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NOTES ON CM DIVISION POLYNOMIALS

MARCO STRENG

ABSTRACT. It was suggested by Chudnovsky and Chudnovsky ([CC86]) to de-
fine elliptic divisibility sequences indexed by the endomorphism ring of an
elliptic curve using generalized division polynomials. The special cases where
the curve has complex multiplication by v/—1 or a primitive third root of unity
had already been studied by Ward ([War50]) and Durst ([Dur52]) respectively.
Takakazu Satoh ([Sat04]) has shown that the Chudnovskys’ division polynomi-
als have algebraic integers as coefficients. Recently, the author ([Str06], [Str07])
has defined elliptic divisibility sequences using the denominators of multiples
of a point and shown that they have primitive divisors. In these notes, we show
how CM-indexed division polynomials relate to denominators of multiples of a
point.

1. D1viSION POLYNOMIALS

Let E be an elliptic curve over a field L of characteristic 0 and denote the point
at infinity by O. Let f be an L-isogeny from F to an elliptic curve E’. Consider

the divisor
D= Y (P-0).
Peker(f)
This is a divisor of degree deg(f) — 1 since one term is 0. If Dy is principal, then
we let ¢y be a function such that div(yy) = Dy. We normalize 1 later in some
cases. Notice that 2D is always principal, since it is the divisor of

I -aP) eLlcLe).
Peker(f)
P#0

where (z,y) are Welerstrass coordinates of E. If f has degree 2, then D, cannot
be principal, since it has only one pole and one zero.
Now suppose that we have chosen Weierstrass models for both £ and E’. Then
we have a preferred invariant differential on E, given by
dx
w=_——-.
2y +ai1x + as
This gives us the constant

fro'fw
that we will use for the normalization. We define the polynomials ¢ and 1/)} by
¢r(x) = [ (@—=x(P) €Llz]CLE) and
PcE(L)
fP=Q
f*w’ 2
4 = (55) T w-am etidcum),
Peker(f)
P#£0

Lemma 1.1. We have the following identity of elliptic functions:

(1.2) ffe= ¢—£

Vi

Moreover, there is no cancellation of zeroes on the right hand side.
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Proof. Tt is easily checked that the divisors are the same. Therefore, we have equal-
ity up to a multiplicative constant c¢. Next, we expand both sides of (1.2) as formal
Laurent series in a local parameter around the point O. In the notation of [Str07,
§2], the left hand side becomes F¢(T)/w(F¢(T)), which has 1/(f*w/w)? as its first
non-zero coefficient. The first non-zero coefficient of the right hand side is the same,
hence ¢ = 1. ]

2. ENDOMORPHISMS

Now suppose E = E', i.e. f =« € Endy(F) is an endomorphism. Lemma 1.1
implies in particular that for a € Z, our definition of the division polynomials ¢,
and 9, coincides with the usual definitions as found for example in [Sil86], [Aya92]
and [Was03].

We can also use Lemma 1.1 to compute how the division polynomials behave
under composition of endomorphisms:

(2.1) Sap(z) = sz<ﬁ><x>¢< Po2?) e Llz] and

Pa(x)

V3 ()
(22 ole) = RO
If @ is coprime to 2, then we define v, by

Ya= a [] (@z—x(P) €Llx]cLE).
PeE[a]/+1
P#£0

) € Llzl.

If « is divisible by 2, then we set

1
Yo = a (y+ i(alx + as)) H (x —x(P)) € Llz,y] C L(E).
PEE[a]/+1
P¢E[2]
If « is neither divisible by 2, nor coprime to 2, then we leave v, undefined for now.
We will define it as a meromorphic function on C below.

3. THE COMPLEX CASE AND RECURRENCE

Suppose now on that L is contained in C. There is also a complex analytic
definition of the division polynomials 9, for arbitrary endomorphisms «. If E(C) &
C/A complex-analytically, then [CC86] gives a meromorphic function ¥, on C which
is almost A-periodic: for all @ € C and A € A, we have that ¥, (z + A) = £¢a(2),

where the sign is —1 if and only if the following three conditions are satisfied:
A
2|N(a), 2fa and % ZA.

In particular, %2 is a meromorphic function on C/A and if 2|a or 2/ N(«a), then
S0 is ¥4. Under the isomorphism E(C) =2 C/A, the function 1?2 corresponds to our
division polynomial 2 (as can be checked by counting the zeroes) and if 2| or
2} N(a), then the same holds for ¢,. Moreover, the functions 1, of [CC86] satisfy
the recurrence relation

(31) wm+n¢m—n = w77L+11;[}m—1¢',2l - wn+1¢n—1¢$n m,n € Z.

4. INTEGERS

Suppose that the coefficients of E are in the ring of integers of the number field
L.

Lemma 4.1. The polynomials ¢, and 12 have coefficients in the ring of integers
of L. The same holds for 1, if a is coprime to or divisible by 2.
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Proof. If o is coprime to or divisible by 2 and E is in short Weierstrass form
y? = 2% + ax + b, then [Sat04, Corollary 4.3] says that the coefficients of v, are
algebraic integers. We give a proof of the general case below.

We already know that the coefficients are in L, so we only have to show that
they are algebraic integers. First, we show this for ¢, (z).

Extend L such that it contains the roots of ¢, and the y-coordinate of a point
Q € E(Q) such that z(Q) = 0. Let v be any discrete valuation of L. Recall that
the set F1(L,) of L,-valued points that are not v-integral is an O-module ([Str07])
and notice that @ is not in that set. Therefore every P € a*@Q is v-integral, hence
so is every zero of ¢, hence every coefficient.

For 1,,, we will use the power series of [Str07, §2], so let R, be the ring of v integers
of a non-archimedean completion L, of L. Notice first that P*(1/z) = w(T)/T =
T? + .-+, hence both p(T) := P*(1/z) and P*(x) are in R,((T)). We know from
[Str07] that F,, (T has coefficients in R,,, hence so does p(F,(T)) = P*((a*x)~1). At
the same time, P* (¢4 (7)) = ¢o(P*(x)) has integral coefficients and a*z = ¢a1; 2,
hence P*(12) = P*(pa(a*z)™1) also has integral coefficients.

Write 2 (T) = bpx™ +by,_12" 1 +---+by. We prove by induction on k that b, 1
is an algebraic integer. So suppose that b,_j is an algebraic integer for all k < [.
The —2(n — k)-th coefficient of P* () is by—; + - - -, where - - - is a polynomial in
by for k < [ and the coefficients of w(T'), hence b, _; is v-integral.

The final statement follows from the fact that Op[z] is integrally closed in L[z].

O

Applying Lemma 4.1 to (2.1) and (2.2), we find
Corollary 4.2. As polynomials with coefficients in Or, we have wiwiﬂ and ¢og =
oy ¥ (mod ¥2). m

5. ELLIPTIC DIVISIBILITY SEQUENCES

We will now define elliptic divisibility sequences of division polynomial type. For
a fixed non-torsion point P € E(L), let

$2 = BN (P) and  ¢o = BTNV ga(P).

The L-ideals 123 and <$a are integral since 12 is a polynomial in = of degree N (o) —1
and ¢, is a polynomial of degree N(«a). If B? is principal, then we fix a generator
of B? and view &3 and ¢, as elements of Oy

We call the sequence (&i)a an elliptic divisibility sequence of division polynomial
type. Notice that Corollary 4.2 implies that such a sequence satisfies the divisibility
property @iwiﬁ (o, B € O). Moreover,

~

(5.1) ¢O‘A =2(aP)O = AyB >
BiZ

Since A, and B, are coprime by definition, it follows that

(5.2) B2 | B} 42,

but even more is true:

Proposition 5.3. The point P reduces to a singular point modulo v if and only if
there is an a € O such that both

(5.4) v(¢a(P)) >0 and v(2(P)) > 0.

Proof. [Aya92] proves this statement with O replaced by Z, so we only have to
prove the “if” part. Suppose that (5.4) holds for some o € O. Then Corollary 4.2
shows that (5.4) also holds with « replaced by N(«). But then Ayad’s result shows
that P is singular modulo v. |
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Corollary 5.5. If P is non-singular modulo v, then v(B?) = v(B%@i) for every a.
Proof. 1f v(B2) # v(B2¢2), then by (5.1), we have v(B212) > 0 and v(¢a) > 0.

o~

In the case v(B1) > 0, the valuation of v(¢s) > 0 is made exactly 0 by the factor

BfN(O‘) in qASQ. Therefore, we only have to consider the case v(B;) = 0. But then

Proposition 5.3 says that P is singular modulo v. ([l

This result allows us to transfer results from one kind of sequence to the other.
For example, it follows that almost every term in an elliptic divisibility sequence of
division polynomial type has a primitive divisor. On the other hand, if 2 does not
split in O and FE is non-singular modulo every prime of L, then B, = B{V(a)wa (P)
for every «, hence the ideal class of B, is N(«) times the ideal class of B;y. If in
addition B; is principal and we pick a generator ~, then B, = 'yN(O‘)wa(P)OL,
where vV (@)4),,(P) satisfies the recurrence relation (3.1).
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