min{—rj,0}<£<max{—rj,0} (796)

j=1 j=1

max{0,{+r;}
/ 7aa¢ dO’

max{r;,{+r;}

o0

<3 4yllaje (€
j=1

+Z|A 16 ]loc-

Since E;’;l |A;||4]loo is just a constant, we only need to look at

o max{0,{+r;} .
Z |Aj||a|eoc(f+7“j) / e_aa(b(d)d(f )
j=1

(7.97)
max{r;,+r;}
For £ > 0, we get
oo (&+r; max{0,6+7;} R
S (45 lafe €+ / e $(0)do
j=1 max{r;,§+r;}
E+r; . 00 0 R
= > |4jllalexE ) / e P(o)do| + Y |Aj|lafe*EHTD) / e d(0)do
jirs>—¢ £y jiry<—€ £+,
1 0
S S
Jir;<—§ E+ry
> . 1
< S 4 llollglleen @) [—+e—a<s+w~>} (7.98)
Jirj<—§ @
< Y 1Al € 14 e
JTJ< 3

< S 1A e [14 cmotern]

Jj=1

Z 41119100 + 6“52 |45]14]|cce™™! < o0.

j=1
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For ¢ < 0, we have

max{0,{+r;} ~
/ e~ ¢(o)do

o0
> 1Al lafeetra)
j=1 max{r;,&+r;}

0
= > [4jllafen®r) / e d(o)do| + D [Ajllafe” )

&+ R
/ e~ % ¢(o)do

jirj<—§ Tj jirj>—¢ 4§
0 R - A

= 3 llele € | [Cemmiorn| + 30 Jaylalenr) | [ (oo

Jiri<—¢ T3 jirj>—§ §+r;

I 1 0 . 1 T

< > |Aj|a|||¢||ooe“(§””'<signm) 5] .>+_Z Aslale i |~ 2eee|
Jrs<—t i) Giryzg £+,

3 5 a(é+r;) 1 L —ar; alé+ri) |4 1 —ar; 1 —a(&+r;)
< 3 llafidloe e [y Lomon] 1S 1A lafe @ g [ Lemor 1 Lematern
e ol o) 2 ol al

Jirg< ¢ Jirg > 3
S A [ e ] T A [ 4 oo

jirj<—=§ jirj>—§€

< D A 9lle®EF) [ 7] 4 3 A e o [0 4 e E0n)]
j=1

j=1

< [1lloce D 1AM + 20 Blloce™ D 1A+ 16]lo0 D 141

J=1 j=1 j=1
(7.99)
Hence, we conclude that Z;‘;l Ajjo([,lgj [6](€) converges locally uniformly in . O
Lemma 7.20. The sum
D 1A AT [8) (€ + )] (7.100)
k=1 j=1
and the sum
S 1A 1A IITE) 1816 + )] (7.101)
k=1 j=1

with \7,921 [0]/(€) as defined in and (70(4221 (0] (€) as defined in , converge both locally uniformly in
&, forall§ e R\ R.

Proof. We have

S 1A 1A NITE)L 1) (€ + )
k=1 j=1
< kDA a2 (A1 + i) + TELIGIE + )] (7.102)

Jj=1

IA

D14

k=1
14l Y 1451021916 + ol + 14T 91 + o)l
k=1

Jj=1
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We examine the term

ZlAkIZIA 10T 3, 181 + 7o)

Mg EMg

Akl D 1A e &ty

j=1

€+ +75 —0)e ¢(0)do

max{0,§+7r+7;}
/ (7.103)

max{r;,E+ry+r;}

| Ak Z | Aj|e @t ) (€).

=1

b
I

1

<.

We examine the four different outcomes of the above integral, if £ 4+ 4+7; > 0 and £ 4 rp +r; > 75, then

E+ri+r; A
Zjk(§) = / E+ri+1j—0)e “¢(o)da| = 0. 7101
E+rp+r;
if&+ry+r; <0and {+rp+1r; > 1), then
0 ~
Z; k(&) = / (E+rp+1)—0)e *d(o)do
E+rp+r;
- 0
N I
e ’ (7.105)
< |l e (afo— (E+rr+71) + 1)
<9l |- 4
§+re+r;
< g [l L e
< 00 || a2 o2 .
Note that
) > A 1 e—al&trtr;)
A Aj 00 a(E+ri+r;) - 1 ealetnin)
D 1Ak 1451l e rrenls s
k=1 j=1
OO OO | | > > ) 31
<D 14kl 3 145 1 llooe T TINE 4 il 4 D 1ART D sl [9llaoe™ €T o
k=1 j=1 > >
(7.106)

o0 o0 R 1
+Z‘Ak|Z|Aj|||¢||oom
k=1 j=1
< il (e 2 S S e+ (zAueWIM) 3 |y e
k= j=1

Jj=1

which converges locally uniformly in £&. Note that we used the estimation that for all x > 0, we have
x < M(e)e® for some constant M (e) > 0 and € > 0 such that |a| + ¢ < 7.
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If&+ry+r; >0and {47y +7; < 1), then

Etrp+r; R
/ E+r+1;—0)e o(o)do

J

k(&) =

. E4ritr;
< ||¢Hoo/ &+ re 47 —ole”*do

Tj

. E+ritr;
< @l / (E+7rK+7)—0)e *do (7.107)
T
< 9 [t = (€t ) + D]
— o0 a2 .
—a(é+ri+r;) —ar; —ar;
~ e + 7rile e
< ol [ 4 BT 2
o) || @
It can be shown, with the same estimation technique as in ((7.106f), that
9] S R v e—(§+ri+tr;) |€ + Tk|e—arj e
Do el Y e e [ B (7.108)
k=1 j=1

converges locally uniformly in &.
At last, if £+ 7 +7; <0 and 4+ 1, +7; < 1y, we have

0
Z;k(§) = / (E+7, 15— 0)e (o)do| . (7.109)
Tj
For r; <0, we have { + 7, < 0. Thus,
0 ~
/ E+r+1;—0)e *o(o)do
. R 0
<¢llow [ E+Te+71; —0le 7 do
o
<l [ (e rtry—o)edo
" (7.110)
o [em*(alo = (E+re+1) +1)]°
< 9l 4
- [(E+rK+715) 1 (E4rp)e i e
Nlloo | ———L — = — +—
L o o o o
o e+t 1 +rgle” e
§||¢||OO |§ k ]|+72_|_|£ k‘ + ;
L o el a] o
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For r; > 0, we have

0
/ E+ri+rj—0)e “o(o)do

J

< 4o / €447 — ole—"7do
0

< ”Qg”oo / *(5 +r+r;— O')eiaa-dd (7'111)
0

0
< 1Bl / (€+rp+7)— 0)e 2do

J

2 E+r+r| 1 |[E+rgle” e
< LS L —
< ol el o R e
It can be shown, with the same estimation technique as in ([7.106), that
- - U aledretry [[EFTRET 1 [EFrgle e
D Akl 3 1A 9l oceEFriT) [MIJ R (7.112)

converges locally uniformly in €. Hence, with identities ([7.106))-(7.112)), we conclude that (7.103)) converges
locally uniformly in &.
With a similar estimation technique as for ((7.97)), it can be shown that the term

oo

D 1ARDYIAGNTE 81(E + 7)) (7.113)

k=1 j=1
converges locally uniformly in &. O

Proposition 7.21. Mi[g%] is continuously differentiable on R\R and we may apply term-wise differentiation
and obtain

oo

MEII(©) = D7 Ay [aTILI1(E) = sign(ry)A(E + 75) Lunin( —r,,0)<e<max( ;.01

j=1
+ ZAk ZA (@T 2 [B1(€ + ) + T [B1(€ + 1)
j=
-« Z A (T2 101(8) + TS [81(€)) (7.114)
7j=1
- OAMQ Z Aj Slgn TJ 5 + TJ) min{—r;,0}<¢<max{—r;,0}

+ Z Ay Z A TG D€+ ) —ad AT [91(6).
=1

j=1

In particular, for £ € (—00,0) \ R, we have

ME[G)'(€) = aM2[B)(€) — D A;(€ + ) L-r, e
o (7.115)
+ZAkZA TS [91(E + 1) —aZA TN 181(€)
Jj=1
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and for € € (0,00) \ R, we obtain

MG (&) = aMBISI(E) + D Ajd(€ + 7)) Locec—r,

r;<0

Y AD S ATDIANE + ) —a D AT B1(6).
k=1 j=1

j=1

(7.116)

Proof. In order to compute M2[@]'(¢) for € € R\ R by using identities (7.68) and (7.69), we need to show
that we may perform term wise differentiation. Because the derivatives in (7.68)) and (7.69) are clearly
continuous for £ € R\ R, we need to only show that the sums of the derivatives converge locally uniformly

in £ € R\ R. This follows from Lemma and Lemma Hence, we conclude that we may perform
term wise differentiation and obtain identity (7.114)).
The remaining identities follow from direct computations. O

Lemma 7.22. Fiz ¢ € C([Fmin, 0]; C%) x C([0, rmax); C4). For r; < 0 the function MZ2[]" has the jump
MG (=) = M2[) (=77 ) = —A;6(07), (7.117)
while for r; > 0 we have
MG (=) = ME[G) (=} ) = —A;6(0%). (7.118)
In addition, the discontinuity at & = 0 is given by

ME[GI(0F) = MBI (07) = D~ Ajd(ry) + > Ajo(ry). (7.119)

r; <0 ;>0

Proof. Identities (7.115), (7.116)) and (7.121)) follow from (7.114]). Identities (7.117)), (7.118)) and (7.119) follow
from (7.71)), (7.73)) and the fact that we may calculate the limits term-wise due the uniform convergence of
the sums. O

We introduce the expression
Mz [91(€) = M2G]'(€) — Leve MG [d] (7.120)
for ¢ € R\ R, Substituting M. [v] into the differential equation yields
Haz[0(€) = =D ALY A Y A TR+ +m) +2a ) A Y AT [B1(€+ )
k=1  j=1

=t b=t (7.121)

—a? Z Ajj()(z;z7)'j [QE](%.) - Z AjSign(rj)qg)(g + rj)]]-min{f'rj,0}<§<max{frj70}7
j=1 j=1

for all such €.

7.1.3 Characterization of the remaining terms R! and R2.

We will now inspect the remaining terms of 7r,,. After checking some smoothness conditions, we obtain the
following similar results as in Lemma 5.12].

Proposition 7.23. Let L be as defined in @) with coefficients that satisfy condition for a certain
71> 0. Pickn € R with |n| < 7 such that Ar(s) is invertible for all s € C with Re(s) = n. Pick o > n with
|a| < 7, then for any sufficiently small € > 0, the map

C? 3 v R [v] € BCy(R,C%) N BC,, (C*) N BC; (CY), (7.122)
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C'3 v RL] € BC,(R,C") N BC,, (C%) N BC, (C),

where

1 n-+i00
RL[o]'(€) / 5eS Ry (s)vds
n

B % —100
together with the maps
C? 5 v RG] € BC,(R,C*) N BC,, (C") N BC,_(CY),

C? 5 v RE[) € BC,(R,C*) N BC,, (C") N BC,_(CY),

where

n-+ic0 oo R
Rl (© = 5 [ e Rua() Y4 [ e d(0)dods
n j=1

0
—i00 rj

are well-defined and bounded.
Upon fizing ¢ € C([Fmin, 0]; C?) x C([0, Pmax); C?) and v € C?, we define

Hry [v](€) = R[] (§) — Leve R} [v],
Hrz [v)(€) = R[] (€) — LeveR2[4),

for any € € R, we have the identity

Mo (&) = =D Ap Y Aj(E+ri + 1)) e ST TDYH (—(§ + rg + 1)
k=1 j=1

+ 2« <Z Ap(E+ rk)ea(£+m)H(_(§ + Tk:))) v — aneagH(—ﬁ)U

k=1
together with

oo o0

Hrz [0](©) =D A Y ALY ATEBIE+ri+m) =20 A Y A;TC) (A€ +74)

k=1 =1 J=1 k=1 Jj=1
o)
2 - 7(2) 14
+ta Z AJ ja;rj [¢] (6)
j=1

for all € € R.

Proof. We first make the estimate

[eS) 0 [eS)
34 / O (o)do| < 3 Al
=1 T

Jj=1

/T ' e *¢(c)do

J

<Y gl [ o) o
j=1

Tmin
< KDl Lo (rmim srmax],C)

which holds uniformly for |Re(s) — 1| < € with certain € > 0.

(7.123)

(7.124)

(7.125)

(7.126)

(7.127)

(7.128)

(7.129)

(7.130)

(7.131)

Furthermore, according to Lemma 7.6} we have a uniform bound for || R (s)|| and we see that [s|[|Rp;q(s)]|
is in L'(n+iR) and L'(n 4 e +iR). This shows that identities (7.124) and ((7.127)) are simply a consequence

of Lemma
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The proof for identities (7.122)), (7.123)), (7.125)) and (7.126) is identical to proof of Lemma 5.12], which
is done by shifting the integration path from Re(s) = n to Re(s) = n £ e. The above estimations shows that

we may indeed perform the shifting.

To obtain identity (7.129)), we compute
Rea[v]'(€) — LeveRq[v]

“+1i00

1 n+ioco

= 2mi n—ico

It is clear that we may apply Fubini and obtain
1 n+ioco

27 J oo o

1 n+ioo

_ _ STk Es
=5 4 <S ;Ake )e Rp.o(s)vds

n—100
1 n+ioco
=— e**AL(s)Rp.o(s)vds.

27 oo

As in proof of Lemma 5.12], we have

s—Le* (s— Le*)(se® — )
L(s)Rrza(s) s —a (s —a)?
~ (Let — )?
S (s-a)p?
Hence, we obtain
1 e (Let — a)?
1 1 o s
Ra[v]/(f) — LGV£RQ[U] = Tm /nzoo eg (S — a)2 vds
n-+i00 s\2 s- 2
:L/ o6 (Le*) _9g Le L@
270 Sy —ico (s — )2 (s—a)?2  (s—a)?

We inspect these terms separately. By applying Fubini, we have

1

1 n-+ioco c (Les')Q o & 1 n-+ioco (Etrairs)
— s 1) nds =S AL S A )Ty
27rz‘/,7 ¢ (sfa)Qv s Z kz J27ri/n_ ¢ (sfa)Qv 3

—ioo k=1  j=1

== A D A (EF T+ ry) eI (— (€ 4y 4 7))o,

k=1 j=1
For the remaining terms, it can be computed that

1 n+ioo : Les n+ioco
-2 s

1
a— e _wds+ a?— e~
210 Jy—ioo (s —a)? + 2mi /n_ioo

(s —a)?

1

s seESRL;a(S)Uds - Z AkTm/ ‘ 6(£+T’“)SRL;Q(S)’Ud8.
k=1 n-ioo

1 n+
sengLa( vds— A —/ (5+T’“)SRL;a(s)vds

vds

% (Z A€+ i) I B (— (€ + m))v) — a%¢e™ S H(=E)o.

k=1

Hence, we have

RL[W](€) — LeveRL[v ZAkZA (€ + 71+ 1) eI ( (¢ 47y 4 75))v

k=1 Jj=1

+ 2« (Z Ag(& +rp)e & H(— (6 + Tk))) v — a?¢e® H(—¢)v.

k=1
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For identity (7.130]), we examine

n+ioco ce < (Les-)Q Les a2 > R
(&

R2[4)(€) — LeveR2[¢] = % / (5= a) a(s o) + G_a) Y[o](s)ds. (7.139)

—100

For the first term we have

LT e i as =S A A / T e _ L
270 J oo (s — a)? Pt r pt Yomi n—ico (s — a)?
o o (7.140)
=>4 Z ZA T BI(E+ i+ 1)
k=1  I=1
For the second term we have
sat [T e L s = —20> A0S 4,72 (4
~20— e e (s_a)Ql//[éb](S) s =— az kz T o, (D1 + 8. (7.141)
The third term is
o [ e il = 0 4,58 e
o n—ioco ¢ (s —a)? sjas=a P It : (7.142)
Thus, we have
R[] (€) — LeveR2[g] Z Ay Z A Z A; T [BIE + i+ )
= (7.143)
fQOLZAkZA T 116 + 1) +a22A TE2161(8)
Jj=1
for all £ € R. O

7.2 Characterizations of 7.,

We have now studied all of the terms of 77, which leads us to the following similar conclusions as in 10|
Proposition 5.13]

Proposition 7.24. Let L be as defined in (@ with coefficients that satisfy condition for a certain
7 > 0. Then for any sufficiently small € > 0, we have for any ¢ € C([rmin,0]); C%) x C([0, rmax); C?) and
v € C%, the inclusion

Timld,v] € BC;,.(CY) N BO;_ (CY). (7.144)
Upon fizing ¢ € C([Fmin, 0); C%) x C([0, "max], C%) and v € C?, we have the jump discontinuity
Tiinl, 0)(07) = Toiy[d,0](07) = v. (7.145)
In addition, TLm[czA), v] is continuously differentiable on R\ R. For r; <0, the derivative has the jump
Toonlds 0] (=1F) = Toa[d, o] (=) ) = Aju — A;6(07), (7.146)
while for r; > 0, we have
Tionl, 0] (=) ) = Tow[d, 0] (=1 ) = Ajv — A;6(07). (7.147)
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On the other hand, we have
Toanld, o) (01) = Told, o (07) = 37 A;00r) + > A;6(r;). (7.148)
520 530
Furthermore, we have for & € (—00,0) \ R,
Hr [0, 0)(€) 1= Tin[d, 0] (€) — Leve Troy[0, 0] ZO A6 + 7)1, e, (7.149)
i~
while for € € (0,00) \ R, we have
Hr,, [0,0)(6) = D Ajb(E+ 7)) Toce<r,- (7.150)

r; <0

We note that LeveTr.,[¢,v] = Py A Trm|d,v](€ + ;) is well-defined due to identity (7.144). Namely,
identity (7.144) implies that 7z.,[$,v] € BC,(R,C?). Hence

D ATl o€ +r5) < Ket Y Ajle™ < oo, (7.151)

Jj=1 Jj=1

with K > 0 that does not depends on £. Thus, we see that the convergence is also locally uniform in &.

7.3 Proof of exponential dichotomy

With these characterizations of the 77, functions, we can easily prove the results that were stated earlier
in this chapter.

Proof of Proposition[7.1 This follows immediately from Proposition [7.24] O
Proof of Proposition[74) This is identical to Proof of Proposition 5.5]. O

Proof of Proposition[7.5. The proof is identical to proof of Proposition 5.6], but we will justify the fol-
lowing claim that was made in the proof.

Claim: We have the characterizations

PL(n) = {¢ € C([Tmina""maxk Cd) Qj) = eVOEpL(n)(b}

d (7.152)
QL(”) = {¢ € C([rminarmaxk C ) to = eVOE@L(n)d)}v

which immediately implies that Pr(n) and Q(n) are closed.

Proof of the claim: From Corollary it indeed follows that for ¢ € Pr(n), and ¢ € Qr(n), w

have ¢ =evoEp () ¢} and ¢ = evoEg, (- By definitions, we still need to show that Ep ¢ € PBr(n) an
n)d) € Qr(n). Given identity and Proposition it only remains to show that for £ € [0,00)NR

we have E@L(n)w’(ﬁ) — LeveEp, ()% =0, and for £ € (—00,0]NR, we have EPL(n)(b,(f) — LeveEp (¢ =

This is done as follows.

For ¢ € C([Fmin, "max); C?), we have that Tr.m1#, 9(0)](€) is continuous on R\ 0 due to identities and
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(7.147). As a consequence, we have for £ € R N (0, 00),
oo
[ QL(TI ZAJ Qr(n) §+T])
Jj=1

= T, (0))(€) — Y 4, ) S1(E + 1)

'M8

1

J

= Jim 71, [0, 6(0))(€) ZA i [Eg, ) 9l(€ +75)
(7.153)

= Jim, Tiinlé, 9017 - Jim, Y AjEg, () dlE +15)
j=1

= Jm | TE[6,6(01(€") = D Ay[Bg, (y 81(E + 1)
j=1
R

by identity ([7.30) and the fact that R is countable. Note that we may bring the limit outside the sum due
to the locally uniform convergence of Z;’il |A;|| Teiml0, v](€ + ;) that was noted before. Similarly, we have
for £ € RN (—00,0), that

[Ep, @' (€) = > Aj[Ep, @l +75) = 0. (7.154)
Jj=1

Identities ((7.153]) and (7.154)) also holds for £ = 0 by replacing the limits with the 07 and 0~ limits.

To show that Pp(n) are Qr(n) are closed, we recall the bounds (7.21)), (7.31) and (7.32)), which shows
that

Ep, () (C([rmin, Tmax); €%)) = BCP(C?),  Eg, () (C([rmin, max); C*)) = BCP(CY) (7.155)

Qr(n)

are bounded linear operators and therefore continuous. Hence, for a convergent sequences ¢,, — ¢, we have
that

¢ = lim ¢, = hm eVO[ Pr(n )¢n} = €Vo hrn [ BPr(n )¢n] eVO[ Prn) hm ¢n] = eVO[ ﬁL(n)(’ﬂ' (7.156)

n—oo

Similarly, we have evg [E@L(n)gb] = ¢. Note that evg is just the restriction operator, which is also continuous.
O
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