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Lower bounds on heights of points on elliptic curves over function fields

▸ Let k be a field and let C/k be a
(smooth, projective, geometrically
irreducible algebraic) curve.

▸ Let K = k(C) be the field of rational
functions on C .

▸ We look at elliptic curves over K .

Example:
▸ k = R, C = P1, K = R(t)
▸ E ∶ y2 = x3 − t3x + t.

Why?
▸ Analogy with number fields:

Fq(t) ↭ Q,
Fq(C) ↭ K/Q.

▸ (Elliptic) surfaces.
▸ Families of elliptic curves.
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Lower bounds on heights of points on elliptic curves over function fields

▸ Let k be a field and let C/k be a
(smooth, projective, geometrically
irreducible algebraic) curve.

▸ Let K = k(C) be the field of rational
functions on C .

▸ We look at elliptic curves over K .

Example:
▸ k = R, C = P1, K = R(t)
▸ E ∶ y2 = x3 − t3x + t,

▸ t = 1, good fibre (elliptic curve)
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Lower bounds on heights of points on elliptic curves over function fields

▸ Let k be a field and let C/k be a
(smooth, projective, geometrically
irreducible algebraic) curve.

▸ Let K = k(C) be the field of rational
functions on C .

▸ We look at elliptic curves over K .

Example:
▸ k = R, C = P1, K = R(t)
▸ E ∶ y2 = x3 − t3x + t,

▸ t = 0, bad fibre (additive)
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Lower bounds on heights of points on elliptic curves over function fields

▸ Let k be a field and let C/k be a
(smooth, projective, geometrically
irreducible algebraic) curve.

▸ Let K = k(C) be the field of rational
functions on C .

▸ We look at elliptic curves over K .

Example:
▸ k = R, C = P1, K = R(t)
▸ E ∶ y2 = x3 − t3x + t,

▸ t = 7
√

27/4, bad fibre (multiplicative)
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Lower bounds on heights of points on elliptic curves over function fields

▸ The height of x = a
b ∈ Q is

h(x) = max{ log ∣a∣ , log ∣b∣ }

if gcd(a,b) = 1.
▸ Why?
▸ It is like the bit size of x .
▸ Given B > 0, there are finitely many x ∈ Q with

h(x) ≤ B .
▸ Heights are important in the study of Diophantine

equations.
▸ Heights also exist on number fields.

Examples:

h (−12345
6789

) = log(12345),

h ( 12345
678910

) = log(678910).
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Lower bounds on heights of points on elliptic curves over function fields

Let k be a field, for simplicity assume k is perfect, (e.g. finite, or algebraically closed),
let C/k be a curve, and let K = k(C).

▸ The height of f ∈ K is

h(f ) = deg(f ) ∶= ∑
v∈C(k)

max{0, −ordv(f ) } (number of poles, with multiplicity)

= ∑
v∈C(k)

max{0, ordv(f ) } if f /= 0 (nr. of zeroes, with multiplicity).

▸ Example: C = P1, K = k(T ), f = a
b with a,b ∈ k[T ], b /= 0,

h(f ) = max{deg a, deg b } if gcd(a,b) = 1.
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Lower bounds on heights of points on elliptic curves (over function fields)
Let K be a number field or a function field
(for simplicity: k perfect of characteristic /∈ {2,3}).
Let E/K be an elliptic curve, E ∶ y2 = x3 +Ax +B .
Let P ∈ E(K) be a point, so x(P), y(P) ∈ K .
▸ Naive height:

h(P) = 1
2
h(x(P))

depends on the Weierstrass equation.
▸ Canonical height:

ĥ (P) = lim
n→∞

h(nP)
n2 .

▸ Note:
ĥ (mP) = m2 ĥ (P).

Example
K = F7(t),
E ∶ y2 = x3 − t3x + t,

P = (4t2 + 5t + 4, (t + 2)3) ,
h(P) = 1

2 2 = 1,
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h(nP)
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ĥ (mP) = m2 ĥ (P).

Example
K = F7(t),
E ∶ y2 = x3 − t3x + t,

P = (4t2 + 5t + 4, (t + 2)3) ,
h(P) = 1

2 2 = 1,

2P = (t2 + t + 1, t3 + t2 + 2t + 1) ,
h(2P) = 1

2 2 = 1,
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K = F7(t),
E ∶ y2 = x3 − t3x + t,

P = (4t2 + 5t + 4, (t + 2)3) ,
h(P) = 1

2 2 = 1,

2P = (t2 + t + 1, t3 + t2 + 2t + 1) ,
h(2P) = 1

2 2 = 1,

3P = (2t4+3t3+2t2+4t+4
t2+t+2 , . . .) ,

h(3P) = 1
2 4 = 2,
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Lower bounds on heights of points on elliptic curves (over function fields)
Let K be a number field or a function field
(for simplicity: k perfect of characteristic /∈ {2,3}).
Let E/K be an elliptic curve, E ∶ y2 = x3 +Ax +B .
Let P ∈ E(K) be a point, so x(P), y(P) ∈ K .
▸ Naive height:

h(P) = 1
2
h(x(P))
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Example
K = F7(t),
E ∶ y2 = x3 − t3x + t,

P = (4t2 + 5t + 4, (t + 2)3) ,
h(P) = 1

2 2 = 1,

2P = (t2 + t + 1, t3 + t2 + 2t + 1) ,
h(2P) = 1

2 2 = 1,

3P = (2t4+3t3+2t2+4t+4
t2+t+2 , . . .) ,

h(3P) = 1
2 4 = 2,

100P = ( t2858+...
t2856+... , . . .) ,

h(100P) = 1
2 2858 = 1429.
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Let K be a number field or a function field
(for simplicity: k perfect of characteristic /∈ {2,3}).
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Let P ∈ E(K) be a point, so x(P), y(P) ∈ K .
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Lower bounds on heights of points on elliptic curves (over function fields)
Let K be a number field or a function field
(for simplicity: k perfect of characteristic /∈ {2,3}).
Let E/K be an elliptic curve, E ∶ y2 = x3 +Ax +B .
Let P ∈ E(K) be a point, so x(P), y(P) ∈ K .
▸ Naive height:

h(P) = 1
2
h(x(P))

depends on the Weierstrass equation.
▸ Canonical height:

ĥ (P) = lim
n→∞

h(nP)
n2 .

▸ Note:
ĥ (mP) = m2 ĥ (P).

Example
K = F7(t),
E ∶ y2 = x3 − t3x + t,

P = (4t2 + 5t + 4, (t + 2)3) ,

h(1P) = 1

h(2P) = 1

h(3P) = 2

h(4P) = 3

h(5P) = 4

h(100P) = 1429
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Lower bounds on heights of points on elliptic curves (over function fields)
Let K be a number field or a function field
(for simplicity: k perfect of characteristic /∈ {2,3}).
Let E/K be an elliptic curve, E ∶ y2 = x3 +Ax +B .
Let P ∈ E(K) be a point, so x(P), y(P) ∈ K .
▸ Naive height:

h(P) = 1
2
h(x(P))

depends on the Weierstrass equation.
▸ Canonical height:

ĥ (P) = lim
n→∞

h(nP)
n2 .

▸ Note:
ĥ (mP) = m2 ĥ (P).

Example
K = F7(t),
E ∶ y2 = x3 − t3x + t,

P = (4t2 + 5t + 4, (t + 2)3) ,

1
12 h(1P) = 1

1 = 1
1
22 h(2P) = 1

4 = 0.25
1
32 h(3P) = 2

9 = 0.2222 . . .
1
42 h(4P) = 3

16 = 0.1875
1
52 h(5P) = 4

25 = 0.16
1

1002 h(100P) = 1429
10000 = 0.1429
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Lower bounds on heights of points on elliptic curves (over function fields)
Let K be a number field or a function field
(for simplicity: k perfect of characteristic /∈ {2,3}).
Let E/K be an elliptic curve, E ∶ y2 = x3 +Ax +B .
Let P ∈ E(K) be a point, so x(P), y(P) ∈ K .
▸ Naive height:

h(P) = 1
2
h(x(P))

depends on the Weierstrass equation.
▸ Canonical height:

ĥ (P) = lim
n→∞

h(nP)
n2 .

▸ Note:
ĥ (mP) = m2 ĥ (P).

Example
K = F7(t),
E ∶ y2 = x3 − t3x + t,

P = (4t2 + 5t + 4, (t + 2)3) ,

1
12 h(1P) = 1

1 = 1
1
22 h(2P) = 1

4 = 0.25
1
32 h(3P) = 2

9 = 0.2222 . . .
1
42 h(4P) = 3

16 = 0.1875
1
52 h(5P) = 4

25 = 0.16
1

1002 h(100P) = 1429
10000 = 0.1429

Fact: ĥ(P) = 1
7 ≈ 0.142857.
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Lower bounds on heights of points on elliptic curves over function fields

Conjecture (Lang)
There are c1, c2 ∈ R with c1 > 0 such that for all elliptic curves E/Q and all P ∈ E(Q) of
infinite order, we have

ĥ(P) ≥ 1
c1

log ∣∆∣ − c2,

where
∣∆∣ = −16 ∣4A3 + 27B2 ∣

is minimal among all Weierstrass equations y2 = x3 +Ax +B isomorphic to E with A,B ∈ Z.

▸ Similar conjecture for number fields K , with c1, c2 depending only on K .
▸ Conjecture has consequences for:
▸ rational points,
▸ integer points,
▸ elliptic divisibility sequences.
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Minimal discriminants for function fields
Let k be a perfect field of characteristic /∈ {2,3} (for simplicity),
let C/k be a curve and let K = k(C),
let E/K be an elliptic curve.

For every v ∈ C(k), choose a Weierstrass equation

y2 = x3 +Avx +Bv

with ordv(Av) ≥ 0, ordv(Bv) ≥ 0, and dv ∶= ordv(∆v) minimal.

Define
deg∆ = ∑

v∈C(k)
dv ∈ Z≥0.

Example
k = F7,C = P1,
K = F7(t),
C(k) = k ∪ {∞},
E ∶ y2 = x3 − t3x + t.

Minimal at all v ∈ k ,
with ∆v = t2(t − 5)7.
v = 0 ↝ d0 = 2,
v = 5 = 7

√
27
4 ↝ d5 = 7.

v = ∞ ↝
E ∶ y2 = x3 − t−1x + t−5,
∆∞ = t−3(1 − 5t−1)7,
d∞ = 3,
deg∆ = 2 + 7 + 3 = 12.
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Lower bounds on heights of points on elliptic curves over function fields

Let k be a field of characteristic 0 (for simplicity),
let C/k be a curve of genus g , and let K = k(C),
let E/K be an elliptic curve with j(E) ∈ K ∖ k , let P ∈ E(K) be a point of infinite order.

Theorem (Hindry-Silverman, 1988)
We have

ĥ(P) ≥ 1
c1

deg∆,

where c1 = 1012.6+23g .

Theorem (Elkies)
If g ≤ 1, can take c1 = 25330.

Theorem (Naskręcki-Streng)
If g ≥ 2, can take c1 = 108.4(g − 1)3. (Improved from exponential to cubic.)
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Proofs, part 1. Black box: Néron local heights

If Q /= O, then ĥ(Q) = ∑
v∈C(k)

ĥv(Q), where

ĥv(Q) = 1
2
max{0,−ordv(x(Q))} + cv(Q) ≥ cv(Q).

For simplicity, assume all fibres are good or split multiplicative. Then

cv(Q) =
⎧⎪⎪⎨⎪⎪⎩

0 if dv ∶= ord(∆v) = 0,
1
2dvB (

φv (Q)
dv
) for some homomorphism φv ∶ E(K) → Z/dvZ, if dv > 0.

Periodic Bernoulli polynomial
B(t) = {t}2 − {t} + 1

6 .
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v∈C(k)
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Proofs, part 1. Black box: Néron local heights – Example

cv(Q) =
⎧⎪⎪⎨⎪⎪⎩

0 if dv ∶= ord(∆v) = 0,
1
2dvB (

φv (Q)
dv
) for some homomorphism φv ∶ E(K) → Z/dvZ, if dv > 0.

Periodic Bernoulli polynomial
B(t) = {t}2 − {t} + 1

6 .

0.5 0.5 1.0

0.2

0.1

0.1

0.2

Example: K = F7(t), y2 = x3 − t3x + t, P = (4t2 + 5t + 4, (t + 2)3).
d0 = 2, φ0(P) = 0, ĥ0(P) = 0 + 1

6 ,

d5 = 7, φ5(P) = 3, ĥ5(P) = 0 + −23
84 ,

d∞ = 3, φ∞(P) = 0, ĥ∞(P) = 0 + 1
4 ,

⎫⎪⎪⎪⎬⎪⎪⎪⎭
↝ ĥ(P) = 1

6 +
−23
84 +

1
4 =

1
7 .
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Overarching idea of all proofs (Hindry-Silverman)
For N ∈ Z≥1 and ω = (ω1, ω2, . . . , ωN) ∈ RN

≥0, consider

(∑
n

n2ωn) ĥ(P) =
N

∑
n=1

ωnĥ(nP)

≥ ∑
v

bad

∑
n

ωncv(nP)

≥ 1
2
∑
v

bad

dv∑
n

ωnB (n
φv(P)
dv
) =∶ R.

Now try to minimize c1 ∶= ∑n n
2ωn subject to

(R ≥ deg∆ ∶= ∑v dv for all E and P).

Periodic Bernoulli polynomial
B(t) = {t}2 − {t} + 1

6 ,
Problem: “all E and P” is a lot,
and where does g = g(C) come in?

Let degN =#{v ∈ C(k) ∶ dv > 0},
σ = deg∆

degN = (average dv).
Then Mason-Stothers (abc) gives
deg∆ ≤ 12(g − 1) + 6degN, hence
σ ≤ 6 if g ≤ 1, and σ = O(g).
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n2ωn) ĥ(P) =
N

∑
n=1
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Problem: “all E and P” is a lot,
and where does g = g(C) come in?

Let degN =#{v ∈ C(k) ∶ dv > 0},
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degN = (average dv).
Then Mason-Stothers (abc) gives
deg∆ ≤ 12(g − 1) + 6degN, hence
σ ≤ 6 if g ≤ 1, and σ = O(g).
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Hindry-Silverman’s solution

c1 ĥ(P) ≥ R with c1 = ∑
n

n2ωn, R =
1
2
∑
v

bad

dv∑
n

ωnB (n
φv(P)
dv
) . Goal: c1 small & R ≥ deg∆.

For well-chosen m,M ∈ Z≥1, take

ωn =
⎧⎪⎪⎨⎪⎪⎩

0 if m ∤ n or n ≥ mM,

12 (1 − n
m(M+1)) otherwise.

Fourier analysis gives

∑
n

ωnB (nt) ≥ −1 for all t ∈ R.

Elementary:

∑
n

ωnB (n
a

dv
) =M if dv ∣ m.

5 10 15
0

2

4

6

8

10

graph if m = 3, M = 5
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Elkies’s solution

c1 ĥ(P) ≥ R with c1 = ∑
n

n2ωn, R =
1
2
∑
v

bad

dv∑
n

ωnB (n
φv(P)
dv
) . Goal: c1 small & R ≥ deg∆.

Elkies finds a simpler set of equations that imply
R ≥ deg∆ for all (dv)v and all (φv(P))v with
σ ≤ 6.

Then solves that using linear optimization
(linear programming).

5 10 15 20 25 30
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1e12

graph of n ↦ ωn for Elkies’s ω
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Our solution

c1 ĥ(P) ≥ R with c1 = ∑
n

n2ωn, R =
1
2
∑
v

bad

dv∑
n

ωnB (n
φv(P)
dv
) . Goal: c1 small & R ≥ deg∆.

Hindry-Silverman

5 10 15
0

2

4

6

8

10

Elkies

5 10 15 20 25 30
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1e12

σ ≤ 6

Naskręcki-Streng

We repeated Elkies’s work for
σ ≤ 7, σ ≤ 8, σ ≤ 9, etcetera.

The ω look like linear combinations of
Hindry-Silverman-type ω.

This inspired a new family of vectors ω,
and to our surprise we could prove a
polynomial bound!
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Lower bounds on heights of points on elliptic curves over function fields

Let k be a field of characteristic 0 (for simplicity),
let C/k be a curve of genus g , and let K = k(C),
let E/K be an elliptic curve with j(E) ∈ K ∖ k , let P ∈ E(K) be a point of infinite order.

Theorem (Hindry-Silverman, 1988)
We have

ĥ(P) ≥ 1
c1

deg∆,

where c1 = 1012.6+23g .

Theorem (Elkies)
If g ≤ 1, can take c1 = 25330.

Theorem (Naskręcki-Streng)
If g ≥ 2, can take c1 = 108.4(g − 1)3. (Improved from exponential to cubic.)
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Our work

Theorem (Naskręcki-Streng)

ĥ(P) ≥ 1
285 σ5 deg(∆)

Proof.

ω =
c

∑
b=1
(

1
b −

1
c+1

Mb + 1
) τ(b,Mb), where

c = ⌊5
2
σ⌉ ,

Mb = ⌈fb−2/3⌉ − 1,

f ≈ 4.14 σ5/3

plus estimates, plus work for arbitrary
reduction types and base fields.

Theorem (Naskręcki-Streng)

ĥ(P) ≥ 1
109 (g − 1)3

deg(∆) if g ≥ 2.

Proof.

ω = ∑
b∈B
( 1
b(Mb + 1)

) τ(b,Mb), where

B = {dv ∶ v bad},

Mb = ⌈fb−2/3⌉ − 1,

f ≈ 2.25 σ (#B)2/3.

plus estimates, plus work for arbitrary
reduction types and base fields.
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Results
[K ∶ Q] = d function field K

ĥ(P) ≥ log(Norm(∆))
⋯ ĥ(P) ≥ deg(∆)

⋯

Hindry-Silverman (20σ)8d101.1+4σ 1012.6+23g

(1988)

Elkies 50656 if σ ≤ 6
(e.g. if g ≤ 1)
would give

Petsche (2006) O(d3σ6 log(dσ)2) O(σ6)
and O(g6)
285 σ5

Naskręcki-Streng ? and
109(g − 1)3 if g ≥ 2

σ = deg(∆)
deg(N)
= O(g).
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Second idea (Elkies)
Suppose that ω ∈ RN

≥0, , s1, s2 ∈ R≥0 are such that ∀b ∈ Z≥1 and
∀a ∈ (Z/bZ):

(⋆) 1
2
∑
n

ωnB (n
a

d
) ≥ s2

d
− s1.

Then

(∑
n

n2ωn) ĥ(P) ≥
1
2
∑
v

bad

dv∑
n

ωnB (n
φv(P)
dv
) ≥ ∑

v
bad

(s2 − s1dv)

= s2 deg(N) − s1 deg(∆)

= (s2
σ
− s1)deg(∆) ≥ (

s2
6
− s1)deg(∆) if σ ≤ 6.

Elkies minimizes (∑n n
2ωn) subject to:

ω ∈ R30
≥0, (16s2 − s1) = 1, and (⋆) for all a,d ≤ 60.

This is a linear optimization problem!

dv = v(∆),

B(x) = {x}2 − {x} + 1
6
,

0.5 0.5 1.0

0.2

0.1

0.1

0.2
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